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via delle Scienze 206, 33100 Udine, Italy

freddi@dimi.uniud.it

and

Roberto Paroni

Dipartimento di Architettura e Pianificazione, Università di Sassari,
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Abstract

A variational limit defined on the space of one-dimensional Young measures
is obtained from three-dimensional elasticity via dimension reduction. The phys-
ical requirement that the energy becomes infinite when the volume locally van-
ishes is taken into account. The rate at which it blows up characterizes the
domain of the limit energy. The obtained limit problem uniquely determines
the energy density of the elastic string.

1 Introduction

The aim of this paper is to deduce the energy density of an elastic string from
non-linear three-dimensional elasticity. This result is achieved by setting the
dimension reduction problem within a framework similar to one developed in a
previous paper [13], where the energy density of a thin film is derived from a
variational limit defined on the space of two-dimensional gradient Young mea-
sures.

A first variational derivation of the total energy of an elastic string is due
to Acerbi, Buttazzo and Percivale [1]. They obtain a bulk energy with an inte-
grand f∗∗0 which is the convex envelope of f0(z) := min{f(F̄ |z) : F̄ ∈ M3×2},
where z ∈ R3 represents the derivative of the deformation and f is the Helmholtz
free energy of the three-dimensional body. Thus, under appropriate growth
conditions their convex limit problem has a solution. On the other end, the
approximating problems may have integrands which are not quasi-convex, as
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for instance in martensitic materials. Generally, in these kind of problems the
infimum of the total energy is not attained. This fact naturally leads to the
conclusion that f∗∗0 is not the energy density. Hence the problem: what is the
energy density of the elastic string?

It must be noticed that from the result obtained in [1] we can not even deduce
that f0 is the free energy, since there are an infinite number of functions ϕ such
that ϕ∗∗ = f∗∗0 . In this paper we deduce that f0 is, in fact, the energy density
of the elastic string.

The asymptotic methodology initiated with the work of Acerbi, Buttazzo
and Percivale is the following: a sequence of bodies given in a cylindrical config-
uration with cross section of diameter ε is considered. For each of these bodies
the total energy is known. Under quite general assumptions on f there are
different topologies which ensure compactness to the family of minimizers (or
quasi-minimizers) of these energies. Once chosen one of these topologies, the
string model is obtained by passing to the limit as ε → 0 in an appropriate vari-
ational sense (Γ-convergence). Roughly speaking, this variational limit ensures
the convergence, in such topology, of minimizers of the energy at level ε to the
minimizers of the string problem. The obtained limit problem depends on the
chosen topology. As said before, typically the infimum of the total free energy of
a martensitic material is not attained. The minimizing sequences shall, in gen-
eral, develop fine scale oscillations, which, according to the interpretation due
to Ball and James [5, 6], model the microstructure experimentally observed in
specimens of phase transforming materials. Thus, in phase transforming prob-
lems the “main properties” of the minimizing sequences are to be determined.
This suggests that when we pass to the limit as ε → 0 we should try to use a
topology which, loosely speaking, ensures the convergence of the “main prop-
erties” of the minimizing sequences at level ε to the “main properties” of the
minimizing sequences of the string problem. We achieve this by embedding the
problem into a suitable space of Young measures, see L.C. Young [20], with an
extension by +∞ of the energy functionals. In this way, we can use a suitable
topology which allows us to obtain a limit problem that better describes the
microstructure, that is the oscillations of the minimizing sequences.

This methodology introduces several difficulties which are completely miss-
ing in the work of Acerbi, Buttazzo and Percivale. Like them, we perform the
computation of the Γ-limit by taking into account the physical requirement that
the energy becomes infinite when the volume locally vanishes, that is

lim
det F→0+

f(F ) = +∞.

The same requirement is also met in a recent paper of Ben Belgacem [7]. In con-
trast with [1, 7], we need to specify the rate at which the energy blows up when
the volume decreases. In fact, in the cited papers, the obtained Γ-limit involves
the convexification of the energy density, which completely disregards the be-
haviour of the energy near vanishing-volume deformations. On the other hand,
in the Young measure setting, where no convexification appears, the growth
near vanishing-volume deformations is as much important as the growth for
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large deformations. This reflects on the fact that the domain of the limit func-
tional strongly depends on the prescribed growths. More precisely we consider
an energy which has p-growth for large deformations and q growth for vanishing-
volume deformations (see assumptions (3.1) and (3.2)). In particular, in Sec-
tion 7 we take q = p/2 which corresponds to the highest growth assumption in
compression near vanishing-volume deformations, while in Section 8 the expo-
nent q is appropriately chosen in order to take into account Ogden materials.
According with the variational properties of Γ-convergence, the main theorems
proved in these two sections may be interpreted as follows: if νε is a Young
measure minimizer of the energy of the three-dimensional body I∞ε then νε con-
verges in an appropriate sense to a Young measure ν which is a minimizer of
the limit energy I. In other words, the microstructure of the three-dimensional
body at level ε can be approximated by the microstructure determined by the
limiting problem.

In our analysis we consider an energy density which may depend also on
position and deformation besides on the deformation gradient. Even the pos-
sibility that the diameter of the cross section of the body may vary with the
position is taken into account.

The paper is organized as follows. In Section 2 are summarized well known
definitions and properties of Young measures. In Section 3 we consider the
three-dimensional problems and set the framework in which the Γ-limit will be
taken. In the fourth we define and characterize a class of Young measures with a
prescribed behaviour at infinity and near by zero. Section 5 is devoted to prove
coerciveness. Well known properties of Γ-convergence are recalled in Section 6.
In Section 7 and 8 two different refinements of the growth assumptions postu-
lated in [1] are considered and the limit problem is completely characterized.
In the former we deal with materials whose energy density blows up extremely
fast under compression, while the latter contains also a large class of compress-
ible Ogden materials and the whole class of those introduced by Antman in [2].
Finally, in Section 10, we study the relationship between our limit functional
and the one obtained by Acerbi, Buttazzo and Percivale. Moreover we show
that the obtained Γ-limit uniquely determines the energy density of the elastic
string.

2 Young measures: notation and properties

The setting of the problem will be done immediately after this short section,
where we introduce some notation and well known properties of Young measures.

Throughout the whole section Ω is an open bounded subset of Rk. We
denote by Mh×k the set of h×k real matrices which will be often identified with
the Euclidean space Rhk. By M(Mh×k) we mean the space of R-valued Borel
measures on Mh×k which can be viewed as the dual of the separable Banach
space C0(Mh×k) under the duality

〈µ, ϕ〉 =
∫

Mh×k

ϕdµ.
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We recall that a mapping µ : Ω →M(Mh×k) is said to be weakly* measurable
whenever the function x 7→ 〈µ(x), ϕ〉 is measurable for every ϕ ∈ C0(Mh×k).
The space L∞w (Ω;M(Mh×k)) consists of all weakly* measurable, essentially
bounded, mappings µ : Ω →M(Mh×k). This space will be endowed with the
weak* topology induced by the duality with L1(Ω;C0(Mh×k)). Therefore, a
sequence µn is weakly* converging to a limit µ if and only if

∫

Ω

〈µn(x), ϕ〉g(x) dx →
∫

Ω

〈µ(x), ϕ〉g(x) dx ∀ϕ ∈ C0(M3×3), ∀g ∈ L1(Ω).

A Young measure on Ω with target Mh×k is an element ν of L∞w (Ω;M(Mh×k))
such that νx := ν(x) is a probability measure for almost every x ∈ Ω. The space
of Young measures will be denoted by Y(Ω;Mh×k). A (νx) ∈ Y(Ω; Mh×k) is
said to be homogeneous if it essentially does not depend on x. A Young measure
µ ∈ L∞w (Ω;M(Mh×k)) is said to be generated by the sequence of measurable
functions un : Ω → Mh×k if

δun(·) → µ weakly* in L∞w (Ω;M(Mh×k)).

Every Young measure is generated by some sequence of measurable functions.
The center of mass of a Young measure µ ∈ Y(Ω; Mh×k) is the function

x 7→ 〈µx, id〉 =
∫

Mh×k

λ dµx(λ),

where id denotes the identity mapping.
A large use will be done of the following theorem (see for instance Valadier [19])
which states the fundamental property of Young measures.

Theorem 2.1 Suppose that the sequence of maps un : Ω → Rh generates the
Young measure ν. Let f : Ω×Rh → (−∞, +∞] be a Carathéodory function
and assume that the negative part f−(x, un(x)) is weakly relatively compact in
L1(Ω). Then

lim inf
k→∞

∫

Ω

f(x, un(x)) dx ≥
∫

Ω

∫

Rh

f(x, λ) dνx(λ) dx.

Moreover, the sequence of functions x 7→ |f |(x, un(x)) is weakly relatively com-
pact in L1(Ω) if and only if

f(·, un(·)) → f weakly in L1(Ω) where f(x) =
∫

Rh

f(x, λ) dνx(λ).

