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� W?|hL_�U|�L?

Wkh wkhru| ri vhfrqg rughu vwuxfwxuhg ghirupdwlrqv +VRVGv, kdv ehhq uhfhqwo|
lqwurgxfhg e| Rzhq dqg Sdurql ^45`/ dqg lw r�huv d jhqhudol}dwlrq wr wkh uhdop
ri vhfrqg rughu ghulydwlyhv ri wkh suhylrxvo| ghyhorshg fodvv ri +�uvw rughu,
vwuxfwxuhg ghirupdwlrqv +VGv, gxh wr Gho Slhur dqg Rzhq ^;`/ dqg vxevhtxhqwo|
wuhdwhg dqdo|wlfdoo| e| Fkrnvl dqg Irqvhfd ^9` +vhh dovr Gho Slhur dqg Wuxvnl0
qrzvn| ^<`,1 Wkhvh wkhrulhv dlp dw ghvfulelqj fhuwdlq vlqjxodu ru ghihfwlyh eh0
kdylru ri hodvwlf dqg hodvwr0sodvwlf pdwhuldov1 D VRVG lv d txdguxsoh +�> x> j> i,
vdwlvi|lqj vrph whfkqlfdo frqglwlrqv suhyhqwlqj lqwhusuhqhwdwlrq ri pdwwhu/ dv
zhoo dv uhjxodulw| surshuwlhv ri wkh �hogv dzd| iurp �/ zkhuh � lv wkh glvduudqjh0
phqw vlwh/ x lv wkh wudqvsodfhphqw/ dqg j dqg i duh whqvru �hogv zlwk surshuwlhv
vlplodu wr wkrvh ri ux dqg u5x/ uhvshfwlyho|1 D sdlu +�> x, lv d vlpsoh gh0
irupdwlrq iurp d uhjlrq  li � �  kdv }hur yroxph/ x lv lqmhfwlyh dqg lv d
_slhfh0zlvh% fodvvlfdo ghirupdwlrq iurp q�1 Rzhq dqg Sdurql ^45` kdyh vkrzq
wkdw d VRVG +�> x> j> i, pd| eh dssur{lpdwhg e| vlpsoh ghirupdwlrqv +�q> xq,/
l1h1/ � @ olp lqi �q/ x @ olpxq/ j @ olpuxq dqg i @ olpu5xq/ zkhuh wkh odwwhu
wkuhh olplwv duh wdnhq lq wkh O4 vhqvh/ zkloh olp lqi �q =@ ^4q@4 _

4
p@q �p1 Lq

oljkw ri wklv dssur{lpdwlrq/ zh pd| ylhz j+{, dv wkh orfdo ghirupdwlrq dw {
zlwkrxw lqfoxglqj wkh h�hfwv ri glvfrqwlqxlwlhv ri wkh wudqvsodfhphqw xq dw wkh
glvduudqjhphqw vlwh �q1 D vlplodu lqwhusuhwdwlrq krogv iru i+{,1 Phfkdqlfdoo|
zh pd| lqwhusuhw ux dqg u5x dv pdfurvfrslf ghirupdwlrq phdvxuhv/ zkloh j
dqg i duh wkh fruuhvsrqglqj orfdo +ru plfurvfrslf, txdqwlwlhv1 Zh uhihu wr wkh
uhihuhqfhv txrwhg deryh iru ixuwkhu ghwdlov dqg h{dpsohv1

Wkh hqhuj| dvvrfldwhg wr d vlpsoh ghirupdwlrq lv

H+x> �, =@

]


Z +{> x>ux>u5x, g{.

]
�

#+{> ^x`> �, g{

.

]
�

�+{> ^ux`> �, gKQ�4> +414,

zkhuh wkh �uvw whup lv wkh exon hqhuj| ri wkh pdwhuldo lq wkh sodfhphqw / wkh
vhfrqg dqg wklug whupv wdnh lqwr dffrxqw wkh frqwulexwlrq ri wkh vxuidfh hqhuj|
gxh wr volsv dqg vhsdudwlrq dqg wr lqwhuidfhv ehwzhhq wzr skdvhv ri pdwhuldo/
uhvshfwlyho|1 Lq +414, � uhsuhvhqwv wkh qrupdo wr � dqg ^�` ghqrwhv wkh mxps1 Zh
gh�qh wkh hqhuj| ri d VRVG dv wkh hqhujhwlfdoo| prvw hfrqrplfdo zd| wr exlog
lw xs iurp vlpsoh ghirupdwlrqv/ l1h1/

L+�> x> j> i, =@ lqiiolp lqi H+xq> �q, = +nq> xq, dssur{lpdwhv +�> x> j> i,j=

E| dqdorj| zlwk wkh suhylrxv zrun ri Fkrnvl dqg Irqvhfd ^9`/ zkhuh wkh vwxg| ri
VGv zdv uhfdvwhg zlwklq wkh wkhru| ri VEY / khuh zh duh whpswhg wr uhirupxodwh
wkh wkhru| ri VRVGv hlwkhu lq VEK ru lq VEY 5 +vhh ^7/ 8/ 43/ 44/ 46`,1 Wkhq
djdlq/ wkh �uvw txhvwlrq wkdw qdwxudoo| dulvhv frqfhuqv wkh fkdudfwhul}dwlrq ri
doo pdfurvfrslf +�> x> j> i, wkdw pd| eh dwwdlqhg dv olplwv ri txdguxsohv exlow
iurp vprrwkhu ghirupdwlrqv1 Dv d �uvw lwhudwlrq wrzdugv wklv txhvw/ zh vhdufk
iru qhfhvvdu| dqg vx�flhqw frqglwlrqv hqvxulqj wkdw d sdlu +j> i, dgplwv dq
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xqghuo|lqj ixqfwlrq x/ hlwkhu lq VEK ru lq VEY 5/ vxfk wkdw N =@ V+ux,/

j @ ux> i @ u5x=

Wkh fruuhvsrqglqj sureohp iru �uvw rughu ghulydwlyhv zdv frpsohwho| vroyhg e|
Doehuwl ^4` zkr suryhg wkh iroorzlqj uhvxow=

Wkhruhp 414 Ohw  eh dq rshq vxevhw ri UQ dqg ohw i 5 O4
�
>UQ

�
= Wkhq

wkhuh h{lvwv x 5 EY +, dqg d frqvwdqw F A 3/ ghshqglqj rqo| rq Q / vxfk wkdw

Gx @ i OQ . ^x`�xK
Q�4eV+x,>

dqg ]


mxm g{.

