SECOND ORDER APPROXIMATIONS OF
QUASISTATIC EVOLUTION PROBLEMS
IN FINITE DIMENSION

VIRGINIA AGOSTINIANI

ABSTRACT. In this paper, we study the limit, as € goes to zero, of a partic-
ular solution of the equation €2 Aiif(t) + e Bus(t) + Vu f(t,u®(t)) = 0, where
f(t,z) is a potential satisfying suitable coerciveness conditions. The limit w(t)
of u®(t) is piece-wise continuous and verifies V f(t,u(t)) = 0. Moreover, cer-
tain jump conditions characterize the behaviour of u(t) at the discontinuity
times. The same limit behaviour is obtained by considering a different approx-
imation scheme based on time discretization and on the solutions of suitable
autonomous systems.

1. INTRODUCTION
The problem of finding a function ¢ — u(t) satisfying
Vof(t,u(t) =0 and V2f(t,u(t)) >0 (1.1)

appears in many areas of applied mathematics. Usually, the real-valued function
f(t,z) represents a time-dependent energy, defined for ¢ € [0,7] and € R™. The
symbol V, denotes the gradient with respect to z, while V2 is the corresponding
Hessian. The inequality in means that the matrix V2 f(t,u(t)) is positive
definite. Therefore, says that, for every ¢, the state u(t) is a stable equilibrium
point for the potential f(t,-).

If we look for a continuous solution ¢ +— u(t), defined only in a neighbourhood
of a prescribed time, the problem is solved by the Implicit Function Theorem. In
many applications, however, we want to obtain a piece-wise continuous solution
t — u(t) on the whole interval [0, T]. The main problem is, therefore, to extend the
solution beyond its maximal interval of continuity. A first possibility is to select,
for every t, a global minimizer u(t) of f(¢,-). This choice exhibits some drawbacks,
as we shall explain later. Different extension criteria can be proposed, motivated
by different interpretations of the problem.

Problem can be considered, for instance, as describing the limiting case of
a system governed by an overdamped dynamics, as the relaxation time tends to
0. Indeed, one can prove that, when the relaxation time is very small, the state
u(t) of the system is always close to a stable equilibrium for the potential f(t,-),
which, in general, is not a global minimizer of f(¢,-). The first general result in
this direction was obtained by Zanini (see [15]), who considers as limit of the
viscous dynamics governed by the gradient flow

U (t) + Vo f(t, u¥ (t)) = 0. (1.2)

She proves that the limit u(¢) of the solution u®(t) of problem is a piece-
wise continuous function satisfying , and describes the trajectories followed by
the system at the jump times. Under different and stronger hypotheses, similar
vanishing viscosity limits have been studied in finite dimension in [6], [11], [5], [I3],
and [12], and even in infinite dimension in [1], [2], [14], [10], [3], and [4].
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Simple examples show that the solution u(t) found in [I5] is, in general, different
from the global minimizer. We note that the global minimizer may exhibit abrupt
discontinuities at times where it must jump from a potential well to another one
with the same energy level. This jump cannot be justified if we interpret as
limit of a dynamic problem, since the state should overcome a potential barrier
during the jump.

In this paper we consider as the limiting case of a sequence of second order
evolution problems, describing the underlying dynamics and depending on a small
parameter £ > 0, namely

2 Aiif (t) + eBUf(t) + Vo f(t,u®(t)) = 0, (1.3)

where A and B are positive definite and symmetric matrices. This describes the
evolution of a mechanical system where both inertia and friction are taken into
account, encoded in A and B, respectively. Under suitable assumptions on f, we
prove that the solution u® of is such that (u®,eBu°) tends to (u,0), where u is
piece-wise continuous and satisfies . Moreover, the trajectories of the system
at the jump times are described through suitable autonomous second order systems
related to A, B, and V. f.

Let us explain, in more details, the content of Sections In Section [2] we
construct a suitable piece-wise continuous solution u of problem , and in Section
[3| we show that the solutions u? () of (L.3)), with the same initial conditions, converge
to u(t) at every continuity time ¢.

The function w is defined in the following way. We begin with a point «(0) such
that V., f(0,u(0)) = 0 and V2£(0,u(0)) > 0, and, by the Implicit Function Theo-
rem, we find a continuous solution u of up to t; < T such that V2 f(t1,u(t]))
has only one zero eigenvalue. In a “generic” situation (see Assumption 3 and Re-
mark [2.3), what occurs at ¢, is a saddle-node bifurcation of the vector field F(t,-)
corresponding to the first order autonomous system equivalent to

A (s) + Bw(s) + Va f(t,w(s)) = 0. (1.4)

For (t,z) close enough to (¢1,u(t;)), if ¢ is on the left of t1, F(t,-) has two zeros, a
saddle and a node, while, for ¢ on the right of ¢;, there are no zeros of this vector
field. Under these conditions, it is also possible to prove (see Lemma and Section
b)) existence and uniqueness, up to time-translations, of the non constant solution

of system such that
lim (w(s),w(s)) = (u(ty]),0). (1.5)

S—— 00
Moreover, the limit
. . o
lim_(w(s),(s)) = (25,0)

exists, and 2] is another zero of V,f(¢1,-). If t1 < T, we make the “generic”
assumption that V2 f(t1,27) is positive definite (see Assumption 4), so that we
restart the procedure and, in turn, find a solution of on [ti,ts), for a certain
to < T, and so on. In this way, we find a piece-wise continuous solution u of ,
with certain discontinuity times t¢1, ..., t,,_1, and, for j = 1,...,m — 1, a heteroclinic
solution w; of with ¢ = t;, which connects a degenerate critical point of f(t;,-)
at s = —oo to a non-degenerate critical point at s = +00 (see Proposition .

