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Abstract: We develop an effective strategy for proving strong ergodicity of (nonsymmet-
ric) Markov semigroups associated to Hormander type generators when the underlying
configuration space is infinite dimensional.
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1 Introduction

After an initial development of a strategy for proving the log-Sobolev inequality
for infinite dimensional Hérmander type generators £ symmetric in Lo(p) defined
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with a suitable nonproduct measure p ([22], [18], [20], [19]), one can envisage an
extension of the established strategy (see e.g. [25]) for proving strong pointwise
ergodicity for the corresponding Markov semigroups P, = €', (or in case of the
compact spaces even in the uniform norm as in [14] and references therein). Still
to obtain a fully fledged theory, which could include for example configuration
spaces given by general noncompact nilpotent Lie groups other than Heisenberg
type groups, one needs to conquer a (finite dimensional) problem of sub-Laplacian
bounds (of the corresponding control distance). Unfortunately this is a VP-hard
problem which will likely stay with us for more than quite a while. The other
motivation for our work comes also from a desire to get a strategy for studying
Markov semigroups of the above mentioned type which are not symmetric with
respect to some a priori given reference measure in cases where the underlying
configuration space is infinite dimensional and noncompact. In finite dimensions
an interesting analysis in the Lo framework with respect to a reference measure
in particular involving the long time behaviour was provided in [24]. In a num-
ber of recent works an interesting progress has been made in understanding the
sub-gradient bounds on finite dimensional sub-Riemaniann manifolds provided by
compact and noncompact Lie groups. Many of the related works (as e.g. [9], [10],
23], [16] see also references therein) are heavily based on complicated stochastic
analysis methods with sharp results obtained for Heisenberg type groups. Another
insight and complementary understanding were achieved via a more analytic route
one can find in [3] and [21] ([18]). In particular such bounds involving the length
of the sub-gradient offer a nice way of getting smoothing and spectral properties
as well as other interesting features coming from related entropy bounds for the
heat kernel. In [4] an analog of the Orstein-Uhlenbeck processes was proposed
and studied with the drift term provided by the logarithmic derivative of heat
kernels on groups with some general theory involving Ly subgradient bounds and
a related Poincaré inequality. In [5] some stochastic analysis (in a Hilbert space
along ideas [8]) is studied for certain infinite dimensional models of financial math-
ematics. The analysis there concentrates however on hypoellipticity aspects. For
some other directions involving a hypoellipticity theme in infinite dimensions see
e.g. also [6], [15] and references therein.

In this paper we construct and study Markov semigroups on infinite dimensional
spaces provided for example as an infinite product of noncompact Lie groups (as
e.g. nilpotent free groups), and formulate an effective condition for their expo-
nential ergodicity in supremum norm. Our main tool is provided by a complete
gradient bound, where the square of the gradient (or subgradient) is replaced by
similar objects but with a family of fields which is closed with respect to taking
commutators with the fields appearing in the definition of our Markov genera-
tor. We assume that our theory is furnished with some natural dilation operator



which when included in the generator with sufficiently large coefficient assures the
exponential dumping. The use of a complete gradient, while it may not provide
us with smoothing information, it proves to be very effective when the long time
behaviour is concerned, giving also some extra information about the equilibrium
measure. In a finite dimensional setup it provides an alternative view to [4]. On
the other hand in a general situation when working in infinite dimensions we have
no a priori reference measure and so no natural L, approach can be used.

The organisation of the paper is as follows. In section 2 we present the general
framework with a number of simple examples, presenting a general idea in finite di-
mensions. In section 3 we construct a Markov semigroup in an infinite dimensional
setup proving a strong approximation property (or as it is sometimes called a finite
speed of propagation of information). This approximation is later used together
with square of the (complete) gradient bounds to obtain the exponential decay
to equilibrium in the supremum norm for a large class of initial configurations.
Finally we conclude with a Poincaré type inequality with complete gradient form
which allows us via general arguments to obtain exponential moments estimates
for suitable (generalised) Lipschitz variables.

2 Finite-dimensional case

Consider smooth vector fields X1, ..., Xy, on RY, satisfying the Hérmander con-
dition with step K > 1. For n > N, by (Z;)7_, we denote an adapted family of
fields, containing a basis for the related sub-Riemannian geometry. So Z; = Xk,
for k = 1,..., M, while the remaining Z;,1,...,Z, are ordered commutators of
length between 2 and K.

For m < M, we consider the following operator:

E::L+Lg+La

L::zm:Xf—/jD

=1

LG = i GZJ(.T)XZX] (1)

ij=1
L, = Z a;(r)X;
i=1

where 3 € (0,00) is a constant, D is a first order dilations generator satisfying

P Zpe P = e 7, and [Z, D] = M\, Zj, for some )y, > 0, (2)



for k =1,..,n, and a(z) = (1 (x),...,an(x)) is a smooth function, while G(x) =
(Gi,j(x))le is an m X m-matrix, satisfying, for any z € RV,

G*(x)+1 >0, with Gj;(v) = 5 (Gy(z) + Gj(x)), (3)

N | —

where [ is the m X m-identity-matrix.
Let us introduce the following condition on the geometry of the vector fields:

n

3 Ckjl € R such that [Zk,XJ] = chﬂZl? (4)

=1
forany k=1,....nand j=1,... m.

Remark 2.1. Note that condition (4) is stronger than the Hérmander condition
which implies a similar expression, but in general with non-constant coefficients

Ckﬂ.

Example 2.2. Here we give some examples of sub-Riemannian geometries which
fit in the above framework and where condition (4) holds:

(1) The Heisenberg group: X; = (1,0,—%)" and X, = (0,1,%)" on (z,y,2) € R®.
In this case Z;, = X1, Zo = Xy and Z3 = Z = [X|, X»] = (0,0,1)T. The family
{Z1,Z,,Z3} forms a basis for the Lie algebra (here n = N). One can calculate
that ¢ = 0 for any (k,7,1) # (1,2,3) V (2,1, 3) while ¢jo3 = 1 and ¢913 = —1.

