INTEGRAL REPRESENTATION OF ABSTRACT FUNCTIONALS
OF AUTONOMOUS TYPE

ANDREA DAVINI

ABSTRACT. In this work we extend the results of [2] to a family of abstract func-
tionals of autonomous type satisfying suitable locality and additivity properties,
and general integral growth conditions of superlinear type. We single out a con-
dition which is necessary and sufficient in order for a functional of this class to
admit an integral representation, and sufficient as well to have an integral repre-
sentation for its lower semicontinuous envelope. We also show that the integrand
F(z,q) satisfies some nice regularity properties in the g—variable, in particular
a convexity—type property along lines. By adapting to the case at issue the
reparametrization techniques introduced in [17], we then prove that the family
of integral functionals associated to integrands of this kind do meet the condition
mentioned above, in particular it is closed by I'-convergence.

1. INTRODUCTION

1.1. Description of the results. In [2], the authors prove an integral representa-
tion result for a class of lower semicontinuous functionals F defined on W1 (I; RY)x
Z(I) (where p > 1, I is a bounded open interval and Z(I) denotes the family of all
open subintervals of I), satisfying suitable locality and additivity properties, and
the following integral growth conditions

b b
A / AP ds < F(y, (a,5)) < A / (14 [57) ds 1)

for every v € WHP(I;RN) and (a,b) C I, with A, X fixed positive constants. It turns
out that

b
FO(@b) = [ Flsa(s)4(s) s for every 3 € WI(IRY) and (ab) € 1,
with f defined as

1
t,,q) =i —  inf  {F(y, (bt +R) () =z, vt +h) =z +hq}.
ft 2, q) msup 5 fyewllarl'}(I;RN){ (7, ( )+ () =2, y(t+h) =x+hq}

Moreover, f(t,x,-) is proved to be continuous on RY, and convex for almost ev-
ery (t,z) € I x RV, in agreement with previous results for similar functionals (cf.
[16, 19]). As a consequence of their analysis, the authors provide an integral repre-
sentation for the I'-limit of a sequence of functionals defined as

b
Fr(v, (a,0)) = / fi(s.7(s),4(s))ds  for every vy € WHP(L;RY) and (a,b) C I,

where fi : I x RY x RV — R are Borel functions such that

Mgl < fult,z,q) <A1 +1gl?)  for every (t,x,q) € I x RN xRN (2)
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In particular, by taking f = f for every k € N, one derives an integral representation
result for the lower semicontinuous envelope of the map

b
WP (LRN) 5y o / F(s,7,4) ds,

where f(t,z,q) is a Borel function without continuity or convexity assumptions.
In this paper we extend the results of [2] to a wider class of abstract functionals
satisfying, in place of (1), the following more general growth conditions:

b b
/ a(4)ds < F(v, (a, b)) < / B(41) ds 3)
1,1

for every v € W, . (R; RM) and (a,b) C R, where a, (3 are two superlinear functions
from [0, +00) to R, which can be taken non—decreasing and convex as well without
any loss of generality. On the other hand, we will be only concerned with functionals
of autonomous type, i.e. such that

‘7:(7(-), h+ (a, b)) = ]:(7(- + h), (a, b))
for every v € WEHR;RY), (a,b) CR and h € R.

loc
Our main motivation stems from the interest to treat integral functionals of the

kind .
L) = / LivA)ds,  ve W ((0,6,RN), ¢ >0, (4)
0

in presence of a Borel-measurable Lagrangian L : RY xRN — R, convex, superlinear
and locally bounded in ¢, uniformly with respect to x. Such growth condition can
be equivalently restated (cf. Lemma 2.3 in [17]) by saying that

a(lg)) < L(z,q) < B(lg])  for every (z,9) € RN x RV, (5)

for a suitable pair of superlinear functions «a, 3 : [0, +00) — R, which, in general,
do not grow as hP when h — +o0o, and might have different growths as well. The
model examples of Lagrangians included in this class are the one of the form

L(z,q) = V(q) +n(x)

with V() convex and superlinear, and n(-) Borel-measurable and bounded. Through
our analysis we are able to treat sequences of integral functionals of the form (4)
associated to Borel-measurable Lagrangians Ly (z, q), convex in ¢, and satisfying (5)
for a fixed pair of superlinear functions «, 3, and to prove that their I'-limits admit
an integral representation of the same form.(l)

In particular, we get that the lower semicontinuous envelope of (4) admits an
integral representation for some Borel-measurable L : RN x RV — R (cf. 6, 9, 10,
23, 24]). This result turns out to be very useful when one is interested in proving
the local Lipschitz—continuity in (0, +00) x RY of the walue function

v(t,z) := inf {u(y(O)) —I—/O L(v(s),%(s))ds : v € Wl’l([O,t],RN), ~(t) = x}

associated with a possibly discontinuous initial cost u : RY — [0, 400], and with a
discontinuous Lagrangian of the kind considered above (cf. [15, 17]). According to
what proved in [15], v has the desired regularity if the infimum above is attained for

1Throughout the paper, Wllo’j(R; RN) will be regarded as a metric space, endowed with the
topology of uniform convergence on compact subsets of R.
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every (t,x) € (0,4+00) x RV, Yet, this need not be true in this case, no matter how
regular u is. In fact, the lack of continuity of L does not guarantee that the associated
action functional ! is lower semicontinuous on W11 ((0, t), RN ) with respect to the
suitable convergence which assures the existence of minimizers, which, in this case,
turns out to be the uniform convergence (cf. Proposition 2.3). By classical results
of Olech [25] and Ioffe [22], the latter is in fact assured if the Lagrangian is lower
semicontinuous in x and convex in ¢. This difficulty can be overcome by looking for
a relaxed formulation of the problem, consisting in replacing the functional L! in
the minimization formula above with its lower semicontinuous envelope Et, but to
conclude one needs to know that the latter admits an integral representation.

We now describe in a more detailed way the content of the paper. We will also
underline the main technical difficulties and differences with respect to [2], which
have made the extension of their results to the present setting non trivial at all.

We start by introducing, in Section 2, a family A of abstract functionals of au-
tonomous type sharing the main properties enjoyed by (4) (see (F1)—(F4)). Following
[2], we geodesically associate with each F € A a sort of distance—function dr on
(0,4+00) x RN (see (8)), and a lenght—type functional £ (see (10) with dz in place
of d).

When « and 3 have p—growth, we know by [2] that £ is indeed the lower semicon-
tinuous envelope of F and does admit an integral representation. A crucial step in
the proof is showing that df((O, ), (¢, )) is continuous on RN x RY | for every ¢ > 0.
This fact basically relies on the possibility to derive suitable a priori LP—estimates
on the derivatives of quasi—optimal curves. The general assumptions made here on
« and (B do not allow us to use the same arguments, the main obstruction being
given by the fact that « and 8 do not have, in general, the same kind of growth at
infinity.

To face these difficulties, we resort to a metric-type approach. In Section 3.1
we consider a distance function d on (R x RY) x (R x RY) satisfying the same
properties as dr, and we introduce a condition on d, namely (*), under which the
associated length—type functional £ admits an integral representation. Moreover we
show that the associated integrand is obtained by ”differentiating” the function d,
and satisfies some nice regularity properties in the g—variable, such as continuity for
every x € RY | and convexity for almost every € RV, An interesting aspect of this
study is having singled out a condition on the integrand (cf. Theorem 3.10-(v) and
(L3) in Section 4), weaker than convexity in ¢, which is necessary in order to have
lower semicontinuity of the associated action functional. This instance is specific of
the autonomous case.

In Section 3.2 we show that, when F € A is lower semicontinuous, condition (*)
holding for d = df is necessary and sufficient in order for F to admit an integral
representation (see Theorem 3.8). When F is any element of A, such condition turns
out to be sufficient to get an integral representation result for its lower semicontinu-
ous envelope (cf. Theorem 3.10), and necessary as well when a and 5 have the same
kind of growth at infinity (cf. Remark 3.11).

In Section 4 we proceed to show that the function d associated to a functional of
the form (4) does satisfy condition (*) whenever L is superlinear and locally bounded
in g, uniformly with respect to x, and such to satisfy the convexity—type assumption
(L3). This is accomplished in Section 4, see Theorem 4.2. The consequent extension
to the case of Lagrangians locally bounded in (z, q) is easily derived via a localization
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argument (see Theorem 4.18). Most of the section is devoted to derive suitable a
priori estimates on the Lipschitz constants of quasi—-minimizers, which is the crucial
step for the proof of Theorem 4.2. We note that such constants only depend on
the kind of growth conditions assumed on L. In view of the results of Section
3, this allows us to recover compactness when dealing with sequences of locally
equi-bounded discontinuous Lagrangians (cf. Theorem 4.19), thus showing that the
family of integrands herein considered is stable with respect to I'-convergence of the
associated action functionals.

We end this introduction by briefly describing the main ideas exploited in the
proofs of Section 4. We recall that we are interested in proving that the function
defined through

d((O,y), (t,a:)) := inf {/0 L(v,%)ds : vy € Wh! ((O,t),RN), YO0 =y, v(t7) = x}

for every (y,t,7) € RN x (0,4+00) x RY satisfies condition (*) when L is a discon-
tinuous Lagrangian enjoying the properties mentioned above. This issue is strictly
related to the study of the regularity of Lagrangian minimizers, when they exist
(cf. [1, 3, 7,9, 10, 13, 23, 24, 28, 29]). The desired property for d can be in fact
recovered via a fairly easy argument (cf. proof of Theorem 4.4 in [15], or proof of
Theorem 3.8). The same argument however works as soon as we provide some a
priori estimates on the Lipschitz constants of quasi-minimizers for d((0,y), (¢, z)),
with some uniformity with respect to (y,t,z) € RY x (0, +00) x RY.

