CVGMT Preprint Server - http://cvgmt.sns.it/papers/belferkaw03/

Isoperimetric inequalities,Wulff shape and related questions for strongly nonlinear elliptic operators

M. Belloni, V. Ferone and B. Kawohl

May 9, 2003

Dedicated to Professor L.E. Payne on the occasion of his 80^{th} birthda y

Abstract. We investigate the first eigenvalue of a highly nonlinear class of elliptic operators which includes the p–Laplace operator Δ p u = P i ∂ ∂x i (|∇ u| p− 2 ∂u ∂x i ), the pseudo–

p–Laplace operator Δ̃ p u = P i ∂ ∂x i (| ∂u ∂x i | p− 2 ∂u ∂x i ) and others. We derive the positivit y of

the first eigenfunction, simplicit y of the first eigenvalue, Faber-Krahn and Payne-Ra yner type inequalities. In another chapter we address the question of symmetry for positive solutions to more general equations. Using a Pohozaev-t ype inequalit y and isoperimetric inequalities as well as convex rearrangemen t metho ds we generalize a symmetry result of Kesavan and Pacella. Our optimal domains are level sets of a convex function H^o. They have the so-called Wulff shap e associated with H and only in special cases they are Euclidean balls.

Mathematics Sub ject Classification (2000). 35J20, 35J70, 49R05, 49Q20, 52A38

Keyw ords. eigenvalue, p-Laplace operator, pseudo- p-Laplace operator, isoperimetric inequalit y, Wulff theorem, Wulff shap e, convex rearrangemen t, Faber Krahn inequalit y, Payne Rayner inequalit y, Cheeger inequalit y

1 Intro duction

Throughout this paper let H : IR^n → IR be a nonnegativ e convex function of class C^1(IR^n \{0}) which is even and positively homogeneous of degree 1, so that

H(tξ) = |t|H(ξ) for any t ∈ IR, ξ ∈ IR^n . (1.1)

1

A typical example is H(ξ) = ( � i |ξ_i|^q)^{1/q} for q ∈ [1,∞ ). Note that there are positive constan ts α and β such that H satisfies

α|ξ| ≤ H(ξ) ≤ β|ξ| for any ξ ∈ IR^n . (1.2)

We can assume without loss of generalit y that the convex closed set

K := {x ∈ IR^n ; H(x) ≤ 1}

has the same measure |K| = ω_n as the unit ball in IR^n equipp ed with the Euclidean l_2 norm.

We shall investigate Euler equations which involve functionals containing the expression � Ω (H(∇ u))^p dx . (1.3)

The differen tial equations contain operators of the form

Qu := n� i=1 ∂ ∂x_i � (H(∇ u))^{p− 1}H_{ξi} (∇ u) � . (1.4)

In particular for H(ξ) = ( � k |ξ_k |^q)^{1/q} the operator Q becomes

Qu := n� i=1 ∂ ∂x_i � � �_n � k=1 � �∂u ∂x_k � �^q

�_{(p− q)/q} � � � ∂u ∂x_i � �^{q− 2} ∂u ∂x_i � � . (1.5)

Note that for q = 2 this is the usual p–Laplace operator, while for p = q it is the pseudo–p–Laplace operator that was extensiv ely studied in [5]. For these cases and for q = ∞ the equation − Qu = f (x) and its limit as p → ∞ was adressed in [18]. For general H and p = 2 the equation − Qu = f (x) in Ω was investigated in [2]. In [2] it became clear that the isoperimetric role that is played by the ball (among all domains Ω of given volume) is now replaced by a set homothetic to the polar set K^o of K. For H(ξ) = c_q( � i |ξ_i|^q)^{1/q} the set K^o is given by K^o := {x ∈ IR^n ; c^{− 1}_q ( � i |ξ_i|^{q′})^{1/q′} ≤ 1}, with q^′ conjugate to q and with

c^{− 1}_q = q 2 Γ(1/2) Γ(1/q) � Γ(1 + n/q) Γ(1 + n/2)

�_{1/n} . (1.6)

In this paper we study positive solutions of the general eigenvalue problem Qu + λ_p|u|^{p− 2}u = 0 and of equations such as Qu = f (u) with subcritical growth for f , both under zero boundary conditions.

