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1. INTRODUCTION

We study the speed of convergence of certain approximations for obstacle problems and weakly
coupled systems of Hamilton—Jacobi equations, using the Adjoint Method. This technique, re-
cently introduced by Evans (see [Eval0], and also [Trall] and [CGT11]), is a very successful tool to
understand several types of degenerate PDEs. It can be applied, for instance, to Hamilton—Jacobi
equations with non convex Hamiltonians, e.g. time dependent (see [Eval0]) and time indepen-
dent (see [Trall]), to weak KAM theory (see [CGT11]), and to the infinity Laplacian equation
(see [ES11]). We address here several new applications, and propose some new open questions.

Further results, which will not be discussed here, can be found in [Eval0] and [CGT11].

1.1. Outline of the paper. The paper contains four further sections concerning obstacle prob-
lems, weakly coupled systems, effective Hamiltonian for weakly coupled systems of Hamilton—
Jacobi equations, and weakly coupled systems of obstacle type, respectively. We use a common
strategy to study all these problems. Note, however, that each of them presents different chal-
lenges, which are described in the corresponding sections. Also, we believe that the applications
we present here illustrate how to face the difficulties that can be encountered in the study of
other systems of PDEs and related models. In particular, we show how to control singular terms
arising from the switching to an obstacle (Lemma 2.3), random switching (Lemma 3.2), or optimal

switching (Lemma 5.5).
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In order to clarify our approach, let us give the details of its application to the obstacle problem
(see Section 2):

max{u — ¢, u+ H(z,Du)} =0 in U,

(1.1)
u=0 on JU,

where ¢ : U — R and H : R® x U — R are smooth, with ¢» > 0 on OU. Here and in all the paper,
U is an open bounded domain in R™ with smooth boundary, and n > 2. Moreover, we will denote
with v the outer unit normal to OU. This equation arises naturally in optimal control theory, in
the study of optimal stopping (see [Lio82]). See also [BP88, IY90].

Classically, in order to study (1.1) one first modifies the equation, by adding a perturbation
term that penalizes the region where u > 1. Then, a solution is obtained as a limit of the solutions

of the penalized problems. More precisely, let v : R — [0, +00) be smooth such that

~v(s) =0 for s <0, ~(s)>0fors>0,

0<~'(s)<1fors>0, and lim ~(s)= +oo,

s——+o0

and define 4¢ : R — [0, 400) as
s
vE(s) =7 (g) , forall s e R, foralle>0. (1.2)

In some of the problems we discuss we also require v to be convex in order to obtain improved
results, but that will be pointed out where necessary. For every € > 0, one can introduce the
penalized PDE

u® 4+ H(x, Du) +4°(u® — ) =eAu® in U,
(1.3)
u® =0 on OU.

To avoid confusion, we stress the fact that here °(u® — 1) stands for the composition of the
function ¢ with u® —. Unless otherwise stated, we will often simply write v* and (’ye)’ to denote
75 (uf — v) and (7°)" (u€ — v), respectively.

Thanks to [Lio82], for every e > 0 there exists a smooth solution u® to (1.3). It is also well
known that, up to subsequences, u® converges uniformly to a viscosity solution u of (1.1) (see also
Section 2 for further details).

We face here the problem requiring a coercivity assumption on H and a compatibility condition
for equation (1.1) (see hypotheses (H2.1) and (H2.2), respectively), and show that the speed of
convergence in the general case is 0(51/ 2). Notice that we do not require the Hamiltonian H to

be convex in p.
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Theorem 1.1. Suppose conditions (H2.1) and (H2.2) in Section 2 hold. Then, there exists a

positive constant C, independent of €, such that
|uf — ul|L~ < Ce'/2.

The proof of Theorem 1.1 consists of three steps.

Step I: Preliminary Estimates. We first show that

m%w <, (1.4)
zeU €

for some constant C' > 0 independent of € (see Lemma 2.2). This allows us to prove that
[u |z, [ D[l e < C,

see Proposition 2.1.

Step II: Adjoint Method. We consider the formal linearization of (1.3), and then introduce
the correspondent adjoint equation (see equation (2.6)). The study of this last equation for
different values of the right-hand side allows us to obtain several useful estimates (see Lemma 2.3

and Lemma 2.4).

Step III: Conclusion. We conclude the proof of Theorem 1.1 by showing that

R C . ou®
waxlE(@) € o 0E) = () (15

for some constant C' > 0 independent of ¢ (see Lemma 2.5). The most delicate part of the proof

of (1.5) consists in controlling the term (see relation (2.11))

VE(s) == 8815 (s) = fg%fy’ (g) , for s € R. (1.6)

We underline that getting a bound for (1.6) can be extremely hard in general. In this context,
this is achieved by differentiating equation (1.3) w.r.t. € (see equation (2.10)), and then by using
inequality (1.4), Lemma 2.3 and Lemma 2.4. This means that we overcome the problem by
essentially using the Maximum Principle and the monotonicity of ¢ (see estimates (2.12) and
(2.13)). We were not able to obtain such a bound when dealing with homogenization or singular
perturbation, where also similar terms appear. We believe it would be very interesting to find the

correct way to apply the Adjoint Method in these situations.

In Section 3 we study monotone weakly coupled systems of Hamilton—Jacobi equations

c11u1 + cigug + Hi(x, Dug) = 0,
in U, (1.7)
ca1u1 + caoug + Ho(x, Dug) = 0,
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with boundary conditions u; = us = 0 on QU, by considering the following approximation:

c11uf + cioug + Hy(z, Duj) = eAuj
in U,
c1u] + caous + Ho(x, Dus3) = eAug
with u§ = u§ = 0 on OU. Under some coupling assumptions on the coefficients (see conditions
(H3.2) and (H3.3)), Engler and Lenhart [EL91], Ishii and Koike [TK91] prove existence, uniqueness
and stability for the viscosity solutions (u1,us) of (1.7), but they do not consider any approxima-
tion of the system. We observe that these coupling assumptions are similar to monotone conditions
of single equations, and play a crucial role in the establishment of the comparison principle and
uniqueness result, and thus cannot be removed.
We show that, under the same assumptions of [EL91], the speed of convergence of (uf,u§) to
(u1,u9) is O(e'/?) (see Theorem 3.5). For the sake of simplicity, we just focus on a system of two

equations, but the general case can be treated in a similar way.

Section 4 is devoted to an analog of the cell problem introduced by Lions, Papanicolaou and
Varadhan [LPV88]. More precisely, we consider the following quasi-monotone weakly coupled

system of Hamilton—Jacobi equations:

clu] — Clug + Hl(x, Dul) = Fl
 inTT, (1.8)
—C2U1 —+ CoU2 + HQ(ZL’,DUl) = H2

also called the cell problem. Here ¢y and co are positive constants and Hy, Hy : T x R” — R are
smooth, while u1,us : T — R and H, Hy € R are unknowns. Systems of this type have been
studied by Camilli, Loreti and Yamada in [CL08] and [CLY09], for uniformly convex Hamiltonians
in a bounded domain. They arise naturally in optimal control and in large deviation theory for
random evolution processes. Under a coercivity-like assumption on Hy, Ha (see condition (H4.1)),

we obtain the following new result.

Theorem 1.2. Assume that (Hj.1) holds. Then, there exists a pair of constants (Hq, Hs) such
that (1.8) admits a viscosity solution (u1,us) € C(T™)%.

