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FROM SPECIAL BOUNDED DEFORMATION TO SPECIAL BOUNDED HESSIAN :
THE ELASTIC-PLASTIC BEAM

DANILO PERCIVALE* FrRANCO TOMARELLI**

Abstract - Slender beams with small cracks described by I' limits: a description of an elastic—perfectly
plastic beam or rod is obtained as a variational limit of 2D or 3D bodies with damage at small scale
satisfying the Kirchhoff cinematic restriction on the deformations.

0. Introduction

In this paper we describe the asymptotic behaviour as € — 04 of minimizers of the functionals

Fv) = e [ QEW) dx + 2aH () + eﬁ/ V] © | dH ™1 — / g -vdr (0.1)
Qe Jyv

€

where the open set Q¢ C R™ is a tubular neighborhood of a C?3 regular simple arc representing
the un-stressed configuration of a beam of finite length L , v is a vector field with special bounded
deformation ([ACD]) in Q°, n=2,3, « >0,3>0,0 >0, &(v) is the absolutely continuous part of
the linear strain tensor €(v) = 1 (Dv+ (Dv)T) and

QEW) = nEMP + 51 TP

where A\, 1 are the Lame coefficients. .J, is the jump set of v, vy is the normal to .J, and H" !
denotes the (n — 1) dimensional Hausdorff measure.

The functional F¢ represents the mechanical energy for a linear elastic body, with natural reference
Q° | subject to transverse dead load g° , with free small cracks whose geometry (the set Jy) is not
”a priori” prescribed (see [PT1,2],[BDG]). The first term in (0.1) represents the elastic energy in
undamaged regions, the second one is a surface energy (area of material surfaces where damage occurs
([G])), the third one describes a weak resistance of the material to compression or crack opening. The
sum of the second and third term is an interface energy which is suitable to describe the damage
process according to the Barenblatt cohesive model of crack ([Bal]). Non trivial loads in the last term
of (0.1) are consistent with our analysis even without artificial confinement of the body.

In the paper we do not assume any condition on v at the boundary 92 : hence the extremals of (0.1)
formally satisfy a Neumann boundary condition; this choice is done just for simplicity; in [PT1] we
performed the analysis for the cantilever.

The functional (0.1) achieves a minimum over the displacements v in SBD(£2¢), vector fields with
special bounded deformation ([ACD],[BCD]), provided g° is small and has vanishing resultant and
angular momentum ([CT]).
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By denoting with v the displacement and with €(v) the linear strain tensor, we assume the following
cinematic restriction on the deformations

e(v) N =0 (0.2)

for every continuous vector field A/(x) normal to the beam at the projection p(x) of x on the arc itself:
such projection is well defined for small € (see (2.9),(3.11) for a precise statement of (0.2), respectively
in the 2D and 3D approximation).

We notice explicitly that the internal constraint (0.2) requires that any normal to the central strand
lies in the kernel of €(v), which is the usual Kirchhoff cinematic restriction on the deformations in 2D,
say “the material fibers orthogonal to the middle arc before loading remain approximately orthogonal
to it after loading and suffer negligible stretching” (see ([K],[PG]), while in 3D (0.2) is a point-wise
linearization of the Bernoulli-Navier cinematic restriction, say “the intrinsic frame stays approximately
orthonormal after deformation,” (see [V] pag.70]). More explicitly, if ¢(x) = x4+ dv(x) and E(v) =
(V)T Vi) — I denote deformation and strain, then assumption (0.2) is the formal linearization of
the internal constraint, for small values of d, say, if N, B are the intrinsic normal and bi-normal, then
E(¢)-N=E(¢)-B =0 and both €(v)-N , €(v) - B tends to 0 as d tend to 0 .

The nonconvex energy (0.1) achieves a finite minimum (at a possibly not unique minimizer) among
the vector fields v in SBD()) satisfying constraint (0.2), provided g® has vanishing resultant and
moments (compatibility condition) and g® is small (safe load condition) compared to 8 and with
respect to the geometry of ¢ (Theorems 2.9 and 3.9).

By assuming (0.2) and v® € argmin F*, we show that the averages u® of v over cross-sections of )¢
(as functions of arc-length and up to sub-sequences) converges to a minimizer of the functionals listed
below as e — 04 (v, @ denote respectively distributional derivative and its absolutely continuous part).

(Theorem 2.11) If n = 2,6 = 0, g° and f are defined by (2.7) and the force field g° is traction-free, then
u® = (uf,u§) converges to a minimizer u = (uy,uz) of the functional Fy defined on SBH((0, L), R?
by

2 A [
242 / (li + ity + fur|[2 — Fu)ds+20H0(Sa,) +8 S [fia]] i ) = sua
3 2)Jo el (0.3)

+ 00 otherwise .

.7:2 (11) =

(Theorem 4.1) If 6 > 0, n = 2 and g° is traction-free (defined by (2.7)), u® = (u§,u$), then F*
converges to a minimizer u = (uy,us) of the functional A defined on SBH ((0, L), R?) by

L
) = 7/0 fuads + 2047—[0(5112) + ﬁZHUQ” if W) = kup, and wl+ru,+iug =0
Sy
oo otherwise .

A(v (0.4)

(Theorem 3.11) If n = 3, 6 = 0, g° and f defined by (3.8), g° is traction-free, uj, u§, u§ are the
averaged intrinsic components of v¢ over the cross-sections of Q° and u§(s) denotes the mean value of
resultant moment of v¢ over the cross-section of Q¢ through 4(s), expressed as functions of arc-length
s, u® = (u§,us, u§, ui), then u® converges to a minimizer u = (uq,ug, us, uq) of the functional Fj

defined on SBH ((0, L), R* by

Fy(u) = O(u)  ifu’ =Kug, ujy =—K(us+ Tus), (0.5)
+00 otherwise '
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where
™ A [f 2 2 L 0 4 . -
®(u) = T\t 3 |Aru|™+|Asu|ds — [ fouds+maH (SﬂZUS{L.J)‘i’gﬁ Z V[w2]? + [us]?,
0 0 Sty USug
Alu:ﬁg—7LU3—2T’[L3+K1'J,1+KU1—72U2, Agu:ﬂg-l-f'UQ-l-QT’dg—f—TKul—K’LL4—T2U3.

In each one of the previous cases we prove also the convergence of the naturally scaled energies of
minimizers: e73F5(v®) to Fa(u) (to A(u) if § > 0) and e 4F5(v®) to F3(u), as e — 04 , where
we denote FZ instead of F¢ since a dimension labelling is needed).

Hence, in a different perspective, one can say that any minimizer v® of F,
recovered, for positive €, respectively by a minimizer of 7, , n =2,3, due to

can be approximatively

min 72 = "M minF, + o(e"t) | when § =0 .

The analogous statement holds for A when § > 0.

Functional F¢ describes the stored energy of the (2D or 3D) thick elastic body with damage at
meso-scale undergoing small deformations.

Functional F, is a model energy of a planar (possibly not straight) linear elastic plastic beam, whose
natural configuration is the middle arc of the ribbon °.

Functional F3 is a model energy of a (possibly not planar) linear elastic plastic beam, whose natural
configuration is the central strand of the tube Q°.

Functional A is a model energy of a (possibly not straight) rigid plastic beam, whose natural config-
uration is the middle arc of the ribbon °.

The simple cases of a straight beam or a circular ring can be dealt with in the same way for both 2D
or 3D approximation framework(see Examples 2.12; 2.13, 3.14 Remark 3.13 and Section 4), and that
of a cylindrical helix in the 3D approximation (see Ex.3.15).

It is worth noticing that in the 3D approximation of the beam, the admissible vector fields , with values
in R3, are completely and simply described by four scalar functions u = Us3(v) of one variable, each one
with a physical interpretation (see Lemmas 3.2, 3.4 and Remark 3.8). While in the 2D-approximation
the admissible vector fields are described by two scalar functions of one variable (u = Us(v)) (see
Lemmas 2.2, 2.4 and Remark 2.8). This holds true also in the limit where the functionals F3, Fo
depend on the 4D and 2D vector-valued arguments (we refer to [Pe2] for an analogous property in
linear elasticity).

The above results are the natural extensions of those in [PT1] [PT2] to neither straight nor flat beams,
but the proofs cannot be obtained by a straightforward application of the approach in [PT1] or [PT2]
since it is not available an estimate on the behavior of the Korn-Poincaré inequality for this general
context (this kind of estimate was proved in a flat geometry: Thm 4.1 of [PT1] and Thm 2.1 of [PT2]).
Here we estimate the asymptotic behavior (as ¢ — 0) of the Korn-Poincaré inequality constant in
BD(Q) for the 2D approximation under the Kirchhoff cinematic restriction (Lemma 2.6, Rmk 2.7),
and for the 3D approximation under the Bernoulli-Navier cinematic restriction (Lemma 3.6, Rmk.3.7)
of a curved beam with bounded curvature and torsion (respectively (2.5),(3.5)).

The key points in the proofs are Lemmas 2.2, 3.2 which exploit the cinematic constraint (0.2) to
express all the relevant physical quantities in term of intrinsic coordinates.

The outline of the paper is the following.

Functional framework.

Two—dimensional approximation of a linear elastic—plastic curved beam (LCB3).
Three-dimensional approximation of a linear elastic—plastic curved beam (LCBg).
Three—dimensional approximation of a linear elastic-plastic straight beam (LBj3).
Approximation of a rigid-plastic beam (RB).

References
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1. Functional framework

We denote by U an open bounded subset of R™ with Lipschitz boundary, and by L™ the n—
dimensional Lebesgue measure . {e;} denote the canonical basis of R™. For a given set @ C R™ we
denote by 9Q its topological boundary, by H ™(Q) its m—dimensional Hausdorff measure and by |Q| its
Lebesgue outer measure; p’ = p/(p—1) denotes the conjugate exponent of any p € [1, +00]. We denote
by B,(x) the open ball {y € R";|y — x| < p}, and we set B, = B,(0). Moreover s At = min{s,t},
sVt =max{s,t} for every s,t € R. spt denote the support of a distribution.

][ vdr = |Q|™* / vdx VL measurable set ), and L integrable function v in Q.
Q Q

Mk,n denotes the k x n matrices and Ij, the identity matrix in My, x; given any two vectors a = {a; },
= {b;}, and matrices A = {4;;}, B = {B”} we set a-b =73 ab;, (a®b);; =a;b;, (a®b);; =

L2y £ (A by = 5% by e (b S b (A8 S Ay

A:B =3}, AiBij , the euclidian norm is denoted by [A[ where AP =A4:A = sup{>_;; Ai; Bij

Z’L] ij = 1}

We say that a subset E of R™ is countably (H™ ',n — 1) rectifiable if (up to a set of vanishing

H"~! measure) is the countable union of C! images of bounded subsets of R"~!; if in addition

H" 1(E) < +oco then we say that F is (H" "1, n — 1) rectifiable.

For p € [1,+00], and Y is a finite dimensional space, we denote by LP(U,Y) and by W1P(U,Y) the

Lebesgue and Sobolev spaces of functions with values in Y, endowed with the usual norms || - || ,» and

| - [lwr.» respectively. M(U,Y") denotes the space of the bounded measures on 2 with values in Y .

We write shortly LP(U), W'?(U), M(U) when Y =R.

|| - [lam denotes the total variation of a measure in M(U,Y), i.e

el g (U /Iu\ = sup /Z‘Pmdﬂw D €COU), Y gl <1inU

ij

pt = W is the Radon—Nikodym derivative with respect to L™ of u, and u® = u — p®.
If O C U is any open set then |u|aq(0) is defined in the same way with ¢;; € C§(O) and we define a
Borel measure |u| by setting |u|(B) = inf {fo lul; B C O, O open } for every Borel set B C U.
If I is an interval, we denote by SM (I) the subspace of M(I) of special bounded measures or measures
without Cantor part say

SM(I) = {peM(): Fz;el, and¢; st. p° = chjé(x—xj)}
which is closed in the strong BV norm, and dense in BV with the weak and intermediate topology.
Let v : U — RF be a Borel function, (we write v in the scalar case, k = 1) ; for x € U and
z € R¥ = R¥ U {0} (the one point compactification of R¥) we say that z is the approximate limit of
v at x, and we write

(%) g(v(y))dy

z = ap lim v(y), if, for every g € C’O(:EA{T‘)7 g(z) = lim —*
y—x p—0 ‘BP|
The singular set Sy = {x € U : aplim,_.x v(y) does not exist} is a Borel set; moreover by v :

Q\ Sy, — RF we denote the function v(x) = ap limy_x v(y).
Let x € U\ Sy s.t. v(x) € R¥: we say that v is approximately differentiable at x iff there is a k x n

matrix Vv(x) s.t.
o i V3 = 960 = Vo) (y — )

=0.
y—x ly — x|
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If v is a smooth function then Vv coincides with the classical gradient.
We recall the definition of the space of functions with bounded variation in U with values in R¥:

BV (U,R*) = {ve LY(Q,R"): Dv € M(U, My, ,,)}

Wlsve = Ivllzi) + /U Dv|

where Dv = {D;v;} i=1.. denotes the derivatives of v in the sense of distributions.