In Section [3| we prove that, if (u(0),e4®(0)) — (u(0),0), then (u,eBuf) con-
verges to (u, 0) uniformly on compact subsets of [0, T|\{¢1, ..., t;n—1}, while a proper
rescaling v5 of u® is such that (v§,?5) converges uniformly to (w;, ;) on compact
subsets of R (see Theorem and Remark . This shows that governs the
fast dynamics of the system at the jump times.
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Theorem summarizes these convergences in a more geometric statement in-
volving the Hausdorff distance.

In Section [4| we show that the solution u of introduced in Section [2| can
be obtained as limit of a discrete time approximation, which uses only autonomous
systems. Let 7F = %T. For every k, let uf be defined by uf = u(0) and, for
i=1,..,k, by

uf = lim vf(o), (1.6)

o—-+00

where v¥ is the solution of the autonomous system
Av} (0) + Bij (0) + Vo f (7], vf(0)) = 0, (1.7)
with initial conditions (v¥(0),9¥(0)) = (u¥_;,0). The existence of the limit in (1.6

(] 3
is a property of the autonomous system, ensured by Lemma [2.4

We prove that u¥ = u(7F), unless 7F is close to the discontinuity times ty, ..., t,,_1
of u. More precisely, given an arbitrary neighbourhood U of the set {t1,...,tm—1},
we prove that u¥ = u(7F) whenever k is sufficiently large and 7¥ ¢ U (see Lemma
and Lemma . This implies that the piece-wise constant and the piece-wise
affine interpolations of the values u¥’s converge uniformly to u on compact subsets
of [0, T)\ {t1, -, tm—11}-

In order to obtain the convergence to the heteroclines w;’s near the jump times,
as well as the convergence of the velocity (Proposition and Theorem [4.1]), we
introduce a suitable interpolation of u¥ based on the solution v¥ of (se).

Section |5] is an appendix which contains the proof of the existence and unique-
ness of the heteroclinic solution of a first order autonomous system when certain
transversality conditions at the zeros of the vector field are satisfied.

2. SETTING OF THE PROBLEM AND PRELIMINARIES

Assumption 1. f:[0,7] x R® — R is a C3-function satisfying, for every (t,x) €
[0,T] x R™, the properties:

(i) Vuf(t,z)-x > blz|* — a, for some a > 0 and b > 0;

(i) fi(t,z) < d|z|* + ¢, for some d, ¢ > 0.
We use the following terminology: « € R™ is a critical point of f(¢,-) if V. f(t,z) =
0. A critical point x of f(t,-) is degenerate if det V2 f(t,x) = 0. Observe that, from
Assumption 1 (i), it descends that there exist @ > 0 and b > 0 such that

f(t,x) > blz|? — a, for every (t,z) € [0,T] x R™. (2.1)

Moreover, Assumption 1 implies that all critical points of f(¢,-) belong to the
closed ball B centered in zero and with radius /. Since f(t,-) has minimum and
maximum on B, we can state that, for every t € [0,T], f(t,-) has at least one
critical point and it belongs to B.

Assumption 2. The set of all pairs (¢, &) such that £ is a degenerate critical point
of f(t,-) is discrete and there are no degenerate critical points corresponding to
t=0ort="T.

Remark 2.1. Assumptions 1-2 imply that, for every ¢t € [0, 7], the set of critical
points of f(t,-) is discrete. Indeed, by Assumption 2, the set of degenerate critical
points of f(t,-) is discrete, while the set of nondegenerate critical points of f(¢,-)
is discrete by the Implicit Function Theorem.

Definition 2.2. We say that (7,€) € [0,T] x R™ is a degenerate approximable
critical pair if € is a degenerate critical point of f(7,-) and there exist sequences {t,,}
and {&,} converging to T from the left and to &, respectively, with V f(tn, &) =0
and V2 f(t,,&n) positive definite.
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Observe that if (7,€) is a degenerate approximable critical pair, then V2 f(, &)
is positive semidefinite. From now on, A and B will be two given symmetric and
positive definite matrices in R"*", unless differently specified. A4, and A2,
denote the minimum eigenvalue of A and B, respectively.

Assumption 3. If (7,€) € [0,7] x R" is a degenerate approximable critical pair,
then there exists [ € R™ \ {0} such that:
(i) ker V2 f(r,&) = span(l);
(ii) (A=TBI)-V,fi(r,€) # 0, where f; denotes the partial derivative of f with
respect to t;

(iii) (A=TBI)-V3f(r,€)[l,1] # 0.

Remark 2.3. Set n = [g} € R?" and define

P(e];]) - {—BA‘l(];:%xf(t,m))]’ rel Tl myeRt. (22)

Let Assumption 3 hold for some (7,¢) degenerate approximable critical pair and
observe, first, that

will

F(r,n) =0.
Since
0 B!
VUF(T777) = [ 7BA71V§f(T,£) _BA-1 :| )

where V,, denotes %, by setting

B [B2A7Y
w = 0 5 V= l )

it turns out, from Assumption 3 (i), that
ker V, F(,n) = span(w),  ker V,F(r,n)" = span(v). (2.3)
Moreover, simple calculations give that
0 0
Fy(r, = ) V2F ) ) = )
0= parmging] s T = [ e o)
so that, from Assumption 3 (ii) and (iii), we obtain that

v-VaF(rn)w,w] #0,  v-Fi(r,n) # 0. (2:4)

Observe that A € C is an eigenvalue of V, F'(7,n) if and only if there exists Lﬂ #0
such that

y = ABuz,
{ V2f(1, &)z = —A(B + M)z (2.5)

