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Abstract

A variational limit defined on the space of one-dimensional Young measures
is obtained from three-dimensional elasticity via dimension reduction. The phys-
ical requirement that the energy becomes infinite when the volume locally van-
ishes is taken into account. The rate at which it blows up characterizes the
domain of the limit energy. The obtained limit problem uniquely determines
the energy density of the elastic string.

1 Introduction

The aim of this paper is to deduce the energy density of an elastic string from
non-linear three-dimensional elasticity. This result is achieved by setting the
dimension reduction problem within a framework similar to one developed in a
previous paper [13], where the energy density of a thin film is derived from a
variational limit defined on the space of two-dimensional gradient Young mea-
sures.

A first variational derivation of the total energy of an elastic string is due
to Acerbi, Buttazzo and Percivale [1]. They obtain a bulk energy with an inte-
grand f3* which is the convex envelope of fo(2) := min{f(F|z) : F € M3*?},
where z € R? represents the derivative of the deformation and f is the Helmholtz
free energy of the three-dimensional body. Thus, under appropriate growth
conditions their convex limit problem has a solution. On the other end, the
approximating problems may have integrands which are not quasi-convex, as
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for instance in martensitic materials. Generally, in these kind of problems the
infimum of the total energy is not attained. This fact naturally leads to the
conclusion that f3* is not the energy density. Hence the problem: what is the
energy density of the elastic string?

It must be noticed that from the result obtained in [1] we can not even deduce
that fo is the free energy, since there are an infinite number of functions ¢ such
that ¢** = f3*. In this paper we deduce that fy is, in fact, the energy density
of the elastic string.

The asymptotic methodology initiated with the work of Acerbi, Buttazzo
and Percivale is the following: a sequence of bodies given in a cylindrical config-
uration with cross section of diameter ¢ is considered. For each of these bodies
the total energy is known. Under quite general assumptions on f there are
different topologies which ensure compactness to the family of minimizers (or
quasi-minimizers) of these energies. Once chosen one of these topologies, the
string model is obtained by passing to the limit as € — 0 in an appropriate vari-
ational sense (I'-convergence). Roughly speaking, this variational limit ensures
the convergence, in such topology, of minimizers of the energy at level € to the
minimizers of the string problem. The obtained limit problem depends on the
chosen topology. As said before, typically the infimum of the total free energy of
a martensitic material is not attained. The minimizing sequences shall, in gen-
eral, develop fine scale oscillations, which, according to the interpretation due
to Ball and James [5, 6], model the microstructure experimentally observed in
specimens of phase transforming materials. Thus, in phase transforming prob-
lems the “main properties” of the minimizing sequences are to be determined.
This suggests that when we pass to the limit as ¢ — 0 we should try to use a
topology which, loosely speaking, ensures the convergence of the “main prop-
erties” of the minimizing sequences at level € to the “main properties” of the
minimizing sequences of the string problem. We achieve this by embedding the
problem into a suitable space of Young measures, see L.C. Young [20], with an
extension by +o0o of the energy functionals. In this way, we can use a suitable
topology which allows us to obtain a limit problem that better describes the
microstructure, that is the oscillations of the minimizing sequences.

This methodology introduces several difficulties which are completely miss-
ing in the work of Acerbi, Buttazzo and Percivale. Like them, we perform the
computation of the I'-limit by taking into account the physical requirement that
the energy becomes infinite when the volume locally vanishes, that is

detlzggw J(EF) = +oo.
The same requirement is also met in a recent paper of Ben Belgacem [7]. In con-
trast with [1, 7], we need to specify the rate at which the energy blows up when
the volume decreases. In fact, in the cited papers, the obtained I'-limit involves
the convexification of the energy density, which completely disregards the be-
haviour of the energy near vanishing-volume deformations. On the other hand,
in the Young measure setting, where no convexification appears, the growth
near vanishing-volume deformations is as much important as the growth for
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large deformations. This reflects on the fact that the domain of the limit func-
tional strongly depends on the prescribed growths. More precisely we consider
an energy which has p-growth for large deformations and ¢ growth for vanishing-
volume deformations (see assumptions (3.1) and (3.2)). In particular, in Sec-
tion 7 we take ¢ = p/2 which corresponds to the highest growth assumption in
compression near vanishing-volume deformations, while in Section 8 the expo-
nent ¢ is appropriately chosen in order to take into account Ogden materials.
According with the variational properties of I'-convergence, the main theorems
proved in these two sections may be interpreted as follows: if v, is a Young
measure minimizer of the energy of the three-dimensional body I° then v. con-
verges in an appropriate sense to a Young measure v which is a minimizer of
the limit energy I. In other words, the microstructure of the three-dimensional
body at level € can be approximated by the microstructure determined by the
limiting problem.

In our analysis we consider an energy density which may depend also on
position and deformation besides on the deformation gradient. Even the pos-
sibility that the diameter of the cross section of the body may vary with the
position is taken into account.

The paper is organized as follows. In Section 2 are summarized well known
definitions and properties of Young measures. In Section 3 we consider the
three-dimensional problems and set the framework in which the I'-limit will be
taken. In the fourth we define and characterize a class of Young measures with a
prescribed behaviour at infinity and near by zero. Section 5 is devoted to prove
coerciveness. Well known properties of I'-convergence are recalled in Section 6.
In Section 7 and 8 two different refinements of the growth assumptions postu-
lated in [1] are considered and the limit problem is completely characterized.
In the former we deal with materials whose energy density blows up extremely
fast under compression, while the latter contains also a large class of compress-
ible Ogden materials and the whole class of those introduced by Antman in [2].
Finally, in Section 10, we study the relationship between our limit functional
and the one obtained by Acerbi, Buttazzo and Percivale. Moreover we show
that the obtained I'-limit uniquely determines the energy density of the elastic
string.

2 Young measures: notation and properties

The setting of the problem will be done immediately after this short section,
where we introduce some notation and well known properties of Young measures.

Throughout the whole section € is an open bounded subset of R¥. We
denote by M"*¥ the set of hxk real matrices which will be often identified with
the Euclidean space R"*. By M(M"*¥) we mean the space of R-valued Borel
measures on M"** which can be viewed as the dual of the separable Banach
space Co(M"*) under the duality

(W, ) = / pdp.
Mhxk
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We recall that a mapping  : Q — M(M"*¥) is said to be weakly™ measurable
whenever the function = — (u(z), ) is measurable for every ¢ € Co(M"*F).
The space LS(€Q; M(M"**)) consists of all weakly* measurable, essentially
bounded, mappings p : @ — M(M"**). This space will be endowed with the
weak* topology induced by the duality with L(Q; Co(M"**)). Therefore, a

sequence u™ is weakly* converging to a limit p if and only if

/( "(x), d:ca/ x)dx Vo € Co(M3*3), Vg € L1(Q).
Q

A Young measure on ) with target M"** is an element v of LS (€2; M(M"*F))
such that v, := v(x) is a probability measure for almost every x € Q. The space
of Young measures will be denoted by Y(Q; M"*F). A (v,) € Y(Q; M"*F) is
said to be homogeneous if it essentially does not depend on . A Young measure
p € L2(; M(M™F)) is said to be generated by the sequence of measurable
functions u™ : Q — M"¥F if

Sun(y — 1 weakly™ in L2 (Q; M(M"*F)).