One can easily see that the pair (Hy, Hs) is not unique (see Remark 4.4). Nevertheless, we

have the following.
Theorem 1.3. There exists a unique u € R such that
coH1+ c1Hy =y,

for every pair (Hy, Ha) € R? such that (1.8) admits a viscosity solution (uy,us) € C(T™)2.
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Theorem 1.3 can be rephrased by saying that there exists a unique H € R such that the system

ciuy — cyug + Hy(x, Duy) = H
T (1.9)
—Cou1 + Ccouo + HQ(JZ, Dul) =H

admits viscosity solutions uy,us € C(T"), with (see Remark 4.5)

I

H= :
c1+ o

Thus, this is the analogous to the uniqueness result of the effective Hamiltonian for the single
equation case in [LPV88]. Notice that this cell problem is the important basis for the study of
homogenization and large time behavior of weakly coupled systems of Hamilton—Jacobi equations.
Besides, we also consider the regularized system
(c1 4+ &)us — cru§ + Hy(x, Du§) = 2 Aus
in T", (1.10)
(co + €)u§ — cous + Ha(z, Du§) = e2Auf
and prove that both eu§ and eu§ converge uniformly to —H with speed of convergence O(g) (see
Theorem 4.6). We call H the effective Hamiltonian of the cell problem for the weakly coupled

system of Hamilton—Jacobi equations.

In Section 5, we conclude the paper with the study of weakly coupled systems of obstacle type,

namely

max{u; —ug — ¥1,u1 + Hi(z,Duy)} =0 in U,
(1.11)
max{us —u; — Vo, us + Ho(x, Dus)} =0 in U,
with boundary conditions u; = ug = 0 on OU. Problems of this type appeared in [CDE84] and
[CLY09]. Here Hy, Hy :U xR™ = R and 91,1 : U — R are smooth, with 91, 1s > a > 0.

In this case, although the two equations in (1.11) are coupled just through the difference u; — us
(weakly coupled system), the problem turns out to be considerably more difficult than the corre-
sponding scalar equation (1.1). Indeed, we cannot show now the analogous of estimate (1.4) as in
Section 2. For this reason, the hypotheses we require are stronger than in the scalar case. Together
with the usual hypotheses of coercivity and compatibility (see conditions (H5.2) and (H5.4)), we
have to assume that H;(x,-) and Ha(z,-) are convex (see (H5.1)), and we also ask that D, H; and
D, H, are bounded (see (H5.3)). Under these hypotheses, that are natural in optimal switching
problems, we are able to establish several delicate estimates by crucially employing the adjoint

method (Lemmas from 5.5 to 5.7), which then yield a rate of convergence (Theorem 5.1).
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2. OBSTACLE PROBLEM

In this section, we study the following obstacle problem
max{u — ¢, u+ H(z,Du)} =0 inU
(2.1)
u=0 on JU,
where ¢ : U — R and H : U x R® — R are smooth, with 1 > 0 on OU. We also assume that

(H2.1) there exists § > 0 such that

lim (B|H(z,p)|* + Dy H(x,p) -p) = lim H(z,p)

= +00 uniformly in z € U;
[pl—-+oo lpl=+oo  |p

(H2.2) there exists a function ® € C2(U) N C(U) such that ® <1 on U, ® = 0 on OU and

®+ H(z,D®) <0 inU.

We observe that in the classical case H(x,p) = H(p) + V(z) with

m @) _
Ipl—+00 |p|

or when H is superlinear in p and |D,H(z,p)| < C(1 + |p|), then we immediately have (H2.1).
Assumption (H2.2) (stating, in particular, that ® is a sub-solution of (2.1)), will be used to derive
the existence of solutions of (2.1), and to give a uniform bound for the gradient of solutions of the

penalized equation below.

2.1. The classical approach. For every ¢ > 0, the penalized equation of (2.1) is given by

u® 4+ H(x, Du) +7°(u® — ) =eAu® in U,
(2.2)
u® =0 on OU,
where 7€ is defined by (1.2). From [Lio82] it follows that under conditions (H2.1) and (H2.2), for

every € > 0 there exists a smooth solution u® to (2.2). The first result we establish is a uniform

bound for the C*-norm of the sequence {u®}.
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Proposition 2.1. There exists a positive constant C, independent of €, such that
[0 Lo, [ Duf|[ e < C.
In order to prove Proposition 2.1, we need the following fundamental lemma:

Lemma 2.2. There exists a constant C > 0, independent of €, such that

e(, € u® — w
max ¥ (u® — 1) < C, max
zeU zeU €

<C.

Proof. We only need to show that max, i 7*(u® —1) < C, since then the second estimate follows
directly by the definition of . Since u® — 1 < 0 on 9U, we have max,coy 7 (u® — ¢) = 0.

Now, if max 7% (u® — 1) = 0, then we are done. Thus, let us assume that there exists
x1 € U such that max, v (u® —v) = 7°(u® — ¢)(w1) > 0. Since 7° is increasing, we also have

max,ey (uf — ) = uf (1) — 1(z1). Thus, using (2.2), by the Maximum principle
(u (1) = (21)) + 7 (u* (1) — ¥(21)) = eAu®(z1) — H(w1, Du(21)) — (1)
< eA(ar) — H(zy, DYp(21)) — ¥(21).
Since uf (1) — 1h(x1) > 0,
V(U (21) — ¥(x1)) < {fg(lAwl + [H(z, DY)| + [¢(x)]) < C,
for any e < 1, and this concludes the proof. =

Proof of Proposition 2.1. Suppose there exists 29 € U such that u®(z¢) = max, g u(x). Then,
since Au®(xg) < 0 and using the fact that v >0
us(zo) = eAu®(20) — H(20,0) — v (u*(20) — ¥(20))
< —H(z0,0) < max (—H(z,0)) < C.
zeU
Let now 1 € U be such that v°(x1) = min, g u®(21). Then, using Lemma 2.2,
u(z1) = eAu®(21) — H(21,0) — 7" (u*(z1) — (z1))
> —H(21,0) — 7 (v (21) — ¥(21))
> min (—H(z,0) = (u"(z) — ¥(2))) > —C.
zeU
This shows that ||u®||Le is bounded.
To prove that || Duf|| = is bounded independently of e, we first need to prove that || Duf|| 1 a0
is bounded by constructing appropriate barriers.

Let @ be as in (H2.2). For € small enough, we have that

O+ H(x, DP) + (P — ¢)) < cAdD,
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V
LS

and ® = 0 on OU. Therefore, ¢ is a sub-solution of (2.2). By the comparison principle, u® >
inU.

Let now d(x) = dist(z,0U). It is well-known that for some § > 0 d € C?(Us) and |Dd| = 1
in Us, where Us := {z € U : d(z) < ¢}. For u > 0 large enough, the uniform bound on ||uf| g~

yields v := pd > u® on OUs. Assumption (H2.1) then implies
v+ H(z, Dv) +~°(v — ) —eAv > H(z,uDd) — Cp > 0,

for p is sufficiently large. So the comparison principle gives us that ® < u® < v in Us. Thus, since
v is the outer unit normal to U, and ® = u® = v = 0 on U, we have
v ou’ 0P
<

5(3}) S (x) < E(m), for x € OU.

Hence, we obtain || Duf|| ;@0 < C.

| Dusf?

