HOMOGENIZATION OF RANDOM FRACTIONAL OBSTACLE PROBLEMS VIA
I'-CONVERGENCE

MATTEO FOCARDI

ABSTRACT. I'-convergence methods are used to prove homogenization results for fractional obstacle
problems in periodically perforated domains. The obstacles have random sizes and shapes and their
capacity scales according to a stationary ergodic process. We use a trace-like representation of
fractional Sobolev norms in terms of weighted Sobolev energies established in [9], a weighted ergodic
theorem and a joining lemma in varying domains following the approach by [2].

Our proof is alternative to those contained in [7], [8].

1. INTRODUCTION

The homogenization of (non-)linear elliptic obstacle problems in periodically perforated domains
has received much attention after the seminal papers of Marchenko and Khruslov [32], Rauch and Tay-
lor [34],[35] and Cioranescu and Murat [15] (see [12],[4],[22],[20],[16],[17],[18],[31],[2] and [3],[6],[14],[19]
for a more exhaustive list of references). The problem has been successfully tackled by making use of
abstract techniques of T'-convergence, and fully solved in a series of papers by Dal Maso [16],[17],[18].
A constructive approach in the periodic case for bilateral obstacles has been developed by Ansini
and Braides [2]. In general, a relaxation process takes place and the limit problem contains a finite
penalization term related to the capacity of the homogenizing obstacles.

All the quoted results deal with Sobolev type energies and deterministic distributions of the set
of obstacles with deterministic sizes and shapes. More recently, two papers [7], [8] have enlarged the
stage to fractional Sobolev energies and by considering random sizes and shapes for the obstacles.
More precisely, given a probability space (Q2, 2, P), for all w € Q consider a periodic distribution of
sets T.(w) and let v.(-,w) be the solution of the problem

(=A)(y) >0 yeRY!
(=A)w(y) =0 ye RN\ TL(w), and y € Te(w) if v(y) > ¥ (y) (1.1)
v(y) > P(y) y € To(w).

The operator (—A)® is the fractional Laplace operator of order s € (0,1) defined in terms of the

Fourier transform, by 7 ((—A)%v)(€) = [£]?50(€); 9 is the obstacle function and it is assumed to be in

CHHRN-1). In case s = 1/2 the minimum problem in (1.1) is known as Signorini’s problem and it is
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related to a semi-permeable membrane model. We refer to the papers [7] and [8] for a more detailed
description of the underlying physical model.
Problem (1.1) has a natural variational character. Indeed, it can be interpreted as the Euler-

Lagrange equation solved by the minimizer of

i s U > . .
ey {Iolle vy + v 2 0 on Te(e) (12)
Here [|v] . gv-1) = [1€[**9(€)|| 2 (ra—1y is the usual norm in the homogeneous fractional Sobolev

space H*(RN-1).

An additional variational characterization of problem (1.1) can be given by following the work
by Caffarelli and Silvestre [9] who have represented fractional Sobolev norms on RM~1 in terms of
boundary value problems for degenerate (but locall) elliptic equations in the higher dimensional
half-space RY; equivalently, in terms of minimal energy extensions of a (suitable) weighted Dirichlet
integral as for the harmonic extension of H'/? functions. It turns then out that the extension u. (-, w)

of v.(,w) to RY solves the problem

wi2RY Ja|o) | Jry

inf {/ lzn || Vuly, en) [PdLY - u(y,0) > (y) y € Ts(w)}. (1.3)
RN

Here, the parameter a ruling the degeneracy of the elliptic equation equals 2s — 1 (and thus be-
longs to (—1,1)), and WH(RY, |zn|*) is the weighted Sobolev space associated to the measure
|z |*dLN (y, 2n).

To investigate the asymptotic behaviour of u.(-,w) as € vanishes some assumptions have to be
imposed on the obstacles set T (w). Mild hypotheses have been introduced in [7], [8]: the set T.(w) is
the union of periodically distributed sets (but with random sizes and shapes!) whose capacity scales
according to a stationary and ergodic process v (see (Hp 1) and (Hp 2) in Section 2). Under these
assumptions Caffarelli and Mellet [8] have proven that there exists a constant ag > 0 such that the
solution u.(-,w) of (1.3) converges locally weakly in W1?(RY, |zx|*) and P a.s. in Q to the solution

u of

in / o] Vuly, )L + 20 / () — uy.0) VOPdy S (L4)
Wi2RY [zn|®) | JRY 2 Jry—r

¥
The proof of such a result is based on Tartar’s oscillating test function method (see [36], [15] and [14]
for further references) by developing some ideas by Caffarelli et al. [11] for the homogenization of fully
nonlinear, uniformly elliptic PDEs in order to build up the appropriate corrector. Some regularity
results for fractional obstacle problems established by Caffarelli et al. [10], and for degenerate elliptic
PDEs are also relevant.

The aim of this paper is to give an alternative elementary proof of the above quoted homogenization
results via I'-convergence techniques. We are able to avoid the use of the regularity theory developed

in [10] and to relax the smoothness assumption on the obstacle function ¢. In addition, we determine
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explicitely the constant ag in the capacitary contribution of the limit energy, and show that it equals
the expectation of the process E[y] (see Theorem 2.4).

Despite this, the proof is not self-contained since we still use the trace-like representation for
fractional norms established in [9]. A direct approach deserves additional efforts because of the
difficulties introduced in the problem by the non-locality of fractional energies (see [23]).

The main tools of our analysis are a joining lemma in varying boundary domains for weighted
energies and a weighted version of Birkhoff’s ergodic theorem. The joining lemma follows the lines
of the analogous result in perforated open sets for standard Sobolev spaces proved by Ansini and
Braides [2]. It is a variant of an idea by De Giorgi [21] in the setting of varying domains, on the way
of matching boundary conditions by increasing the energy only up to a small error. This method is
elementary and based on a clever slicing and averaging argument, looking for those zones where the
energy does not concentrate. The joining lemma allows us to reduce in the I'-limit process to families of
functions which are constants on suitable annuli surrounding the obstacle sets. Thus, to estimate the
capacitary contribution close to the obstacle set T.(w) we exploit the capacitary scaling assumption
on the process v together with a weighted variant of Birkhoff’s ergodic theorem (see Theorem 4.1).
This argument allows us to show that ag equals E[v].

In Section 2 we list the assumptions and state the homogenization result. To avoid unnecessary
generality we deal with the model case of p-norms, p > 1 suitable, since this case contains all the
features of the problem. Section 3 collects several results concerning weighted Sobolev spaces in case
the weight function is a Muckenhoupt weight of the form w(y,zn) = |zn|* A weighted ergodic
theorem relevant in our analysis is proved in Section 4. In Section 5 we prove the I'-convergence

theorem. Finally, in Section 6 we indicate several possible generalizations.

2. STATEMENT OF THE MAIN RESULT

2.1. Basic Notations. The ball in RY with centre  and radius r > 0 is denoted by B,(z), and
simply by B, in case z = 0. The interior and the closure of a set £ C R are denoted by int(E) and
E, respectively. Given two sets E CC F in RN, a cut-off function between E and F is any ¢ € C5°(F)
such that ¢|g = 1.

Not to overburden the notation each set E C RY~! and its copy E x {0} C RY will be undistin-
guished.