To this aim, the idea we have followed is that, in the above minimization formula,
one needs not consider all possible absolutely continuous curves connecting y to x
in time ¢; we can restrict to consider only those having an optimal parametrization,
where optimal means that we are interested in making the action of L as small
as possible. This has lead us to first consider a minimization problem with fixed
support: we fix a Lipschitz curve v : (0,£) — RY parametrized by arc-length, the
support, and we try to solve the following problem

min{ [ Lie.das s e o)) (©)

for every t > 0, where [v]; denotes the family of absolutely continuous curves ¢ :
(0,t) — RY obtained through a reparametrization of v (see Definition 4.8). Then
we introduce the notion of a—Lagrangian parametrization on curves (cf. Definition
4.11). When L is convex in ¢, it reduces to requiring that the curve satisfies the
DuBois—Raymond necessary condition for optimality, i.e.

L(v(s),7(s)) = (¥(s),p) — a for every p € 9,L(~(s),%(s))

for some constant a € R and for almost every s € (0,t).(?) Then we consider the
multifunction 7% (-) defined on R by

Ty(a) :={t>0: [v]’(a,t) is non empty } for every a € R,

where [y]’(a,t) denotes the subset of []; consisting of a-Lagrangian bi-Lipschitz
reparametrizations of v, and we remark that the relation ¢ € T,(a) implies that
problem (6) admits a solution in [y]’(a,t). Our attention is then addressed to es-
tablish the main properties of the multifunction 7’,(-), with particular interest to its

2 Here d,L(z, q) denotes the subdifferential of the function L(z,) at q.
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range | J,cr T (a) (see Proposition 4.12). When this coincides with (0, +00), we con-
clude that problem (6) is solvable for every ¢ > 0. In particular, (6) has a minimizer
belonging to [y]’(a,t) for some a € R, and its Lipschitz constant can be estimated
by some Kk, € R depending on a and on the kind of growth conditions assumed
on L only. However, our analysis reveals that the range of T (-) may actually be
a bounded interval of the form (0,7). In this instance, a solution to (6) exists if
t <T. For t > T, the minimum in (6) is only an infimum, in general; nevertheless,
we prove that this value can be obtained by minimizing the action over the family of
ke, ~Lipschitzian reparametrizations of v, where k., is a positive constant that can
be estimated in terms of the growth conditions assumed on L (see Theorem 4.14).

This information is used to get the sought a priori estimates on the Lipschitz
constants of quasi-minimizers (see Lemma 4.16): since any absolutely continuous
curve from (0,t) to RY belongs to [y]; for a suitable choice of the Lipschitz curve
v :(0,£) = RN (cf. Lemma 4.10), a quasi-minimizer for d((0,y), (¢,z)) can be
always assumed to be kg,—Lipschitz continuous, for some a € R. By using the
superlinearity of L(z,-), the constant a is last estimated with some uniformity with
respect to (y,t, ).

The analysis outlined above relies on suitable reparametrization techniques which
use in an essential way the convexity assumption (L3). The argument on which they
are based was originally introduced in [20], then developed in [18] for a continuous
and convex Lagrangian, and subsequently extended to the measurable case in [17].
In the present paper, we have replaced the convexity assumption of L in ¢ with the
weaker condition (L3). This gives rise to some technical difficulties (namely, the
convex envelope of L(x,-) does not agree with L(x,-) any longer, cf Remark 3.18 in
[17]), but the underlying idea, as well as many proofs, is the same.

2. NOTATION AND STANDING ASSUMPTIONS

We write below a list of symbols used throughout this paper.

N an integer number
B,(x) the open ball in RY of radius r centered at x
B, the open ball in RY of radius r centered at 0

(-, the scalar product in RV

[u] the integer part of u € R

R+ the set of nonnegative real numbers
P(R4) the space of all subsets of R

Given a subset U of R¥, we denote by U its closure. If E is a Lebesgue measurable
subset of R¥, we denote by |E| its k-dimensional Lebesgue measure, and we say that
E is negligible whenever |E| = 0. The characteristic function of E is denoted by X p.
We say that a property holds almost everywhere (a.e. for short) on R* if it holds up
to a negligible subset of R¥. The Euclidean norm of u € R¥ is denoted by |u|.

Given a measurable vector—valued function f : E — R™, we write || f||c to mean

1/2
(Z,’f:l HfiHLoc(E)) , where f; and | f;| po(g) denote the i-th component of f and

the L*-norm of f;, respectively. We will say that f is transversal to S C R™ if
{z € E : f(x) € S}| = 0. The notation 5 fdz and % f ds stands for \TIEI [ fdz

and ;- ff f ds, respectively. Notice that 48 fds = {¢f ds for any a # b.
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Let X C R* and B(X) the family of all Borel subsets of X. A multifunction I'
from X to compact subsets of R is said to be Borel-measurable (cf. [8]) if

{reX :T(@)NU#0}eB for every open set U C R.

We say that I' is upper semicontinuous at x if, for any € > 0, there exists § > 0 such
that
[(z) CT(x) + (—¢,¢) for all z € Bs(x) N X.

When k = 1, we say that I' is non—decreasing on X if

sup'(z) < infT'(y) for every x,y € X with z < y.
We say that I' is non—increasing on X if the multifunction —I'(-) is non—decreasing
on X.

For a function g : R¥ — (—o00, +00], we denote by dom(g) its effective domain;
i.e., the subset of RF where g is finite valued. We will say that ¢ is superlinear if

lim @ = 400
j#|—+oo ||

For a convex function f from R* to R, we will denote by 0f(x) the subdifferential
of f at x, defined as
0f(x):=={p e R" : f(y) > f(x) + (p.y —x) forevery y e R}.
The set df(x) is closed and convex. We furthermore have (see [26]):

Proposition 2.1. Let f : R¥ — R be convex. Then f is locally Lipschitz in RF.
More precisely, for every xo € R¥ and r,6 > 0, we have

2
7@~ S <le vl 2 sup f for every 2,y € By (xo).
B15(%0)

In particular, df(x) C (2 sup f) By for every x € B,.
Bri1
Given a function f : R¥ — R, we define its conjugate f* : R¥ — (—oo, +o0] as
follows:

[ (x) = sup {{z,y) — f(v) } for every = € R¥.
yERE

We record for later use the following well known facts (cf. [26, Theorem 23.5])

Proposition 2.2. Let f : R¥ — R be superlinear. Then f* is convex and locally
bounded on RF. Moreover

f@) > [ (@) = sup {(z,y) = f*(y) }  for every x € R,

yERE

with equality holding for every x if and only if f is convex. When f is convex, the
following conditions on x,x* € R¥ are equivalent to each other:

(i) fle)+ [ (@) < (z,2%);
(i) flz)+ f*(@") = (z,27);
(i) a* € of(x);
(iv)  xedf(a7).



We denote by W1((a,b),RY) the space of absolutely continuous curves from
the interval (a,b) to RY, while T/Vlicl (R,RY) denotes the space of locally absolutely
continuous curves. We endow I/Vlicl (R,RY) with the metrizable topology of uniform
convergence on compact subsets of R. We recall that a curve 7 : (a,b) — RY is said
to be parametrized by arc—length if |§(s)| = 1 for almost every s € (a,b).

Throughout the paper, «a, 8 will always denote two functions from R to R, that
are convex, non—decreasing and superlinear, namely

lim M: lim @:Jroo
h—+o00 h h—4o00 h

The following result is a consequence of Dunford-Pettis Theorem (cf. Theorems
2.11 and 2.12 in [7]).

Proposition 2.3. Let I a bounded interval of R and () a sequence in Wh1 (I, RY)
such that

sup/a(]"yn|)ds < 400. (7)
n Jr
Then there exists a subsequence (Y, )k and a curve v € WHH(I,RYN) such that

lim [, — o0 = 0.
k—o00

Remark 2.4. We point out that condition (7) implies that (vy, ), actually converges
to v weakly in W1Hi(I,RV).

Let Z(R) be the collection of bounded, open intervals of R. We denote by A =
A(a, B) the class of all abstract functionals F : I/Vllo’cl(R;RN) x Z(R) — [0, +o0]
satisfying the following properties:

Fb(y)=FL(e) if 7,6 € WEH(R;RY) and y = € ae. on (a,b), (F1)

a a loc

fgiﬁ(’y()) = ff('y(- + h)) for any a, b, h € R and v € VV&DCI(R, RN),  (F2)

FE(y) = Fl(v) + Ff () for any a < b < cand vy € Wlicl (R;RY),  (F3)

b b
/mmwsﬁms/mmw for any a, b€ R, v € WE(RiRN).  (F4)

Here the notation F(v) stands for F(v,(a,b)). When a = 0, F will be more
simply denoted by F°. Knowing the latter for any b > 0 is sufficient to identify the
functional F, in view of property (F2).

We will say that F € A is lower semicontinuous on VV;)C1 (R; RY) if FP is lower
semicontinuous on W1 ((a, b),RY ) with respect to the uniform convergence, for any

(a,b) € Z(R).

