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1. INTRODUCTION

Dimension reduction problems consist in studying the asymptotic behavior of the solutions of a
partial differential equation (or a minimization problem) stated on a domain where one of the
dimensions is much smaller than the others. For instance, in 3D-2D dimensional reduction, the
goal is to understand the asymptotics, as € — 0, of such solutions defined on thin domains of the
form Q. :=w x (—¢,¢), where w C R? is usually a bounded open set, and 0 < ¢ << 1.
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These kind of problems have been widely studied in the framework of integral functionals by
means of I'-convergence analysis. Indeed I'-convergence, which has been introduced in [31] (see
also [28, 17, 18] for detailed discussions on that subject), turns out to be well adapted for studying
the asymptotic behavior of variational problems depending on a parameter because it gives good
informations on the asymptotics of minimizers and of the minimal value.

Definition 1.1. Let X be a metric space, and F,, : X — (—o0,+00] be a sequence of functions.
We denote by

F'(z) := inf {lim inf F,(x,) : 2, — xin X}

the T-lower limit, or more shortly the I'-liminf of the sequence (Fy,). Similarly, we denote by

F"(x) := inf {limsup Fo(x,) : 2 — xin X}
the T-upper limit, or more shortly the T-limsup of the sequence (F,). When F' = F" = F, we say
that F' is the T'-limit of the sequence (F),), and it is characterized by the following properties:

(i) for every x € X and for every sequence (x,,) converging to = in X, then
F(z) <liminf F,(x,);
n—0oo

(ii) for every x € X there exists a sequence (T,) (called a recovering sequence) converging to
x in X such that
F(z) = lim F,(T,).

n—oo

The motivation for dealing with this variational convergence is explained by the next theorem.
Under the assumption of equicoercivity for the sequence (F,), there holds the fundamental property
of convergence of the minimum values and infimizers (see Theorem 7.8 and Corollary 7.17 in [28]).

Theorem 1.2. Suppose that the sequence (Fy,) is equi-coercive in X, i.e., for every t € R there
exists a fized compact subset Ky of X such that {F,, <t} C Ky for everyn € N. If (F,,) T'-converges
to F in X, then

rr}}nF = lim inf F,,.

n—oo X
Moreover if x,, is such that F,,(z,) < infx F,, + &,, for some sequence €,, — 0, and x,, — x for
some subsequence (Tn, )k Of (Tn)n, then F(x) = minx F.

The integral case has been widely studied in the literature starting from the seminal paper [1].
In [34] the authors derived the I-limit (for a suitable topology) of integral functionals of the form

1
f/ W(Du) dx,
3 Q.

where W : R**3 — R is a continuous integrand satisfying standard p-growth and p-coercivity
conditions (with 1 < p < o), and u : Q. — R? belongs to the Sobolev space W (Q.; R?). They
actually proved that the I'-limit is finite if and only if the limit fields u are independent of the
last variable x3, and that on its domain, WP (w; R?), it still has an integral form with an explicit
density

/ QWo(Dau(xy)) dzg.

In the previous formula, we have denoted by zo = 7(1'17.%'2) € w the in-plane variable (D, is the
derivative with respect to x,), Wo(€) := inf.crs W(£|c), and QW) is the quasiconvex envelope of
Wo.

Later on, a general integral representation result has been proved in [20] in the spirit of [23] (see
also [24]). Indeed, the authors showed that integral functionals of the form

1
WhP(Qi R > u— — We(z, Du) dx
€ Ja.
always admit a I'-convergent subsequence, and that the I'-limit remains of integral type, i.e.,
WP(w;R?) 5 u / W*(zq, Dou(xy)) dx o,

w
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for some universal function W*. Then a series of papers have been devoted to the identification
of the abstract density W* in some particular cases (see e.g. [8, 9, 10]). Several works have been
performed in the case of the critical exponent p = 1 (see [19, 11]) where the analysis takes place
in BV spaces instead of Sobolev spaces.

In this paper we are interested in studying some dimension reduction problems within the
framework of the so-called L (or supremal) functionals, i.e. functionals which are represented as

F(u) = esies;)lp flz,u(x), Du(x)) (1.1)

where Q is a bounded open set of RN and u € W1>(Q). We refer to the function f, which
represents F', as an admissible supremand. The study of this class of functionals was originally
motivated by the problem of finding the best Lipschitz extension in €2 of a function ¢ defined on
0N (see [7]). The introduction of such functionals becomes useful and essential in order to give
a mathematical model for many physical problems as, for example, the problem of modelling the
dielectric breakdown for a composite conductor (see [33]). In [14] it is possible to find a list of
other applications. A lot of recent papers have been devoted to study the properties of this class
of functionals (see [2, 3, 4, 5, 6, 7, 13, 14, 15]). When f is globally continuous, it has been proved
in ([16]) that (1.1) is sequential weakly* lower semicontinuous in W°°(Q) if and only if f is level
convex in its last variable, i.e., for every A € (0,1), & and & € RV,

fla, A+ (1= N)&2) < f(, &)V [, &),

for all x € Q. Without having a continuity property on f(-,£), one cannot expect that any
admissible supremand of a weakly* lower semicontinuous supremal functional is a level convex
function (see Remark 3.1 in [32]). However, in [36] it is shown that when F is weakly* lower
semicontinuous, then it can be represented through a level convex function. The relaxation of
supremal functionals is quite well understood in the case N =1 (see [16] and [2]) and in the case
N >1 when f is a globally continuous function (see [36]). In these cases the relaxed functional is
still supremal and represented through the level convex envelope of f. Unfortunately, the theory
is much less understood when w is vector valued.

In order to study a 3D-2D dimension reduction problem for supremal functionals the first ques-
tion to be solved is if this class of functionals is stable under I'-convergence in L*°. Unfortunately,
this is not the case as shows the one-dimensional Example 4.1. Among the contributions given
to this problem, we recall [21] in which the authors study the problem of representing the I'-limit
of sequences of supremal functionals in the case N = 1; later in [22] the authors study the case
of periodic homogenization by showing that the homogenized problem is still supremal. Moreover
they prove that the energy density of the homogenized functional can be represented by means
of a cell-problem formula. The particular case of the 1-homogeneous supremal functionals is con-
sidered in [32] where the authors show that the closure of the class of 1-homogeneous supremal
functionals with respect to I'-convergence is a larger class of functionals (given by the so called
difference quotients associated to geodesic distances). By analogy with the integral representation
result in [23], in [25] the authors characterize the class of the functionals which can represented in
a supremal form, but this result does not easily apply in practice. One reason is that the notion
of I'-convergence is not so well suited for supremal functionals since it may not always be possible
to use an argument as the fundamental estimate in the integral case.

To overcome this difficulty it has been convenient to use a generalized notion called I'*-convergence
(see [28]), which is, roughly speaking, the I'-convergence on a suitable ‘rich’ family of open sets.
Thanks to this observation it has been proved in the unpublished work [26] how a I'*-limit can be
represented in a supremal form (see Theorem 4.2).

Having in hand all this theory on I'*-convergence of supremal functionals, we propose to apply it
to 3D-2D dimension reduction problems by first giving an abstract supremal representation result
for the I'™*-limit (an analogous result to that of [20] in the integral case), and then to identify the
I'*-limit in some particular cases, as in the case where dimension reduction is coupled to periodic
homogenization.
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The paper is organized as follows: Section 2 is devoted to introduce notations and it gives
basic results concerning supremal functionals. In section 3, we provide some definitions and results
necessary to introduce the notion of I'*-convergence. In section 4 we state and prove the supremal
representation result for I'*-limits which has been obtained in [26]. We stress that since this result
has nowhere been published, we decided to include the proof for the reader’s convenience, and
with the agreement of both authors. In section 5, we apply all these concepts to 3D-2D dimension
reduction: we first prove an abstract I'*-convergence result, and then we precise the specific form
of the I'*-limit when dimension reduction is coupled to periodic homogenization. The particular
case of homogeneous supremand is treated in section 6, where an alternative proof is given without
appealing to the general representation result. Finally, in section 7, we state a parametrized
homogenization result by I'*-convergence for supremal functionals.

2. PRELIMINARIES ON SUPREMAL FUNCTIONALS

Throughout the paper, we assume that  is an open bounded domain of RY. We denote by A
the family of all open subsets of Q, and by By the Borel o-algebra of RY (when N = 1, we
simply write B). Moreover we denote by || - || the euclidean norm on R¥, by B,(z) the open ball
{y € RN : |z —y|| <7}, and by LV the Lebesgue measure in RY. By supremal (localized)
functional on W>°(Q) we mean a functional of the form

F(u, A) = esssup f(x,u(z), Du(x)), (2.1)

z€A

where u € WH°(Q) and A € A. The function f which represents the functional is called supre-
mand. We now give the following precise definitions.

Definition 2.1. A function f: Q x R x RN — (—oc0, +00] is said to be

(a) asupremand if f is By ® B® By-measurable;
(b) anormal supremand if f is a supremand, and there exists a L -negligible set Z C Q such
that f(z,-,-) is lower semicontinuous on R x RN for every x € Q\ Z;
(¢) a Carathéodory supremand if:
(i) for every (z,€) € R x RN, the function x — f(x,2,€) is measurable in §;
(ii) for a.e. x € Q, the function (z,&) — f(z,2,£) is continuous in R x RY.

A sufficient condition for the lower semicontinuity of a supremal functional with respect to the
weak* topology of W1>°(Q) has been shown in [16]. It requires that f(x, z,) is level convex, that
is for every t € R the level set {§ € RY: f(x,2,¢) < t} is convex for a.e. x € () and for every
z € R. It can be equivalently stated as follows: for each A € (0,1), £; and & € RV,

f(xvza )‘51 + (1 - >‘)£2) < f((E,Z,fQ) \ f(x727£2)

for a.e. x € Q and all z € R. Moreover, they showed that if f is uniformly continuous in all
variables, this condition is also necessary (see [14, Theorem 2.7]).
In the sequel we will make use of the following Jensen’s inequality for level convex functions.