In the sequel U denotes any connected open subset of the half-space RY = {z = (y,zy) : y €
RYN~! 2y > 0} whose boundary is Lipschitz regular. The part of the boundary of U C Rf lying on
{zn = 0} is denoted by InU := 0U N {xzn = 0}.

We use standard notations for Hausdorff and Lebesgue measures, and Lebesgue spaces. The inte-
gration with respect to the measure HN~'_{zy = 0} is denoted by dy, and for V C {zy = 0} the
spaces LP(V, HN =1L {zy = 0}) simply by LP(V), p € [1, +0].
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The lattice in RV ~! underlying the periodic homogenization process is identified via the points
yi = ig; € RV 2t = (y1,0) € RN and the cubes Q} := yi +¢;[-1/2,1/2)V"1 ¢ RV,
i € ZV-1. Here, (€j); is a positive infinitesimal sequence. Finally, for any set £ C RV~ define

I;(E)={icZ""": Q} C E}.

2.2. I'-convergence. We recall the notion of I'-convergence introduced by De Giorgi in a generic
metric space (X,d) endowed with the topology induced by d (see [19],[5]). A sequence of func-
tionals F; : X — [0,4+o00] I'-converges to a functional ' : X — [0,400] in v € X, in short
F(u) =T-lim; F;(u), if the following two conditions hold:

(i) (fiminf inequality) ¥V (u;) converging to w in X, we have liminf; Fj(u;) > F'(u);

(ii) (limsup inequality) 3 (u;) converging to u in X such that limsup; F(u;) < F'(u).
We say that F; I'-converges to F (or F= I'-lim;F;) if F(u) = I'-lim; F;(u) Yu € X. We may also
define the lower and upper I'-limits as

I-limsup Fj(u) = inf{limsup Fj(u;) : u; — u},
J J

I- limlinf Fj(u) = inf{liminf F;(u;) : u; — u},
J
respectively, so that conditions (i) and (ii) are equivalent to I'-limsup; F}j(u) = I'-liminf; F}; (u) = F(u).
Moreover, the functions I'-limsup; F; and I'-liminf; F; are lower semicontinuous.

One of the main reasons for the introduction of this notion is explained by the following fundamental
theorem (see [19, Theorem 7.8]).

Theorem 2.1. Let F' =T'-lim; F};, and assume there exists a compact set K C X such thatinfx F; =
infx F} for all j. Then there exists minx F = lim; inf x F;. Moreover, if (u;) is a converging sequence

such that lim; Fj(u;) = lim; inf x F; then its limit is a minimum point for F.
2.3. Assumptions and Statement of the Main Result. We consider a probability space
(2, Z,P). For all w € Q and j € N the set Tj(w) C RN~ is given by
Tj() = Usegn TH(w)
where the sets T} (w) C Q} satisfy the following conditions:

(Hp 1). Capacitary Scaling: There exist a positive infinitesimal sequence (J;); and a process v :

ZN=1 x Q — [0, +00) such that for all i € Z¥~! and w € Q

cap,, ,(T} () = 0;(1,w).

(Hp 2). Ergodicity & Stationarity of the Process: The process v : ZN 7! x Q — [0, +00) is stationary
ergodic: There exists a family of measure-preserving transformations 7 : 2 — ) satisfying

forall i,k € Z¥ "' and w € Q

’Y(i+k7w) :’y(ikaw)a (21)
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and such that if A C € is an invariant set, i.e. A = A for all k € ZV~1, then either P(A) = 0
or P(A) = 1.

Moreover, for some g > 0 we have for all i € ZV¥~! and P a.s. w € Q

(i, w) < 7.

(Hp 3). Strong Separation: There exist &, M > 0 such that for all i € ZV~1, w € Q, and for every
g; € (0,¢) it holds T} (w) C yj —i—Mg?[—l/Q, 1/2)V=1 where 3 = (N —1)/(N — p+ a).
(Hp 4). The sequence (5jsj_N+1) has a limit in [0, +00]. We denote such a value A.
Assumptions (Hp 1)-(Hp 3) were introduced in [8] (see Remark 5.4 for a weak variant of (Hp 3)).

In the following remarks we briefly comment on the previous assumptions.

Remark 2.2. The capacitary scaling assumption implies that
cap, ,, (Tj(w)) < Z cap, ,(T5 (w)) = §; Z (i, w).
i€zZN-1t i€zZN-1t
Heuristically, we may assume cap,, , (Tj(w)) ~ > ;czn-1 cap, (TH(w)) since the obstacles T} (w) are
sufficiently far apart one from the other by the strong separation assumption. Hence, by taking into

account Birkhoff’s individual ergodic theorem P a.s. in Q we infer
cap, ,, (Tj(w)) ~ AE[7].

Thus we can distinguish three regimes according to the asymptotic behaviour of §;6=NT1 (see Theo-

rem 2.4).

Remark 2.3. The stationarity property is a mild assumption in order to have some averaging along
the homogenization process, a condition weaker than periodicity or quasi-periodicity. It implies that
the random field v is statistically homogeneous w.r.to the action of traslations compatible with the

underlying periodic lattice, e.g. the random wvariables v(i,-) are identically distributed.

With fixed exponents a € (—1,400) and p € ((1+a)V1, N+a) (these restrictions will be justified in
Section 3, Remark 2.11 and Appendix A), consider the measure p := |zx|*dLY and the corresponding
weighted Sobolev space W1P(U, 1) (see Section 3).

Let 1) be upper bounded and continuous in the relative interior of Oy U w.r.to the relative topology
of {xnxy = 0} (for some comments on this assumption see Remark 2.10) and define the functional
F;: LP(U, p) x Q@ — [0, +o0] by

/U \VulPdp  if w e WHP(U, ), @ > 1 cap, , q.e. on Tj(w) NOnU

Fj(u,w) = (2.2)

400 otherwise.
Here, cap,, , is the variational (p, pv)-capacity associated with u, and @ denotes the precise represen-
tative of uw which is defined except on a set of capacity zero (see Section 3).

To state the main result of the paper and not to make it trivial we also assume that (see Remark 2.9)
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(Hp 5). there exists f € WYP(U, ) such that f>v cap,, , q.e. on INU.

Theorem 2.4. Assume (Hp 1)-(Hp 5) hold true, N > 2, and that a € (—1,4+00), p € (1 +a) V
1,N +a).
Then there exists a set Q" C Q of full probability such that for all w € Q' the sequence (Fj(-,w));
T-converges in the LP (U, i) topology to the functional F : LP (U, ) — [0, 4+00] defined by
1
Fl = [ 1Vl du+ 3ABG] [ )~ ulo.0) v OPdy (23)
U U

if u e WHP(U, i), +o0o otherwise.

In case U is not bounded equi-coercivity for the functionals F; is ensured only in the LV (U, u)
topology. A relaxation phenomenon takes place and the domain of the limit has to be slightly enlarged

according to Sobolev-Gagliardo-Nirenberg inequality into
KP(U, ) = {u € LV (U, 1) : Vu € (LP(U, 1)V}, (2.4)

where p* = (N + a)p/(N + a — p) is the Sobolev exponent relative to WP(RY, ;1) (see Lemma 3.3).