The following lemma gives a criterion which is useful to establish when two
sequences generate the same Young measure (see Lemma 6.3 of Pedregal [17]).

Lemma 2.2 Assume that (un) and (vn) be two bounded sequences in Lp(Ω;Rh)
and that (un) generate a Young measure ν. If

lim
n→∞

|{un 6= vn}| = 0

then also (vn) generates ν.



A 3D-1D Young measure theory of an elastic string 5

3 Setting of the problem

As stated in the introduction, the goal of the paper is to deduce the energy
density of an elastic string from the non-linear three-dimensional theory of
elasticity. In this section we shall consider a three dimensional region Ωε,
as the reference configuration of a hyperelastic homogeneous body, which re-
duces to a one-dimensional region as ε goes to zero. The energies of the three-
dimensional bodies, which are classically defined on some Sobolev space, will
be naturally extended to a suitable space of Young measures. Contrary to the
usual Sobolev spaces setting, this extension will provide a limit problem, for the
one-dimensional body, which carries information on microstucture and allows
us to write the energy density of the string.

More precisely, for all ε > 0, let

Ωε = {x = (xα, x3) ∈ R2×R : xα ∈ εh(x3)ω, x3 ∈ (0, `)},

where h : [0, `] → (h0, +∞) is a measurable bounded function, with h0 > 0,
and ω is an open, bounded subset of R2 containing the origin. Without loss
of generality we assume that |ω| = 1. We can think of Ωε as the reference
configuration of a hyperelastic homogeneous body with stored energy density
function f : (0, `)×R3×M3×3 → (−∞,+∞]. This function f = f(t, ξ, F ) is
assumed to be a Carathéodory integrand (measurable in t and continuous in
(ξ, F ) for almost every t ∈ (0, `)) and to satisfy the following growth assumptions

detF ≤ 0 ⇒ f(·, ·, F ) ≡ +∞,

∀ δ > 0 ∃Cδ > 0 s.t. det F ≥ δ ⇒ f(·, ·, F ) ≤ Cδ(|F |p + 1),

∃ c > 0 s.t. c(|F |p − 1) ≤ f(·, ·, F ),

(3.1)

for a suitable p ∈ [1, +∞).
These growth conditions have been introduced by Acerbi, Buttazzo and Per-

civale in [1] in order to take into account the physical requirement that the
energy becomes infinite when the volume locally vanishes, that is

lim
det F→0+

f(·, ·, F ) = +∞.

On the other hand, they are not precise enough to characterize the domain of
the limit problem in terms of Young measures. Indeed, we shall see that two
different refinements of the set of assumptions (3.1) will lead to limit problems
defined on different spaces. For this reason we introduce the further assumption

∃ c > 0 s.t. c(
1
|z|q + |z|p − 1) ≤ inf

F̄∈R3×2
f(·, ·, (F̄ |z)) (3.2)

for a suitable choice of q ∈ (0, +∞) which will be done subsequently. Above
and in the sequel, we identify M3×3 with M3×2×R3, and write (F̄ |z) for the
element in M3×3 which is identified with (F̄ , z) ∈ M3×2×R3.
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Prototypes of functions f which satisfies the prescribed growth conditions
are the energy densities of neo-Hookean materials or, more generally, those of
the form

f(F ) = |F |p + β(detF )

where β : R → [0, +∞] is continuous, decreasing and β(s) = +∞ when s ≤ 0
(see also Examples 7.6 and 8.5).

The total energy Iε of the body is given by

Iε(y) =
∫

Ωε

f(x3, y(x), Dy(x)) dx−
∫

Ωε

ĝε(x) · y(x) dx,

where the body force densities ĝε are taken in Lp′(Ωε;R3), with 1/p + 1/p′ = 1.
Assuming, for the sake of simplicity, the body to be clamped on εh(0)ω×{0},
the equilibrium configuration will be found by minimizing the energy Iε over
the set of admissible deformations

Aε = {y ∈ W 1,p(Ωε;R3) : y(x1, x2, 0) = (x1, x2, 0)}.

In order to study the behaviour of the minimizers yε of Iε as ε → 0, it is
convenient to transform, after Ciarlet and Destuynder [11], the problems under
consideration into problems over a fixed domain. To this end we define Ω := Ω1,
and a map θε : Lp(Ωε;R3) → Lp(Ω;R3) by

(θεy)(x) = y(εx1, εx2, x3).

We accordingly rescale the energies by setting IΩ
ε (y) = Iε(θ−1

ε y)/ε2, which is

IΩ
ε (y) :=

∫

Ω

f
(
t, y, (

Dαy

ε
|D3y)

)
dx−

∫

Ω

gε · y dx,

where we have set gε := θεĝ
ε and Dαy denotes the first two columns of the

gradient of y. We assume that gε does not depend on ε and set g := gε. The
admissible set over which the total energy has to be minimized becomes

AΩ
ε = {y ∈ W 1,p(Ω;R3) : y(x1, x2, 0) = ε(x1, x2, 0)}.

With the motivation already explained in the introduction we extend the
functionals IΩ

ε to the larger space L∞w (Ω;M(M3×3)) by setting

I∞ε (µ) =

{
IΩ
ε (y) if ∃ y ∈ AΩ

ε s.t. µ = δDy(·)
+∞ otherwise in L∞w (Ω;M(M3×3)).

(3.3)

Let us remark that this functional is well defined because if y1, y2 ∈ AΩ
ε are

such that δDy1(x) = δDy2(x) then, due to the boundary condition, y1 = y2

almost everywhere.
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4 Young measures with (−q, p)-growth

The growth constraints (3.1) and (3.2) that we have prescribed on the energy
density motivate the introduction of the following space.

Let p ≥ 1 and q > 0. Let the function g−q,p : [0,+∞) → [0, +∞] be defined

by g−q,p(t) =
1
tq

+ tp and g−q,p(0) = +∞. Throughout the paper, to be more

direct, instead of g−q,p(t) we will simply write
1
tq

+tp assuming that this function
takes the value +∞ for t = 0.

Definition 4.1 With Y−q,p((0, `);Rm), m ∈ N, we denote the set of Young
measures ν ∈ Y((0, `);Rm) such that

∫ `

0

∫

Rm

1
|z|q + |z|p dνt(z) dt < +∞.

The following theorem, similar to Theorem 7.7 of Pedregal [17], characterizes
the space Y−q,p((0, `);Rm).

Theorem 4.2 Let ν = (νx)x∈(0,`) ∈ Y((0, `);Rm). Then, ν ∈ Y−q,p((0, `);Rm)
if and only if there exists a sequence of functions (zj) which generates ν and
such that {g−q,p(|zj |)} is bounded in L1(Ω).

The following lemma will be used in the proof.

Lemma 4.3 Let ν be a probability measure on Rm such that
∫

Rm

g−q,p(|λ|) dν(λ) < +∞.

Then there exists a sequence of functions (wj) which generates ν as a homoge-
neous Young measure and such that {g−q,p(|wj |)} is bounded in L1(Ω).

proof. The proof proceeds along the same lines of that of Theorem 7.6 of
Pedregal [17], with the only modification of the class Eg which here denotes the
set of continuous functions ϕ : Rm \ {0} → R such that the limits

lim
|λ|→∞

ϕ(λ)
1 + g−q,p(|λ|) and lim

λ→0

ϕ(λ)
1 + g−q,p(|λ|)

do exist and are finite. We observe that g−q,p(| · |) ∈ Eg and C0(Rm) ⊂ Eg and,
as in the cited proof of Pedregal, Eg under the norm

‖ϕ‖Eg :=
∥∥∥ ϕ(·)

1 + g−q,p(| · |)
∥∥∥

L∞(Rm)
,

is isometric to the separable Banach space C(K) where K = Rm ∪ {∞} is
the one-point compactification of Rm. Moreover, the dual space (Eg)′ strictly
contains the probability measures in Rm, µ, such that

∫

Rm

g−q,p(|λ|) dµ(λ) < +∞. (4.1)
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We refer the reader to the cited proof for the remaining details. ¤

Proof of Theorem 4.2. Let (vn) be such that

sup
n

∫ `

0

1
|vn(t)|q + |vn(t)|p dt < +∞, (4.2)

and vn generates ν. Then by Theorem 2.1 we have

∫ `

0

∫

R3

1
|z|q + |z|p dνt(z) dt < +∞. (4.3)

This proves the necessity. The proof of the sufficiency can be done exactly as in
the proof of Theorem 7.7 of Pedregal [17] by observing moreover that equation
(7-7) of that proof holds also for ϕ = g = g−q,p, ensuring the boundedness of
{g(|zj |)} in L1. ¤

The proof of the next Lemma uses a standard truncations technique (see for
instance Pedregal [17]).