Theorem 2.2. Let f : RN — (—o0,+00] be a lower semicontinuous and level convex function,

and let p be a probability measure on RN . Then for every function u € L}L(RN), we have

f ( /. u(m)du<x>) < p-ess sup(f o u)(z). (2.2

zeRN

We recall the following relaxation theorem shown in [36, Theorem 2.6]. If the functional (2.1)
is represented by a continuous and coercive function f, then

F(u) :==sup {G(u): G:W">*(Q) — (—o0, +00] weakly* lower semicontinuous, G < F'}
is a supremal functional represented by the level convex envelope fI¢ of f defined by
f(z, z,-) :=sup{h : RY — (=00, +00] Ls.c., level convex and h(-) < f(z,z,-)} (2.3)

for every z € 2 and z € R.
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Theorem 2.3. Let f: Q x R x RY — R be a continuous function. Assume that there exists an
increasing continuous function ¥ : [0,4+00) — [0,+00) such that U(t) — +oo as t — 400, and
f(zy2,-) > (|| - |) for every x € Q and every z € R. Let F : W1>°(Q) — R be the functional
defined by (2.1), then

[(u) = ess sup F(,u(x), Du())

for every u € WHee(Q).
In the sequel we will make use of the following result proved in [27, Theorem 3.1]. It states that

under a coercivity condition, a supremal functional can be approximated by a sequence of power
law integral functionals.

Theorem 2.4. Let f: Q x RN — [0,4+00) be a Carathéodory supremand satisfying

(i) f(z,-) is level convex for a.e. x € §);
(ii) there exists a constant C > 0 such that

f(z,8) > Clg|l
for every £ € RN and a.e. z € Q.
For any p > 1, let F, : L=(2) — [0, +00] be defined by

Fylu) = (/Q P (z, Du(x)) dm) v if u e WhHr(Q),

400 otherwise,
and let F : L*°(Q) — [0, +o0] be given by

{ esssup f(z, Du(z)) if u € WH°(Q),

F(u) := zeQ

+00 otherwise.
Then, the family (F,)p>1 I'-converges to F as p — +oo with respect to the topology of the uniform
convergence.

3. INNER REGULAR ENVELOPE AND I"™-CONVERGENCE.

The aim of this section is to recall the notion of I'*-convergence. Indeed as already observed in the
introduction, the notion of I'-convergence is not well adapted to supremal functionals.

In particular, we show below (see Example 4.1) that the class of supremal functionals is not
necessarily closed with respect to I'-convergence. To overcome this difficulty, we have to use a
generalized notion called I'*-convergence. To this purpose, we now recall the concept of inner
regular envelope of an increasing functional introduced in [37] (see also [30] for further properties
and [32] for an application in the supremal case).

Definition 3.1. Let F : C(Q) x A — (—o00,+00] be a functional. We say that
(i) F is a local functional if F(u, A) = F(v, B) for every A, B € A with LN (AAB) =0, and
every u, v € C(Q) such that u(x) = v(z) for a.e. x € AU B;
(ii) F is an increasing functional if F(u,A) < F(u, B) for every u € C(Q) and for every A,
B € A such that A C B;
(iii) F is a inner regular functional if F is local and F(u, A) = sup{F(u,B): B € A, B CC A};
(iv) F is a regular functional if F' is lower semicontinuous and inner reqular.

The inner regular envelope of an increasing functional F' is defined by
F_(u,A):=sup{F(u,B): Be A, BCC A}.
The next result has been proved in [30, Proposition 1.6].

Proposition 3.2. Let F : C(Q) x A — (—o00,+0c0] be an increasing local functional. Then the
functional F_ is the greatest reqular, increasing local functional less than or equal to F.

The introduction of F_ is justified by the following property: if F' is lower semicontinuous then
it coincides with F_ “for almost” every open set, and thus a representation formula of F_ gives a
representation formula of F' on a wide class of open sets. We now make precise this expression.
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Definition 3.3. Let R be a subfamily of A. We say that R is rich in A if for every family
{Ai}ier C A with Ay CC A, whenever t < s, the set {t: A; ¢ R} is at most countable.

In particular if R is rich in A, then for every A, B € A such that A CC B CC € there exists
C € R such that A cCc C CC B.

The following proposition establishes a precise relation between F' and F_. Note that the proof
of this result relies on the fact that C(Q) is separable with respect to the uniform convergence (see
Proposition 16.4 in [29]).

Proposition 3.4. Let F: C(Q) x A — (—o0, +00] be a lower semicontinuous, increasing and local
functional. Then the family {A € A: F_(u,A) = F(u, A) Vu € C(Q)} is rich in A.

Following [30], we define the I'*-convergence for a sequence of local, increasing functionals as
the I'-convergence on a suitable rich family of open sets.

Definition 3.5. Let F,, : C(Q) x A — (—o00,+00] be a sequence of increasing functionals, define

F'(u, A) := (inf){lim inf F, (un, A) : u, — u uniformly on Q}
Uy, n—oo
and
F"(u, A) := inf){lim sup Fy, (un, A) : u, — u uniformly on Q}.
Un n—o00
We say that (F,) T*-converges to F if F' coincides with the inner regqular envelopes of both func-
tionals F' and F".

Note that the functionals F’ and F" are increasing and lower semicontinuous but in general they
are not inner regular. However, if (F},) I'*-converges to F' then F is increasing, lower semicontinuous
and inner regular.

The next proposition easily follows from Proposition 3.4.

Proposition 3.6. Let F : C(Q) x A — (—o0,+00] be an increasing, lower semicontinuous, inner
regqular functional. Then (F,) I'*-converges to F if and only if the family

{Ae A: F(u,A) = F'(u,A) = F"(u, A) Yu € C(Q)}
is rich in A.

Thanks to Proposition 3.6, it follows that the I'*-limit of a sequence of functionals is equal to
its I-limit in a rich class of open sets. Thus, even if this notion is weaker than I'-convergence, it
still gives good informations in the study of the asympotic behavior of the infimum value.

Finally we have the following compactness result (see [30] and also [28, Theorem 16.9]).

Theorem 3.7. Then every sequence (F,,) of increasing functionals from C(Q) x A to (—o0,+od]
has a I'*-convergent subsequence.

4. A T'™"-STABILITY RESULT FOR SUPREMAL FUNCTIONALS

The aim of this section is to prove that, under suitable assumptions, the class of supremal func-
tionals is stable under I'*-convergence with respect to the uniform convergence. It turns out that
the class of supremal functionals on W1°°(Q) is not closed with respect to I'-convergence. Indeed,
it is easy to see that a supremal functional satisfies the following properties:
(i) (locality) F(u,A) = F(v, B) for every A, B € A with LN(AAB) = 0, and for every u,
v € WHe(Q) such that u(z) = v(z) for a.e. x € AU B;
(ii) (countable supremality) for every A; € A and u € WH*°(Q)

In general the I'-limit of a sequence of supremal functionals satisfies the locality property, but it
does not satisfy the countable supremality, and thus it cannot be represented in the supremal form
(2.1) for every open set A C Q. In fact, we can produce the following counterexample (see [35]).
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Example 4.1. Let Q := (0, 1). Let us define f,(x,z) := 2™ + |z|. Setting
Fa(u, A) = ess sup fo (2,4 (2))
A

e

for every open set A C (0,1) and for every u € W1°°(0,1), it is easy to prove that the I'-limit of
the sequence (F,,) (with respect to the uniform convergence) is given by

ess sup |u'(z)] ifb<1,
N z€(a,b)
F(u,(a,) = esssup |u/(z)| V1 ifb=1,
z€(a,b)

which is not a supremal functional.

We now state a stability result for supremal functionals with respect to I'*-convergence under
some suitable assumptions. This result has been obtained by Cardialaguet and Prinari in [26] in
an unpublished work. With the agreement of both authors, we reproduce here the proof for the
convenience of the reader.

Theorem 4.2. Let Q C RN be a bounded open set, and f, : @ x R x RN — R be a sequence of
normal supremands. Assume that

(a) for every M > 0 there exists a modulus of continuity wyy : [0, +00) — [0, +00) such that
[fo(@,21,61) = fu(2, 22, &) S wm(lz1 — 22| + (|61 — &2l])

for every n € N, for a.e. x € Q and for every &, & € RY and 21, 20 € R with
H§1||7 ||§2||7 ‘Zl|7 |Z2| < M;

(b) there exists an increasing continuous function ¥ : [0,400) — [0,4+00) such that U(t) —
+00 ast — 400 and fp(z,z,:) > (|| - ||) for every n € N, for a.e. x € Q and for every
zeR;

(¢) fulz,z,-) is level convex for every n € N, for a.e. x € Q and for every z € R.

Let us suppose that the sequence of supremal functionals F,, : WH*°(2) x A — R defined by
Fy(u, A) := esssup fn(z,u(x), Du(z))
T€EA

[*-converges (with respect to the uniform convergence) to some functional F : W1>(Q) x A — R.
For any (z,2,&) € A x R x RN, we define

f(z,2,&) :=inf {F(u,Br(x)) cr >0, u € WH®(Q) s.t. x €0, with u(z) = z, Du(x) = §} (4.1)
where
u:={z € Q: x is a differentiability point of u and a Lebesgue point of Du} .
If f(-, 2,€) is continuous for every (z,£) € R x RN, then

F(u,A) = eSjesXp f(z,u(z), Du(z)) (4.2)

for any u € WH>(Q) and any A € A. Moreover, f is level convex with respect to the last variable.