Given F € A, we will denote by F its lower semicontinuous envelope with respect
to the local uniform convergence on I/Vlf)cl (R; RY), namely the functional defined as
follows:

—=b . .. .
F,(7) :=inf {hmnlnffab('yn) i (Yn)n C Wl’l((a, b),RN), 117rln I — Yoo = 0}
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for any a < b. As well known, F is the greatest among all lower semicontinuous
functionals which are less or equal than F on I/Vl o Y(R; RN) x Z(R) (see [14]). Note
that F still enjoys hypotheses (F1)—(F4).
Choose F in A, and let s, € R and z, € RY. We define
dr((s,2), (t,y)) = mf {F/(7) : v € WH((5,),RY), 7(sT) =z, 7(t7) =y} (8)
for s < t, while we agree that dr((s,z),(s,z)) = 0, and dz((s, ), (t,y)) =

when either s >t or s =t and « # y. As a simple consequence of the defin 1t10ns
we derive the following facts.

Proposition 2.5. Let F € A and d = dr. For any x,y,¢ € RN and s,t,7 € R, the
following properties hold:

(d1)  d((0,2),(0,2)) =0 and d((0,z),(t,z)) =+oc0 when t <O0;
(d2)  d((s,2), (t,9)) = d((0,2), (t = 5,9));
(d3)  d((s, ), (t,)) < d((s,2),(7.Q)) +d((7,), (t,)):

(d4) ta <|y;x|> < d((0,2), (t,y)) gtﬁ('y;ﬂ) when t > 0.

It is apparent from the definition that
dz((0,2), (t,y)) = inf {liminf dr ((0,0), (t90)) + @0 = 2,90 =y | (9)

for every z,y € RY and t > 0. Otherwise stated, for any fixed ¢ > 0 the function
d=((0,), (t,-)) is the lower semicontinuous envelope of d#((0,), (,-)). In particular,

deg<dr  on(RxRY)x (RxRY).
Remark 2.6. It is not clear whether the inequality in the above expression can
be actually strict. Indeed, it is not hard to show that dz((0,-),(t,-)) is upper
semicontinuous on RY x RY for every fixed t > 0, but there is no evidence why it
should be lower semicontinuous. We only know that this is true when « and § have

the same kind of growth at infinity. To see this, it is enough to argue as in the proof
of Theorem 3.2 in [2] by using, in place of Lemma 3.1, the fact that

lim « ('7(8 ) = 7(8)|> n=0 for every s € (0, 1),
n—0F n

t
where v is any curve in W1((0,¢), RY) such that / a(|y]) ds < +oo.
0

To any function d from (R x R™) x (R x RY) to [0, +-00] satisfying the statement of
Proposition 2.5 we associate a functional £ : VVZ1 "(R; RY) x Z(R) — [0, +00] defined
as follows: for any a < b and v € W ((a,b),R"), we set

—sup{Zd i z z+177(ti+1)) : a_t0<“'<tn_b7n€N}a (10)

where the supremum is taken over all possible finite partitions of (a,b). The func-
tional £ satisfies hypotheses (F1)-(F4), as can be easily checked. According to our
previous notation, in the sequel we will write £° in place of Eg.
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3. ABSTRACT FUNCTIONALS OF AUTONOMOUS TYPE

3.1. A metric-type analysis. Let d be a function from (R x RY) x (R x RY) to
[0, +00] such to satisfy the statement of Proposition 2.5, and let £ be the functional
associated to d through (10). The purpose of this section is to show that the func-
tional £ admits an integral representation, provided some additional conditions are
assumed on d.

We start by recording a result that will be required later in this section (cf. proof
of Theorem 3.5). We have stated it at this point to emphasize its independence
from any additional hypothesis we will introduce on d. The proof is omitted, for
it may be easily recovered from the one provided in [2, Lemma 4.2] for the case
B(h) = A(1+ hP) with A € Ry and p > 1.

Lemma 3.1. Let z, v1, vo € RN and § > 0. Fori=1,2, set

£ = liminf d((O, z), (2 + &(h))) ) ¢ = limsup d((O, z), (h,z + §Z(h))) )
¢ h—0t h v ho0+ h

where & : [0,6] — RY is a function such that

. &(h)
| = ;.
hgéh h v

For any 0 < ¢1 < co we have

CoV9 — C1U
0252_—6151_ < (62_01)5<|2211‘>’

Cy — C1
C2U2 — €11
0263__6161’— S (62_61) /8<|62_61‘> .

+

In particular, {7 = {5 and (] = f; whenever v1 = vg.

We now add some hypotheses on d. Throughout the section, we assume that the
following condition holds:

d((0,-), (-,-)) is locally Lipschitz continuous on RY x (0, +00) x RN, (¥*)

We first prove that the £'-length of any curve v € W1((0,¢),RY) admits an
integral representation in terms of its metric derivative.

Definition 3.2 (Metric derivative). Given a curve v € W1 ((a,b),R"), we define
the metric derivative |y|4(s) of ~ at the point s € (a,b) as
d((s,7(5)), (s + h, (s + h)))

¥la(s) := li}{n Sup p - (11)

Theorem 3.3. Let condition (*) hold. Then, for any curve v € WH1((0,t),RY),

t
L) = /0 la(s) ds.

Moreover, the limsup at the right-hand side of (11) is actually a limit for a.e.
s € (0,t) whenever L!(y) < +oc.



Remark 3.4. The definition of £! and the notion of metric derivative, as well as the
integral representation formula provided by Theorem 3.3, are well known in classical
metric spaces. In some sense, in fact, the function d can be regarded as a degenerate
non-symmetric distance on the product space R x RY. The proof below is actually
inspired to the one proposed in [4, Theorem 4.1.1].

Proof. Let us set J := (0,¢) and let (¢,), be a dense sequence in J made up by
differentiability points of 7. For each n € N, we define

Ay (ta))s (s0(s)))  if s € (1)
#nls) = { 0 if 5 € (0,ty].

From (*) we deduce that ¢y, is absolutely continuous in J \ {5}, as a composition of
a locally Lipschitz function with an absolutely continuous curve, hence its derivative
©&n(s) exists at almost every point s € J. Let us define

m(s) 1= sup ¢n(s) for a.e. s € J.

We start by proving that
t
£ = [ mis)ds (12
0

and
m(s) = |¥]a(s) whenever s € J is Lebesgue point for m(-). (13)

By the definition of ¢, and the triangular inequality we infer that

) i A T RAGER) s+ )~ ) _
fla(s) = limnt A 2 Bnt = = ()

for a.e. s € J, hence, taking the sup over n € N,

lihnl[i)rif A(s,7(5)), (82_ hy(s+ 1)) > m(s) for a.e. s € J. (14)

On the other hand, by the properties enjoyed by d we know that
Y(s) — v(tn
0< d((tn, ¥(t))s (5,7(5))) < (s = 1) B (H)()!

> for every s > t,,
|s — tn]
hence inf d((tn,¥(tn)), (s,7(s)) ) = 0 whenever s is a differentiability point of . We

derive
A((5,7(9). (7.7(7))) <sup (2u(7) = pals))
=S%p/ST<Pn(<) ds < /STm(C)d€

for almost every s < 7. If s is a Lebesgue point for m(-), we obtain

d h h s+h
lim sup ((57(5)), (5 + o 1(5 + 1) < lim sup ! / m(s)ds = m(s),
h—0+ h h—07F s

(15)

and this inequality, combined with (14), gives (13).
We now prove (12). By (15) it follows

k—1

Z/t_tm m(s)ds = /Otm(C) ds

i=0 b

k—1
Z d((ti7 v(ti)% (tH—la ’Y(ti+1))) S
=0

10



for every choiche 0 =ty < t; < ... < tx = t, k € N. Taking the sup over all such
partitions we obtain

i) < /0 m(s) ds.

In order to prove the opposite inequality, choose € > 0 and let h := t/k, t; := ih,
with k& > 2 such that h < e. We observe that

F [ o) (et ) ac

1 hk—2
h/ D d((ti+ 6,7t +5)), (tirn + 6,7t +5))) ds
0 =0

IN

h
= /0 i) ds = L4().

From Fatou’s Lemma and (14) we derive

/Ot—s m(g) de < /Ot—€ I%LIE(I)I}—f d(((, 7(§)), (CZ‘ h,’}/(§ + h))) de

o 1 t—e
< lim inf / d((,7(9)); (s + by (s + 1)) ds < L),
- 0
and we conclude letting € — 0 by the Monotone Convergence Theorem.
It is now easy to conclude: when L£'(y) = +o00, the statement follows by taking
(12) and (14) into account; when Lf(y) < +oc, m(-) is integrable and the statement

is a consequence of (12) and (13) since almost every s € J is a Lebesgue point for
m(-). O

We are now ready to prove the main result of this section.

Theorem 3.5. Assume condition (*) holds. Then L is lower semicontinuous on

I/Vlic1 (R; RN with respect to the local uniform convergence, and admits the following

integral representation:

t t
L) = /O L~ (7,4)ds = /0 Lr(14)ds, v € WHL((0,6),BY) and t > 0,

where

d((O, x), (h,x + hq))

L~ := liminf
(z,q) im in A ,
d((0,z), (h, h
LT (x,q) := limsup (( z) (h@ + q)) .
h—0+ h

Moreover, the functions Lt enjoy the following properties:
(i) LT :RN xRN =R, is Borel-measurable;
(ii) a(lq)) < L*(x,q) < B(lq])  for every (x,q) € RN x RY;
(iii)  L*(x,-) s continuous on RN for every z € RV;

11



(iv) L*(x,-) is convex on RN for a.e. x € RY;
(v)  for everyt; <to in R and v € Wl’oo((tl,tg),]RN)
A= LE(y(s),A5(s)) is convex on R for a.e. s € (t1,12).