Next, let us set w® = . By a direct computation one can see that

2(1+ (v))w® + DpH - Dw® + D, H - Du® — (v°)'Du® - Dy = eAw® — e| D*uf|?. (2.3)

If || Duf|| o= < max(||[ D[ ee, [[Duf|| Lo (arr)) then we are done.
Otherwise, max (|| Dy || Lo, || Du®|| o a0)) < ||Du®||L~. We can choose x3 € U such that w®(zz) =

max, .z w®(z). Then, using (2.3)
e|D?uf |2 (z2) = eAw® (x9) — 2w (x2) — Dy H (29, Duf(x3)) - Du® ()
+ (%) (Du(z2) - Dip(a2) — [Duf[*(x2)) (2.4)
< =D, H(x9, Du®(x2)) - Duf(x3).
Moreover, for € sufficiently small we have

e| D*uf*(w2) 2 202%| Au (wo) > = 28 [u® (w2) + H (w2, Du (w3)) + 7 (u® (w2) — ¥(w2)))”.

By Young’s inequality,
e|D*u" (@) = BIH (w2, Du () = 26 [u (w2) + 77 (u (w2) — 9(2))]” )5
> B|H (2, Du (22))[* = Cg, >
for some positive constant Cg, where we used Lemma 2.2 for the last inequality. Collecting (2.4)

and (2.5)
ﬂ|H(a:2,Du5(:c2))|2 + D H(x2, Du(z2)) - Du®(z2) < Cp.

Recalling hypothesis (H2.1), we must have

| Duf 1 = [Du (a2)] < C.



ADJOINT METHODS FOR OBSTACLE PROBLEMS AND WEAKLY COUPLED SYSTEMS OF PDE 9

Thanks to Proposition 2.1 one can show that, up to subsequences, u® converges uniformly to a

viscosity solution u of the obstacle problem (2.1).

2.2. Proof of Theorem 1.1. We now study the speed of convergence.
To prove our theorem we need several steps.
Adjoint method: The formal linearized operator L¢ : C*(U) — C(U) corresponding to (2.2)

is given by

Lfz:= (14 (v°))z+ D,H - Dz — eAz.

We will now introduce the adjoint PDE corresponding to L¢. Let xg € U be fixed. We denote by

o° the solution of:

1+ (7%))o® — div(D,Ho®) = eAo® + b, in U,
(2.6)
o =0, on OU,
where 0, stands for the Dirac measure concentrated in zy. In order to show existence and
uniqueness of o¢, we have to pass to a further adjoint equation. Let f € C(U) be fixed. Then, we
denote by v the solution to
1+ (v*))v+ DpH - Dv =elAv + f, in U,
(2.7)
v =0, on OU.
When f = 0, by using the Maximum Principle one can show that v = 0 is the unique solution
to (2.7). Thus, by the Fredholm Alternative we infer that (2.6) admits a unique solution o°.
Moreover, one can also prove that 0 € C*°(U \ {zo}). Some additional properties of o€ are given

by the following lemma.

Lemma 2.3 (Properties of 0¢). Let v denote the outer unit normal to OU. Then,

do*

(i) 0 >0 on U. In particular, 3

<0 on OU.
v

(ii) The following equality holds:

/(l—i-(’ys)')asdx:l—ks/ do ds.
U ou Ov

6/
oU

Proof. First of all, consider equation (2.7) and observe that

In particular,
do®

<1.
£ ds <1

f>0=>0v>0. (2.8)



10 F. CAGNETTI, D. GOMES, H. V. TRAN

Indeed, assume f > 0 and let T € U be such that

v(Z) = minv(x).
xelU

We can assume that T € U, since otherwise clearly v > 0. Then, for every x € U
(14 (%) )(@) =edo(@) + f(T) >0,

and (2.8) follows, since 1 + (7¢) >0 .

Now, multiply equation (2.6) by v and integrate by parts, obtaining
/ fofdx = v(xp).
U
Taking into account (2.8), from last relation we infer that
/ fotdx >0 for every f >0,
U

and this implies o€ > 0.

To prove (ii), we integrate (2.6) over U, to get

/ (1+ (v%))o® dz :/ div(D,Ho®) dx + E/ Ao®dr +1
U U U

:/aU(DpH~u)UEdS+€/3U %": ds +1 :s/w %": ds + 1,
where we used the fact that 0 =0 on OU. (]
Using the adjoint equation, we have the following new estimate.
Lemma 2.4. There exists C > 0, independent of € > 0, such that
% /U(l + (v))|Duf o dx + E/U |D?uf 0 dx < C. (2.9)

Proof. Multiplying (2.3) by ¢¢ and integrating by parts, using equation (2.6) we get

1
f/(1+(fye)’)|Du5|205dx+€/ |D*uf|?0° dx
2 Ju U

= —w®(xg) — /U [D.H - Du® — (v°)' D¢ - Duf] 0° dx — g/aU w® 5 ds.

Thanks to Lemma 2.3 and Proposition 2.1 (which, in particular, implies || Dy H (-, Du®(-))|| Lo () <

() the conclusion follows. O

Relation (2.9) shows that we have a good control of the Hessian D?u® in the support of o°.

We finally have the following result, which immediately implies Theorem 1.1.
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Lemma 2.5. There exists C > 0, independent of €, such that

g
< —=.
im0l < o

Proof. By standard elliptic estimates, the solution u® is smooth in the parameter ¢ for € > 0 (see
[Eval0, Trall] for similar arguments). Differentiating (2.2) w.r.t. & we get

(14 (v°))ug + DpH - DuZ + % = eAut + Au®, in U. (2.10)

In addition, we have uS(x) = 0 for all € 9U, since u®(x) = 0 on JU for every . So, we may
assume that there exists 2 € U such that |ug(r2)| = max, g [u (7).
Consider the adjoint equation (2.6), and choose xg = x2. Multiplying by ¢ both sides of (2.10)

and integrating by parts,

ui(zg) = —/U’ygasda:—&-/UAueasdx.

Hence,
|ug (z2)] §/ [vE|o® dx+/ |Au®|o® dx. (2.11)
U U
By Lemma 2.2,
u® — u® — u® —
el = |-y (50 = |y - )| < ey (212)
Hence, thanks to Lemma 2.3
/ [vE|o® da < C’/ (v*) o®dx < C, (2.13)
U U

while using (2.9)

1/2 1/2
/ |Au®|o® da < (/ |Auf|20® dx> (/ o dm)
U U U

(2.14)
1/2 1/2 c
<C </ |D2u€\205 da:) (/ o® da:) < =75
gl/2
U U
Thus, by (2.11), (2.13) and (2.14)
R C
[ug(z2)] < SVER for e < 1. (2.15)
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3. WEAKLY COUPLED SYSTEMS OF HAMILTON—JACOBI EQUATIONS

We study now the model of monotone weakly coupled systems of Hamilton-Jacobi equations
considered by Engler and Lenhart [EL91], and by Ishii and Koike [IK91]. For the sake of simplicity,
we will just focus on the following system of two equations:

Cc11U1 + c1ou2 + Hl(LL', D’U,l) =0
in U, (3.1)
Co1U1 + CooU2 + HQ(JZ, DUQ) =0
with boundary conditions u; = us = 0 on OU. The general case of more equations can be treated
in a similar way.
We assume that the Hamiltonians Hy, Hy : U x R® — R are smooth satisfying the following

hypotheses.

(H3.1) There exists (1, 32 > 0 such that for every j = 1,2

H.
i (31H, (o, ) + DoHy(o,p) - p) = tim  22P)

= 400 uniformly in 2 € U.
|p|—+o0 lpl—+oo [P

Following [EL91] and [IK91], we suppose further that
(H32) C12, 021§0;
(H3.3) there exists o > 0 such that c¢11 + ¢12, co1 + 22 > a > 0.