]
V+x,_

m^x`m gKQ�4 � F

]


mi m g{=

Khuh �x+{, 5 VQ�4 lv wkh xqlw qrupdo wr wkh mxps vhw V+x, dw {=
Qrwh wkdw wklv wkhruhp frq�upv wkh vwulnlqj jds h{lvwlqj ehwzhhq wkh Vrerohy

vsdfh Z 4>4 +, dqg wkh vsdfh EY +, ri ixqfwlrqv ri erxqghg yduldwlrq1 Lq0
ghhg/ lw lv zhoo nqrzq wkdw lq d vlpso| frqqhfwhg grpdlq  � U

Q / d ixqfwlrq
i 5 O4

�
>UQ

�
lv wkh judglhqw ri d Vrerohy ixqfwlrq x 5 Z 4>4 +, li dqg rqo|

li lw vdwlv�hv fxuo i @ 3 lq wkh vhqvh ri glvwulexwlrqv/ wkdw lv li

Cil

C{m
@
Cim

C{l
iru doo l> m @ 4> � � � > Q= +415,

Krzhyhu/ li rqh doorzv wkh ixqfwlrq x wr ehorqj wr d fodvv odujhu wkdq Z 4>4 +, >
vxfk dv VEY +, > wkhq wkh SGH frqvwudlqw +415, pd| qr orqjhu eh vdwlv�hg1

Zkhq  @ U
Q wkh surri ri Wkhruhp 414 lv edvhg rq wkh frqvwuxfwlrq ri dq

dssur{lpdwlqj vhtxhqfh ix�j ri wkh irup

x�+{, =@
[
Wl

il+{� |l,"Wl > +416,

zkhuh iWlj lv wkh idplo| ri doo rshq fxehv ri wkh irup T+|l> �, zlwk fhqwhuv |l
ehorqjlqj wr wkh odwwlfh +�],

Q
dqg il lv wkh phdq ydoxh ri i rq Wl1

Doehuwl lq ^4` suryhg dovr wkh iroorzlqj Oxvlq0w|sh uhvxow=

Wkhruhp 415 Ohw  eh dq rshq vxevhw ri UQ zlwk �qlwh phdvxuh dqg ohw i =
 $ U

Q eh d Eruho ixqfwlrq1 Wkhq/ iru hyhu| % A 3/ wkhuh h{lvwv dq rshq vhw

D �  dqg d ixqfwlrq x 5 F4
3 +, vxfk wkdw

mDm � %mm> i @ Gx lqqD

dqg

nGxnOs+, � F%4@s�4ninOs+, iru doo s 5 ^3>4`

zkhuh F lv d frqvwdqw zklfk ghshqgv rq Q rqo|1
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Wkh dujxphqw ri wkh surri ri Wkhruhp 415 lv yhu| vlplodu wr wkdw ri Wkhruhp
414/ zlwk wkh vhtxhqfh +416, uhsodfhg e|

y�+{, =@
[
Wl

il+{� |l,#l+{,>

zkhuh qrz wkh ixqfwlrqv #l 5 F4
3 +Wl, duh vprrwk fxw0r� ixqfwlrqv udwkhu wkdq

fkdudfwhulvwlf ixqfwlrqv "Wl 1
Odwhu/ Doehuwl ^5` h{whqghg Wkhruhp 415 wr kljkhu rughu ghulydwlyhv/ dqg kh

rewdlqhg

Wkhruhp 416 Ohw n eh d srvlwlyh lqwhjhu dqg ohw � eh d srvlwlyh �qlwh phdvxuh

rq wkh rshq vhw  � U
Q 1 Ohw i =  $ +UP ,L+n, eh d frqwlqxrxv ixqfwlrq dqg

ohw % eh d srvlwlyh uhdo qxpehu1 Wkhq wkhuh h{lvwv d frpsdfw vhw N �  dqg d

ixqfwlrq x 5 Fn
3

�
>UP

�
vxfk wkdw

�+qN, � %�+,> i @ Gnx lqN

dqg

nGnxnO4+, � F%�nninO4+,

zkhuh F lv d frqvwdqw zklfk ghshqgv rqo| rq Q dqg n1

Wkh dssur{lpdwlqj vhtxhqfh lq wklv fdvh kdv wkh irup

z�+{, @=
[
Wl

3
C[
m�m�n

4

�$
+il,�+{� |l,

�

4
D#l+{,>

zkhuh zh duh xvlqj wkh vwdqgdug pxowl0lqgh{ qrwdwlrq1
Xqolnh wkh jhqhudol}dwlrq ri Wkhruhp 415 wr kljkhu rughu ghulydwlyhv/ l1h1

Wkhruhp 416/ wkh dqdorj ri Wkhruhp 414 iru vhfrqg rughu ghulydwlyhv grhv qrw
iroorz e| d vwudljkwiruzdug dgdswdwlrq ri lwv surri zkhq zh dvn wkh srwhqwldo x wr
eh lq wkh Vrerohy vsdfhZ 4>41 Pruhryhu/ zkloh Wkhruhp 414/ dv ruljlqdoo| suryhg
e| Doehuwl ^4`/ uholhv rq d fduhixo prgl�fdwlrq ri wkh dujxphqw ri Wkhruhp 415/
wkh vdph vwudwhj| zloo qr orqjhu zrun zkhq dwwhpswlqj wr hvwdeolvk Wkhruhp
417 ehorz iurp wkh fruuhvsrqglqj vhfrqg rughu Oxvlq uhvxow lq Wkhruhp 4161
Lqghhg/ lw lv zhoo nqrzq wkdw judglhqwv ri frqwlqxrxv pdsv fdq rqo| mxps dfurvv
k|shusodqhv/ dqg wkdw wkh judglhqw mxps pxvw eh d udqn0rqh pdwul{ rulhqwhg
iroorzlqj wkh qrupdo wr wkh k|shusodqh +vhh Edoo dqg Mdphv ^6`,1 Wkhuhiruh/ d
fduhixo jhrphwulf frqvwuxfwlrq lv uhtxluhg/ dqg khuh zh dfklhyh wklv yld �qlwh
hohphqw whfkqltxhv ri wuldqjxodwlrqv ri UQ iru sro|qrpldov ri ghjuhh 51 Rxu
pdlq wkhruhp lv

Wkhruhp 417 Ohw  eh dq rshq vxevhw ri UQ dqg ohw i 5 O4
�
>UQ�Qv|p

�
= Wkhq

wkhuh h{lvwv x 5 EK +, dqg d frqvwdqw F A 3 ghshqglqj rqo| rq Q vxfk wkdw

G5x @ i OQ . ^ux` �uxKQ�4eV+ux,>
dqg ]



mxm. muxm g{.
]
V+ux,_

m^ux`m gKQ�4 � F

]


mi m g{=
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Lq wkh sdvvdjh iurp wkh Vrerohy vsdfh Z 5>4 wr wkh vsdfh EK wkh Khvvldq
pdwul{ G5x uhpdlqv v|pphwulf exw lw pd| orrvh lq jhqhudo wkh SGH frqvwudlqw
fxuo@ 31 E| jrlqj wr wkh odujhu vsdfh VEY 5 dovr v|pphwu| pd| eh orvw1 Lqghhg/
dsso|lqj Wkhruhp 414 wzlfh zh suryh wkdw

Wkhruhp 418 Ohw  eh dq rshq vxevhw ri UQ dqg ohw i 5 O4
�
>UQ�Q

�
= Wkhq

wkhuh h{lvw x 5 VEY 5 +, dqg d frqvwdqw F A 3/ ghshqglqj rqo| rq Q / vxfk

wkdw

u5x +{, @ i +{, iru OQ d1h1 { 5 UQ >
dqg ]



mxm. muxm g{.
]
+V+x,^V+ux,,_

m^x`m. m^ux`m gKQ�4 � F

]


mi m g{=

Qrwh wkdw/ e| yluwxh ri wkh yhu| gh�qlwlrq ri VEY 5/ lw fdq eh hdvlo| hvwde0
olvkhg wkdw/ jlyhq +j> i, 5 O4+>UQ ,�O4+>UQ�Q ,/ wkhuh h{lvwv x 5 VEY 5+,
vdwlvi|lqj

ux @ j> u5x @ i OQ d=h= { 5 >

li dqg rqo| li

j 5 VEY +>UQ , dqg i @ uj OQ d=h= { 5 =

2 �hi*�4�?@h�it

Lq zkdw iroorzv OQ dqg KQ�4 duh/ uhvshfwlyho|/ wkh Q glphqvlrqdo Ohehvjxh
phdvxuh dqg wkh Q � 4 glphqvlrqdo Kdxvgru� phdvxuh lq UQ 1 Zkhq wkhuh lv
qr srvvlelolw| ri frqixvlrq/ li H � U