Remark 4.3. Note that if the functions f, are continuous on 2 x R x R™, we can remove
assumption (c). Indeed, according to Theorem 2.3, we can compute the I'*-limit of the sequence
(Fy,) by computing the I'*-limit of the sequence of the relaxed functionals

Fo(u, A) := ess sup f(z, u(zx), Du(z))
€A

(see also [28, Proposition 16.7]). Moreover, if the functions f, are equicontinous with respect to
x, then f is continuous.
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As the next example shows, the representation result may fail if we drop the continuity in x of
the function f defined by (4.1). In fact, under the assumptions (a), (b) of Theorem 4.2 we will
show that the I'*-limit satisfies the countable supremality property, but in general it will satisfy a
locality property only with respect to the variable u, i.e.,

F(u,A) = F(v, A) for every u,v € W*°(Q) such that u(z) = v(z) for a.e. x € A,
losing consequently the property of neglecting sets of zero measure.

Example 4.4. We shall give an example of a sequence (F,,) where the function f defined by
(4.1) is not continuous in x, and the I'*-limit F' does not admit any supremal representation. We

consider Q2 = (0,2) and
2" + |z ifx <1,
Ful@,2) = { (x—2)*" + |2] ifx> 1.
Setting

P (u, A) = ess sup fu (a1 (2))

T€EA
for every open set A C (0,2) and for every u € W1°°(0,2), it is easy to prove that the I'-limit of
(F,,) with respect to the uniform convergence is given by

ess sup |u'(z)] ifb<1lora>1,
z€(a,b)
/ H — —
G(u, (a,b)) = e;ses((sl%) [u'(z)|]v1 ifb=1ora=1,
esssup|u’(z)| V1 ifa<1<b,
z€(a,b)

and thus the I'*-limit of (F,,) is given by

ess sup |u'(z)] ifb<lora>1,
o z€(a,b)
F(u, (a,b)) = esssup|u’(z)| V1 ifa<1<b.
z€(a,b)

Note that

(i) even if all functions f, are continuous, f is not continuous in x = 1 since

| g ifr<lorz>1
J(@,8) = { €[Vl ifz=1.
(ii) F does not satisfy the property of set-locality: indeed, F(0,(3,2)) =1 and F(0,(3,1) U
(1,2)) = 0 whereas £((3,3)\ (3,1)U(1,3)) =0.

The proof of Theorem 4.2 is quite intricated and shall be achieved through several intermediate
steps. We will give the proof of Theorem 4.2 when W(t) = ¢, since it is always possible to reduce
the problem to this case.

We need some preliminary results. The following lemma gives some properties of the functional
F and of the function f.

Lemma 4.5. Under assumptions (a) and (b) of Theorem 4.2, the functional F satisfies the fol-
lowing properties:
(i) (countable supremality) for every A; € A and u € WH°(Q)

F (u, GA1> = vF(u,Ai); (4.3)

(ii) (strong continuity) for every M > 0, there is a modulus of continuity &y such that, for
every A € A, and every u, v € WH>(Q) such that |[ul|wi.e ) < M and ||v]|w1r.) < M,
then

[F(u, A) = Fv, A)l <om(flu—vllwreay);
(iii) (coercivity): for every A€ A, F(-,A) > Y(|| - [[w1.0a));
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(iv) for every A € A and every u, v € WH>(Q), we have
FuVv,A) < F(u,A)V F(v, A). (4.4)

Proof. Step 1. In order to prove that F' satisfies the countable supremality property (4.3), we
will first show that for every u € W1°°(Q), the set function F(u,-) is finitely sub-supremal which
means that for every A, B € A

F(u, AUB) < F(u, A) V F(u, B). (4.5)

Let u € WH>(Q), A, B € A, and consider A’ CC A and B’ CC B. Let ¢ € C°(RM;[0,1]) be a
cut-off function such that ¢ = 1in A’ and ¢ = 0 in RV\A. Let us define the set A” = {p > %}
so that A’ cC A” cC A. Let (u,) and (v,) C WH*() be two recovering sequences converging
uniformly to u in £, and
limsup F, (up, A") = F"(u, A"”), limsup F,(v,, B") = F"(u, B").
Note that thanks to the coercivity property (b), the sequences (uy,) and (v,,) are bounded by some
constant M in W1 (A”) and W12 (B’) respectively.
For any d € (0,1) we consider
wd = inf{u, + o, + (1 — @), v, + d¢},

where o, € (0,1/n) is any real number such that £V ({u,, + o, + 6(1 — ¢) = v, + dp}) = 0. Such
a number exists since the family of sets {As }ococ1/n, With Ag := {uy, + 0 4+ 6(1 — ) = v, + dp},
is made of pairwise disjoint sets whose union has finite Lebesgue measure. Observe that (w?)
uniformly converges to ws := u + §inf{l — ¢, p} in Q. Moreover w? = u, + o, + d(1 — ¢) and
Dw® = D(up+0,+8(1—¢)) ae. in (A'UB")N{u,+0,+6(1—p) < v, +0¢p} while wd = v, +5¢p
and Dw® = D(v, + 6p) a.e. in (AU B") N {u, + 0, +6(1 —¢) > v, + dp}. Since the set
{un +0n+6(1 —¢) = v, + dp} has zero measure from the choice of o, and since the functionals
F,, are supremal, we have

Fp(wl, A"UB') = Fy(up + 0 +6(1 — ), (A UB") N {up + 0, +0(1 — @) < v, + 5p})
VEF, (vn + 6, (A UB) N {uy, +op + (1 — @) > v, + dp}).
Since the sequences (u,) and (v,) are uniformly converging to u in Q, then {u, + o, + (1 — ) <

U+ 00} C {p >1/3} = A” and {u,, + 0, +6(1 — @) > v, + dp} C {p < 2/3} C (RN\A'), for
any n large enough (depending on ¢§). Therefore, for such n’s, we have

Fo(w®, A"UB') = F(up + 0+ 6(1 — @), A" )V E,, (v, + 6, B"),
and letting n — 400, we get

F"(ws, A" UB') < limsup F,, (w’, A’ U B)

n—oo

< limsup Fy, (uy, +op +6(1 — ), A" )V F, (v, + 6, B')

n—oo

< limsup {F,, (un, A" )V F,(vp, B") + wpr1(on +96)}

n—oo

< F"(u, AN) V F”(u, B/) + WM-H((S),

where we used the continuity property (a) of f, together with the fact that |lu, w14y < M
and |[vn|lw1.(py < M. Finally, letting § — 07 and using the lower semicontinuity of F” we get
that

F'(u,A"UB") < F"(u,A")V F"(u, B") < F(u, A) V F(u, B).
Now let C' € A be such that C cC AU B. Then by [28, Lemma 14.20], there exist A’, B’ € A
such that C C A’UB’, A’ CC A and B’ CC B. Hence since F"(u, ) is an increasing set function,
we infer that

F'(u,C) < F"(u, A" UB'") < F(u,A) V F(u, B),

and taking the supremum over all such C| since F(u, AU B) = sup{F" (u,C) : C CC AU B}, we
get (4.5).



DIMENSIONAL REDUCTION FOR SUPREMAL FUNCTIONALS 10

We now prove that F actually satisfies (4.3). Indeed, if A := |J;=; A;, by the inner regularity
of F, there exists V. CC A such that F(u, A) < F"(u,V.) + . Then there exists a finite subset
J C N such that V. CC [J;c; A;. Therefore F(u,A) < V,c; F(u, Aj) +e < V2, F(u, 4;) + e,
which concludes the proof of this step since ¢ is arbitrary, and the other inequality is obvious.

Step 2. To show that F' is continuous with some modulus of continuity wy;, we first prove that
F" is locally bounded. Namely,

VM >0, 3Ky >0 such that Vu € WH™(Q) with [Jul[wr.eco) < M, then F”(u, Q) < Ky.
(4.6)
Indeed, let u, — 0 uniformly in € be such that
lim sup F,, (un, Q) = F"(0,9).

n—oo

Let us set C' = F"(0,2) + 1. From the coercivity assumption (b) and the fact that ||uy|| ) — 0,

Hm sup ||ty ||y, () = imsup || Dy L @ryy < limsup Fy, (u,, Q) = F7(0,9) .
Therefore, for n large enough, we have [uy|lwi.<@) < C. Now if u € WH>(Q) is such that
llullwi0e @)y < M, then by the continuity property (a) and the fact that ||u, +u|lw1,~ @) < M +C,
we get that
F" (u, Q) <limsup Fy, (u 4 up, Q) < limsup (F, (un, Q) + wrrro(Jullwie@)) < C+wpic(M) .

So we have proved that (4.6) holds with Ky = C + wprc(M).

We next show that F' is locally uniformly continuous. Let M > 0, A € A, and u, v such that
lullwiee @) < M and |||y, q) < M. Consider A" CC A, and let (u,) be a recovering sequence
for u such that u,, — u uniformly in , and

lim sup F, (uy, A") = F"(u, A").

By (4.6) and the coercivity property (b), we have that |[Duy||pe~arry) < Ky + 1 for n large
enough, and thus we deduce that ||uy,|lyw1,e 4y < max{Kys 41, M 41} for n large enough. Then,
defining M’ = M'(M) = max{Kp + 1, M + 1} + M, we have that

F"(v,A") <limsup F,, (v + u,, —u, A")

< lim sup (Fn(um AN 4+ wn (|l — u”le‘”(A’))

n—oo

< F(u, A) + wM/(Hv - UHWI,OO(AI)) .
Finally, A’ CC A being arbitrary, we can conclude that
F(v, A) < F(u, A) +&ar([[o = ullwr.= ()
where we have set Wy = war(arn)-

Step 3. We now prove the coercivity of F'. Let A€ A, u € Whee(Q) and A’ cC A. Consider
a recovering sequence (u,) such that w,, — u uniformly in 2, and

lim sup F, (u,, A") = F"(u, A").

n—oo
Then, from the coercivity property (b) of F,,, the sequence (u,) actually converges weakly* to u
in W1 (A’), and thus
| Dul| poc (armvy < liminf || Duy, || oo (armyy < limsup Fy (up, A') = F"(u, A") < F(u, A) .
’ n—oo

n—oo

Letting A’ — A gives the desired result.
Step 4. To show (4.4) let B CC A be an open set such that F(u Vv, A) < F'(uVwv,B) +e¢.