2 Preliminaries

This section is devoted to recall some results about functions having the properties of the function H introduced in the previous section. Let H : IR^n → [0,+ ∞ [ be a convex function satisfying the homogeneit y property:

H(tx) = |t|H(x), ∀x ∈ IR^n , ∀t ∈ IR . (2.1)

Recall that H satisfies

α|ξ| ≤ H(ξ) ≤ β|ξ|, ∀ξ ∈ IR^n , (2.2)

for some positive constan ts α ≤ β. Because of (2.1) we can assume, without loss of generalit y, that the convex closed set

K = {x ∈ IR^n : H(x) ≤ 1}

has measure |K| equal to the measure ω_n of the unit sphere in IR^n . Sometimes, we will say that H is the gauge of K. If one defines (see [31]) the support function of K as: H^o(x) = sup_{ξ∈ K} < x, ξ >,

it is easy to verify that H^o : IR^n → [0,+ ∞ [ is a convex, homogeneous function, and that H, H^o are polar to each other in the sense that:

H^o(x) = sup_{ξ≠0}

< x, ξ > H(ξ)

, (2.3) and H(x) = sup_{ξ≠0}

< x, ξ > H^o(ξ)

. (2.4)

For example it follows: | < x, ξ > | ≤ H(x)H^o(ξ).

Clearly H^o(x) itself is the gauge of the set:

K^o = {x ∈ IR^n : H^o(x) ≤ 1}.

We say that K and K^o are polar to each other. Finally we denote by k_n the measure of K^o. Further details can be found, e.g., in [21], [31].

Let Ω be an open subset of IR^n . It is possible to give the following definition of the total variation of a function u ∈ BV(Ω) with respect to a gauge function H (see [3]): � Ω |Du|_H = sup � � Ω u div σ dx : σ ∈ C^1_0 (Ω; IR^n ), H^o(σ) ≤ 1 � .

This yields the following “generalized” definition of perimeter of a set E with respect to H:

P_H (E;Ω) = � Ω |Dχ_E |_H = sup � � E div σ dx : σ ∈ C^1_0 (Ω; IR^n ), H^o(σ) ≤ 1 � . The following co-area formula � Ω |Du|_H =

�_∞ 0 P_H ({u > s};Ω) ds, ∀u ∈ BV(Ω) ,

and the equalit y P_H (E;Ω) = � Ω ∩ ∂^∗ E

H(ν) dH^{n − 1}(x)

hold, where ∂^∗E is the reduced boundary of E and ν is the outer normal to E (see [3]).

One obtains readily that by definition P_H (E;Ω) is finite if and only if the usual perimeter:

P (E;Ω) = sup � � E div σ dx : σ ∈ C^1_0 (Ω; IR^n ), |σ| ≤ 1 �

is finite. In fact, (2.1) and (2.2) give 1 β |ξ| ≤ H^o(ξ) ≤ 1 α |ξ|, ∀ξ ∈ IR^n ,

and then αP (E;Ω) ≤ P_H (E;Ω) ≤ βP (E;Ω) .

Finally we quote a result which can be found in [2], [7], [13] Theorem 2.1 (Wulff theorem) If E is a set of finite perimeter in IR^n , then P_H (E;IR^n ) ≥ nk^{1/n}_n |E|^{1− 1/n} , (2.5) and equality holds if and only if E has Wulff shape, i.e. E is a sub-level set of H^o, modulo translations.

3 The eigen value problem

For p ∈ (1,∞ ) let us consider the following variational problem:

λ_p(Ω) := inf � � Ω (H(∇ v))^p dx ; v ∈ W^{1,p}_0 (Ω) , � Ω |v|^p dx = 1 � (3.1)

The direct metho d in the calculus of variations provides an existence proof for a minimizer u_p. Without loss of generalit y the minimizing function is nonnegativ e (otherwise replace u_p by |u_p|). But more can be said.