We observe that, as a consequence, we also have ci11, coo > 0. Finally, we require that

(H3.4) There exist ®1,®, € C?*(U) N CH({U) with ®; =0 on U (j = 1,2), and such that

c11P1 + ¢12P5 + Hl(lL',D(I)l) <0 inU,
Cco0Po + co1 Py + H2($7D¢2) <0 inU.

Thanks to these conditions, the Maximum Principle can be applied and existence, comparison and
uniqueness results hold true, as stated in [EL91].
We consider now the following regularized system (here € > 0):
1] + cigus + Hi(z, Duf) = eAuj
in U, (3.2)

el + coous + Ho(x, Duj) = eAuf
with boundary conditions u§ = u§ = 0 on 9U.
Conditions (H3.1), (H3.2), and (H3.3) yield existence and uniqueness of the pair of solutions
(u§,u$) in (3.2). Next lemma gives a uniform bound for the C! norm of the sequences {uf},
i = 1,2. Its proof, which is very similar to that one of Proposition 2.1, is still presented for

readers’ convenience.
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Lemma 3.1. There exists a positive constant C, independent of €, such that
i Lo, [ Dusl|Le < C,  fori=1,2.

Proof. Step I: Bound on |u§||r=,j = 1,2.
First of all observe that uf = u5 = 0 on QU for every e. Thus, it will be sufficient to show that
u§ and u§ are bounded in the interior of U. Without loss of generality, we can assume that there

exists T € U such that

We have

aui(Z) < c11ui(T) + c12u3(T) < —H1(T,0) < max (—Hy(z,0)),
zeU

where we used (H3.3) and equation (3.2). Analogously, if # € U is such that

zeU
then
~ c11 ~ C12 ~ H,(z,0) 1 .
ui (z) > ———u§ (7)) + ————u5(7) > — > min (—Hq(z,0)).
1@ c11 + c12 1@ c11 + €12 2( c11 +ci2 — c11 +Ci2 meU( (z,0))

Concerning the bounds on the gradients, we will argue as in the proof of Proposition 2.1.
Step II: Bound on || Du§||L=v),j = 1,2.

‘We now show that

max | Duj(z)| < C,
zedlU

for some constant C' independent of . As it was done in Section 2, we are going to construct

appropriate barriers. For £ small enough, assumption (H3.4) implies that
c11P1 + c10P2 + Hl(l‘, D(Dl) <eAd; inU,
Cco0Po + o1 Py + Hz(l’, D(I)Q) <eAdy in U,

and & = ®3 = 0 on OU. Therefore, (1, P2) is a sub-solution of (3.2). By the comparison
principle, u5 > ®; in U, j = 1,2. Let d(z), ¢, and Us be as in the proof of Proposition 2.1. For
p > 0 large enough, the uniform bounds on [uf||z~ and [[u5||L= yield v := pd > u§ on OUs,
7 =1,2, so that

(c11 + c12)v + Hi(xz, Dv) — eAv > Hy(x, uDd) — uC  in U,

(co1 + c22)v + Ha(z, Dv) —eAv > Hy(z, uDd) — pC  in U.
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Now, we have ®; = u5; =v =0 on OU. Also, thanks to assumption (H3.1), for 4 > 0 large enough

(c11 + c12)v+ Hy(z,Dv) —eAv >0 in U,
(ca1 + ca2)v + Ha(z, Dv) —eAv >0 in U,

that is, the pair (v,v) is a super-solution for the system (3.2). Thus, the comparison principle

gives us that ®; <wu§ <wvin Us, j =1,2. Then, from the fact that ®; = uj = v =0 on OU we get

v Ous 0P,
bl < 7 < =7 = .
8V(x) <3, () < ey (x), forxzedlU, j=1,2

Hence, we obtain || Du§|L~@v) < C, j = 1,2.
Step III: Conclusion.
\Du§|2

5 7 = 1,2, by a direct computation we have that

Setting w; =

2c11w§ + DypHy - Dw§ + c19Dus - Du§ + D, Hy - Duj = eAw§ — e|D*uf|?,

(3.3)
299w + DyHo - Dw$ + co1 Dus - Du§ + Dy Hy - Du§ = eAws — | D*u|?.
Assume now that there exists ¥ € U such that
max w (r) = wi(7).
z€U
Then, we have
e|D?u§|2(Z) = eAws(Z) — 2¢11w5(Z) — c12Du5 (Z) - Dus(Z) — Dy Hy - Dus(T)
§ 72(011 + 012)11/?(@) — DzHl . Dui(f) S 7DIH1 . Dui(f)
Now, arguing as in the proof of Proposition 2.1, for ¢ sufficiently small
S| D2E (D) = 26122 Aui (3)2 = 261 [e115 (3) + c10u5(3) + Hi (3, D (3)))
> f1|H. (%, Dui (7)) - C.
Collecting the last two relations we have
Bi|H1(Z, Dus(2))|* + D, H1(2, Du§ (%)) - Dus (%) < C.
Recalling condition (H3.1) the conclusion follows. O

Adjoint method. At this point, we introduce the adjoint of the linearization of system (3.2).
Let us emphasize that the adjoint equations we introduce form a system of weakly coupled type,
which is very natural in this setting, and create a systematic way to the study of weakly coupled

systems. The linearized operator corresponding to (3.2) is

Dle (SC, Du‘i) . DZl “+ c1121 + C1222 — €A2’1,
Lf(z1,29) =
DyHs(x, Du3) - Dzg + cagzo + c2121 — €Az,
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Let us now identify the adjoint operator (L)*. For every v',1v? € C°(U) we have
(L) (', v?), (21, 22)) 1= (v, v7), L% (21, 22))
= (v, [L (21, 22)]y ) + (v, [L7 (21, 22)),)

= / [DpHi(x, Dui) - Dz1 + c1121 + c1222 — €Az1] vldz
U
+ /U [DpHo(x, Du3) - Dzg + ca222 + 2121 — €A20] V2 dx
= /U [—div(Dlez/l) + et e — EAVl] z1dx
+ / [7diV(DpH2V2) + coor? + et — EAVQ] 2o dix.
U

Then, the adjoint equations are:

—div(DyHyo" ) + c1105° + e210% = Aot + (2 —i)d,,  inU,
(3.4)
—div(DpH202’€) + 2207 + ¢190MF = eAc®E + (i — 1)z, in U,

with boundary conditions

olf =0 on OU,

o2 =0 on OU,
where i € {1,2} and z9 € U will be chosen later. Observe that, once xq is given, the choice
t =1 (i = 2) corresponds to an adjoint system of two equations where a Dirac delta measure
concentrated at xo appears only on the right-hand side of the first (second) equation. Existence

l,e

and uniqueness of ¢! and ¢2¢ follow by Fredholm alternative, by arguing as in Section 2, and

we have o1, 02° € C®(U \ {z0}). We study now further properties of o!:¢ and o%*.

Lemma 3.2 (Properties of o1, 0%¢). Let v be the outer unit normal to OU. Then
, o o=
(i) 07 >0 on U. In particular, g— <0ondU (j=1,2).
v
(ii) The following equality holds:

e dole
E:(Aﬂm+WﬂM*dx—5/ éﬁ‘w>:L

= ou

In particular,
2
Z/ (le + Cjz)dj’a dz < 1.
j=1"Y

Proof. First of all, we consider the adjoint of equation (3.4):

Dle(I, Du‘i) . DZl =+ C11%1 =+ C1229 — EAZl = f17
(3.5)
DyHy(x, Duj) - Dzg + cao29 + co121 — €Az = fa,
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where f1, fo € C(U), with boundary conditions z; = zo = 0 on OU. Note that

fi,/o>0= anlin2 zj(x) > 0. (3.6)
zeU

Indeed, if the minimum is achieved for some T € QU, then clearly z1, zo > 0. Otherwise, assume

min z;(x) = z1(7),
7j=1,2
zeU

for some T € U. Using condition (H3.2)

(c11 4+ c12)21(T) 2 c1121(T) + c1222(T) = €Az (T) + fL(T) > 0.