Let (u,) and (v,) be such that u, and v, uniformly converge in Q to u and v respectively, and
such that
F"(u, B) = limsup F,(u,, B), F"(v,B) = limsup F,(v,, B).

n—00 n—00
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Then
Fuvv,A) < F'(uVwv,B)+e <limsup F,(u, V v,, B) + ¢
n—oo
< limsup F, (tyn, B) Vlimsup F, (v, B) + ¢
n—oo n—oo
=F"(u,B)V F"(v,B) < F(u,A)V F(v, A) +¢,
and the proof of the lemma is complete. O

The next lemma summarizes the properties of the function f given by (4.1) (see Lemmas 3.2,
3.3 and 3.4 in [25]).

Lemma 4.6. Under assumptions (a) and (b) of Theorem 4.2, the function f defined by (4.1) is a
Carathéodory supremand satisfying

(a) for every M > 0 there exists a constant K = K (M) such that, for any (z,2,£) € QxRxRYN
with |z| + ||€]] < M, for any r > 0 with B.(z) C Q, and any v € WH>®(Q),

[z €0, v(z) =2 Dv(z) =&and F(v,By(z)) < f(z,2,§) +1] = |v]wren.@) < K.
(b) f(x,-,-) is bounded on bounded sets of R x RY, uniformly with respect to x.
Finally, we will need the following result (see [25, Lemma 3.1]).

Lemma 4.7. Let u, v € WhH®(Q), let x € Q be a point of differentiability of u and v, and

suppose that u(z) = v(x) and Du(x) = Dv(z). Then, for any ¢ > 0 and any r > 0, there is

some r' € (0,7), some open set A € A, with B, /5(x) C A C By(x) and LN(0A) =0, and some
€ (0,e), B € (0,e) such that

uly) =v(y)+a—PBly—z| VyedA and u(y)<v(y)+a—pPBly—=x| VyeA.

We are now in position to prove Theorem 4.2.

Proof of Theorem 4.2. Step 1. First of all we note that for every u € W1>°(Q) and for all A € A
F(u, A) > esssup f(z,u(x), Du(x)). (4.7)
z€A

Indeed, let us denote by L(u) the set of points which are at the same time points of differentiability
of u and Lebesgue points of f(z,u(x), Du(z)). Then for any A € A, any z € L(u) N A, and any
r > 0 with B,(x) C A, we have that f(z,u(x), Du(z)) < F(u, By(x)) < F(u, A), from which we
deduce (4.7).

Step 2. In order to prove the converse inequality, we first consider the case of C' functions. Let
u e CHYNW>(Q), and define M := [Ju|y1.=(q). Let us now fix e € (0,1), from the definition of
f, for any z € A there is some r, € (0,¢) with B, (z) C A, some v, € W1°°(Q) with v, (z) = u(z),
Dv,(z) = Du(z) and

f(@,u(z), Du(z)) > F(vg, By, (x)) — €. (4.8)
By Lemma 4.6 there exists a constant K = K (M) such that
Ve lwie(B,, (2)) < K. (4.9)

According to Lemma 4.7 we can find some 7, € (0,7,), some open set A, with B, j5(z) C A, C
B, (x) and LN(0A,) = 0, and some constants o, € (0,¢), B, € (0,¢) with

w(y) = vs(y) + oz — Bely — 2| ondA, and u(y) < ve(y)+ oy — Bzly — x| in A, .

Let us set 9,(y) = vo(y) + oz — Be|ly — x| for all y € A,. For simplicity, we extend @, to by
setting ¥, = u in Q \ A,. According to Lindeldf’s Theorem, we can find a sequence (z,,) such that
the family (A4, ) is a locally finite covering of A.
Let us set
we () = sup{,, (z) : n € N such that x € A, }.
Note that, since the family (A, ) is a locally finite covering of A, then above supremum can actually
be replaced by a maximum since the set of indexes n such that x € A, is finite. Moreover, we have
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that w. > u on A. We claim that w, belongs to W1o°(Q), with a Lipschitz constant independent
of €, that w. converges uniformly to w in €2, and that
esssup f(z,u(x), Du(r)) > F(we, A) — war(2¢) — e. (4.10)
z€A
Note that this statement completes the proof of the representation formula (4.2) on C'(Q) N
W1e2(Q) because, from the lower semicontinuity of F, letting e — 07 in (4.10) gives

esssup f(z,u(x), Du(zx)) > lim(i)rlfF(wE, A)> F(u,A).
€A E—

Let us now show that w. € W1°°(Q). For this we note that w. is the pointwise limit of the
Lipschitz maps v,, defined inductively by vg = u, and

Unt1(x) = vp(2) V Uy, , (v) if 2 belongs to A, ., and v,41(x) = v, () otherwise.

The maps v, are Lipschitz continuous, with a Lipschitz constant independent of €, because v,
are equilipschitz continuous on A, from (4.9) and because o, € (0,¢) and S, € (0,¢). Hence
w. belongs to W>°(Q) with a norm which does not depend on e.

In order to show that (w.) uniformly converges to u in 2 as ¢ — 07, let us consider # € A. Since
(A, ) is a locally finite covering of A, there exists A,, such that x € A, and w.(x) = 0, (z) for
some n € N. If y € 04,,,, then |z —y| < 27, < 2¢ because A,, C B, (v,) and r,, <e. Hence
by (4.9) and the definition of M,

|we () — w(z)| < |0z, () — On, (W) + |0z, (y) — u(y)| + |u(y) —u(z)] < 2Ke + 0+ 2Me

since ¥, (y) = u(y). Consequently, |w.(z) — u(x)| < 2(M 4 K)e for any = € A and also for any
x € Q because w. = u in Q\A. So we have proved that w. uniformly converges to u in €.
For proving (4.10), we first show that

F(we, A) < \/ F(0,,, As,). (4.11)
For this, let us set, for any x € A, I(z) = {n € N: 2 € A, }. Note that I(z) is finite (because
the covering is locally finite), and that w.(z) = sup,cy(y) Uz, (¥). We claim that for any fixed
r € A, there exists some g, > 0 such that 7,,(2) < w.(z) for any p ¢ I(z) and z € B, ().
Indeed, fix x € A and let U be a neighborhood of x. Since the covering is locally finite, then
={¢ e N:UNA,, # 0} is finite. If ¢ € F\ I(xz) then z ¢ A, and, by definition,
Uz, (2) = u(x) < we(x). Since the functions ¥, and w, are continuous and F is finite, there exists
some B, (x) C U such that 9., (2) < we(z) for every z € B,, (z) and for every ¢ € F'\ I(x). On
the other hand, if p ¢ I(x) and p ¢ F, then U N A,, = (). Thus for any z € B,, (), we have that
z ¢ A, which implies, by definition, that v,,(z) = u(z) < w.(z2).
Now, for any x € A define By := (¢ 1(y) Az, N Be, (#) and let us now fix a new locally finite
covering (By,) of A. Let us point out that we(2) =V, ¢;(,,) Uz, (2) on By,, from the very definition
of B,,. Hence, using property (4.4), we have that

F(w., B ( V. y> \/ F(b,.By,)< \/ Flis, As,)

n€l(y;) nel(y;) neN

since B,, C A, for any n € I(y;). Next we use the supremality of F' to get

F(w,, A) —F<ws,UByi> \/F (we, By,) < \/ Flis,, As,)

neN

which completes the proof of (4.11).
Using (4.8) and the continuity property for F' (Lemma 4.5 (ii)), we get that

f@n, u(zn), Du(zn)) 2 F(ve,, Ag,) —€ 2 F(Ua,, As,) — wnr (o, = Be,| - —znlllwre(a,,)) — €
where M’ = K + 2¢. Since ay,, € (0,¢), Bz, € (0,¢) and A, C B.(x,), we have
fxn,u(zy), Du(zy)) > F(Uy,, Ag,) —wnr(2€) — €.
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Therefore, by using the continuity of f(-,u(:), Du(-)) together with (4.11) we have
€SS Sup f(xa U(I), DU’(I)) = Sup f(fE, U(I), DU(SC)) Z sup f(xnv u(a:n), Du(xn))
€A z€A neN
> sup F(ﬁxn,Azn) — wM/(Qs) —e> F(’LUE, A) — Whpg! (26) — &,
neN
and it yields inequality (4.10).

Step 3. In order to extend the representation result on W1°°(Q), we first show that f is level
convex with respect to the last variable. Fix (zg,2) € Q xR, &1, & € RY and A € (0,1). By
definition there exist a ball B,.(zg), and functions u and v € W1°°(Q), differentiable at zo such
that u(zg) = v(xo) = 2, Du(zo) = &1, Dv(xg) = & and f(xg,2,&1) > F(u, Br(x0)) — e and
f(xo,2,&) > F(v, By(x9)) —e. Fix 0 < s <, and let (u,) and (v,) C W1°°(B,(z0)) such that
Uy, and v,, uniformly converge in Q to u and v respectively, and

F"(u, Bs(w9)) = limsup esssup fn(x, un(x), Duy(x))

n—oo x€Bg(xo)

and

F"(v, Bs(x)) = limsup esssup fn,(z,v,(z), Dv,(x)).

n—oo z€Bg(xo)

Then, by using the level convexity of f,, we have
f(xo, 2, A1 + (1 = N)&) < F(Au+ (1 — Nv, Bs(xg)) < F"(Au+ (1 — N)v, By(0))
< limSUp Fn()‘un + (1 - )‘)Unv BS(CEO))

n—oo

< lim sup F, (un, Bs(xo)) V Fy,(vn, Bs(x0))

= F"(u, Bs(x0)) V F" (v, Bs(x0)) < F(u, B-(z0)) V F(v, By(0))
< (f(@o, 2,61) =€) V (f(x0,2,&2) —€).