Jj=1,..m

In the one dimensional case (n = 1) we shall use the notation v in place of Vv and v’ instead of Dv.
To simplify notations we set, for any n > 1,
ov

Vv, = oz, = D;v = Dv-¢g Viv :i= (e;-V)v i=1,---.n.

For every v € BV (URF) the following properties hold:

v(x) € R* for H™ !-almost all x € U \ Sy (see [Z], 5.9.6);

Sy has null Lebesgue measure and is countably (H "~ 1;n — 1) rectifiable (see [Z], 5.9.6);

Vv exists a.e. in U and coincides with the Radon—Nikodym derivative of Dv with respect to the
Lebesgue measure (see [FE], 4.5.9(26));

for H ™1 almost all x € Sy there exist v = 14,(x) € dB; , v (x),v~(x) € R¥ (outer and inner trace,
respectively, of v at x in the direction v) such that (see [Z], 5.14.3 and [F], 4.5.9(15) )

lim o~ v(y) — v*(x)| dy =0, (1.1)
o—0F fy€B,(x);(y—x)v>0}
lim o~ v(y) — v (x)| dy =0, (1.2)
0—0% fy€B,(x);(y—x)v<0}

1Dol iy > /U Vo) dx + /S V() — v (0| dH () (1.3)

by setting j, = (VT —v7) @ v, dH" S, , Cy = (Dv)® — jy, we have the decomposition

Dv = Vvdx + jy, + C§ .

The space of vector fields with bounded deformation has been introduced to deal with variational
problems in perfect plasticity (see [TS],[Te]):

1

BD(U) = {v eL'(LR"): €(v):== (Dv+(Dv)") € M(U, ann)}

N

Mheow) = IVl + [ o).
BD(U) is the dual of a separable Banach space. For any v € BD(U) we define
Jy = {xeU: I vi(x),v (%), n(x) € 9B1(0), s.t. (1.1),(1.2) hold with k = n}

which is the subset of S, where that v has one-sided approximate limits with respect to a suitable
direction vy, “normal” to Jy. Jy is called the jump set of v and plays a role analogous to the singular
set Sy in the theory of BV functions (see [ACD],[BCD]).

We notice that for v € BV (U, R¥), the set Sy \ Jy is H "' negligible, while it is not known whether
the same property holds in BD(U). Moreover, for every v € BD
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the linear strain tensor €(v) has the following decomposition
e(v) = e v)+ es(v) = E(v)dx+ei(v)+e(v)

where €%(v) = £(v)dx and €°(v) are respectively the absolutely continuous and the singular part
of €(v) with respect to L"; €/(v) , €°(v) are respectively the restriction of €%(v) to J, and the
restriction of €° to its complement (say the jump and Cantor part of €(v)).

All along the paper we set divv = Tré&(v).

Jy is a Borel set with null Lebesgue measure and is countably (H"~!,n — 1) rectifiable (see [ACD],
Prop.3.5), and there are v, = vy(z) € 8By, v (x),v~(z) (respectively geometric measure theory
normal, outer and inner trace in the v direction) H" ! a.e. in Jy, s.t.

elv) = (vi—v) oy H" L J,,

and the jump part €7(v) can be represented on every Borel set B by the formula
e/ (v)(B) = / V] ® vy dH™ ! where [v] ;== v — v~
BNJ,

If R denotes the set of rigid displacements (the affine maps of type A -z +b where A € M,, ,, is skew-
symmetric and b € R™), then ([Te] Prop.2.2,2.3 p.155 and Theorem 3.1 [ACD]) for every bounded
connected open set U with Lipschitz boundary, and every continuous linear map R : BD(U) — R
which leaves fixed the elements of R, there is a constant ¢; = ¢;(U, R) such that

v = RV)l[Lw/e-nw)y < alU,R)|€v)|(U) vv e BD(U) .

The constant ¢; is invariant by dilations (U, € > 0) of the open set.
If 4 is a continuous semi-norm on BD(U) and a norm on R, then 1 (v)+ [, |€(v)] is a norm on BD(U)
equivalent to || - || gp(v)-

BD(U) c L*(U) Vse[l,n/(n—1)] with compact embedding if s <n/(n —1).
The spaces BH (U) (bounded hessian functions) and SBH (U) (special bounded hessian functions) were
introduced and studied in the analysis of elastic—perfectly plastic beams and plates (see [De],[Te],
[CLT1], [SaT]):

lollar@) = W) + 1Dl @) + 1D mw) »

BH(U) endowed with this norm is the dual of a Banach space.

When I C R is a bounded interval then the R™ vector-valued functions with special bounded second
derivative are denoted by BH(I,R™) (or shortly by (BH(I)™) )

BH(I,LR™) = {ve Wh(I,R™): v" € M(I,R™)} ={ve L'(Q): Dve BV(I,R™)}.

Now we recall the definition and main properties of the following spaces: functions with special
bounded variation (see [DGA]), vector fields with special bounded deformation (see [ACD]) and func-
tions with special bounded hessian (see [CLT1,2],[SaT]); then we point out some of their properties.
These spaces are characterized by the property that some combinations of distributional derivatives
are De Giorgi special measures ([DG2]). We set

SBV(U,R¥F) = {v e BV(UR") : C, =0}

SBD(U) ={veBD(U): €(v)=0}
SBH(U) = {w € W"'(U) : Dw € SBV(U,R™)}
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We notice that v € SBV (U, R¥) if and only if
veEBV(U,R*) and Dv = Vvdx + (vl —v7)@wndH" LS,
where H" LS, (B) = H" (BN S,) for any Borel set B (see [A]). Moreover (by [BCD] App.)
SBD(U) N BV(U,R") = SBV(U,R")
SBV(U.R") C SBD(U) ¢ BD(U) .

We remark that Dw = Vw in SBH (U) and in BH(U) . Moreover we set
SDw == SVw 5 Aw = V- -Duw Yw € SBH(U) .

By definition SBH (U) is a closed subspace of BH(U) with respect to the strong norm, while it is not
closed with respect to the w*~BH (U) topology. Moreover we have (see [CLT1,2]):

SBH1) /\D2w| = / |V2w|dx+/ |[Dw]|dH™ '  where [Dv] = (Dv)* — (Dv)~.
U U Spw

SBH2) If I C R is a bounded open interval, then BH(I) C W1°°(I) and the embedding in W? is compact
for 1 <p < +o0.

2. Two—dimensional approximation of a linear elastic—plastic curved beam (LCB5;)
We describe the geometry of the un-stressed curved beam by an arc-length parametric path: let
¥ = (v1,72) bea C3([0,L];R?) regular simple arc s.t. |§(s)|=1 Vs 0, L] (2.1)

Y = {v(s):s€]0,L]}. (2.2)

We denote by t(s) = 4(s) and n(s) = (—¥,(s),7¥;(s)), respectively the unit tangent vector to ¥ at
4(s) and (our choice of) the unit normal vector. Moreover we denote

k= k(s) = t-n the signed curvature of 4. (2.3)

Hence 4 = t = kn = KN where N is the intrinsic normal and K = || the (absolute) scalar
curvature (see Fig.1).
The reference configuration of the two dimensional thick rod is the open set

¥ = {v(s)+¢&n(s) : €] <e, 0<s<L}. (2.4)

We do not exclude closed simple arcs in (2.1): in this case 4(0) = (L) and (2.4) is substituted by
¥ ={v(s)+¢&n(s): [£| <e,0<s<L}. All along this chapter we assume

-1

0 <e<e = mn{(2(s)])  :se€l0,L]}. (2.5)

The choice of gg in (2.5) is such that every x € 3¢ has a unique orthogonal projection p(x) on X . Hence
the functions p(x), s(x) = v~ (p(x)), t(x) = t(s(x)), n(x) = n(s(x)), £(x) = (x - p(x))) - n(x)
are well defined and smooth on 3¢. Since we are interested in the asymptotic behaviour as ¢ — 04,
condition (2.5) is not restrictive, actually 4 € C* for k& > 2 entails the existence of ¢ > 0 s.t. the
distance from ¥ is a C* function on X¢ (see [DFN], App.14.6).
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Fig.1 -Open set ¥° (n is the 7 counterclockwise rotation of t, N is the intrinsic normal)

Assume that 3¢ is the natural reference of a two dimensional elastic body with damage at meso-scale
and that internal strain energy of the body is given, for every displacement field v € SBD(X¢), by the
following functional

Gi(v) = [ W(EW) dz + i) + sﬁ/J V] ©
with  W(A) = p|AP® + %(TrA)Q > Co(mN) AP VA€ My, (26)
a, By >0, p+A>0, Co(p, A) = min{p, p+ A} > 0.
Suppose that on X° acts a transverse dead load g® such that
g (x) = & f(s(x))n ferroL) p>2 (2.7)
and so g° € LP(Q°, R?) the (total) energy functional is
F5(v) = G5(v) —/EgE -vdx (2.8)

The subscript 2 (introduced to distinguish from the 3D approximation of chapter 3) will be dropped
whenever this does not create any risk of confusion, and is always implicit in chapter 2.

As in the case of an elastic plastic straight rod (see [PT1]) we assume that the displacement field v
satisfies the cinematic constraint €(v) - n = 0 in the sense of measures ([K],[PG]), say

/ ev) ne =0 Vo € C§(%9) (2.9)
so that we are led to study the following minimization problem
(LCBj) inf {F5(v): v € SBD(X?), €(v) -n=0in X}

Our goal is to study the existence and asymptotic behaviour of minimizers of (PLB$). The first step
is to fix the relationship between physical and intrinsic coordinates in 3°.

Lemma 2.1 - ThemapV : (s,§) — x = ¥(s)+£&n(s) is one-to-one, moreover det DU = 1—k(s)E ,
dx = (1—k(s)€)dsd¢ and [2°| =2Le.

'Yl +&ny n,

_ 1 . _ _ . . —
Proof- ¥ € C" is one-to-one by (2.5). By direct computation DW¥ [72+€ﬁ2 n

} , hence the thesis.

The next step is to exploit the cinematic constraint and show, in particular, that that admissible
vector fields are completely described by two scalar functions of arc-length and have rank-1 strain
tensor.
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Lemma 2.2 -  Assume (2.1)-2.5) and fix ¢ € (0,&9) . Assume v € SBD(¥¢) and €(v)-n =0
in the sense of measures. Then there are u; € SBV(0,L), us € SBH(0,L) such that , by labeling
vy = Vv - t, v, = v -n the tangential and normal components of v, we have

i) v =uwut+uv,n= ((1 — k(s)€) ui(s) — Eug(s))t + uz(s)n
i) e(v) = (1- nf)_l (vg,s — Kvn) (E@ ) =
= (1-w(8)E) { (uh(s) — m(s)ua(s)) — & (ul(5) + ls)ua(s) + (s)ul(s)) } (G b)
i) Jy C (Juy, Udigtru,) @ (—¢€,€) = (Su) ® (—¢,e) and
Hl(Jv \ (Juy U Jiggru;) X (—€,€)) =03
dH'L Ty = ) (1—k(s)€)d¢
Su
where Sy = Sy, U Sutrus
iv) €(v) =0 ifandonly if 11 —Kkugs = l2 + Ruy + KU1 = Juy, = Jay = 0

A\ [f 2
v) G5(v) = (1+0(1)) <u+2)/ {2s|u1 — kug|* + 363 i + Fur + /-mll|2} ds +
0

+ (14 0(1)) 283047'(0(57“ U Sﬂz-&-nm) + ep Z /E | [ul} - [ﬂQ + Ku1]§|d§

8 € SuyUSugtruy —€
where o(1) tends to 0 as e — 0 .

On the other hand, for every given pair u = (u1,u2) in SBV(0,L) x SBH(0,L) the vector field v
defined by i) belongs to SBD(X¢) and fulfills (2.9), ii), iii), iv), v).

Moreover the linear map U5 : v — u defined by (i) (transforming orthogonal components into
intrinsic components ) satisfies

€ €
vi)  up = v-n = ][V-ndf , w = 1=k (v t+E&uy) = ][v-tdf
€ €
and U5 is one-to-one and bi-continuous in the strong topologies from the closed subspace of SBD(%¢)
satistying (2.9) to SBV (0, L) x SBH(0, L).