We show I'-convergence in that case, too

Theorem 2.5. Under the assumptions of Theorem 2.4, if U is unbounded there exists a set Q' C Q
of full probability such that for all w € ' the family (F;(-,w)); I'-converges in the L}, (U, 1) topology
to the functional F : LY (U, u) — [0,+00| defined by

loc
Flw = [ 1Vl du+ 3ABG] [ ((wl) — ula.0) v OPdy

if ue KP(U,u), 00 otherwise.

The set ' referred to in the statements of Theorem 2.4, 2.5 is defined in Section 5 below.

Theorem 2.4 is compatible with the addition of boundary data. Assume that U is bounded, denote
by ¥ a non-empty and relatively open subset of OU \ dyU, and by W&’EP(U, ) the strong closure in
WLP(U, 1) of the restrictions to U of functions C°°(R") vanishing on a neighbourhood of 3. Further,

we require that ¥ N OyU = 0 to avoid additional technicalities.

Corollary 2.6. Assume that U is bounded, ¥ is chosen as above, and that (Hp 1)-(Hp 4) hold true.
With fited N > 2, a € (=1,+00), p € (1 +a)V1,N +a) and ug € WYP(U,u) s.t. g > ¢
cap,, g-e. on ONU there evists a set Q" C Q of full probability such that for all w € Q" the
functionals F;(-,w) + %qurWOl;Ep(U’H) I-converge in the LP (U, u) topology to F + ‘%uo+W(}j§(U,u)’ where

Z 0+ WEE (U ) is the 0,400 characteristic function of the subspace ug + W&’S(U, ).

u

I'-convergence theory then implies convergence of minimizers provided the equi-coercivity of the
F;’s holds (see Theorem 2.1). That property is ensured by [27, Theorem 8] in case U is bounded, and
by Lemma 3.3 below if U is unbounded.
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Corollary 2.7. Under the assumptions of Corollary 2.6 let g € L”/(U, ), p' denotes the conjuate

exponent of p, and u;(-,w) be the minimizer of
min {j’:j(u,w) — /Ugudu DU € ug + W&’;(U, ,u)} )
then (u;) converges weakly in WP (U, ) and P a.s. in Q to the minimizer of
min {f(u) - /Ugudu Du € ug + W&,’g(U, ,u)} .
In addition, if U = RY and g € LU, u) the minimizer uj(-,w) of

min {]—'j (u,w) — /R

converges locally weakly in Wl’p(Rf, 1) and P a.s. in Q to the minimizer of

min {f(u) _ /R

Remark 2.8. Theorem 2.4 recovers the results established in [8] for p = 2. Indeed, in the statement

gudpy uEW&’p(Rf,u)},

N
+

gudp: u € Wol’p(Rf,u)}.

N
+

there N > 2, a € (—1,1) and thus the compatibility condition between a and p is satisfied. The results

contained in [7] can also be inferred by the method below (see Section 6).

Remark 2.9. In case U has finite measure (Hp 5) is unnecessary since the constant function supy, ¢y ¥
satisfies it. In general, (Hp 5) suffices to ensure that I'-liminf F; is finite in some point, i.e. on f.

Actually, from Propositions 5.2, 5.8 below we get I'-lim; F;(f) = F(f).

Remark 2.10. In [8] the obstacle function 1) is taken to be defined on the whole of U and to be C11(U),
which clearly implies supy, ; ¥(-,0) < 400 if U is bounded. The latter condition is guaranteed also
if ONU = RN™1 since the T'-limit is finite in some point (see Remark 2.9). Indeed, in such a case it

follows that ¥(-,0) V0 € LP(RN~1). More generally, this holds whenever OnU is not quasibounded.

Remark 2.11. The restrictions a > —1 and p > 1 4+ a avoid trivial results. Indeed, if a < —1 or
p < 1+a then WHP(U, ) = Wy (U, ) (see [30, Proposition 9.10]), and the compatibility condition in

(Hp 5) leads to ¢ < 0. Hence, no finite penalization term would appear in the homogenization limit.

3. SOBOLEV SPACES WITH A;,, WEIGHTS

3.1. Generalities. We recall that a function w € L (R, (0, +00)) is called a Muckenhoupt p-weight

loc

for p € (1, +00), in short u € A,(RY), if w € LL (RN, (0,+00)) and

loc

p—1
sup T_N/ w(x) dr T_N/ wt/ =P () da < +o00. (3.1)
r>0,z€RN B, (z) B,(z)

In the sequel we will consider only weight functions of the form w(z) = |xn]|%, with a € (—1,400)

and p > (1 +a) V1 in order to guarantee (3.1) (see Appendix A and Remark 2.11). Then we define
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the Radon measure i on RY by pu:= wdLY. Take note that £V < pand p < LY. If AC RV is an
open set the space H"P(A, u1) defined as the closure of C*°(A) in LP(A, u) under the norm

ol zrran = llellraw + IVellLrawm~

shares several properties with the usual unweighted case. In particular, Meyers and Serrin’s H = W
property holds (see [27]). We will give precise references for those properties employed in the sequel
in the respective places. We will mainly refer to the book [25], and to [30] when the general theory of
weighted Sobolev spaces is concerned. Hereafter we quote explicitely only those results which will be

repeatedly used in the proofs below.

Lemma 3.1. Let A C RY be a connected bounded open set, then for any E C A with LN (E) > 0
there exists a constant ¢ = ¢(A, E,N,p, ) > 0 such that

/ lu — uppPdp < crp/ [VulPdu (3.2)
rA A

T

for any r >0 and u € WhP(rA, p), where uyg = 4, , udp.

The (scaled) Poincaré inequality stated above can be inferred by the usual proof by contradiction
in case r = 1 and a simple scaling argument (see [25, Theorem 1.31] for weak compactness results in

weighted Sobolev spaces).

Remark 3.2. By applying Lemma 3.1 to A = E = Bp,,(x)\ Bi(z), with x € RY and 0 <r < R
fired, an additional scaling argument shows that if v = (y,zn), y € RN~ the constant in (3.2)

depends on A only through xy and the ratio R/r being u invariant under horizontal traslations.
Let us then establish a weighted Sobolev-Gagliardo-Nirenberg inequality.

Lemma 3.3. Leta € (—1,400), p€ (1 +a) V1,N +a). There exists a constant ¢ = ¢(N,p,u) >0
such that
[ull Lo vy < el Vull (Lo @y )~ (3.3)

for all u € KP(RN 1), where p* = (N +a)p/(N +a — p) (see (2.4)).

Proof. Let us first notice that the measure p is p-admissible according to [25, Chapters 1,5]. By [25,
Theorem 15.21] and [24, Theorem 5.1] there exist a constant ¢ = ¢(N, p, 1) > 0 such that

. 1/p* 1/p
(][ |ul? du) <cr (][ |Vu|pdu> (3.4)
B, B

for all » > 0 and u € C§°(B,). Clearly, (3.4) rewrites as (3.3) by simplifying the means being the
measure y = |zx[*dLY (N + a)-homogeneous.

The equality WHP(RN, ) = Wy P(RN, i) (see [25, Theorem 1.27]) and (3.4) justify (3.3) for
Sobolev maps by a density argument. Eventually, given u € K?(RY, 1) let ¢, be a cut-off function
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between B,, and Bs, with ||V, < 2/nP. We claim that u, = p,u € WIP(RN, pu)

Hz()L“’(RN NN
converges strongly to u in LP (RN, 1) and Vu,, converges strongly to Vu in (L?(RY, 1))V, Indeed,

R
RN RN\ B,

n

and by Holder’s inequality the conclusion then follows,

217
/ IV (ty, — )[Pedps < 207 / VulPdp+ = JulPdp
RN RN\B,, " J B2y \Bn

*

p/p
SZ’H/ " VulPdp + 2 (u(By \ By))P/ V) </ lulp*du) '
R By B

2n\Bn

Finally, we recall a trace result in the weighted setting.