By letting e — 0 we get the thesis.

Step 4. Finally we prove that

F(u, A) = esssup f(z,u(x), Du(x))
€A
for all (u, A) € W1H>°(Q) x A. Since F is inner regular, for any € > 0, we can find A’ CC A such
that
F(u,A) < F(u,A") + €.
Set A, := {z € A : dist(z,0A) > p}. Then there exists py > 0 such that A’ cC A, for every
p < po. Let ¢, be a standard mollifier and define u, := u * ¢,. Since u, is regular, we have that

esssup f(z,u,(z), Du,(z)) = F(u,, A') .
zeA’

Now, since u, — u uniformly and f is uniformly continuous on A’, there exists 0 < p; = p1(g) < po
such that

|f(@,up(2),€) = f(yup(y), §) < € (4.12)
for every x € A, every y € B,(z) (with p < p1), and every £ € RM. Since f is level convex, by

using Jensen inequality (see Theorem 2.2 with p = ¢, LN), we have that for every x € A’

£ (@, uy (@), Duy(a)) < ess sup f(z,u,(2), Du(y)) .
yEB,(x)

and thus, by (4.12) it follows that

esssup f(z,u,(z), Duy(x)) < esssup f(y,u,(y), Du(y)) +¢ .
zeA’ yeA

Therefore
F(u,A") < lim inf F(u,, A") <esssup f(z,u(x), Du(z)) + ¢,
p—0 z€A
which implies
F(u, A) <esssup f(z,u(x), Du(x)) + 2,
z€EA
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and it completes the proof of the theorem since € > 0 is arbitrary. O

5. APPLICATION TO DIMENSION REDUCTION

5.1. Abstract representation result. Let w be a bounded open subset of R?. We are interested
in studying the asymptotic behavior of a family of supremal functionals in thin domains ), :=
w X (—e,€), of the form

€8s sup fs(ya Dv(y)),
yEQe

where f. : Q. x R3 — [0,4+00) is a supremand whose precise properties will be stated later. As
usual in dimensional reduction, we rescale the problem in order to work on a fixed domain €2 := ;.
To do that, we perform the change of variables (z1,2,%3) = (y1,y2,y3/¢) and u(z) = v(y) for
x = (z1,22,23) € Q. Then

F-(0 Do) = W (. Do) | 2 D) ).

where we have denoted We(z,§) := fc(zqa,c23,£). In the sequel the variable z, will stand for the
in-plane variable (z1,z2), and D, (resp. Ds) will denote the derivative with respect to x, (resp.
.’1?3).
Let A be the family of all open subsets of w. We define the supremal functional F. : C(Q) x A —
[0, +0c] by
1
ess sup W, x,Daux‘fD‘ux if ue Whe(A x I),
Fs(uaA) = weAx? ( ( ) £ s ( )> ( )
+00 otherwise,
where I := (—1,1). We next assume that W, : Q x R® — [0, +00) is a Carathéodory supremand
satisfying
(H,p) for each M > 0, there exists a modulus of continuity wyy : [0, 4+00) — [0, +00) such that
(We(z,8) = We(z, &) <wu(ll€ = €I,
for any € > 0, for a.e. x € , and for every £, & € R3 such that ||¢|| < M, ||¢'|| < M;
(Hz) the functions W,(z, ) are level convex for any € > 0 and for a.e. x € {;
(Hs) there exists a continuous and increasing function ¥ : [0, +00) — [0, +00) such that ¥(t) —

+00 as t — +00, with the property that W.(z,£) > ¥(||£]|) for any & > 0, for every £ € R?
and a.e. € Q.

Theorem 5.1. Under assumptions (Hy)-(H3), there exists a subsequence (e,) \, 01 such that
(F.,) T*-converges to some functional F : C(2) x A — [0, +00]. Moreover, let W be defined by

W (20,&) :=inf { F(u, By(20)) : 7 > 0, u € Wh™(w), zo € U, Dou(zg) = £}, (5.1)
for all (z9,€) € w x R2, where
u:={x, € w: x4 is a differentiability point of u and a Lebesgue point of D,u} .
If W(-, &) is continuous for all £ € R?, then
ess sup W (za, Dou(z,))  if u € WHe°(A),
F(u,A) = { Ta€A

400 otherwise.

n

Proof. According to Theorem 3.7, we get the existence of a subsequence (g,,) N\, 07 such that (F;, )
[*-converges to some functional F : C(Q2) x A — [0, +00]. Moreover, if F(u, A) < +oo, then taken
A’ cC A, we can consider a recovering sequence (u,) which converges uniformly to u in €2, and
such that

limsup F., (un, A") = F"(u, A") < F(u, A).

n—oo

As a consequence, u, € W1 (A’ x I) for n large enough, and by the coercivity assumption (Hj),

we infer that )
D3un>

| (7
En

<M,

L (A’xI;R3)
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for some constant M > 0 independent of n. Thus u, weakly* converges to u in W1°°(A’ x I),
and || Dty || oo (a7 x1y < Me,, — 0. Hence D3u = 0 in D'(A’ x I), and since this property holds for
any A’ CC A, we deduce that Dzu = 0 in D'(A x I) so that u € WH°(A). Moreover, thanks to
the continuity property (Hy), one can show that (4.6) holds, and consequently, the domain of the
[*-limit is W1°°(A). It remains to identify F' on W1>°(A).

The rest of the proof follows that of Theorem 4.2. The main difference relies in proving the
countable supremality property of F' as in Lemma 4.5 (i). Indeed, as usual in dimension reduction
problems (see [20, 10, 8]) one must take a cut-off function ¢ which only depends on the in-plane
variable x,. O

5.2. Homogenization of thin structures. Let W : Q x R? x R® — [0, +00) be a function such
that

(A7) the function W (z,ya,-) is level convex for a.e. (z,yq) € Q x R?;
(As) for each M > 0, there exists a modulus of continuity wys : [0, +00) — [0, +00) satisfying

W (e 23, Yar §) = W (@, 23, Yar §)] S wpr (e — 20|l + 1€ = €I,

for a.e. (73,va) € I xR?, and for every x,, 2/, € wand &, £ € R? such that ||€]], ||¢'|| < M;

(A3) the function (23, va) — W(Za, T3, Ya, &) is measurable for all 2, € w and all £ € R?;

(Ay) the function W (z, -, €) is 1-periodic for a.e. z € Q and all £ € R3;

(A5) there exists a continuous and increasing function ¥ : [0, +00) — [0, +00) such that ¥(t) —
+00 as t — +00, with the property that W (x,ya,£) > ¥(||£]]) for every € € R3, and for
ae. (7,9a) € Q x R?;

(Ag) there exists a locally bounded function § : [0,+00) — [0,+00) such that W(x,ya,&) <
B(IE]]) for every & € R3, for a.e. (z,9,) € Q x R2.

Let us define F. : C(Q) x A — [0, +00] by

T 1
ess sup W x,—a,Dauz‘fDux if ue Whe(Ax1I),
Fo(u, A) =14 Geaer ( € ()] g Dol )) ( )

+o00 otherwise.

The main result of this section is the following representation theorem.

Theorem 5.2. Under assumptions (A1)-(Ag), then the family (F¢)cso I'*-converges to the func-
tional

ess Sup Whom (Za, Dat(z4))  if u € WH(A),
Fhom(u, A) = TLEA (5.2)
400 otherwise,
where Wyom is given by
Whom(x()vg) = inf €8S sup W(anyS;ymE‘f‘ Dop(y)|D3p(y)) :
peWL(Q'xI) | yeq'xI

©(-,y3) is 1-periodic for all y3 € I}, (5.3)

for every (x9,&) € w x R?, where Q' stands for the unit square (0,1)% of R2.

Clearly if W satisfies (A1)-(Ag), then the function W, (z,&) = W(z, 2, /¢, &) fulfills assumptions
(H1)-(Hs). Hence Theorem 5.1 shows the existence of a subsequence (e,) such that F, T*-
converges to some functional F : C(Q) x A — [0, +00]. Moreover, in order to ensure that F' is
representable by the function W defined by (5.1) (with W.(x,&) = W (z,24/¢,€)) one needs to
ensure that W is continuous in its first variable. This the object of the next lemma.

Lemma 5.3. Assume that W satisfies (A1)-(As), and let W be defined by (5.1) with We(z,€) :=
W(z,x0/€,&). Then W(-,€) is continuous for every & € R2.
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Proof. Let x¢, yo € w and £ € R?, define M := ||¢||. By definition (5.1) of W, for any n € (0, 1),
there exist r > 0, u € le’o(w) such that z is a point of differentiability of v and a Lebesgue
point of Dyu, Dau(zg) = &, and

F(u, By(x0)) < W(z0,) + 1. (5.4)

By applying Lemma 4.6 and thanks to (A2) and (As), we can find a constant K = K (M) (in-
dependent of o) such that ||ully 1B, (z)) < K. Let " < r’ < r, and consider a recovering

sequence (u,) uniformly converging to u in €2, and satisfying

limsup Fv,, (un, By (z0)) = F"(u, By (x0)). (5.5)

Without loss of generality, one can assume that u, € C(RY) and that u, — u uniformly in R".
Indeed, if it is not the case, using a cut-off function x € C>*(R”;[0,1]) such that x = 1 in B, (z0)
and y = 0 outside €, it follows that the sequence @, = xu, + (1 — x)u € C(R") is such that
fip = Uy, in By(wg), U, = u outside Q and @,, — u uniformly in RV.