Theorem 3.1 (The first eigenvalue is simple and the first eigenfunction positive.) Problem (3.1) has a unique positive solution u_p, which solves the Euler-Lagrange equation

Qu_p + λ_pu_p = 0 in Ω , (3.2) u_p = 0 on ∂Ω .

Pro of: We observe that u_p minimizes also the nonnegativ e functional J_p(v) := � Ω H(∇ u)^p − λ_p(Ω) |u|^p dx. According to the regularit y theory for quasiminima in [16] minimizers of J_p are bounded [16], Thm. 7.5, Hölder continuous [16], Thm. 7.6 and satisfy a strong maximum principle [16], Thm. 7.12. Therefore u_p is positive in Ω. Moreover, if ∂Ω ∈ C^2, then u_p ∈ C^{1,α} (Ω ) according to [33], [32] or [23]. To prove its uniqueness we follow the idea from [4] and assume that there are two positive minimizers u and U of (3.1). For t ∈ (0,1) we set η = tu^p + (1 − t)U^p and u_t = η^{1/p}. Notice that u_t is an admissible function for problem (3.1). To evaluate the functional in (3.1) at u_t we calculate

∇ u_t = η^{− 1+1 /p} � tu^{p− 1}∇ u + (1 − t)U^{p− 1}∇ U � , so that by the homogeneit y of H

H(∇ u_t ) = η^{1/p}H � tu^p η ∇ u u + (1 − t)U^p η ∇ U U � . Now we set s(x) := tu^p/η, observe that it belongs to the interval (0,1) and exploit first the convexity and then the homogeneit y of H to arrive at

H(∇ u_t )^p = ηH � s(x) ∇ u u + (1 − s(x)) ∇ U U �_p (3.3) ≤ η � s(x)H � ∇ u u �_p + (1 − s(x))H � ∇ U U �_p�

= tu^pH � ∇ u u �_p + (1 − t)U^pH � ∇ U U �_p

= tH (∇ u)^p + (1 − t)H(∇ U)^p .

After integration of (3.3) we see that also u_t is a minimizer and that equalit y holds a.e. in Ω in (3.3). But then u∇ U = U∇ u a.e. in Ω, i.e. u/U is constan t a.e.. This and the norm constrain t for u implies uniqueness and completes the proof of Theorem 3.1

Remark 3.2 The last result was first proved by Lindqvist in [24], [25] for the p− Laplacian operator with a differen t proof.

Theorem 3.3 (Faber-Krahn type inequalit y) Among all domains Ω of given volume the shape function λ_p(Ω) is minimized by a set homothetic to K^o, in other words λ_p(Ω) ≥ λ_p(Ω^∗), where Ω^∗ has the Wulff shape (of K^o) and the volume of Ω . Moreover, equality holds only if Ω = Ω^∗ modulo translation.

Pro of: In Schwarz-symmetrization of functions one replaces their level sets by concentric balls of same measure. In convex symmetrization a la [2] the balls are replaced by equimeasurable centered sets homothetic to K^o. This way a function u with support Ω is transformed into a function u^∗ with support Ω^∗. We apply convex symmetrization to the first eigenfunction u_p on Ω. Then u^∗_p is an admissible function for the variational problem that characterizes λ_p(Ω^∗), because � Ω |u_p|^p dx = � Ω^∗ |u ∗ p|^p dx. Now an application of the Pólya-Szegö type inequalit y [2], Thm. 3.1 � Ω H(∇ v)^p dx ≥ � Ω^∗

H(∇ v^∗)^p dx for any v ∈ W^{1,p}_0 (Ω) (3.4)

shows that λ_p(Ω) ≥ λ_p(Ω^∗). It remains to discuss the sharpness of the inequalit y. To do this one has to analyze the case of equalit y in (3.4). Fortunately this was already done in [11], Thm. 5.1 and in [12], and ends the proof of Theorem 3.3.