Lemma 4.4 Let ν ∈ Y−q,p((0, `);Rm), with p ≥ 1, q > 0. Then there al-
ways exists a sequence of functions un ∈ L∞((0, `);Rm) which generates ν,

1/|un| ∈ L∞(0, `) and
1

|un(t)|q + |un(t)|p is equi-integrable.

proof. Let ν ∈ Y−q,p((0, `);Rm). By Theorem 4.2 there exist functions
vn ∈ W 1,p((0, `);Rm) with the property written in (4.2). Let λ > 1 and consider
the truncation map τλ : Rm → Rm defined by

τλ(z) =





1
λ

e1 if |z| = 0,

1
λ

z

|z| if 0 < |z| ≤ 1
λ

,

z if
1
λ

< |z| < λ,

λ
z

|z| if |z| ≥ λ.

Note that z 7→ |τλ(z)| is a continuous map. Since

|τλ(z)| ≤ λ, and
1

|τλ(z)| ≤ λ for every z ∈ Rm,

the sequence
1

|τλ(vn)|q + |τλ(vn)|p
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is equi-integrable, and therefore by Theorem 2.1 we have, for every ϕ ∈ L∞(0, `)

lim
λ→+∞

lim
n→+∞

∫ `

0

ϕ(t)
( 1
|τλ(vn)|q + |τλ(vn)|p

)
dt =

= lim
λ→+∞

∫ `

0

ϕ(t)
∫

Rm

1
|τλ(z)|q + |τλ(z)|p dνt(z) dt

=
∫ `

0

ϕ(t)
∫

Rm

1
|z|q + |z|p dνt(z) dt,

where the last equality is obtained after observing that

1
|τλ(z)|q + |τλ(z)|p ≤ 2 +

1
|z|q + |z|p

for every z ∈ Rm, and by means of (4.3) and Lebesgue’s convergence theorem.
By a standard diagonalization argument we may find a sequence λk → ∞ and
a subsequence (not relabelled) of (vn) such that

1
|τλk

(vk)|q + |τλk
(vk)|p →

∫

Rm

1
|z|q + |z|p dνt(z)

weakly in L1(0, `). Thus, the sequence

1
|τλk

(vk)|q + |τλk
(vk)|p

is equi-integrable, moreover

|{τλk
(vk) 6= vk}| = |{|vk| ≤ 1/λk}|+ |{|vk| ≥ λk}|

≤
∫ `

0

1
λq

k|vk|q dt +
∫ `

0

|vk|p
λp

k

dt

≤ c
1

λ
min{p,q}
k

(∥∥ 1
|vk|

∥∥q

q
+ ‖vk‖p

p

) → 0

thanks to (4.2). The proof is concluded by setting un := τλn(vn) and using
Lemma 2.2. ¤

5 Averaging and coercivity

Let us denote by π3 the projection of M3×3 onto R3

π3 : M3×3 → R3, π3(F̄ |z) = z,

and by π3
#µx the usual image measure by the corresponding projection map,

that is π3
#µx(A) := µx(π3−1

(A)) for every Borel set A.
Let X be either R3 or M3×3. If ν ∈ L∞w (Ω;M(X)) we denote by

Avα ν : (0, `) →M(X)
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the average of ν with respect to the variable xα

〈Avα
x3

ν, ϕ〉 := 〈Avα ν(x3), ϕ〉 := −
∫

h(x3)ω

〈ν(xα,x3), ϕ〉 dxα,

for every ϕ ∈ C0(X), where (recalling that |ω| = 1)

−
∫

h(x3)ω

〈ν(xα,x3), ϕ〉 dxα :=
1

h(x3)2

∫

h(x3)ω

〈ν(xα,x3), ϕ〉 dxα.

By Fubini’s theorem the map x3 7→ 〈Avα
x3

ν, ϕ〉 is measurable and, since it is
also essentially bounded, we can think of Avα as a mapping

Avα : L∞w (Ω;M(X)) → L∞w ((0, `);M(X)).

It is easy to check that this map is continuous and that Avα maps Young mea-
sures into Young measures. The Γ-convergence result will be more expressive
by using the average-projection mapping

ρ : L∞w (Ω;M(M3×3)) → L∞w ((0, `);M(M3×2)),

defined by
ρ = π3

# ◦Avα = Avα ◦π3
#,

where the commutativity of composition follows directly from the definitions.
By the continuity of the average and the projection mapping, even ρ is contin-
uous. Moreover ρ maps Young measures into Young measures.

The limit problem will be written by using the following definition, which is
essentially due to Acerbi, Buttazzo and Percivale [1]:

f0(t, ξ, z) := min{f(
t, ξ, (F̄ |z)

)
: F̄ ∈ M3×2} (5.1)

for every t ∈ (0, `), and ξ, z ∈ R3. We note that assumption (3.2) is a growth
condition from below on f0.

The following lemma states that the sequence of functionals I∞ε is equi-
coercive in the space L∞w ((0, `);M(M3×3)) with the weak* convergence and
that the domain of the Γ-limit is contained in Y−q,p((0, `);R3).

Lemma 5.1 Let f satisfy (3.1) and (3.2), εn → 0 and µn ∈ L∞w (Ω;M(M3×3))
be such that

sup
n

I∞εn
(µn) < +∞.

Then there exist µ ∈ L∞w (Ω;M(M3×3)) and a subsequence (µnk) such that

µnk → µ weakly* in L∞w (Ω;M(M3×3)),

and ν := ρ(µ) ∈ Y−q,p((0, `);R3). Moreover, denoted by ynk
∈ W 1,p(Ω;R3) and

y ∈ W 1,p((0, `);R3) the underlying deformations of µnk and ν which satisfy the
boundary conditions ynk

(x1, x2, 0) = εnk
(x1, x2, 0) and y(0) = 0, respectively,

we have, denoting the extension of y to the domain Ω still by y, that

ynk
→ y weakly in W 1,p(Ω;R3).



A 3D-1D Young measure theory of an elastic string 11

proof. Since supn I∞εn
(µn) < +∞, then µn

x = δDyn(x) where yn ∈ W 1,p(Ω;R3)
and yn(x1, x2, 0) = εn(x1, x2, 0). By the growth assumption on f and Poincaré
inequality, we get, for every n large enough so that εn < 1

I∞εn
(µn) =

∫

Ω

f
(
x3, yn, (

Dαyn

εn
|D3yn)

)
dx−

∫

Ω

g · yn dx

≥ c‖(Dαyn

εn
|D3yn

)‖p
p − ‖g‖p′‖yn‖p − c|Ω|

≥ c‖Dyn‖p
p − ‖g‖p′‖yn‖p − c|Ω|

≥ c1‖yn‖p
1,p − c2,

where ‖ · ‖p and ‖ · ‖1,p denote the usual Lp and W 1,p norms, respectively.
Therefore

sup
n
‖yn‖1,p < +∞ and sup

n
‖(Dαyn

εn
|D3yn)‖p < +∞ (5.2)

thus, up to subsequences,

yn → y weakly in W 1,p(Ω;R3) and Dαyn → 0 strongly in Lp(Ω;R3)

and
µn → µ weakly* in L∞w (Ω;M(M3×3)).

It follows that y = y(x3) and y(0) = 0. From the continuity of ρ we have

ρ(µn) → ρ(µ) weakly* in L∞w ((0, `);M(R3)).

Let ν := ρ(µ). It remains to prove that ν ∈ Y−q,p((0, `);R3) and also that
〈ν, id〉 = y′. Let us start by proving that ν is in the desired space. Since
supn I∞εn

(µn) < +∞, from (5.2), the definition of f0 and (3.2) we have that

+∞ > C >

∫

Ω

f
(
x3, yn(x), (

Dαyn(x)
εn

|D3yn(x))
)
dx

≥
∫

Ω

f0

(
x3, yn(x), D3yn(x)

)
dx

≥ c

∫

Ω

1
|D3yn(x)|q + |D3yn(x)|p − 1 dx

= c

∫

Ω

∫

R3

1
|z|q + |z|p − 1 dπ3

#(µn)(z) dx

for every n. On the other hand, by the continuity of the projection mapping
and the application of Theorem 2.1, passing to the liminf and using the fact
that h(x3) ≥ h0 > 0 for almost every x3 ∈ (0, `), we get

+∞ > lim inf
n→+∞

∫ `

0

−
∫

h(x3)ω

∫

R3

1
|z|q + |z|p dπ3

#µn
(xα,x3)

(z) dxα dx3

= lim inf
n→+∞

∫ `

0

∫

R3

1
|z|q + |z|p dρ(µn)x3(z) dx3

≥
∫ `

0

∫

R3

1
|z|q + |z|p dνx3(z) dx3,
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and therefore ν ∈ Y−q,p((0, `);R3). Finally, the property 〈ν, id〉 = y′ follows by
taking the average in

〈π3
#µ(xα,x3), id〉 = 〈µ(xα,x3), id ◦π3〉 = D3y(x3)

where the last equality can be obtained by passing to the limit as n →∞ in the
identity 〈µn, id ◦π3〉 = D3y

n(x3). ¤

6 Γ-convergence and relaxation

In the next sections we take the limit as ε goes to 0 of the sequence of func-
tionals (3.3). The tool we shall use is a kind of variational convergence which
allows to treat families of functionals Fε : X → R = (−∞, +∞] defined on a
space which may be different from the domain of the limiting functional. It is
a variant of De Giorgi’s Γ-convergence, and has been introduced by Anzellotti,
Baldo and Percivale in [3] in order to study dimension reduction problems in
mechanics. Let ρ : X → Y be a map between a set X and a topological space
(Y, τ).