(2) The Grusin plane: X; = (1,0)T and X, = (0,2)" on (x,y) € R?. In this
case Z1 = X1, Zy = Xo and Z3 = Z := [X1,Xs] = (0,1)" and ¢;; = 0 for any
(k,7,0) # (1,2,3) V (2,1,3) while ¢193 = 1 and ¢35 = —1. The family {7, Z5, Z3}
contains a basis for the Lie algebra, given by {Z;, Z3}.

(3) The Martinet distribution: X; = (1,0, —y*)” and X5 = (0,1,0)7 on (z,y, 2) €
Rg. In this case Zl = Xl, Z2 = XQ, Zg =7 = [X17X2] = (0,0, Qy)T and Z4 =
[Z, X5] = (0,0, —2)". Then ¢, = 0 for any (k,7,1) # (1,2,3) V (2,1,3) V (3,2,4)
while C123 = C324 = 1 and C213 = —1.

Note that the last example (Martinet distribution) is a step 3 distribution while all

the others are step 2, and it is the easiest sub-Riemannian geometry where normal
geodesics occur.

For smooth functions f, we define
L(f) =D 1ZkfP, (5)
k=1
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which we call the complete gradient form (as opposed, for example, to the sub-
gradient of a Lie group). Note here that in general it may be convenient later to
include more fields Z; than it would be necessary just to span the tangent space
at any given point. The corresponding quadratic form is given by

n

L(f.9) =Y (Zf)(Zig).

k=1

2.1 Associated Stochastic Differential Equation

Here we want to write the Stochastic Differential Equation having the operator £
as generator. The SDE has the general form

d§(t) = p(E(t))dt + A(E(t)) o dW (1),

where p(£(t)) € R™ is the so called drift part while A(£(t)) is a N X m matrix,
W is an m-dimensional Brownian motion and by o we mean the Stratonovich
differential.

It is known that, given a second-order differential operator, it is possible to find
a SDE having such an operator as generator, whenever the second-order part can
be expressed as trace. In general the first-order part of the operator is related
to the drift-part (i.e. the deterministic part of the SDE) while the second-order
part is related to the stochastic part of the equation. In particular, the stochastic
part has to be written as a Stratonovich differential whenever there is an explicit
dependence on the space. We also recall that the Stratonovich differential can be
always written in It6 formulation as follows:

A(E(®) 0 AW (1) = A(ED)AW (1) + D VacA'(&(1)) d, (6)

where A’ are rows of the matrix A and V 4 A7 is the derivative of the vector field
A7 along the vector field A?, for any 7,j. Our operator can be written as

£ = (Z X? —+ Z G”(:c)XlXJ> + <Z Oéz(x)Xz - 5D> = EII-order + EI-order'
i=1 i,j=1 i=1

Note that to write the associated SDE, we do not need any assumption on D while
we need to assume condition (3).



We denote by o(z) the nxm matrix whose rows are the vector fields X;(z), ..., X,,(x).
We first write the drift part which comes from the first-order part of the operator,
that is, for any smooth function f,

m

‘CI-order f = Z aZ(LE)XZ(f) - ﬁD = &T(x)UT(x)Vf - ﬁDTVf

i=1

Note that 0T (z)V f =: Dy f is the horizontal gradient of f (or to be more precise
is the coordinate-vector of the horizontal gradient X' f written in the basis of the
vector fields X1, ..., X,,). The drift part for the associated SDE is:

pE(t)) = a(€(t))o(€(t)) — BDE(R)).

Now we want to write explicitly the stochastic part of the equation. Let us first
assume that G is symmetric (i.e. G = G* ) and introduce

B(x) :=+/I+ G(x),

where I is the m x m-identity-matrix. Note that B = (Bj;)", is well-defined
since I + G is symmetric and we have assumed condition (3). We are going to

show that .
11 order ° Z ;. t Z GZ]

is the generator of

de(t) = a(£(t)B(E(t)) o dW (¢ (Z Bji(€ )o dW) ZY o dW;,

Zjl llZl

with W, the standard Brownian motion and denoting Y; := Z;”Zl B;; X;. It is
known (see e.g. [12], [11]) that the generator of the stochastic equation d¢; =
Y; o dW; is given by Y. Y2, so we rest just to calculate it:

2
Z YiQ = Z (Z Binj) = Z ZZ By X B Xy = ZZ Z BBy X; X
? [ J 2 m m 7

=> (BB X1 Xm.

lm
Using the fact that G is symmetric, we get

Zyz > (BY)mXi Xy =Y (I + G X, X ZXl + ZGlmX,

lm lm

=L

II-order’



Therefore, under the assumption that G is symmetric (and so is B), the associated

SDE is

de(t) = (a(€())o(§(1) — BD(ER)))dt + o(§()) (1 + G(£(1))) 0 dW (t).  (T)

Let us now see what happens when the matrix G is not symmetric. Note that

ZGUXX Z(G’”+G”)XX +Z( v )XX

- ZG XX+ ZGgfymxixj.

Since for G**¥™_ the antisymmetric part of G, we have

1

s 5

2 CNX; = 5 ) G XL X,
(2 i,

therefore the antisymmetric part of G gives an extra first order part (i.e. an extra

term in the drift part) depending on the commutators. Thus, under assumption

(3), the SDE associated to the operator L is
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Z G X)), X (¢ (t))}}dt
+o(E®))(I+G(E®))) o dW(t). (8)

Remark 2.3. Without assumption (3) the Il-order part of the operator cannot be
written as a trace and therefore is not a generator of a stochastic process. The
same condition will arise in order to find an exponential decay for the semigroup
associated to the operator.