Let us show that the algebraic multiplicity of the null eigenvalue of V, F(r,n) is
me(0) = 1. (2.6)

Recall that m,(0) corresponds to the dimension of the generalized eigenspace as-
sociated to the null eigenvalue, that is ker(V,F(7,7))*, where k is the smallest
integer k such that ker(V,F(r,n))* = ker(V, F(r,n))**1. Thus, in order to prove
that m,(0) = 1, it is enough to show that ker(V,F(r,n))? C ker(V, F(r,n)), be-
cause the other inclusion is trivial. If {ﬂ € ker(V, F(1,1))?, then, in view of ,
we have that

v, F(r,n) m S [(l)] : (2.7)
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for some a € C. Therefore, if & = 0, then {;] € ker(V,F(7,n)), while, if a # 0,
we find, from , that
y = aBl,
{ Vif(r,&z =y,
and, in turn, that 0 = 2+ (V2 f(r,€)l) = aBI-l # 0, which is an absurd.
Now, we want to show that every eigenvalue A of V, F(7,n) is such that:
if A\#0, then Re(\)<O0. (2.8)

Let [g] be an eigenvalue associated to the eigenvalue A # 0 and write z € C™\ {0}

as © = a + ib, for some a, b € R™. In the case a, b € span(l), from the second
equation of (2.5)) we obtain that (B+ AA)l = 0. The scalar product of this equality
with [ gives

A A S

In the case {a,b} ¢ span(l), we consider the hermitian product of the second
equation of (2.5)) with x, which gives

C =—-XCar+Cp), (2.9)
where
C:= (V2f(r,)aa+ V2f(r,6)bd) €R,
Cy = Aa-a + Ab-b, Cp := Ba-a + Bb-b.
Now, by setting A = A1 + iAy for some A1, Ay € R, from (2.9)) we obtain
A2(Cp +2CaM) =0, (2.10)
and
CaX} +CpA\ — Ca)3 +C =0. (2.11)
We want to prove that A\; < 0. If Ay # 0, from (2.10)) it is easy to deduce that
B,
< _ man .
)\1 < 2|A| <0

In the case A2 = 0, we can suppose b = 0. From (2.11) and from the fact that A;
is real we obtain that C% —4CC 4 > 0 and that

—Ba-a + +/(Ba-a)? — 4(V2f(r,£)a-a)(Aa-a)
2Aa-a

Since a ¢ span(l) = ker V2 f(r,£) and V2f(r,&) > 0, we have that V2 f(r,&)a-a >

Arlal?, where A\, > 0 is the smallest eigenvalue of V2 f(r,¢) different from 0. By

using this fact, together with the hypotheses on A and B, we can easily prove, by

rationalization, that

—Ba-a+ +/(Ba-a)? — 4(V2f(r,£)a-a)(Aa-a) < MDA
2Aa-a - |A|B|

This concludes the proof of ([2.8).

Let us collect together (2.3)), (2.4)), (2.6) and (2.8]), which descend from Assumption

3. We obtain that F : [0,T] x R*" — R?", defined as is (2.2)), is a C? function such

that F(7,n7) = 0 and satisfies the following properties:

(TC1) 0 is an eigenvalue of V,F(7,n) with mq(0) = 1, Re(\) < 0 for every
eigenvalue A # 0, and there exist w, ¥ € R™ such that w-v # 0 and
ker V,, F'(7,m) = span(w), ker V,, F(1,n)T = span(v);

(TC2) v-Fy(7,m) # 0;

(TC3) v-ViF(1,n)[w,w] # 0.

A1 <
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Such transversality conditions ensure (see [7, Theorem 3.4.1]) the existence a smooth

T
Yy

{r} x R*. If conditions (TC2) and (TC3) have the same sign, for every t < 7
close to 7 there are two solutions of F(t,-) = 0, a saddle and a node, while for
every t > 7 (close to 7) there are no solutions. If conditions (TC2) and (TC3) have
opposite sign, the reverse is true. The set of vector fields satisfying (TC1)-(TC3)
is open and dense in the space of C*° one-parameter families of vector fields with
an equilibrium at (7,&) with a zero eigenvalue.

curve of equilibria (t(-), [ ] ()) passing through (7,7), tangent to the hyperplane

With the next lemma we introduce the heterocline which will allow us to connect,
at a specific time 7, a degenerate critical point of f(7,-) to another suitable critical
point of f(r,-).

Lemma 2.4. Let (1,€) € [0,T] x R™ be a degenerate approzimable critical pair.
Suppose that Assumption 1 and 2 and Assumption 3 (i) and (iii) hold. Then, there
ezists a unique, up to time-translations, heteroclinic solution of
Aw(s) + Bw(s) + Vo f(r,w(s)) =0, s € (—00,0]
limgy o w(s) =&, (2.12)
limg, oo w(s) = 0.
This means that such a solution w is defined on all R, there exists limg_, oo w(s) 1=
¢ € R™, with ¢ critical point of f(t,-) different from £, and there exists
lim, 400 i(s) = 0.

By Remark existence and uniqueness (up to time-translations) of the solution
of (2.12)), different from the constant solution £, follow from Proposition (5.1)) with

[;] in place of  and F(r,-) in place of F. The proof of Lemma || can be
concluded in view of the following lemma.
Lemma 2.5. Let g : R" = R be a C? function such that

g(x) > Cy|z|> = Cy,  for every x € R™, (2.13)

for some constants Cp > 0 and Co > 0. Suppose that the set of critical points of g
is discrete. Let w be the (unique) solution of the Cauchy problem associated to

A + B + Vg(w) =0, (2.14)

with initial conditions at some sy € R.
Then, (w,w) is bounded and defined on [sg,+00) and there exists the limit

lim_(w(s), 10(5)) = (¢,0), (2.15)

where ¢ is a critical point of g. Moreover, if (w,w) is bounded on its mazimal
interval of existence, then (w,w) is bounded and defined on all R and there exists
the limat

S

lim_(w(s), wh(s)) = (€,0),

where £ is a critical point of g.