Definition 6.1 Given a sequence εn of positive real numbers we say that a se-
quence Fεn : X → R (sequentially) Γ(ρ, τY )-converges to a functional F : Y → R
at a point y ∈ Y , and we write

Γ(ρ, τY ) lim
n→∞

Fεn(y) = F (y),

if the following two conditions are satisfied:

1. for every sequence xn ∈ X such that ρ(xn) τ→ y one has

lim inf
n→∞

Fεn(xn) ≥ F (y);

2. there exists a sequence xn ∈ X such that ρ(xn) τ→ y and

lim
n→∞

Fεn(xn) = F (y).

The family of functionals Fε : X → R (sequentially) Γ(ρ, τY )-converges to a
functional F : Y → R at a point y ∈ Y , and we write

Γ(ρ, τY ) lim
ε→0

Fε(y) = F (y) (6.1)

if for any sequence εn of positive reals such that lim
n→∞

εn = 0 we have

Γ(ρ, τY ) lim
n→∞

Fεn(y) = F (y).

A family of functionals Γ(ρ, τY )-converges on a set if it Γ(ρ, τY )-converges at
every point of the set.
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The Γ-limit defined above are, in fact, Γ−-limit but, here and in the sequel as
well, we have dropped the minus sign for notational simplicity. If X = Y and
ρ is the identity map, then the Γ-limits defined above are the usual De Giorgi’s
sequential Γ−-limits which will be denoted by the classical notation

Γ−(τX) lim
ε→0

Fε = F.

When the topological space (Y, τ) is first countable, and the family Fε is
equi-coercive then the Γ(ρ, τY )-convergence has a variational character, that is,
it ensures lower semicontinuity to the limit which turns out to be coercive when
uniform coercivity assumptions are made on the family Fε; moreover, roughly
speaking, it preserves convergence of minima and of minimizers. This is made
precise in the following statements, see [3].

Definition 6.2 The family Fε is said to be (ρ, τY )-equi-coercive if for every
real number M there exists a τ -compact and τ -closed subset KM of Y such that

{ρ(x) : Fε(x) ≤ M} ⊆ KM for every ε > 0.

The definition above reduces to the classical one of τ -equi-coerciveness in the
case ρ = id.

Proposition 6.3 Let us assume that Γ(ρ, τY ) lim
ε→0

Fε = F on Y and that the

family Fε be (ρ, τY )-equi-coercive. Then we have:

(i) F is τ -lower semicontinuous;

(ii) F is τ -coercive;

(iii) if xε ∈ X satisfy lim inf
ε→0

Fε(xε) = lim inf
ε→0

inf Fε (e.g. if xε minimizes Fε)
then

(a) if εn is a sequence such that lim
n→∞

εn = 0 and if ρ(xεn) τ→ y then y is

a minimizer of F on Y and lim
n→∞

Fεn(xεn) = F (y);

(b) there is a sequence εn such that lim
n→∞

εn = 0 and a minimizer y of F

on Y such that ρ(xεn) τ→ y.

The following proposition is an easy consequence of the weak* metrizability
of compact subsets of Y and of the Urysohn property of Γ-convergence (see for
instance Dal Maso [12], Chapter 8).

Proposition 6.4 If Y is dual of a separable Banach space, τ is the weak*
topology, and Fn : X → R is (ρ, τY )-equi-coercive, then

Γ(ρ, τY ) lim
n→∞

Fn(y) = F (y)

if and only if
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(i) lim inf
n→∞

Fn(xn) ≥ F (y) for every sequence xn ∈ X such that ρ(xn) τ→ y;

(ii) for every sequence (nk) of positive integers there is a subsequence (nkp
)

and a sequence xp ∈ X such that

ρ(xp)
τ→ y and lim

p→∞
Fnkp

(xp) = F (y).

The Γ-limit of a constant sequence, Fn = F : Y → R for every n, is the
τ -lower semicontinuous envelope of F and is denoted by Γ−(τY )F . Moreover,
if the functional F is defined only on a proper subset of Y then Γ−(τY )F will
denote the τ -lower semicontinuous envelope of the extension by +∞ of F to the
whole of Y and will be briefly called the relaxation of F on the space (Y, τ).

7 The limit problem under the highest growth
assumptions in compression

In this section we identify the limit problem when the integrand f satisfies
condition (3.2) with q = p/2. By Proposition 7.1 below, this corresponds to the
highest value that q can assume.

Besides f0, it will be useful to introduce also the integrands

fδ
0 (t, ξ, z) := min{f(

t, ξ, (F̄ |z)
)

: F̄ ∈ M3×2, det(F̄ |z) ≥ δ}
where δ ≥ 0, t ∈ (0, `) and ξ, z ∈ R3, with the usual convention min∅ = +∞.
We note that from (3.1) follows that f0 = f0

0 .

Proposition 7.1 Let f satisfy (3.1). Then, for every 0 ≤ δ ≤ 1 the integrands
fδ
0 : (0, `)×R3×R3 → R are Carathéodory and there exists a positive constant C

such that
fδ
0 (·, ·, z) ≤ C

( 1
|z|p/2

+ |z|p + 1
)

for every z 6= 0.

Moreover, fδ
0 is increasing with respect to δ and lim

δ→0+
fδ
0 = f0.

proof. The integrand fδ
0 is measurable and upper semicontinuous in the last

two variables since it is the infimum of Carathéodory integrands. From the
continuity in the last variables and the growth assumption from below on f
it immediately follows that fδ

0 (t, ·, ·) is also lower semicontinuous and hence
continuous. The growth condition from above follows by taking besides a vector
z 6= 0, another vector ẑ such that z · ẑ = 0 and |ẑ| = |z|−1/2. Let z̃ := ẑ× z/|z|.
Note that |z̃| = |ẑ| = |z|−1/2 and

det(z̃|ẑ|z) = z̃ · ẑ × z = z̃ · z̃ |z| = 1.

Hence, for δ ≤ 1,

fδ
0 (·, ·, z) ≤ f(·, ·, (z̃|ẑ|z)) ≤ C̃(|(z̃|ẑ|z)|p + 1) ≤ C(

1
|z|p/2

+ |z|p + 1).
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The other properties are trivially proved. ¤

In view of the proposition above, we shall assume that (3.2) holds with
q = p/2.

To deduce the limit problem we need to prove two lemmata which will be
useful to handle the constraint on the determinant.

Lemma 7.2 Let g1, g2, g3 ∈ L∞(0, `) such that g1, g2 > 0 and g1g2g3 ≥ δ > 0
almost everywhere in (0, `). Then there exist sequences gε

1, g
ε
2, g

ε
3 ∈ C∞([0, `])

such that ‖gε
i ‖∞ ≤ ‖gi‖∞, gε

i → gi, in Lp(0, `) for any 1 ≤ p < +∞, and for
i = 1, 2, 3, and gε

1g
ε
2g

ε
3 ≥ δ > 0 for every ε > 0. Furthermore, if δ < 1, then we

can choose the gε
i so that gε

i (0) = 1 for i = 1, 2, 3 and for every ε > 0.

proof. Before we start the proof we note that if g is any function in L∞(0, `)
such that g ≥ C > 0, almost everywhere, and ηε is a positive mollifier such
that