From Hölder’s inequalit y one can see that for 0 < q < r the estimate ||u||_q ≤ c(r,q,|Ω |) ||u||_r holds for any u ∈ L^r (Ω) with c(r,q,|Ω |) = |Ω |^{(r − q)/q}. If u is an eigenfunction, then one can reverse the inequalit y sign.

Theorem 3.4 (Payne-Rayner type inequalit y) If u_p solves Problem (3.1) then for every 0 < q < r ≤ ∞ there exists a positive constant β(r,q,p,n, λ_p(Ω)) such that

||u_p||_r ≤ β(r,q,p,n, λ_p) ||u_p||_q . (3.5)

Moreover, equality in (3.5) holds if and only if Ω = Ω^∗ modulo translation.

We can adapt the proof from [1], Section 4. We fix q and p and let v_q be a positive eigenfunction on a set B of shap e K^o with eigenvalue λ_p(Ω) which is suitably scaled so that

||v_q||_L q_{(B )} = ||u_p||_L q_{(Ω)} . (3.6)

So v_q solves � Qv_q + λ_pv_q = 0 in B, v_q = 0 on ∂B.

(3.7) with Q as in (1.4). Because of (3.1) it is clear that |B| ≤ |Ω |. Moreover B is given by B = � x ∈ IR^n ; H^o(x) ≤ (κ_p/λ_p(Ω))^{1/p} � , (3.8)

where κ_p denotes the first eigenvalue of problem (3.7) in the unit ball K^o. The Payne-Rayner inequalit y is now a consequence of the following comparison result among the onedimensional rearrangemen ts of u_p and v_q.

Theorem 3.5 (Comparison of rearrangemen ts) If u_p and v_q are as defined above we have

�_s 0 (u^∗_p(t))^q dt ≤

�_s 0 (v^∗_q (s))^q dt for s ∈ [0,|B|] and q ∈ (0,∞ ) (3.9)

u^∗_p(s) ≥ v^∗_∞ (s) for s ∈ [0,|B|] and q = ∞ .

Moreover, equality in (3.9) holds if and only if Ω = B modulo translation.

The proof of Theorem 3.5 is essentially contained in [1], pp. 446f and can be almost literally copied from there, except that now Lemma 4.2 in [1] has to be replaced by

Lemma 3.6 (Estimate for − (u^∗(s))^′ ) If u_p solves Problem (3.1) then the following inequality holds:

− (u^∗_p(s))^′ ≤ λ^{1/(p− 1)} p � nk^{1/n}n s^{1− 1/n}

�_{p/(p− 1)}

� �_s 0 (u^∗_p(σ))^{p− 1} dσ

� 1_{p − 1} a.e. in (0,|Ω |).

(3.10)

For p = 2 the proof of this Lemma can be found in [2], pp. 285f, but we repeat it here for the benefit of the reader and for a more general application later. Suppose that u ∈ W^{1,p}_0 (Ω) solves � − Qu = f (x) in Ω u = 0 on ∂Ω

(3.11)

with Qu as in (1.4) and f ∈ L^∞ (Ω). A weak solution of (3.11) satisfies � Ω n� i=1 � (H(∇ u))^{p− 1}H_{ξi} (∇ u) ∂φ ∂x_i � dx = � Ω f φ dx, for all φ ∈ W^{1,p}_0 (Ω) .

Using the following test function φ_h (x) for h > 0 and t > 0

φ_h (x) =

� � � � � � � h if |u| > t + h

(|u| − t) sign u if t < |u| ≤ t + h

0 if |u| ≤ t

one gets in a standard way, − d dt � |u|>t n� i=1 � (H(∇ u))^{p− 1}H_{ξi} (∇ u) ∂u ∂x_i � dx ≤

�_{μ(t)} 0 f^∗(s)ds, (3.12)

where μ(t) = |{u > t}| is the distribution function of u. Taking the functional underlying (3.11) into account it follows − d dt � |u|>t

(H(∇ u))^p ≤

�_{μ(t)} 0 f^∗(s)ds. (3.13)

At this point, one has to use the isoperimetric inequalit y (2.5)

P_H (E;IR^n ) ≥ nk^{1/n}_n |E|^{1− 1/n} (3.14)

in order to estimate the left-hand side of (3.13) from below. In fact, the estimate