Q lv d Ohehvjxh phdvxudeoh vhw wkhq zh
deeuhyldwh mHm =@ OQ +H,1 Ohw T eh wkh wkh xqlw fxeh +�4@5> 4@5,Q dqg vhw
T+{3> %, =@ {3 . %T iru {3 5 UQ / % A 31 Zh ghqrwh e| UQ�Qv|p wkh vsdfh ri doo
v|pphwulf Q �Q pdwulfhv hqgrzhg zlwk wkh qrup

mi m =@
Q[

l>l@4

milm m zkhuh i @ +ilm, l> m @ 4> � � � >Q>

l1h1/ ilm @ ihl � hm zkhuh ih4> = = = > hQj lv wkh vwdqgdug ruwkrqrupdo edvlv ri UQ 1
Zh uhylhz eulh�| vrph idfwv derxw ixqfwlrqv ri erxqghg yduldwlrq zklfk

zloo eh xvhixo lq wkh vhtxho1 D ixqfwlrq x 5 O4+>Ug, lv vdlg wr eh ri erxqghg
yduldwlrq/ dqg zh zulwh x 5 EY +>Ug,/ li iru doo l @ 4> � � � g/ dqg m @ 4> � � �Q /
wkhuh h{lvwv d �qlwh Udgrq phdvxuh �lm vxfk wkdw]



xl+{,
Cy

C{m
+{, g{ @ �

]


y+{, g�lm

iru hyhu| y 5 F4
f +>U,1 Wkh glvwulexwlrqdo ghulydwlyh Gx lv wkh pdwul{~ydoxhg

phdvxuh zlwk +l> m,0wk hqwu| �lm 1 Jlyhq x 5 EY +>Ug, wkh dssur{lpdwh xsshu

8



dqg orzhu olplw ri hdfk frpsrqhqw xl/ l @ 4> � � � g/ duh jlyhq e|

x.l +{, =@ lqi

�
w 5 U = olp

%$3.

4

%Q
OQ +i| 5  _T+{> %, = xl+|, A wj, @ 3

�

dqg

x�l +{, =@ vxs

�
w 5 U = olp

%$3.

4

%Q
OQ +i| 5  _T+{> %, = xl+|, ? wj, @ 3

�
>

zkloh wkh mxps vhw ri x/ ru vlqjxodu vhw/ lv gh�qhg e|

V+x, =@

ĝ

l@4

i{ 5  = x�l +{, ? x.l +{,j=

Lw lv zhoo nqrzq wkdw V+x, lv Q � 4 uhfwl�deoh/ l1h1

V+x, @
4̂

q@4

Nq ^ H>

zkhuh KQ�4+H, @ 3 dqg Nq lv d frpsdfw vxevhw ri d F4 k|shuvxuidfh1 Li { 5
qV+x, wkhq x+{, lv wdnhq wr eh wkh frpprq ydoxh ri +x.4 +{,> � � � > x.g +{,, dqg
+x�4 +{,> � � � > x�g +{,,1 Lw fdq eh vkrzq wkdw x+{, 5 Ug iru KQ�4 d1h1 { 5 qV+x,1
Ixuwkhupruh/ iru KQ�4 d1h1 { 5 V+x, wkhuh h{lvw d xqlw yhfwru �x+{, 5 VQ�4/
qrupdo wr V+x, dw {/ dqg wzr yhfwruv x�+{,/ x.+{, 5 Ug +wkh wudfhv ri x rq
V+x, dw wkh srlqw {, vxfk wkdw

olp
%$3

4

%Q

]
i|5T+{3>%,= +|�{,��x+{,A3j

mx+|,� x.+{,mQ@+Q�4,g| @ 3

dqg

olp
%$3

4

%Q

]
i|5T+{3>%,= +|�{,��x+{,?3j

mx+|,� x�+{,mQ@+Q�4,g| @ 3=

Qrwh wkdw/ lq jhqhudo/ +xl,
. 9@ +x.,l dqg +xl,

� 9@ +x�,l1 Zh ghqrwh wkh mxps

ri x dfurvv V+x, e| ^x` =@ x. � x�1 Wkh glvwulexwlrqdo ghulydwlyh Gx pd| eh
ghfrpsrvhg dv

Gx @ uxOQe . ^x` �xKQ�4eV+x, . F+x,> +514,

zkhuh ux lv wkh ghqvlw| ri wkh devroxwho| frqwlqxrxv sduw ri Gx zlwk uhvshfw
wr OQ dqg F+x, lv wkh Fdqwru sduw ri Gx1 Wkhvh wkuhh phdvxuhv duh pxwxdoo|
vlqjxodu1 Zh ghvljqdwh e| mmxmmEY wkh qrup ri x lq wkh Edqdfk vsdfh EY +,
gh�qhg e|

mmxmmEY +, =@
]


muxm g{.
]
V+x,

m^x`mgKQ�4 . mF+x,m+,=

Wkh vsdfh VEY +, ri vshfldo ixqfwlrqv zlwk erxqghg yduldwlrq lv

VEY +, =@ ix 5 EY +, = F+x, @ 3j =

9



Zh qrz lqwurgxfh wkh vsdfh ri ixqfwlrqv ri erxqghg Khvvldq

EK+, = @
�
x 5 Z 4>4+, = G5x lv d �qlwh Udgrq phdvxuh

�
@
�
x 5 Z 4>4+, = ux 5 EY +>UQ ,

�
>

zkhuh G5x ghqrwhv wkh glvwulexwlrqdo Khvvldq ri x1
Lq ylhz ri +514, qrz dssolhg wr ux lq sodfh ri x/ zh pd| ghfrpsrvh G5x dv

G5x @ u5xOQe. ^ux` �uxKQ�4eV+ux, . F+ux,>
zkhuh u5x lv wkh ghqvlw| ri wkh devroxwho| frqwlqxrxv sduw ri G5x zlwk uhvshfw
wr OQ / l1h1/ u5x @ u+ux,/ ^ux` =@ +ux,. � +ux,�/ dqg F+ux, lv wkh Fdqwru
sduw ri G5x1

Vlqfh G5x lv d v|pphwulf glvwulexwlrq/ zh wkhq kdyh wkdw

u5x+{, 5 UQ�Qv|p > +ux,. � +ux,� @ d �ux +515,

iru vrph d 5 O4
KQ�4eV+ux,+,1 Wkh odwwhu htxdolw| uhvxowv lpphgldwho| iurp wkh

idfw wkdw
�
+ux,. � +ux,�

�
 �ux pxvw d v|pphwulf udqn0rqh pdwul{1

Qrwh dovr wkdw li x lv Z 5>4+, wkhq G5x @ u5xOQe zlwk

u5x @

�
C5x

C{lC{m

�
> l> m @ 4> � � � > Q=

Wkh vsdfh VEK+, ri vshfldo ixqfwlrqv ri erxqghg Khvvldq/ fi1 ^46/ 43/ 44/ 7`/
lv wkh vsdfh ri doo ixqfwlrqv ri erxqghg Khvvldq vxfk wkdw ux 5 VEY +>UQ ,/
l1h1/ x 5 EK+, dqg