∫
ηε dt = 1, then gε := ηε ∗ g → g in Lp(0, `) for any 1 ≤ p < +∞ and

C ≤ gε ≤ ‖g‖∞ for all ε > 0. Since

g1 ≥ min
{
1,

δ

‖g2‖∞‖g3‖∞
}

=: m1 and g2 ≥ min
{
1,

δ

‖g1‖∞‖g3‖∞
}

=: m2,

there exist two sequences gε
1, g

ε
2 ∈ C∞([0, `]) such that gε

α(0) = 1, gε
α → gα in

Lp(0, `) for 1 ≤ p < +∞, and

mα ≤ gε
α ≤ ‖gα‖∞,

for α = 1, 2. Let d := g1g2g3 ≥ δ. There exists a sequence dε ∈ C∞([0, `]) such
that dε → d in Lp(0, `) for any 1 ≤ p < +∞, and dε ≥ δ. Moreover, if δ < 1 we
can choose dε so that dε(0) = 1. Define

gε
3 :=

dε

gε
1g

ε
2

,

and note that gε
3 ∈ C∞([0, `]), gε

3(0) = 1 if dε(0) = 1, and that

‖gε
3 − g3‖p ≤ 1

m2
1m

2
2

‖dε − gε
1g

ε
2g3‖p → 0

for any 1 ≤ p < +∞. Since gε
1g

ε
2g

ε
3 = dε ≥ δ the proof is concluded. ¤

In the next lemma we will use the following result: if U : (0, `) → M3×3 is a
measurable map which takes values into the subset of symmetric matrices, then
it admits eigenvalues λi and eigenvectors ui, for i = 1, 2, 3, real and measurable.
In fact, as a consequence of Weyl’s theorem (see Horn and Johnson [14]) the
eigenvalues λi of a symmetric matrix, arranged in an increasing order, are Lip-
schitz continuous functions of the matrix. Therefore the composition λi(U(t))
is measurable. The eigenvectors are then the non trivial solutions of a homoge-
neous system with measurable coefficients, and therefore there are measurable
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solutions. We recall, moreover that by the polar decomposition theorem, any
non singular matrix can be written as a product of a proper orthogonal matrix
and a positive symmetric matrix. In particular, if F : (0, `) → M3×3 is measur-
able, and for almost every t ∈ (0, `), F (t) is non singular, then F (t) = R(t)U(t)
where both the rotation R and the positive symmetric matrix U are measur-
able. Indeed, since FT F = U2, we deduce that U2 is measurable. Thus, if
ηi > 0 and ui are respectively measurable eigenvalues and eigenvectors of U2,
then, by the spectral theorem, we have U2(t) =

∑3
i=1 ηi(t)ui(t) ⊗ ui(t), hence

U(t) =
∑3

i=1

√
ηi(t)ui(t)⊗ui(t). From what we said above, we have that ηi and

ui are measurable maps, and thus U is measurable. Finally, since R = FU−1

we deduce that also R is a measurable map.

Lemma 7.3 Let F ∈ L∞((0, `); M3×3) such that det F ≥ δ > 0. Then there
exists a sequence F ε ∈ C∞([0, `];M3×3) such that F ε → F , in Lp((0, `); M3×3)
for every 1 ≤ p < +∞, and det F ε ≥ δ. Moreover, if δ < 1, F ε can be chosen
so that F ε(0) = I.

proof. For every t ∈ (0, `), by the polar decomposition theorem, there exist an
orthogonal matrix R(t) and a symmetric positive definite matrix U(t) such that
F (t) = R(t)U(t). Since |R| =

√
3 we have that U = RT F ∈ L∞((0, `); M3×3).

By the spectral theorem, the matrix U(t) can be written as

U(t) =
3∑

i=1

λi(t)ui(t)⊗ ui(t),

where λi > 0, ui · uj = δij , for i, j = 1, 2, 3 and λ1λ2λ3 ≥ δ almost everywhere,
since det U ≥ δ. We further suppose that the eigenvectors ui are ordered so
that u3 = u1×u2. It is easy to check that the eigenvalues λi ∈ L∞(0, `). Hence
by Lemma 7.2 we may find three sequences λε

1, λ
ε
2, λ

ε
3 ∈ C∞([0, `]) such that

‖λε
i‖∞ ≤ ‖λi‖∞, λε

i → λi in Lp(0, `) for 1 ≤ p < +∞, for i = 1, 2, 3, and
λε

1λ
ε
2λ

ε
3 ≥ δ > 0. For every t ∈ (0, `), let Q(t) be the orthogonal matrix that

maps the vectors of the fixed basis to the eigenvectors of U(t), that is ui(t) =
Q(t)ei, for i = 1, 2, 3. Let Qε ∈ C∞([0, `];M3×3) be a sequence of orthogonal
matrices such that Qε → Q in Lp((0, `); M3×3) for every 1 ≤ p < +∞ (this can
be achieved by writing the matrix Q in terms of Euler’s angles and by smoothing
them). Then, setting uε

i := Qεei for i = 1, 2, 3, we have that uε
i · uε

j = δij for
every i, j = 1, 2, 3, and uε

i → ui in Lp((0, `);R3) for every 1 ≤ p < +∞. Define

Uε(t) =
3∑

i=1

λε
i (t)u

ε
i (t)⊗ uε

i (t).

It is easily seen that Uε ∈ C∞([0, `];M3×3), that Uε → U in Lp((0, `); M3×3)
for every 1 ≤ p < +∞, and that det Uε = λε

1λ
ε
2λ

ε
3 ≥ δ. To conclude the first

part of the proof it suffices to choose a sequence Rε ∈ C∞([0, `];M3×3) of or-
thogonal matrices such that Rε → R in Lp((0, `); M3×3) for every 1 ≤ p < +∞,
and to set F ε = RεUε. If δ < 1, then we may choose λε

i (0) = 1 for i = 1, 2, 3 so
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that Uε(0) = I and, choosing Rε(0) = I, we obtain F ε(0) = I. ¤

We are now ready to prove the main result of this section.

Theorem 7.4 Let f satisfy (3.1) and assumption (3.2) with q = p/2. The
functionals I∞ε defined in (3.3) are

(
ρ,w∗L∞w ((0, `);M(R3))

)
-equi-coercive (see

Definition 6.2). Moreover

Γ(ρ,w∗L∞w ((0, `);M(R3))) lim
ε→0+

I∞ε (ν) = I(ν)

with

I(ν) =





∫ `

0

(
〈νt, f0(t, y(t), ·)〉 −Avαg · y

)
h(t) dt if ν ∈ Y−p/2,p((0, `);R3)

+∞ otherwise in L∞w ((0, `);M(R3))

where Avαg(x3) denotes the average of g over the cross section with coordinate
x3, that is

Avαg(x3) =
1

h2(x3)

∫

h(x3)ω

g(xα, x3) dxα

and y ∈ W 1,p((0, `);R3) is the underlying deformation of ν with boundary con-
dition y(0) = 0.

proof. Since the space L∞w ((0, `);M(R3)) is dual of the separable Banach
space L1((0, `); C0(R3)), the claimed coerciveness follows by Lemma 5.1 and
the continuity of the map ρ.

We start by finding a recovering sequence for a suitable subsequence I∞εnk
;

that is, for ν ∈ Y−q,p((0, `);R3) (where, throughout the proof, q = p/2) we
find a sequence yk ∈ W 1,p(Ω;R3) with yk(x1, x2, 0) = εnk

(x1, x2, 0) such that,
setting µk = δDyk

, we have ρ(µk) → ν weakly∗ in L∞w ((0, `);M(R3)), and

lim sup
k→∞

I∞εnk
(µk) ≤ I(ν).

By Lemma 4.4 we find a sequence ṽj ∈ L∞((0, `);R3) which generates ν such
that 1/|ṽj | ∈ L∞((0, `);R3) and

1
|ṽj |q + |ṽj |p

is equi-integrable. Let

vj(x3) :=
∫ x3

0

ṽj(t) dt,

so that v′j = ṽj . By a measurable selection argument (see for instance But-
tazzo [9], Proposition 2.2.7), and by definition of fδ

0 , there exists a sequence of
measurable functions F̄ δ

j : (0, `) → M3×2 such that

fδ
0 (x3, vj(x3), v′j(x3)) = f

(
x3, vj(x3), (F̄ δ

j (x3)|v′j(x3))
)

a.e. x3 ∈ (0, `),
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with det(F̄ δ
j |v′j) ≥ δ almost everywhere. By the growth conditions we have also

c(|F̄ δ
j |p + |v′j |p − 1) ≤ f

(
x3, vj , (F̄ δ

j |v′j)
)

= fδ
0 (x3, vj , v

′
j) ≤ C

( 1
|v′j |q

+ |v′j |p + 1
)

almost everywhere, and therefore the sequence (F̄ δ
j |v′j) is p-equi-integrable, and

for each j, F̄ δ
j ∈ L∞((0, `); M3×2). By Lemma 7.3, for every δ and every j,

there exists a function (G δ
j |w̃δ

j ) ∈ C∞([0, `];M3×3) such that (G δ
j |w̃δ

j )(0) = I,
det(G δ

j |w̃δ
j ) > δ and

‖(G δ
j |w̃δ

j )− (F̄ δ
j |v′j)‖p <

1
j
. (7.1)

Let
wδ

j (x3) :=
∫ x3

0

w̃δ
j (t) dt,

and εδ
nj

be a subsequence of εn such that

εδ
nj

(‖G δ
j

′‖p + ‖det(G δ
j |G δ

j

′
xα)‖∞

) → 0. (7.2)

The function
yδ

j (x) := wδ
j (x3) + εδ

nj
G δ

j(x3)xα

satisfies the boundary condition at level εnj and

Dαyδ
j

εδ
nj

= G δ
j(x3), D3y

δ
j = wδ′

j + εδ
nj

G δ
j

′
(x3)xα. (7.3)

Thus, from (7.1) and (7.2) we infer that, for every δ > 0

∥∥(Dαyδ
j

εδ
nj

|D3y
δ
j

)− (
F̄ δ

j |v′j
)‖p → 0 as j →∞.