P_H (E;IR^n ) = − d dt � |u|>t

H(∇ u) dx ≤ � − d dt � |u|>t

(H(∇ u))^p dx

�_{1/p} (− μ^′(t))^{1− 1/p}

and (3.14) give � nk^{1/n}_n μ(t)^{1− 1/n}

�_p ≤ � − d dt � |u|>t

(H(∇ u))^p dx � (− μ^′(t))^{p− 1} . (3.15)

Now a combination of (3.13) and (3.15) yields, for a.e. t ∈ [0,sup u),

1 ≤ (− μ^′(t)) � nk^{1/n}n μ(t)^{1− 1/n}

�_{p/(p− 1)}

� �_{μ(t)} 0 f^∗(s)ds

� 1_{p − 1} . (3.16)

For f (x) = λ_p|u_p(x)|^{p− 2}u_p(x) relation (3.16) becomes (3.10). This proves Lemma 3.6.

In contrast to the previous estimates the last estimate in this section is optimal (as p → 1) for any shap e of Ω and not just for Ω = Ω^∗.

Theorem 3.7 (Cheeger type inequalit y) For every p ∈ (1,∞ ) the eigenvalue λ_p(Ω) can be estimate d from below as follows:

λ_p(Ω) ≥ � h(Ω) p �_p

. (3.17)

Here h(Ω) := inf{ P_H (D,IR^n )/|D| ; D simply connected and D ⊂⊂ Ω } is the Cheeger constant associated with Ω . Moreover, λ_p(Ω) converges to h(Ω) as p → 1.

For H(ξ) = |ξ| and p = 2 this is Cheeger’s original estimate [6] and for H(ξ) = |ξ| and general p it can be found in [22]. For a more general H one can easily modify the proof from [22] by using the generalized coarea formula from [11] or [12]. To prove the limiting behaviour of λ_p(Ω) as p → 1 we proceed as in [19] and observe that (3.6) implies lim inf_{p→ 1} λ_p(Ω) ≥ h(Ω). Therefore is suffices to find a suitable upper bound. Let {D_k }_{k=1 ,2,...} be a sequence of admissible domains for which P_H (D_k ,IR^n )/|D_k | converges to h(Ω). Approximate the characteristic function of each D_k by a function w_k with the following properties: w ≡ 1 on D_k , w ≡ 0 outside an ε–neighborhood of D_k and |∇ w_k | = 1/ε in an ε–layer outside D_k . For small ε the function w_k is in W^{1,∞}_0 (Ω) and provides the upper bound

λ_p(Ω) ≤

P_H (D_k ,IR^n ) |D_k |

(αε)^{1− p} . (3.18)

Now one sends first p → 1, then k → ∞ to complete the proof of Theorem 3.7.

4 Symmetry of positiv e solutions

In this section we consider positive solutions to the following problem: � � � � � − n� i=1 ∂ ∂x_i � (H(∇ u))^{n − 1}H_{ξi} (∇ u) � = f (u) in Ω

u = 0 on ∂Ω ,

(4.1)

where Ω = {x ∈ IR^n : H^o(x) < R}, with R > 0, n ≥ 2 has the so-called Wulffshap e. The function f : IR → IR is supposed to be continuous and to satisfy the following conditions:

f (s) > 0 for s > 0, (4.2) f (s) ≤ c_1|s|^r + c_2 for s > 0, (4.3)

for some r > 0.

Our aim is to show that any positive solution u to (4.1) necessarily satisfies a symmetry property. More precisely we prove that all level sets of u have Wulff shap e and are homothetic to Ω. We immediately observe that such a result contains the well known symmetry result proved in [15] in the case that H(ξ) = H^o(ξ) = |ξ| and Ω is a ball of radius R. We have the following:

Theorem 4.1 Suppose that H is strictly convex, that H(ξ)^n is of class C^2(IR^n ) and that f satisfies the assumptions (4.2) and (4.3). Then the level sets of any positive solution to problem (4.1) have Wulff shape and are homothetic to Ω .