Proof. Let us denote by (s, sqd) the maximal interval of existence of w. Consider,

for z,y € R", the function
T 1
4 ([ D = S Ayy + g(x),
Y 2
and observe that, by multiplying (2.14) by w, we obtain that
d
—V ([w<s>]> = —Bui(s)i(s) < 0.
s

w(s)
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Thus, for every s € [sg, 53 ), we have that

Ammlw( )|2+9(w(8))S%Aw(S)@(S)Jrg( (s)) < Aw(So) w(s0) + g(w(so)).

Therefore, by using (2.13), we deduce that the positive semiorbit of (w,w) is
bounded and therefore defined on [sg,+00). This fact, together with the mono-
tonicity of V' ([%]) on [sg, +00), implies that there exists the limit

lim V <[Z(S)D =LeR. (2.16)

s—+o0o (S)

Let E] be a point of the w-limit set associated to (w,w) (which is nonempty

because of the boundedness of the positive semiorbit of (w,w)), and consider the
solution ¢ of the problem

Aii(s) + Bu(s) + Vg(w(s)) =0, s € [so, +00)
w(so) =7,
w(s0) =Y.
Since, from (2.16)), ([%D L, and the w-limit sets are invariant sets, we obtain

that V(p(s)) =L for every s > sg. Thus, we have that

d
d—V(gp(s)) = —Bp(s)-¢(s) =0, for every s > s,

s
and, in turn, that g = 0 and ¢(s) = 0 for every s > sy. Moreover, considering also
(2.14), it turns out that Vg(Z) = 0. In this way, we have proved that the w-limit
set is contained in the set Z := {(¢,0) € R™ | ( is a critical point of g}, which is,
by assumption, discrete. Therefore, the w-limit set, that is connected, is reduced
to one point of Z, and this proves (2.15)). The proof of the rest part of the lemma
can be done in a similar way, by using the boundedness of (w,w) on (sg , +00) and
again the monotonicity of V' ([%]). d

Assumption 4. For every degenerate approximable critical pair (7,&) € [0, T]xR™,
let w be the unique solution (up to time-translation) of . We assume that
V2 f(7,w(+00)) is positive definite.
With the following proposition and definition, we construct a suitable piece-wise
continuous solution of problem .

Proposition 2.6. Under Assumptions 1-4, let xf, € R™ be such that V, f(0,zf) =0
and V2 f(0,z}) is positive definite.
There exists a partition 0 = tg < ... < t;, = T of the interval [0,T] and, for every
je{l,...,m—1}, two distinct pomts z%, x; € R™ with the following properties:
(1) for every j € {1,...,m}, there exists a unique function u; : [tj_1,t;) = R"
of class C? such that
Vo f(ui(+)) =0 and V2 f(-,u;(-)) is positive definite on [t;_1,t;),
and
u;(tj-1) = j_;
(2) for every j e {l,..,m— 1},

ri= lim u;(t),
tt

(t5, x]) is a degenerate approximable critical pair and there exists a unique

(up to time-translation) function w; : R — R™ of class C? such that
Adj(s) 4+ Bw;(s) + Vo f(tj,wi(s)) =0, seR, (2.17)
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and

' (s) = 2° ' (s) = 2"
sl}gloow](s)—xj, Slgr_loowj(s) Tl

The proof of Propositionis similar to [I5], Proposition 1]. The only difference
is the choice of the heteroclinic solutions: in [I5], those are solutions of equations of
the type w;(s) = V. f(t;, w;(s)); here, equations are taken into account. The
procedure to select a solution can be summarized in the following way: beginning
from zg, we find a unique function w; solution of problem on the maximal
interval of existence [0,%1), and such that u;(0) = «f. If t; < T, it turns out that
there exists x] := lim, ;- up(t) (the index s stands for “singular”) and (tq,z%)
is a degenerate approximable critical pair. Thus, Assumption 3 holds for (¢1,x%).
In particular, Lemma tells us that Assumption 3 (i) and (iii) (together with
Assumption 1 and 2) ensures the existence and uniqueness, up to time-translations,
of the solution w; of with j = 1, satisfying w;(—o00) = x§. Moreover, there
exists limg_, oo w1(s) =: 2 (the index r stands for “regular”) and % is a critical
point of f(t1,-). At this point, we use Assumption 4, so that V2 f(ty,z}) > 0, and
begin again the procedure with (¢, 27) in place of (0, (), to find the solution ug of
(L1), defined on the maximal (on the right) interval of existence [t,?2), and such
that us(t1) = 7, and so on. Observe that, by Assumption 2, V2 f (T, u,(T7)) is
positive definite. The functions uq, ..., u,,, on their respective intervals of existence,
give us the so selected solution u, as the next definition set.

Definition 2.7. Under Assumptions 1-4, we define u : [0,T] — R™ by:
u(t) :==wu;(t), iftetj_1,t;) forsome j € {1,..,m},
T):= 1 m(t
u(T) = lim up (1),
where uj, for j=1,...,m, is the function obtained in Proposition .