Hence, for every δ > 0, the two sequences

(
yδ

j , (
Dαyδ

j

εδ
nj

|D3y
δ
j )

)
,

(
vj , (F̄ δ

j |v′j)
)

are p-equi-integrable and generate the same Young measure. Moreover, from
(7.2) and (7.3) follows that, for j large enough

det
(Dαyδ

j

εδ
nj

|D3y
δ
j

)
>

δ

4
, det

(
F̄ δ

j |v′j
)

> δ

which, together with the growth condition on f , imply that the sequences

f
(
x3, y

δ
j , (

Dαyδ
j

εnδ
j

|D3y
δ
j )

)
, f

(
x3, vj , (F̄ δ

j |v′j)
)
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are equi-integrable. By applying Theorem 2.1 we get

lim
j→∞

∫

Ω

f
(
x3, y

δ
j , (

Dαyδ
j

εnδ
j

|D3y
δ
j )

)
dx = lim

j→∞

∫

Ω

f
(
x3, vj , (F̄ δ

j |v′j)
)
dx

= lim
j→∞

∫

Ω

fδ
0 (x3, vj , v

′
j) dx

=
∫

Ω

∫

R3
fδ
0 (x3, y(x3), z) dνx3(z) dx

=
∫ `

0

h(x3)
∫

R3
fδ
0 (x3, y, z) dνx3(z) dx3,

(7.4)

where y is the underlying deformation of ν with y(0) = 0, or, said differently,
vj → y weakly in W 1,p((0, `);R3). From an application of Beppo-Levi monotone
convergence theorem we have

lim
δ→0+

lim
j→∞

∫

Ω

f
(
x3, y

δ
j , (

Dαyδ
j

εnδ
j

|D3y
δ
j )

)
dx =

∫ `

0

h(x3)
∫

R3
f0(x3, y, z) dνx3(z) dx3.

By a standard diagonalization argument, there exist sequences δk → 0 and
jk →∞ such that εδk

jk
is a subsequence of εn which will be denoted by εnk

and,
setting yk := yδk

jk
, we have

lim
k→∞

∫

Ω

f
(
x3, yk, (

Dαyk

εnk

|D3yk)
)
dx =

∫ `

0

h(x3)
∫

R3
f0(x3, y, z) dνx3(z) dx3.

Moreover, it is easy to check that yk satisfies the appropriate boundary condi-
tion. Furthermore, since yk → y in Lp(Ω;R3) we also have

lim
k→∞

∫

Ω

g(x)·yk(x) dx =
∫

Ω

g(x)·y(x3) dx =
∫ `

0

∫

h(x3)ω

g(xα, x3) dxα ·y(x3) dx3.

Thus, the proof of the limsup inequality is concluded.
The next step consists in proving the liminf inequality for the sequence I∞εn

.
Let µn ∈ L∞w (Ω;M(M3×3)) be a sequence such that ρ(µn) → ν weakly* in
L∞w ((0, `);M(R3)). We have to prove that

lim inf
n→∞

I∞εn
(µn) ≥ I(ν).

Without loss of generality we may suppose that the left hand side of the equation
above be finite and that the liminf be indeed a limit. Then supn I∞εn

(µn) < +∞,
hence, by Lemma 5.1 there exist µ ∈ L∞w (Ω;M(M3×3)) and a subsequence µnk

such that
µnk → µ weakly* in L∞w (Ω;M(M3×3)),

ν := ρ(µ) ∈ Y−q,p((0, `);R3) and the corresponding underlying deformations
ynk

and y which satisfy the boundary conditions ynk
(x1, x2, 0) = εnk

(x1, x2, 0)
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and y(0) = 0 are such that

ynk
→ y weakly in W 1,p(Ω;R3) and y = y(x3). (7.5)

Moreover,

lim inf
n→∞

I∞εn
(µn) = lim

n→∞
I∞εn

(µn) = lim
k→∞

I∞εnk
(µnk) =

= lim
k→∞

( ∫

Ω

f
(
x3, ynk

, (
Dαynk

εnk

|D3ynk
)
)
dx−

∫

Ω

g · ynk
dx

)

≥ lim
k→∞

( ∫

Ω

f0(x3, ynk
, D3ynk

) dx−
∫

Ω

g · ynk
dx

)

≥
∫

Ω

∫

R3×R3
f0(x3, ξ, z) dδy(x3) ⊗ π3

#µx(ξ, z)−
∫

Ω

g · y(x3) dx

=
∫ `

0

∫

h(x3)ω

∫

R3
f0(x3, y(x3), z) dπ3

#µx(z) dxαdx3 −
∫

Ω

g · y(x3) dx

=
∫ `

0

h(x3)〈Avα
x3

π3
#µ, f0(x3, y(x3), ·)〉 dx3 −

∫ `

0

∫

h(x3)ω

g dxα · y(x3) dx3

where in the last inequality we used (7.5), Theorem 2.1 and the fact that
(ynk

, D3ynk
) generates δy ⊗ π3

#µ, see Theorem 1 and Lemma 2 of [13]. ¤

By the properties of Γ-limits summarized in Proposition 6.3 it is possible to
make precise the variational character of the limit energy I(ν), thus obtaining a
characterization of the asymptotic behaviour of minima and minimizers of the
energies at level ε (as, for instance, it has been done in Theorem 6 of [13] in the
framework of 3D-2D dimension reduction).

Remark 7.5 In fact, the proof of Theorem 7.4 works also by assuming f only
lower semicontinuous and requiring the continuity of fδ

0 for any δ ≥ 0.

Example 7.6 A simple example which falls into the setting above is

f(F ) = |F |p +
3∑

i=1

ci

|F ei |p/2
,

if det F > 0, with ci ≥ 0 for i = 1, 2, c3 > 0 and where {e1, e2, e2} is an
orthonormal basis of R3. Let us remark, moreover, that this function is frame
indifferent, that is f(QF ) = f(F ) for every Q ∈ SO(3). In the simplest case
p = 2 an easy computation shows that

f0(z) = |z|2 +
c3

|z| +
(
3/2

)2/3(
c
2/3
1 + c

2/3
2

)
.

8 The limit problem for Ogden materials

Compressible neo-Hookean materials are characterized by an energy density of
the form

f(F ) = a|F |2 + β(det F )
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where a > 0 and the function β satisfies the property lim
λ→0+

β(λ) = +∞. Gen-

erally, these kind of materials do not satisfy the growth assumptions made in
the previous section. For this reason, we here consider a refinement of hypothe-
ses (3.1) which covers, among other energies, a large class of compressible Og-
den materials. This is a wider class, which contains the neo-Hookean materials,
characterized by an energy density of the form

f(F ) =
M∑

i=1

ai tr Cγi/2 +
N∑

j=1

bj tr(cof C)δj/2 + β(det F ), C = FT F

where ai > 0, γi, δi ≥ 1, bj ≥ 0 (see Ogden [15, 16] and Ciarlet [10]) and β is as
above. Antman, in [2], considered energies of the form

f(F ) = a(trC1/2)p/2 + b(tr C)p/2 + c
1

|det F |s

where a, b, c, p, s > 0. The following growth assumptions include the whole class
of Antman materials.

det F ≤ 0 ⇒ f(·, ·, F ) ≡ +∞,

det F > 0 ⇒ there exists two constants C ≥ c > 0 such that

c(
1

|det F |s + |F |p − 1) ≤ f(·, ·, F ) ≤ C(
1

|det F |s + |F |p + 1),

(8.1)

for suitable p ∈ [1, +∞) and s ∈ (0, +∞).

Proposition 8.1 Let f satisfy (8.1). Then the function f0 defined in (5.1) is
a Carathéodory integrand and there exist two positive constants C and c such
that

c
( 1
|z|q + |z|p − 1

) ≤ f0(·, ·, z) ≤ C
( 1
|z|q + |z|p + 1

)
for every z 6= 0,

with q =
ps

p + 2s
.

proof. It has been already proved, in Proposition 7.1, that f0 is a Carathéodory
integrand.

Since det(F̄ |z) ≤ |F̄ |2|z|, we have

f0(·, ·, z) ≥ c̃ min
{ 1
|F̄ |2s|z|s + |F̄ |p + |z|p − 1 : F̄ ∈ M3×2

}

= c̃
(
min

{ 1
x2s|z|s + xp : x ∈ [0,+∞)

}
+ |z|p − 1

)

≥ c
( 1
|z|ps/(p+2s)

+ |z|p − 1
)
.
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The growth condition from above follows by observing that

f0(·, ·, z) ≤ min
{
f(·, ·, ( ẑ × z

|z| |ẑ|z)) : z · ẑ = 0
}

≤ C̃ min
{ 1
|ẑ|2s|z|s + |ẑ|p : z · ẑ = 0

}
+ |z|p + 1

≤ C
( 1
|z|ps/(p+2s)

+ |z|p + 1
)
,

which concludes the proof. ¤

Let us observe that, in view of the proposition above, condition (3.2) holds
with q = ps/(p + 2s), which is strictly smaller than p/2.