G5x @ u5xOQe. ^ux` �uxKQ�4eV+ux,=
Ilqdoo| zh gh�qh wkh vsdfh VEY 5+,/ fi1 ^8`/ dv

VEY 5+, =@
�
x 5 VEY +, = ux 5 VEY +>UQ ,

�
=

Fohduo| VEK+, � VEY 5+,/ dqg li x 5 VEK+, wkhq Gx @ ux/ zkloh li
x 5 VEY 5+, wkhq Gx lv jlyhq e| +514, dqg/ djdlq zulwlqj u5x @ u +ux,/

Gux @ u5 OQe . ^ux` �uxKQ�4eV+ux,=
Dv vkrzq lq Wkhruhp 418 ehorz/ li x 5 VEY 5+, wkhq wkh v|pphwu| ri u5x lv
qr orqjhu jxdudqwhhg1

� A�i 7�M ti||�?}

Khuh zh lpsuryh Wkhruhp 418 e| rewdlqlqj wkh srwhqwldo x lqZ 4>4+, surylghg
i lv v|pphwulf ydoxhg/ dv glfwdwhg e| +515,1 Jxlghg e| Doehuwl*v zrun ^4`/ wklv
surshuw| zloo eh d gluhfw frqvhtxhqfh ri d Oxvlq*v0w|sh uhvxow iru vhfrqg rughu
ghulydwlyhv1 Suhflvho|/

:



Ohppd 614 Ohw i 5 O4
�
U
Q >UQ�Qv|p

�
dqg ohw � A 3= Wkhq wkhuh h{lvwv x 5

VEK
�
U
Q
�
dqg d frqvwdqw F A 3/ ghshqglqj rqo| rq Q / vxfk wkdw]

5Q

mxm. muxm. ��i �u5x
�� g{ � �> +614,]

V+ux,

m^ux`m gKQ�4 � F

]
5Q

mi m g{= +615,

Dvvxplqj wkdw wkh ohppd krogv/ zh qrz suryh rxu pdlq uhvxow1
Surri ri Wkhruhp 4171 Zh surfhhg dv lq ^4` wr frqvwuxfw e| dq lqgxfwlrq

dujxphqw wzr vhtxhqfhv ixqj � VEK
�
U
Q
�
dqg iiqj � O4

�
U
Q >UQ�Qv|p

�
dv

iroorzv=

vhw x3 =@ 3 dqg i3 =@ i> dqg iru jlyhq q 5 Q vxssrvh wkdw xq�4 5 VEK
�
U
Q
�

dqg iq�4 5 O4
�
U
Q >UQ�Qv|p

�
kdyh ehhq vhohfwhg1 E| Ohppd 614 wkhuh h{lvwv

xq 5 VEK
�
U
Q
�
vxfk wkdw]

5Q

mxqm. muxqm.
��iq�4 �u5xq

�� g{ � 4

5q

]
5Q

miq�4m g{>]
V+uxq,

m^uxq`m gKQ�4 � F

]
5Q

miq�4m g{=

Vhw iq =@ iq�4 �u5xq= Zh fodlp wkdw wkh ixqfwlrq

x =@

4[
q@4

xq

vdwlv�hv wkh uhtxluhphqwv1 Lqghhg/ qrwh wkdw]
5Q

miqm g{ � 4

5�q

]
5Q

mi m g{ iru doo q 5 Q>

zkhuh �4 =@ 4/ �q =@ �q�4 . q iru q � 51 Wkxv

]
5Q

mxm. muxm g{ �
4[
q@4

]
5Q

mxqm. muxqm g{

�
4[
q@4

4

5q

]
5Q

miq�4m g{

�
]
5Q

mi m g{>

vlploduo|

]
V+ux,

m^ux`m gKQ�4 � F

4[
q@4

]
5Q

miq�4m g{ � F

]
5Q

mi m g{>

;



dovr u5x +{, @ i +{, iru OQ d1h1 { 5 UQ > dqg wklv frqfoxghv wkh surri1

Wkh uhpdlqlqj wzr vxevhfwlrqv duh ghglfdwhg wr wkh surri ri Ohppd 6141
Lq Vxevhfwlrq 614 zh uhvwulfw rxu dwwhqwlrq wr wkh fdvh Q @ 5/ zkhuh wkh pdlq
lghdv pd| eh hdvlo| lqwurgxfhg zlwk wkh khos ri �jxuhv1 Lq Vxevhfwlrq 615 zh
zloo suryh Ohppd 614 lq lwv ixoo jhqhudolw|1

��� A�i 2�_�4i?t�L?@* U@ti

Zh suryh Ohppd 614 lq wkh fdvh Q @ 51 Il{ k A 3/ l> m 5 ]/ dqg ghqrwh e| Dk
l>m

wkh odwwlfh srlqwv

Dk
l>m =@ lkh4 . mkh5 @ +lk> mk, zlwk l> m 5 ]>

Okl>m lv wkh forvhg wuldqjoh zkrvh yhuwlfhv duh wkh srlqwv Dk
l>m > D

k
l.4>m dqg Dk

l>m.4/

dqg Xk
l>m ghqrwhv wkh forvhg wuldqjoh zkrvh yhuwlfhv duh Dk

l>m > D
k
l�4>m dqg Dk

l>m�41

Fohduo| wkh xqlrq ri doo wuldqjohv Okl>m dqg Xk
l>m irupv d wuldqjxodwlrq �k ri U5

+vhh Iljxuh 4,1 Ohw

w =@
4s
5
+h5 � h4, @

+�4> 4,s
5

zkhuh ih4> h5j ghqrwhv dq ruwkrqrupdo edvlv ri U51

�

� 3 �

� n �

Lkl.4>m

�kl�4>m.4

� �n ��3 �

�kl>m.4 �kl.4>m.4

ukl>m

�kl.4>m

�kl.4>m�4

�kl>m

i4

Lkl.4>m.4Lkl>m.4

i5

|

Iljxuh 4= Wuldqjxodwlrq iru Q @ 5

Surri ri Ohppd 6141

Vwhs 41 Dvvxph �uvw wkdw i 5 Ff
�
U
5>U5�5

v|p

�
1 Ohw c A 3 eh vr odujh wkdw

i +{, @ 3 rxwvlgh wkh vtxduh +�c@5> c@5,51 Il{ � A 3 dqg ohw k A 3 eh vx�flhqwo|
vpdoo vxfk wkdw

m} � }3m ? 5k, mi+},� i+}3,m ? �

c5
= +616,

<



Frqvlghu d wuldqjxodwlrq �k dv ghvfulehg deryh/ dqg gh�qh

I k
Dk
l>m
>Dk

l.4>m

=@
4

k5

#]
Ok
l>m
^Xk

l.4>m

i g{

$
h4 � h4 @ 4

k5

]
Ok
l>m
^Xk

l.4>m

i44 g{>

I k
Dk
l>m
>Dk

l>m.4

=@
4

k5

#]
Ok
l>m
^Xk

l>m.4

i g{

$
h5 � h5 @ 4

k5

]
Ok
l>m
^Xk

l>m.4

i55 g{>

I k
Dk
l>m.4

>Dk
l.4>m

=@
4

k5

#]
Ok
l>m
^Xk

l.4>m.4

i g{

$
w � w

@
4

k5

]
Ok
l>m
^Xk

l.4>m.4

�
i44 . i55

5
� i45

�
g{=

Li wkh ixqfwlrq i zdv wkh Khvvldq ri d ixqfwlrq y/ l1h1/ i @ u5y/ wkhq
I k
Dk
l>m
>Dk