Theorem 3.4 (Theorem 9.14 [30], Sec. 10.1 [33]). Let A C RN be a Lipschitz bounded open set, if
a € (—1,400) and p > 1+ a there exists a compact operator Tr : WHP(A, u) — LP(OnA) such that

Tr(u) = u for every u € C*(A).

In the rest of the paper to denote the trace of a function u € W1P(A, ) on Oy A we use the more

appealing notation u(-,0).

3.2. Variational (p, u)-capacities. We recall the notion of variational (p, )-capacity (see [25, Chap-
ter 2]): Given any open set A C RY and any set E C R define
cap, ,(E, A) = o opeixlll;fA';E} inf {/A \VulPdp : uwe WyP (A, ), u>1LY ae. on A’} ,

with the usual convention inf ) = +oo0. In case A = RN, N > 2, we drop the dependence on A and
write only cap,, ,(F).

Recall that a property holds cap,, , g.e. if it holds up to a set of cap, , zero. In particular, any
function u in WP(A, u) has a precise representative @ defined cap, , d.e. (see [25, Chapter 4] and
[26]). By means of this result the following formula holds (see [25, Corollary 4.13] and the subsequent

comments)

cap, ,(E,A) = inf {/A \VulPdy : u e WyP (A, p), 4> lcap, , q.e. on E} . (3.5)

Thanks to (3.5) it is easy to show that if A is bounded the minimum problem for the capacity has
a unique minimizer u®4, called the (p, u)-capacitary potential of E in A. Instead, in case A = RV
the minimizer might not exist. The minimum problem has to be relaxed, so that it has a (unique)
solution, denoted by u, in the space K?(RY, ) by Lemma 3.3.
Simple truncation arguments imply that 0 < u® <1 £V a.e. on R¥, and for every A > 0 we get
by scaling
cap, ,(AE,AA) = AN "PTecap (B, A). (3.6)
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For this reason we will restrict ourselves to the range p < N + a to be sure that points have zero
capacity (see for instance [25, Theorem 2.19]).
If A and FE are symmetric with respect to the hyperplane x = 0 then the (p, u)-capacitary potential

of E in A, u®4, enjoys the same symmetry and in addition it satisfies
1
/ \VuP APy = —cap, ,(E, A). (3.7)
ANRY 2 '

Moreover, cap, ,(E + 2, A+ 2) = cap,, ,(F,A) if z € RN~ x {0}, being p unaffected by horizontal
translations.

Some further properties are needed. The results below are elementary, but since we have found no
explicit reference in literature we prefer to give full proofs.

First we show that set inclusion induces a partial ordering among capacitary potentials.
Proposition 3.5. Assume E C F, then u® <u¥ LY a.e. in RY.

Proof. Assume by contradiction that £V ({uf" < uf}) > 0, then the test-function ¢ = (u¥ —uf) V0 €
WyP(RN, ) is not identically 0. Notice that

VP —uf)y LN ae. in {uf <uf}
V= (3.8)
0 LN ae. in {uf <ulf'}

(see [25, Theorem 1.20]). By exploiting the strict minimality of uf for the capacitary problem related
to F, and by comparing its energy with that of u” + ¢, (3.8) entails

/ VuF Pdy < / VU Pdp, (3.9)
{uF <uf} {uF <uf}

Let us now define w = u” Au’", then w is admissible for the capacitary problem related to E, and by

computing its energy we infer from (3.9)

/ VewlPdy = / IV Pdp + / IV Pdp < / IV Pdp,
RN {uf <uf} {uf <uP} RN

which is clearly a contradiction. O

In turn, Proposition 3.5 yields uniform convergence of the relative capacities to the global one for
sets contained in a bounded open given one. In doing that we exploit De Giorgi’s slicing-averaging

method to refine the cut-off argument contained in Lemma 3.3.

Proposition 3.6. For any bounded set E C RN we have
limcap,, ,(E, By,) = inf cap,, ,(E, B,,) = cap, ,(E). (3.10)
Furthermore, given a bounded open set A C RN, then

lim  sup |cap, ,(E, By,) — cap, ,(E)| =0. (3.11)
" (E:ECA} ' ’
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Proof. Assume E CC B,,, and let ¢* be a cut-off function between B, and Bp(k41), n,7 € N with

n

n>r>mandk € {1,...,r—1}, such that ||V<pﬁ||’(’Lm(RN))N < 2/nP. Thus, for every such k it holds

capy (B Bue) < [ IV (ehuf)

2p
S/ |VuE|pdu+2p71/ \Vu® |Pdu + 7/ [u?Pdp.
Bk B (k+1)\Bnk ny Bpnk+1)\Bnk

Hence, by taking into account that (capp7 M(E, B;))ien is a decreasing sequence and by summing up

on k€ {1,...,r — 1} and averaging we infer
2p 2p 5
cap, ,(E, Bur) < (1 + r) cap, ,(E) + o /BM\Bn |u®Pdp.
Since u” € LP" (RN, i) by Lemma 3.3, Holder’s inequality and the (N + a)-homogeneity of u yield
op ) p/p
cap,, ,(E, Bpy) < (1 + 7’) cap, ,(E) + 2°u(By) P~ </BM\Bw |u® P du) . (3.12)

In turn, by passing to the limit first as n — 400 and then as r — 400 the latter estimate implies
(3.10) being (cap,, ,(E, Bi))ien decreasing and bounded from below by cap,, ,(E).

Eventually, to get (3.11) notice that with fixed a bounded open set A, A CC B,,, for every E C A
we have cap,, ,(E) < cap,, ,(A) and 0 < u¥ < u? by Proposition 3.5. Then (3.12) yields

p/p
2P x
0 < cap, ,(E, Bp,) — cap,, ,(E) < 7capp,u(A) + 2P (By) rP 1 (/ lut P du) .
By \Bn

By taking into account that (cap, ,(E, B;))ien is decreasing the uniform convergence is established.

O

4. A WEIGHTED ERGODIC THEOREM

In this section we prove a weighted version of the ergodic theorem relevant in our analysis. We
adopt the notation of (Hp 2) and introduce some new. First, take note that v(i,-) € L>(Q,P) for
every i € ZV71, and that the stationarity assumption (2.1) on the 73’s yields E[y(i,-)] = E[y(k,-)]

ZN—l

for every i,k € , Where

Bh ()] i= [ (5.0) ).
The common value is denoted simply by E[y]. For every i € Z¥~1! the operator T : L>®(Q),P) —
L>(Q,P) is defined by Ti(f) = f o 7. By the stationarity assumption (2.1) it is then easy to check
that & = {Ti}; .z~ 1 is a multiparameter semigroup generated by the commuting isometries ¢, for

re€{l,...,N — 1}, being {e1,...,enx_1} the canonical basis of RV ~1.