Proof - The summation convention over repeated indexes is used in the proof. For x € 3¢ we have
x = 7(s(x))+E()n(v(5(x))) and € = (x—(s(x)) 1, hence Dyé — 0 — t1 s, +(x—(s(x)) B,
say D;§ =mn; , moreover D¢x; =n; .
By differentiating x = y(s(x)) +£&n(y(s(x))) with respect to x; , and denoting by ¢; ; the Kronecker
symbol, we evaluate :

Djvy; + D€ + EDjm; = bi; (2.10)

Since Dj = sx;-Ds, t =4 and t-n = 0, by multiplying (2.10) times t; and n; we get respectively
ti = "yisxjtj + gtijIli + Ilitj.Djf
n; = ’.Yl-ijIlj + IIZ‘Ilijg + ﬁnijni

By multiplying the above equations times t; , recalling that n = —xt, and summing up

1= thxj + ftitijIli = (]. — /{(s)ﬁ)tjsxj (211)
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n;Sx; + §tinijni =0 (212)
By (2.11) we get sy, t; = (1 — x§)~'. Moreover, since (2.12) must hold for every £ € (—¢,¢) , we get
t;n; Djn; = 0 and divt = N - Vys = (signs)n;sy; =0 hence divt = sy;n; =0.
Now, the relationship €(v)-n =0 in the sense of measures is equivalent to the following ones

n;n; DjVZ' =0 (213)
n;t; DjVi + til’lijVi =0 (2.14)
Equality (2.13) entails D¢v, = 0 and then vy, = ug(s) for a suitable ug € L*(0, L) .
By njs,, =0, Dj = s;, D, tjs,, = (1 — k€)™, Det =0, Den = 0, D& = ny, v,(x) = up(s(x)), if
v is smooth we get
til’lj DjVi = Dg’Ut (215)
l’litj DjVi = tijVn — thiDjIli = tjsijsvn — tjviDsnisxj = (1 — /{5)_1 (stn + K/Ut) (216)
then (2.14) implies the following differential equation in D’ ((0, L) x (—&,¢)) say in D' ((—¢,¢))

Devy + (tg + k) (1 — k€)™ = 0. (2.17)

and then there exists u; = u;(s) such that u; € L'(0, L) and i) holds in the sense of distributions.

If v is not a Lipschitz function we cannot use the chain rule in the derivation of (2.16) to evaluate
t;D;vy ; on the other hand if v is not a Sobolev function we cannot perform the change of variables
when proving (2.15),(2.16). Nevertheless we may prove in a weak sense (2.15), (2.16) as follows (hence,
the differential equation (2.17) holds true (in the sense of distributions shown by (2.17’) below, in term
of intrinsic coordinates) for a.e.s € (0,L)) for every v € SBD(X¢) satisfying (2.9).

Since divn = Djn; = sy, 0; = —ksx,t; = —k(1—k€) ™", then for every p € C§(X°) and v € SBD(XF),
by setting z(s, &) = z(x(s,&)) for every function z = 2z(x),

/(tinijvi)cpdx:/ (nijvt)cpdx—/ vi(n;Djt;)pdx =
ZE EE €

— (nij’Ut)ngX— /

(viDety)p dx :/ (n;Djvg)pdx =
DE e

€

—/ (njvt)ngodx—/ (vg divn)pdx =

E; L = e oL . (2.15)
=— / (1fﬁf)§tD§$d8d§7/ / (1 —kE)vedivnpdsdé =
—eJo —eJO

/i/OL(lng)ng@dsdg +/Z/0Lm¢dsd£ =

- /Z/ng{uxs)@dsdg // (Deii) 3 (1 — kg) ds dg

say = [s. (Devg) @dx if change of variables is performed.
Since divt =mnjs,, =0 for every ¢ € Cj(X°) we have

/ (t;Djv, ) dx :—/ (vp divt)pdx —/ (tjun)Djpdx =
EE € EE

€ L
- /Zs(tjvn)ngodx = 7/75/0 Un(1 — KE)'Dyp (1 — KE)dsdé =

€ L 5 L
— [ [ wpgisie = [ [ (05 pasag
—e JO —eJO
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say = [5.(1— k&) ™! (Dsvy) @dx if the change of variables is performed.
And, since n;t;D;v; = t;Djvy —t;v;Djn; = t;D;vy + k(1 — &k) " 1vy , we get

L €
/ (IlitijVi) QOdX = / / (Dsﬁn + Klfﬁt) @ds df . (216/)
€ 0 —&

By summarizing

L 5
/0 [ (1= KE)DeVy + (itg + w%¢) ) Fdsde = 0 ¥pe CL(0,L) x (—e,¢).  (2.17")

Once established i) we proceed in the proof. Since €(v) - n = 0 we have
e(V) = (titjDiVj) (t ® t)

hence, by substitution of ), we get i) . Therefore Dyv; = (1 — k€)~1(€(v) -t) -t + Kv, belongs to
M((0,L) x (—¢,¢)) and is a measure without Cantor part; then, by a standard elimination technique,
uy’ — kug € SM(0, L), ug” + k'uy + kuy’ € SM(0, L), hence uy € SBV (0, L), us € SBH (0, L) and 74)
holds true. Then we get , for every Lipschitz v,

titjDiVj = tiDi’Ut — tiVjDZ'tj = tiSwiDSUt — tiVjSa;i{Zj = (1 — H§>_1(D3Ut — I'i’l)n) 5 (2.18)

and (by arguing as in the proof of (2.15),(2.16),(2.15"),(2.16") ), for every v € SBD(X¢) and ¢ € C}(%¢),
we find

/ (tzDz'Ut) (de =

= —/ (t;ve) Dijpdx —/ (vgdivt) pdx = D; (tivg) pdx —/ (vgdivt) pdx =
€ € Ye €

L €
:/ (sz;tiDsvy) pdx = / (1 — k&) 'Dyvg pdx = / Dyvy pdsdE
€ € O

—E€

L €
/5 (titjDiVj) gOdX = A [ ((Dsrﬁt - HJ/’JH)) @dsdﬁ 5 (218/)

now we know that Dsvy — kv, is a measure, hence its image through the map ¥ (by Lemma 2.1) gives
(2.18) for v € SBD(X¢).

Recalling that €(v) is a measure without Cantor part we may deduce that, for almost every € € (—¢,¢),
vy € SBV (0, L). Hence, iii), iv),v) follow by i) .

The definition and injectivity of the map U5 are trivial. The continuity of (U5) ™" follows from i), ii).
Then the continuity of U5 follows from surjectivity and the Open Mapping Theorem. B

We state some technical lemmas that will be useful tools in the proof of the main result.
Lemma 2.3 -  For every a,b € R" the following inequality holds

/ la+bz|dz > 0lble? +2(1—-0)|ale Ve>0,v0€]0,1]. (2.19)

Moreover, if b = 0 , then equality in (2.19) holds iff § =0 ; if b # 0, then equality in (2.19) holds
iffa=0andf=1.

Proof - See Lemma 2.2 of [PT2].
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We introduce the Hilbert space W of pairs u = (uq,us), related via Lemma 2.1 to vector fields v
(admissible for LCBj in the sense (2.9)), which is a closed sub-space of H(0, L) x H2(0, L).

W ={w e H'(0,L) x H*(0, L) : 1 — kwy = 1 + kw; + ki, = 0} where & is defined by (2.3)

W describes the space R of infinitesimal rigid displacements in terms of intrinsic coordinates. Notice
that ju,, = Jw, = 0 for any w € W. Moreover, due to Lemma 2.2 ii),vi) , w € W is as regular as n
and k are. The next Lemma investigates additional properties of W

Lemma 2.4 -  The linear space W is closed in the L*(0, L) x H'(0, L) topology. Moreover
For every u = (u1,us) € SBV(0,L) x SBH(0, L) the following minimum is achieved

L
min{/ |uw|2+a2w22ds:W€W},
0

so that we can introduce the following notation: the unique minimizer w = w(u) of the above

problem will be denoted by ﬁd:efP(u). Then for every v € SBD(X¢), v € R will denote the vector

field v = (U5)~" P(u) where u is related to v through Lemma 2.2, that is u = U5 (v) and 0 = U5 (V) :
Vv = (1=r(s)§ui(s) — &ua(s))t + ua(s)n . (2.20)

The map P : u — U is linear and continuous from SBV (0,1) x SBH(0,1)) to W with norm L? x H!.
The map (US)™" PUS : v — ¥ is linear and continuous from SBD(X%) to R.. (see Fig.2)

Proof. The differential equations i, = xwy and Wy = —kw, — ki together with £ € C? entail the
equivalence on W of L? x H' and H' x H? topologies. Hence the L? x H' closedness of W is proved.
The minimum problem in the statement defines the projection P onto the closed subspace W with
respect to the L? x H! topology. This proves (for every u € SBV x SBH) the existence of the (unique
by strict convexity) minimizer w = P(u) which will be denoted with a.

The continuity of v — ¥ follows from v = (U* )71 PU*® v and the continuity of the maps U5 from
SBD(%¢) to SBV(0,L) x SBH(0,L), P from SBV(0,L) x SBH(0,L) to H'(0,L) x H*(0,L), and
ue)™" from SBV(0, L) x SBH (0, L) to SBD(X¢) (and from H'(0,L) x H2(0,L) to H'(2%, R3) t00).

Lemma 2.5 -  For every r € [1,2] there is C, = C(v,7) > 0 such that for every u = (u1,ug) In
SBV (0, L) x SBH(0, L)

1/r
L L
(/ |u—11r—|-|112—(11)2|r> < C, ‘ﬂl—RU2‘+|ﬁ2+RU1+Kﬂ1|+CT E |[U1]|+|[U2+KJU1H
0 0 S, US.
wq USig+ruy

Proof - Indeed by Holder inequality and arguing by contradiction we suppose that there exists a
sequence uy, € SBV (0, L) x SBH (0, L) such that, by setting z;, = u; — uy,

L
/(\zh|f+\<éz>hr> ~ 1
0

and (zl)h/ —k(z2)p — 0, (Zh)g// + &' (z1)n + n(zl)h' — 0

both strongly in M(0, L). Hence the sequences (z1), and (22), are sequentially weakly compact in
SBV (0, L) and in SBH (0, L) respectively, and we may suppose that, up to sub-sequences, (z1)n, —
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kzo = (z1)" and (22)n" — (22)" = —k(21)' — K’z both strongly in M(0, L). Therefore z;, — z strongly
in SBV(0,L) x SBH(0, L), hence z belongs to W, and by Lemma 2.4 and the linearity of P, we have
0 = Z, — Z = 0 which implies (since P is the identity on W) z = 0 and both zy, (23), — 0 in
L7(0, L) for every r € [1,2], which is a contradiction.

The previous Lemma entails an estimate of the blow-up for the Korn-Poincaré inequality constant in
SBD(%¢), as € — 04 (see Rmk 2.7).

Lemma 2.6 - Let Cy be the constant provided by Lemma 2.5. Then for every v € SBD(%F)
satisfying (2.9) , if v € SBD(X¢) denotes the vector field defined in the statement of Lemma 2.4, for
all e < min(eg, 1), we have:

( v—v2dzzc>2 < 865_3/ le(v)]
HE .

Proof. Let v € SBD(X¢) such that €(v) - n = 0 then, by Lemmas 2.1, 2.2 , 2.4 and 2.5 we get

[N

/|V—v|2dx—/ / [{(1 — k&) (uy —uy) — f(ug—ﬁg)}t—i—(uQ—ﬁg)n‘z(1—&£)dsd§§
e —&

§4€/ |lu— u|2ds—|—25/ iy — Us|*ds <
0
2

L
S 46226 / |u1 — I<L’U,2| + |u2 + ,‘{1-1,1 + I{U1| ds + Z H:’U;l:” + |[U2 + Iiul” S
0

Su1 U5u2+~u1

L 2
9 .
< 16C52%3 / ety — Kusl + |uz + KUy + Kug|ds + Z ellur]] + EHU,Q + Kuq|
0

Su 1US1'L2+'W1
Since (2.5) entails |1 — k&|~! < 2, by applying Lemma 2.2ii and 2.3 twice, for n = 1, § = 1/2, , at
first with a = 41 — kua, b = iis + fuy + 1, and then with a = [u;] b = [4g + kuy], we deduce

2

L 2
9 .
16C3e~3 / el —/iu2|—|— |U2+I€U1+kul|d$+ Z €|[’U,1]|+?HU2+HU1H <
0

Suq USig+ruy

IA

L €
16C3e~3 / |ty — kug — (o + Ky + kuy)| d€ —|—/ Z [ [u1] = E[te + wuq] | d€
0

€ ESul USu2+nu1

1603 {/d/ (- relemlds+2 [ S0 —m&)[vtldg} <
—E& £ Su
64C%3 </ |e(v)|>2 .

An obvious consequence, via Holder inequality, of the previous Lemma is the next statement.

Remark 2.7 - Let C = C the constant of Lemma 2.5. Then for every v € SBD(X¢) such that
€(v) -n =0 and for every ¢ € [1,2] we have

IA

IN

<Z V—quﬂc>q < 2i7I8CLE e HTE le(v) | mee (2.21)



5/6/2003 14

Remark 2.8 - We emphasize that any displacement field v € SBD(X) such that €(v) -n =0
can be identified with the pair u = (u1,us) € SBV(0,L) x SBH(0,L). Such u describes v in the
sense of Lemma 2.1 and, from now on, we make use of this relationship u = u(v) = (u1, u2) , where
ug and ((1 — k)uy — 5112) are respectively the normal and the tangential displacement. In the same
spirit, for every u = u(v) € SBV(0,L) x SBH(0, L) such that €(v) - n = 0, Lemma 2.4 produces
an infinitesimal rigid displacement v associated to w = PU5(v) € W. Notice that in general W # u
v # v . Nevertheless, if v e R and u=U5(v), then T =u and v =v = ((1 — k&)us — &uiz)t + usm.
The map US is bijective from SBD(X) with constraint (2.9) to BV (0, L) x BH(0,L). The norm of
the linear operator U5 depends on € and is not bounded uniformly in e, while its inverse (U5)~! has
norm uniformly bounded in ¢ by Lemma 2.2 i) . The framework is summarized in Fig.2 below.

v € SBD(X¢) s.t. (2.9) holds vV € R C SBD(X¥)
| us | )™
u € SBVx SBH (0, L) x, aeWc L2 HY(0,L)

Fig.2 - Mappings diagram (2D approximation)

Theorem 2.9 -  Assume (2.1)-(2.9), C = Cy is the constant defined in Lemma 2.5 and

fonw =0 Vwec R(X°) (compatibility); | f|lzr,0) < % (safe load). (2.22)

e 32C L

Then the minimum problem
(LCBj) min { F5(v) : v € SBD(X7), €(v) - n=01in X}
admits a (not necessarily unique) solution.