Note that, since (¢;, ¥}) is an approximable critical pair for every j € {1,...,m —1},
Assumption 3 implies that the transversality conditions listed in Remark hold
for F (see |i for a definition) at (tj, [IOJD for j = 1,...,m — 1, as shown in
Remark [2.3] Moreover, conditions (TC2) and (TC3) have the same sign, otherwise
we couldn’t have found a solution of V f(t,-) = 0 on the left of ¢;. Thus, there are
two regular branches of solutions of F'(¢,-) = 0 in a left neighbourhood of ¢;. This
is equivalent to say that there are two regular branches of solutions of V, f(¢,-) =0
in a left neighbourhood of ¢;. One of these branches is the already defined u;. For
j=1,...,m—1, we denote the other branch, which is the saddles’ branch, by u;,
and it is

wj : [t5,t;) — R", for some t; € (t;_1,1;). (2.18)
Note that, for § > 0 sufficiently small, it is possible to find t? and ¢;* such that
i <t <t)<t; <ty (2.19)
and the following properties hold:

— )
for every t € [t?,tj), r€B (mj, 4) and V,f(t,z) =0

if and only if x € {u;(t),7;(t)}, (2.20)
x € B(x},0) satisfies V, f(t;,2) = 0 if and only if z = 25,  (2.21)
Vo f(-,-)] >0 on (t;,t5"] x B(x3,9). (2.22)

Throughout the following two sections, we denote by w,, the modulus of continuity
of u; on a compact easily deducible from the context.
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3. APPROXIMATING BY SINGULAR PERTURBATIONS

We consider the equation
2 Aiif(t) + eBUf(t) + Vo f(t,u®(t)) =0, t€0,T]. (3.1)

In both the present approximation method and the one presented in Section [d] we
take into account the following objects. Let zf € R™ be such that V. f(0,z}) = 0
and V2 f(0,z}) is positive definite. We consider a point (zg,y0) € R*" such that
vg is the solution of the autonomous problem

At (o) + Bog(o) + Vi f(0,v9(0)) =0, o € [0,+00)
v0(0) = o, (3.2)
UO(O) = Yo,
and
lim wo(o) = ). (3.3)

o——+o00
Under Assumptions 1 and 2, Lemma [2.5] ensures the existence of the solution of
problem and of the limit in . Also, it tells us that vg(4+00) is a critical
point of £(0,-) and that 99(+00) = 0. The main results of this section are given by
the following two theorems, which describe how the function u of Definition and
the trajectories of the heteroclines w;’s at the jump times ¢;’s are approximated by
suitable solutions u® of .

Theorem 3.1. Under Assumptions 1-4, let zj € R™ be such that V. f(0,27) =0
and V2 £(0,x%) is positive definite. Letu : [0,T] — R™, with u(0) = z§, be given by
Definition[2.7 and v : [0,T] — R™ a solution of such that

(u=(0), £47(0)) = (0, %0), (3-4)

where (g, yo) satisfies and . Then, we have that

(1) (u®,eBu®) converges uniformly to (u,0) on compact subsets of (0, T)\{t1, ..., tm—1};
(2) for every j € {1,...,m — 1}, there evists a sequence {a5}, with a5 — t;, and a
heteroclinic solution w; of

At;(s) + Bw;(s) + Vg f(tj,wi(s)) =0,
lim s oo wj(s) = 77,
im0 w;(s) =0,

(3.5)

such that
v5,05) = (wj,w;) uniformly on compact subsets of R,
i Y5 3> Wy
where
g g g a; T B a;
v5(s) = u(a5 +es), s€ = |

The next theorem can be viewed as a corollary of Theorem |3.1] and gives a
geometric interpretation of how (u®,eBuf) approximates (u,0) and the trajectory
of (wj, Bwj) for j = 1,...,m — 1. It deals with the following sets. Recall the
heteroclines given by Proposition and the function vy previously introduced.
We define

Fo = {(vo(s), Bio(s)), s>0} and Z:={(w,(s),Bw;(s)), se€R}, (3.6)
for j=1,...,m—1, and set
T = {(t,us(t),eBic(t)) : t€[0,T]}, T :=Tpey U aing, (3.7)

where
Iyeg :={(t,u(t),0): t €[0,T]}, (3.8)
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and
Lsing == [{0} x A] U L_J {t;} x [ U{(25,0)}]. (3.9)

Observe that the set I'g;, 4 does not change if we replace some w;’s by some of their
time-translated. Here and in what follows, d(-,-) denotes the euclidean distance
either between two points or between a point and a set. We denote by dy the
Haudorff distance. Recall that if K7 and Ks are two compact subsets of a compact
metric space, the Hausdorff distance between K7 and K5 is defined as

dp (K1, Kz) = sup d(z, Ks) + sup d(x, K1).
rze K, rEKo

Theorem 3.2. Under the hypotheses of Theorem[3.1], we have that
dg(T,T) =0, ase— 0.

In order to prove Theorem and Theorem we need some preliminary
results. First, we state a property of uniform boundedness of the solutions of

equation (3.1).

Lemma 3.3. Let Assumption 1 hold and let t* be a sequence converging to some
t € [0,T). Then, there exists a unique us:[ts,T] — R™ of class C?, solution of the
Dirichlet problem associated to with initial condition at t°. Moreover, if u®(t°)
and £4° (t°) are uniformly bounded as e — 0T, then u®(t) and eu(t) are uniformly
bounded with respect to t € [t°,T| and & sufficiently small.