Thanks again to (As) and (4.6), there exists a constant C' = C(M) (independent of xg) such
that F”(u, B,(xz9)) < C. By using also the coercivity property (As), we can find a constant
M’ = M'(M) (independent of z() such that

1
H (Daun EDSU'n)

Let m,, € Z? and 6,, € [0,1)? be such that
Lo — Yo
En

<M. (5.6)
L (Br’ (:Eo)XI;R3)

:mn+9na

and define s,, := €,0,, — 0. Let n large enough so that ||s,| < ' — r”, then we set v, (Yo, y3) :=

Un (Yo — Yo + To — 5n,Y3) and v(Ya, ¥3) = w(Ya — Yo + 2o, ys) for all y € B, (yo) x I. Clearly,
vy, — v uniformly in €2, and thus

1
F//(va By (yO)) < lim Sup  esssup w <xa> T3, xfaa Davn(x) D3vn($))
n—oo xeB.y (yo)X[ En En
. +yo—x0+s 1
= lim sup ess sup w (ya + Yo — To + Sn, Y3, Yo T Y0 0T °on » Daun (y) Dgun(y))
n—o0 yeB i (xog—sn)XI En n

En

1
<limsup esssup W (ya + Yo — xo + Sn, Y3, 3;704’ Doun(y) DSUn(Q)) )

n—00 yeB,s(xo)x1 n

where we used the periodicity property (A4) of W and the fact that m,, € Z2. Thus according to
(5.6), (A2), (5.5) and (5.4) we deduce that

: Ya
FN(’Uv B, (yO)) < lim Sup  €Sssup w (yom Ys, ;7 Dyuy, (y)

1
Datn(5)) +ar (I 2ol
n—00 yeB,s(zo)x I n En
< F'(u, Bu(20)) +war (lyo — woll) < W(zo, ) + 1+ war (lyo — woll)-
Finally, since v is admissible for W (yg, £), we conclude, after letting n — 0, that
W (yo,€) < W(zo,&) +war([lyo — zol))-

By exchanging the roles of zg and yy we get the desired continuity property. O

In the next lemma, under the same set of assumptions we provide an upper bound for W,
namely we show that W < Wiyonm.

Lemma 5.4. Let W satisfying (A1)-(As). For every zp € w and every € € R2, we have
Whom(ang) > W(Io,f)

Proof. By definition (5.3) of Whom, for any 1 > 0 there exists ¢ € W (R? x I) such that ¢(-, y3)
is 1-periodic for all y3 € I, and

essésug W (20, Y3, Yo € + Da(y)|Dsp(y)) < Whom (20, &) + 1.
YeEQ' X
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Now define u(z) 1= £z, and u,(7) := €24 + €09(Ta/en, x3). Then clearly u, — u uniformly in Q
and thus

F"(u, By(79)) < limsup esssup W <xa,x3, Lo Dyun(z)
€

n—0o0 z€B,(xo)XxI n

1D3un(33))

n

= limsup esssup W (ma,xg, x—af—i— Dyy (%,x3> ‘Dgap (%,.’Eg))
En En En

n—0o0 zeB,(xo)XxI

< esssup esssup W (xm Y3, Yo € + Dago(y)\Dggo(y)) .
o €Br(z0) YEQ' XI
We next use the uniform continuity assumption (Az) with M := |[(€ + Da¢|D3p)|| (o' x1:r?) tO
get that
F"(u, B (x9)) < ess sup W (20,3, Yas € + Da(y)|Dap(y)) +wa (1)
YyeEQR' X

< Whom(0,&) + 1+ war (7).
By Proposition 3.4, we can choose a radius r > 0 such that F(u, B,(v0)) = " (u, By(20)). By
applying the representation formula provided by Lemma 5.3 and the fact that W is continuous in
its first variable, we get that

W(z0,€) < esssup W(2a,&) < Whom (0, &) + 1+ war(r).
xaeBr(ftU)

Letting » — 0% and n — 0%, we get that W (zo, &) < Whom (70, ). O

Now our aim is to prove that, under the further assumption (Ag), the supremand W, which
represents the I'*-limit of a suitable subsequence F_, actually coincides with the function Wyop,
defined by (5.3).

To this end we need to recall the analogous results in the integral setting (see [20, 8, 9]) that
will be exploited in the sequel. We introduce, for every p > 1, the family of integral functionals
FP: L>*(02) x A — [0, +00] defined by

n?

1/p
To 1 .
FP(u, A) = (/A wer (x, — Dau(x)lngu(x)> dx) if u € WHP(A x I),
400 otherwise.
Following [8], we have the following I'-convergence result:
Theorem 5.5. Assume that (A3)-(Ag) hold with ¥ (t) = Cit and B(t) = Ca(t+1) for some positive

constants Cy and Co. Then for each p > 1, the family (FP)sso I'-converges, with respect to the
strong LP(Q)-convergence, to the functional FY : LP(Q) x A — [0, +00], defined by

hom
1/p .
p ; ;
Pty d ([ Wholoo Dasten)dn ) e wiea), 6.7
400 otherwise,
where the density WE :w x R? — [0,400) is defined by
z . 1 _
Wlfom(moag) = Thm lnf{ﬁ/ Wp(x())y?nyaaf+D0tg0(y)|D3S0(y))dy :
-0 (0,7)2x1
0 e WIP((0,T)2 x I), o =0 on 8(0,T)? x I}. (5.8)

Note that in [8], the regularity assumptions on W were different to ours. Indeed, in that paper,
it is assumed that W (-, ya, &) is measurable for all (y,,&) € R? x R®, and W(x, -, -) is continuous
for a.e. x € Q. However, the I'-convergence result still holds true with our new set of hypotheses.

We will observe in the next Lemma that formula (5.8) can be specialized into a single cell
formula as in (5.9). This is due to the fact that in constrast to [8] where vector valued functions
are considered, we are here dealing with scalar valued functions, and thus the I'-limit remains
unchanged if we replace WP by its convex envelope. This is a well known fact that in the convex
case, the homogenization formula reduces to a single cell formula (see [18, Section 14.3]).
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Lemma 5.6. Under assumptions (Az)-(Ag) with ¥ (t) = C1t and 3(t) = C2(t+1) for some positive
constants Cy and Cy, then for every (zg,&) € w x R? we have
Wm0 = ot {5 [ W00+ Dapl0)|Dso(v) dy:
© € WHP(Q' x I), (-, y3) is 1-periodic for a.e. y3 € I}. (5.9)
Proof. Let us define for every (z9,&) € w x R2,
Wi ®) = ity [ W0, pn e, T D)D) dy:
e WHP(Q' x I), ¢(-,y3) is 1-periodic for a.e. y3 € I}.

According to [20, Remark 4.1] (see also [9, Lemma 2.2]), the limit as T — oo in formula (5.8) can
also be replaced by an infimum, and consequently WY (z¢,&) < W*(xo, §).

In order to prove the opposite inequality we argue as in [18, Theorem 14.7]. Let k € N and
© € WHP((0,k)? x I) such that ¢ = 0 on 9(0,k)% x I, let i = (i1,i2) € {0,1,...,k — 1}2. Define

for every g = (yarys) € Q' x I
1 )
z/}(youy?)) = ﬁ Z@(ya + 7/3?]3)-

Clearly v € WHYP(Q' x I) and (-, x3) is 1-periodic for a.e. x3 € I. On the other hand, since
the minimization defining the function W* is stated over scalar valued functions, a well known
relaxation result of integral functionals in the scalar case guarantees that

Wi ® = iy [ OO v Due)|Dso(v) dy:

e WhP(Q' x I), ¢(-,y3) is 1-periodic for a.e. y3 € 1}7

where C(WP) stands for the convex envelope of WP. Consequently, by virtue of the periodicity of
¥ and C(WP), it results

Wiao ) < [ OOV, €+ Dt Dov(0) dy

1

= [, COV 005,00 E 4 Dt D)

1

Tk (0,k)2x1

1 - . ;
c(w?) <z03y37yaa = > <€ + Dap(Ya +14,y3)| D3p(Ya + 14, y3)>> dy.

Using the convexity of C(WP) and changing variable yields

= 1 = . .
W*(z0,§) < 7 Z/( o C(WP)(20,Y3: Yas § + Dap(Ya + 1, Y3)[D3p(Ya +i,y3)) dy
i 0,k)2x 1

1 _
=2 o) IC(WP)(xo,y37ym€+Da@(y”Ds@(y))dy
k)2 x

1

_ﬁ (082 IWp(anyZ&)youg—"_Docgo(y”DS@(y))dy
0, X

Since the previous inequality holds for any arbitrary function ¢, taking the infimum with respect

to ¢ and the limit as k — oo leads to W[ (z0,&) > W*(x0,£). O

We next introduce the power law approximation of the supremal functional (5.2) by (5.7). We
omit the proof of the following result since it is sufficient to repeat that of [22, Lemma 3.2] with
some suitable changes.

Lemma 5.7. Let W : QOxR?xR? — [0, +00) be a supremand satisfying (A1)-(Ag) with ¥(t) = C1t
and B(t) = Co(t + 1) for some positive constants C1 and Cz. Then
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(i) for every (z¢,€) € w x R?

lim (W}fom(l‘o,g)>l/p = Whom(w(hg);

p—+00

(i) for all A€ A and u € WH*(A),

1/p
lim (/ WE (@, Dou(zy)) dxa> = es8 SUpP Whom (Za, Dat(2a))-
p=too \Ja o €A

We are now in position to prove the lower bound. The argument employed in the following
result is very close to that of [22], and uses a power law approximation together with the analogous
integral result (see [8]).