Thanks to (H3.3), (3.6) follows.
Let us now multiply (3.4); and (3.4)2 by the solutions z; and 25 of (3.5). Adding up the

relations obtained we have
/Uflal’8 dx + /U fao?Fde = (2 — i)z (x0) + (1 — i) 2z2(z0).
Thanks to (3.6), from last relation we conclude that
/Uflcrl’s dx + /U fo0?Edz >0, for every fi, fo >0,

and this implies that o':¢, 0% > 0. To prove (ii), it is sufficient to integrate equations (3.4); and

(3.4)2 over U, and to add up the two relations obtained. O

The proof of the next lemma can be obtained by arguing as in the proof of Lemma 2.4.
Lemma 3.3. There exists a constant C' > 0, independent of €, such that
5/ |D?us 2ot e do + 5/ |D?us |0 dx < C.
U U

We now give the last lemma needed to estimate the speed of convergence. Here we use the

notation u$ () := du(x)/0e, j = 1,2.

Lemma 3.4. There exists a constant C' > 0, independent of €, such that

C
€
. < —
max 5 ()] < 75
zeU

Proof. Differentiating (3.2) w.r.t € we obtain the system

g g € g g

cnui .+ cious o + DpHy - Duj o = eAuf . + Auf,
(3.7)

e1uf . + c2ous o + DpHy - Dus . = eAus . + Aus.
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Since uf . = u5, = 0 on U, we have
: ;

max uj .(z) = max uz () = 0.

Assume now that there exists Z € U such that

max JuS ()] = |uf - (@),
zeU

and let 01:¢,02¢ be the solutions of system (3.4) with i = 1 and x¢ = 7.

17

Multiplying equations (3.7); and (3.7)2 by o!'¥ and 0% respectively and adding up, thanks to

(3.4) we obtain

ui (Z) = /UAu‘i ol dr + /U Aus 0% da.

Thanks to Lemma 3.3, and repeating the chain of inequalities in (2.14) one can show that

/ Auj e dx
U

and from this the conclusion follows.

< 57

We can now prove the following result on the speed of convergence.

Theorem 3.5. There exists C' > 0, independent of €, such that
[uf — wrl[Lee, [[ug — ual[Le < Ce

Proof. The theorem is a direct consequence of Lemma 3.4.

4. CELL PROBLEM FOR WEAKLY COUPLED SYSTEMS OF HAMILTON—JACOBI EQUATIONS

J=12

1/2

In this section we study the following class of weakly coupled systems of Hamilton—Jacobi

equations:
Cclu1 — ClU2 + Hl(a?,Dul) = ﬁl
~ inT",
—CU1 —+ CoU2 —+ HQ(Z',DUQ) = H2

Hl,FQ € R,

(4.1)

which is the analog of the cell problem for single equation introduced by Lions, Papanicolaou, and

Varadhan [LPV88]. We will assume that Hy, Hy € C°(T" x R™), and

(H4.1) there exist wy,ws > 0 such that for every j = 1,2

lim [w;|Hj(z,p)]* + D H;(z,p) - p— 16nch?|p|2] = +oo uniformly in z € T";

|p|—-+o0

(H4.2) ¢1,¢5 > 0.
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It is easy to see that the coefficients of uy, us in this system do not satisfy the coupling assumptions
of the previous section. Indeed, as it happens for the cell problem in the context of weak KAM

theory, there is no hope of a uniqueness result for (4.1).

Remark 4.1. The presence of the term 16nch? in condition (H4.1) will be justified by later
computations. Nevertheless, we observe that (H4.1) is weaker than (H3.1). Indeed, if (H3.1)
holds, then for every w; > B3;

i [y Hy (e, p)? + DoHi(a, p) - p = 16065 pl7]

B |P|1i)n—i1-oo [8i|H; (x,p)|* + Do Hj(,p) - p+ (wj — B;)[Hj(2,p)[* — 16nw;c3|p|?] = +oo,

uniformly in x, and hence (Hj.1) is satisfied.

To find the constants Hi, Hy we use the same arguments as in [Trall]. See also [Gom02,
CGT11]. First, for every e > 0, let us consider the following regularized system:
(c1 +e)u§ — cruy + Hy(z, Du§) = e2Auf
in T". (4.2)
(co + €)us — cous + Ho(x, Du§) = 2 Au
For every € > 0 fixed, the coefficients of this new system satisfy the coupling assumptions (H3.2)
and (H3.3) of the previous section. Thus, (4.2) admits a unique pair of smooth solutions (u§, u3).
In particular, this implies that uf and u§ are T™-periodic.

The following result gives some a priori estimates.

Theorem 4.2. There exists C' > 0, independent of €, such that
leuillzes, lleus| Lo, [[Duillpes, | Dusfl L= < C.

Proof. Our proof is based on the Maximum Principle. Without loss of generality, we may assume

that

mas {eu3(0)} = i (05),
zeT™

for some zf§ € T™. Applying the Maximum Principle to the first equation of (4.2),
euf(2f) < (e1 +e)ui(25) — crus(af) < —H'(25,0) < C, (4.3)

and this shows the existence of a bound from above for euj and euj. Using a similar argument

one can show that there is also a bound from below, so that

leuillzee, leus]| L= < C. (4.4)
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The previous inequality allows us to prove a bound for the difference u§(zf) — u§(xf). Indeed,

thanks to (4.3) and (4.4) we have

1 €
|ug(25) — uj(xg)| = ui(2g) — uz(xg) < *EH1($8, 0) - an(fﬂS) <C. (4.5)
. |Dus|? :
In order to find a bound for the gradients, let us set w; = 2j , 3 = 1,2. Then, by a direct

computation one can see that

2(c1 + &)w§ + DpHy - Dw§ — ¢1Duf - Du§ + D, Hy - Duf§ = 2 Aw§ — £2|D?uf|?

in T".
2(cg + e)ws + Dy Hy - Dws — coDu§ - Du§ + Dy Hy - Du§ = 2 Aw§ — 2| D*us|?

Without loss of generality, we may assume that there exists 7 € T™ such that

ma {wf ()} = wi (z).

zeT™
Then, by the Maximum Principle

e|D*u (29)* < —2(er + e)wi(a9) + e Dus () - Duj(2]) — DoHy - Dui(a1)
(4.6)

< —D,H; - Dui(z5).
Moreover, for € sufficiently small
&% | D?uf (a5)[? > 2wie* (Au§(29))* = 2w1 [Hi (25, Dui(«])) + (1 + €)us () — crug(af)]*. (4.7)
Also, thanks to (4.4) and (4.5)
(er + )i (a5) — crus(af)

< eluj(@)] + erfui (@) — ui(@h)] + eruz(27) — us(25)] + erfui(25) — us ()]

< O+ afui(@]) —ui(ag)] + erlus(27) — up ()]

< C + 2¢1|Dus (29)]|z] — 25| < C + 2¢1+v/n|Duj (25)],

where we used the fact that the diameter of T™ is v/n. Last relation, thanks to (4.7) and Young’s

inequality, gives that

€2 DS ()2 > 2wn [H (a5, Dus (1)) + (1 + )5 (25) — cru (@)

> wi|[Hy (25, Dus (25))[? — 2wy [(e1 + e)uf (25) — e (af))
> wn[Hy (a5, Dus (25)) 2 — 2wy [C + 2e1/n| Dus ()]
> wi|[Hy (25, Dus (25))[? — C — 160wy ¢ | Du§ (a5)|%,

Using last inequality and (4.6) we have

w1 |Hy (1, Dui(xi)ﬂ2 + D, H; - Duf(z7) — 16nw16%|Du§(z§)|2 < C.
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Thanks to condition (H4.1), we obtain the conclusion. O

In the sequel, all the functions will be regarded as functions defined in the whole R™ and

Z™-periodic. Next lemma provides some a priori bounds on u§ and u5.