l.4>m

zrxog eh wkh dyhudjh ryhu Okl>m ^ Xk
l.4>m ri wkh vhfrqg ghulydwlyh

ri y fdofxodwhg dorqj wkh gluhfwlrq ri wkh vhjphqw
�������$
Dk
l>mD

k
l.4>m / l1h1/ C

5y@C{5 +

qrwh wkdw wkh wzr wuldqjohv kdyh dv d frpprq vlgh wkh vhjphqw
�������$
Dk
l>mD

k
l.4>m,1 D

vlplodu lqwhusuhwdwlrq krogv iru I k
Dk
l>m
>Dk

l>m.4

dqg I k
Dk
l>m.4

>Dk
l.4>m

1 Zh qrz gh�qh

d ixqfwlrq x zklfk lv frqwlqxrxv/ slhfhzlvh txdgudwlf +x lv txdgudwlf rq dq|
wuldqjoh Okl>m dqg Xk

l>m,/ dqg zkrvh Khvvldq lv forvh wr i lq O4 qrup1

Rq hdfk wuldqjoh Okl>m dqg Xk
l>m wkh ixqfwlrq x vkdoo kdyh wkh irup

x+{> |, @
4

5
d4{

5 . d5{| .
4

5
d6|

5 . d7{. d8| . d9>

zkhuh wkh frqvwdqwv d4> = = = > d9 pd| ydu| iurp wuldqjoh wr wuldqjoh1 Vlqfh zh
zdqw wkh ixqfwlrq x wr eh vpdoo/ frqwlqxrxv/ dqg zlwk lwv Khvvldq forvh wr i / zh
uhtxluh wkdw x+Dk

l>m, @ 3 iru hyhu| l> m 5 ]/ dqg wkdw wkh vhfrqg ghulydwlyh ri x
fdofxodwhg dorqj d vlgh ri d wuldqjoh eh htxdo wr wkh phdq ydoxh ri i dorqj wkh
vdph vlgh1 Suhflvho|/ lq wkh wuldqjoh Okl>m zh suhvfuleh

x+Dk
l>m, @ x+Dk

l.4>m, @ x+Dk
l>m.4, @ 3 +617,

dqg

u5x h4 � h4 @ I k
Dk
l>m
>Dk

l.4>m

> u5x h5 � h5 @ I k
Dk
l>m
>Dk

l>m.4

u5x w � w @ I k
Dk
l>m.4

>Dk
l.4>m

=

D vlpsoh frpsxwdwlrq wkhq vkrzv wkdw

x mOkl>m +{> |, @
4

5
dl>m4 +{� lk,+{� +l. 4,k, . dl>m5 +{� lk,+| � mk,

.
4

5
dl>m6 +| � mk,+| � +m . 4,k,> +618,

zkhuh wkh frqvwdqwv dl/ l @ 4> = = = > 9/ duh jlyhq e|;AA?
AA=

dl>m4 =@ I k
Dk
l>m
>Dk

l.4>m

>

dl>m5 =@ 4
5

�
dl>m4 . dl>m6

�
� I k

Dk
l>m.4

>Dk
l.4>m

>

dl>m6 =@ I k
Dk
l>m
>Dk

l>m.4

=
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Fohduo| wkh ixqfwlrq x lv frqwlqxrxv/ vlqfh lw lv frqwlqxrxv rq hdfk wuldqjoh dqg
lwv ydoxhv rq wkh erxqgdu| ri hdfk wuldqjoh duh dvvljqhg yld +617, dqg e| �{lqj
wkh vhfrqg rughu ghulydwlyh ri x dorqj wkh vlghv1 Pruhryhu/ xvlqj +618, zh kdyh]

Ok
l>m

mxm g{ � Fk5mOkl>m m+mdl>m4 m. mdl>m5 m. mdl>m6 m, � Fk5
]
Ek
l>m

mi m g{>

zkhuh Ek
l>m =@ Okl>m ^ Xk

l>m.4 ^ Xk
l.4>m.4 ^ Xk

l.4>m 1 Vlploduo|/ zh �qg]
Ok
l>m

muxm g{ � Fk

]
Ek
l>m

mi m g{=

Vlqfh

+u5x,45 � i45 @

�
i44 . i55

5
� i45

�
�
�
+u5x,44 . +u5x,55

5
� +u5x,45

�

.
+u5x,44 � i44

5
.

+u5x,55 � i55
5

@ iw � w�u5x w � w. +u5x,44 � i44
5

.
+u5x,55 � i55

5

@ iw � w� I k
Dk
l>m.4

>Dk
l.4>m

.
I k
Dk
l>m
>Dk

l.4>m

� i44

5
.
I k
Dk
l>m
>Dk

l>m.4

� i55

5
>

e| yluwxh ri +616, zh kdyh]
Ok
l>m

mi �u5xm g{

@

]
Ok
l>m

�mi44 � +u5x,44m. mi55 � +u5x,55m. 5mi45 � +u5x,45m
�
g{

� F

]
Ok
l>m

����ih4 � h4 � I k
Dk
l>m
>Dk

l.4>m

���. ���ih5 � h5 � I k
Dk
l>m
>Dk

l>m.4

���
.
���iw � w� I k

Dk
l>m.4

>Dk
l.4>m

���� g{
� F

�

c5
mOkl>m m=

Fohduo| wkh hvwlpdwhv deryh krog dovr iru wkh wuldqjohv Xlm 1 Vxpplqj ryhu doo

wkh wuldqjohv ri �k frqwdlqhg lq +�c> c,5 |lhogv]
55

mi �u5xm g{ � F�>

zkhuh zh kdyh xvhg wkh idfw wkdw iru k vx�flhqwo| vpdoo erwk x dqg i ydqlvk
rxwvlgh +�c> c,5 dqg khqfh +614, lv hvwdeolvkhg1

44



Wr rewdlq +615, qrwlfh wkdw V+ux, lv frqwdlqhg lq wkh xqlrq ri wkh vlghv ri
wkh wuldqjohv/ dqg wkxv]

V+ux,

m^ux`m gKQ�4 � Fk5
[
l>m

+mdl>m4 m. mdl>m5 m. mdl>m6 m, � F

]
5Q

mi m g{=

Wklv frqfoxghv Vwhs 41
Vwhs 51 Jlyhq i 5 O4

�
U
5>U5�5

v|p

�
dqg � A 3> e| ghqvlw| zh pd| �qg i� 5

Ff
�
U
5>U5�5

v|p

�
vxfk wkdw]

5Q

mi � i� m g{ � �

]
5Q

mi m g{= +619,

E| Vwhs 4 dssolhg wr i�/ wkhuh h{lvwv x 5 VEK
�
U
5
�
vxfk wkdw]

5Q

mxm. muxm. ��i� �u5x
�� g{ � �>]

V+ux,

m^ux`m gKQ�4 � F

]
5Q

mi� m g{>

zklfk/ wrjhwkhu zlwk +619,/ |lhogv]
5Q

mxm. muxm. ��i �u5x
�� g{ � �

�
4 .