Lemma 5.8. For every xg € w and every £ € R?, we have Whom (20, &) < W (x0,&).

Proof. We report only the sketch of the proof of this lemma since it is analogous to [22, Proposition
4.2].

Step 1. We first assume that f satisfies standard coercivity and growth conditions (A4s5) and
(Ag), namely that there exist two positive constants Cy and Cs such that

Crllgll < W(za, y3, v, §) < Ca([I€]l +1)

for every (z4,&) € w x R? and for a.e. (ya,y3) € R? x I. Let u(z,) := € - x4 and r > 0 be such
that F'(u, By(x0)) = F"(u, B.(20)). Consider a recovering sequence (u, ), converging uniformly to
w in Q, and such that F., (u,, B.(79)) — F(u, B,(z0)). By applying Theorem 5.5, we have the
following chain of inequalities:

1/p
/ W}:l:om(waag) dxa
Br(x(l)
1 1/p
—Dsuy,(z) | dx

< liminf / wPr <xa,x3, z—a,Daun(as)
n=00 \ JB, (z0)xI € €n

n

o 1
< (2nr?)YPliminf esssup W (wa,xg, i,Daun(x)}EDgun(x))

=X geB,(zo)XI n

for each p > 1. Invoking Lemma 5.7 and Theorem 5.1 and passing to the limit as p — +o0o we
obtain

1/p
Whom (70,€) < esssup Whom(2a,&) =  lim / WP (20, &) dug
o €Br(z0) p—+oo B, (x0)
< esssup W(zy,§).

zo€Br(z0)

Finally, since by Lemma 5.3, W is continuous in the first variable, we deduce by letting » — 0 that
Whom(an 5) S W(ZL'(), 5)

Step 2. Assume that W(x,, y3, Yo, -) satisfies (A5) with ¥(¢) =t and (Ag) in its general form.
for every M > 0 one can define

WJW('T’Omyf)ayayf) = W(l’my&ymg) A |:M \4 %(1 + ||§||):| .

The function W), clearly fulfills all the assumptions of Step 1, and thus since Wy, < W, we deduce
that

(WM)hom(xm E) S W(an g)a



DIMENSIONAL REDUCTION FOR SUPREMAL FUNCTIONALS 20

where

(Wa)hom(w0,€) = inf { eSSQSHI; Wi (%0, Y3, Ya, € + Dap(y)|D3o(y)) -
yeQ' X

0 e Whe(Q' x I), (-, y3) is 1-periodic for all y3 € I}.

The proof of this case can be easily completed by showing that for M large enough,

(Wat)hom (20, €) = Whom (o, §).
Step 3. The general case follows by applying the previous step to the function ¥—1(W). O

Proof of Theorem 5.2. By Theorem 5.1 and Lemmas 5.3, 5.4 and 5.8, we infer that F' = Fyom.-
Moreover since the I'*-limit is independent of the extracted subsequence (e,,), there is actually no
need to extract a subsequence thanks to [28, Proposition 16.8]. g

Remark 5.9. As a consequence of the above results we obtain that the homogenization and the
power-law approximation commute as summarized by the following diagram:

(L)
FP - F

€

p—0

™ ™
v | | ||
e} e}
Y F(LOO) Y
F};ll)om > Fhom
p—0

Indeed, the left vertical arrow has been shown in Theorem 5.5, the above horizontal arrow has
been proved in Theorem 2.4, the right vertical arrow follows from Theorem 5.2, while the down
arrow is established in the following Theorem 5.10.

Theorem 5.10. Let W : Q x R? x R® — [0,+00) be a supremand satisfying (A1)-(Ag) with
U(t) = Cit and B(t) = Ca(t+1) for some positive constants Cy and Ca. Then the family (FY. )ps1
defined in (5.7) T-converges, as p — +00, with respect to the uniform convergence to From defined
by (5.2).

Proof. By virtue of Theorem 5.5, the functional Ff is a I'-limit, with respect to the LP(f2)-
topology. Consequently it is lower semicontinuous on WP (w) with respect to the LP(w)-topology,
and so, in particular, it is lower semicontinuous on W1°(w) with respect to the L>°(w) topology.
Moreover the family (F} ),>1 is increasing in p and, by virtue of Lemma 5.7, it pointwise converges
to Fhom, as p — +0o. As a consequence, thanks to Proposition 5.4 and Remark 5.5 in [28§],

(FP . )p>1 T-converges, as p — 400, with respect to the uniform convergence to Fyom. O

6. THE HOMOGENEOUS CASE

In this section we treat the particular case where W_(x,&) = W(§). Without assuming that the
function W is level convex, and without appealing to the general representation result Theorem
5.1, we will provide a representation theorem analogous to that shown in the integral case (see [34,
Theorem 2 ]). On the other hand, for technical reasons, we will replace coercivity condition (As)
by a linear standard coerciviness as in (6.1).

Theorem 6.1. Let W : R® — [0, +00) be a continuous function, and assume that

W (&) > C||€|| for every € € R3. (6.1)
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For each ¢ > 0, define F. : C(Q) x A — [0, +00] by

1
esssup W <Dau(x)’€D3u(x)> if u e WhH(A x I),

Fe(u, A) == z€AXT (6.2)
400 otherwise.
Then the family (F.)eso I*-converges to the functional Fy : C(Q) x A — [0, +00] given by
ess sup(Wo)'® (Dou(za))  if u € WH®(A),
Fo(u, A) := T €A (6.3)
400 otherwise,
where for every € € R?,
Wy (&) = inf W(¢|e), (6.4)
ceER

and (Wy)' is the level convex envelope of Wy, (see (2.3)). Moreover for any bounded open set
Q C RY satisfying one of the following properties

(C2) Q is of class C%;

(S) Q is strongly star-shaped;

the family (F-(-,0))es0 T-converges to Fy(-,Q).

For the proof we will follow an approach closer to that of [34] for the lower bound, and to that
of [22] for the upper bound, which do not rest on an abstract I'-convergence result.

Before going into the proof of Theorem 6.1, we state technical results which precise again formula

(6.3) when W is level convex. Indeed, we first observe that if W is already level convex, the same
property is inherited by Wj.

Proposition 6.2. Let W : R® — [0,+00) be a continuous and level convex function. Then Wy
defined in (6.4) is level convex as well.

Proof. Let £, & € R2, )\ € [0,1] and 7 > 0. There exist c1, co € R such that Wo(&y) +n >
W (&q|e1) and Wo(&y) +n > W(€s|ea). Then by definition of Wy and since W is level convex, we
have that

WoA& + (1 =N)&) < WG + (1= Né|rer + (1 = Nez)
< W(iler) vV W(sle2)
< (Wol&r) +m) vV (Wo(&s) +n)-

The arbitrariness of n allows us to conclude the proof. (]

In the following proposition we will show that the level convex envelope and the minimum with
respect to the third variable commute.

Proposition 6.3. Let W : R® — [0, +00) be a continuous function, then (Wo)ke(€) = (We)o(€)
for every € € R2.

Proof. It is easily observed that for every £ € R? and every ¢ € R,
(Wo)'“(€) < Wo(€) < W (Ee).
Thus, since (W) is level convex, we have that
(Wo)'°(€) < W'(Ele),
and taking the infimum with respect to ¢ € R on the right hand side we obtain
(Wo)'“(€) < (W')o(8).
In order to prove the opposite inequality, we clearly have for every £ € R? and every ¢ € R,
(W)o(€) < W(Ele) < W (Ee).
Taking the infimum with respect to ¢ € R in the right hand side of the previous inequality, yields
(W')o(€) < Wo(E).
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By virtue of Proposition 6.2, the function (W'€)y is level convex and thus we obtain

(W0 (€) < (Wo)*“(6),
which completes the proof of the proposition. O

We now show that when W = W (&) the function (Wy)!'¢ coincides with the function defined by
(5.3).
Lemma 6.4. Under assumption (6.1) (Wy)(€) = Whom(€), namely for every € € R2,

(Wo)<(€) = inf{ess sup W (€ + Dag(y)| Dsp(y)) :
yeQ’' xI

© e WHh(Q' x I), ¢(-,y3) is 1-periodic for all y3 € I}.

Proof. Assume that W is a level convex function so that Wy is level convex as well by Proposition
6.2. According to definition formula (5.3), we denote

Whom(§) := inf { esssup W (€ + Da(y)|D3p(y))
yeQ' xI1

@ € Whoo(Q' x 1), ¢(-,y3) is 1-periodic for all y3 € I}

for every £ € R2. Then, by definition of W, and by applying Jensen’s inequality (2.2) to the level
convex function Wy, we have that

Whom(g) Z inf { €8S sup WO(E + Daw(y)) :
yeQ’' xI

@ e Whe(Q' x I), o(-,y3) is 1-periodic for all y3 € I}

Y

inf { ess sup Wy (//(€+Da<ﬁ(ya’y3))dya> :

y3€l

@ e Whe(Q' x I), o(-,y3) is 1-periodic for all y3 € I}
= Wo($).
In order to prove the opposite inequality, for every p > 1, let us define G, : W (Q' x I) —
[0, +00) by

1/p
Gote)i= ([ WrE+ DucliDostn) dy)

Thanks to Theorem 2.4 (see [27, Theorem 3.1]), the family (F})p>1 I'-converges, with respect to
the uniform convergence to

G(p) :=esssup W (€ + Da(y)|Dsg(y)),
yeQ’' X1

as p — 4oo. Consequently, by the convergence of minimizers and by using [20, Remark 3.3], we
have that

1/p
Whom(§) = lim inf{ ( o IWP(§+Da<p(y)D3<p(y))dy> :

p——+o0
@ e Whe(Q' x I), (-, y3) is 1-periodic for all y3 € I}

= lim [C((WP)o) (€)',

p—0oo
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where we have denoted by C((WP)g) the convex envelope of (WP)q, and (WP)o(€) := inf.cgr WP(£]c).
Finally, since [C(WP)(€)]"/P < Wy(€), we obtain Wiem(€) < Wo(€).