Lemma 4.3. There exists a constant C > 0, independent of €, such that
ui(z) —ui()], [us(z) —u3(y)l, [ui(z) —us(y) <O, z,y € R™

Proof. The first two inequalities follow from the periodicity of u§ and 5, and from the fact that
Duj and Du§ are bounded.
Let us now show the last inequality. As in the previous proof, without loss of generality we

may assume that there exists xj € T™ such that

mass {05 (2)} = wi 25,
ace']IJ"

Combining the second inequality of the lemma with (4.3),
ui(x) —up(y) < wilrg) —uz(eg) +us(rg) —uz(y) <G, xy € R™

The proof can be concluded by repeating the same argument for min;—1 2 {ui(x)} O
zeT™

Proof of Theorem 1.2. Thanks to Theorem 4.2 and Lemma 4.3,
eu — C uniformly in T, for i = 1,2, (4.8)

for some constant C' € R. Furthermore, still up to subsequences,
u —minuj — uq, —eu§ + ¢1(minu§ — minu§) — Hy,
and (4.9)
ug—n%inu;%ug, —5u§+02(1%inu§—r%inui)—>H2,
uniformly in T™, for some functions uy,us € C(T") and some constants Hy, Hy € R. From (4.9)

it follows that the functions (uj,us) and the constants (Hy, H) are such that (4.1) holds, in the

viscosity sense. O

Remark 4.4. In general, H, and Ho are not unique. Indeed, let (u1,us) be a viscosity solution of
(4.1). Then, for every pair of constants (C1,Ca), the pair of functions (1, us2) where Uy := u; +Cy

and g = ug + Cy is still a viscosity solution of (4.1), with
f‘jl ::F1+61(01702), HQ ::F2+62(02701),

in place of H, and Ho, respectively. Anyway, we have coH1 +c1Ho = Cgﬁl —l—clﬁg. This suggests
that, although H, and Hy may vary, the expression caH1 + c1Ho is unique. Theorem 1.3 shows

that this is the case.
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Proof of Theorem 1.3. Without loss of generality, we may assume ¢; = c; = 1. Suppose, by
contradiction, that there exist two pairs (A1, A2) € R? and (u1,p2) € R2, and four functions

Uy, Uz, Uy, uz € C(T™) such that Ay + A2 < p1 + po and

U1 — U2 +H1(ZC,DU1) = )\1
in T™,

—Uu1 + us + HQ(LC,D’U,Q) =X

and
Uy — Ug + Hi(z, Du1) = 11
in T™.
—uy + ug + Hg(ac,D%) = 2
By possibly substituting u; and ug with functions 4y := uy + Cy and s := us + Co, for suitable
constants C7 and Cs, we may always assume that A\; < p1, A < pa.

In the same way, by a further substitution w; := u; + Cs, Uz := us + C3, with C3 > 0 large

enough, we may assume that w; > %1, us > us. Then, there exists € > 0 small enough such that

(e 4+ Duy —ug + Hi(x, Duy) < (e + )y — uz + Hy(x, D)
in T™.
(E + 1)UQ — Uy + HQ(Z‘,DUQ) < (8 + 1)172 —uy + HQ(],‘, Dﬂg)
Observe that the coefficients of the last system satisfy the coupling assumptions (H3.2) and (H3.3).
Hence, applying the Comparison Principle in [EL91] and [IK91], we conclude that u; < @y and

us < Uz, which gives a contradiction. O

Remark 4.5. Multiplying the two convergences in the right in (4.9) by co and ¢y, respectively,
one can see that

C=H=—t_.
c1+ co

Here, C is defined in (4.8), u given by Theorem 1.3, and H is the unique constant such that (1.9)

has viscosity solutions. We call H the effective Hamiltonian of the cell problem for the weakly

coupled system of Hamilton—Jacobi equations.
The following is the main theorem of the section. See also [Trall] for similar results.

Theorem 4.6. There exists a constant C' > 0, independent of €, such that
leu; + H||p~ < Ce, fori=1,2.

Adjoint method: Also in this case, we introduce the adjoint equations associated to the

2,e

linearization of the original problem. We look for o', 0% which are T™-periodic and such that

—div(DpH10" %) + (c1 + €)o™® — c20?® = e2Ach® + £(2 — i)y, in T",
(4.10)
—div(D, Ho0*) + (c2 + €)0* — c1o" = e2Ac>® +¢(i — 1)6y, in T,
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where i € {1,2} and g € T" will be chosen later. The argument used in Section 2 gives also in this
case existence and uniqueness for o1'¢ and 0%<. As before, we also have o1, 0% € C°°(T"\ {z¢}).

The next two lemmas can be proven as Lemma 3.2 and Lemma 3.3, respectively.

2,5) 2,e

Lemma 4.7 (Properties of o1, 0%¢). The functions o¥¢,0%¢ satisfy the following:

(i) 09 >0 onT" (j=1,2);

(ii) Moreover, the following equality holds:

2
Z/ ohedr = 1.
j=171"

Lemma 4.8. There exists a constant C' > 0, independent of €, such that

52/ |D?u§ |20t da < C,
Rn

g2 / |D?u$|?0%€ dx < C.
Finally, next lemma allows us to prove Theorem 4.6.
Lemma 4.9. There exists a constant C > 0, independent of €, such that
max|(eup)e|,  max|(euz)s| < C.

Proof. Differentiating (4.2) w.r.t. e,

€ € € € 2 € €

DyHy - Duj . + (e1 +e)ui . +uj — crus . = e”Auj . + 2eAuf,
2

DyHy - Dus . + (co +€)uy o + u5 — couf . = e*Auj . + 2cAus,

where we set uf . := Juj /0e, j =1,2. Without loss of generality, we may assume that there exists
o € T™ such that
max (euj(z))e = max {euS (z) +u5(2) } = euf (x2) + ui(x2).

j=1,2 j=1,
i T

Choosing xy = x2 in the adjoint equation (4.10), and repeating the steps in the proof of Theo-

rem 2.5, we get
eui . (z2) +/ usote dx—l—/ u0%¢ da

(4.11)
< 26/ |Aus |0t da + 25/ |Aug|o®€ da < C,
n ']1‘71,
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where the latter inequality follows by repeating the chain of inequalities in (2.14) and thanks to

Lemma 4.8. Using Lemma 4.3 and property (ii) of Lemma 4.7 we have

/ us (z)o b da + / us(z)o>C dr — us (zz)

[ i) -~ wieao ot [ @) - uie)o? e <

n

In view of the previous inequality, (4.11) becomes
cus (ws) + uS(22) < C,

thus giving the bound from above. The same argument, applied to minj—12(eus(x))e, allows to
zeT"
prove the bound from below. O