2.2 Existence of a limit measure

Let (P;)i>o denote the semigroup generated by £, where £ is given by (1). We
show that one can extract a subsequence (F;, )72, which converges weakly to a
probability measure on RY. Here and in the sequel we use the notation d(x) =
d(z,0), where d is a metric on RV,

Lemma 2.4. Let p be a smooth function such that p(x) = 0 for d(x) < 1 and
p — 00 as d(x) — oo. Assume

13 X+ ZZ;':I G XiXjp < Cy
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2. Z:ll |Xz‘P’2 <0y
3. Pop<ciPDp+cy

for some constants Cy,Cy,c1,c0 > 0. Then there exists a constant K € (0,00)
such that P,p < K for allt > 0.

Proof. We have
0 Pp=PLp

—PtZX p- ﬁPtDp+PtZaXp+PtZGU

,5=1
<y — ﬁPtp - 2—6 + max | il oo v/ C
using our assumptions. Integrating this inequality we get
—nt ﬁ —nt
Pp<eMp+-—(1—e)
c1n
with n = C; — % + max; || ;|| o y/nC2, which is bounded for all ¢ > 0. O

Remark 2.5. The first two assumptions of Lemma 2.4 can be relazed to
1.3 Xip+ Zzljzl Gi; X Xjp < Cip+ C, and

2. 3" | Xip|? < Cap+ Cy

respectively, for some constants C1, Cy,Cy, Cy > 0, at the expense of having to take
B large enough to ensure that the coefficient of P,p in the proof is negative.

The function p can be thought of as a cut-off of an appropriate distance function.

Example 2.6. We illustrate this in case of a Lie group of Heisenberg type G =
(Rm+l, 0,5A), with left-invariant vector fields Xy, ..., X,,. Such a group is natu-
rally equipped with dilations 0\(z,t) = (A\z, \*t), where (x,t) € R™ x R', which
form a 1-parameter family of homomorphisms. Here, one may define the following
smooth homogeneous gauge (also known as the Folland-Kaplan gauge, see e.qg. [7])

N(x,t) = (Jul* + 16]t]2) 9)

where | - | denotes the Fuclidean norm. A computation then shows that the sub-
gradient and the sub-Laplacian of this gauge function read

Z xovpe =L (10)



and

2
respectively, while the dilation operator is the generator of (dx)xso0 given by

D= ék |A:1 (5>\(l‘,t)
=1 i=1

Since 9,, N = N73|x|?z; and O;,N = 8N 3t;, we have
DN = N7 (Jz|* + 16]¢]*) =

and therefore PPN = P,DN. Moreover, if we introduce a cut-off function g : R —
R such that g(x) =0 on [0,1], g(x) = x for x > 2 and g is continuous and smooth

n (1,2), then the function N(z,t) = g(N(x,t)) is such that 3" X2N + | X;N|?
is bounded, since |x| < N(xz,t). Hence, in this case, a function satisfying the
assumptions of Lemma 2./ exists.

Similarly one can construct suitable p for other (noncompact) homogeneous Lie
groups using a smooth (outside the origin) homogeneous norm (of [17], [7]).

Theorem 2.7. There exists a sequence {tx}7>; C R and a probability measure v
on R™ such that for all bounded and Lipschitz f

Ptkf—>/fdy

Proof. For L > 0, we define sets T, = {p < L} for which we have, by Markov’s
inequality and Lemma 2.4,

as k — oo.

K
P(Yp)>1—- T

for some constant K > 0. Therefore (P;);~¢ represents a tight family of measures
on RY and we deduce from Prokhorov’s Theorem that there exists a convergent
subsequence P, — limj_. P, =: v in the weak sense. O

2.3 Complete Gradient Bounds

We start by proving the following bound for the semigroup P, and the complete
gradient I" defined in (5).



Theorem 2.8. Let L be the operator defined in (1), under the assumptions (2)
and (3) and let P, be the semigroup associated to L. Let us also assume that G
is constant and || Zypil|leo < 00 for allk =1...n andi,j =1...m. If (4) holds,
then there exists Kk € R such that

D(Pf) < e PI(). (12)
Moreover, there exists by € (0,00) such that for all B > by we have k € (0, 00).

Proof. The proof follows the Bakry-Emery type strategy (see e.g. [1], [2]) with
suitable modifications required by our setup. Let us set f, := P,f. Note that it is
sufficient to prove that

d
%Pt—sr(fs) S —R Pt—sr(fs)a (13)

which gives estimate (12) after integration over s € [0, ¢].
To prove (13), we remark that

d

TP D(fe) = Py (= LT(f) + 20(f, £15)),

since I'(f, g) is defined as a bilinear form.
Using the explicit expressions for I'(f) and L, the previous relation becomes:

d

Eptfsr(fs) = Ptfs ; ( - ‘C’ZkfsP + Q(Zkfs>(Zk£fs))

— LY ( — LIZ0 b 4 2 TN LT L) + 2 2) (e E]fs))

P
We note that
I ==L\ Z0 fo]” + 220 f) (L2 )= =2 | X 20 S = 2> Gig(XiZif ) (X 2 )

J 1,7

= —QZ (Gij + 0i5) (XiZi fo) (X Ze fs), (14)

]

where 0;; = 0, for ¢ # j and d;; = 1, for any ¢, = 1,...,m.
The third term is more difficult to estimate since it depends on the commutators.
For this purpose, we need to use assumption (4). Let us set

Jy = 2(Zkfs>([Zk) 'C]fs)y

10



and calculate the commutators [Zy, L] fs, i.e.