If W is not level convex, by applying the first part of this proof to the level convex function W'*
we obtain that

(W')(§) = inf{ess sup W'(€ + Do o(y)| Dap(y)) :
yeQ’' xI

0 € Who(Q' x I), ¢(-,y3) is 1-periodic for all y3 € I}.
Therefore, by applying Proposition 6.3 and the relaxation theorem 2.3, we can conclude

(Wo)'“(§) = (W')(&) = inf{eSEsz;liI;W(iJrDaw(y)lDw(y))r

@ € Whoo(Q' x 1), ¢(-,y3) is 1-periodic for all y3 € I}.

O

We now are in position to prove Theorem 6.1. B
Proof of Theorem 6.1. First of all we prove that for every (u, A) € C(2) x A and every sequence
(ue) C C(Q) uniformly converging to u in €2, one has

Fo(u, A) < limi(I)lf F.(ue, A).
E—

In fact, if Fy(u, A) = +o0, there is nothing to prove. Otherwise, if Fy(u, A) < 400, then we can
consider a subsequence (¢,,) \, 07 such that

liminf F. (u., A) = lim F., (ue,, A),
£— n—oo

and thanks to (6.2), the sequence (u.,) C WH(A x I). According to the coercivity condition
S M)

(6.1), we have
1
‘ (Dausn D3u5n>
En L (AxI;R3)

for some constant M > 0 independent of n. Hence the sequence (u.,) weakly™ converges to u in
WHoo(A x I) and u € WH>°(A). By definition of (W), we have

esssup W (Daugn (z)
z€AXIT

1
—Dsu, (x)) > ess sup(Wo)lc(DauEn (2)).
n Tz€AXI

But since (Wp)'€ is level convex, the supremal functional

v — ess sup(Wy)'(Dav(z))
x€AXI

is sequentially weakly* lower semicontinuous in W°(A x I), hence

lim esssup W <Dau5n (x)

=00 zeAxI

1
D3u€n(z)> > liminf ess sup(Wy)'*(Dgyuc, (7))

n n—00 peAxI

ess sup(Wp)'*(Dau(zy)),

To €A

Y

since u is independent of x3. Finally, we have that
limiélfFE(us, A) > Fy(u, A).
E—

For the I'*-limsup, the proof develops as in [22, Theorem 5.2]. Thus we present here just the
main steps. First, using Lemma 6.4, and arguing as in the proof of Lemma 5.4, we get the limsup
inequality on affine functions. The second step consists in a fundamental estimate, and it is proved
exactly as [22, Step 2 in Theorem 5.2], with the only difference that the domain A is now a subset
of w and the polyhedral partition is of the type A; an As, with cut-off function ¢s which just
depends on the planar variables x,. In this way it is created a partition of the set A x I. The
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other steps are also similar, i.e., next one can provide the upper bound on C! functions and on
regular open sets. Finally the I'-lim sup is obtained on W functions, giving the representation
on C? and star-shaped domains. Finally one may proceed obtaining the sub-supremality of the
inner regular envelope, obtaining the I'-limsup inequality on a rich family of open sets and for
every u € Whoe(Q). O

7. APPLICATION TO PARAMETRIZED HOMOGENIZATION

We conclude this paper with a further application to Theorem 4.2 to the case of parametrized
homogenization. Let Q@ C RY be a bounded open set, and W.(z,&) = W (m,f,f). We are
interested in the homogenization (by I'-convergence with respect to the uniform convergence ) of
the following supremal functionals G, : C(Q) x A — [0, +00] defined by

X
W (z,=,D if u e WHe(A),
Gutua) o= | 2PV (25 Dul) i ue W (4)

+00 otherwise,

(7.1)

where W : Q x RY x RN — [0, +00) is a function such that

(By) the function W (z,y,-) is level convex for all # € Q and a.e. y € R"V;
(Bz2) for each M > 0 there exists a modulus of continuity wyy : [0, +00) — [0, +00) satisying

(W(z,y,8) = W', y,&) < wu(lla =2 + 11§ = &)

for a.e. y € RY and for every z, 2’ € Q, £, ¢ € RN with |||, ||¢']| < M;
(B3) the function y — W (x,y, &) is measurable for all x € Q and all £ € RY;
(By4) the function W (z, -, €) is 1-periodic for all z € Q and ¢ € RY;
(Bs) there exists a continuous increasing function ¥ : [0, +00) — [0, +00) such that ¥(¢) — 400
as t — +00, with the property that W (z,y,&) > ¥(||¢]|) for every € € RV, all z € 2, and
a.e. y € RV,
(Bg) there exists a locally bounded function 3 : [0,+00) — [0,+00) such that W(z,y,§) <
B(I€]]) for every £ € RY all x € Q and a.e. y € RY.

Theorem 7.1. Under assumptions (B1)-(Bg), the familly (Ge)es>o defined by (7.1) T'*-converges
to the functional Gyom : C(Q) x A — [0, +00] defined by

ess sup Whom (z, Du(z))  if u € WH>(A),

Ghom (U,, A) = z€A
400 otherwise,

where Wyom s the continuous function given by

Whom (2o, &) := inf ess sup W(zo,y,& + Do(y)) : ¢ is Q-periodic p,
PEWL>(Q) yeqQ

for all (z9,&) € Q@ x RN, and Q is the unit square (0,1)V.

We do not report the proof whose scheme follows the lines of Theorem 5.2 with some suitable
changes:

(1) by applying Theorem 3.7, we get the existence of a subsequence (g,,) \, 07 such that G.
[*-converges to some functional G : C(Q) x A — [0, +o0c]. Thanks to Theorem 4.2, in order
to represent G in a supremal form, one checks that the function W is continuous as done
in Lemma 5.3;

(2) by proceeding as in Lemma 5.4 one shows that Wyom > W

(3) by applying an approximation argument by integral functionals (as in Lemma 5.8) one
shows that Wiem < W. We only remark that, in this last step, instead of applying
Theorem 5.5, it is necessary to refer to [12] (see also [18, Proposition 2.23] and [9]).

We also observe that a commutative diagram such as presented in Remark 5.9 may be reproduced
in the framework of parametrized homogenization when dealing with the integral counterpart of
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functionals G in (7.1), namely when considering the I'-limit as € — 0 and p — +oco of

U — (/pr (a;?,Du) dx)l/p.

Remark 7.2. We observe that Theorem 7.1 could be obtained as a particular case of dimensional
reduction, having in mind that the result proven in Theorem 5.2 hold true also for the passage
(N+1)D — ND (for any N > 1). For the readers’ convenience, the subsequent considerations will
be made in the case N = 2.

To deduce Theorem 7.1 from Theorem 5.2 it suffices to assume that the energy density We(x, &) =
W(za, ==, £) has no dependence on the transverse variable x3 and on the last variable of the gra-
dient. Indeed, the proof of the lower bound is straightforward since — with the notations of section
5 — we clearly have for every (u, A) € WH*(w) x A, and every A’ CC A,

G'(u, A') == ( )C%/IVlf “ {hm inf ess sng (a:a, %, Daue(xa)) : U, — u uniformly in w}
Ug » 0 (W E— Ta € /

> inf liminf esssup W (ma, x—a, Dyuc(zq, xg,)) : ue — u uniformly in Q ;.
(ue)CWh(Q) =0 (g, 23)€A XTI €

Hence taking the supremum with respect to all A’ CC A yields
G (u, A) > ess sup Whom (Ta, Dau(zsa)),

T EA

where according to Theorem 5.2,

Whom (%0, &) 1= inf ess sup W(zo, Yo, € + Da :
hom (%0, §) @eWI»x(Q/xI){yEQ/XI? (0, Yas € e(y))

©(+,ys3) is 1-periodic for all y3 € I}

= inf {ess sup W (g, Yo, & + Dacp(ya))} for all (zo,€) € w x R2.
peWp®(Q) L yeq

For what concerns the upper bound, thanks again to Theorem 5.2, we infer the existence of a
sequence (u.) C W1°(2) uniformly converging to u in 2, and such that

. T
limsup esssup W (xm 2 Dotie (T, xs))
e—=0  (zq,x3)EA'XI €

T _
= inf limsup esssup W (Jca, 2 Dywe (2, ZE3)) : we — u uniformly in © 5 .
(we)CW 120 (Q) e—=0 (2q,r3)EA'XI €

Hence for a.e. s € I, ve := u.(+,8) € WH*°(w), v. — u uniformly in @ and

. T
lim sup ess sup W (ma, =, Davg(:na))
e—0 T €A’ €

€T —

< inf limsup esssup W (xa, 2 Dowe (2, :cg)) : we — u uniformly in Q » .
(we) W2 (Q) e—=0  (xq,23)€A' XTI €

so that

G (u, A" == inf {lim sup ess sup W (xa, x—a7 Dave(xa)) : vz — u uniformly in w} .
(ve)CW T2 (w) e—0 zoEA’ €

< inf limsup esssup W (xa, x—o‘, Dywe(zq, :cg)) : w, — u uniformly in Q ¢ .
(we)CW2(Q) e—0 (zq,z3)EA'XI €
Finally, taking the supremum with respect to all A’ cC A yields
G" (u, A) < ess sup Whom (Za, Datt(z4)).
A

Ta €
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