Every Young measure is generated by some sequence of measurable functions.
The center of mass of a Young measure pu € Y(Q; M"**) is the function

o it = [ ()
Mhxk

where id denotes the identity mapping.
A large use will be done of the following theorem (see for instance Valadier [19])
which states the fundamental property of Young measures.

Theorem 2.1 Suppose that the sequence of maps u™ : Q — R generates the
Young measure v. Let f : QxR" — (—o0,+00] be a Carathéodory function

and assume that the negative part f~(x,u™(x)) is weakly relatively compact in
LY(Q). Then

hmmf/ flz,u™(z))dx Z/Q o flx, ) dvg () de.

Moreover, the sequence of functions x — |f|(z,u™(x)) is weakly relatively com-
pact in L*(Q) if and only if

f(,u™()) — f weakly in L'(Q) where f(x / fla, ) dv (V).

The following lemma gives a criterion which is useful to establish when two
sequences generate the same Young measure (see Lemma 6.3 of Pedregal [17]).

Lemma 2.2 Assume that (u,) and (v,) be two bounded sequences in LP(£2;R?)
and that (u,) generate a Young measure v. If

lim [{u, #v,}|=0
n—oo

then also (v,) generates v.
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3 Setting of the problem

As stated in the introduction, the goal of the paper is to deduce the energy
density of an elastic string from the non-linear three-dimensional theory of
elasticity. In this section we shall consider a three dimensional region ().,
as the reference configuration of a hyperelastic homogeneous body, which re-
duces to a one-dimensional region as & goes to zero. The energies of the three-
dimensional bodies, which are classically defined on some Sobolev space, will
be naturally extended to a suitable space of Young measures. Contrary to the
usual Sobolev spaces setting, this extension will provide a limit problem, for the
one-dimensional body, which carries information on microstucture and allows
us to write the energy density of the string.
More precisely, for all € > 0, let

Q. = {r = (za,73) €R?*XR : 2, € ch(x3)w, 23 € (0,£)},

where h : [0,€] — (ho,+00) is a measurable bounded function, with hg > 0,
and w is an open, bounded subset of R? containing the origin. Without loss
of generality we assume that |w| = 1. We can think of €. as the reference
configuration of a hyperelastic homogeneous body with stored energy density
function f : (0,£)xR3xM3*3 — (—o0,+00]. This function f = f(¢,&, F) is
assumed to be a Carathéodory integrand (measurable in ¢ and continuous in
(&, F) for almost every t € (0, ¢)) and to satisfy the following growth assumptions

det F <0= f(,-,F) =+o0,
V6>03Cs>0st. det F >0 = f(,-,F) < Cs(|F|P + 1), (3.1)
Je>0st. c(|FIP-1) < f(-, F),

for a suitable p € [1, 4+00).

These growth conditions have been introduced by Acerbi, Buttazzo and Per-
civale in [1] in order to take into account the physical requirement that the
energy becomes infinite when the volume locally vanishes, that is

lim - F)=+o0.

det F—0+ f( )

On the other hand, they are not precise enough to characterize the domain of
the limit problem in terms of Young measures. Indeed, we shall see that two

different refinements of the set of assumptions (3.1) will lead to limit problems
defined on different spaces. For this reason we introduce the further assumption

1 _
Je>0st. c(—+1zP—1)< _inf f(,,-, (F|?)) (3.2)
|z|4 FeRrax2

for a suitable choice of ¢ € (0,4+00) which will be done subsequently. Above
and in the sequel, we identify M?3*? with M**?xR3, and write (F|z) for the
element in M?3*3 which is identified with (F,z) € M3*2xR3.
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Prototypes of functions f which satisfies the prescribed growth conditions
are the energy densities of neo-Hookean materials or, more generally, those of
the form

f(F) = |F|P 4 B(det F)

where 5 : R — [0, +00] is continuous, decreasing and 3(s) = +oo when s < 0
(see also Examples 7.6 and 8.5).
The total energy I. of the body is given by

L) = [ fesyla). Dy(w)do - /Q §(2)  y(z) de,

where the body force densities §° are taken in L?' (Q.; R?), with 1/p+1/p’ = 1.
Assuming, for the sake of simplicity, the body to be clamped on eh(0)wx{0},
the equilibrium configuration will be found by minimizing the energy I. over
the set of admissible deformations

Ac ={y e WHP(Q5R?) + y(w1,22,0) = (w1, 22,0)}.

In order to study the behaviour of the minimizers y° of I. as ¢ — 0, it is
convenient to transform, after Ciarlet and Destuynder [11], the problems under
consideration into problems over a fixed domain. To this end we define 2 := Q4
and a map 6. : LP(Q.;R3) — LP(Q;R3) by

(0:y)(x) = y(ew1, ew2, 73).

We accordingly rescale the energies by setting I}(y) = I.(0-'y)/e?, which is

Q) Day e
I2(y) -—/Qf(t,y,( . |Dsy)) da /Qg ydz,

where we have set ¢° := 6.¢° and D,y denotes the first two columns of the
gradient of y. We assume that g does not depend on ¢ and set g := g°. The
admissible set over which the total energy has to be minimized becomes

AL = {y e W'P(R?) & y(a1,22,0) = e(21,22,0)}.

With the motivation already explained in the introduction we extend the
functionals I to the larger space L°(€; M(M3*3)) by setting

Iy) ifJye AL sit. u=dpy.
() = { v (3.3)

+o0o  otherwise in L°(£; M(M3*3)).

Let us remark that this functional is well defined because if y;,y, € A% are
such that 6py,(z) = Opy,(2) then, due to the boundary condition, y; = y2
almost everywhere.
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4 Young measures with (—g,p)-growth

The growth constraints (3.1) and (3.2) that we have prescribed on the energy
density motivate the introduction of the following space.
Let p > 1 and g > 0. Let the function g~ %7 : [0,4+00) — [0, +00] be defined

1
by g~ 9P(t) = m +t* and g~ ??(0) = +oo. Throughout the paper, to be more
1
direct, instead of g~ %P (t) we will simply write t—q+t” assuming that this function
takes the value +oo for ¢t = 0.

Definition 4.1 With Y~97((0,¢);R™), m € N, we denote the set of Young
measures v € Y((0,£); R™) such that

‘
1
/ / — + |2|P d(2) dt < +o0.
0o Jrm |29
The following theorem, similar to Theorem 7.7 of Pedregal [17], characterizes
the space Y~2P((0,£); R™).

Theorem 4.2 Let v = (Vz)e(0,0) € V((0,£);R™). Then, v € Y~P((0,£); R™)
if and only if there exists a sequence of functions (z;) which generates v and
such that {g=%?(|z;|)} is bounded in L'(S2).

The following lemma will be used in the proof.

Lemma 4.3 Let v be a probability measure on R™ such that
/ g~ TP(JA]) dv(X) < 4o0.

Then there exists a sequence of functions (w;) which generates v as a homoge-
neous Young measure and such that {g=%?(|w;|)} is bounded in L'(12).