]
5Q

mi m g{
�
>]

V+ux,

m^ux`m gKQ�4 � F +4 . �,

]
5Q

mi m g{

dqg wkh surri lv frpsohwh1

��2 A�i ��_�4i?t�L?@* U@ti

Lq zkdw iroorzv zh zloo h{sorlw zhoo0nqrzq idfwv ri wuldqjxodwlrqv ri UQ frp0
prqo| xvhg lq �qlwh hohphqw phwkrgv +vhh Flduohw ^:`,1 Dq Q~vlpsoh{ lv wkh
frqyh{ kxoo N ri Q . 4 srlqwv Dm 5 U

Q +wkh yhuwlfhv ri N, zklfk duh qrw
frqwdlqhg lq d k|shusodqh/ qdpho|

N =@

;?
={ 5 UQ = { @

Q.4[
m@4

�mDm > 3 � �m � 4>
Q.4[
m@4

�m @ 4

<@
> >

dqg iru doo l 5 i4> = = = > Q . 4j

iDm �Dl = m 5 i4> = = = > Q . 4j q iljj lv d edvlv ri UQ = +61:,

Wkh edu|fhqwulf frruglqdwhv �m @ �m +{, > m @ 4> � � � > Q .4> ri dq| srlqw { 5 UQ

zlwk uhvshfw wr wkh srlqwv Dm > m @ 4> � � � > Q .4> duh wkh xqltxh vroxwlrqv ri wkh
olqhdu v|vwhp ;AA?

AA=

Q.4S
m@4

�mdlm @ {l l @ 4> � � � > Q>

Q.4S
m@4

�m @ 4>

+61;,
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zkhuh Dm =@ +d4m > � � � > dQm, = Ohw S5 ghqrwh wkh vhw ri sro|qrpldov ri ghjuhh ohvv
wkdq ru htxdo wr wzr lq wkh Q yduldeohv {4> � � � > {Q = Lw fdq eh vkrzq wkdw li
s 5 S5 wkhq

s @

Q.4[
l@4

�l +5�l � 4, s +Dl, .
[
l?m

7�l�ms +Dlm, >

zkhuh Dlm =@
Dl.Dm

5 duh wkh plgsrlqwv ri wkh hgjhv ri wkh Q~vlpsoh{ N=
Ohw

TN =@ is 5 S5 = s +Dl, @ 3 iru doo l @ 4> � � � > Q . 4j =

Li s 5 TN wkhq

s @
[
l?m

7�l�ms +Dlm, = +61<,

Wkh vhw
�N =@ is +Dlm, = 4 � l ? m � Q . 4j

lv fdoohg wkh vhw ri ghjuhhv ri iuhhgrp lq wkh vsdfh TN 1

Ohppd 615 Ohw s 5 TN 1 Wkhq

+l, iru doo { 5 lqwN dqg l/ m 5 i4 � � � >Q . 4j/ l 9@ m/

us+{, � +Dl �Dm, @ 7 +�m � �l, s +Dlm, >

+ll, iru doo { 5 lqwN dqg l/ m 5 i4 � � � >Q . 4j/ l ? m/

�
u5s+{, +Dl �Dm,

�
� +Dl �Dm, @ �; s +Dlm, >

Surri1 Il{ { 5 lqwN dqg fkrrvh n 5 i4> = = = Qj1 Lq ylhz ri +61;,/ dqg iru
w 5 U forvh wr 3/ zh rewdlq

Q.4[
u@4

�u+{. w+Dl �Dm,, dnu @ +{. w+Dl �Dm,,n

@ {n . w dnl � w dnm

@
Q.4[
u@4

�u+{, dnu . w dnl � w dnm =

Wkh xqltxhqhvv ri vroxwlrqv ri +61;, qrz |lhogv

;?
=

�u+{. w+Dl �Dm,, @ �u+{, li u 9@ l> m>
�l+{. w+Dl �Dm,, @ �l+{, . w>
�m+{. w+Dl �Dm,, @ �m+{,� w=
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E| +61<, zh kdyh

us+{, � +Dl �Dm, @
g

gw
s+{. w+Dl �Dm,,

����
w@3

@
g

gw
^7 +�l+{, . w, +�m+{,� w, s+Dlm,`

����
w@3

@ 7 +�m+{,� �l+{,, s +Dlm, =

dqg

�
u5s+{, +Dl �Dm,

�
� +Dl �Dm, @

g5

gw5
s+{. w+Dl �Dm,,

����
w@3

@
g5

gw5
^7 +�l+{, . w, +�m+{,� w, s+Dlm,`

����
w@3

@ �;s +Dlm, >

dqg wkh surri lv frpsohwh1
Ghfrpsrvh wkh xqlw fxeh T =@ ^�4@5> 4@5`

Q
lqwr d wuldqjxodwlrq � ri d �qlwh

qxpehu ri Q~vlpsoh{hv lq vxfk d zd| wkdw dq| wzr glvwlqfw Q~vlpsoh{hv duh
hlwkhu glvmrlqw ru wkh| kdyh lq frpprq d yhuwh{/ dq hgjh/ ru d idfh1 Iru dq|
�{hg k A 3 vxeglylgh UQ lqwr forvhg fxehv ri wkh irup T+{> k, zlwk fhqwhuv {

ehorqjlqj wr wkh odwwlfh +k],Q = Lq hdfk fxeh frqvlghu d wuldqjxodwlrq �{>k ri
Q~vlpsoh{hv/ vhoi0vlplodu wr wkh wuldqjxodwlrq � ri T= Wkh idplo|

�k =@
^

{5+k=,Q

�{>k

lv d wuldqjxodwlrq ri UQ 1
Qrwh wkdw e| frqvwuxfwlrq wkhuh h{lvwv d srvlwlyh frqvwdqwv F lqghshqghqw

ri k vxfk wkdw

4

F
kQ �

��Nk
�� � FkQ >

4

F
kQ�4 � KQ�4

�
CNk

�
� FkQ�4> +6143,

iru doo Nk 5 �k=

Li Dk
lm 5 U

Q lv wkh plggoh srlqw rq dq hgjh ri dq Q~vlpsoh{ lq �k/ wkhq zh

gh�qh �k
Dklm

dv wkh vhw ri doo Q~vlpsoh{hv Nk 5 �k zklfk frqwdlq wkh srlqw Dk
lm >

suhflvho|
�k
Dklm

=@
�
Nk 5 �k = Dk

lm 5 Nk
�
=

Gxh wr wkh vhoi0vlplodulw| ri wkh frqvwuxfwlrq/ lw lv fohdu wkdw wkhuh h{lvwv dq
lqwhjhu P 5 Q/ lqghshqghqw ri k/ vxfk wkdw

fdug
�
�k
Dklm

�
�P +6144,

iru doo plggoh srlqwv Dk
lm =
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Sursrvlwlrq 616 Jlyhq d wuldqjxodwlrq �k frqvwuxfwhg dv deryh/ wkhuh h{lvwv
d frqvwdqw F A 3/ ghshqglqj rq wkh wuldqjxodwlrq exw qrw rq k/ vxfk wkdw iru
hyhu| Q0vlpsoh{ Nk 5 �k zlwk yhuwlfhv iDk