Obviously LCB$ has solution for small loads, but the smallness condition could depend on the thick-
ness 2¢ : actually Theorem 2.9 proves a safe load condition independent of . Notice that a smallness
condition on the linear term, like the safe load condition (2.22) or (3.22) in the 3D approximation, is
a common feature of variational functionals with linear growth (see [BBGT]).

Proof of Theorem 2.9 - Let v, be a minimizing sequence. ¢ will denotes various constants in-
dependent of e, the superscript € in the functions vj will be dropped in the proof. Then, by the
compatibility assumption,

G5(vn) — / g (vih—Vin)dx = F5(vp—Vp) = Fi(vn) < F5(0) <0 (2.23)
hence, by exploiting the safe load condition, (2.6),(2.7), Remark 2.7 with ¢ = p’ , and Young inequality,
B*L
e8| lewn)] — &€ <
e CQ (/‘LJ )‘)

SCz(M,/\)/ E(va)||? dx + €ﬂ/ Vi) © vy, [dHY < +€® [ fn-(vy—Vp)de <
5e Ju, B
1,1 1 pP—2
< 2YP2TVP| fll oo,y IV — Vil < 27 TP T28CL €||f\|LP(07L)/ le(va)| <
ZE

1
< §€ﬁ |e(vn)]
EE
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say
/ |€(vp)| and hence / |vip —¥p|  are uniformly bounded in h and ¢ . (2.24)

From Theorem 1.1 and Corollary 1.2 of [BCD] and Theorem 2.1 of [PT1] we know both the sequential
compactness of the sequence vy, — vy, in w* SBD(X¢) and the lower semi-continuity of F with respect
to the same topology; taking into account that the constraint €(v) - n = 0 is closed in w* SBD(%¢),
we get vy — v, —% v¢ € argmin LCBS up to sub-sequences, and the thesis follows. B

Now we show some estimates for minimizers of (LCB$ ) by exploiting the intrinsic coordinates for-
mulation.

Lemma 2.10 -  Assume (2.1)-(2.9),(2.22). Then there are a constant ¢ > 0 independent of ¢ and
ve € argmin LCBS , 0 < ¢ < g, such that, for u® = U5 (ve),

[ owlisess [ sl
Sui Su§+mu1
HO(Sus) < s HO(i5) <,
’ r (2.25)
/ |ﬂi—/€u;|2SC§2 , / |U§+’€U§+I€U1|2§c,
0 0
L
a5l o) < ¢ / sl <c.
0

Proof - We drop the superscript € of various functions along the proof.

Due to compatibility, when v is a minimizer of 5 then v — Vv is a minimizer too. Hence we may
assume v = 0 without loss of generality. We set u = U(v). Then by using Lemma 2.3 with § = 1/2
we get, for every s € Sy, U Sustru,

1 . ¢ .
e2B[u](s)] + §€3ﬁ|[uz +ru](s)] < e [ [(1—r)lua](s) — &li](s)] d§ (2.26)
—E&
and, by arguing as in the proof of Th. 2.9, exploiting the intrinsic variables , by (2.22),(2.23), Lemma

2.24)v) , Lemma 2.5 (r = p'), and the fact that C,y < L%CQ by Hoélder inequality,we get, for every
6>0,

A\ [F 2
(1 + O(l)) (u + 2) / {28 |’L'1,1 — HU,2|2 + 563 ‘ilg + Kkuq + liiL12} +
0

F2SaH S USiin) +60 Y [ i)~ i+ murlelas =

S$€ Suy USig+ruy —€

G(v) < ¢ g fn-v = 62/2 fuz < 2% fll 1w o,n) luzll 1o 0,y <

Bed BCy ? L L . .
< ——lluallpony S ——2—= | [ lia — wua| + Jiip + fuy + ki | + Y _[[ua] + [tk + ]|
16Cy L 2> 16C, L2 \Jo Su
ﬁcp’ 53 L 1/ 2 . . .2 1 3 .
< ——+ 26 + 67 (|ag — wual|” + |iig + Fuy + Kuq|®) | + gﬁs ZHul] + [tg + kuq]| . (2.27)
0 S,

160y L%

Gathering the inequalities (2.26)(2.27), by a suitable choice of § we get the first six estimates in (2.25).
Hence, by applying Lemma 2.5 again



5/6/2003 16

L
/ (uf? + [uaP+inf?) ds <
0

2
L
c3 </ 111—HU2|+|1'i2+li1l1+I%U1|dS+Z|[U1]|+|[112+Hu1]|> <c.
0 S,

L L
/ (|U1‘2+|’U,2|2) SQ/ |I€U2|2+"LL17/€U2‘2+|I€U1+I€’UJ1|2+|U2+HU1+I€U1|2 SC.
0 0

We are now in position to state and prove our main theorem.
Theorem 2.11 - Assume (2.1)-(2.9),(2.22). Then there exists v¢ € argmin LCBS], such that, up

to sub-sequences, u5 —uy in SBV (0, L), u§—uy in SBH(0, L), where u® = (u$,u3) = Us(v®) and
u = (u1,u2) Is a solution of

(LCB,) min{Fy(u) : u = (u,us) € SBH((0,L), R?)}

where

Fo(u) = 0 3 H D) Ug + KU1 + KUy Ug « U2 5, us|| 1 uy; = Kug
o0 otherwise.

Moreover the re-scaled energies converge, that is

lin% e F5(v) = Fa(n).

Notice that the relationship v} = kus expresses non extensibility of the limit beam.

Proof - The problem LCB; achieves a finite minimum for every € € [0, &¢] ([CLT2,3],[CT]).
Let v¢ be a minimizer then F5(v®) < 0. Without loss of generality we assume that v = 0, and we
set u® = U5(v®). From Theorem 2.10 we get: u§ € SBV(0,L) , u5 € SBH(0,L) and

I lsvon<c. 6 o)< ¢ /S )] < e

a3
Yo

i — wu§ — 0 in L2(0,L) / ]| — 0,
SuE

1

then, up to sub-sequences,

us X uy € SBH, U — U1 = Kuy strongly in L?(0, L), hence u, € SBH.
Moreover
L L L L L
/ [u}] < liminf / |ailds + / [[u5]| dH (s) p = liminf/ |4i|ds = / |t1|ds < / |u)
0 e—0 0 Sy e=0 Jo 0 0

then
uy =01 = kuy € L*(0,L) and u; € H'(0, L). (2.28)
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The compact embedding BH (0, L) € W1(0, L) entails that u§ — us in W11(0, L) and, by Lemmas
2.2 v) and 2.3 with § =1,

9 A\ L L
eBF5(vE) > (14+o1))s(pu+= / |ii5 + ki + s | ds — / fusds+
3 2/ Jo 0
(2.29)
+ 20H?(Sus4rus) + B |[05 + rus]]

Sue e
a§tru§

By the argument of the proof of Theorem 3.10, F5(v®) < ce®. Then (2.29) entails 1§ + xu$ belongs to
SBV (0, L) and is bounded in BV (0, L), moreover, by (2.24),(2.25), (2.28) and lower semi-continuity,

lim iglfa_?’]-'ge(va) >
E—

2 N .
> 2w 3) [ bl - fua) + 2000 i) 426 [ llintwull =0

g+ Ry

L
s (w4 3) [ wtwis il - fua) + 2a900) + 5 [ il

By setting u = (u1,u2) and, for x € ¢, s € [0, L], £ € (—¢,¢),

z°(x) = U5)"'u = (ur(s)(1 — KE) — &ita(s))t + uz(s)n
we have

eB3Fs(vE) < e3F5(2°) = Fa(u)+o(l) =
9 AN\ [k L
=3 (u—i— 2)/ |ilg + Kty +fuy | ds — / fuads + 2aH(S4,) + ﬂ/ [[tz]]| 4+ o(1) .
0 0 Say

This proves that
e 3 F5(vE) — Fa(u) (2.31)

and therefore it remains only to prove that u is a minimizer of F. To this aim take any other
w € SBV(0,L) x SBH(0, L): then either F(w) = 400 or @ = kwy. Only the second case has to be
examined: let us set

We(x) = (Us)"'w = ((1—rwi(s) = &ina(s)) b+ wa(s)n

we have
Fao(w) = E_SFS(WE) +o(1) > 5_3.7-"25(v5) +0(1)

and by passing to the limit as ¢ — 0 from (2.31) we get
Fo(u) < Fo(w) .

Then the proof is complete, since Fa(u) < +o00 entails uj = Kug hence also u; € SBH and u belongs
to SBH((0,L),R?). m

Actually the proof above says more: (2.1) — (2.9),(2.22) and v® € argmin LCB; entail :
Ju € SBH((0, L), R?) and a subsequence of v¢ s.t., without relabeling,

wow = U -vE) BT w and e () — Fu) .
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Example 2.12 - Straight rod: in the simplest case we recover the case of straight linear elastic plastic
beam (LB) of [PT1], that is ¥(s) = (s,0), t(s) = (1,0), n(s) = (0,1), K = £ = 0. In this case analysis
of lemma 2.5 can be refined and the constant C,. is L'/"(L 4 1) by:

lutllLr o,y + lualltro.0) + 1ublliro.0) < LY" ([lurllpes(o,n) + |2l (o,) + |[ub]| Lo (o,0)) <

< L (/u'1|+u’2+|u/2'> < LVT(L+1) (/u’1+|u’2'>

Hence the compatibility and safe load conditions (2.22) read

8
32 L% (L+1)

)

L L
/ f(s)ds = / sf(s)ds =0, 1 £ o <
0 0

and the limit functional becomes

2 A -
= (,u + )/ (Jilgf? — fug) + 2aH°(Sy,) + ﬁ/ |[ti2]| if u; = const,us € SBH(0, L)
Fo(u) = 3 2)Jo Say
+ o0 otherwise.
Actually here we deal with Neumann conditions, while in [PT1] the study of cantilever was detailed
as an example of straight rod: say the one-sided Dirichlet condition.

Example 2.13 - Circular rod: we consider here the case in which ¥ is an arc of circumference with
radius R > 0 and length L, that is vy(s) = (Rcos(s/R), Rsin(s/R), k= R™', =0, s € [0, L].

Due to Lemma 2.2 i)ii), iis + R 2uy = 0 for every infinitesimal rigid displacement v , and the
compatibility condition in (2.22) reads fOL fwds =0Vw : 1w+ R 2w =0, that is

L L
/ f(s)cos(s/R)ds = / f(s)sin(s/R)ds =0,
0 0

the safe load conditions in (2.22) reads || f |zr0,) < —L __ and the limit functional

32Cy L 2P

2 AN [E
2 (M + )/ (iis+ R~2us|>— fup) + QaHO(SuQ)—i—ﬁ/ Ilia]| if s € SBH, ), = R—"us,
fQ(u) = 3 2 0 Si’2

+00 otherwise .

3. Three—dimensional approximation of a linear elastic—plastic curved beam (LCBj)
We describe the geometry of the un-stressed beam by an arc-length parametric path: let
Y= (Y1,72,73) € C3([0, L]; R?) a simple arc s.t.  [§(s)| =1, [§(s)| >0 aesc[0,L], (3.1)
T={v(s):s€0,L]}, (3.2)

we denote by T(s) = 4(s) and N(s) = uz%u respectively the unit tangent vector and the intrinsic

unit normal vector to T at (s) . Moreover set

B = TAN, K = T-N=[[4(s) |, r = -B-N (3.3)
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respectively the bi-normal vector, the (absolute) curvature and the torsion of /. We consider a thick
beam whose reference configuration is the open set

T° = {4(s) +EN+(B: 0<s< L, &24+¢2<e?} (3.4)
We do not exclude closed simple arcs in (3.1) : in this case (3.4) is substituted by
T = {y(s) +EN(s) +(B: 0< s < L, 2+ (% <&} (3.4)

All along this chapter we assume
1
0<e<eq, 50:§min {K(s)”' : se[0,L]} , (3.5)

here g is chosen such that ([DNF]) every x € T* has a unique orthogonal projection P(x) on T . Hence
the functions P(x), s(x) =4 }(P(x)), T(x) = T(s(x)), N(x) = N(s(x)), B(x) = B(s(x)), £(x) =
(x = P(x))) - N(x), ((x) = (x — P(x))) - B(x) are well defined and smooth on X°. Since we are
interested in the asymptotic behaviour as € — 0, , condition (3.5) is not restrictive. Actually y € C*
for k > 2 entails the existence of ¢ > 0 s.t. the distance from T is a C* function on T¢ (see [DFN],
App.14.6).