[Zk7£]fs = [Zku L]fs + [Zk)7LG]fS + [ZkyLa}f&

Recalling the definition of £ and noting that [Z,Y?|f = [Z,Y]Y f + Y[Z,Y]f,
using assumption (2), for the operator L we get

2, L1 = Z[Zk,X?]f — BAR(Z1 1)
—Z{Zk, (X, fs) + X2k, X))} — BM(ZiS).-

Using condition (4), we obtain

(Zk, L Z%z{ (Zi X fs) + (X520 f5) ) — BA(Znfs)-

We are going to use the negative term [, in order to control mixed terms like
(Z1fs)(X;Zkfs). To this end we have to rewrite the term (Z,X;f;) in a more
suitable form, using once more assumption (4), i.e.

chjl{(ZlXjfs) +(X;2.f5)} = Z {205 2115) + 121, X5}

= 2zckjl X Zlfs +chjlcljn Z fs)

iln
Hence, summing up we get
ij:—2ﬂZAk|Zkfs|2+4chﬂ Zuf) (X215 (15)
k,j,l
+2 Z CkjiCijn Zkfs)(Z fs +QZ Zkfs ZImLG]fS [Zk7LOé]fS}‘

k,j,l,n
(16)

We can now similarly estimate the remaining terms. Note that
2, XYf =12, X]Y [+ X[Z,Y]f,
and thus

Zk,LG ZG”{ Zg, X X fs +X [Zk7 j]fs}

= Z Gij + Gii)ewa(X; Z1fs) + Z GijcritCiin(Znfs)-

0,5l ,5,l,n

11



Moreover,

Therefore,

2> (Zkf)Zr, La

[Zk7La]fs Z(Zkaz>X fs + Zaz ZkaX]f
- Z Zkal X; fs + Zazckzl Zlfs)

= QZ Zkfs ZkOél) st +2Zazckzl Zkfs)(Zlfs)

kil

< Z HZ/CO{ZHOO (|Zkfs|2 + |X .fs + QZazclml Zk.fs)(Zlfs)

ki kil

< mpe 3 1 Zuoull P (1) + i 3 2l (1)
+23" e (Zif)(Zufs),

kil

where we used Young’s inequality to estimate the first term. Combining the above,

(15) becomes

> J=- 2@2 Ml Zifo? + 4 ewp(Zif) (X Zuf)+
k

k,j,l

+2 Z CrjiCin(Zifs)(Znfs) + 2 Z (Gij + Gji)era(Zi fs)(X; 21 f5)

kjdn il
+2 3 Giseracijn(Zif) (Znfs) + 2 aicki(Zif)(Zifs) + nT(fs),
Fyigdn il

(17)

with n = maxy ), || Zktlleo + max; >, || Zrail|eo. We start by estimating the
terms in (17) where (X, Z;f,) does not appear. Let us set A, := ming Ay > 0, then
=203 Ml Ziefs|* < —2BMI(fs) (recalling that 8 > 0). The other terms can be
treated similarly. Recalling that o;, G;; and c;; are in general non positive, we

12



get:
2 Z ijlcljn(Zkfs)(ans) + 2 Z Gijckilcljn(zkfs)(znfs)

k,j,0,n k,i,5,l,n
=2 Z (Gij + 6i5) crirCujn(Zifs)(Znfs)
k,i,5,l,n
< Z’sz + 6ij“ckichljn’{’ans’2 + \Zkfs\z}
k,i,5,l,n
< SUP Z |G2] + 51]‘{‘Ckzl‘|cl]n’ + ’leHcljk|}F fs = Clr(fs>
n,i,7,l
and
QZO-/ Ckil Zkfs)(ZlfS < SUPZ |az |Ckzl| + |clzk|) ( ) = CQF(fs)
kil
By (14) and (17), we have the following estimate:
d
%Pt—sr(fS) = Zk:(]k + Jk)
< (=200 + O+ Co+T(f) +4 ) e Zefo) (X, Zufy)
kol
+2 Z(sz + Gii)erit(Z1.fs) (X5 Z1fs)
kyisj,l
=2 (Gij + 04) (XiZif)(X; Zi f).
ki,

The idea is to use Young’s inequality to estimate the remaining terms with a non-
positive part depending on (X;Z fs) and a positive part depending just on I'( fs).
Let us recall that Dy Zy fs = (X121 fs, - .., X1Zkfs) € R™ is the horizontal gradient
of Zy fs, then

Zlk :—22 Gz]+5zj)(X Zkfs) X Zkfs :_2Z< G*+I DXZkfs,DXZkfs>

k,i,j

since <Aa a> 0, for any a € R™, whenever A is an antisymmetric matrix (recall
G* Gz] +G]'L )

2
Analogously,
Y e (Zef ) X2 f) + 2> (Gig + Gii) cra(Zif) (X, 20t
k,j,l k,i,g,l

=14 Z ((5” + GZ}) Ck‘il<Zkfs)<XjZlfs) =: Il.

k1i7j7l

13



For the sake of simplicity, let us denote a;; := Zm(aij + Gi)era(Zrfs) and by :=
ca? 2
(X;Z1fs). Young’s inequality tells that aj;b; < —* + %, for any € > 0. Thus

2
X7, fs|?
I'< 22; € (;(% +G3;) ckil(Zkfs)> + %
J N2
We can estimate the first part as follows:

2e Z 2 <Z(5” + G;kj) Ckil(Zkfs))

ki

:25;<Z

k.n

Z ((52']' + G;})%u(znfs)

7

[Z (035 + G3;) cnit(Z1cf5)

%

2
| Zofl? +

&l

|Zk:fs|2

Z ((5” + G;kj)cml

% )

<e Z [Z (05 + G ) crar

2

F(fs) =€ C3F(fs)7

=2) [Z (05 + G;) e

klj L i

while

X'Zlf52 1
22% = 22 <EDXZka7DXZka>'
4l

k

Therefore we can conclude

d

< (=28M+Ci+Ch+e Cg)r(fs)—zz< (G* + 1 — g) DXZka,DXZka>.
k

By assumption (3), there exists 6 > 0 such that

G+ 1> 6. (18)

Choosing & = 3, where § is (the biggest number) such that (18) holds, the inner

product in the above estimate is non-negative. Therefore

d

1
SR < (=280 Cot Cub+ G ) (),

14



which gives the theorem with

1
I{IZQﬁ)\*—Cl—CQ—U—gog

=20 mkin Ak — sgp Z |Gij + 05| {Icrallcign] + lenalleyrl }

n?i7j7l

—sup > eal (lexal + leurl) — m]?XZ | Zkailloo — miaXZ | Zkei| o
i k

il

2
2
kg

Finally, by choosing (5 > % (01 +Co+n+ % Cg) we can ensure that k > 0. [

Remark 2.9. More generally, for a non-constant matric G = G(x) the theorem
continues to hold under the additional assumption that the quantities ||ZyGijllo
are bounded for allk=1...n andi,j=1...m.