Theorem 4.1. Let v be a process satisfying (Hp 2), then P a.s. in Q

. 1 . .
h§n m iegv) ~v(i,w) = E[v], (4.1)
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and
Uy(z,w)i= > y(E,w)xg (@) = E[]  weak" L=(V). (4.2)
i€Z; (V)

for every bounded open set V.C RN~! with LN~1(0V) = 0.

Proof. Set Q1 = [-1/2,1/2)N~1 and define a process F on bounded Borel sets V of RV~1 with

values in L (2, P), as follows

Fy(w) := > v(3,w),
{i€ZN-1:i4+QCV}
with the convention that Fy (w) := 0 if the set of summation is empty. It is clear that F' is additive,
that is it satisfies
(i) F is stationary: Tj o Fyy = Fy 44 forall i € ZN-1

)
(11) f’jvluv2 = F‘V1 + sz, for disjoint Vi, Va;
(iii) the random variables Fy are integrable; and
)

(iv) the spatial constant of the process inf{j!~" [ Fjq, (w)dP} is finite.
Indeed, (i) and (iv) follow by the stationarity of v assumed in (Hp 2), (ii) by the very definition of
F, and (iii) by the positivity and boundedness of 7. It then follows from [29, Theorem 2] and [29,
Remark (b) p.294] that there exists ¥ € L1(£2,P) (actually in L>(2,P)) such that for any bounded
Borel set V of RN~ with £VY=1(0V) = 0 and P a.s. in Q it holds
lim jY Ny (w) = L8N (V)F(w). (4.3)

j——+oo

Ergodicity of the 7;’s implies that 7 is constant, in addition stationarity and boundedness of v yield

[Awae= tim ¥ [ o) e = [ 2(0.0)aP,
Q Q Q

so that the limit ¥ is actually given by E[y] (see for instance [28, Theorem 2.3 page 203]).

In particular, (4.3) still holds by substituting (j),en with any diverging sequence (a;)jen C N.
Take a; = [1/e;] (|¢t] stands for the integer part of t), then notice that for every 6 > 0 and j sufficiently
big we have for any bounded open set V with LV =1(9V) =0

af ™M) (E,w) = Fov(w)| < qoa) N # (L)AL € ZV T ray (A4 Q1) S V) < 9LV TH(9V)s),
Z;(V)

here A denotes the symmetric difference between the relevant sets, and (0V)s = {y € RV~1 :

dist(y, 0V) < §}. Since Eév_l#Ij(V) — LN=Y(V) and aje; — 1 we infer (4.1).

Eventually, in order to prove (4.2) consider the family 2 of all open cubes in RV =1 with sides

parallel to the coordinate axes, and with center and vertices having rational coordinates. To show the
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claimed weak* convergence it suffices to check that lim; [, ¥;(z,w)xq(z) dCN = = LN7HQ)E[H] for
any @ € 2 with Q C V. We have

‘/Q(\I]j(m’”) —E[y])dcN !

< Y0 AGEw) = LYTHQIER]| + 290LN T (Q\ Vier, () Q))
i€7;(Q)

and thus (4.1) and the denumerability of 2 yield that the rhs above is infinitesimal P a.s. in Q. O

Remark 4.2. Even dropping the ergodicity assumption, conclusions similar to those in Theorem 4.1
still hold true. Indeed, by arguing as in the proof above and exploiting only the stationarity of vy, the
limit 4 turns out to be characterized as the unique function in L (2, P) satisfying

[r@wde = [

I I
for every set I € & invariant w.r.to the 7;’s. Thus, if & denotes the o-subalgebra of the sets in &

invariant w.r.to the 73 ’s, 7 is the conditional expectation of v(0,-) relative to &, denoted by E[vy, 7).
Statement (4.2) then follows analogously.

5. PROOF OF THE MAIN RESULT

Throughout the section the open set U C Rf will be fixed. Thus, for the sake of simplicity we
denote Z; := Z;(OnU). Furthermore, (V,,)nen will always denote a sequence of bounded open subsets
of OnU with Lipschitz boundary such that OyU = U, V,, and V,, CC V1.

The set € mentioned in Theorem 2.4 is defined as any subset of Q of full probability for which
(4.1) and (4.2) hold true for V,, for every n € N.

In some computations we find inequalities involving constants depending on U, N, p, u etc... but
are always independent from the indexing parameter j. Since it is not essential to distinguish from
one specific constant to another, we indicate all of them by the same letter ¢, leaving understood that
¢ may change from one inequality to another.

Below we prove a joining lemma on varying boundary domains for weighted Sobolev type energies.
The argument follows closely that by [2] in the unweighted case for the periodic homogenization on

perforated open sets (see also [1] for the analysis of the nonlinear Neumann sieve problem).

Lemma 5.1. Let (u;) be converging to u in LP(U, ) for which sup; [|u;|lw1.r@,u) < +oo.

Let k € N and w € Q be fized, then for all i € Z; there exists hy € {1,...,k} such that, having set
ih . i —h i,h ._ pih i h+1
Byt i={zeU: [z —x;| <27}, Cy":=DBy"\By"",
there exists a sequence (v;) converging to w in LP(U, u) and such that for every j € N

vi=u; on U\ Uiesz';’hi, (5.1)
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3
v;(z) = (u)) o s zf|x—x|—42h€],x€U (5.2)
LﬁwwN/www]u/ VP (53)
Use. fj(A)Q;X(O,Ej)

for some positive constant c independent from j and k, and for all open sets A C U where
Fi(A)={ieI;: Q;ﬁA#@}.

Furthermore, the functions ; = Ziezj (uj ) shX @y converge to u in LY (OnU).

Proof. For all j € N, i € Z; and 1 < h < k denote by @;’h a cut-off function between S;’h ={z €
U: |z—aj|=327"e;} and U\ C;’h, with ||V<p;’hH(Loo(RN))N < 2h+25;1. Then define
ih

s i,h ih .
;i (uj)cji,”1 +(1— P Juj  on Cj y1€T;

Uj otherwise on U.

Being Lip(¢}")27"2¢; < 1 we infer

9h+2 p
Lhp () 1P
IV e iy S IV sy + ( € ) /c i = (ug) gpn [Py

J

By definition the ratio between the outer and inner radii of C;’h equals 2 for every i, 7, h, thus by

taking into account Lemma 3.1 and Remark 3.2 we get

IV 17 < | VY (5:4)

(LP(C5" )N (LP(C5" )N
for some positive constant ¢ depending only on N, p and p.