The proof of the above theorem is based on argumen ts similar to those in [26] (see also [20]), where H had the special structure H(ξ) = ( � k |ξ_k |^n )^{1/n} . A key point of the proof is a suitable version of the well known identity of Pohožaev [29]. Various extensions of this identity have been given under various assumptions on the structure of the differen tial operator in (4.1) and on the regularit y of the solution u (see, for instance, [30], [17], [9], [14]). We will use the version contained in [9], which can be used because for n ≥ 2 the function H(ξ)^n is strictly convex.

Theorem 4.2 (Pohožaev identity from [9]) Under the assumptions of Theorem 4.1, suppose u ∈ C^1(Ω̄ ) is a weak solution to problem (4.1). Then the following identity holds true:

n − 1 n � ∂Ω H(∇ u)^n < x, ν > dH^{n − 1} = n � Ω F (u) dx,

where ν is the outer normal to Ω and F (s) =

�_s 0 f (σ) dσ.

To prove Theorem 4.1 suppose that u ∈ W^{1,n}_0 (Ω) is a positive solution of (4.1). First we observe that u ∈ C^1(Ω̄ ) due to well-known regularit y results contained in [10], [16], [23], [32], [33]. Therefore Theorem 4.2 applies and, taking into account the fact that (2.4) implies < x, ν > = R H(ν) on ∂Ω, we get

n − 1 n R � ∂Ω H(∇ u)^n H(ν) dH^{n − 1} = n � Ω F (u) dx. (4.4)

After integration of equation (4.1) on Ω we obtain � Ω f (u) dx = − � ∂Ω n� i=1 � (H(∇ u))^{n − 1}H_{ξi} (∇ u)ν_i dH^{n − 1} (4.5)

≤ � � ∂Ω (H(∇ u))^n H(ν) dH^{n − 1}

� n − 1_n � � ∂Ω H(ν) dH^{n − 1}

� 1_n

= (nk_n )^{1/n} R^{n − 1n} � � ∂Ω (H(∇ u))^n H(ν) dH^{n − 1}

� n − 1_n , where we have used the following facts: because of the homogeneit y of H we have � i H_{ξi} (ξ)ξ_i = H(ξ) and the isoperimetric inequalit y (2.5) holds as an equalit y for our special Ω, that is, P_H (Ω; IR^n ) = nk^{1/n}n |Ω |^{1− 1/n} = nk_n R^{n − 1}.

We can now apply the rearrangemen t techniques that were already used in the previous section. Arguing as in the proof of Lemma 3.6 in order to get (3.16) we easily obtain, for a.e. t ∈ [0,sup u),

n^n k_n μ(t)^{n − 1} ≤ (− μ^′(t))^{n − 1} � u>t f (u) dx . (4.6)

An integration, together with (4.6), yields � Ω F (u) dx =

�_{sup u} 0 f (t)μ(t) dt (4.7) ≤ 1 (nk^{1/n}n )^{nn − 1}

�_{sup u} 0 � � u>t f (u) dx

� 1_{n − 1} f (t)(− μ^′(t)) dt

= n − 1 n(nk^{1/n}n )^{nn − 1} � � Ω f (u) dx

� n_{n − 1} . Collecting (4.4), (4.5), (4.6) and (4.7) gives now � Ω f (u) dx ≤ � n^2 n − 1

�^{n − 1}_n

(nk_n )^{1n} � � Ω F (u) dx

� n − 1_n ≤ � Ω f (u) dx.

This means that all the inequalities we have used are in fact equalities. In particular (4.6) holds as an equalit y for a.e. t ∈ [0,sup u). By standard rearrangemen t properties we then get (see also the proof of Lemma 3.6):

u^∗(s) = 1 � nk^{1/n}n

�_{n/ (n − 1)}

�_{|Ω |} s 1 r � �_r 0 f (u^∗(σ)) dσ

� 1_{n − 1}

dr in (0,|Ω |) (4.8)

It turns out (see [2]) that the function u^# (x) = u^∗ � k_n � H^o(x)

�_n �

solves problem (4.1). Therefore, using u and u^# as test functions in the differen tial equations for u and u^# , we have � Ω (H(∇ u))^n dx = � Ω f (u)u dx = � Ω f (u^# )u^# dx = � Ω (H(∇ u^# ))^n dx.