Remark 2.10 (Case G = 0). Whenever G = 0, we can choose § = 1 in the
constant k. Then

Kk =20 mkin A — max 5 | Zkti]| o — max g | Zk ]| o
(A
i k

—sup {Z {lewgllein] + lengillcirl} =D el (Jexal + !chk!)} -2 &y

nogil il k.l.j

Remark 2.11 (Optimal constant in the case G = 0). The constant found is
a priori not always optimal. In fact, to deduce constant C; and Cs we used two
different estimates: 2uvab < pv(a?-+b?) for the first constant, 2uvab < p?a®+v2b?
for the second one.

It is possible to give examples when the first estimate is optimal (i.e. if a = b but
u#veg p=v"')and examples when the second one is the optimal one (i.e.
pa = vb but a # b e.g. a = b~1). Therefore we could use both estimates, finding
two different constants:

!/ § : 2
kjl

/
Cy =2sup E ChjiCnijl-

" kgl

It is clear that Cy < C4 (taking k = n in C}) while Cy is often smaller than C}
because in general very few cyj; are different from 0. Therefore in Cy many terms

15



vanish, but it is not a always true. Therefore in the case Gi; = 0, the optimal
constant is given by R := 20\, — C1 — Cy — C3 — n, with C; := min{Cy,C}}. In
the same way, one could write the optimal constant in the case G;; # 0.

Example 2.12. (1) In the Heisenberg group, one can consider the operator D :=
v X1 +yXo+ 222 = 20, + y0, + 220, which satisfies assumption (2) with \y =1,
Ay = 1 and A3 = 2; therefore N\, := ming A\, = 1. In the simplest case where
a; = Gy =0, using Remark 2.10 and recalling that cio3 = 1 = —ca13 and cij = 0
otherwise, we see that k = 23 — 4 so that k > 0 for any G > 2.

(2) In the Grusin plane the dilation operator is given by D = x0, + 2y0,. As-
sumption (2) is satisfied with Ay = Ay = 1 and A3 = 2 and thus A\, = 1 as in the
Heisenberg group.

(3) The dilation operator for the Martinet distribution is D := x0, + y0, + 320,
s0 A1 = Ao = 1, while \3 =2 and \y, = 3. Hence \, = 1.

If we do not assume (4), then by the Hérmander condition we know that
3 ¢ € C°(R™) such that [Z;, X chﬂ (20)

Looking at the above calculations, we get and extra term in ), J; where the
horizontal derivatives of the coefficients appear, more precisely

2 (Xjer)(Zuf)(Zfs) <SUPZ{|X St (€) |+ Xjce (@) [} (fo) = Ca(@)T(fs)-

k,j,l
This implies that:

LR < (22904 o)+ o)+ § Cola) +Colo) ) TUA),

ds
Therefore Theorem 2.13 holds in a stronger form since the exponential in the
estimate depends now on time and space.

Theorem 2.13. Let X1, ..., X,, be smooth vector fields satisfying the Hormander
condition, L the operator defined in (1), satisfying the assumptions (2) and (3),
and let P, be the associated semigroup. Let us also assume that G;; is constant and
| Zrtil|o < 00 for all k =1...n and i,j = 1...m. Then there exists a smooth

function k(x) such that
L(P.f) < e "@'PT(f). (21)

Moreover, under the additional assumption that the functions cyj(x) and their
horizontal derivatives X;ciji(x) are bounded in v € R", there exists by € (0, 00)
such that for all 3 > by we have kK > 0.
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The following result provides an extension of Theorem 2.8 to an [,-gradient bound.

Theorem 2.14. Let ¢ > 1. Under the assumptions of Theorem 2.8, there exists a
constant k' € R such that

L(Pf)E < e ™' RI(f).
Moreover, there exists by, > 0 such that for > b, we have ' > 0.

Proof. As before, we follow the strategy outlined in [1]. For simplicity we treat
the case Lg = L, = 0. The proof of the general case follows from the proof of
Theorem 2.8 and arguments similar to the ones below. We aim to show that

d q q
%JDIf—SF(fS)§ < _“/Pt—sr(f)5
with fy = P, f as above. To this end, we note that
PRt = Py (~LT(E)E + P (R TS £1,)
) ¢ L0 ag o\ TO() | T(fu L)
~rer (S 3 0 D) rt )

where we made use of the diffusion property for the generator £ and set 2I'(f) :=
L(f*)—=2fCf =", |X:f|*>. In what follows, the variables ¢,k in the sums run
over the ranges {1,...m} and {1,...,n} respectively. For the first term, we have

ZX2 Zif5)? ﬁZD Zif5)?
=2 Z | XiZifol? +2 Z Zif)(LZify).
ik k

On the other hand, the second term can be estimated as follows:

T(O(fe) =Y (X (Z(Zkfs )) = 42 (Z Zifo)( szfs>)2

i k

<4 (Z \Zkfs\2> (Z \Xizkfﬁ) = 4T(f,) (Z rX@-ZkfsP) :

k ik i,k

Finally
D(fo, Lfs) = Z(Zkfsxzkx fo) 5Z<Zkfs><ZkDfs>

Z Zkfs EZkfs +Z Zkfs Zk? ]fs)
k

17



Combining the above, we obtain

LR <
. (i 1XiZifsl? + o (Zuf N E 2 )
U D(f)*
(Zi,k(Zkfs)(Zkﬁfs)) Sin |1 XiZi
Pt—s q Pt—s 2— = q
AR S TA L " (q< T )
(1B @2 X0+ (- QX AL - BE L) 2 DI

L(f)'2

N

<Ptfs Lq Z sZ>X'2 s >\* vsq_q(q—_lz XZZ s2>7
< (F(fs)l_Z ;;( kf) 2k, X7 1fs — BAa|V £ F(fs>1_z’2,k:’ kS|

where we made use of assumption (2) and A, = infy A\;. The fact that ¢ > 1
is crucial, since this makes the coefficient in front of the last term in the above
expression non-zero, hence allowing us to use it to control the mixed derivatives
coming from the first term as follows. Observe that using assumption (4), we can
write