Proof. The standard theory of ordinary differential equations tells us that there
exists locally a unique solution u® of the Cauchy problem associated to (3.1)). Mul-
tiplying equation (3.1) by @°(¢), it turns out the equation

iiAff-{f +eBu Ut + if(t u) — fi(t,u®) =0

2 dt at’ ’ ’
which, by integration between t¢ and ¢ € [t°,T] and by the positive definiteness of
A and B, gives

2 2 t
T M minli (O + F(t (1) < T AW ()i () + (5,05 (#) + | fulr, e (7))dr.
tE
(3.10)
Then, by using Assumption 1 and , we have that
t
luf ()| < K +K2/ |u®(7)|*dr, for every t € [0,T],
0
where
€ 1 52 °E(4E *E (4E € € € € ~ d
K3 =7 ?Au (t5)a (%) + f(t5,u (%) + (T —¢t7) +a|, Kso:= 7 (3.11)

By differential inequalities (see, e. g., [8]), we obtain that
lus (8)|? < Kef2T=1) | for every t e [0,T],

so that, by hypothesis and by , u®(t) is uniformly bounded with respect to
t € [t°,T] and e sufficiently small. This fact, together with 7 gives that also
et is uniformly bounded with respect to t € [¢t5,T] and e small enough. This in
particular implies that ¢ and @ are defined on [t°, T| and completes the proof. O
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The following proposition will play a crucial role in the proof of the main results
of this section. In order to better handle equation (3.1)), we use the function F :
[0, 7] x R?™ — R?" defined in ([2.2)), so that (3.1)) is equivalent to

u® u®
L] =7 (e [v])

Next, we make use of Lemma in the following way: if u®(t°) and eu°(t°) are
uniformly bounded as e — 07, for a certain sequence t° converging to ¢ € [0,T],
then

{(su®(t) + (1 — s)u(t),esBu°(t)) : (s,t) € [0,1]x[t°, T} (3.12)
is uniformly bounded as ¢ — 0%. We denote by w the modulus of continuity of
V,F(t,-) on a compact which contains the set for every e small enough, w
uniform with respect to ¢ € [0, 7).

Proposition 3.4. By referring to the previous paragraph for the notation, let
F:[0,T] xR™ = R be a C? function, 0 <T <t <T and u € C([t,1],R™) such that
is satisfied on [t,t]. Then, there exists o > 0 such that
V2f(t,u(t)) >a>0, foreverytc [L,1]. (3.13)
Let t¢ € [t,t) be such that
t° —t, for somet € [t,1),

and consider u® € C%([t5,T],R™) a solution of on [t5,T] such that u®(t*) and
eus (t°) are uniformly bounded as € — 0F.
There exists a positive constant C' = C(f,u) such that, if r € (0,C) and

lim sup | (u® (¢°) — u(t),eBuc (t°))| < min{r, rw(2r)}, (3.14)
e—0+
then
limsup [[(u® — u, eBU)|[ g jpe 5y < 7 (3.15)
e—0+ o

The proof of Proposition [3.4] requires two lemmas.
Lemma 3.5. Let A € R"*™ be such that
Re(A) < —a <0,

for every X\ eigenvalue of A, for a certain o > 0. Then, there exists a constant C4,
depending on A, such that

|etA’ < CAe_%t, for every t > 0.

The proof of Lemma[3.5]is straightforward, once A is written in Jordan canonical
form. In the appendix, we recall more general estimates of this kind (see —).
By the following remark, we underline the fact that the constant C'4 of the previous
lemma is not universal, but generally depending on A.

Remark 3.6. For a € R, consider the matrix A = _01 _al , whose spectrum
. . . . -1 0 0 a .
is {—1}. Since A is the sum of the matrices 0 —1 and L which

commute, it is easy to compute

tA_ —t| 1 at
e’ =e {01.

The norm of et is e~*y/2 + a2t2. Therefore, a constant C' not depending on A and
such that ‘etA| < Ce~% should satisfy V2 + a?t2 < Ce? for every a € R; but this
is impossible.
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Lemma 3.7. Let A € R™*"™ be such that
|etA{ < Ce ™, for everyt >0,

for some constants C, v > 0. There exist two positive constants § and b, depending
only on C and v, such that, if B € R™*™ and |B| < §, then

et(AJrB)‘ < be_%t, for every t > 0.

Proof. Observe that in the case in which A and B commute the proof is straight-

forward. Otherwise, for z € R", let us consider the solution v* of the problem
o(t) = (A+ B)v(t), t>0
{ (0) = z. (3.16)

Since

’et(AJrB)‘ ~ sup [v* (t)|
zeR™\{0} ||
the thesis follows if we prove that there exist §, b > 0, depending only on C' and 7,

such that, if |B| < ¢, then
[v® (t)| < be~2!|x|, for every t > 0 and z € R™. (3.17)

For certain constants 0, b > 0 to be chosen later, let us fix a function z €
C([0, 400), R™) such that |z(t)| < be~3t|z| for all t > 0, and consider, for |B| < 4,
the problem

20) — = (3.18)

The solution of [3.1§ can be represented by the variation of constants formula, so
that we can estimate it in the following way.

{ 0(t) = Av(t) + Bz(t), t>0

t
lu(t)| < C{e‘"’t|x| +/ 6_7(’5_5)|B||z(s)|d8} < Clzle” 3! {1 + 235} (3.19)
0

In order to obtain (3.17), we want C' (1 + 2%5) < b, therefore we choose

gl ¢
0 < — b> ———. 3.20
<20 =5 -25C (3.20)
Now, we define the space
X :={veC(0,400),R") : v(0) =z and sup wv(t)ezt <ooy,
te[0,4-00)
which is a Banach space endowed with the norm [|v[|x = sup;c(g 4 o0) v(t)ezt, and

the subset
Q:={veX : vy <|zb}.
From (3.19) and thanks to the choice (3.20)), we have obtained that the operator
G:Q—Q,

that to each z € Q associates the solution of (3.18)), is well-defined. If we prove that
G is a contraction from Q to Q, we will prove that the solution v of (3.16|) satisfies
(3.17)), that is our aim. Let z1, 2o € Q and suppose |B| < §. Then, we have that

t 2C6
/ eU=DAB[2(s) — 22(s)]ds| < 7”21*22””
0

|G(21) — G(22)| x = supe?"
t>0

From 1) it descends that g < 1, so that G is a contraction from Q to Q. [
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€