Proof of Theorem 4.6. The theorem immediately follows by using Lemma 4.9.
O

Remark 4.10. (i). In order to achieve existence and uniqueness of the effective Hamiltonian H
one can require either (H4.1) or the usual coercive assumption (i.e. Hy, Hy are uniformly coercive

in p). Indeed one can consider the regularized system

(c1 +e)uf — crus + Hi(x,Duf) =0
in T, (4.12)
(ca + e)u§ — coui + Ho(z, Duj) =0
and derive the results similarly to what we did above by using the coercivity of Hy, Hy. We require
(H4.1) in order to get the speed of convergence as in Theorem 4.6.
(ii). By using the same arguments, we can show that for any P € R™, there exist a pair of
constants (H1(P), Ho(P)) such that the system
Cclu1 — ClUz + H1(.”L', P+ Dul) = Fl(P)
o in TT,
Coly — CoUy + Hg(x, P+ Du2) = HQ(P)
admits a solution (uy(-, P),uz(-, P)) € C(T™)?. Moreover H(P), the effective Hamiltonian, is
unique and
—_— CQHl(P)+ClH2(P)

H(P) = :
(P) P

5. WEAKLY COUPLED SYSTEMS OF OBSTACLE TYPE

In this last section we apply the Adjoint Method to weakly coupled systems of obstacle type.
Let Hy,Hy : U x R® — R be smooth Hamiltonians, and let 1,45 : U — R be smooth functions

describing the obstacles. We assume that there exists a > 0 such that

1/}1, 1/}2 Z (6% iIl ﬁ, (51)
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and consider the system

max{u; —us — ¢1,u1 + Hi(x,Dup)} =0 in U,
(5.2)
maX{u2 — Uy — Yo, us + HQ(.Q?,DUQ)} =0 inU,

with boundary conditions u; |gy= u2 |sy= 0. We observe that (5.1) guarantees the compatibility
of the boundary conditions, since 11,12 > 0 on OU.

Although the two equations in (5.2) are coupled just through the difference uy —us, this problem
turns out to be more difficult that the correspondent scalar equation (2.1) studied in Section 2.

For this reason, the hypotheses we require now are stronger. We assume that

(H5.1) Hj(x,-) is convex for every x € U, j = 1,2.

(H5.2) Superlinearity in p:

H.
m ](va)

=400 uniformly in z, j=1,2.
lpl—oe  p|

(H5.3) |DyH,;(z,p)| < C for each (z,p) € U x R", j =1,2.
(H5.4) There exist @1, P2 € C2(U)NCHU) with ®; =00n U (j = 1,2), —1h < &1 — Oy < 9,

and such that
CI)J‘ + Hj(l’,Dq)j) <0 inU (] = 1,2).

Let € > 0 and let v : R — [0, +00) be the function defined by (1.2). We make in this section the

additional assumption that + is convex. We approximate (5.2) by the following system
uj + Hy(x, Dui) + 7 (uf —ug — 1) =eAuj in U,
us + Ho(x, Du3) + v (ug — uj —¢2) = eAuj in U.

We are now ready to state the main result of the section.
Theorem 5.1. There exists a positive constant C, independent of €, such that
us — uillp~ < CeV2, fori=1,2.
In order to prove the theorem we need several lemmas. In the sequel, we shall use the notation
05 == ui —u§ — Y1, 05 == u§ — uj — Pa.
The linearized operator corresponding to (5.3) is

21 + DpHy(x, Duf) - Dz 4 (v°) |os (21 — 22) — €Az,
L (21, 22) =
2+ DpHy(z, Du3) - Dzy + (v°)' |os (22 — 21) — Az,
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Then, the adjoint equations are:

L+ (%) lo)o = div(DypHio%) = (7°)' o5 0% = eAc'® + (2~ 0)d;, I U,
(5.4)
(1+ (%) |9§)(72’6 — div(DyHy0*%) — (v°) los ol = eAo?F + (i — 1)d,, in U,

with boundary conditions

ot =0 on OU,

o2 =0 on OU,
where ¢ € {1,2} and g € U will be chosen later. By repeating what was done in Section 2, we
get the existence and uniqueness of ''° and ¢%¢ by Fredholm alternative. Furthermore, !¢ and
02 are well defined and o1¢,0%¢ € C°(U \ {x0}). In order to derive further properties of !¢

and 02¢, we need the following useful formulas.

Lemma 5.2. For every p1,¢2 € C*(U) we have

ao.l,s

- derten) == [ lpias— [ (7Y log proPeda
ou OV U

(5.5)
+/ [(1+ (v°)" |os) @1 + DpHy - Dopy — eAp1 | obe de,
U
and
. o 2,e
(z—l)soz(:vo)=—s/ g WiS—/(ﬂ' lo @2 o1 da
v v (5.6)

+ / [(1+ (v°) |og) @2 + DypHs - Doy — eAgy] ¢ du,
U
where v is the outer unit normal to OU.
Proof. The conclusion follows by simply multiplying by ¢; (j = 1,2) the two equations in (5.4)
and integrating by parts. O

From the previous lemma, the analogous of Lemma 2.3 follows.

Lemma 5.3 (Properties of o1, 0%¢). Let v be the outer unit normal to OU. Then
) _ OoJe
(i) 07 >0 on U. In particular, g— <0on U (j=1,2).
v

(ii) The following equality holds:

) J,e
(/ U]’Edl‘—E/ do dS) =1.
1 \JuU ou Ov

2

e d .
Z/Ua <1

j=1

2

J

In particular,

We are now able to prove a uniform bound on u§ and w§. The proof is skipped, since it is

analogous to those of the previous sections.
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Lemma 5.4. There exists a positive constant C, independent of €, such that
[uillzoe, [Jus)lLe < C.
Next lemma will be used to give a uniform bound for Duj and Dus.

Lemma 5.5. We have

[0 oy oot [ 7Y 1 P az <.
U

U

where C' is a positive constant independent of €.
Proof. First of all, observe that condition (H5.1) implies that
H;(z,p) — DpH;(x,p) -p < H;j(z,0), for every (x,p) € U x R", ji=1,2.

In the same way, the convexity of v implies

Equation (5.3); gives
0 = ui + Hi(x, Duf) 4+ 7° g1 —eAuj
=u] + DpHi(x, Duf) - Duf — eAuj + Hi(x, Duf) — DpHi(x, Duf) - Du§
+9% lor —=() o 02+ (%) lor (u§ —u3) = (7°) lo2 ¢1-

l,e

Multiplying last relation by o', integrating and using (5.7) and (5.8)
[0 b w10 do = [ (#11(0,D5) - D, i Du) - D) 01
U U
[ 1l =0 1oy 6] 0 do
U
—|—/ [(L+ () |g2) uf + DpHi(z, Dus) - Duj — eAuj — (v°)' |g1 u5] o™ da
U
< / Hy(x,0) 0" dx
U
—l—/ [(1 + (v°) |9;) ui + DpHy(z, Duj) - Duj — eAuj — (v°)’ lox ug] oV e dx.
U
Analogously,

/(75)/ lo2 V2 0>° da < / Hy(x,0) 0%° dx
U U

+ / [(1 + (v°) |9§) u3 + DpHy(z, Du3) - Dus — eAus — (v°)' lo2 ug] o%¢ du.
U
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Summing up the last two relations and using (5.5) and (5.6)
[0 oz tnot et [ 07 Loz 202 da < (2= i (a0) + (0~ Do)
U U

+||H1("0)HL°°/ Ul’sdx+\\H2('70)|\Loo/ 0% da.
v U

Thus,
e\’ l,e e\’ 2, 2—1 € i—1 £
() lor o dz+ [ (v°) o2 0™ dx < ——wuj(z0) + ——uj(xo)
U € U € « «
Hi(-,0)|| o Hs(+,0)||pee
B LGy N . L
a U @ U
where we used (5.1), Lemma 5.3 and Lemma 5.4. O

We can finally show the existence of a uniform bound for the gradients of uj and u5.