> (Zf )12k X1 =D (Zifs) (Zr, Xil(Xifs) + Xil Z, Xil f)

= Z(Zkfs) Z Crat (21X fs + XiZlfS))
ik

l

= Z(Zkfs) chil(2XiZlf5 + [Zl’Xi]f5)>
ik

l

= Z(Zkfs) Z QCkilXiZlfs + Z Ckilclimmes>
ik l l,m

S 2 Z Ckil(Zkfs)(XiZlfs)

ik,

Z 32+st2
+ Z |Ckilclim|<| ool ¥ 12t ),

2

i,k,l,m

18



where in the last step we used the Cauchy-Schwarz inequality. Thus

d q
— 2 <
7 P,_T(fs)z2 <

2 2
Fies (F(f;q)l_g Z <2Ckil(Zkfs)(XiZlfs) + ‘Ckilclim| (lefsl ;|mes| >)>

S i,k,l,m

_-Pt—s >\>k r s% q(q—_lz)z XzZ s2>
(5 ar(f.) +F(fs>1_2%j| ol

—1 i XzZ 52 q
10 )P(%)ﬂ S +clr(fs>2>

<P, (P(fs;q)l‘g ; 2eik(Zifs)(XiZifs) —

where C7 = ¢ (% maxy lem |CkitCim| + % max,, Z”k |CkitClim| — ﬁ)\*>. Using the

inequality

l\')

4 (q—l) 2
N s Zef)(Xiuf) < G (£} + LL 2 SV Xz, 1
UL ;kl Cirt(Zifs)(XiZifs) < CoI'(f5) A %k| kS|

with Cp = 43 (maxk > il cfkl>, we get

d

%B s (fs)§ _K']Dt s (fs)§

with v = —C7 — Cs which is strictly positive for

1 1
8 > I (2 maxz |ckiaClim| + = 5 maxz |CritClim| —i— (maxz ZM)) )

ilm a0,k
Integration of the above differential inequality ends the proof. O]

Summarising, the key idea of our estimates is contained in the assumption of
completeness of the set of fields {Z;} in the sense that their commutators with
the fields appearing in the generator do not give essentially new fields. In case
of free nilpotent Lie groups ([13]) they can be chosen simply by taking all the
fields generated by the fields defining the generator. In some cases (as for example
groups of rank 2, when the fields have linear coefficients) our procedure will work
with the usual square of the gradient form. Then our method applied to the
complete gradient {Z;} provides some other useful information on monotonicity
of derivatives.
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3 Extension to infinite dimensions

Let A € Z? be a finite subset of the d-dimensional lattice. For each k € Z¢, we
consider isomorphic copies of the vector fields Z1, ..., Z, denoted by Zj 1, ..., Zx
(and similarly the isomorphic copies of X; = Z;, i = 1,...,m). As in the finite
dimensional case, let

‘Cl(el) = Z Xii— BDp + Z G Xpi X,
=1

iii—1
m

(2)

L :E 0 i X i
i—1

where G = (G;) is a constant matrix satisfying (3) and aj; = aji(w), w € (RN)%",
We will work under the additional assumption that the range of interaction is finite.
In other words a;,; will depend only on coordinates around &, ie. Zj;a;, = 0
whenever |k — j| > R. Here, the distance of two points on the lattice is defined
as |k —j| = Z;l:l |ki — 51|, where k = (ky,...k) and j = (j1,...5;). For k € Z4,
A C 74, we set dist(k,A) = inf{|k —1]) : I € A} . In addition, we will assume
that the quantities ||Zx,q;;|l« are uniformly bounded in k,j € Z¢. By A(f) we
will denote a localisation set for a function f, meaning that f depends only on
coordinates indexed by points in A(f).

We consider a Markov semigroup P2, defined via its generator

La=> £+>

kezZd keA

and we define T'y = >, | Zi, fI*,Ta = D pea Te and I' = >, ,u Ty This defini-
tion is motivated by the fact that the generators £, approximate, as A T Z¢, the
infinite dimensional generator

c=3 (L) = o
kezd kezd

This construction, the details of which are presented below, allows us to approx-
imate the infinite dimensional semigroup (e'*);>o by Markov semigroups, which
are easier to study.
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3.1 Strong Approximation Property

Given a finite set A C Z% for a cylinder function f such that A(f) C A we
introduce f, = PAf and start similarly as before by considering

O PA T1(fs) = PA, (—LATw(fs) + 205 (fs, Lafs))

n

= Ptés Z (_£A|Zk,r<fs)’2 + 2(Zk,rfs)£AZk,rfs + 2(Zk,rfs)[Zk,r; £A]fs)

r=1
n

= Ptés <_2F(Zk,rfs) + 2(Zk,7"fs)[Zk‘,T7 »CA]fs)

r=1

where T'(f) = 3,z <Zm (G + §ii/)(Xj7,'f)(Xj7i/f)>. Next, we notice that

ii'=1
[Zyry LA] = Z Z [ka,ij’i — ﬁDj} + Z Z (Zir, Givr XX 7]
czd i=1 jezd ii'=1

+ Z[Zk,ra ;i Xl

JEA i=1

)

gt

([Zkr, Xii — BDx] + i i Z1 1 Xiil)

+ Z [Zhirs Giir X i Xier| + Z Z(Zk,raj,i>Xj,ia
ii=1 JEA i=1

because Z, and X;; commute when j # k for all r,¢. Combining the above, we
arrive at

asptlisrk(fS) = 2Pt/is <_F(Zk,rf5) + Z(Zk,rfs)[zk,m Xlz,z‘ - 6Dk]fs

r=1 =1

+ > (Zir f ) Zhrs Gio X i X s+ ak,i(zk,rfs)[Zk,er,i]fs>

ii'=1 i=1

+ 2P N (Zin fo) (Zr i) (X f)