Proof of Proposition[3.j} Let u® be a solution of 1) and define W, := [7;5} -W,
where W := [ ], so that equation (3.1) is equivalent to

eW. = F(t, W + W.) — W, (3.21)
with F defined as in . Observe that W, = [“5_"}. Set

eBu*®
M(t) ==V, F(t,W(t), te][t1],

and notice that, from the regularity assumptions on f and wu, it descends that
M € C([t,%]). First, let us explain how we find the constant C of the statement.
Since holds, we can prove, as done in Remark that there exists § > 0
such that Re(\) < —B < 0 for every \ eigenvalue of M(s), for every s € [%,1].
Therefore, from Lemma [3.5| and Lemma [3.7] it turns out that there exists b > 0
such that

M) < b(f%7 for every t > 0 and s € [%,1]. (3.22)

Indeed, from Lemma we have that, for every t > 0,

‘etM(s)

< CM(S)€_§t7 (3.23)

with Crs) > 0 a constant depending on M (s) for every s € [Z,%]. Considering
for a certain sg € [, 1], let 8o, by > 0, depending on Chr(sy) and g, be given
by Lemma By the uniform continuity of M on [, {], there exists oy > 0 and a
finite number of s; in [Z,#] such that, if s € [#,{], then |s — s;] < ¢ for some i and
|M(s) — M(s;)| < o, so that, by Lemmal[3.7]

‘ otM(s)

— ‘et(M(si)JrM(s)_M(si))’ < boe_gt, for every t > 0.

Now, let C' > 0 be a constant (depending on b and 8 and , in turn, on f and u)
such that, if 0 < r < C, then

o<t (1120 maxqron)) (3.24)

w(2r — — max . .
—2b I} ’

The reason why the estimate (3.24]) is needed will be clear at the end of the proof.
By now, let 0 < r < C' and suppose that |D holds true for a certain t¢ — t €
[Z,1). Then, there exists ¢, > 0 such that

|(us (%) — u(t), e Buf (t°))| < min{r,rw(2r)}, for every e € (0,¢,). (3.25)
Since t° — 1, it is easy to check that (3.25)) implies, up to a smaller ¢,., that
W (t%)] < 2min{r,rw(2r)}, for every e € (0,¢,). (3.26)

Therefore, it makes sense to define, for € € (0,¢,),
= inf{t € [t°,1] : |W.(t)| > 2r},
with the convention inf () = #, so that [Wellso, e ,7e) < 2r for every € € (0, ;).
Claim. There exists &, € (0,¢,] such that
[Welloo,jt2,2) < 7 for every € € (0, ;).
Observe that the claim implies that ¢ =  and, in turn, that [Welloo .5y < 7 for

every ¢ € (0,&,), that is (3.15).
Proof of the claim. Using again the uniform continuity of M on [%,], let o > 0 be
such that [|M(t) — M(s)|| < w(2r) if |s — t| < o, and define

e —t°
7 =7i(e) :=t°+io, for i=0,.., k., where k.:= { J .
o
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and

M(t%), tetc,m)

M(Tl), te [T17'2)

M.(t):=«¢ .
M(7g.), t€ [Tk, ts]
Observe that M.(t) = M (t° + LﬁJ) With such definitions, we obtain that
IIM Mg 12 7o) < w(2r). (3.27)
Let us write equation on [t,1°] in the following equivalent way:
EWE = MEWE + Hsa

where .
H. = (M — M)W. + [F(t, W + W.) — MW.] — eW.
Clearly, there exists &, € (0,&,] such that

HEW||OO7[tE7£E < rw(2r), foreverye € (0,&,). (3.28)
Noticing that F(-, W (-)) = 0 on [%,#], it turns out that
[[F(t, W + W) = MWe|[ o e 35 <
2rsup { |V, F(t, W(t) + sW.(t)) — M(t)| : (s,t) € [0,1] x [t°, ]} < 2rw(2r).

(3.29)
(3:27), (3.28) and (3.29) imply that
[|He|| o qeie] < 5rw(2r). (3.30)

By setting Z(t) := Wc(et), let us consider another equation equivalent to (3.21))
on [t¢,]:
. t° t*
Z. = M.(et)Z, + H.(et), te€ [, } . (3.31)
e’ €
If k. = 0, that is £ — t° < o, the solution of (3.31] . is

Z.(t) = =M 7, <t) + / eTIMEDH, (er)dr.
g e
Then, by using (3.22)) and (3.30]), we have that
20 10
Vel iy = 12l 2y < 19600+ Fprwten)| <2 (1429 ) e

where the last inequality is due to (3.26]). Then, the thesis follows from (3.24)).
If k. # 0, we define Z? as the solution of equation (3.31)) in [0, ) and, for i =

1,..., ke, we define Z¢ as the solution of equation (3.31) in { , min { ”“, tg }) with

Zs(ifl) ( %7) as initial condition at Z. By using the variation of constants formula,
it turns out that

tE
|Zg| S Rg5 on |:€a 7;) 9 (332)
where )
t€ tE
Rg(t) =b <eg(ta)|W5(t5)| + ﬁorw@r)) , te€ [E’ 7;} ,
and
1ZIl < R, on E%) i=1, ke — 1, (3.33)

¢
1Z¥| < RM. on [TZ;J (3.34)
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where