The following technical lemmata play the same role of Lemma 7.2 and
Lemma 7.3.

Lemma 8.2 Let p ∈ [1, +∞) and s ∈ (0, +∞). Let (gj
1), (gj

2), (gj
3) be sequences

of non negative functions in L∞(0, `) such that

1. 1/gj
i ∈ L∞(0, `) for i = 1, 2, 3 and j ∈ N;

2. |gj
i |p are equi-integrable;

3. 1/|gj
1g

j
2g

j
3|s are equi-integrable.

Then there exist sequences (g̃j
1), (g̃j

2), (g̃j
3) of functions in C∞([0, `]) with the

properties 1, 2 and 3 above and

4. g̃j
i (0) = 1 for i = 1, 2, 3, and every j ∈ N;

5. there exist constants cj > 0 such that g̃j
1g̃

j
2g̃

j
3 ≥ cj for every j ∈ N;

6. lim
j→∞

‖g̃j
i − gj

i ‖p = 0 for i = 1, 2, 3.

proof. For α = 1, 2, let us denote by rj
α :=

∥∥ 1
gj

α

∥∥
∞ and observe that

1
rj
α

≤ gj
α.

By a standard smoothing procedure (see for instance the beginning of the proof
of Lemma 7.2) there exist functions g̃j

α ∈ C∞([0, `]) such that

min{1, 1/rj
α} ≤ g̃j

α ≤ ‖gj
α‖∞, g̃j

α(0) = 1 for α = 1, 2,

‖g̃j
α − gj

α‖p <
1

j max{1, rj
1r

j
2‖gj

β‖∞‖gj
3‖∞}

with α, β ∈ {1, 2}, α 6= β
(8.2)

for every j ∈ N. Let dj := gj
1g

j
2g

j
3 and d̄j := max{dj , cj} where we have set

cj =
1

j max{1, rj
1r

j
2}

. By smoothing again we find functions d̃j ∈ C∞([0, `]) such

that
d̃j ≥ cj , d̃j(0) = 1, ‖d̃j − d̄j‖r < c3

j
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for every j ∈ N, where r = max{s, p}. Then

‖d̃j − dj‖p ≤ K(‖d̃j − d̄j‖r + ‖d̄j − dj‖∞) ≤ K(c3
j + cj) ≤ 2Kcj ,

and
∥∥ 1

d̃j
− 1

d̄j

∥∥
r
≤

∥∥ d̃j − d̄j

d̃j d̄j

∥∥
r
≤ 1

c2
j

‖d̃j − d̄j‖r < cj .

Observing that, for every measurable subset B of (0, `)
∫

B

1
|d̃j |s dx3 ≤

∫

B

∣∣ 1
d̃j
− 1

d̄j

∣∣s +
∣∣ 1
d̄j

∣∣s dx3

≤ |B|+
∫

B

∣∣ 1
d̃j
− 1

d̄j

∣∣r dx3 +
∫

B

∣∣ 1
dj

∣∣s dx3

we obtain that
∣∣ 1
d̃j

∣∣s is equi-integrable, and property 3 for g̃j
i , and 5, follow by

setting

g̃j
3 =

d̃j

g̃j
1g̃

j
2

.

Then, property 1 and 4 trivially holds for i = 1, 2, 3. Property 2 and 6 for
α = 1, 2, follow from (8.2).

It remains only to prove property 6 for g̃j
3 (which implies 2). To this end let

us note that

‖g̃j
3− gj

3‖p ≤ rj
1r

j
2‖d̃j − g̃j

1g̃
j
2g

j
3‖p

≤ rj
1r

j
2

(
‖d̃j − dj‖p + ‖gj

3‖∞
(‖gj

2‖∞‖g̃j
1 − gj

1‖p + ‖gj
1‖∞‖g̃j

2 − gj
2‖p

))

≤ 2(K + 1)/j

and the proof is concluded. ¤

Lemma 8.3 Let Fj ∈ L∞((0, `); M3×3) such that det Fj > 0 almost every-
where, for every j ∈ N, and

1. (|Fj |p) is equi-integrable;

2.
1

det Fj
∈ L∞(0, `);

3.
1

| detFj |s is equi-integrable.

Then there exists a sequence of functions (Gj) in C∞([0, `];M3×3) with the
properties 1, 2 and 3 above, and

4. Gj(0) = I for every j ∈ N;

5. there exist constants cj > 0 such that detGj > cj and for every j ∈ N;
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6. lim
j→∞

‖Gj − Fj‖p = 0.

proof. For almost every t ∈ (0, `), by the polar decomposition theorem, there
exist orthogonal matrices Rj(t) and symmetric positive definite matrices Uj(t)
such that Fj(t) = Rj(t)Uj(t). Then Uj ∈ L∞((0, `); M3×3). Let λj

i > 0,
i = 1, 2, 3, be the eigenvalues of the matrix Uj . From hypothesis 1 follows that
the sequences (|λj

i |p)j , i = 1, 2, 3, are equi-integrable and from assumption 3 we
have that ( 1

|λj
1λ

j
2λ

j
3|s

)
is equi-integrable,

while from 2 we obtain that
1

λj
1λ

j
2λ

j
3

∈ L∞(0, `) for every j ∈ N. (8.3)

Since Fj ∈ L∞((0, `); M3×3), then λj
i ∈ L∞(0, `) and, by (8.3), we have also

that 1/λj
i ∈ L∞(0, `). Therefore, we are in a position to apply Lemma 8.3 to

the sequences (λj
i ). The rest of the proof proceeds, with suitable adaptations,

as that of Lemma 7.3. ¤

In the setting of the current section the Γ-convergence result is the following.

Theorem 8.4 Let f satisfy assumptions (8.1). The functionals I∞ε defined
in (3.3) are

(
ρ, w∗L∞w ((0, `);M(R3))

)
-equi-coercive. Moreover

Γ(ρ,w∗L∞w ((0, `);M(R3))) lim
ε→0+

I∞ε (ν) = I(ν)

with

I(ν) =





∫ `

0

(
〈νt, f0(t, y(t), ·)〉 −Avαg · y

)
h(t) dt if ν ∈ Y−q,p((0, `);R3)

+∞ otherwise in L∞w ((0, `);M(R3))

where q = ps/(p + 2s) and y ∈ W 1,p((0, `);R3) is the underlying deformation of
ν with boundary condition y(0) = 0.

proof. The equi-coercivity follows as in Theorem 7.4.
We start by finding a recovering sequence for a suitable subsequence I∞εnk

;
that is, for ν ∈ Y−q,p((0, `);R3) (where, throughout the proof, q = ps/(p + 2s))
we find a sequence yk ∈ W 1,p(Ω;R3) with yk(x1, x2, 0) = εnk

(x1, x2, 0) such
that, setting µk = δDyk

, we have ρ(µk) → ν weakly∗ in L∞w ((0, `);M(R3)), and

lim sup
k→∞

I∞εnk
(µk) ≤ I(ν).

By Lemma 4.4 we can find a sequence ṽj ∈ L∞((0, `);R3) which generates ν
such that 1/|ṽj | ∈ L∞((0, `);R3) and

1
|ṽj |q + |ṽj |p
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is equi-integrable. Let

vj(x3) :=
∫ x3

0

ṽj(t) dt,

so that v′j = ṽj . By a measurable selection argument (see for instance But-
tazzo [9], Proposition 2.2.7), and by definition of f0, there exists a sequence of
measurable functions F̄j : (0, `) → M3×2 such that

f0(x3, vj(x3), v′j(x3)) = f
(
x3, vj(x3), (F̄j(x3)|v′j(x3))

)
a.e. x3 ∈ (0, `),

with det(F̄j |v′j) ≥ 0, since v′j 6= 0, almost everywhere. By the growth conditions
we have also that

c(
1

|det(F̄j |v′j)|s
+ |(F̄j |v′j)|p − 1) ≤ f

(
x3, vj , (F̄j |v′j)

)
=

= f0(x3, vj , v
′
j) ≤ C

( 1
|v′j |q

+ |v′j |p + 1
) (8.4)

almost everywhere, and therefore the sequences

|(F̄j |v′j)|p and
1

|det(F̄j |v′j)|s

are equi-integrable, (F̄j |v′j) ∈ L∞((0, `); M3×3) and
1

det(F̄j |v′j)
∈ L∞(0, `), for

every j ∈ N. By Lemma 8.3, for each j, there exist a constant cj > 0 and a func-
tion (G j |w̃j) ∈ C∞([0, `];M3×3) such that (G j |w̃j)(0) = I, det(G j |w̃j) > cj ,
and the sequences

|(G j |w̃j)|p and
1

|det(G j |w̃j)|s
are equi-integrable, and

lim
j→∞

‖(G j |w̃j)− (F̄j |v′j)‖p = 0. (8.5)