JEA i=1 r=1

S 2(_6/\* + é)Ptést(fS) + 2Pt1§s Z Z Z(Zk,’rfs>(Zk,raj,i)<Xj,ifs)a

JEA i=1 r=1
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with some constant C dependent only on the structure constants cj, G;; and
||ags||. For the last sum, we use Young’s inequality to get

23 3N (i f) (Zrrag i) (X ) <

JEA i=1 r=1

Z Z |Zk,rak,i| (|Zk,7"fs|2 + |Xk,ifs|2)

=1 r=1
+ Z ZZ |Zkﬂ’aj7i| (|Zk,7"f8|2 + |Xj,if5|2)
JEAj#£k i=1 r=1

< Ale(fs) + Z My, ;15

JEA,j#K

with

m n
Ay = max Zy|zk,rak,i||oo+ max Zuzk,,ak,iuoo
r=1,...,n 4 i=1,....m "y

£ > max Zuzmaﬂuw

JEAjFK

Mk,j = HlaX (Z HZk rQ, zHoo) )

which are finite quantities by our assumptions. We therefore arrive at
O.PATL(f,) < —RPATW(f)+ S MR (f) (22)
JEAj#k
with .
C =C+ sup Ay and R=2(0A —C).

kezd
Solving this differential inequality, we obtain the following bound:

Lemma 3.1. There exists constants & € R and My; € (0,00), My ; = 0 for
|7 — k| > R, such that for any A C Z¢ and any smooth cylinder function f with
A(f) C A, we have

DU(PAf) < e PAD(H + Y My / dse 5= PAL,(PAf). (23)

JEAjFK

Remark 3.2. One can use this lemma to get gradient bounds in l,, ¢ > 1 norms
for vectors T'y, k € Z2.
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Remark 3.3. For a matriz G = ((@ﬁ?/)ﬁ,zl)k,k/ezd satisfying G* + 1 > 0 and
Zk,k’ezd Sy |(A¥Z’f/| < 00, it is possible to repeat the above argument for the

=

generator given by

ba=tat Y3 X X

kk'€Zd 4 =1

Proposition 3.4 (Finite speed of propagation of information). Let f be a smooth
function and assume A(f) C A € Z%. For k ¢ A(f), we have

HFk(PtAf)Hoo < e Nk (log C—log Ny +2+log ) +Ct Z Hrijoo,
jEZA

where Nj = [W] and C > 0 is a constant. Hence, for any o > 0 there

exists T > 1 such that if N, > 1t

ITR(PA oo < 77N Y T oo

jeza

Proof. We argue similarly as in [14] (see also references given there). From Lemma
3.1, we have

t
IT(PAF)lloe < €Tl Flloc + D M,m-/ ds e "5 (PA )]l
JEAj#k 0
with My; =0, |[j — k| > R and € (0,00). This implies

IR (Pl < [Tk flloo + ZMkj/O 1T (fs)lloods

JEA

-3, / 103 () s,

jeA
since k ¢ A(f). We may iterate the above to get
M
IT(Pf)lloo < €T 17e DI flles
b

with some constant C > 0 and N, = [MRAU))] Since Nj! > elVilog Ni—=2N

||Fk(Ptf)||oo < Nk (log C—log Ny+2+log t)+Ct Z ||F]fHoo

jeza
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Now, given o > 0, we may choose 7 > 1 large enough so that log g —i—2—|—g < —20.
If N, > 7t, we then get

C C
Ny (log C — log Ny, + 2 + logt) + Ct < Ny <log— +2+ —)
T T
< Ni(—20) < —o Ny, — ot,
as required. ]

Theorem 3.5. For any t > 0 and any continuous function f the following limit
exists in the uniform norm

lim P f=PBf
A7

and defines a Markov semigroup.

Proof. 1t is sufficient to prove the existence of the limit for smooth cylinder func-
tions. To this end pick A, Ay € Z< such that A(f) € Ay C A, and choose a
sequence A™ such that A® = A;, AW = Ay and AP\ A™ = {51 is a
singleton for any n = 0,..., N — 1. Using the Fundamental Theorem of Calculus
and the fact that P;‘W is contractive, we have

oo =) <

o0

1
A () A(n+1)
RS

n=0
N-1
SZ/O

(n) (n+1)
PAY (Lyiwy — Lacnin) P fH ds
oo

3
Il
o

t
t

[y

INA
c\

(£A<n £A<n+1>)PA(n+1)fH ds

3
!
—

IA
o
o\;

ds

o

m
A(n+1)
> ;i X PN S
=1

3
|

T

ds.

e}

In,yt

IA
o\;

‘X AT g ‘

3

2L

m
2
Sl
i=1 00

t
/ ||ajn,@-r|oo¢|rrjn<PSA<“+)f>Hoods

1

IA
3

3
Il
=)
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Let o > 0. Since j, ¢ A, we can apply Lemma 3.4 to conclude that

N-1 t
|PAf —PM || <m Y IIOéjn,illoo/ 77N [N T flloods
n=0 0 jEZ
N 1 —e
<A g Wil 3 I s (21
je

provided that NV; = [w} > N > 7t for some 7 > 1 large enough, where

N = [M}%Am)} We have therefore established that if (A, € Z9)%, is a

sequence such that A, 1 Z¢ as n — oo, then (P" £) is a Cauchy sequence. [

3.2 Existence of a limit measure

Let ¢ € N be such that >, ,4(1+ |k])™¢ < co. For J# € N, define sets

Qyp = {w e (RM)*" Z(l + k) "Cd(wy) < Ji/}

kezd

and let

Q= Uypen(Qy) = {w e (RM)Z > (1 + [k])~d(wr) < oo} .
kezd
For j € Z% and w € (RV)?" we consider the (semi-)distance d;(w) = d(w;) (recall
that we write d(x,0) = d(x) where d is a metric on R"). The corresponding cut-off
p; then satisfies, (similarly as in Lemma 2.4),

PtA Z pj < Ka
JEA

for some constant Kp > 0 and all ¢t > 0. If we define T} = {2 jeari < L},

arguing as in Section 2.2, we can extract a convergent subsequence Pf: such that
for all bounded continuous f and w € Q we have P2 f(w) — va o (f).