At this point we recall a result contained in [11], [12] which states that, provided |{x ∈ Ω : 0 < u^# (x) < sup u, |∇ u|(x) = 0}| = 0, � Ω (H(∇ u))^n dx = � Ω (H(∇ u^# ))^n dx if and only if u = u^# . Observing that u^# has the required symmetry property the theorem will be completely proved if we verify that |{x ∈ Ω : 0 < u^# (x) < sup u, |∇ u|(x) = 0}| = 0. Indeed, it is sufficien t to observe that from (4.8) and from assumption (4.2) it results that u^∗ is strictly decreasing in (0,|Ω |).

Remark 4.3 The approac h used in the above proof allows us to obtain a symmetry result under hypotheses which, also in the simple case H(ξ) = |ξ|, are weaker than those needed in [15]. On the other hand our proof works only for a problem in the form (4.1) and it is not clear how to extend it to the case the differen tial operator is in the general form (1.4) with p ≠ n (see [26], [20] for similar observations). We also remark that, while in the case H(ξ) = |ξ| the moving plane metho d turns out to be useful to prove results as Theorem 4.1, in our general context the possibility to apply it does not seem to be immediate.

Ackno wledgemen t. Partially supported by G.N.A.M.P .A. - I.N.d.A.M. Progetto “Propriet` a analitico-geometric he di soluzioni di equazioni ellittiche e parab oliche” (2002/03).

References

[1] A. Alvino, V. Ferone, G. Trombetti, On the properties of some nonlinear eigenvalues. SIAM J. Math. Anal. 29 (1998) p. 437–451.

[2] A. Alvino, V. Ferone, G. Trombetti & P.-L. Lions, Convex symmetrization and applications. Ann. Inst. Henri Poincaré - Anal. Non Linéaire 14 (1997) p. 275–293.

[3] M. Amar & G. Bellettini, A notion of total variation depending on a metric with discontinuous coefficien ts, Ann. Inst. Henri Poincaré - Anal. Non Linéaire 11 (1994) p. 91–133.

[4] M. Belloni & B. Kawohl, A direct uniqueness proof for equations involving the p–Laplace operator. Manuscr. Math. 109 (2002) p. 229–231.

[5] M. Belloni & B. Kawohl, The pseudo–p–Laplace eigenvalue problem and viscosity solutions as p → ∞ . ESAIM COCV, to appear.

[6] J. Cheeger, A lower bound for the smallest eigenvalue of the Laplacian. In:

Problems in Analysis, A Symposium in Honor of Salomon Bochner, Ed. R.C. Gunning, Princeton Univ. Press (1979), p. 195–199.

[7] B. Dacorogna & C.E. Pfister, Wulff theorem and best constan t in Soblolev inequalit y. J. Math. Pures Appl. 71 (1992) p. 97–118.

[8] E. De Giorgi, Su una teoria generale della misura (r − 1)-dimensionale in uno spazio ad r dimensioni, Ann. Mat. Pura e Appl., 36 (1954) p. 191–213.

[9] M. Degiovanni, A. Musesti & M. Squassina, On the regularit y of solutions in the Pucci-Serrin identity. Calc. Var. Partial. Differ. Equations, to appear.

[10] E. Di Benedetto, C^{1+ α} local regularit y of weak solutions of degenerate elliptic equations. Nonlinear Anal. 7 (1983) p. 827–850.

[11] L. Esposito & C. Trombetti, Convex symmetrization and Pólya-Szegö inequality, Preprin t (2002) Napoli.

[12] A. Ferone & R.Volpicelli, Convex symmetrization: the equalit y case in Pólya- Szegö inequalit y, Preprin t (2002) Napoli.

[13] I. Fonseca & S. Müller, A uniqueness proof of Wulff Theorem. Pro c. Royal Soc. Edinburgh 119 (1991) p. 125–136.