By summing up and averaging in h, being the C;’h disjoint, we find h; € {1,...,k} such that

IV (5:5)

¢ P
(Le(C3M )N < E”vujH(LP(Q_‘;X(QEJ'),M))N’
Define v; = vji»’hi on Uz, C'Ji»’hi and v; = u; otherwise, then (5.1), (5.2) are satisfied by construction.
Estimate (5.3) then follows easily from (5.1), (5.4) with A = h; and (5.5).
To prove that (v;) converges to u in LP(U, i) we use again Lemma 3.1. Indeed, by the very definition
of v; we have

||UJ UJHLP(UN) Z”uﬂ UJ”Lp(clh
i€Z;

<D My = ()

i€z,

.
<ey, (25,) 19007 ooy S € NTU M 0y
i€T;

Eventually, let us show the convergence of ({;) to w in L{. (dnU). The (local) compactness of the

loc

trace operator (see Theorem 3.4) and the very definition of v; entail for any open set V- CC OnU

timsup 1G5 — wl ) = limsup IG5 = w5115, ) < limsup D fluy = ()| (56)
J J

i€Z;

Lr(Q3)"
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An elementary scaling argument and the Trace theorem 3.4 yield

s = ()

—1—a
< g (”“J’ = () geons ip(@;xm,sj),u)+5§”V“J'||?Lp<@_§-x<o,sj>,u>>N> (5.7)

for some positive constant ¢ depending only on N, p and p. Since the scaled Poincaré inequality (3.2)

entails
g = (i) cams Lot x 0e1m < 51V o0 (3 x 0.0, (5.8)
the thesis then follows by collecting (5.6)-(5.8) being p > 1+ a. O
We are now ready to prove the lower bound inequality.
Proposition 5.2. For allw € Q' and u € LP(U, p)
F(u) < F—limjinf Fi(u,w). (5.9)

Proof. We may assume A € (0, 4+00), the estimate being trivial if A equals 0, while if A = 400 it can
be inferred by a simple comparison argument with the case A finite.

We use the notation introduced in Lemma 5.1, and further set

. ; 3
Bj = {x eRY: |z — Ty < 42_h15]}, (5.10)

for all i € Z; (recall that Z; = Z,;(OnU)).
With fixed u; — w in LP(U, p) with sup; Fj(u;,w) < +oo define the function
(Uj)ci.,hi on Bin U,1ie Ij
§(x) == ’ ’

vj(z) otherwise on U,

where (v;) is the sequence provided by Lemma 5.1. It is easy to check that {; — w in LP(U, u) and
sup; [|€;|lwrr(v,u) < +oo. By taking into account (5.3) and by splitting the energy contribution of v;

far from and close to the obstacles yields
(1 + %) lim inf F; (u;,w) > lim inf F; (v;, w)
J J

> 1 [ 905 U+ B0E D V057 s v
iEIJ‘

= hmlnf V&P (LU~ T limjinf Z HVUJ'H?LP(B;HU,M))N

i€Z;
> ||Vu||(Lp(U# v+ hmlnf Z HV,U-]H(LP(BlﬁUM))N (5.11)
i€Z;
We claim that for all w €
1
lim inf Z ||Vv]||(Lp BiAU )Y > §AE[fy] g U<I>(1/J(y) —u(y,0)) dy, (5.12)
N

i€Z;
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where ®(t) := (¢ vV 0)?. Given this for granted, we infer (5.9) from (5.12) and by letting k¥ — 400 in
(5.11).

To conclude we are left with proving (5.12). Denote by U = int{(y,zny) € R : (y,|zn]|) € U},
and extend v; to U by symmetry with respect to the plane zx = 0, i.e. 0;(y, zx) = v;(y, |zn]|) for
x € U. Notice that 9; € W'P(U,u) and ||V@j||pr(B;’u))N = QHV”J'H](DLP(B;mU,u))N' Thus, for every
i € Z; we infer by property (5.2) in Lemma 5.1

| -
||VUjHI()Lp(B;mU,M))N = §HVUJ'HI()LP(B;,H))N

Y

1 . i ~ i
3 inf {||Vv||1(’L,,(B;)M))N DU — (Uj)cji_,hi € WOI’P(BJ.,,u)7 v > cap, , q.e. on T; (w)}

Y

1. - i
B inf {HVUHE)L;;(RN7“))N cve Wy P(RN, ), o> — (Uj)c;,h,i cap, , q.e. on T} (w)} .

With fixed n > 0 the uniform continuity of ¢ on the open set V,,+1 CC dnU implies that ¢(y) >
¥(y;) —n for every y € Uz, (v, , )T} (w) for j sufficiently big. Thus we deduce

N =

Z ||ij||1(7LP(B;ﬁU,u))N > 5j Z 7(i7w)q)(w(yji‘) - (uj)cjyhi - 77)‘ (5'13>

i€7; 1€Z; (V1)
In deriving the last inequality we have exploited the p-homogeneity of the weighted norm, formula
(3.5), and the capacitary scaling assumption in (Hp 1).
To estimate the last term above define ¢; := Ziezj (P(y})—(uy) it ) X¢qt and consider the functions
V¥, introduced in Theorem 4.1 for V = V44, i.e.
Uy(y,0) = Y y(Ew)xes ().
1i€Z; (Vnt1)
Recall that by the very definition of ' we have U, (-,w) — E[y] weak® L>(V,4+1) for all w € 2. Being
Voo CC Vg1, (5.13) rewrites for j sufficiently big as
Lo 1N
2 190 Hanagon0 = 555) J, #s -mve) dy (5.14)
Notice that ¥; — (¢ —u(-,0)) in LP(V,,11) by the continuity of ¢ and by Lemma 5.1. In turn this
implies ®(¢; —n) — ®(p — u(-,0) —n) in L' (V,,41) for all n > 0. Hence, for any k € N, > 0 we get
1

. . X p - _ _
mint 37 19017 0 2 5450, 2000 = u0) =)

n

To recover (5.12) let n — 0T, and then increase V;, to OnU. O

In the next proposition we show that the lower bound derived in Proposition 5.2 is sharp.

Proposition 5.3. For allw € Q' and u € LP(U, p)

I-limsup Fj(u, w) < F(u). (5.15)
J
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Proof. Let us show that for every u € LP(2, ) such that F(u) < +oo and for every event w € Q' we
may construct u; € WHP(U, u) such that u; — w in LP(U, u) and

limsup F; (uj,w) < F(u). (5.16)
J
Take note that we may assume A € (0,+00). Indeed, if A = 0 we may use a comparison argument
with the former case to conclude. Instead, if A = +oo by Proposition 5.2 we have @ > ¢ cap, , q.¢
on OnU, and then we may take u; = u.

Furthermore, we may reduce to u € C%' N L>®(U), and v € L*°(dnU) and continuous in the
relative interior of OyU w.r.to the relative topology of {xny = 0}.

Indeed, suppose (5.16) proven under those assumptions. The functions ¢y := ¥ V (—=k), k € N, are
bounded and continuous on the relative interior of ONU, i > ¥p+1 > ¢ and (i) converges to v
pointwise. Denote by f;-z”“, F¥* the functionals defined as F;, F in (2.2) and (2.3), respectively, with ¢
substituted by 1. Clearly, we have F; < .7-';/”“, so that I'-lim sup; F}(u,w) < T-limsup; .7-";-”" (u,w) =
F¥k(u). Moreover, notice that F¥*(u) — F(u) as k — +oo being u € L>(U).

It is easy to check that if F(u) < 400 then F(uV (—k) A k) < +oo for any £ € N with k£ >
4]l Lo (o) (see [25, Lemma 1.19] for the fact that truncations preserve WP (U, u) regularity). The
density of C%' N L*®(U) in W'P(U, u) and the lower semicontinuity of I'-limsup; F; then establish
(5.16) for functions in WP(U, i) once it has been proven for their truncations (see [13, Theorem 1.1]
and [27, Theorem 4] for extension and density results in R, respectively).

Clearly, if ¢ is bounded we may also take the function f in (Hp 5) to be in L°°(U) upon substituting
it with its truncation at the levels £[|v|| o @y 0v)-

To conclude the proof we distinguish two cases according to whether U is bounded or not.