Lemma 5.6. There exists a positive constant C, independent of €, such that

[Duil|L=, [[Dus|re < C.

Proof. Step I: Bound on 0U.
As it was done in Section 2, we are going to construct appropriate barriers. For € small enough,
assumption (H5.4) implies that
P, + H1($,D(I)1) +’78(q)1 — Oy — wl) < EA(I)l n U,
P, + HQ(ZL',D(I)Q) + ’}/E((DQ — o — 1/)2) <eAdy in U,
and ®; = &3 = 0 on QU. Therefore, (P1,P3) is a sub-solution of (5.3). By the comparison
principle, u; > ®; in U, j =1,2.
Let d(z), d, and Us be as in the proof of Proposition 2.1. For p > 0 large enough, the uniform
bounds of [|uf[|~ and [[u5||L~ yield v := pud > u§ on OUs, j = 1,2, so that
v+ Hy(x,Dv) +7 (v —v —11) —eAv =v+ Hy(x, Dv) — eAv > Hy(z,uDd) — pC  in U,
v+ Ha(x, Dv) + 9% (v — v — 1p2) — eAv = v + Hao(x, Dv) — eAv > Ho(z, pDd) — pC  in U.

Now, we have ®; = u5; =v =0 on OU. Also, thanks to assumption (H5.2), for u > 0 large enough

v+ Hy(z,Dv)+~+* (v —v—11) —eAv >0 in U,
v+ Ha(x,Dv) +79 (v —v—1p) —eAv >0 in U,
that is, the pair (v,v) is a super-solution for the system (5.3). Thus, the comparison principle

gives us that ®; < uj <v; in Us. Then, from the fact that ®; = u5; =v =0 on oU we get

v Ous o
ey () < 5 (z) < 5 (z), forxz e dU.

Hence, we obtain || Du§|L=@v) < C, j = 1,2.
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Step II: Bound on U.
Assume now that there exists Z € U such that

. 1 2 .
]2213; wi(r) = wi(7), where w§(z) := §|Du§| , j=1,2.
zcU

By a direct computation one can see that
2(14 (v°) los)wi + DpHy - Dw§ + Dy Hy - Dug — (¥°)' |p: Du§ - (D1 + Du§) = eAw§ — e|D*us|?.

l,e

Multiplying last relation by ¢-° and integrating over U

2/ wioe dac—l—/ D,Hy - DwSote dat—e/ Awfol’sdx—i—/ e|D*u§ 2o da
U U U U
1
+/(]DxH1-Du§al’E dx+§/U(f)’ los [IDuS|* + |Dui — Dus|?® — |Dug|?] o da (5.9)

— / (*) los Dui - D™ dz = 0.
U
Then, using equation (5.5); with i =1 and xg =
/ wo* dr +/ e|D*u§ 2ot da — / (v°) los Dui - Dyyo** da
U U U

1
+ /U D, H;y - DuSo" dx + B /U(VE)/ los [|Du§ — Dus|* — |Dug|?] o™ da (5.10)

1,e

w§(§)+s/

3 wi dS + / (v°) |os wi o> dz =0,
ou OV U

which implies

ws (&) - / () los w§ o™ dar + / (V) log wS 0> de
U U

1,

< / (v°) lo: Dus - Dpyo™° da —/ D, H, - DuSo"* dx — 5/ wi dS.
U U o

U 31/
Let now 1 > 0 be a constant to be chosen later. Using Step I and Lemmas 5.3 and 5.5, thanks to
Young’s inequality
W@~ [ 6 b usotedr+ [ 6 lg ui o o
U U
~ D3
< [0 s ot + 2= | ot e
U 21
Do H |2 (5.11)
~ L] oo
+ /U [anT(ﬂf) + 2772L] ot de+C
N 1
<n*(C + D (z) +C (1 + 772> .
In the same way, considering the analogous of equation (5.9) for the function w§ (recalling that in

(5.5) we chose i = 1) we can obtain the following inequality :

=N 1
—/ (Y log wE o> dx + / () los w5 ol de < n*(C + 1w (Z) + C (1 + 772) , (5.12)
U U
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where we also used the fact that ||w§|r~ < wj(Z). Summing inequalities (5.11) and (5.12) and

choosing 1 > 0 small enough the conclusion follows. O

Next lemma gives a control of the Hessians D?u§ and D?u§ in the support of o' and o%¢

respectively.

Lemma 5.7. There exists a positive constant C, independent of €, such that

sup / 5|D2u§\20j’5 dz < C.
U

j=1,2

Proof. The bound of the Hessian of D?u§ comes from identity (5.10), together with Lemma 5.6.

The other bound can be obtained in an similar way. O

We can finally prove the analogous of Lemma 2.2.

Lemma 5.8. There exists a positive constant, independent of €, such that

) “(65(x)) < C
max ——— <0,  maxy*(fi(z)) <C.
zeU zeU

Proof. It will be enough to prove the second inequality, since the first one will follow by the

definition of 7°. If the maximum is attained at the boundary, then

max y°(05(x)) = max y*(—v;(x)) = 0.
z€U xedU

Otherwise, let us assume that there exists £y € U such that

max max y°(65) = v°(67)(z1) > 0, ¥ (05(x1)) = 0.
j=1,2 zeU

Since 7© is increasing and °(z) > 0 if and only if z > 0, we also have max, (07 (x)) = 65(x1) > 0.
Evaluating the two equations in (5.3) at x; and subtracting the second one from the first one
05(x1) + 77 (05(21)) = eAuf(x1) — eAu (1) — Hi(z1, Dui(21)) + Ha(21, Dus(21)) — ¢ (21)
< eAyy(w1) — Hi(wr, Dui(w1)) + Ha (21, Dus(21)) — 1(71)

< A1 ()lpee + [ Hi(, Dui()) e + [[Ha (- Dus()llzee + 91 ()l < C,
where we the last inequality follows from Lemma 5.6. (]

We now set for every ¢ € (0,1)

R 8u§ _
uj,s(z) = g(x), relU,j=1,2.

The next lemma gives a uniform bound for uj . and u5 ., thus concluding the proof of Theorem 5.1.
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Lemma 5.9. There exists a positive constant C' > 0 such that

c
max [u5 o (2)] < 7
xeU

Proof. If the above maximum is attained at the boundary, then

max [u5 . (z)] = max |uj (z)] =0,

rcU zeoU

since uf . = u3 . = 0 on OU. Otherwise, assume that there exists 7 € U such that

max [uj ()] = [ui . (7)]
z€U

Differentiating (5.3) w.r.t. € we have

(1+ (%) los)uic + DpHr - Dui . — (v°)" o u3 e +92 los=eAui . + Auj in U,
(5.13)
(14 (%) log)uz,c + DpHz - Duj . — (%) log

2

uf o +7E |ps= eAuy .+ Aus  in U.

Let o1 and 0%¢ be the solutions to system (5.4) with i = 1 and 2o = Z. Multiplying (5.13);
and (5.13)2 by ¢ and 0%¢ respectively, integrating by parts and adding up the two relations

obtained we have
2
ui (@) =) ( / AuS 07 dx — / 7 lo: o dm).
j=1 WU U
Thus,

2
i@l =3 ([ 1auiaiaos [ bl 1ot a)
j=1 U U
At this point, the proof can be easily concluded by repeating what was done in Section 2 showing

relations (2.12)—(2.15). O
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