PROOF. The proof proceeds along the same lines of that of Theorem 7.6 of
Pedregal [17], with the only modification of the class £9 which here denotes the
set of continuous functions ¢ : R™ \ {0} — R such that the limits

lim & and lim &
N (Y I = S R ()

do exist and are finite. We observe that g~ %?(|-|) € £9 and Cy(R™) C £9 and,
as in the cited proof of Pedregal, £9 under the norm

)

— ‘Piu
||()0||59 : H 1 _’_g—q7p(| . |) LQO(R'"L)’

is isometric to the separable Banach space C'(K) where K = R™ U {0} is
the one-point compactification of R™. Moreover, the dual space (£9) strictly
contains the probability measures in R, u, such that

/ I d(d) < +oo. (4.1)
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We refer the reader to the cited proof for the remaining details. O

PROOF OF THEOREM 4.2. Let (v,) be such that

L
1
— W (1)|P dt < , 4.2
Sttp/o o e OF e e o

and v, generates v. Then by Theorem 2.1 we have

¢
1
/ / — + |2|P dy(2) dt < +o0. (4.3)
o Jrs

|z]2
This proves the necessity. The proof of the sufficiency can be done exactly as in
the proof of Theorem 7.7 of Pedregal [17] by observing moreover that equation

(7-7) of that proof holds also for ¢ = g = g~ %P, ensuring the boundedness of
{g(lz)} in LT O

The proof of the next Lemma uses a standard truncations technique (see for
instance Pedregal [17]).

Lemma 4.4 Let v € Y~2P((0,£); R™), with p > 1, ¢ > 0. Then there al-
ways exists a sequence of functions u, € L*((0,€);R™) which generates v,

1/|un| € L*(0,¢) and

7T |un ()|P is equi-integrable.

b
[un (t)]

PROOF. Let v € Y~ 2P((0,£);R™). By Theorem 4.2 there exist functions
v, € WHP((0,£); R™) with the property written in (4.2). Let A > 1 and consider
the truncation map 7 : R™ — R™ defined by

1

Y if |z| =0,

1 1
S Z o<z < 5,

) Az A
TA(Z) - 1

z if X < |z| < A,
A |z > A

||

Note that z — |7\(z)| is a continuous map. Since

[Ta(2)] < A, and

<\ for every z € R™,
7a(2)]

the sequence
1

o Il
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is equi-integrable, and therefore by Theorem 2.1 we have, for every ¢ € L>(0, £)
¢ 1
lim lim t (7—&— > (vp, )dt:
o) (o + P

A——+o0 n——+00
p
)\LHEOO/ /'m |7')\ |T>\( )‘ th(Z) dt

:/O SD(t)/ = |q+|z|det( 2y,

where the last equality is obtained after observing that

b
[T (2)]4

for every z € R™, and by means of (4.3) and Lebesgue’s convergence theorem.
By a standard diagonalization argument we may find a sequence A\ — oo and
a subsequence (not relabelled) of (v,,) such that

1
e T (v — et dv,
o P = [ e an(e)

PP <24 o4 |2l

|24

weakly in L!(0, ). Thus, the sequence
1

m + {7, (vr)[P
k

is equi-integrable, moreover

{7 (Vk) # vi}

{lvel < 1/A3 + vkl = Ax}

b ol
< dt dt
- /o Moes @7 Jy
1 1 4
CW“WHCI + [Jog[5) — 0

thanks to (4.2). The proof is concluded by setting u, := 7, (v,) and using
Lemma 2.2. U

5 Averaging and coercivity
Let us denote by 73 the projection of M3*3 onto R?
73 M¥3 SR ¥ (Flz) = 2,

and by W?#uw the usual image measure by the corresponding projection map,

that is 7, (A) == p, (7r3_1 (A)) for every Borel set A.
Let X be either R3 or M3*3. If v € L2°(Q; M(X)) we denote by

Av®r:(0,4) > M(X)
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the average of v with respect to the variable z,
(AvEp, ) = (AV® v(zs), o) = ][ o W)
h(xs)w

for every ¢ € Co(X), where (recalling that |w| = 1)

1
<V T, 7<P> dze = 7/ <V To,T 7@) dz.
]{L(mg)w ( > h($3)2 h(z3)w ( 2

By Fubini’s theorem the map x3 +— (Avg v, ) is measurable and, since it is
also essentially bounded, we can think of Av® as a mapping

AV 5 L3 (5 M(X)) — L((0,€): M(X)).

It is easy to check that this map is continuous and that Av® maps Young mea-
sures into Young measures. The I'-convergence result will be more expressive
by using the average-projection mapping

p o L3 (0 M(MP®)) — L3 ((0,0); M(M**2)),

defined by
p= Wzﬁ o Av® = Av® owi,
where the commutativity of composition follows directly from the definitions.
By the continuity of the average and the projection mapping, even p is contin-
uous. Moreover p maps Young measures into Young measures.
The limit problem will be written by using the following definition, which is
essentially due to Acerbi, Buttazzo and Percivale [1]:

fo(t, &, 2) == min{f(t,ﬁ, (F|z)) . Fe M2} (5.1)

for every t € (0,£), and &,z € R3. We note that assumption (3.2) is a growth
condition from below on fj.

The following lemma states that the sequence of functionals I° is equi-
coercive in the space LS((0,£); M(M3*3)) with the weak* convergence and
that the domain of the I'-limit is contained in Y~9P((0, £); R?).

Lemma 5.1 Let f satisfy (3.1) and (3.2), &, — 0 and u"™ € L (£ M(M3*3))
be such that
sup 127 (p") < +oo.

Then there exist p € L2°(Q; M(M?3*3)) and a subsequence (u™*) such that
™ — o weakly® in L (Q; M(M3%3)),

and v := p(u) € Y~9P((0,£); R?). Moreover, denoted by y,, € WP(Q;R3) and
y € WHP((0,€); R3) the underlying deformations of u™ and v which satisfy the
boundary conditions yn, (1, 22,0) = &g, (x1,22,0) and y(0) = 0, respectively,
we have, denoting the extension of y to the domain  still by y, that

Yn,, — y weakly in WHP(Q; R3).
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PROOF. Since sup,, I2°(u™) < 400, then u? = dp,, (») where y,, € WHP(Q; R3)
and y, (1, 22,0) = &,(x1,x2,0). By the growth assumption on f and Poincaré
inequality, we get, for every n large enough so that €, < 1

m Dayn
) = /Qf(x&yn,( |D3yn>)dx—/gg-yndx

En
> (2222 Day,) [} ~ gl o = <l
> || Dynll; = 1gllp 1ynllr — /€]
> allyallf, — c2,
where | - ||, and || - |1, denote the usual LP and WP norms, respectively.

Therefore
Doyn

n

sup Hyn”l,p < +co and supl|( |D33Jn)Hp < 400 (5.2)

thus, up to subsequences,
Yn — y weakly in WHP(Q;R?) and Day, — 0 strongly in LP(Q;R?)
and
p™ — pweakly® in LS°(Q; M(M3*3)).
It follows that y = y(z3) and y(0) = 0. From the continuity of p we have
p(p") — p(p) weakly* in Ly ((0,£); M(R?)).