Step 1: U bounded. With fixed n > 0 such that

HN " ({y € ONU = ¥(y) — u(y,0) =n}) =0, (5.17)

consider the (relatively) open sets ¥ := {y € OnU : u(y,0) + n < ¥(y)}, Xn := TN V,, and the
set of indexes .#; := {i € ZN~1: Q; NY # (}. By the uniform continuity of % on V,, we have
Y(y) < Y(yj) +n for every y € Uz, (s,)T}(w) for j sufficiently big. Set X; := 6;/(N_p+a), define
TH(w) := (Ti(w) — y1)/A; and notice that T%(w) € By,—1 for some m € N by (Hp 3). Then (3.11) in
Proposition 3.6 yields

SZuAP . |Ca’pp,/_L(T]i(w)7 Bn) - Capp,y(j}i(w))‘ S n (518)
ie -

for all n > m large enough. Let fji» € Wol’p(Bn,u) be such that 5} > 1 cap,, qe. Tji(w) and

capp,u(T}(W)an) = ||V§ji'||z()Lp(BmM))N, and let ¢ € C§°(B,,) be any function such that ¢ = 1 on
Bm—17 ||v<||€LoC(BTn))N S 2 and 0 S C S 1.
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With fixed n € N for which (5.18) holds, let (v;) be the sequence provided by Lemma 5.1 with
u; = u+n and k = n. Define

(1-6 (52)) wtmen +6 (52) @eH +n) UNBL i L(5)
uj(z) = v;(z) U\ Uy, Bt (5.19)
(1-¢(52) v + ¢ (52) 1) U N By, (a2), 1 € 75\ ().
In the definition above B} is the set defined in (5.10), and f € W'?(U, u) N L>(U) is as in (Hp 5).
Take note that u; — u+n in LP(U, u) since LN ({u; # u+n}) — 0 and U, u, f, ¢ are bounded.
Clearly, i; > % cap,, , q.e. on Tj(w), and then by the choice of 5;, (3.6), (3.7) and (5.18) give

(T —at
5 s 7 (57)
HS 0T BN

for all i € ZN¥~1. An analogous formula holds for the translated and scaled gradient of (. Thus, a

p

1

0; -
d = Feap, ,(THw), By) < 5 (cap,,, (THw)) + b)

straightforward calculation implies

1 A
Fiup) < [ V0Pt 5 30 @00) ~ ugsn +mleany, (T3 + 80
iEIj(En)

127 = F18 e o IV i, 555 \ T () + 2P / V= f)Pdp (5.20)

where ®(t) = (tV0)? and D} = Uy \1,(x,)(U N By, (¢3)). By taking into account that £V (D}) —
as j — 400 we may argue as in Proposition 5.2 to obtain

I-lim sup Fj(u + n,w) S/ |Vu\pd,u+§
j U

J

+%A(EM+TZ)/ (9 (y) — u(y,0) +m)dy + 2°[u — [l oy AHNTH(E N\ Z).
\%

n

Since HN~1(0X U 0%,,) = 0, by increasing V;, to dyU we get
1
I-lim sup F; (u + 7, w) < / [VulPdp + SAE[] +n) / (Y (y) — uly,0) + n)dy. (5.21)
J U ONU

To conclude take note that (¢ —u) V0 € LP(OnyU) since F(u) < 400, then there exists a positive
infinitesimal sequence (1) such that HY =1 ({y € OnU : ¥(y) — u(y,0) = nx}) = 0 for every k € N.
Moreover, u + 1 € WHP(U, 1), being U bounded, and it satisfies (5.21). The thesis then follows by

the lower semicontinuity of I'-lim sup; F; as the rhs of (5.21) converges to F(u) as k — +oo0.

Step 2: U wunbounded. To remove the boundedness assumption on U we localize the problem:
for any open subset A of U, w € Q we denote by F;(-,w; A) and F(-; A) the functionals defined on
WLP(U, p) as F; and F, respectively, with the domain of integration U substituted with A. Consider
an increasing sequence (U,),en of bounded open Lipschitz sets in U such that U,.U, = U, B, NU C
U, € B,41NU, and denote by (V,]),en a family of open Lipschitz subsets of U, such that V,; cC V7,

with U, V" = U,.. Let ¢, be a cut-off function between B, and Bs, with ||V<pT||€LOO(RN))N < 2/rp.
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We fix > 0 for which (5.17) holds true and repeat for each U, the construction of Step 1. Further,
we join the sequence defined as in (5.19) on U, with the function f on R™ \ Us,,.. The sequence
obtained with this construction gives the limsup inequality up to a vanishing error.

More precisely, with fixed r € N and n € N such that (5.18) holds, let (u]) be defined as in (5.19)
with ¥ and X, substituted by X N Uy, and £ NV,2", respectively. Then (u}) C WP (Us,, u) and (u})
converges to u + 1 in LP (U, p). Define wf = opuf + (1 — ¢p) f, where f € WHP(U, u) N L®(U) is as
in (Hp 5). Take note that w} € W"P(U, u), (w}); converges to (u+n), = ¢, (u+n) + (1 —¢,)f in
LP(U, 1) and by definition u?}’ > cap, , q.e. on dyU. Furthermore, we have

Fj(wh,w) < Fj(uf,w; Usyp) + Fj(f,w; U\ Bay)

J— J— op
+207 1 (Fy(uf,w; Uz \ By) + F(f,w; Uar \ By)) + 7/U - [uj — flPdp.

rp

T

To estimate the rhs above we notice that by (5.3) in Lemma 5.1 the first and third terms can be dealt
with as in (5.20). By passing to the limsup first as j — 400, and then for n — 400 we get as in (5.21)

P limsup 5 ((u + m)rsw) < (14 0)F(u+ 7 Usy) + / Vi (5.22)
J U

2r

— 2P
+207H | (1) F (u+ Uzr\BT)Jr/ IV fPdp +f/ u+n— f[dp.
UZT\E T‘p UZT\E
Arguing as in Step 1, we choose a positive infinitesimal sequence (7)) for which (5.17) holds, and since
((w + m)r) converges to u, in LP(U, 1) as k — 00, the lower semicontinuity of I'-limsup; F; and

(5.22) yield

I-limsup Fj (u,,w) < F(u; Usy) + / IV fPdp
i U\Bar

— op
271 (F(u; nAB)+ [ wm) 8 RN UE (T CE)

27‘\BT

s

Finally, being the rhs in the inequality above a finite measure, the lower semicontinuity of I'- lim sup ; F;

gives the conclusion as r — 400 since (u,) converges to w in LP(U, u). O

Remark 5.4. The strong separation assumption in (Hp 3) ensures that the scaled obstacle sets
(T} (w) — y;)/6§N71)/(N7p+a) are equi-bounded and located in small neighbourhoods of the x3’s. It
turns out from the proof of Theorem 2.4 (see Propositions 5.2 and 5.3) that this condition can be

relazed into

(Hp 3)" There ezist ¢ >0 and $ € (1,(N —1)/(N — p + a)] such that for all i € ZV~', w € Q, and
e € (0,¢) the sets (T (w) — zji-(w))/s§-N71)/(N7p+a) are contained in a fixed bounded set, for

some points zj(w) € QF, and T} (w) C y} + 6?[—1/2, 1/2)N-1,
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The latter condition with 3 > 1 is needed to ensure the validity of the joining Lemma 5.1 also in this
framework. Instead, the first condition is used when applying Proposition 3.6 in the construction of

the recovery sequence in Proposition 5.3.