P()

Fig.3 - The open set T°.

In contrast to section 2, the requirement || > 0 is necessary here in order to define N, B. Nevertheless
whenever a smoothly varying intrinsic cartesian coordinate frame is available (e.g. when T is a straight
beam, see Sect.4) this requirement may be dropped, and the analysis can be done in the same way.

The set of infinitesimal rigid displacements in T¢ is denoted by R(7¢). The region T¢ is the natural
reference of a three-dimensional linear elastic body with free damage at mesoscopic scale, whose
internal strain energy is given, for every displacement field v € SBD(T¢), by the following functional

Gs(v) = W (E(V)) dx + e2aH?(J,) + €8 I[v] ® vy|dH 2 (3.6)
Te Jyv
where

A
W(A) = plAP + 5 (TrA)* > Cs(u ) |AP* - VA€ My,

3
a,B,p >0, 2u+3X > 0 Cg(u,A):min{u,u+§)\}>0
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The beam T°¢ is subject to a transverse body force field g° of the following kind

g°(z) = e%f2(s)N + €2f3(s)B + 2f4(s)(€B — ¢(N)

) (3.8)
£ = (0,f2, f3, fa) € L((0, L), R7) p=3.

The term €2 (f2(s)N + f3(s)B) is the bending force, while —2f4(s)(¢(N — ¢B) is the twisting force,
here we assume that there is no tangential component of the force, say fi =g - T =0
We define

LE(v) = / g - vdx (3.9)

and so the (total) energy functional is
Fi(v) = G5(v) — Lo(v) . (3.10)

We assume the displacement field v satisfies the Bernoulli-Navier cinematic constraint €(v) - A = 0
in the sense of measures for all continuous vector fields N which are normal to the central strand

([K],[PGL[V]), say

/ ev) Ny = / ev)-Be =0 Vo € CO(T*) (3.11)
so that we are led to study the following minimization problem
(LCBg) min {F5(v) : ve SBD(T¢), €(v) - N=0=€(v)-BinT°} .
The goal of this section is to study the existence and asymptotic behaviour of minimizers of (LCB§);

the first step is to exploit the geometric assumption (3.5).

Lemma 3.1 - The map V3 : (s,£,() — x = ¥(s) + EN(s) + ¢B(s) is one-to-one, moreover
det DU3=1- K¢, dx = (1- K(s)f)dsd{d¢ and |T¢| =nLe? .

Proof - ¥ is a C!' map and, by (3.5), is one-to-one. By direct computation
Y1+ le + CBl N, B
Dv; = Yo +EN2+(Bs Nz Bo
Y3 +EN3 +(Bs; N3 Bg
hence4 =T and the Frenet-Serret formulae (T =KN,N=—-KT+7B,B = —7N) give the thesis. B

The second step is to exploit the cinematic constraint (3.11) to show that admissible vector fields
have rank-1 strain tensor, and are completely described by four scalar functions of arc-length s: the
averages of intrinsic components over the cross sections and the rotation angle.

Lemma 3.2 - Fixe € (0,e9). Suppose that v € SBD(T¢) and €(v) - N = 0 = €(v) - B in the
sense of measures. Then, by labeling vr =v-T, vyw=v-N, vg=v-B,

i) there exist unique uy € SBV(0, L), ua,us,us € SBH (0, L) such that

v =uvrT+onN+vsB = (u; —&{(Kuy+uy—7us) —((us+7u2)) T+ (uz — Cug) N+ (uz +Euy)B;

i) e(v) = (1—K& Y Dsvr +17¢Devr — 7€D¢cvr — Kon)(T® T) =
= (1=K ' {Anu(s) - EAm(s) - CAu(s) } (T®T)
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with u = (u1,u2,u3, us) defined by i) and A; j =0,1,2, and their absolutely continuous part A; by
Aou = uf — Kus, Aogu =1 — Kuo,
Aiu = wo” — 7usg — 27103 + Kuy' + Kuy — 72us, Aju = iy — 7us — 2703 + Ky + Kuy — 72us ,

AQUZU3”+7.'UQ+2T’I.J,2+TKU1—KU4—72’IL3, Agu:ag—l—i’UQ—l—QT’llg—‘rTKul—KU4—T2’IJ,3;

iﬁ) Jy C (Ju1 U Ju2+KU1 U Jug) ® BE(O) = (Su1 U Su2+Ku1 U Sus) X BE(O) =S, ® BE(O) and
Hz(JV \ (Ju1 U Jl'terKul U Ju%) X B(O,E)) =0;

dHL T, = Y (1 - K(s)¢) d¢d¢
Su
where Sy = Sy, U Sus+ku; U Sus

iv) €(v)=0 iff Aj(u)=0,5=0,1,2 (eg A;(u)=0,7=0,1,2, and ju, = ju, = jus =0);

v) G5(v) = (1+0(1)) (,u + ;) 7T/OL {52|A0u|2 + %(\Alu\Z + |A2u|2)} ds +

+ (1+0(1)) <7rs4aH°(Su) +e8 ) /B (O)I{uﬂﬁ[a2+Ku1]C[as}ldédc>

s €Sy
where o(1) tends to 0 as e — 04 .

On the other hand, for every u = (uy,uz,u3,us) € SBV(0,L) x SBH ((0,L),R?)) the vector field v
defined by i) belongs to SBD(T*¢) and fulfills (3.11) and ii), i), v),v) .

vi) The linear map U5 : v — u (from orthogonal to intrinsic components) defined by 1) satisfies

u1:][ v-Tde¢dd, u2:][ v-Nd¢dg, U3:][ v-Bd¢dd,
B (0) B:(0) B:(0)

1

=T v (B —(N) d¢d¢, Iy = me*/2 polar moment of inertia over circular cross sections
0.J/B.(0)

Ugq

and U5 is one-to-one and bi-continuous in the strong topologies from {v € SBD(X¢) : €(v) - N =
€(v) - B =0} to the closed subspace of SBV (0, L) x SBH((0,L),R?) spanned by the solutions of
uy = —K(u5 + Tug) . We notice that (uy(s),ua(s),us(s)) is the resultant of v and uy is the twisting
moment of v over the circular cross section of T, through «(s) .

vii) we emphasize that u4 is dependent on ug, ug, namely: ujy = —K (u} + Tug) .
Proof. We recall that, for every x € 3¢, P(x) denotes the unique projection on T and hence
there are (uniquely defined) (£(x),({(x)) € B(0,¢) and s(x) € [0,L] s.t. P(x) = 7q(s(x)) and x =
v(s(x)) + £(x)N 4 ((x)B. The last equality together with Frenet-Serret formulae yield
Dys=(1-K&™'T
Dy =N+7¢(1-K&™'T (3.12)
D(=B—-¢r(1-K&™'T
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then, by denoting Ds, D¢, D¢ the distribution derivatives with respect to intrinsic coordinates and
assuming the summation convention,

N;D; = D¢
B,D; = D, (3.13)
T;D; = (1 — K&)' (Ds + 7¢Dg — 7€D¢)
then by using the Frenet-Serret formulae again
DB=-71(1-K¢{) 'N@T
DN=-K(1-K¢{ 'ToT+7(1-K¢ 'B®T (3.14)
Dy,T=K(1-K¢§ IN®T
By using (3.12),(3.13),(3.14) and D;T = D, T = DB = D:B = 0 we get
= (N . Dx)UB - UJ(N . Dx)B] + (B . Dx)'UN - 'UJ(B . Dx)Nj =

= UB, t UN,¢
1
e(V) NN = a(NJ(N . Dx)vj + Nj(N . Dx)vj) = UN,;¢
1
e(V) : B ® B = i(Bj(B . DX)’Uj + BJ(B . Dx)’l)j) = UB’C

2€(v) : TON = T;N;D;iv; + T;N;Djvi = (Tj(N - Dy)v; + N;(T- Dy)v;) =
={(T - Dx)on = v;(T - Dx)Nj + (N - Dy)vr — v;(N - Dy)T;} =
= {(T - Dx)uvn — v;(T - Dx)N; + (N - Dx)vr =
= (T Dy)on +vre + (1 — K& Y (Kvp — o)

2€(v) : T®B = (T-Dy)vg +vrc+ (1 — K& tron
ev): Te®T = (1 - K& YDsvr + 7¢D¢vr — 7€Devr — Kon)
Then conditions €(v) - N =0 = €(v) - B lead to
ev) = (e(v): T®T)T®T
and the following equalities in D’'((0, L) x B(0,¢))

B¢ +uNe =0

vB¢ = UNg = 0

(T . Dx)UB + v+ (1 — Kf)_lT’UN =0 <3.15)
(T . Dx)’UN +vr e+ (1 — Kf)_l(K’UT — T’UB) =0
and then
vp = u3(s) + ua(s)
N = ua(s) — Cua(s) (3.16)

vre + (1= K&)' (uf + ujé 4+ 1uz) = 0
vpe + (1 — K& 'Kop + (1 — K& (ub — Culy — Tuz) = 0.
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By suitable averaging the first two equalities in (3.16) over the cross section, we obtain the last three
equalities in vi). By integrating the third equality in (3.16) there is a function ¢ = ¢(s, ) such that

vr = —(1= K€ (u + Tuz + £u4)C + ¢(5, )
and, by substituting in the fourth of (3.16),
— K(1 = K& (uj + Tus + &uj)¢ — (1 — K& ™Ml + e(s,€) — ((1 — K&) 2K (ufy + Tug + Eu))+
+K(1— K& ¢(s,6) + (1 — K&~ (uh — Cujy — Tuz) = 0
then, by grouping the terms dependent of ¢, we have for every &, ¢ € B.(0)
G+ (1— K& 'K+ (1— K& H(uh —rug) — 2(1 — K& (K (ufy+Tus) +u})¢ = 0,
that is a pair of decoupled equations:
b+ (1 — K& (K¢ +up—Tus) =0 (3.17)
uy + K(uy +Tug) =0 .
Hence vii).
The general solution of (3.17) is ¢(s,£) = ui(s) + B(s)¢ with B(s) = —Ku(s) — uh + Tus ; then
vp = —(uf + Tu2)C + ui(s) — (Kuy + uby — Tu3)é (3.18)

hence —u} + Tug, Kuy + ub — Tuz,u; € L*(0,L) and then uj,uh,u) € L'(0,L), and by averaging
(3.18) over a cross section we get the first equality in vi).

Actually the formal computations in deduction of (3.15)-(3.18) by use of (3.12)-(3.14)are correct if v
is Lipschitz. Anyway they can be made rigorous in the general case, by the same method used when
proving (2.15)-(2.17)” as follows: the following equations hold

L L
|| parpasacac =~ [ [ (1= KT i+ rua) Bl 6Q) dsddd (3.16)
0 JB.(0) 0 JB:(0)

L L
/ / Ur @ dsdéd¢ = / / (—(u§,—|—7u2)é—|—u1 —(Ku1—|—u’2—7'u3)£)(ﬁ(s,§,g“) dsdé d¢
o JB.(0) 0 JB:(0)

(3.18)
Vo € CH(T?), where v = ¥(s5,6,) © v(x(s,6,0)), 7 = 3(5,6,¢) < o(x(s,£0)).

From (3.16) we get that both J,, and J,, are empty and therefore J, = J,.. and (3.18) yields v, = T
We have now
ev) = (ev): TeT)T®T

and by previous computations we may write
e(v) = (1—- K& ' (Dsvr + 7¢Devr — 7éDcvr — Kon) T® T
and by (i) vy = T and that J, = J,,
eVv): TRT=EV): T®T+ [vr]dH? _J,,.

By (3.18) we have that D¢vr, Devr € LY(0, L) and therefore Dup = (Dyvr, Devr, Devr) is a vector
measure having vanishing Cantor part in (0, L) x B.(0), that is vy € SBV((0,L) x B(0,¢) and this
implies that

ufy + Tug, ui, Kup+uhH—Tug € SBV(0,L),
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hence recalling that uj, ub, u) € L'(0, L) it follows that u; € SBV (0, L), ua, us,us € SBH(0, L) .
Us !is continuous by 7), i7). Then U3 is continuous due to injectivity and Open Mapping Theorem. W

Lemma 3.3 -  For every a,b,c € R" the following inequality holds

4
/ |a + b¢ +cC|ded¢ > - (@bl+wle]) + 7(1—0—w)l|ale?
B-(0) 3 (3.19)

Ve>0,V0wel0,1] :0+w<1.

Moreover, the equality in (3.19) may hold iff at most one among a, b, c is different from 0 and
0=w=0whena=#0, 6§ =1 whenb#0, w=1 when c=0.
Proof - By denoting sign the R" valued sign function (sign(y) = y/|y| if y # 0, sign(0) = 0), the
convexity of the euclidean norm entails

la+bl+c¢| > |al +sign(a) - (bS + (),

la+bé+cC| > [b¢|+sign(bé)-(a+cC),

la+bé+c(| > |c(|+sign(c() - (a+bf) .