Let v := p(u). It remains to prove that v € Y~9P((0,£); R?) and also that
(v,id) = y'. Let us start by proving that v is in the desired space. Since
sup,, I2°(u") < +o0, from (5.2), the definition of fo and (3.2) we have that

oo > 0 > [ flenn(), (P Dy, ) do

n

Q
Z QfO(xSayn(‘r)vDSyn(x)) dzx

1
ot
o [D3yn(z)]4
- c// P L (i) (2) da
Q JR3

2]

+ | Daya(@)|P — Ldo

for every m. On the other hand, by the continuity of the projection mapping
and the application of Theorem 2.1, passing to the liminf and using the fact
that h(x3) > hg > 0 for almost every x3 € (0,¢), we get

¢
1
+oo > liminf/][ / — A+ 2P drul, o\ (2) dae das
n—+oo Jo h(z3)w JR3 ‘z|q #(wa.ws)

14
1
= liminf// — + |z|P dp(p") 25 (2) dg
o Jrs |2]?

n—-+oo

¢
1
P
/0 /R3 2 + |2|P dvg, (2) dxs,
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and therefore v € Y~9P((0,£); R?). Finally, the property (v,id) = 3’ follows by
taking the average in

<7T§#/1'(wa,:t3)’ id> = <,u(wm$3),id07T3> = D3y(x3)

where the last equality can be obtained by passing to the limit as n — oo in the
identity (u",ido7®) = Day™(w3). O

6 I'-convergence and relaxation

In the next sections we take the limit as € goes to 0 of the sequence of func-
tionals (3.3). The tool we shall use is a kind of variational convergence which
allows to treat families of functionals F. : X — R = (—o00, +00] defined on a
space which may be different from the domain of the limiting functional. It is
a variant of De Giorgi’s I'-convergence, and has been introduced by Anzellotti,
Baldo and Percivale in [3] in order to study dimension reduction problems in
mechanics. Let p: X — Y be a map between a set X and a topological space
(¥, 7).

Definition 6.1 Given a sequence e, of positive real numbers we say that a se-
quence F, : X — R (sequentially) T'(p, 7Y )-converges to a functional F:' Y — R
at a point y €Y, and we write

L(p,7Y) lim F. (y) = F(y),

n—oo
if the following two conditions are satisfied:

1. for every sequence x,, € X such that p(x,) Ly one has

liminf F. (z,) > F(y);

n—00

2. there exists a sequence T, € X such that p(T,) — y and

lim F. (z,) = F(y).

n—oo

The family of functionals F. : X — R (sequentially) T'(p, 7Y )-converges to a
functional F 1Y — R at a point y € Y, and we write

L(p, 7Y) lim Fe(y) = F(y) (6.1)

if for any sequence e, of positive reals such that lim e, =0 we have
n—oo

Lp,7Y) lim F. (y) = F(y).

A family of functionals T'(p, 7Y )-converges on a set if it T'(p, 7Y")-converges at
every point of the set.
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The TI'-limit defined above are, in fact, I'"-limit but, here and in the sequel as
well, we have dropped the minus sign for notational simplicity. If X =Y and
p is the identity map, then the I'-limits defined above are the usual De Giorgi’s
sequential I'~-limits which will be denoted by the classical notation

I (rX)lim F. = F.
e—0

When the topological space (Y, ) is first countable, and the family F. is
equi-coercive then the I'(p, 7Y")-convergence has a variational character, that is,
it ensures lower semicontinuity to the limit which turns out to be coercive when
uniform coercivity assumptions are made on the family F.; moreover, roughly
speaking, it preserves convergence of minima and of minimizers. This is made
precise in the following statements, see [3].

Definition 6.2 The family F. is said to be (p, 7Y )-equi-coercive if for every
real number M there exists a T-compact and T-closed subset Ky of Y such that

{p(x) : F.(z) < M} C Ky for every e > 0.

The definition above reduces to the classical one of T-equi-coerciveness in the

case p = id.

Proposition 6.3 Let us assume that T'(p,7Y) 1ir% F. = F onY and that the
e—

family F. be (p, 7Y )-equi-coercive. Then we have:
(i) F is T-lower semicontinuous;
(i) F is T-coercive;

(iii) if xe € X satisfy limiglf F.(zc) = limiélf inf F, (e.g. if x. minimizes F;)
then

(a) if £, is a sequence such that lim e, = 0 and if p(x.,) — y then y is
n—oo

a minimizer of F on'Y and lim F. (xz. ) = F(y);

(b) there is a sequence €, such that lim e, =0 and a minimizer y of F

n—oo

on'Y such that p(x.,) = y.

The following proposition is an easy consequence of the weak* metrizability
of compact subsets of Y and of the Urysohn property of I'-convergence (see for
instance Dal Maso [12], Chapter 8).

Proposition 6.4 If Y is dual of a separable Banach space, T is the weak*
topology, and F,, : X — R is (p, 7Y )-equi-coercive, then

L(p,7Y) lim F,.(y) = F(y)

n—oo

if and only if
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(i) hnlgio%f Fo(z,) > F(y) for every sequence z,, € X such that p(x,) = y;

(ii) for every sequence (ny) of positive integers there is a subsequence (ny,)
and a sequence x, € X such that

plrp) >y and  lim Fo, (zp) = F(y).

p—

The T-limit of a constant sequence, F,, = F' : Y — R for every n, is the
7-lower semicontinuous envelope of F' and is denoted by I'"(7Y)F. Moreover,
if the functional F is defined only on a proper subset of Y then I'™ (7Y) F will
denote the 7-lower semicontinuous envelope of the extension by +o0o of F' to the
whole of Y and will be briefly called the relazation of F' on the space (Y, 7).

7 The limit problem under the highest growth
assumptions in compression

In this section we identify the limit problem when the integrand f satisfies
condition (3.2) with ¢ = p/2. By Proposition 7.1 below, this corresponds to the
highest value that ¢ can assume.

Besides fy, it will be useful to introduce also the integrands

fg(t@,z) = min{f(t,g, (F|z)) . F e M2, det(F|z) > 6}

where § > 0, t € (0,/) and £,z € R?, with the usual convention min @ = +oo.
We note that from (3.1) follows that fo = fJ.

Proposition 7.1 Let f satisfy (3.1). Then, for every 0 <6 <1 the integrands
f3: (0,£)xR3*xR3 — R are Carathéodory and there exists a positive constant C
such that

1
5(.. - 2
3G, 2) < C(|z|P/2 + |2|P + 1) for every z # 0.
Moreover, f{ is increasing with respect to § and 6lim+ fg = fo.
—0

PROOF. The integrand fg is measurable and upper semicontinuous in the last
two variables since it is the infimum of Carathéodory integrands. From the
continuity in the last variables and the growth assumption from below on f
it immediately follows that fJ(,-,-) is also lower semicontinuous and hence
continuous. The growth condition from above follows by taking besides a vector
z # 0, another vector Z such that z- 2 = 0 and |2| = |z|~Y/2. Let Z := 2 x z/|z|.
Note that |Z| = |2| = |2|~/? and

det(2|2]z) =2 - 2xz2=%2-Z|z| =1L

Hence, for 6 <1,

F8n2) < S Blele)) < C(GEIEIP +1) < O
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The other properties are trivially proved. O

In view of the proposition above, we shall assume that (3.2) holds with
q=p/2.

To deduce the limit problem we need to prove two lemmata which will be
useful to handle the constraint on the determinant.

Lemma 7.2 Let g1, 92,95 € L*(0,¢) such that g1,92 > 0 and g1g293 > 6 >0
almost everywhere in (0,£). Then there exist sequences ¢5,g5,95 € C>([0,])
such that |g5]leo < ||gilloo, 95 — i, in LP(0,£) for any 1 < p < 400, and for

i=1,2,3, and g5g595 > 6 > 0 for every € > 0. Furthermore, if § < 1, then we
can choose the g5 so that g5(0) =1 fori=1,2,3 and for every e > 0.