3.3 Ergodicity of the semigroup

By Section 3.2 and Theorem 3.5 we have that for w € ) there exists a measure v,
such that

P f(w) = vu(f)
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as k — oo and A T Z%. Moreover, by Markov’s inequality, for all w € €

V() >1— % sup (/ d(:ck)yw(dx)) > (k)

kezs kezd
and thus v,(2) = 1. We will show the following result.
Theorem 3.6. There exists ty > 0 such that for t > ty, bounded smooth cylinder
function f and any w,w € €,
|P.f(w) = Pf(@)] < C(f,w,@)e”™,
where w > 0 is a constant and C(f,w,®) depends only on f,w and &.

Proof. We choose A = A(t) such that diam(A) = st for some » > 0 to be
determined later, and order the elements of A lexicographically. For w,o € Q we
can choose a suitable sequence (w*),cz¢ that interpolates between w and @ and
such that each element differs from the previous one only in single coordinate.
Moreover for all A € Z¢,

|Pif(w) = Pof(@)] <[Pof(w) = PR + [P f(w) = PR f(@)]
+|Pf(@) = PM(@)].

By the proof of Theorem 3.5 and the fact that diam(A) = s, we can find 7" > 0
such that t > T/ implies

|Ptf(w) - PtAf(w)’ + |Ptf(@) — PtAf(@)’ < C1(f,w,®)e_0t/2,

where 6 € (0,00) and C;(f,w,®) is a finite constant depending on the cylinder
function f and configurations w,w. We also have

|PAf(w) = PAF@)] < ) [P = PAF(WY)]

keAR

with A" = {k € Z% : dist(k, A) < R} where R is the range of interaction. Let
v [0,2] — Q be an admissible path connecting w* to w**!, such that 4, = 1
(recall that w* and w**! differ only in the k™ coordinate, so t, = d(wy,@y)). The
differential inequality (22) implies that

0,PA T4(PAf) < — (i — max My.;) P2 Ta(PA /)
jEz
(recall that M), ; = 0 when |j — k| > R), which after integration gives
Fk(PtAf) < e_ctPtA(FAf)
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with some ¢ € R which is positive for large 3 and can be made independent of k£ by
our assumption that the quantities || Zx ||~ are uniformly bounded in &, j € Z.
This observation together with contractivity property of P imply

ST PAFHY) - PA WY < S / VTLPAF (1))

keAR kEAR
< Z (d(wr) + d(@x)) || T PAf)Hfo < Z (d(wy) + d(@y))e % ||FA(f)||§o
et (Z 1T (f ||oo> Z (d(wr) + d(@r)) (25)
kezd kEAR

e (ank Hoo> (Co + Cz) (1 + 32)*

kezd

using that k| < st since k € A, with C,, = 37, _pza (1 + [k[)°d(wy) which is finite
since w € €2 (and similarly for Cj). Hence there exists a constant Co( f,w, @) such
that

|PMf(w) = PRF@)| < Cofw, @) (1 + set) e,

Combining the above we conclude that ¢ > T'/sc = t, implies
|Ptf(w) - Ptf(d))| S C(f7waa))6_Wt7

for some constants @ > 0 and C(f,w,w) depending only on the cylinder function
f and configurations w, @. ]

Remark 3.7. We note that in fact the estimate (25) is sufficiently strong to
include the configurations with exponential growth for which Y, e ¥ld(w;) < oo
with any v < ¢/2 which is much more than a set of measure one.

3.4 Properties of the Invariant Measure

Recall the following representation of a covariance

P f* = (Pf)* = Q/t Os L (Pr—s f)ds (26)
0

Since I' < T, if we have the following bound
I(P-f) < e ™ PI(f)

then (26) implies the following result
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Theorem 3.8. Under the conditions on the generator L there exists 3y € (0, 00)
such that for all 8 > (3, any differentiable function f, at anyt >0

Bf? (RS < 2(1— &) PI(). 27)

Hence the unique P;-invariant measure v satisfies

W~ vf) < 2T ().

We mention that by abstract arguments, (see e.g. [14], Exercise 2.9, and references
therein), the Poincaré type inequality (27) implies a uniform in ¢ > 0 exponential
bound

Pe’l < Const RO (28)
provided
52
Sl < 1 (20)

Application of this property yields the following exponential bound result:

Corollary 3.9. Under the condition of the Theorem 3.8 the invariant measure v
satisfies the following exponential bound

2
v (e‘sf) < C’onstea?r(f)eé”(f)

for any function f satisfying (27) and for which vf is well defined.

Remark An interesting question arises, which was also a part of motivation to
our work, whether the measure v can satisfy stronger coercive inequalities as for
example Log-Sobolev inequality. The known strategy of [2] to obtain log-Sobolev
requires bounds with I'y and and unfortunately fails in cases of interest to us in
this paper.

Remark Note that knowing a bit of regularity one can slightly optimize (26) as
follows. First we use

B2 — (P < /OH ds2P,T(Pr_,f) + /tt ds2P,T(P_,f)

If one would have the following regularity estimate

P(E.f) < ee)a(f)

then we get

t—e t—e t—e
/ ds2P,T(P,_,f) = / ds2P,I'(P,_._,P.f) < 2¢(¢) / dse”" === p,__T(f)
0 0 0
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< %a@)u — e )P Ty (f) <

On the other hand we have

[ aerrep < 2o - e9prg < 2enri)

Hence, with ~(¢) given as an inverse function of c(e) = 2¢(%¢), we obtain

Pof* = (Pif)* < ePicIi(f) + () BT (f)

After passing with time to infinity we obtain

v(f —vf)? <evDi(f) + (el (f)

which after optimisation with respect to the free parameter ¢ implies a generalised
Nash type inequality.
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