Proof. Assumption (*) implies that the functional

m—1
v Z d(ti,y(ti), tiv1, ¥(tiv1))
i=0

is continuous on W11 ((0, t), RN ) with respect to the uniform convergence of curves,
for any fixed partition 0 = tg < t; < ... < t;, = t, m € N. As a supremum of a
family of continuous functionals, the lower semicontinuity of £!(-) follows.
The integral representation formula is a consequence of Theorem 3.3, since Lemma
3.1 assures that
L™(7(5),%(8)) = L (v(s),%(s)) = [¥a(s)
whenever s € (0,t) is a differentiability point of v, that is almost everywhere.

Items (i) and (ii) are an obvious consequence of the definitions of L*, together
with the fact that (z,q) — d((0,z), (h,z + hq))/h is Borel-measurable (in fact,
continuous) on RY x R for any h > 0.

Items (iii) and (iv) may be proved arguing as in [2] (cf. Theorems 5.1 and 5.2,
respectively).

To prove (v), we make use of a ”zig—zag” argument. Let us arbitrarily fix a
Lipschitz curve « : (t1,t2) — R, and choose A1, A € R and § € (0,1) as above. Set

Ai=0A1 4+ (1 =)
We aim to prove that

LE(3(s), A 4(8)) < SL=(9(s), M A(8)+(1=0) LE(v(s), Ao 3(s)) for e, s € (b1, t2).

This is enough to conclude. Indeed, the statement follows by letting Ai, A2 and §
vary over two sets, countable and dense in R\ {0} and (0, 1), respectively, and by
using the continuity of L*(x,-) for every z € RV,

To prove the claimed inequality, we will actually show that

b b b
/Liw,mdssa/ Li<v,m>ds+<1—5>/ L* (1,0 4)ds  (16)

for any [a,b] C (t1,t2), which is equivalent. Let us fix such an interval. Up to
replacing the curve v(-) with v(a + -), we can assume a = 0. By reversing the
orientation of « if necessary, we can additionally assume A > 0. For every fixed
n € N, we define a picewise affine map 1, on [0,b/(An)] as

AL s if s € 0,65%]
Un(s) =
MO+ X (s—65%)  ifse 6L, 2]
Consider the partition 0 =t <t < --- <t = b/\ of the interval [0,b/\] obtained
by choosing
b
th o= — for each 0 < i < n,

! An
12



and define ¢, : [0,b/A] — R by setting
on(s) = At + (s —t7) if s € [t7,t},], foreachi=0,...,n—1.

The sequence (¢p), uniformly converges to the function ¢(s) := As on [0,b/)],
hence, for n sufficiently large, the curves &, := vyop,, are well defined and uniformly
converge to £ := yop on [0,b/)\]. By the lower semicontinuity of £ we infer

LY ¢) < limJirnfEb/)‘(fn).

A simple computation shows that this is equivalent to saying that

b
/ L* (7, %) ds
0

n—1 b Ao e At
. Ay . i+l + .
< liminf — 5][ L= (v, \17)ds + (1—5)][ L= (v, A27%)ds |,
notee o AL} At 25L b
and (16) follows thanks to Lemma 3.6 below. O

Lemma 3.6. Let (a,b) be a bounded interval of R and u € (0,1). For eachn € N,
let {I' : 1 <i<n}and {J" : 1 <i<n} be two collections of pairwise disjoint
intervals such that:

(a) L__Jlfi = (a,b) and 11;11;&5% |II'| = 0 asn— +oo;

(b) JrcCiIp and |J >[I >0 for every 1 <i < n.
Then

n—-4o00

n b
lim Z ]Il”][ g(s)ds :/ g(s)ds for any g € L'((a,b)).  (17)
i=1 g a
Proof. For each n € Nand 1 <i <n, set u? := L' (I?) /£ (J*) and
un () = ZM? Xgn (), z € (a,b).
i=1

Claim (17) amounts to saying that u, — X(ap) I L>((a,b)). It is easy to see that
(17) holds whenever g is continuous. As sup, ||un|/cc < 1/p, the statement follows
by density of the continuous functions into L' ((a, b)) O

Remark 3.7. We record for later use that the results of this section can be easily
generalized to functions d which satisfy, in place of property (d4) of Proposition 2.5,
the following condition

(d4') to <|y;x|> < d((O,x),(t,y)) <tpB, <|y;$|> Va,y€ B,,VneN,

where (3, )nen is a family of convex, non—decreasing and superlinear functions from
R4 to Ry. In particular, the results of Theorem 3.5 still hold, provided claim (ii) is
modified as follows:

(i)’ o(lgl) < L¥(2,0) < Bu(lal)  for any (2,9) € By x RY andn € N.

13



3.2. Integral representation of abstract functionals. We now proceed to show
that condition (*) holding with d = d characterizes all lower semicontinuous func-
tionals F € A that admit an integral representation; i.e., such that

Fi(y) = /t2 F(y,4)ds,  ~ve Wb((t1,t2),RY) (18)

t1

for any t; < to, with F : RN x RY — R, Borel-measurable. We note that, up to
suitably modifying the integrand F on a subset of RY x RY which is transversal to
s ((s),4(s)) for any v € WEHR;RY), we can always assume that

loc
a(lq)) < F(z,q) < B(lq]) for any (z,q) € RY x RV, (19)
Since F enjoys (F2), it will be enough to prove (18) for any to > 0 and ¢t; = 0.

Theorem 3.8. Let F be a lower semicontinuous abstract functional belonging to
A. Then F admits an integral representation if and only if the function d = dr
associated to F through (8) satisfies condition (*). In this instance we have:

t t
ft(v)Z/ F(%W)dSZ/ Ff(v,4)ds,  veWH((0,t),RY) and t > 0,
0 0

where

d]:((O, x), (h,x + hq))

F~ = liminf
(,q) im in h :
dr((0,2), (h,z + h
F*(:c,q) ;= limsup f(( z), (hz + Q)) .
h—0+ h

Moreover, the functions F* enjoy the following properties:
(i) F*:RN xRN =R, is Borel-measurable;
(i) a(lg) < F¥(@,q) < B(lal)  for every (z,q) € RV x RY;
(iii)  F*(xz,)) s continuous on RN for every x € RV;
(iv) F*(z,-) is convex on RN for a.e. x € RY;

(v)  for every ty <ty in R and v € WH((t1,t5), RY)
A= FE(y(s),A4(s)) is convez on R for a.e. s € (t1,t2).

Proof. Let us assume that F admits an integral representation of the form (18) for
some Borel-measurable F: RV x RN — R, satisfying (19). We want to show that
condition (*) holds with d = d. This basically follows by what proved in [15]. We
provide a proof for the reader’s convenience.

Fix z,y € RY and ¢t > 0. For 0 < r < t/2, let us denote by U, the open set
B, (y) x (t —=r,t+7r) x B.(x). We claim that there exists a constant K := K(t, «, 3)
such that

d((O, ), (-, )) is K-Lipschitz continuous in U,.
Choose (y1,t1,21) and (y2,t2,x2) in U,, and set
h:= |ty — ta| + |x1 — 22| + |y1 — ¥2/, 80 = t12t2+h.
14




Since U, is convex, it suffices to prove the statement locally, namely for small values
of h. Choose h < t2/2 so that sy < t1/2. Let 71 be a curve in Wl’l((O,tl),RN)
connecting y; to x; such that

t1

d((07y1)>(t1>$1)) = 0 F(y1,%)ds,

which does exist in force of Proposition 2.3 and of the lower semicontinuity of F.
Theorem 2.2 in [15] asserts that 7 is Lipschitz continuous and ||91||cc < & for some
constant x depending on t, o and 3 only. Choose ui,v; € RY so that

71(s0) = y2 + hua, Y1(t1 = s0) = 2 + hoy.
Note that |u1], [v1| < 1+ 2k. We now define a curve 7o : [0, 2] — R connecting y»
to xo as follows:
Y2 + suy if s € [0, h],
v2(s) ==X ~i(so+s—h) ifsé€lhty—h]
To + (tg — S)Ul if se [tg — h,tg]

Recalling that F' is positive, we get
t1

4((0,42). (t2,2)) — d((0, 1), (tr, 1)) < /0 " P2, 4n) ds — /0 Flm, A1) ds

h 12
S/ F(’yg,ul)ds—l—/ F(y2,u2)ds < 26(1 + 2k) h,
0 to—h

so, setting K := 2 3(1 + 2k4), we obtain

d((0,y2), (t2,z2)) — d((0,31), (t1,21)) < K ([t — tof + [x1 — 22| + 31 — 12])-
The claim follows by interchanging the roles of (y1,¢1,21) and (y2,t2,z2) and by
setting K := /2N + 1K.

Conversely, let us assume that dz satisfies condition (*). Since F coincides with
its lower semicontinuous envelope F, the assertion follows in view of Theorem 3.5
and of Proposition 3.9 below. O

Proposition 3.9. Let L be defined via (10) with d = dr, and assume dF satisfies
condition (*). Then L is the lower semicontinuous envelope of F, namely

L =F'()  on WH((0,t),RY) (20)
for every t > 0.