PROOF. Before we start the proof we note that if g is any function in L*°(0, ¢)
such that ¢ > C > 0, almost everywhere, and 7. is a positive mollifier such
that [n.dt = 1, then ¢° :== n. x g — g in LP(0,¢) for any 1 < p < 400 and
C < ¢° <||g]|leo for all € > 0. Since

I
1921c0llg3l o0

o

g1 > min {1,
191l |93l

} =:m; and gy > min{l7 } =:ma,

there exist two sequences ¢5, g5 € C*°([0,/]) such that ¢5(0) = 1, g5 — g in
LP(0,0) for 1 < p < +o0, and

ma < g5 < [|9alloos

for « = 1,2. Let d := g1g2g3 > §. There exists a sequence d° € C°°([0, £]) such
that d® — d in LP(0,¢) for any 1 < p < 400, and d° > §. Moreover, if § < 1 we
can choose df so that d®(0) = 1. Define

dE

g5

€

g3 :

and note that g5 € C*([0,4]), ¢5(0) = 1 if d°(0) = 1, and that

1
2.3
myms;

llgs — g3llp < |d° — gig593ll, — O

for any 1 < p < +o00. Since gjg595 = d° > ¢ the proof is concluded. O

In the next lemma we will use the following result: if U : (0,£) — M3*3 is a
measurable map which takes values into the subset of symmetric matrices, then
it admits eigenvalues \; and eigenvectors u;, for i = 1,2, 3, real and measurable.
In fact, as a consequence of Weyl’s theorem (see Horn and Johnson [14]) the
eigenvalues \; of a symmetric matrix, arranged in an increasing order, are Lip-
schitz continuous functions of the matrix. Therefore the composition A\;(U(t))
is measurable. The eigenvectors are then the non trivial solutions of a homoge-
neous system with measurable coefficients, and therefore there are measurable
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solutions. We recall, moreover that by the polar decomposition theorem, any
non singular matrix can be written as a product of a proper orthogonal matrix
and a positive symmetric matrix. In particular, if F: (0,£) — M?3*3 is measur-
able, and for almost every ¢ € (0,¢), F'(t) is non singular, then F'(t) = R(t)U(t)
where both the rotation R and the positive symmetric matrix U are measur-
able. Indeed, since FTF = U?, we deduce that U? is measurable. Thus, if
n; > 0 and u; are respectively measurable eigenvalues and eigenvectors of U?,
then, by the spectral theorem, we have U?(t) = Zle 7; (t)u;(t) @ u;(t), hence
Ut) = Z?zl /1 ()i (t) @u;(t). From what we said above, we have that »; and
u; are measurable maps, and thus U is measurable. Finally, since R = FU !
we deduce that also R is a measurable map.

Lemma 7.3 Let F € L>=((0,£); M3%3) such that det F > 6 > 0. Then there
exists a sequence F= € C*([0,£]; M3*3) such that F¢ — F, in LP((0,£); M3*3)
for every 1 < p < 400, and det F¢ > §. Moreover, if 6 < 1, F° can be chosen
so that F=(0) =1.

PROOF. For every ¢ € (0,¢), by the polar decomposition theorem, there exist an
orthogonal matrix R(t) and a symmetric positive definite matrix U(t) such that
F(t) = R(t)U(t). Since |R| = v/3 we have that U = RTF € L>((0,£); M3*3).
By the spectral theorem, the matrix U(t) can be written as

3

U(t) = > Aa(built) @ uqt),

i=1

where A; > 0, u; - uj = d;5, for 4,5 = 1,2,3 and A1 A2A3 > 6 almost everywhere,
since detU > §. We further suppose that the eigenvectors u; are ordered so
that uz = w1 X ug. It is easy to check that the eigenvalues A\; € L*°(0, ¢). Hence
by Lemma 7.2 we may find three sequences A5, A5, A5 € C°°([0,¢]) such that
X lloe < [[Ailloos A5 — A; in LP(0,4) for 1 < p < 400, for ¢ = 1,2,3, and
A5A505 > 0 > 0. For every ¢t € (0,4), let Q(¢) be the orthogonal matrix that
maps the vectors of the fixed basis to the eigenvectors of U(t), that is u,(t) =
Q(t)e;, for i = 1,2,3. Let Q° € C°°([0,£]; M3*3) be a sequence of orthogonal
matrices such that Q° — Q in LP((0,£); M3*3) for every 1 < p < +oo (this can
be achieved by writing the matrix @ in terms of Euler’s angles and by smoothing
them). Then, setting u$ := Q%¢; for ¢ = 1,2,3, we have that u5 - u§ = 4;; for
every i,j = 1,2,3, and u$ — u; in LP((0,£);R3) for every 1 < p < +o00. Define

3
Us(t) = Z A7 (B)us () @ ui ().

It is easily seen that Us € C°°([0,¢]; M>*3), that U¢ — U in LP((0,£); M3*3)
for every 1 < p < 400, and that det U® = AjA5A5 > 6. To conclude the first
part of the proof it suffices to choose a sequence RS € C°([0,£]; M3*3) of or-
thogonal matrices such that R — R in LP((0, £); M3*3) for every 1 < p < +o0,
and to set F© = ReU*®. If § < 1, then we may choose AS(0) =1 for i = 1,2,3 so
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that U¢(0) = I and, choosing R¢(0) = I, we obtain F*=(0) = I. O

We are now ready to prove the main result of this section.

Theorem 7.4 Let f satisfy (3.1) and assumption (3.2) with ¢ = p/2. The
functionals I>° defined in (3.3) are (p,w* L3 ((0,£); M(R?)))-equi-coercive (see
Definition 6.2). Moreover

L(p, w* L3 ((0,0); M(R?))) lim I2°(v) = I(v)

e—0t

¢
/0 ((Vu fot,y(t), ")) — Avg- y) h(t)dt ifve Y~/>P((0,0);R?)
+00 otherwise in L°((0,£); M(R3))

where Av®g(x3) denotes the average of g over the cross section with coordinate

x3, that is
1
Av“ = 757/ a d «
v¥g(xs3) h2(z3) /h(xs)wg(x x3) dv

and y € WHP((0,€); R3) is the underlying deformation of v with boundary con-
dition y(0) = 0.

PROOF. Since the space L((0,£); M(R?)) is dual of the separable Banach
space L1((0,€); Co(R3)), the claimed coerciveness follows by Lemma 5.1 and
the continuity of the map p.

We start by finding a recovering sequence for a suitable subsequence I ?:k;
that is, for v € Y~9P((0,£); R?) (where, throughout the proof, ¢ = p/2) we
find a sequence yr € WP(Q; R3) with yx (21, 22,0) = ep, (71, 22,0) such that,
setting u* = &py,, we have p(u¥) — v weakly* in L((0, £); M(R?)), and

lim sup Ig:k (1) < I(v).

k—oo

By Lemma 4.4 we find a sequence v; € L>((0,¢); R?) which generates v such
that 1/|v;] € L>((0, £); R3) and
1
TP
5l &
is equi-integrable. Let

Uj(.%‘g) = /0963 Ej(t) dt,

so that v;» = 7;. By a measurable selection argument (see for instance But-

tazzo [9], Proposition 2_.2.7), and by definition of fJ, there exists a sequence of
measurable functions FJ‘-S :(0,£) — M?3*2 such that

fo (s vj(ws), vj(x3)) = f(as,vj(xs), (F) (x3)|vf(x3))) ae. a3 € (0,0),
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with det(F ]§|’U;-) > § almost everywhere. By the growth conditions we have also

c(|FPP + [ffP = 1) < f (3,05, (F) ) = f3 (23, 05,05) < C( + [vj[P 4+ 1)

/
|Uj‘q

almost everywhere, and therefore the sequence (F f|v3-) is p-equi-integrable, and
for each j, F? € L>((0,£); M**?). By Lemma 7.3, for every 6 and every j,
there exists a function (G |@$) € C*°([0,£]; M3*®) such that (G |w?)(0) = I,
det(é?h’ﬁ?) > 6 and

—~ _ 1
I(G51@7) — (F5[vj)llp < G (7.1)
Let "
s [ s
wj(w3) = wj(t) dt,
0
and sflj be a subsequence of ¢, such that
[—— — = s/
&5, (1G3 I, + 1| det(G 315 wa) ) — 0. (7.2)
The function -
Y3 (x) = wi(xs) + &), G H(xs)zq
satisfies the boundary condition at level ,,; and

Do) s
i

’ —= 5/
(x3), Dgy;.s = w? + EijG;S» (23) T (7.3)
Thus, from (7.1) and (7.2) we infer that, for every § > 0

I

Hence, for every § > 0, the two sequences

Doy}

)
nj

|D3y§) — (F‘J5|v;)|\p — 0 as j — oo.