Let

wj(x3) :=
∫ x3

0

w̃j(t) dt,

and εnj be a subsequence of εn such that

εnj

(‖G j
′‖p + ‖det(G j |G j

′
xα)‖∞

)
< Cj . (8.6)

Setting
yj(x) := wj(x3) + εnj G j(x3)xα

the proof proceeds along the same lines of that of Theorem 7.4 by taking δ = 0
everywhere. ¤
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Example 8.5 The following energy, which satisfies the assumptions of the cur-
rent section, has been used by Burges and Levinson [8], Simpson and Spector [18]

f(t, ξ, F ) = α(t, ξ)|F |2 +
β(t, ξ)
| detF |s + γ(t, ξ)

if det F > 0, where α, β and γ are bounded Carathéodory functions such that
α, β ≥ c > 0 and s > 0. Easy computations show that

f0(t, ξ, z) = α(t, ξ)|z|2 +
b(t, ξ)

|z|s/(s+1)
+ γ(t, ξ)

where

b(t, ξ) =
s + 1

ss/(s+1)

(
2sα(t, ξ)sβ(t, ξ)

)1/(s+1)

.

9 A relaxation result

The results of this section will be used in the next section in order to derive the
energy density of an elastic string. The proof of the theorem below is quite sim-
ilar, but simpler, to those of the Γ-convergence results proved in Section 7 and 8.

Let f0 : (0, `)×Rm×Rm → R, m ∈ N, be a Carathéodory function which
satisfies the following growth conditions

∃C, c > 0 s.t. c
( 1
|z|q + |z|p − 1

) ≤ f0(·, ·, z) ≤ C
( 1
|z|q + |z|p + 1

) ∀ z 6= 0

(9.1)

for suitable p ≥ 1 and q > 0, and consequently

z = 0 ⇒ f0(·, ·, z) ≡ +∞.

Let us consider the functional

E(y) =
∫ `

0

f0(t, y(t), y′(t)) dt−
∫ `

0

g(t)y(t) dt

where g ∈ Lp′((0, `);Rm), with 1/p + 1/p′ = 1.

Theorem 9.1 The (sequential) lower semicontinuous envelope of

E∞(ν) =

{
E(y) if ∃ y ∈ W 1,p((0, `);Rm), y(0) = 0 s.t. ν = δy′

+∞ otherwise in L∞w ((0, `);M(Rm))

with respect to the weak* topology of L∞w ((0, `);M(Rm)) is the functional

E(ν) =





∫ `

0

〈νt, f0(t, y(t), ·)〉 dt−
∫ `

0

g · y dt if ν ∈ Y−q,p((0, `);Rm)

+∞ otherwise in L∞w ((0, `);M(Rm))

where y denotes the underlying deformation of ν such that y(0) = 0. In other
words: E(ν) = Γ−(w∗L∞w )E(ν).
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proof. We shall prove that

E(ν) = min{lim inf
n→∞

E∞(νn) : νn → ν weakly* in L∞w ((0, `);M(Rm))}.

First we show that, given any sequence νn → ν weakly* in L∞w ((0, `);M(Rm))
we have

E(ν) ≤ lim inf
n→∞

E∞(νn). (9.2)

Without loss of generality we may suppose that the right hand side of the
inequality above be finite and that the liminf be indeed a limit. Then there are
functions yn ∈ W 1,p((0, `);Rm), yn(0) = 0, such that νn = δy′n . By the growth
condition from below on the integrand f0, there is a constant M such that

∥∥∥ 1
|y′n|q

+ |y′n|p
∥∥∥

1
≤ M for every n.

Thus, by Theorem 4.2, ν ∈ Y−q,p((0, `);Rm). Moreover, an application of
Theorem 2.1 implies that yn → y weakly in W 1,p((0, `);Rm). It follows that
y(0) = 0, and

E(ν) =
∫ `

0

〈νt, f0(t, y(t), ·)〉 dt−
∫ `

0

g · y dt.

The liminf inequality (9.2) directly follows by applying Theorem 2.1 again. Now
it remains to prove that for every ν ∈ L∞w ((0, `);M(Rm)) there exists a sequence
νn ∈ L∞w ((0, `);M(Rm)) converging to ν and such that

lim sup
n→∞

E∞(νn) ≤ E(ν).

Avoiding the trivial case when the right hand side is +∞, we can assume that
ν ∈ Y−q,p((0, `);Rm). Then, by Lemma 4.4, there always exists a sequence of
functions un ∈ L∞((0, `);Rm) which generates ν and such that the sequence

1
|un|q + |un|p

is equi-integrable. Setting

yn(t) :=
∫ t

0

un(s) ds, and νn = δy′n

we have y′n = un, yn(0) = 0, yn → y weakly in W 1,p((0, `);Rm). By the
growth condition from above we find that the sequence |f0(t, yn(t), y′n(t))| is
equi-integrable. Then, by Theorem 2.1, we deduce that

lim
n→∞

E∞(νn) = lim
n→∞

∫ `

0

f0(t, yn(t), y′n(t)) dt−
∫ `

0

g(t)yn(t) dt

=
∫ `

0

〈νt, f0(t, y(t), ·)〉 dt−
∫ `

0

g · y dt = E(ν)

which concludes the proof. ¤
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10 The energy density of the elastic string

In [1], Acerbi, Buttazzo and Percivale have studied the Γ-convergence of the
functionals Iε (see Section 3) under the strong convergence in Lp((0, `);R3) of
the average over the cross section (still denoted by Avα) of the deformation. In
fact, they consider the case of a body under free boundary conditions and with
integrand f which depends only on the deformation gradient. Nevertheless,
a slight modification of their proofs shows that the Γ−(Avα, Lp)-limit of the
sequence of functionals

Gε(y) =





∫

Ωε

f(Dy) dx−
∫

Ωε

ĝε · y dx if y ∈ Aε

+∞ otherwise in Lp(Ωε;R3)

is

G0(v) =





∫ `

0

f∗∗0 (v′) dx3 −
∫ `

0

Avαg · v dx3 if v ∈ W 1,p, v(0) = 0

+∞ otherwise in Lp((0, `);R3).

Following the same steps of the proof of Theorem 7 of [13], and using Jensen’s
inequality, we obtain the following comparison result.

Theorem 10.1 Let v ∈ Lp((0, `);R3) and I(ν) be either the functional defined
in Theorem 7.4 or in Theorem 8.4. Then

G0(v) = inf{I(ν) : ν ∈ L∞w ((0, `);M(R3)), 〈ν, id〉 = v′, v(0) = 0} (10.1)

with the usual convention inf ∅ = +∞. Moreover the infimum is attained.

On the other hand the Γ(ρ,w∗L∞w )-limit of the sequence Gε turns out to be

G(ν) =





∫ `

0

(
〈νx3 , f0〉 −Avαg · y

)
h(x3) dx3 if ν ∈ Y−q,p((0, `);R3)

+∞ otherwise in L∞w ((0, `);M(R3)).

It is easily seen that f0 : R3 → R is the unique continuous integrand satisfying
the growth conditions (9.1) and such that the Γ-limit, G, is the relaxation of
the functional

E(y) =
∫ l

0

f0(y′(x3))h(x3) dx3 −
∫

ω

Av3g · y dx3

with respect to the weak* topology in L∞w ((0, `);M(R3)). Hence E(y) can
be considered as the energy functional of the elastic string and f0(z)h(x3) as
the energy density. Indeed, if f1 has the appropriate growth and if G is the
relaxation of the energy E with integrand f1 instead of f0, then, by the result
of Section 9, we have

∫

ω

〈νx3 , f0 − f1〉h(x3) dx3 = 0 for every ν ∈ Y−q,p((0, `);R3).
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It follows that f0 = f1 by simply taking the admissible measure νx3 = δz

for z ∈ R3. Hence, the variational problem G determines a unique energy
density f0. This selection is not provided by using the relaxation of E with
respect the Lp topology; indeed, in general, there exists an infinite number of
functions f1 such that f∗∗1 = f∗∗0 . A further reason to take f0 as the energy
density of the elastic string follows from the relation between E and G, which
from well known properties of relaxed functionals can be expressed in terms
of correspondence between minimizing sequences of E and minimizers of G.
In particular, minimizing sequences of E generate Young measures which are
minimizers of G, and viceversa.

Aknowledgements. We are grateful to Miroslav Šilhavý for his useful sug-
gestion concerning the measurability of the eigenvalues of a symmetric matrix
which improved our earlier treatment.
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