[14] I. Fragalà, F. Gazzola & B. Kawohl, Existence and nonexistence results for anisotropic quasilinear elliptic equations, submitted.

[15] B. Gidas, W. Ni & L. Nirenberg, Symmetry and related properties via the maximum principle. Comm. Math. Phys. 68 (1979) p. 209–243.

[16] E. Giusti, Metodi diretti nel calcolo delle variazioni. Unione Matematica Italiana, Bologna (1994)

[17] M. Guedda & L. Veron, Quasilinear elliptic equations involving critical Sobolev exponents. Nonlinear Anal. TMA 13 (1989) p. 879–902.

[18] T. Ishibashi & S. Koike, On fully nonlinear PDEs derived from variational problems of L^p norms. SIAM J. Math. Anal. 33 (2001) p. 545–569.

[19] B. Kawohl & V.Fridman, Isoperimetric estimates for the first eigenvalue of the p-Laplace operator and the Cheeger constan t, Comment. Math. Univ. Carolinae, to appear

[20] S. Kesavan & F. Pacella, Symmetry of positive solutions of a quasilinear elliptic equation via isoperimetric inequalities. Applic. Anal. 54 (1994) p. 27–37.

[21] S.R. Lay, Convex sets and their applications , J. Wiley & Sons, New York, 1982.

[22] L. Lefton & D. Wei, Numerical approximation of the first eigenvalue of the p- Laplacian using finite elements and the penalty metho d. Numer. Funct. Anal. Optim. 18 (1997) p. 389–399.

[23] G.M. Lieberman, Boundary regularit y for solutions of degenerate elliptic equations. Nonlinear Anal. T. M. A. 12 (1988) p. 1203–1219.

[24] P.Lindqvist, On the equation div(|∇ u|^{p− 2}∇ u) + Λ|u|^{p− 2}u = 0, Pro c. Amer.

Math. Soc. 109 (1990) p. 157–164.

[25] P.Lindqvist, Addendum to “On the equation div(|∇ u|^{p− 2}∇ u)+ Λ|u|^{p− 2}u = 0”, Pro c. Amer. Math. Soc. 116 (1992) p. 583–584.

[26] P.L. Lions, Two geometrical properties of solutions of semilinear problems.

Applic. Anal. 12 (1981) p. 267–272.

[27] L.E. Payne & M.E. Rayner, An isoperimetric inequalit y for the first eigenfunction in the fixed membrane problem. Z. Angew. Math. Phys. 23 (1972) p. 13–15.

[28] L.E. Payne & M.E. Rayner, Some isoperimetric norm bounds for solutions of the Helmholtz equation. Z. Angew. Math. Phys. 24 (1973) p. 105–110.

[29] S.I. Pohožaev, On the eigenfunctions of the equation Δ u + λf (u) = 0. Dokl.

Akad. Nauk SSSR 165 (1965) p. 36–39.

[30] P. Pucci & J. Serrin, A general variational identity. Indiana Univ. Math. J. 35 (1986) p. 681-703.

[31] R.T. Rockafellar, Convex Analysis, Princeton University Press, Princeton, 1970.

[32] P. Tolksdorf, On the Dirichlet problem for quasilinear equations in domains with conical boundary points. Comm. Part. Diff. Eq. 8 (1983) p. 773–817.

[33] P. Tolksdorf, Regularit y for a more general class of quasilinear elliptic equations. J. Diff. Eq. 51 (1984) p. 121–150.

Marino Belloni Dipartimen to di Matematica Università di Parma Via d’Azeglio 85 I-43100, Parma Italy belloni@prmat.math.unipr.it

Vincenzo Ferone Dipartimen to di Matematica e Applicazioni “R. Cacciopoli” Università di Napoli “F ederico II”

Complesso Monte S. Angelo Via Cintia I-80126 Napoli Italy ferone@unina.it

Bernd Kawohl Mathematisc hes Institut Universität zu Köln D-50923 Köln German y kawohl@mi.uni-koeln.de