Day§ _
(12, ( 20 L|Dsys)),  (vg, (Ff|0)))

7

are p-equi-integrable and generate the same Young measure. Moreover, from
(7.2) and (7.3) follows that, for j large enough

Doys
1)

nj

det ( |D3y?) > -,  det (th);-) >0

RS

which, together with the growth condition on f, imply that the sequences

g

D _
f(.%‘g,y?,( - |D3y§))7 f(l‘g,’l}j,(FﬂU;))
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are equi-integrable. By applying Theorem 2.1 we get

. Dayé . =
lim f(ﬂﬂ?ny?,( . \Dw?)) de = lim [ f(xs3,v;, (FJ§|U;)) dz

j—oo Jq Ens j—oo Jq

= lim [ f3(a3,05,0}) dx

J—0 J0

::jgilésf€<x3,y<x3>,z>dv@3<z>dx

¢
= / h($3) /\3 fg(zﬁ"a Y, Z) dVacg (Z) dea
0 R
(7.4)
where y is the underlying deformation of v with y(0) = 0, or, said differently,

v; — y weakly in W1P((0, £); R?). From an application of Beppo-Levi monotone
convergence theorem we have

Doy} ¢
el |D3y?)) dx :/ h(zxs) /3 folxs,y, z) dvg, (2) dzs.
0 R

. . 5
Ry A R

[
nj

By a standard diagonalization argument, there exist sequences J;, — 0 and
Jjx — oo such that sg’; is a subsequence of ¢,, which will be denoted by ¢,, and,

setting yi := y?:, we have

: Da ‘
lim f(x?nyka( c yk|D3yk)) dr = / h(x3)/3 fo((Eg,y,Z) de:s(z) d$3~
Q 0 R

k—o0 ni

Moreover, it is easy to check that y; satisfies the appropriate boundary condi-
tion. Furthermore, since y; — y in LP(Q;R3) we also have

tin [ gle)un(o)do = |

¢
g(m)-y(xg)dx:/ / 9(X o, x3) dxg -y(23) das.
k—oo Jo Q 0 Jh(zs)w

Thus, the proof of the limsup inequality is concluded.

The next step consists in proving the liminf inequality for the sequence I2°.
Let u® € L2(Q; M(M3*3)) be a sequence such that p(u") — v weakly* in
L2°((0,£); M(RR?)). We have to prove that

linmgf I2(p™) > I(v).
Without loss of generality we may suppose that the left hand side of the equation
above be finite and that the liminf be indeed a limit. Then sup,, I2°(u™) < +o0,
hence, by Lemma 5.1 there exist u € L°(Q; M(M?3*3)) and a subsequence ™"
such that
™ — o weakly® in LS (€Q; M(M3*3)),

v = p(u) € Y~P((0,£);R3) and the corresponding underlying deformations
Yn, and y which satisfy the boundary conditions y,, (z1,z2,0) = ey, (21, 22,0)
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and y(0) = 0 are such that
Yn, — y weakly in WHP(Q:R3) and y = y(x3). (7.5)
Moreover,

lim in 122 (") = lin 12(u") = lim T2 (") =

. Doyn,

= lim (/ f (23, Yn, = D3yn,)) dw—/gynk d:r)
k—oo Q Enk Q

> lim (/ fo(xs,ynk,Dgynk)dfvf/g'@/nk dz)
k—oo Q O

> [ a2 ey 9 7a(62) [ g ylan)do
Q Jrexrs Q
Y,

:/ / fo(zs, y(3), ) drisps(2) da:ada:3—/g-y(x3)dx
0 Jh(zs)w JR3 Q

¥4 /
_ / Bas)(AVS, 7, folas, y(as), )) drs — / / gda - y(as) dos
0 0 Jh(zs)w

where in the last inequality we used (7.5), Theorem 2.1 and the fact that
(Yny» D3yn,,) generates 6, @ w3 pu, see Theorem 1 and Lemma 2 of [13]. O

By the properties of I'-limits summarized in Proposition 6.3 it is possible to
make precise the variational character of the limit energy I(v), thus obtaining a
characterization of the asymptotic behaviour of minima and minimizers of the
energies at level € (as, for instance, it has been done in Theorem 6 of [13] in the
framework of 3D-2D dimension reduction).

Remark 7.5 In fact, the proof of Theorem 7.4 works also by assuming f only
lower semicontinuous and requiring the continuity of £ for any § > 0.
Example 7.6 A simple example which falls into the setting above is

3
c;
F) = |F|P _
F(F) =1|F| +;|Fei|1’/2’

if det /' > 0, with ¢; > 0 for ¢ = 1,2, ¢35 > 0 and where {ej, ez, €2} is an
orthonormal basis of R3. Let us remark, moreover, that this function is frame
indifferent, that is f(QF) = f(F) for every Q@ € SO(3). In the simplest case
p = 2 an easy computation shows that

folz) = |22 + %" +(3/2)72 (&P + &),

8 The limit problem for Ogden materials

Compressible neo-Hookean materials are characterized by an energy density of
the form
F(F) = a|F|” + B(det F)
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where a > 0 and the function 3 satisfies the property )\limJr B(A) = +o00. Gen-
—0

erally, these kind of materials do not satisfy the growth assumptions made in
the previous section. For this reason, we here consider a refinement of hypothe-
ses (3.1) which covers, among other energies, a large class of compressible Og-
den materials. This is a wider class, which contains the neo-Hookean materials,
characterized by an energy density of the form

M N
FIF)=> aitrCY/2 43 "bitr(cof C)%/? + B(det F), C=F"F
i=1 j=1
where a; > 0, v;,0; > 1, b; > 0 (see Ogden [15, 16] and Ciarlet [10]) and ( is as

above. Antman, in [2], considered energies of the form

) — 1/2yp/2 p/2
f(F)=altrC/=)P= 4 b(tr C) +c|detF\S

where a, b, ¢, p, s > 0. The following growth assumptions include the whole class
of Antman materials.

det F <0 = f(,-, F) = +o0,

det I > 0 = there exists two constants C' > ¢ > 0 such that (8.1)
1 1
— 4+ |FP-1) < f(-,,F) <K C(——=+ |F|" + 1),
Ao VP =1 S S F) < Clris 1PV +)

for suitable p € [1,+00) and s € (0, +00).