Proof. Fix ¢t > 0. By Theorem 3.5, we already know that £!(-) is lower semicon-
tinuous on Wh! ((O, t), RN ) with respect to the uniform convergence. This and the
inequality £!(-) < F!(-), which is apparent from the definition, implies in particular
that
LY <STF() on WHL((0,4),RN).

To prove the opposite inequality, we will show that, for any fixed vy € Wh! ((O, t),R
there exists a sequence of curves (y,)r C WH((0,¢),RY) with 74(0) = ~(0),
Y (t) = y(t) such that

")

)

limsup F(yx) < L'(7) and lim [y =7/l = 0.
k0o k—+o00
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Of course, we may assume that £!(y) < +o00. Fix k € N and choose a finite partition
0=ty <ty <-- <tm=twith |[t;y1 —t;| < 1/k for each i, such that

3

1
d(ti, (L), tis, Y(tig1)) < L(y) + T

Il
)

i

By the definition of d, it is easy to see that there exists a curve vy, € Wh! ((O, t), RN)
with v (t;) = v(t;) for each ¢ such that

1
Fiow) < L) + 7.
Let us show that ||z — Y|lec — 0 as k — oo. Let ag > 0 such that a(|q|) > |¢| — o
for any ¢ € RY. For each i = 0,...,m — 1, we have
bivr , 1+«
| elds < g+ L =,
t;

50 i ([t ti+1]) C v ([ts, tit1])+Bp, - The conclusion follows since pp, — 0 for kK — +o0
by the absolute continuity of the map s — L*(7y). O
In view of what seen so far, we also derive the following

Theorem 3.10. Let F € A and assume the associated function dr satisfies condi-
tion (*). Then its lower semicontinuous functional F admits the following integral
representation:

t t
Fly) = / F(7,4) ds = / FrnA)ds, e WR((0,0,RY) and t > 0,
0 0

where
_ .. d]:((O,IE),(h,{E—i-hq))
F = 1 f
(,9) im in T :
dr((0,z), (h, h
F'(z,q) := limsup ]:(( z), (hye + Q)) .
h—0t h

Moreover, the functions FT enjoy properties (i)-(v) in the statement of Theorem

3.8.

Proof. By assumption, d((0,-), (-,-)) is locally Lipschitz in RY x (0,400) x RY, in
particular it is continuous. It follows from the definitions (cf. (9)) that dr = d on
(R x RV) x (R x RY), and the statement follows by Theorem 3.8. O

Remark 3.11. When o and § have the same kind of growth at infinity, we know
by Remark 2.6 that d = dr on (R x RY) x (R x RY), hence from Theorem 3.8 we
derive that condition (*) holding for d = dr is necessary as well in order to have
an integral representation result for 7. This might be no longer true in general. In
other words, there might exist functionals F € A whose associated functions dr are
not locally Lipschitz, while dz are.
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Remark 3.12. All results of this section can be generalized to functionals F which
satisfy, in place of (F4), the following assumption:

for every n € Nand a, b € R
b b (F4')
[athar< i < [auibae for any € WER By

where (3, )nen is a family of convex, non—decreasing and superlinear functions from
R4y to Ry. To prove Theorems 3.8 and 3.10, and Proposition 3.9 in this more
general setting, we notice that the function dz associated to any such F enjoys
assertions (d1)—(d3) of Proposition 2.5, and assumption (d4’) of Remark 3.7, which
is immediately obtained by choosing a =0, b =t and y(s) =  + s(y — z)/t in (F4)
for every z,y € B, and n € N. By taking into account Remark 3.7, we can easily
conclude via the same arguments. Of course, claim (ii) in Theorem 3.10 must be
modified as follows:

(i)’ a(lgl) < L¥(z,q) < Ba(lgl)  for any (z,q) € B, x RN and n € N.

4. A CLASS OF INTEGRAL FUNCTIONALS

In this Section we will show that condition (*) is enjoyed by a wide class of (non
lower semicontinuous) integral functionals, including in particular the ones associ-
ated to integrands satisfying conditions (i)—(v) in the statement of Theorem 3.8.
By this mean, we will in particular single out a family of integral functionals which
is closed with respect to the I'-convergence. More precisely, we consider an au-
tonomous Lagrangian L : RV x RV — R, which satisfies the following assumptions:

(L1) L is Borel-measurable on RY x RV,
(L2)  a(dl) < Lz, <B(a)  forall (z,q) € RN x RV,

(L3)  for every for every t; <t in R and v € Wh((ty,t2), RY)
A= L(v(s),A¥(s)) is convex on R for a.e. s € (t1,t2).

Remark 4.1. The condition L(z,q) < 3 (|q|) for every (z,q) € RY x R is not so
restrictive as it might appear. Indeed, it amounts to saying that (cf. Lemma 2.3 in

[17])

sup {L(z,q) : (z,q) € RY x B} < 400 for any R > 0.

Condition (L3) is in particular satisfied when L(z,-) is convex for every z € RV,

We define the associated action functional L : V[/lloc1 (R; RY) x Z(R) — [0, +00] by
setting

b
L(’y, (a, b)) = / L(v,%) ds, v E Wl’l((a, b),RN), (21)

for any (a,b) € Z(R). Clearly, L is a functional belonging to A.

The main goal of this section will be proving the following result.
17



Theorem 4.2. Let L : RN x RN — R, be an autonomous Lagrangian satisfying
conditions (L1)-(L3), and L the integral functional defined via (21). Then the as-
sociated function d = d1, defined through (8) satisfies condition (*). More precisely,
for every M > 0 there exists K = K (M, «, 3) such that

d((O, ), (-, )) is K —~Lipschitz continuous in Cyy,
where Cpr := {(y,t,2) € RN x (0,400) xRN : |z —y| < Mt}

Looking back at the proof of Theorem 3.8, we see that Theorem 4.2 will easily
follow via a similar argument as soon as we get some a priori estimates on the
Lipschitz constant of quasi-optimal curves parametrized in (0,¢) and connecting y
to x, for every (y,t,x) € Cpr. That is precisely the content of Lemma 4.16. Its proof
relies on a careful analysis on the role played by reparametrizations, which will be
carried out in the next two subsections.

4.1. Preliminary tools. We start by introducing a piece of notation. Set
Q:={(z,q) € RY xRN : X — L(x, \q) is convex on R}

and
C:=an (RY xs¥).
For every (x,q) € Q, let f(x,q,-) be the conjugate of the map A\ — L(x, \q), namely
flx,q,u) = max {u\ — L(x,\q) } for every u € R,
€

which is convex and superlinear, due to (L2). Proposition 2.2 implies that
L(z,Aq) = f*(2,¢,A) := max{Au — f(z,¢,u) }

for every A € R and (z,q) € €, in particular
mRin f(z,q,-) = —L(z,0) for any (z,q) € .

For any a € R, let us define
oa(x,q) :=max{u : f(z,qu) <a} for any (z,q) € RY x RV,

The set appearing above is void whenever a < —L(z,0). In this case, we agree that
oa(x,q) = —oo. The definition of o, can be extended to the whole RY x RY by
setting o,(z, q) = —oo for every (x,q) & Q.

Remark 4.3. Under the additional assumption that L(z,-) is convex for any fixed
x € RN the definition of o, given above reduces to
oa(z,q) = max{{(q,p) : H(x,p) <a} for every ¢ € RY, a € R,

where H : RY x RN — R is the Hamiltonian associated to L through the Fenchel
transform, namely

H(z,p) := max {(p,q) — L(z,q)} .
qeRN
In this case, ¢(z, q) is actually independent of ¢ and coincides with mingy H(z,-). In

the above definition it is understood that o,(x, ¢) = —oo whenever a < mingny H(z,-).

Proposition 4.4. For any a € R, the following properties hold:
(i) oz, Aq) = Nog(z,q) for every (z,q) € RN x RN and X > 0;
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(ii)) L(x,q) > o4(z,q) — a for every (z,q) € RY x RV,

Proof. To prove (i), we can assume (z,q) € Q and a > —L(z,0), being the
statement otherwise trivial by definition of o,. Then the equality f(z,Aq,u) =
f(z,q,u/\), which holds true for every u € R, implies

oa(x,\q) = max{u : f(z,q,u/\) <a}=max{Au: f(z,q,u) <a} = Ao.(z,q).
Let us prove (ii). Up to trivial cases, we can assume (z,q) € Q and a > —L(x,0).
By Proposition 2.2, we get

L(z,q) =max{Au— f(z,q,u)} > max {Au—a}l=o04z,q) —a, 22
(,q) = max { flz,q,u)} f(x,q,u)ga{ ¥ (z,9) (22)

as claimed. O

For any (z,q) € Q and a € R, we set
Aa(mv(J) = {>‘ € [Oa +OO) : L(x7)‘q) = O-a('rv)‘q) - CL}, (23)

and

Aol q) = inf Ag(z,q), a2, q) :=sup Au(z,q).
We agree that )\ ,(7,q) = Xo(x,q) = 0 whenever A,(z,q) = (), that is, when either
q# 0 and a < —L(z,0), or ¢ =0 and a # —L(z,0). Last, we extend the functions
Ags Ao to the whole RV x RY by setting

Ao(w,q) = Xa(w,q) = —00  whenever (z,q) & Q.

We define the following functions:

s (u) == max {ur—a(|A]) }, Be(u) = max {uX = B(A]) } for every u € R,

and we remark that they are convex and superlinear as «(|-|) and 3(]-|) are so. For
every a € R, set
R, :=max {|u| : fi(u) <a} (24)
and
Kq = 2max{a.(u) : |u| <R, +1}. (25)

The following compactness result holds.