At least one of the above inequalities holds strictly in a subset of B.(0) of non-vanishing measure,
unless a, b, ¢ span a 1-dimensional space. By integration over B.(0) we get

[ laebcrcddsdc = [ fal+ [ signla) (b6 o) dedC = lal
) B:(0) B:(0)

€

/ la 4+ b& + c| dé d¢

e

Y]

/ Ib¢| +/ sign(b¢) - (a+c¢)déd¢ = —|ble
B.(0) B (0)

/ la+ bl + c(|dEd¢ > / (| +/ sign(c¢) - (a+ b&) d€ d¢
B.(0) (0) (0)

€ €

A convex combination of above inequalities gives (3.19).
The statement about equality is trivialifa=b=c=0.

From now on the equality in (3.19) is assumed and a, b, ¢ span a 1dimensional space.
At first we assume that ¢ # 0, hence a = nc, b = oc, and

|c|/ |77+U§+C|d§dg“:/ |a+b§+c§|d£d§:(é53(0|0\+w) + (1 -0 —w)n|e?)lc] .
B.(0) B.(0) 3

If n # 0 the setA(n,0) = {(£,¢) € B:(0) : (c€+ ()(n + 0& + {) < 0} has positive measure: then for
every (£,¢) € A(n, o) we get|n + o€ + | > |o€ + | + nsign(c€ + ¢) and by integration

(0+w)c| 0)|77+0£+C|d€d4 > (0+w)le|

4 4
|o€+C| ded¢ = (9+w)|c|§ 3V/1+ 02 > 3 e3lc|(8|o|+w)
B.( (0)

B,

(=0-wlel [ ot cliedc > (1= 0= mlnlele”
B:(0

for every 6, w > 0 such that 6+w < 1. By summing up the previous inequalities we get a contradiction.
Hence n = 0 and therefore a = 0 and, if we suppose that o # 0 then

I

€

4 4
|a—|—b£—|—c<|d§d(:|c|/ |o€ + ¢| déd¢ = 553|c|\/1—|—02 > 3 |c|e?
0) B.(0)
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which is a contradiction too. Then ¢ = |b| = 0.

The case b # 0 leads to the conclusion a = ¢ = 0 by the same argument.
The case a # 0 together with equality in (3.19) leads to b = na,c = ca for suitable real constants

n,0.
43 2
al [ angrocidedc = [ Jatbg s ed]dede = (3= @l +wlol) + 7L~ 0~ w))al.
Be(0) Be(0)

The set U(n, o) = {(£,¢) € Bo(0) : (né + 0¢)(1 + né + o) < 0} has positive measure if n? + o2 # 0:
then for every (£,¢) € U(n, o) we get |1+ n€ + (| > [n€ + o] + sign(né + o¢) and by integration

4
0+w)|a|ge3\/772 +02>

e*lal(@]n] + wlol)

—

<0+w>|a|/ 1L+ ¢ + o¢ldedc > <e+w>|a\/ Iné + o¢| ded¢ =
B.(0) B (0)

>

Lo |~

(1-6-wlal /B e+ oCdedC 2 (10 —w)rlale?.

by summing up we get a contradiction. Then a # 0 entails n =0 = |b| =|c|=0. 1

Due to Lemma 3.2 the set R of rigid displacements on 7 can be identified with the set of deformations
v € SBD(T*¢) such that u = U5 (v) belongs to the space V defined as follows

V={u€eSBV(0,L) x SBH*(0,L) : u}y = —K(u + Tus); Ai(u) =0,1=0,1,2, ju, = ji, = Ju, =0}

where K, 7 are defined by (3.3) and Us is defined by Lemma 3.2. It is worth noticing that if u € V
then u € HY(0,L) x (H?(0,L))3.

In order to achieve suitable asymptotic estimates of type Korn inequality (stated in Remark 3.7) for
the displacement v in cartesian coordinates, we show and exploit the behaviour of Poincaré inequality
for u = U5 (v) in intrinsic coordinates (see Lemmas 3.4-3.6).

Lemma 3.4 -  The linear space V is closed in the L (0, L) x W1t3/2((0,L),R®) norm. Moreover
For every u € SBV (0, L) x SBH ((0, L), R?) the following

L
min{/ (lu—w|? + |ty — tira|® + |itg — 3|3 ) ds : w € v}
0

is achieved, its minimizer w = w(u) is unique and will be denoted by ﬁd:efQu.

The map Q : u — T is continuous from SBV (0, L) x SBH((O, L), R3) toV, though Q is not linear.
Nevertheless the identity Q(u — Q(u)) =0, say u —u = 0, holds true.

Hence, to every v € SBD(T*) such that €(v)-N = €(v) - B = 0 we may associate an infinitesimal
rigid displacement v = (U5)~1Q(u) where u is related to v through Lemma 3.2, that is u = U5 (v)
andu=U5(V) :

V= (w1 — (K + Uz — 7u3) — ((Us + 782))T + (—1sC + U2)N + (w4€ + u3)B (3.20)
with ﬁ4 = —K(ﬁg + Tﬂg).
Proof - In contrast to the analogous statement of Lemma 2.4 V is not a Hilbert space. Any-

way the constraint entails equivalence on V of L3/2(0,L) x W3/2((0, L), R3) and W'/3/2(0, L) x
W23/2((0, L), R?) topology . Moreover the constraint are w* closed in this topology ([A]).
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Fix u € SBV (0, L) x SBH((0, L, R?) and let w" be a minimizing sequence. Then w", W}, w} are equi-
bounded in L3/2 and by w}’ = — K (wh'+7wh), Awh =0, 1 =1,2,3, ju, = ju, = Jurs = Jury =0, we
deduce that w" is equi-bounded in W'3/2(0, L) x W?3/2((0, L), R?). The functional to be minimized
is L.s.c. and strictly convex. W

Lemma 3.5 -  For every r € [1,3/2] there exists M = M(y,r) s.t. for every u € SBV(0,L) x
SBH ((0,L),R?) s.t. u} = —K(u} + Tu) we have

AN
o

— 1_ — . - . -
lus = TUallLrory < L77° (”u B uHL%(O,L) + Iz — UQHL%(O,L) s = u3”L%(o,L)) =

IA

L 2
M /Z|Aju>|ds+ S ]+ |l + Kual | + | fis]|
0 5

J“l UJuZUJug

Proof - The first inequality is trivial. The second one can be proved as like as in lemma 2.5. B

The previous Lemma entails an estimate of the blow-up for the Korn-Poincaré inequality constant in
SBD(T®), as € — 0.

Lemma 3.6 - Let M = M(v,3/2) be the constant provided by Lemma 3.5. Then for every
v € SBD(T*) satisfying (3.11), and for all ¢ < (/% —1) min {|| K| 7%, (1 + ||7]|2=)"} < min(eo, 1),

we have:
2
3 s 9 _s
( v—vzdx) < rme / ew)|
- 1 .

— 9
u =l < M= [ lew)

€

where V = (L{?f)*lngv € SBD(T?) and U denote the vector fields defined in Lemma 3.4.

Proof - The proof relies on the same idea of Lemma 2.6: by using Minkowski inequality,(3.5) and
Lemmas 3.1-3.5 with r =3/2 , 0 =w =1/3 , we get

2

3
< |vv|gdx> <
TE

4 . . - . -
< et (=l g, + iz =73l g, + s = Tsl3,)) <

L 2
< eMer32)e (@[S wids + & S )|+ [+ Kl |+ lie]] ] <
0 j=o Juy UdigUdag
9 s [
§f7rM('y,3/2)€*"/3// |[Agu — & Au — ¢ Asu| =
4 o JB.(0)
L
=27TM(%3/2)6‘5/3/ / (1 — K& (A — £ A — C Au)| (1 — K€) dsd€d¢ =
0 JB.(0)
< %wM(’y,3/2)5*5/?’ /TE |e(v)] dx. [ |

The following statement is a straightforward consequence, via Holder inequality, of the Lemma 3.6 .

Remark 3.7 -  There exists a constant ¢ = c(v,r) = %W(WL)%M('Y, 3/2) independent of € such
that for every v € SBD(T*) with €(v) o N = €(v) o B =0 and

2—-3r

( T€|v —V|de>r < c(y,r)e 7 /E [e(v)] Vrell,3/2] (3.21)
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_ 1 2/-s _
la-tloon < 575 o) [ lewl  wielnzpl @)
Remark 3.8 -  Analogously to the previous section, besides the more complicate geometry, we

observe that by Lemma 3.2 to any displacement field v € SBD(X¢) such that €(v) -N=€(v)-B =0
we may associate a quadruple u = U5(v) = (u1,uz,u3,us) € SBV(0,L) x SBH ((0,L),R?) with
iy = —K (3 + Tuz) . In the same spirit, for every u = U5(v) € SBV(0,L) x SBH((0,L),R?) such
that €(v)-N = €(v)-B = 0, Lemma 3.4 produces an infinitesimal rigid displacement ¥ = (L{?f)f1 (u)
associated to @ = QU5 (v) € V. Notice that, if v € R, then W = u and v = v, while, in general,
U= 9(u) #uand v # v (see Fig.4). The map Us = U5, bijective from SBD(T*) with constraint
(3.11) to the subspace of SBV x SBH? where u), = —K (uy + Tu3) , U5 depends on ¢ and its norm, as
linear operator, is not bounded uniformly in e, while its inverse (45)~! has norm uniformly bounded
in €, thanks to Lemma 3.2 i).

v € SBD(T*?) s.t. (3.11) holds v eRCSBD(T*)
| us [ ()
u € SBV(0,L)x SBH (0, L)? 2, ae W c HY0,L)x H2(0,L)?

Fig.4 - Mappings diagram (3d approximation)

Theorem 3.9 -  Assume (3.1)-(3.11), ¢ = c(v,r) is the constant defined in Remark 3.7, and

/ g°-w=0 VYweR (compatibility), || s, < (safe load) . (3.22)

705 ey, p)

Then there is a (not necessarily unique) solution of the following minimization problem.

(LCB;3) min {F*(v): v € SBD(T?), €(v) -N=€(v) - B=0inT"} .

Obviously LCB§ has solution for small loads, but the smallness condition could depend on the radius
¢ : actually Theorem 3.9 proves a safe load condition independent of ¢ .

Proof - Let v§ be a minimizing sequence, u® = U35v5 , c(v,r) is the constant appearing in Remark
3.7, C5(u, \) is the constant appearing in (3.7). Then, by the compatibility assumption in (3.22),

Gi(vi)~ | & (vi-¥Dix = Fi(vi—Vi) = Fi(vi) < FO) =0 (329

hence, by exploiting Young inequality, (3.6),(3.7),(3.8), the safe load condition in (3.22), Remark 3.7
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with » =p’ , (3.21) and cancellation of integrals over B.(0) for terms with odd dependance on &, ¢
28 [ |e(vs)| — ﬂgk
T= h 03 (M: A)

< Gl [ leviaPax + 65/
<[«
/ / ({fas)

IN

(Vi = Vi) de =

—u3) + f3(s)(uj

4

S—. ¢

@uv |d7—[2 + 2aH3(J,

—ug)} + 2fa(s)(€% + ¢*)(uj —

)<

ug))(1 = K(s)¢) dsdd( =

/ (€2 falu§ — ) + €2 fa(uf — 5) + 2f2(€2 + (2 (s — 05)) dsdd( =
L

= Te f.(u5,—uj)ds < wet||f]refu -, <
20 1 20/-3
< met S ) [ Jewil = e [ lewh)
mr i ey, p) : .

then [,..|€(v§)| and, [, |v§

: / Vi —VEldsdede < cly,p) /
TE

e

— v | are bounded uniformly in ke since, by Remark 3.7,

( p)mpB 23
03(.“7 ) .