Remark 5.5. It is clear from Remark 4.2, Propositions 5.2 and 5.3 that Theorem 2.4 still holds even
dropping the ergodicity assumption on the 73’s. The T'-limit F : LP(U, n) x Q — [0, +00] being then
defined as the functional in (2.3) with E[y] replaced by the conditional expectation E[y, .7].

P
loc

Slightly refining the argument in Step 2 above we extend the convergence result to the Ly topology

for unbounded domains.

Proof (of Theorem 2.5). We keep using the notation introduced in Step 2 of Proposition 5.3. The
extension result in [13, Theorem 1.1] and Lemma 3.3 ensure that K?(U, p) is the domain of any
I-cluster point. Furthermore, the liminf inequality easily follows by applying Proposition 5.2 to the
localized functionals F;(-,w; U, ), and then by taking the limit as r — +o0.

Instead, to get the limsup inequality for any v € KP(U,u) we use the sequence constructed in
Step 2 of Proposition 5.3 and repeat the same arguments up to (5.23). To this aim take note that
KP(U,u) C Wl’p(U, 1). Eventually, Holder’s inequality yields

p/p"
ju—f p*du> ,

loc
and thus the conclusion follows as in Proposition 5.3 by taking the limit for » — +o0 in (5.23) since

(u,) converges to u in LY. (U, i), and u, f € LP" (U, ) by Lemma 3.3. O

loc

P g < 203, By ( /
Uz

™ Ju,\B,

AB,

Let us now prove Corollary 2.6.

Proof (of Corollary 2.6). The set Q" referred to in the statement is defined analogously to Q. Hence,
being ug + WOI”g(U, 1) weakly closed, thanks to Proposition 5.2 for all w € Q" we have

0,

P-lim inf (7 (0,0) + 2, i (@) 2 (F+ 2oy o) ()

Thus, given u € ug + W&’é’(U , 1) to conclude it suffices to verify that the construction of the sequence
(uj) in Proposition 5.3 with f there substituted by uo matches also the boundary condition since

YnoyU = 0. O

6. GENERALIZATIONS

In the previous sections we have described the asymptotic behaviour of the weighted norms on open
sets U subject to an obstacle condition on part of the boundary of U. In the present we discuss some
generalizations of Theorem 2.4. We limit ourselves to state the results in these settings, since their

proofs follow straightforward from the arguments of Section 5 (see also [2]).
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First, we point out that we have treated the case of the p-weighted norm only for the sake of
simplicity. Indeed, under only minor changes in the proofs the same results hold for p-homogeneous
energy densities. Instead, the extension to non-linear energy densities having p-growth seems to
be more difficult. The non-linear capacitary formula introduced by Ansini and Braides [2] in the
deterministic setting is related to the geometry of the scaled obstacle set. On the other hand, (Hp 1)
involves only the scaling properties of the capacity of the obstacle set, then we are led to formulate
(Hp 1) below.

With fixed any H : R — [0, 400) and t > 0 define the H-capacity of a set £ C RV by

capy ,(t, E) := “ OpeiI?fA;E} inf{ - H(Du)dp: w € WHP(RN p), u >t LY ae. on A} .

Let h: RY — [0, +00) be a convex function such that
alzl’ —1) < h(z) < co(lzl” +1)
for some constants c1, c2 > 0, and h(y,zn) = h(y, —zn) for any x € RY. Furthermore, put H;(z) :=

(N-1)p _(v-1)
EJ?V “rrep (aj Nopta as) for all z € R. A natural and compatible generalization of (Hp 1) is then

(Hp 1)'. Capacitary Scaling: There exist a positive infinitesimal sequence (J;);, a function ® € C°(R ")

and a process v : ZV 71 x Q — [0, +00) such that for all i € Z¥~! and w € Q we have
tin capyy, , (1 (T @) = 5)/0)/ ) = @(t)y(2.w)

Indeed, in case h is p-homogeneous we have H; = h, capy, ,(t, E) = tPcap, ,(1, E), and thus we may

take ®(t) = t*. In the fully deterministic setting, i.e. T3 (w) = yj + 6]1-/(N7p+a)T for some T'C RN ~1

forallw € Q,i € Z¥~1 and j € N, by assuming that (H,); converges pointwise to H (this holds upon

extracting a subsequence by the growth conditions of h), we have lim; cap H,, u(tT) = capy ,(t,T)

(see [6, Proposition 12.8]). The continuity of capy ,(-,T) holds thanks to the local equi-Lipschitz

continuity of the H;’s (which is a consequence of their convexity and the growth conditions of h).
Next we define the functional F}' : LP (U, ) x Q — [0, +-00] by

/ hWVu)dp  if ue WP(U, p), @ > ¢ cap, , q.e. on Tj(w) N OnU
U

FMu,w) =

J (6.1)

+00 otherwise.

The arguments by [2] and those of Section 5 then give the following result.

Theorem 6.1. Assume (Hp 1) and (Hp 2)-(Hp 5) hold true, N > 2, and that a € (—1,+00),
pe((1+a)V1,N+a).

Then there exists a set ' C Q of full probability such that for all w € Q' the family (ff(~,w))j
I'-converges in the LP(U, i) topology to the functional F" : LP(U, i) — [0, +o00] defined by

1
P = [ M GABR) [ @(00) - utr.0) v 0 dy (62)
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if u e WHP(U, ), +o0 otherwise.

Eventually, let us point out that similar results hold also in case the obstacles are periodically equi-
distributed inside the open set U. Clearly, conditions (Hp 1)-(Hp 5) have to be reformulated in order
to deal with the N-dimensional setting. The analogue of Theorem 6.1 is then an easy consequence of
the arguments of Section 5 and those by [2].

In particular, the homogenization results in perforated open sets by [2] can be extended to the

stationary and ergodic setting of Section 5, thus recovering the results of [7], too.

APPENDIX A

We show that w(z) = |zx|* belongs to the Muckenhoupt class A,(R”Y) under a compatibility

condition between p and a.

Lemma A.1. Forp > (14 a)V1 and a > —1 the function w(xz) = |xn|* is in the Muckenhoupt’s
class A,(RY) (see (3.1) for the definition).

Proof. Let us first point out that conditions a > —1 and p > (14 a) V 1 are imposed to guarantee the
local integrability of w and w'/(*=P) | respectively.
Being w = w(xy) and even, we may restrict the supremum in (3.1) to points z = (0, zy) with
zn > 0. Define I, (r, zn) = fB,.(z) |z n|*dz for a > —1. A direct integration yields
Io(ryzn) < 3lelynry <T \Y Z?N) , (A1)
for & > 0 and for « € (—1,0) provided zy > 2r. Instead, in case a € (—1,0) and zx € (0,2r) we have

B, (z) C Bs,-(0) and again by a direct integration we deduce

1
Io(r,2n) < 2Nww ( / (1 —¢2)A+e)/2 dt) (3r)NHe, (A.2)
1 +« 0

In any case, by applying estimates (A.1) and (A.2) above we infer

-1
Lory2n) (T (n2n)) < er™

1-p

for some positive constant ¢ = ¢(N, a,p). Clearly, this is equivalent to (3.1). O
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