Lemma 4.5. Let a € R. Then
{fueR: f(z,qu) <a} C Bg,, Ao(7,q) € Bs,  for every (x,q) € C.

Proof. The first assertion follows at once from the fact that §*(-) < f(z,q,) for
every (z,q) € Q. To prove the second one, pick up (z, q) € C and set f(-) := f(x,q,").
From Proposition 2.2 we infer that A € Ay(z,q) if and only if A € 9f(u) for some
f(u) <a,so

Aa(l‘,C_?) - {af(u) : u € Bp, }
As f(+) < a*(+), we conclude thanks to Proposition 2.1. O

Now we fix (z,§) € C and we examine the properties of the multifunction a —
Ao(z,G). To ease notation, we will write g(A) and f(u) in place of L(x,A§) and
f(x,q,u), respectively. The duality between f and g implies, by Proposition 2.2,
that

g(A) = Au— f(u) for every u € dg(\), (26)
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for any given A € R. In view of (22), we infer that A € Ay(z,q) if and only if
a € f(9g(X\)). We start by considering the set—valued map A(X) := f(9g()\)) on
[0, +00), which is the inverse of a — Ag4(z, §), in the sense of set—valued analysis (see
[27, Chapter 5]). Indeed, note that

Ao(z,q) ={ A €[0,+00) : a € A(N) }. (27)
We also remark for further use that, by classical results of non—-smooth analysis (cf.
[12, Theorem 2.3.10]),

0g(N) = (0gL(x, X q), q) for every A € R. (28)

Proposition 4.6. Let A(-) as above. The following facts hold.
(i) For any A € R
AN) = [a(N),a(N)]  for some —L(x,0) < a(A) < @A) < +oo.

(ii) The set—valued map A(-) is upper semicontinuous on [0, +00). In particular,
a(-) is lower semicontinuous and a(-) is upper semicontinuous on [0, +00).
Moreover

A(0) = { —L(x,0) }, lim a(X\) = +4o0.

A——+oo
(iii) The set—valued map A — A(X) is non—decreasing on [0, +00).

(iv) | J AR = [-L(z,0), +00).

A>0

Proof. As g is convex, its subgradient dg(\) is a compact interval of R, so the same
is true for A(\). That proves (i). The upper semicontinuity of A(-) comes from the
fact that the multifunction A — dg(\) is upper semicontinuous and f is continuous.
The equality A(0) = {—L(z,0)} is an immediate consequence of (26) and of the fact
that ¢(0) = f*(0) = L(z,0). The remainder of (ii) follows by definition of a(-), a(-)
and by superlinearity of f and g.

Let us prove (iii). Since f and g are convex, the multimappings u — 9f(u) and
A +— 9g(\) are non—decreasing on R. By superlinearity, we get in particular

L 09(%) = [u(0),+00)  with u(0) € 9g(0).
A>0

By duality (cf. Proposition 2.2), 0 € df(u(0)), so the monotonicity of df(-) yields
that f is non—decreasing on [u(0), +00).
Item (iv) comes from (ii) and (iii). O

We use this information to prove a result that will be crucial for our future analysis.

Proposition 4.7. Let (x,q) € C. The following facts hold.
(i) For any a > —L(x,0), we have

Ao(z,q9) = [A(2,9), M\a(z, q)] for some 0 <\, (z,q) < Xa(z,q) < +o0.

Moreover,



(ii) The set-valued map a — Ay(x,q) is upper semicontinuous and non—decreasing
on [—L(z,0),+00).

(iii) Ao(T,q) = suppeq A (7, q) for any a > —L(x,0)
and

Aa(z,q) = infysa Ay(z,q)  for any a > —L(x,0).

a+ L(x,0)

(iv) A, (z,q) > 5R for any a > —L(x,0), with R, defined by (24).

Proof. We recall that Ay(z,§) = {A\ >0 : a € A(\)}. The monotonicity property
of the set—valued map a — Ay(z,qG) is a consequence of Proposition 4.6-(iii). In
particular, A,(x,q) is a bounded interval for any a > —L(z,0).

To prove the upper semicontinuity of a — A4(z, ), we need to show that, for
each pair of sequences (a,), and (\,), such that a, — a € R, \;, — X € R and
An € Ay, (2,4) for every n € N, we have A € Ay(x,§). That easily follows by the
upper semicontinuity of A(:). In particular, this implies that A,(x,q) is closed for
any a > —L(z,0).

The equality A_7; 0)(7,¢) = 0 is a trivial consequence of definition (23). The
coercivity of a — A ,(z,q) comes from Proposition 4.6-(ii). Item (iii) immediately
follows from the monotone and semicontinuous character of the map a +— A,(z, §).

Let us prove (iv). Choose a > —L(z,0) and set A := A ,(z,¢). By Proposition
4.4-(ii) we get

oa(z,Aq) = L(7,\q) + a > 0_p(5.0)(7,Aq) + a+ L(z,0),
hence, by Lemma 4.5,
a+ L(x,0) < X(oa(2,4) — 0_10)(2,4)) <A (Ra+ R_p(z0)) ldl,

and the statement follows as R_r,; 0) < R, by definition. O

4.2. Optimal reparametrizations. Let us now consider a Lipschitz curve v de-
fined on a bounded interval J := (0, ¢).

Definition 4.8. A curve { defined on a bounded interval (0,¢) is said to be a
reparametrization of + if there exists an absolutely continuous map ¢ : [0,t] — [0, ¢],
surjective and non—decreasing, such that

£ =op on (0,t).
We furthermore say that & is a (bi—)Lipschitz reparametrization of ~ if ¢ is a (bi-)
Lipschitz homeomorphism.

Remark 4.9. For reasons that will be clear soon, we want to allow a reparametriza-
tion to stop at a point for some time. This accounts for the choice of the unusual
definition given above.

We introduce the following notation:
v = {&¢€ Wl’l((O, t), RN) : € is a reparametrization of 7 }
Ve = {¢e Wl’l((O7 t), RN) : € is a bi-Lipschitz reparametrization of v }.
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The following lemma comes from classical results of analysis in metric spaces (see
e.g. Section VIIL.2 in [21]).

Lemma 4.10. Let £ € Wl’l((O,t),RN). Then there exists a Lipschitz curve -,
defined on a bounded interval (0,¢), such that § € [y];. We can furthermore assume
that v is parametrized by arc—length.

A further step in the analysis is carried out by picking up some special reparametriza-
tions of the curve ~.

Definition 4.11. A curve & defined on a bounded interval (0, %) is said to have an
a—Lagrangian parametrization if

L(£(s),£(5)) = 04(€(5),£(s)) —a  for ae. s € (0,t),a € R.
For any a € R and t > 0, we define

[v](a,t) :={€ € [7]+ : £ has an a—Lagrangian parametrization },
[V (a,t) :={¢€ € [1]? : € has an a-Lagrangian parametrization }.

Now assume - parametrized by arc-length, and let
¢y i=esssup,c; — L(7(s),0)
We define a multifunction T : (¢y, +00) — P(R4) by setting
Ty(a) ={t>0: [v]’(a,t) is non-empty }.
The properties of the multifunction T, (-) are stated below.
Proposition 4.12. Let v and T(-) := T,(-) as above. The following facts hold.

(i) For any a > cy, T'(a) is a compact interval in (0, +00), namely
T(a) := [T (a), T (a)] for some T (a) > T (a) > 0.

);
(i1) The multifunctionT'(") is non—increasing and upper semicontinuous on (¢, +00).
Moreover —infus., T (a) = 0.

(11i) Let T(cy) := SUPgs.c, T(a). If T(cy) is finite, then [v](cy,T(cy)) # 0.

In particular, for any 0 <t < T(c,) with t < +oo, there exists a > cy such that
v admits an a—Lagrangian Lipschitz reparametrization on (0,t).

We first prove an auxiliary lemma.

Lemma 4.13. Let v: (0,4) — RN be a Lipschitz curve parametrized by arc—length
and a € R. The following facts hold true.

(i) For everyt > 0 and £ € [y];, the map o,(£(-),£(+)) is Lebesgue-measurable
n (0,t), and

t ' ¢
[ autetséends = [ (o) it s (29)
0 0

(ii) The maps A ,(7(), 7)), Xa(¥(+),¥(:)) are Lebesgue-measurable on (0, ).
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Proof. Let Q := {(z,Aq) : (x,q) € C, A € R}. Taket > 0 and £ € [7];. In
order to prove (i), it suffices to define a function 6, such to be Borel-measurable on
RY x RY and coinciding with o4 on Q. Indeed the map s — (£(s),£(s)) is Lebesgue
measurable and takes values in Q for a.e. s € (0,t) by assumption (L3), hence
the function o4 (£(-),&(+)) coincides, almost everywhere on (0, £), with &4(v(), (),
which is Lebesgue—measurable as a composition of a Borel-measurable map with a
Lebesgue—measurable one.

To this aim, let us denote by (\,), and (uy), two dense sequences in R with
0 € (un)n, and define, for every (z,q) € RY x RY and a € R,

f(z,q,u) = max {urp, — L(z,A\nq) } for every u € R,
ne
and

Ga(x, q) := inf (Sgp{un q9E¢i(ﬂc,q)}> :

where EF := {(z,q) € RN xRN : f(z,q,un) < a+1/k} and Uk denotes the
function identically 1 on EX and —oo elsewhere. The function &, is Borel-measurable
on RY x RY for any a € R by construction. Moreover

04(2,q) = Ga(x,q) for every (z,q) € Q,

which holds true since f(x,q, ) = f(z,q,-) by the continuity of the map A —
L(z,\q). The equality (29) is a consequence of the fact that o,(x,-) is positively
1-homogeneous.