Proposition 8.1 Let f satisfy (8.1). Then the function fo defined in (5.1) is
a Carathéodory integrand and there exist two positive constants C and ¢ such
that

1 1
C(W + 2|7 = 1) < fol-,-2) < C(W + |2|P + 1) for every z #0,
. ps
th ¢ = .
with ¢ = ==

PROOF. It has been already proved, in Proposition 7.1, that f; is a Carathéodory
integrand. - -
Since det(F|z) < |F|?|z|, we have

[N

1 - _
fO(~,-,Z) > min{mJﬂFV}ﬁLMPfl . F€M3><2}

1
= E(min{m +a2P : z€[0,400)} + 2P — 1)

1

- - p _
B C(|z|ps/(p+2s) + =P = 1)
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The growth condition from above follows by observing that
fO('7 ) Z) < min {f(7 Y (7
{| |25‘

1
( |2[ps/ (0 +25)

+2F s 2 2=0}+ 2P +1

z|s

+ [2[P +1),
which concludes the proof. O

Let us observe that, in view of the proposition above, condition (3.2) holds
with ¢ = ps/(p + 2s), which is strictly smaller than p/2.

The following technical lemmata play the same role of Lemma 7.2 and
Lemma 7.3.

Lemma 8.2 Letp € [1,400) and s € (0,400). Let (g1), (43), (g3) be sequences
of non negative functions in L°°(0,£) such that

1. 1/g) € L®(0,0) fori=1,2,3 and j € N;
2. |g{|p are equi-integrable;
|S

3. 1/|g{g§g§ are equi-integrable.

Then there exist sequences (31), (73), (&) of functions in C>([0,€)) with the
properties 1, 2 and 3 above and

4. G2(0) =1 fori=1,2,3, and every j € N;
5. there exist constants c; > 0 such that g{gggg > ¢; for every j € N;

6. Lim ||g] — ¢/|l, =0 fori=1,2,3.
J—00

1 :
PROOF. For a = 1,2, let us denote by r := H—H and observe that — < g7 .
2

By a standard smoothing procedure (see for mstance the beginning of the proof
of Lemma 7.2) there exist functions g/, € C°°([0, ¢]) such that

min{1,1/r} <3 <|¢2]loe, §.(0)=1for a=1,2,
1 (8.2)

% [e% ]maX{17r]j_T%”géHOOHggHOO} ) ) 3

for every j € N. Let &/ := g{g%gg and d’ := max{d’,c;} where we have set

cj = W By smoothing again we find functions d € C*°([0, ¢]) such
jmax{1, 77}
that B B o
& >c, d0)=1, ||d-d|, <c}
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for every j € N, where r = max{s,p}. Then
& = dl, < K(|d = & ||, + | — d|loo) < K(c] +¢;) < 2Ky,

and

I= - 2. < 1

Observing that, for every measurable subset B of (0,0)

1
/B|Ja'|s < [ 15— gl + 150" s
<|B|+/\ - dm3+/\ |* dzs

1 .
we obtain that }J—]r is equi-integrable, and property 3 for g/, and 5, follow by

||df Pl < ;.

= == <

setting R
d7
=J
93 = ~
7o
Then, property 1 and 4 trivially holds for ¢ = 1,2,3. Property 2 and 6 for
a = 1,2, follow from (8.2). '
It remains only to prove property 6 for g} (which implies 2). To this end let
us note that

17— 4llp < rirdlld’ — gl@ gl
< riré(lldj — @Iy + 193 ]l00 (13110 151 — g1l + 197 loc 133 — g%llp))
<2(K+1)/j
and the proof is concluded. O

Lemma 8.3 Let F; € L°((0,0); M3*3) such that det F; > 0 almost every-
where, for every j € N, and

1. (|Fj|P) is equi-integrable;

2.

1
L>(0,0);
detFje (?)7

3. ——— is equi-integrable.

|detFj|5

Then there exists a sequence of functions (G;) in C°°([0,£]; M3*3) with the
properties 1, 2 and 3 above, and

4. G;(0) =1 for every j € N;

5. there exist constants c; > 0 such that det G; > ¢; and for every j € N;
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0. hm ||GJ — Fjllp =0.
J—o0

PROOF. For almost every ¢ € (0,¢), by the polar decomposition theorem, there
exist orthogonal matrices R,;(¢) and symmetric positive definite matrices U;(¢)
such that Fj(t) = R;(t)U;(t). Then U; € L=((0,0); M3*3). Let A > 0,
i =1,2,3, be the eigenvalues of the matrix U;. From hypothesis I follows that
the sequences (|\[P);, i = 1,2, 3, are equi-integrable and from assumption 3 we

have that
M ASAS e

while from 2 we obtain that

) is equi-integrable,

—— ¢ L*°(0,¢) for every j € N. (8.3)

NI,
Since Fj; € L>((0,4); M3*3), then X) € L>(0,¢) and, by (8.3), we have also
that 1/A] € L°°(0,¢). Therefore, we are in a position to apply Lemma 8.3 to

the sequences (/\z) The rest of the proof proceeds, with suitable adaptations,
as that of Lemma 7.3. (]

In the setting of the current section the I'-convergence result is the following.

Theorem 8.4 Let f satisfy assumptions (8.1). The functionals I defined
in (3.3) are (p, w* L ((0,€); M(R?)))-equi-coercive. Moreover

Do, w" L2((0,0; M(R))) lim, 12(v) = 1(1)

¢ | ) .
I(v) = /0 (<vt,fo(t,y(t),~)>*Av g~y) h(t)dt if v e Y~IP((0,£);R?)
+0oo otherwise in L°((0,4); M(R?))

where ¢ = ps/(p+2s) and y € WHP((0,£); R3) is the underlying deformation of
v with boundary condition y(0) = 0.

PROOF. The equi-coercivity follows as in Theorem 7.4.
We start by finding a recovering sequence for a suitable subsequence I gjk;

that is, for v € Y~9P((0,£); R?) (where, throughout the proof, ¢ = ps/(p + 2s))

we find a sequence y, € WHP(Q;R3) with yi(z1,72,0) = &p, (71, 22,0) such

that, setting p* = dp,,, we have p(u*) — v weakly* in L((0, £); M(R3)), and
lim sup Igjk (k) < I(v).

k—oo

By Lemma 4.4 we can find a sequence v; € L>((0,£); R?) which generates v
such that 1/|v;] € L*((0,£); R?) and
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is equi-integrable. Let
z3
Uj (1‘3) = / i)}(t) dt,
0

so that v7 = v;. By a measurable selection argument (see for instance But-
tazzo [9], Proposition 2.2.7), and by definition of fy, there exists a sequence of
measurable functions Fj : (0,¢) — M3*2 such that

fo(mg,vj(xg)w;(xg)) = f(ajg,vj(xg), (Fj(a:3)|v;(x3))) a.e. 3 € (0,0),

with det(F} [v}) > 0, since v} # 0, almost everywhere. By the growth conditions
we have also that

L IERDP - 1) < fas v (Fl0) =

a0

(8.4)

1
= fO(Ig,’Uj,’U;> S C(W + |’U;|p + 1)

almost everywhere, and therefore the sequences

— 1
|(F;|0) P and ———=——
T [det (B[l

are equi-integrable, (Fj[v}) € L>((0,£); M?*®) and € L*(0,¢), for

1
det(F'j|v;)
every j € N. By Lemma 8.3, for each j, there exist a constant ¢; > 0 and a func-
tion (é”lﬂj) € C”([O,é];M?’X?’) such that (aﬂﬁj)(()) =1, det(éﬂi@) > ¢y,
and the sequences
1