4 > = = = > D
k
Q.4j zh kdyh

+l, iru hyhu| �{hg l 5 i4> = = = > Q . 4j

mym � F
[
m 9@l

��y �Hk
lm

�� iru doo y 5 UQ >

+ll,

m�m � F
[

4�l?m�Q.4

���� Hk
lm

�
�Hk

lm

�� iru doo � 5 UQ�Qv|p > +6145,

zkhuh

Hlm =@
Dk
l �Dk

m��Dk
l �Dk

m

�� =

Surri1 Vlqfh e| frqvwuxfwlrq hdfk Q~vlpsoh{ Nk 5 �k pd|eh rewdlqhg
e| d wudqvodwlrq dqg d glodwlrq ri dq Q~vlpsoh{ N 5 � lq wkh xqlw fxeh/ wkhq
Hk
lm @ Hlm zkhuh Hlm duh wkh fruuhvsrqglqj yhfwruv iru N1 Wkxv +l, iroorzv

lpphgldwho| iurp +61:,1 Wr suryh +ll,/ zlwkrxw orvv ri jhqhudolw|/ dqg yld d
wudqvodwlrq ri wkh d{hv/ zh pd| vxssrvh wkdw DQ.4 @ 3/ dqg vr +vhh +61:,,

iD4> = = = > DQj lv d edvlv ri UQ = +6146,

Zh fodlp wkdw wkh pdwulfhv

hlm =@ Hlm Hlm > 4 � l ? m � Q>

irup d edvlv iru UQ�Qv|p = Iru dq| wzr yhfwruv d> e 5 UQ vhw

d� e =@ d e. e d=

Vlqfh

hl+Q.4, @
4

mDlm5
Dl Dl> l @ 4> = = = > Q>

hlm @
4

mDl �Dm m5
�
Dl Dl .Dl Dl �Dl �Dm

�
> 4 � l ? m � Q>

wr suryh wkh fodlp lw vx�fhv wr vkrz wkdw

iDl �Dm = 4 � l � m � Qj duh olqhduo| lqghshqghqw=

Vxssrvh/ e| frqwudglfwlrq/ wkdw iru vrph v> s 5 i4> = = = > Qj/ zlwk v � s/ wkhuh
h{lvw frqvwdqwv �lm vxfk wkdw

Ds �Dv @
[

+l>m, 9@+s>v,>4�l�m�Q

�lm Dl �Dm = +6147,
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Ohw f 5 UQ q i3j eh vxfk wkdw +vhh +61:,,

f � Dn @ 3 iru doo n 5 i4> = = = > Qj q ivj > Dv � f 9@ 3= +6148,

E| +6147, dqg +6148, zh �qg

Ds+Dv � f, @ Ds+Dv � f, .Dv+Ds � f, @ +Ds �Dv,f

@
[

l�v> l9@s

�lvDl+Dv � f, .
[
mAv

�vmDm+Dv � f,>

dqg zh ghgxfh wkdw

Ds @
[

l�v> l9@s

�lvDl .
[
mAv

�vmDm >

l1h1/
Ds 5 vsdqiD4> = = = > Ds�4> Ds.4> = = = > DQ > DQ.4j>

zklfk lv lq frqwudglfwlrq zlwk +6146,1 Wklv dvvhuwv wkh fodlp/ iurp zklfk +6145,
iroorzv1

Wr wkh wuldqjxodwlrq �k zh dvvrfldwh wkh vsdfh Yk ri slhfhzlvh txdgudwlf
ixqfwlrqv/ l1h1 xmNk 5 TNk iru hdfk Nk 5 �k/ dqg x lv frpsohwho| ghwhuplqhg
e| wkh vhw ri ghjuhhv ri iuhhgrp

�k =@
^

Nk5�k

�Nk =

Qrwh wkdw Yk � F
�
U
Q
�
= Lqghhg/ li x 5 Yk wkhq fohduo| x lv frqwlqxrxv lq wkh

lqwhulru ri hdfk Q~vlpsoh{ Nk 5 �k= Li wzr Q~vlpsoh{hv N4> N5 5 �k kdyh lq
frpprq dq hgjh ri yhuwlfhv Dk

l dqg Dk
m / vlqfh wkh wudfhv xmN4

dqg xmN5
duh

sro|qrpldov ri ghjuhh wzr zklfk djuhh rq wkuhh srlqwv +wkh yhuwlfhv dqg wkh

plggoh srlqw,/ wkhq wkh| pxvw djuhh dorqj wkh zkroh vhjphqw
���$
Dk
l D

k
m > dqg zh

kdyh hvwdeolvkhg frqwlqxlw| dfurvv wkh Q 0vlpsoh{h erxqgdulhv1

Surri ri Ohppd 6141

Vwhs 4= Dvvxph �uvw wkdw i 5 Ff

�
U
Q >UQ�Qv|p

�
= Ohw c A 3 eh vr odujh wkdw

i +{, @ 3 rxwvlgh wkh fxeh cT @ +�c@5> c@5,
Q
> dqg iru � A 3 fkrrvh k @

k +�, A 3 vxfk wkdw

m{� |m � Qk, mi +{,� i +|,m �
�

cQ
+6149,

iru doo {> | 5 U
Q zlwk m{� |m � Qk= Ohw �k eh d wuldqjxodul}dwlrq ri UQ

fruuhvsrqglqj wr wkh sdudphwhu k= Gh�qh d ixqfwlrq xk 5 Yk dv iroorzv=

li Nk lv d Q 0vlpsoh{ ri �k zlwk yhuwlfhv iDk
4 > = = = > D

k
Q.4j/ wkhq

x
�
Dk
lm

�
=@ �

4

;
S

W5�k
Dk
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mW m

]
V

W5�k
Dk
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W

�
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l �Dk
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�
� +Dk

l �Dk
m ,g{= +614:,
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Vlqfh i lv frqwlqxrxv/ iurp wkh Lqwhjudo Phdq Ydoxh Wkhruhp lw iroorzv wkdw

x
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Dk
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�
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4
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i +{l>m>k, +D

k
l �Dk
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l �Dk
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iru vrph {l>m>k 5
V
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Dk
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[
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[
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[
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]
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zkhuh zh kdyh xvhg +6149,1
Qh{w zh vkrz wkdw wkhuh h{lvwv d frqvwdqw F/ lqghshqghqw ri k/ vxfk wkdw

iru hyhu| �{hg l 5 i4> = = = > Q . 4j zh kdyh

mmuxmmO4+Nk>5Q , �
F

k

[
m 9@l

mx+Dk
lm,m= +614<,

Lqghhg/ e| Ohppdv 615 dqg 616+l, iru doo { 5 Nk dqg iru hyhu| �{hg l 5
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zkhuh zh kdyh xvhg wkh idfw wkdw mDk
l �Dk

m m � �k iru vrph � A 3 wkdw grhv qrw
ghshqg rq k1

Zh hvwlpdwh wkh mxps whup ri wkh EY qrup ri ux1 Vlqfh xmNk 5 S5 iru
hdfk Nk 5 �k/ zh kdyh

V +ux, �
[

Nk5�k

CNk>

dqg vr ]
V+ux,

m^ux`m gKQ�4 �
[
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]
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[
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Wklv frpsohwhv wkh surri ri Vwhs 41
Vwhs 5=