To prove (ii), we notice that the map s — (v(s),5(s)) takes values in C for a.e.
s € (0,¢), due to assumption (L3) and to the fact that it is parameterized by arc—
length, hence it suffices to define two functions ;\7 s A 4 such to be Borel-measurable
on RY x S¥~1 and coinciding on C with A, o> \a, Tespectively.

For each n € N, let

Fo:={(z,q) e RN xRN : f(2,q,(0,L(z, A q),q)) N (—00,a) # 0},

which is Borel measurable for the multifunction (z,q) — f(z,q, (OgL(x, A q),q)) is
so. Set

ia(x, q) :==sup Ay Xp, (2,9) for every (z,q) € RNV x SVN-1,

Since f(x,q,-) = f(x,q,-) for every (x,q) € C, we conclude that A ,(z,q) = A ,(z,q)
on C in view of (27), (28) and of Proposition 4.7. The analogous statement for ),
can be proved in a similar way. O

Proof of Proposition 4.12. (i) Fix a > ¢, and set
Aa(6) = 2,(7(0),4(6), Aals) = Xa(7(c),4(s))  forace. ¢ € (0,0).

L — S|
T (a) :—/0 % ds, T (a) :—/0 W) dg.

Such quantities are well defined, positive real values, thanks to Proposition 4.7-(iv)

and to the measurable character of A ,(-), Aq4(+). To show that they belong to T'(a),

we will prove the existence of two curves v, 7,, defined on (0, T (a)) and (0, T (a)),
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respectively, which are a—Lagrangian bi—Lipschitz reparametrizations of v. To this
aim, let us define

£, (s) = /OS 7Ldg7 fal(s) = /OS 3 L ds for any s € (0,¢),

and set
o, =) = (F
defined on (0,7 (a)) and

@) =Xalg, (1), Bal1) = A(@a(r))  forae. 7,
we immediately derive that @, and p, are order—preserving bi-Lipschitz diffeomor-
phisms. Let us set

i ::Vofa on (O,I(a)), ia ::")/o@a on (O’T(a))

Since -
7,0) = Xalp
Ya() = Aa(@a() ¥(@a(-)) e on (0,7 (a)),

we conclude that the curves v . and 7, has an a—Lagrangian parametrization by the

() a.e. on (0,7 (a))

and

very definition of A\, and ).
In order to prove that [T (a),T (a)] C T(a), we will show that

ST (a) + (1 —06)T (a) € T(a) for any § € (0,1). (30)
Fix § € (0,1), and set
SXa(s)

0 C) = —= )
A WS W
for almost every ¢ € (0,¢), and

5 1 B
f(s) ::/0 ﬁdg for s € (0,7), ©:=f"1 on|0,f(0)].

Since §(s) € [0, 1] for almost every ¢ € (0,¢), we get that A\,(s) € Aa(7(s),(s)) for
almost every ¢ € (0,¢), in particular ¢ is an order—preserving bi-Lipschitz diffeo-
morphism. Arguing as above, we see that the curve 7, := vo ¢ is an a—Lagrangian
bi-Lipschitz reparametrization of v on (0, f(¢)), so f(¢) € T(a). Now it is easy to
check, by definition of §(-), that f(¢) = 8T (a) + (1 — 6) T (a). That proves (30) as
d was arbitrarily chosen in (0, 1).

Let us now prove that T'(a) C [T (a),T (a)]. Let T € T(a) and 7 := yop be an
a—Lagrangian reparametrization of + for some order—preserving bi-Lipschitz diffeo-
morphism ¢ : (0,7) — (0,¢). Then

¢(7) € Mo (v(p(7)), A(p(7)))  for ae. 7€ (0,T).

Let f := o~ '. We have
1
/ = [ ey

and since P(f(<)) € Aa(v(s), (s = [A (), Aa(s)] for a.e. s € (0,4), we clearly get
T € [T (a), T (a)].
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(ii) Let b > a > c¢y,. Then Ay(s) > A(s) for almost every ¢ € (0,¢), hence
T(b) < T(a). That proves that T(-) is a non-increasing multifunction. To prove
that 7'(-) is u.s.c. on (¢, +00), it will be enough to show that

T(a) = supT'(b), T(a) = ;nf T(b) for any a > c,.
b>a <a

This actually follows as a simple application of the Monotone Convergence Theorem
and by the monotonicity poperties of A,, A, (cf. Proposition 4.7-(iii)). The last
assertion holds by definition of T'(a) since sup,s.. Aa(s) = oo for almost every
€ (0,0).
(iii) Let T'(c,) be finite. Arguing as in (i), we may find a non-increasing sequence
of Borel-measurable maps A, : (0,¢) — [0, +00) such that, for each n € N,

l
1
T, :/0 WE) ds and An(S) € Aoy q1/n(7(5),4(<)) for a.e. ¢ € (0,¢),

with sup,, T, = T'(cy). Set
A(s) = inf A\ (<) for every ¢ € (0, 7).

Then A(-) is measurable and A(s) € Ac, (7(<),7(s)) for almost every ¢ € (0,£). More-
over the Monotone Convergence Theorem yields

4 1 l 1
T(c,) = sup Tn:sup/ d§:/d§,
() neN neNJo An(S) 0 A(S)

in particular the map
0 [ g

is increasing and absolutely continuous on (0 E) A c,~Lagrangian Lipschitz repara-
metrization of v defined on (0,7(cy)) can be now obtained by setting ¥ := 7o ¢ with

= (f)7" on (0,(cy)).

Last, the fact that the multifunction is upper semicontinuous, monotone and
convex—set—valued implies that

U T(cy) = (07I(Cv>)

and this is enough to obtain the remainder of the statement. O

We now seek for an optimal reparametrization of 7 on the interval (0,t), for any
given t € (0,400). Such a reparametrization does not exist in general, as we will see.
In any case, however, we are able to derive an estimate on the Lipschitz constants
of quasi—optimal reparametrizations. This is a crucial step for our study.

Theorem 4.14. Let~ : (0,£) — RY be a Lipschitz curve parametrized by arc-length.
Then, for everyt € (0,400), there exists a > cy such that

t t 4
inf | L(£€)ds = inf L(g,€)ds || ap = [ 0alv,9)ds —at,
éleI[l'y}t/o (& &) ds RS {/0 (€& ds : €l <& } /0 oa(7,7)ds —at

with kq given by (25). The above infimum is a minimum whenever t < T (c,),

and is in particular attained by some curve belonging to [y]’(a,t) with a > cy when
t < T, (cy).
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Proof. By Proposition 4.4 and Lemma 4.13, we get
l

/Ot L(¢,€)ds > /Ot <ga(§,é) - a) ds = /0 oa(y,¥)ds —at (31)

for any a > ¢, and § € [y];, and (31) is an equality whenever £ € [7](a,t). The

assertion for ¢ < T (c,) hence follows in force of Proposition 4.12 and Lemma 4.5.
Let us now assume t > T, (cy) and set h :=t —T. (c,). Let § € [7](cy, T, (cy)).
By definition of ¢,, there exists, for each n € N, s, € (O,Iv(cv)) such that
1

cy + L(v(sn),0) < .

To ease notation, we will write ¢, in place of —L(7(sy),0). We define
&(s) if s € (0, sp)
&n(s) =< &(sn) if s € [sp, sn + R
E(s—h) if s€[s,+h,t).
We have

t . T (cy) . T, (cy) .
/0 L(€,£n) ds = /0 L(¢,€)ds — hey = /0 0o, (6,6)ds — T (cy) e,
4 ¢ h
_hcn:/ crcw(%ﬁ)ds—cyt—i—h(cw—cn)</ acw(%ﬁ)ds—cyzH—E.
0 0

Taking (31) into account, we derive

74 t 0
: h
/acv(%’}’)ds—c,yt</ L(ﬁn,fn)ds</ JCW(’y,"y)ds—cvt—l—ﬁ,
0 0 0

and we conclude letting n — 4o0. U

Remark 4.15. If in Theorem 4.14 the Lagrangian is assumed lower semicontinuous
in x, we can furthermore say that, for every t > 0,

in /OtL(s,f')ds =min{/0tL(5,é>ds ce h](a,t)}

£el]e

for some constant a > ¢,. This can be proved by considering, in place of T’ (-), the
set—valued map defined as

T5(a) :={t >0 : [7](a,t) is non—empty }

for every a > ¢} :=sup,c; —L (7(s),0). The multifunction 775(-) agrees with T’ (-)
n (¢}, +oc). Indeed, the inequality
a—ck

Ao (v(8),7(s)) > QRQPY for a.e. s € (0,¢),

which holds true by Proposition 4.7, implies that [y](a,t) = [1)’(a,t) for every
a > ¢4 and t > 0 (cf. the argument showing that T'(a) € [T (a),T (a)] in the proof
of Proposition 4.12). On the other hand, we always have

Ti(¢}) = [T, (c}), +00) (32)

when T, () is finite, and that is enough to get the statement in view of (31).
To prove (32), let £ be a curve belonging to [y](c3,T(c})) (which does exist in
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force of Proposition 4.12) and take so € [0, (c})] such that L(&(so),0)
Such an s always exists by the upper semicontinuity of —L(~(+),0) on [0,¢]. For

every h > 0, define &, : [0,1(c}) + h] — RV as
&(s) if s € [0, s
En(s) =1 &(s0)  if s € [s0,50 + A

§(s—h) ifse[so+hT,(c3)+h]
It is easily seen that & is a ¢f-Lagrangian reparametrization of . This shows that
T.,(c))+heTy(c) for every h > 0,

as claimed.