Hence, by summarizing the information contained in the previous chain of inequalities and taking into

account Lemma 2.3 of [PT2]

L /
/ |vi, = Vi dsd€d( < MSQ
Te

CS(/J»)‘)
€ ﬂ—ﬁL 53
/a'e(vh) — Cz(p, A)
£\(2 7L 4
[ ewiras < Tl

/ Vil dH? < V3

Jy Jye
h h

) < ﬂ c2

M7 als (/‘7 )‘)

£ 2
V] © vg [dH™ <

(3.24)
\/577 B 5

= Cs(m)

By Theorem 1.1 and Corollary 1.2 of [BCD] and Theorem 2.1 of [PT1] we know both the sequential

compactness of sequence vj,

—v¢ in w* SBD(T®) and the lower semi-continuity of F with respect to

the same topology; taking into account that the constraint €(v) - N = €(v)-B = 0 is w* closed in

SBD(T*), we get v§ — V5 =
thesis follows. R

. — v° € argmin LCB3 up to sub-sequences, as h — oo, Ve > 0, and the

We notice that we need an explicit (e-uniform) estimate for minimizers of LCB§ expressed in terms

of explicit coordinates: this will be done in Theorem 3.10 below.
Theorem 3.10 -

Assume (3.1)-(3.11) and the compatibility and safe load conditions (3.22) hold:
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Then there are v¢ € argmin LCB§ such that u® = U5 (v®) fulfills

L o 232L L o 862L L N 832 L
/0|A0(U)| < 7/0\A1<u>\ < G ,/0|A2< ) < et

C3(:“7A) 2 03(/’(%)‘) 2 C3(ILL7A))2
0 0 . . 0 . L
i+ K] < —2TBL omf L ) < 2V25°
é@ﬁKﬂSﬂ@va ;H“_W@m)’ %HHSW e

hence, by Lemma 3.5, there is C' > 0 independent of ¢ such that
L L
/ |’U,§| SC, ] = 17273747 and / |ui| SC, HUZHBFI(O,L) < Cv k= 273747 HUE”BV(O,L) < C? (325)
0 0

Proof - We drop the superscript € everywhere in the proof. Let v be a minimizer of F3. By
performing the computations in intrinsic coordinates as in the proof of theorem 3.9, we notice that
v — V is a minimizer too, hence we may assume without loss of generality, v.= 0 , © = 0 and set
u = U(v). By taking into account (3.5), dx = (1 — K¢)d€d({ds, inequality (3.24), and Lemma 3.2

ii),iii) we get

§/L (”52'A0< )+ 75 (A >2+|Az<u>2>) ds <

— 7762[/
/ /E(O 1 — K& HAg(u) — €A;(u) — CAx(w)Pdsded¢ = /TE E(v)[Pdx < m€4
2 (4,0 0 0 2 m5° L 2
Te (H (Su§)+H (Sﬂ§+Ku§)+H (Sug)) = H (Jv) < mé‘

By (1-K¢) >0, |(1 - K¢~ <2, Lemma 3.2 v) and Lemma 3.3 with § = w = 1/3, we obtain

ﬂZ(a [uq] |+g€4 [112+KU1]|+;154|M3]|) =

< 5y /B(O)Hul]—f[u2+Ku1]—<[as]|d§d<;=

s €Sy
= - - “lded
03, (mnwnu Ke)(1- Ko™ dedc < (3.20
< 2¢8 (1-K¢)déd
¢ Z/ o §)dg d¢ =
_ _ 2271 B2 L
= 2¢f3 Jv|[vT]|dH2 = 2sﬂ/]v|[v]dH2 < Cs(u,)\) et

And gathering together we get the thesis. B

The next theorem is the main result of this section
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Theorem 3.11 -  Assume (3.1)-(3.11), (3.22). Then there exists v¢ € argmin LCBS , with v =0,
and a displacements expressed in intrinsic coordinates u = (u1,uz, us,us) € SBV x SBH? such that,
by setting u® = U5(v®), u® = 0 and up to sub-sequences,

us = ][ vi-T = in SBV(0,L) ase — 0
B.(0)

u; A u; in SBH(O,L) for j=2,3,4 ase — 04

1

where u§ = ][ ve-N, wug= ][ vi-B, uj=— ve - (B —¢N) .
B.(0) B.(0) o JB.(0)

Moreover this u = (u1, ua, us, us) is a solution of

(LCB3) min{F3(u) : u e SBH((0,L),R*)}

where
<I>(u) if Ull :1},1 :KUQ, and 1.1,4:7K(’(:L3+TUQ)
f3 (u) =
400  otherwise,

and (referring to Lemma 3.2ii) for the definition of Ay, As)

o) =7 (,H;) /OL<|A1<u>|2+|A2<u>|2>ds - ﬂ/oszi;ijjd8+

Fra(Si,USe) + 58 Y VP TP

S€ SuyU S“B
Moreover e~% minLCB§ < min LCB3 + o(1) and the re-scaled energies converge, that is

lim e *F5(ve) = Fz(u).

E—?O+

Proof - Problem LCBS achieves a finite minimum for every ¢ > 0 by Theorem 3.9 (see also
[CLT2,3],[CT]). Let v be a minimizer then, by (3.23), F=(v®) < 0. Without loss of generality we
can assume that v = 0, and we set u® = U5 (v®), from Theorem 3.10 there is u = (u1, ug, ug, ug) €
SBV x (SBH)?, such that, up to sub-sequences, u§ —uy in SBV(0,L), u§—u; in SBH(0,L) for
j =2,3,4. Then by using lower semi-continuity of total variation an Theorem 3.10

L L L 3
/ [Aou| < lim inf/ |Agu®|ds < liminf{ VL (/ Aou€|2> + Z [[ui(s)]] p <0
0 e—0 0 e—0 0 <

then,
uy =iy = Kuy € L*(0,L) and w, € H'(0,L) N SBH (0, L)

say Apu =0 and
Uy = —K (U3 + Tua) .



5/6/2003 31

4
By the convexity of the euclidian norm, since / |a& +b(|déd¢ = 3 e3v/a? + b2 for every a,b € R,
B=(0)

[ V) = elas + K] — clag) d de >
B.(0)

Y

/ [Clas] + £la5 + Kui] | d€ d¢ — / [ui] sign(&[us + Kui] = (liz]) d€dC =
B.(0)

B.(0)

4 ; ;
— 5 \Jlis]? + a5 + Kui?

By using now Lemma 3.2 i), Theorem 3.10 , and vanishing of integrals with odd dependance on &, (,
we obtain

AN 4
ﬁ@ﬂ:u+wmwomj)/{8MW#+EUAfP+&fm}@+
0

+ metaHY(Sy:) + €6 Z/ Eu§ + Ku§) — ¢[ug]| dé d¢ +

sE€ Sy
- / as | o, LU+ Jove) +2(6vs — Cun) (1~ KE)de . >
0 0
et A L
1 (1 + 0(1)) T (,u + 2) / (|A1u€|2 + |A2u€|2) ds + 7T€4aHO(Sus) +
0
4 Ld
EVEDD Vs + Kug)? + [a5)2 — m4/ S fyugds >
Sue 0 j=2
gt A L
Z (1 =+ 0(1)) T (,u + 2) / (|A1u5|2 + |A2u5|2) ds + 7TE4(IHO(S@§+KU§ U Sug) +
0

66 Z\/u2+KU1 g2 — me / ijujds
=2

where Sys = Sy U Sus ks U Sag -
By Theorem 3.10 there is C' > 0 independent of € such that

Y

Y

L L
lA\@KC,j=LZ&&Mﬂﬂ;Wﬂ§C7MﬂHmLﬁﬂlk=Z&&Hﬁhwmmﬁc
and

e 97 5L o< 9mBL e 3VEE
Xl Kl < Faos o Ll Faes s DS gaye

and therefore there exists a compact set E C R? such that (u§ + Ku§,u§) € E for a.e. s € (0,L) and
e € (0,e0).

By applying Theorem 5.22 of [AFP| with ¢(i, j,p) = (wa + %ﬁ |z — ]|) |p’ (and [AFP] Ex.5.23)
we get

£—

4
lim inf W&HO(S{L;JFKui U Sug) + gﬂz \/[u§ + Ku§)? + [u§)? >
Su.

4
> 1M (Sutiuy U Sis) +§ﬁz Vs + K |2 + [as)?.
Su
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Hence by Toffe Theorem (see [AFP] Th. 5.8)

liminf e *F5(ve) > Fs(u) .

£—
By defining the recovery sequence z¢, for x € T¢, s € [0, L], (&, ¢) € B:(0),
z°(x) = (Us5)"'u = (u — E(Kuy +uh — Tuz) — ((us + Tuz) ) T + (ug — Cus) N + (u3 + Eus) B
where u = lim u® = belongs to SBH (0, L), and applying Lemma 3.2, we get
e FE(VE) < et Fi(z°) = Fs(u)+o(1) e €10,¢0).
This proves that
F W) - Fafw)
then u is a minimizer of F3(u) in SBH((0,L),R*). m
Actually the proof above says more: if (3.1) — (3.11), (3.22) and v® € argmin LCBS then
Ju € SBV x SBH((O7 L), R3) and a subsequence of v s.t., without re-labeling

ut -0 = U(VE V") =" u and E_4f§(VE) — Fa(u)

Remark 3.12 - It is worth noticing that the compatibility condition fzs gt-w=0VweR(T

can be rewritten as foL f-uds=0 foreveryuelV.

Remark 3.13 -  Although the case of a straight beam doesn’t fall within the assumptions of the
present section, since the curvature K is not strictly positive , still all the results hold true when
restated by formal substitution of K = 7 = 0 as shown in Section 4. In the following examples we give
explicit form to general formulation of Theorem 3.11 in some case of simple geometries of the beam.
Example 3.14 (Circular ring) - Assume T is a circle of radius R , say:

~y(s) = (Rcos%, Rsin%, 0), R>0,, andse€[0,L]. Then K=R'>0, K=0, 7=0.
The compatibility condition in (3.22) reads as follows (by (3.8) and Lemma 3.2i) )

L
/ fiu;ds =0 1 =2,3,4
0

for every quadruple (u1,us,us,us) of functions solving the system of differential equations (which
characterizes rigid displacements in terms of intrinsic coordinates, in the ring geometry):

i = R uy iy + R 2uy = 0 u1(s) = Ay cos (%) + Ay
fio + R~ =0 o i = R 1ug e uz(s) = Azsin (*32)

iis — R uy =0 ’ iy + R 2us =0 ' us(s) = RAgsin (552) + A3
Uy = 7R*1113 uz = Ry u4(s) = Ay sin (%) .

The limit functional ® is

T A Lo _ . - .
D(u) = 4<u+ 2>/0 (2 + B~ %ua|? + Jity = R™'ual* =7 Y _ fyu;) ds +

=2

bR (S, USw) + 58 Y VPP

sE Sf,,2U Su3



5/6/2003 33

if uj =41 = R~ ug and uy = constant, while ®(u) = +oco else.
It is interesting to compare this ® with the one related to the 2D approximation in example 2.13.

Example 3.15 (Cylindrical helix) - We consider here the case in which T is a cylindrical helix, e.g. the
image of the map 4, with 4(s) = (R COS%, R sin%, %s), R>0,p>0, A=+/R?+p?/(47?),
and s € [0, L] .

Then K = || = R/A2 = (R+p?/(4n2R)) ", K =0, 7 = |7| = (4x2R%p)/A® , # = 0.

The compatibility condition in (3.22) (thanks to (3.8), Lemma 3.2i) ) reads as follows

L
/ fiuids:O 7 22,3,4
0

for every quadruple (ui,us,us,us) of functions solving the constant coefficients system of differen-
tial equations (which characterizes rigid displacements in terms of intrinsic coordinates, in the helix
geometry):

’l:Ll = K’LL2

7;.L272T1.1,3+K'l.1,177' (%) =0

ﬁ3+2Tu2+TKU1 —K’LL4—T2U3 =0

Uy = —K(’iL3 + Tu2)

2

(hence he compressed helicoidal spring is not compatible with the above condition on the load). B
4. Three—dimensional approximation of a linear elastic—plastic straight beam(LB3)

As a remarkable example we explicit the analysis of the 3D approximation of an elastic-plastic straight
beam with Neumann boundary conditions (for the 2D approximation of the cantilever we refer to
[PT1]).

We emphasize that the statement of Theorem 4.3 at the end of this section corresponds exactly to the
formal substitution of K(s) = 7(s) = 0 in Theorem 3.11, but here the assumption (3.5) fails. Hence
the proof has to be modified at certain steps (and actually is much simpler). In addition the simple
geometric structure allows to evaluate the constant M in Lemma 3.5 and the constant in the safe load
condition.

We study a straight beam whose un-stressed configuration is the segment [0, L] parameterized by
arc-length x

Y= (Y1,72:73) = (£,0,0) = ze; z€[0,L], (4.1)

In R? we denote the cartesian coordinates by x,y,z and we consider a thick beam whose reference
configuration is the open set

C° = {re; +yes +ze3: O0<a<L,y?+22<e?} (4.2)

The set of infinitesimal rigid displacements in C* is denoted by R(C¢). The region C* is the natural
reference of a three-dimensional linear elastic body with free damage at mesoscopic scale, whose
internal strain energy is given, for every displacement field v € SBD(T*), by the following functional

Gi(v) = [ WEW) dx + FaRA(n) + sﬁ/J V] © v |dH (4.3)
where

A
W(A) = plAP+ J(Tr A)? > Cy(u, MIA]* - VA€ My,

3
a,B,p >0, 2u+3X > 0 Cg(u,A):min{u,u+§)\}>0
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The beam T°¢ is subject to a transverse body force field g° of the following kind

g°(z) = €% fo(s)es + €% fa(s)es + 2 fu(s) (yes — zey)

; (4.4)
f = (07f23f3,f4)€Lp((OaL)vR ) pZS

The term €2 (fa(s)e; + f3(s)ez) is the bending force, while — 2f4(s)(zeq —yes) is the twisting force,
here we assume that there is no tangential component of the force, say fi =g°-e; =0 .
We then define

L5(v) :/ g vdx (4.6)
and so the (total) energy functional will be
F5(v) = G5(v) = L5(v) . (4.7)

We assume that the displacement field v satisfies the Bernoulli-Navier cinematic constraint €(v)- N =
0 in the sense of measures for all continuous vector fields A/ which are normal to the central strand
(KJ,[PGI,[V]), say

€v)-ea = €(v)-e3 = 0 in D'(C?) (4.8)

so that we are led to study the following minimization problem
(LBj3) min {F5(v) : ve SBD(T¢),€(v)-e2=0=€(v): e3inT°}.