Wkh dujxphqw lq wkh jhqhudo fdvh zkhuh i 5 O4
�
U
Q >UQ�Qv|p

�
lv hqwluho|

lghqwlfdo wr wkdw ri Vwhs 5 lq Vxevhfwlrq 7141

e A�i 7�T 5 ti||�?}

Lq wklv vhfwlrq zh suryh Wkhruhp 418/ suhflvho|/ zh vkrz wkdw dq| ixqfwlrq
i 5 O4

�
>UQ�Q

�
/ qrw qhfhvvdulo| v|pphwulf ydoxhg/ lv wkh wkh ghqvlw| zlwk

uhvshfw wr wkh Q 0glphqvlrqdo Ohehvjxh phdvxuh ri wkh glvwulexwlrqdo Khvvldq ri
d VEY 5 ixqfwlrq1

Zh rewdlq wklv uhvxow e| dsso|lqj Wkhruhp 414 wzlfh1
Surri ri Wkhruhp 4181 Iru hyhu| l @ 4> = = = > Q / gh�qh

Il =@
Q[
m@4

ilmhm =

Vlqfh Il 5 O4
�
>UQ

�
/ e| Wkhruhp 414 wkhuh h{lvw yl 5 VEY +, dqg d frqvwdqw

F @ F+Q, A 3 vxfk wkdw

Gyl @ Il O
Qe . ^yl`�yl K

Q�4eV+yl,>

zlwk ]


mylm g{.

]
V+yl,_

m^yl`m gK
Q�4 � F

]


mIlm g{=

Vhw y =@
SQ

l@4 ylhl1 Fohduo| y 5 VEY
�
>UQ

�
/ dqg zh kdyh

Gy @ i OQe . ^y` �yK
Q�4eV+y,> +714,

zlwk ]


mym g{.

]
V+y,_

m^y`m gKQ�4 � F

]


mi m g{= +715,

Qrz/ vlqfh y 5 O4
�
>UQ

�
/ dqg lqyrnlqj djdlq Wkhruhp 414/ wkhuh h{lvwv d

ixqfwlrq x 5 VEY +, vxfk wkdw

Gx @ yOQe. ^x` �xK
Q�4eV+x,> +716,

dqg ]


mxm g{.

]
V+x,_

m^x`m gKQ�4 � F

]


mym g{= +717,

Wkhuhiruh zh frqfoxgh wkdw ux @ y OQ d1h1 { 5 UQ / wkxv x 5 VEY 5+,/ dqg
+714,0+717, dvvhuw wkdw x ixo�oov wkh vwdwhphqw ri wkh wkhruhp1
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D �U!?L�*i_}i4i?|t

Wkh uhvhdufk ri L1 Irqvhfd zdv sduwldoo| vxssruwhg e| wkh Qdwlrqdo Vflhqfh
Irxqgdwlrq xqghu Judqw Qr1 GPV~<:64<8:1 Wkh uhvhdufk ri J1 Ohrql zdv sdu0
wldoo| vxssruwhg e| PXUVW/ e| wkh Lwdoldq FQU/ wkurxjk wkh vwudwhjlf surmhfw
_Phwrgl h prghool shu od Pdwhpdwlfd h o*Lqjhjqhuld%/ dqg e| JQDID1 Wkh dx0
wkruv wkdqn wkh Fhqwhu iru Qrqolqhdu Dqdo|vlv +QVI Judqw Qr1 GPV~<;36:<4,/
Fduqhjlh Phoorq Xqlyhuvlw|/ Slwwvexujk/ SD/ XVD dqg wkh Pdwkhpdwlfdo Lqvwl0
wxwh/ Xqlyhuvlw| ri R{irug/ R{irug/ XN/ iru wkhlu vxssruw dqg krvslwdolw| gxulqj
wkh suhsdudwlrq ri wklv sdshu1

+iuihi?Uit

^4` J1 Doehuwl/ D Oxvlq w|sh wkhruhp iru judglhqwv/ M1 Ixqfw1 Dqdo1 433 +4<<4,/
443~44;1

^5` J1 Doehuwl/ Lqwhjudo uhsuhvhqwdwlrq ri orfdo ixqfwlrqdov/ Dqq1 Pdw1 Sxud
Dsso1 498 +4<<6,/ 7<~;91

^6` Edoo/ M1P1 dqg U1G1 Mdphv/ Ilqh skdvh pl{wxuhv dv plqlpl}huv ri hqhuj|/
Dufk1 Udwlrqdo Phfk1 Dqdo1 433 +4<;:,/ 46~851

^7` Fduulhur/ P1/ Ohdfl/ D1 dqg I1 Wrpduhool/ Vshfldo erxqghg khvvldq dqg
hodvwlf0sodvwlf sodwh/ Uhqg1 Dffdg1 Qd}1 Vfl1 [O Php1 Pdw1 +8,49 +4<<5,/
556~58;1

^8` Fduulhur/ P1/ Ohdfl/ D1 dqg I1 Wrpduhool/ D vhfrqg rughu prgho lq lpdjh
vhjphqwdwlrq= Eodnh ) ]lvvhupdq ixqfwlrqdo/ Surju1 Qrqolqhdu Gl�huhqwldo
Htxdwlrqv Dsso1/ 58/ Elunk�dxvhu 58 +4<<9,/ 8:~:51

^9` Fkrnvl/ U1 dqg L1 Irqvhfd/ Exon dqg lqwhuidfldo hqhuj| ghqvlwlhv iru vwuxf0
wxuhg ghirupdwlrqv ri frqwlqxd/ Dufk1 Udwlrqdo Phfk1 Dqdo1 46; +4<<:,/
6:~4361

^:` Flduohw/ S1J1/ Qxphulfdo dqdo|vlv ri wkh �qlwh hohphqw phwkrg/ Ohv Suhvvhv
gh o*Xqlyhuvlw�h gh Prqwu�hdo/ 4<:91

^;` Gho Slhur/ J1 dqg G1U1 Rzhq/ Vwuxfwxuhg ghirupdwlrqv ri frqwlqxd/ Dufk1
Udwlrqdo Phfk1 Dqdo1 457 +4<<6,/ <<~4881

^<` Gho Slhur/ J1 dqg O1 Wuxvnlqryvn|/ Pdfur0 dqg plfur0fudfnlqj lq rqh0
glphqvlrqdo hodvwlflw|/ Lqw1 M1 Vrolgv Vwuxfw1 6; +5334,/ 4468~447;1

^43` I1 Ghphqjho/ Irqfwlrqv �d khvvlhq eruq�h/ Dqq1 Lqvw1 Irxulhu +Juhqreoh, 67
+4<;7,/ 48804<31

^44` I1 Ghphqjho/ Frpsdfwqhvv wkhruhpv iru vsdfhv ri ixqfwlrqv zlwk erxqghg
ghulydwlyhv dqg dssolfdwlrqv wr olplw dqdo|vlv sureohpv lq sodvwlflw|/ Dufk1
Udwlrqdo Phfk1 Dqdo1 438 +4<;<,/ 456~4941
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^45` Rzhq/ G1U1 dqg U1 Sdurql/ Vhfrqg0rughu vwuxfwxuhg ghirupdwlrqv/ Dufk1
Udwlrqdo Phfk1 Dqdo1 488 +5333,/ 548~5681

^46` W1 Whpdp/ Sureo�hphv pdwk�hpdwltxhv hq sodvwlflw�h/ Jdxwklhu0Ylooduv/ Sdulv/
4<;61
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