4.3. Proof of Theorem 4.2 and further extensions. With the aid of the results
obtained so far, we can now establish the following key lemma.

Lemma 4.16. Let z,y € RN and t > 0 such that d((O,y), (t,w)) < Mt. Then there
exists a constant k = k(M, a, 3) such that

d((0,y), (t,)) Zin{/O L(§,6)ds : €(0) =y, &(t) =, [|€]|loo < m}-

Proof. Choose € N such that M/«a(n) < 1/2 and set
A= Am) = max{a(u) : |u| <26(Mm+1)},
where we recall that a,(u) := maxyer{A\u — a(|A|) }. We claim that the statement

holds true with k := k4 defined according to (25).
Indeed, pick up a curve £ € WH1((0,¢), RY) such that

/tL(g,é)ds<Mt,
0

and let v : (0,¢) — R be a Lipschitz curve, parametrized by arc-length, such that
¢ € [v]:, according to Lemma 4.10. In view of Theorem 4.14, up to choosing a
different ¢ in [y]; without increasing the action, we can always assume that either
[€lloo < Ke,y O € € (7]’ (a,t) for some a > c,. In the first case, we note that
C'Y S Cex (0)7

for —L(x,0) < —a(0) < a,(0) for every x € RY. The claim follows by definition of
ka as a,(0) < A.

Let us instead assume that & belongs to [y)’(a,t) for some a > ¢,. In particular,
|£(s)| # 0 almost everywhere on (0,t). Set J := {s € (0,¢) : 0 < [£(s)] <m}. We

have .

t
Me> [ Lgéds= [ aléhds = am]0.0)]
0 0
hence |J| > t/2. Pick up a differentiability point 5 € J for £, and denote by f and

g the functions u — f(£(5),£(5)/1£(5)],u), A — L(z, A{(5)/I£(5)]), respectively. By
the fact that £ has an a—Lagrangian parametrization we derive that

ae f (090G,

in particular & < A by Proposition 2.1. As |£(s)] € Aq(E(s),&(s)/|E(s)]) for a.e.
s € (0,t), the claim follows in force of Lemma 4.5 since k, < k4 by (25). O
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Proof of Theorem 4.2. For a fixed M > 0, choose (y1,t1,z1) and (y2,t2, x2) in
Chr, and set
ot —t

h:=|t1 —ta| + |z1 — 22| + |y1 — 2!, 501= + h.

Since C)s is convex, it suffices to prove the statement locally, namely for h < 1.
Choose h < t3/2 so that sp < t1/2. Fix ¢ > 0 and let y; € W1((0,¢1),R") be an
e—minimizer connecting y; to x1. Thanks to Lemma 4.16, we can assume ||¥||co < K4
for some constant A = A(M, «, 3). Choose uy,v1 € RY so that

7 (s0) = y2 + huq, Y1 (t1 — s0) = x2 + hvy,

and note that |u1|,|vi| < 1+ 2k4. Define a curve 72 : [0, 2] — R connecting 5 to
x2 as in the proof of Theorem 3.8. By arguing similarly, we get

d(((),yg), (t2,$2)) — d((O,yl), (tl,l‘l)) <206(142k4)h+e,

so the statement follows by interchanging the roles of (yi,t1,21) and (y2, t2, x2) and
since ¢ is arbitrary. O

Let us now consider a Lagrangian L : RV x RY — R, which satisfies, in place of
(L2), the following condition:

(L2")  a(lq]) < L(z,q9) < B (lq) for all (z,q) € B, x RY and n € N,

where (), )nen is a family of convex, non—decreasing and superlinear functions from

R+ to ]R_|_.

Remark 4.17. We point out that condition (L2’) amounts to requiring that L is
uniformly superlinear in ¢, and locally bounded in R x RY (cf. Lemma 2.3 in [17]).

In view of the results proved so far, it is now easy to generalize Theorem 4.2 as
follows.

Theorem 4.18. Let L : RN x RN — R be an autonomous Lagrangian satisfying
conditions (L1), (L2'),(L3), and let L be the integral functional defined via (21).
Then the associated function d = dy, defined through (8) satisfies condition (*).
More precisely, for every M,r > 0 there exist a constant K = K(M, T, o, (ﬂn)n)
such that

d((0,-),(-,-)) is K-Lipschitz continuous in C(r),
={

where Cpr(1) (y,t,x) € By x (0,7) x By : |[x —y| < Mt}.

Proof. For every n € N, let us denote by L, the integral functional associated
through (21) to the Lagrangian Ly, (,q) := L(z,q) x5, () + Bn(q) Xgv\ 5, (x). We
claim that, for every M, r > 0, there exists an index k = k‘(M, T, Q, (Bn)n) such that

d=dy, onCuy(r). (33)

Clearly, that is enough to conclude in force of Theorem 4.2.
Let us fix M,r > 0. We first notice that d enjoys assertions (d1)—(d3) of Propo-
sition 2.5, and assumption (d4’) of Remark 3.7; in particular,

d((0,y), (t,2)) <7 Bm (M) for any (y,t,z) € Cpr(r), (34)
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where m := [r] + 1. Let v be a curve in W1((0,¢), RY) connecting y to z such to
be quasi-optimal for d((O, y), (¢, 1:)) By (34), it is not restrictive to assume that

t
| o ds < v ),
0
in particular

/Ot il ds < r (a1 + Bn(M)),

with a1 > 0 such that a(|q|) > |¢| — a1 for any ¢ € RY. As v has end-points lying
in B,, we deduce that 7 is entirely contained in the open ball By with

ki=[r(1+ o+ Bm(M))] +1.
Thus

ﬂ@w%&wDZHﬁ{AIW%ﬂdszwmzy,Wﬂzx,%mﬂ)ch}

for every (y,t,x) € Cps(r), and claim (33) follows at once as L coincide with Ly on
Bi, x RV, O

4.4. Compactness with respect to I'-convergence. As a simple consequence
of the analysis carried out in the preceding sections, we derive a compactness result
for a class of locally bounded, discontinuous autonomous Lagrangians.

We will say that a sequence of functionals Fj, : W,nH (R; RY) x Z(R) — [0, +09]

loc

I'-converges to a functional F : VVZI’I(R;RN) x I(R) — [0,+o0] if, for every v €

oc

I/Vlicl (R; RY) and (a,b) € Z(R), the following two conditions hold:

1) for every (yx)r C W' ((a,b),RY) such that limy ||v; — 7[jec = 0 we have
hH?;Cle sz (’Yka ((I, b)) > ?(77 (av b))7

2) there exists (vg)r C W ((a,b), RY) with limy, [[7% — 7]lso = 0 such that

hmksup Fk (’7167 (CL, b)) < f(’% ((l, b))

The I'imit of a sequence of functionals is lower semicontinuous with respect
to the convergence at issue. It is furthermore known (see [14, Theorem 8.5]) that
the T'—convergence is sequentially compact, that is, any sequence (Fy)r admits a
I'-convergent subsequence. For a general survey on the theory of I'-convergence, we
refer to [5, 14].

Let now (8)nen a sequence of convex, non—decreasing and superlinear functions
from Ry to R4, and denote by N := N (a, (8y)n) the family of Lagrangians L
satisfying conditions (L1), (L2)’, (L3). With a slight abuse of notation, we will say
that a sequence (Lg), I'—converges to L in N if the associated action functionals
I'—converge to the integral functional associated to L.

Theorem 4.19. Let N := N (o, (By)n) as above. Then N is sequentially com-
pact with respect to I'—convergence; i.e., any sequence in N admits a I'-converging
subsequence.
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Proof. Let (Lg)r be a sequence in N, and denote by Lj the integral functional
associated to each Ly through (21). By what remarked above, we already know that,
up to subsequences, (L), I'-converges to some lower semicontinuous functional L
satisfying assumptions (F1)—(F3) and (F4'). In order to conclude, we need to show
that L admits an integral representation for some L € \.

For every z,y € RN and t > 0, set

X(yw) = {7y e WH((0.0),RY) : 7(0) =y, (1) = },
Vipa) = {vexia s [atinas<s (F50) ],

where n = n(z,y) is a sufficiently large integer number such that x,y € B,,. The
growth assumptions (L2) implies that

dr, ((0,9), (t,z)) = inf {Lp(v) : v € Y(y,2) }

for every z,y € RV, ¢ > 0 and k € N. By Proposition 2.3 we know that Y(y,z) is
compact in X!(y,z) with respect to the uniform convergence, hence by the crucial
result of I'-convergence (cf. [14, Theorem 7.4]) we infer that

dE((O,y), (t,x)) = kli)rfoode ((0, Y), (t,:z)) for every z,y € RY and ¢t > 0.

Moreover, for any M,r > 0 the functions d, ((0,),(-,+)) are equi-Lipschitz con-

tinuous on Cyr(r) by Theorem 4.18, so the same is true for dg((0,-),(-,-)). The
conclusion now follows in force of Theorem 3.8 and Remark 3.12. g

Remark 4.20. We note that the convergence of d, ((0,-), (+,-)) to d¢((0,),(-,-))

is actually uniform in Cjs(r), for any M, r > 0.
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