G jlw)lP and ————o-———
|( ]|w])| anl |det(Gj|'wj)|s

are equi-integrable, and

lim [|(G jlay;) — (Fjlvj)llp = 0. (8.5)

j—oo
Let
T3 _
w;(x3) ::/ w,(t) dt,
0

and En, be a subsequence of ¢,, such that
— 7 _— =/
en; (1G5 llp + 1 det(G ]G ' za) [l 0) < Cj- (8.6)

Setting

Y () := w;(x3) + €, G j(73)70

the proof proceeds along the same lines of that of Theorem 7.4 by taking § = 0
everywhere. O
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Example 8.5 The following energy, which satisfies the assumptions of the cur-
rent section, has been used by Burges and Levinson [8], Simpson and Spector [18]

Bt €)
| det F'|*

if det F* > 0, where «, @ and  are bounded Carathéodory functions such that
a,B > c>0and s > 0. Easy computations show that

b
folt €,2) = ot P + il + +(0.6

Ft.6F) = at,OIF + +7(5,€)

where 1
b(t,€) =~y (20t ©)°B(2. )

1/(s+1)

9 A relaxation result

The results of this section will be used in the next section in order to derive the
energy density of an elastic string. The proof of the theorem below is quite sim-
ilar, but simpler, to those of the I'-convergence results proved in Section 7 and 8.

Let fo : (0,/)xR™xR™ — R, m € N, be a Carathéodory function which
satisfies the following growth conditions

1 1
4C, ¢ > 0 s.t. C(W + 2P — 1) < fo(s, - 2) < C(W

+ 2P +1) Vz#£0
(9.1)
for suitable p > 1 and ¢ > 0, and consequently
z=0= fo(-,-,2) = +o0.

Let us consider the functional

¥/ ¥/
E@zéﬂ@mmwmﬁ—lmmmﬁ

where g € L¥'((0,£); R™), with 1/p+ 1/p’ = 1.
Theorem 9.1 The (sequential) lower semicontinuous envelope of
. E(y) if 3y € WHP((0,0);R™), y(0) = 0 s.t. v = 4,
B = { +o0o  otherwise in L°((0,£); M(R™))
with respect to the weak™ topology of LS2((0,£); M(R™)) is the functional

¢ ¢
E(v) = /0 <”t’f0(tvy(t)f>>dt—/o g-ydt ifve Yy or((0,0);R™)
+00 otherwise in L ((0,£); M(R™))

where y denotes the underlying deformation of v such that y(0) = 0. In other
words: E(v) =T (w*L)E(v).
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PROOF. We shall prove that

E(v) = min{liminf E*(v,,) : v, — v weakly* in L2°((0,£); M(R™))}.
n—oo
First we show that, given any sequence v, — v weakly* in L2 ((0,£); M(R™))
we have

E(v) < liminf E*(v,). (9.2)
Without loss of generality we may suppose that the right hand side of the
inequality above be finite and that the liminf be indeed a limit. Then there are
functions y, € W((0,£); R™), y,(0) = 0, such that v,, = é,, . By the growth
condition from below on the integrand fy, there is a constant M such that

1 /
+ ynl”
|z

Thus, by Theorem 4.2, v € Y~%P((0,¢); R™). Moreover, an application of
Theorem 2.1 implies that y, — y weakly in W1P((0,£); R™). Tt follows that
y(0) = 0, and

< M for every n.
1

¢ l
EWZAO@%@M&%ﬁ—Agyﬁ-

The liminf inequality (9.2) directly follows by applying Theorem 2.1 again. Now
it remains to prove that for every v € L2((0, £); M(R™)) there exists a sequence
Un € L2((0,£); M(R™)) converging to v and such that
limsup E*(v,,) < E(v).
n—oo

Avoiding the trivial case when the right hand side is +00, we can assume that
v € Y 2P((0,£); R™). Then, by Lemma 4.4, there always exists a sequence of
functions wu,, € L*°((0,£); R™) which generates v and such that the sequence

Tt 0l
n

is equi-integrable. Setting

t
Yn(t) == / un(s)ds, and v, = 0y,
0

we have y!, = un, yn(0) = 0, y, — y weakly in WLP((0,£);R™). By the
growth condition from above we find that the sequence |fo(t, yn(t),y,(t))| is
equi-integrable. Then, by Theorem 2.1, we deduce that

4 L
fim £(v) = tim [ folt. (. 00) e~ [ g

n—oo n—0o0 0

V4 ¢ o
= [ wosttu® e~ [ gyt =T)
0 0

which concludes the proof. O
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10 The energy density of the elastic string

In [1], Acerbi, Buttazzo and Percivale have studied the I'-convergence of the
functionals I. (see Section 3) under the strong convergence in LP((0,£); R?) of
the average over the cross section (still denoted by Av®) of the deformation. In
fact, they consider the case of a body under free boundary conditions and with
integrand f which depends only on the deformation gradient. Nevertheless,
a slight modification of their proofs shows that the I'"(Av®, L?)-limit of the
sequence of functionals

Dy) dx — o -ydr ifye A
Goly) = /sz( Y) /Qg Yy Yy

€

+00 otherwise in LP(Q.;R3)

is

‘ ‘
(v dx —/ Av®g-vdrs ifve WP v(0)=0
Go('l}) _ /O fO ( ) 3 o g 3 ( )
+o0 otherwise in LP((0,¢); R?).

Following the same steps of the proof of Theorem 7 of [13], and using Jensen’s
inequality, we obtain the following comparison result.

Theorem 10.1 Let v € LP((0,¢); R?) and I(v) be either the functional defined
in Theorem 7.4 or in Theorem 8.4. Then

Go(v) =inf{I(v) : v e L((0,£); M(R?)), (v,id) =2/, v(0) =0} (10.1)
with the usual convention inf @ = +o00. Moreover the infimum is attained.

On the other hand the T'(p, w* LSY)-limit of the sequence G, turns out to be

4
/ ((st, fo) — Av%g - y) h(zs)dzs if v € Y~P((0,0);R?)

0
+00 otherwise in L°((0,£); M(RR?)).

Gv) =

It is easily seen that fy : R® — R is the unique continuous integrand satisfying
the growth conditions (9.1) and such that the I-limit, G, is the relaxation of
the functional

1
B) = [ oy (@)has)dos = [ Ax'y-yday
with respect to the weak* topology in L2°((0,/); M(R3)). Hence E(y) can
be considered as the energy functional of the elastic string and fo(z)h(x3) as
the energy density. Indeed, if f; has the appropriate growth and if G is the
relaxation of the energy E with integrand f; instead of fj, then, by the result
of Section 9, we have

/<V13, fo — f1)h(x3) dxz = 0 for every v € Y~TP((0,£); R?).
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It follows that fo = fi by simply taking the admissible measure v,, = 9,
for z € R3. Hence, the variational problem G determines a unique energy
density fo. This selection is not provided by using the relaxation of E with
respect the LP topology; indeed, in general, there exists an infinite number of
functions f; such that f;* = f3*. A further reason to take fy as the energy
density of the elastic string follows from the relation between E and G, which
from well known properties of relaxed functionals can be expressed in terms
of correspondence between minimizing sequences of £ and minimizers of G.
In particular, minimizing sequences of E generate Young measures which are
minimizers of G, and viceversa.

Aknowledgements. We are grateful to Miroslav Silhavy for his useful sug-
gestion concerning the measurability of the eigenvalues of a symmetric matrix
which improved our earlier treatment.
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