The analysis of existence and asymptotic behavior for minimizers of (LB§) goes as like as in section
3, except for the proof of lemmas 3.2 , 3.5 and Theorem 3.11, which we restate and prove as follows
(see respectively Lemmas 4.1, 4.2 and theorem 4.3).

We exploit the cinematic constraint (4.8) by showing that admissible vector fields have rank-1 strain
tensor and are completely described by four scalar functions of arc-length s: the averages of cartesian
components of the displacements over the cross sections and the rotation angle (which turns out to
be constant for the straight beam).

Lemma 4.1 - Fixe > 0. Suppose that v € SBD(T¢) and €(v) - e3 = 0 = €(v) - e3 in the sense of
vector-valued measures. Then, by labelling v1 =v-e;, vo=vV-e3, v3=V-e3,

i) there exist unique uy € SBV (0, L), us,us, € SBH(0, L) and a constant function us = ¢ such that

v = vie; + vees + vzes = (ug —yuh — zuj)e; + (uz — cz) es + (uz + cy) es;

ii) e(v) = (uf —yul) —zuf)e1®ey

here u = (uy,us,us, uq) is defined by i) (and, just for comparison with section 3, we notice that
.Aoll = u'l, Aou = 121 s .Alu = UQN, Alu = 1';62 5 ./4211 = U3H, Agu = ’l','L3 ) .

111) Jy C (Ju1 U Juz U Jug) ® BE(O) = (Sul U S,’LQ ] Sug) ® BE(O) =S, ® BE(O) and

H2A(Jy \ (Ju, U Jg, U Jg,) x B(0,€)) =0;

dHL T, = Y (1 - K(s)¢) d¢d¢

Su

iv) €(v)=0 iff ui=uf=uf=0 (eg U1 =tx=13=0,and ju, =ju, = jus =0);
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v)  G(v) = (1+0(1)) <u+ ;) W/OL {621112+ a:(iig|2+il3|2)} ds +

+retar'(s) + o0 3 o 1] = €fis] = il dedg

s €Sy
where Sy = Sy, USy, USy, and o(l) tends to 0 ase — 04 .

On the other hand, for every u = (u1, u2,us,us) € SBV(0,L) x SBH ((0,L),R?)) the vector field v
defined by i) belongs to SBD(T*¢) and fulfills (3.11) and ii), ii),v),v) .

vi) The linear map U5 : v — u (from orthogonal to intrinsic coordinates) defined by i) satisfies

Uli][ V'eld£d<7 ’LL2:][ V'ezdfdc, ’LL3:][ v~e3d§d§,
B.(0) B.(0) B.(0)

1
v-(yes — zeq) dEd(, Iy= net /2 polar moment of inertia over circular cross sections

Uy = —
IoJB. (0

and U5 is one-to-one and bi-continuous in the strong topologies from {v € SBD(X¢) : €(v) - e =
€(v) -e3 = 0} to the closed subspace of SBV (0, L) x SBH((0,L),R?) spanned by the solutions of
uy =0 . We notice that (u1(s),u2(s),us(s)) is the resultant of v and uy is the twisting moment of v
over the circular cross section of C, through y(x) .

vii) we emphasize that uy4 is constant, namely: uj =0 .

Proof - We exploit

/ €
V2,y = V3,2 = Viy +V2,w = Vi,z +V3,w = V2. + V3, = 0 D (C )

Vot Vs, =0 = {VM — Ve T 8 v st {V2 = wa(®) + 2¢(x)

V3,yy = “V2,yz =

Hence va. + v3, = 0 entails ¢(z) = p(x), say {

{Vl,y = Vo, = —up(z) — 2¢'(x)
Viz = —V3az ( )

[
|
<
w
g
_|_
<
AS)

Then there is 7 = 7(x,2) , such that

vi(e,y,2) = —yus(z) — yz¢'(z) —7(,2)

and since vi , = —Vvs , we get

T.(z,2) — us(x) + 2y¢'(z) = 0 in D'(C%)
hence 7, —ujy = ¢ = 0.
Therefore 7(z,2) = —zui(x) + ui(x) , p(z) = us(z) = c constant.

Regularity properties of u1,us,us can be proven by arguing as in Lemma 3.2 and i) follows. Then
ii)-vi) are easily deduced by substitution. Then i) is proved; ii)-vi) are easily deduced by substitution.
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Lemma 4.2 - For every r € [1,3/2] for every u € SBV(0,L) x SBH(OL)? s.t. u} = 0 we have

+ [l — 2| + [|1is — ]|

— 1_2 —
lus = Tllprory < L% (lu—1 Lon) <

L30,0) L30,0)

L
< LY+ LV /(\u1\+|u2\+|u3|>ds+ S ]| + |+ K| + | fis]|
0 Juy UdagUlug

say when 4y is a straight line of length L the constant M = M (v,r) of lemma 3.5 can be chosen as
M =LY"(1+L'Y3).

Proof - The first inequality is trivial. The second one can be proved by using

L r L
(/ |w —w|" ds) < LI/T/ [w'| for every w € BV (0, L)
0 0

as follows: by assuming, without loss of generality, that @ = 0 we have

[[ull + [l

thorn T ”u3”L%(o,L) <

L 4 L L L

<2 [T+ 2 |l < 227 [l (D) (] 1) <
0o 0 0 0

Jj=1

L3 0,0)

L
L1+ L% /0(|u1|+\a2|+\a3\)ds+ ST ]l + i + K] | + | [is] |

']“1 UJ"lZUJ'[‘B

hence the constant in Lemma 3.5 may be chosen as M(y,r) = L7 (1 + L'/3). m

r+3

Since ¢ = c(y,7) = 7 (7rL)%M('y7 3/2) = 975 LY/7(1+ LY/?) the right-hand side in (3.22) reads
explicitly
20 84
1+2 / - 1 e
7 S e(y,p)  9n2(1+ L5) LY
hence, in the straight beam geometry ( (4.1)-(4.8) ), the safe load condition becomes

86

[ERFZICNAIRS — - (4.9)
9w2 (1+ L3)L»
Moreover in the straight beam geometry, the compatibility condition reads
L L
/ f=0 j=234 / sfils)=0 j=2,3 (4.10)
0 0

since, by Lemma 4.1 iv, if v is a rigid displacement and u = USv, then u; = ¢, ug = ¢4, and
u; =cj+djs j=2,3.

The conclusion is summarized in the following statement

Theorem 4.3 - (Straight beam under flexural force and torque)

Assume (4.1)-(4.10). Then there exists v¢ € argmin LB with v¢ = 0, and a displacement expressed
in intrinsic coordinates u = (uy,us,us,us) € SBV x SBH? such that, referring to Lemma 4.1 vi), by
setting u® = U5 (v®), we have u® = 0 and up to sub-sequences,

u = ][ viieer — in SBV(0,L) ase — 0,
B.(0)
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*

uj; — w; inSBH(0,L) for j=2,3,4 ase — 04

1
where u§ = ][ ve.eq, u§= ][ vi.es, uj=— vE - (ées — Cea) .
B.(0) B.(0) 1o JB.(0)

Moreover this u = (uy, ug, us, uq) is a solution of
(LB3) min{F3(u) : ue SBH((0,L),R*)}
where

(I)(ll) if u’1=u1=1l4=0

Fs(u) =

400 otherwise,

and

m AN [P . L
O(u) = 1 (,u+ 2> /0 (|ii|* + |iiz|?) ds — 7T/O ijuj ds+
j=2

+ WQHO(SaQ US@S) + %ﬁ Z iV, [’l:t2]2 + [113]2 .

Sﬂ2USﬁ3

(4.11)

Moreover e~% minLB§ < minLBj3 + o(1) and the re-scaled energies converge, that is

lim e *F5(ve) = Fz(u).

e—04

It is worth noticing that the constraint under which F(u) is finite imply, as in the elastic case, that
the limit beam is inextensible and that the rotation angle u4 is constant.

Proof- The only difference with respect to Th.3.11 consists in the choice T =e;, N =e;, B =eg3,
hence 1, = iy = i3 = iy = 0 characterize rigid displacements

Following step by step the proof of Theorem 3.11 it is not difficult to show that an analogous result
holds even in this case.

5. Approximation of a rigid-plastic beam (RB)

In this section we study the effects of a divergent weight (which blows-up as ¢ tends to 0) in the
volume integrals of (2.6) and (3.6): as a consequence we find a more stiff structure in the limit. As
like as in sections 2 and 3 we can consider the 2D and 3D approximations: referring to (2.1)-(2.4) and
(3.1)-3.4) we set

TE(v) = &7° W (EW)) dx + e2aH™ 1 (J,) + eﬁ/ I[v] ® vy | dH ™t
Qs Jv
A
W(A) = plA? + 5(1&41)2 VAeE My, o, B,0,u >0, (5.1)

n=2,3, Q=Xfifn=2 Q =T° ifn=3, (n—Dp+nrA>0,
g® given by (2.7) if n =2 , and by (3.8) if n = 3,

Il
S

8w =750 - [ g n

=

I
w

MW= T - [ g o

e
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We will consider the following problems

(RCBj) min{A5(v) :v € SBD(¥®), €(v)-n=01in X},

(RCB;) min{A5(v) :ve€ SBD(T®), €(v)-N=0=¢€(v)-B inT¢}.

Then following statements can be proved by the same methods used in the previous sections.

We recall that (by Lemma 2.2) if n = 2, then under the Kirchhoff cinematic restriction, in intrinsic
coordinates wu| = 43 = Kug is the tangential non extensibility, while , iy + ki1 + fu; = 0 is the
flexural rigidity.

Theorem 5.1 -  Assume (5.1), n = 2, and (2.1)-(2.9)-(2.22). Then there exists v¢ € argmin RCB,
such that, up to sub-sequences, u§ —wu; in SBV (0, L), u§ = uy in SBH(0, L), where u® = (u$,u) =
U=(v®) and u = (uy,uz) is a solution of

(RCB.) min{A»(u) : u € SBH ((0,L),R?}
where
L
7/ fuzds +2aH°(Sq4,) +6/ I[a]|  if wf =1y = Kug, iig + Kty + kuy =0
Ag(u) = 0 Sy
400 otherwise

Moreover ¢~2 min RCB§ < min RCBy + o(1) and the re-scaled energies converge, that is

lir% 3N (VvF) = Az(u). W

We recall that, by Lemma 3.2, if n = 3 then the Bernoulli-Navier cinematic restriction on the
deformations entails uy’ = —K (u3’ 4+ Tug) moreover , in intrinsic coordinates,

u} = U1 = kug describes the tangential non extensibility, while Aj(u) = A2(u) = 0 describes the
flexural rigidity.

Theorem 5.2 - Assume (5.1),n =3, (3.1)-(3.11) (3.22) hold; then there exists v¢ € argmin RCB§
andu = (uy,ug, u3,us) € SBV x SBH® such that, by setting u® = U5 (v*), up to sub-sequences, u§ — u;
in SBV(0, L), u5 Luj in SBH(0,L) for j = 2,3,4 and u = (uy,us, us, uy) is a solution of

(RCB3) min{As(u) : u € SBH((0, L), R*)}

where
(I)(ll) if ’LL11:1-1,1:KU2, Alu:AQVZO,’L.M:—K(’L.L:j—i—T’U,Q)
400 otherwise,

and

L 4
d(u) = 71'/0 Z fiujds + maH(Sy, U Syy) + gﬂ Z [U2]? + [us3]?
=2

SE SuyU Sag
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Moreover ¢~* min RCB§ < min RCBj3 + o(1) and the re-scaled energies converge, that is

lim e *A°(ve) = Asz(u).

e—04

Theorems 5.1, 5.2 clarify how stiff thin structures undergoing small deformations can be described
by assuming that the elastic deformation is irrelevant if compared to the plastic flow occurring along
“a priori” unknown plastic yield points. Hence it is natural to couple rigid deformations with plastic
hinges positioned at an unknown pattern of points: on this lines the deformation is still continuous
but the gradients may undergo jump discontinuities of rank 1 (see [SM],[CLT4]).

We recall that, for an elastic beam, the integrals fOL |Agu|?ds and fOL(|A1u|2 + |A2u)?) ds denotes
respectively the resistance to traction and the resistance to flexion.

So that here the constraint Aou = Agu = 0 (i.e. uj = 43 = Kuz) corresponds to tangential rigidity,
and the constraint Aju = Asu = 0 corresponds to (piece-wise) flexural rigidity.

Hence the whole set of constraint Aqu = Aju = Ayu = 0 describe the rigid-plastic beam.

Remark 5.3 - The 2D and 3D approximation of the rigid-plastic straight beam are obtained,
respectively, by formal substitution of x = 0 in Theorem 5.1, and K = 7 = 0 in theorem 5.2, and
arguing as like as in section 4.
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