R0 =0 e H DR (D) 4 S| itk v [272]

It is easy to check that, up to a smaller &, such that bexp ( 8 ‘7) < % for every
€ (0,¢,), Rt (%) < 2rw(2r) (1 + %Ob), for i =0,..., k. — 1 and thus that

i (i 206
R (T;) < 2brw(2r) (11 + 5) ,

for : =0, ..., k.. Hence, from the choice made in , we have that R2 <r
for i = 0,...,k., and therefore, since R! is decreasmg in ¢, from ) we
obtain that

Wl e g <max{i€{0f;;_§gs_l}|Z;||oo,[g,n+1),||z§f||m,[fga,ts

< max R ( 2) <r, foreverye € (0,&,).
i€{0,....k} €

O
Proposition [3.4] allows us to prove a first part of Theorem

Proof of Theorem restricted to (0,t1). We begin the proof of Theorem by
showing that

(u®,eBu®) — (u,0) uniformly on compact subsets of (0,t1). (3.35)

Consider [t*,f] C (0,t;) and let § > 0 be sufficiently small, in order to apply
Proposition Observe that the function

vg(s) :=u(es), s¢€ [0, Z} , (3.36)
satisfies the problem
Ab§(s) + Big(s) + Vi f(es,v§(s)) =0, se€ [0, L]
v5(0) = u=(0),
05(0) = u=(0),
so that, by 7
(vg,05) — (vo,vp) uniformly on compact subsets of [0, +00), (3.37)

where v satisfies ((3.2)) and (3.3). This convergence, the limit in (3.3)) and the fact
that ©o(4+00) = 0 imply that there exists s§ > 0 such that

1
[(vo(s) — xg, Bio(s))| < 3 min{d, dw(26)}, for every s > s, (3.38)
and
lim sup | (uf (es9) — x, e B (es]))| < min{d, 6w (26)}, (3.39)
e—0t

where w is defined in Proposition Then, by using Proposition withf=%=0
and vy in place of u, so that u(t) = «f, and

bf = es)) (3.40)
in place of t¢, we obtain that
limsup [|(u® — u, eBU°)|[og 4 5 < limsup [[(u® — u, eBU) || e g <6, (3.41)
e—0+ e—0+ %0

and, in turn, (3.35)). O
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Statement (3.35)), together with the fact that lim,_,,— u(t) = 21 and the definition
(see (2.20)

of t§ <t 0)), implies that

|(u(#9) — 2, eBa°(1}))] <

l\D\Oﬂ

for every ¢ sufficiently small. Then, we consider, in dependence on 4, the first time

larger that ¢{ in which (u®(t),eBuc(t)) escapes from B((z,0),6):

a$ = max{f € [t3,t;*] : (u°(t),eBuc(t)) € B((z3,0),0) for every t € [t{,7]},
(3.42)
where t* > ¢ is defined in (2.22). Observe that, for every e small enough, a§
is well-defined, since the maximum is taken over a nonempty set. Notice that, if
§ < t7*, it turns out that (u®(a§),eBu(a5)) € OB((z5,0),0).

Lemma 3.8. For every § > 0 small enough, we have that
ai — t1.

Proof. We divide the proof in two steps. Fix § > 0 sufficiently small.

(i) Let 7 > t be a sequence approaching ¢; from the left, as k — +oc. From ([3.35)
we have that, for every k, there exists ex such that |[(u® — u,eBu7)|| o 15 -, <
for all £ € (0,e). Thus, also in view of the definition of ¢, we obtain that

(uf(t),eBuf(t)) € B((x5,0),6), for every t € [t], 7] and € € (0,¢4),

and, in turn, from the definition of a5, that a5 > 7 for every € € (0,¢y) and every
k, so that

lim inf a§ > #;.
e—0
(ii) Here, we want to prove that

limsupa$ < t;.
e—0
Suppose, by contradiction, that there exists a sequence {e}, with ¢ — 0 as
k — 400, and a certain £ > ¢; such that {a$*} C [£,#;*]. Then, up to a subsequence,
we have that
a$k —t e[t t]. (3.43)

Now, observe that the function v§ := u®(aj + es) satisfies the problem
1 1

A5(5) + Bi(s) + Vaf(af +e5,0i(s) =0, s [-4, 724
45(0) = (o),

07(0) = ed®(ag).
From the definition of a5, we have that (v5(0), Bo5(0)) € B((z5,0),6), and, in turn,
up to a further subsequence, that

(v3*¥(0), Bui*(0)) — (2, %) € B((x3,0),9). (3.44)

(B:33) and (BA3) imply that
(V" 01%) = (w, 1), (3.45)

uniformly on compact subsets of a common interval of existence, where w is the
solution of the problem

Ati(s) + Bui(s) + Vi f(t,w(s)) = 0,
w(0) = z, (3.46)
Bw(0) = 2.
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It is easy to check, by using (3.45)), Lemma and the definition of af, that w and
w are defined on all R and that (w(s), Bu(s)) € B((z§,0),d) for every s € (—o0,0].
Moreover, by Lemma there exists the limit
lim (s) :=w(—o0) € B(z},4), (3.47)
s——00
and it satisfies
Vo f(t, w(—o00)) = 0. (3.48)
(3.47) and (3.48) contradict the fact that ¢ € (¢1,t;*], since, by definition of ¢}*
(recall that & has to be small enough), it must be |V, f(f,-)| > 0 in B(x$,6). O

By Lemma any solution of problem differs from any other solution
by time translation, so that the trajectories .#;’s (defined in ) are uniquely
defined. By using Morse-Sard Theorem (see, e. g., [9, Theorem 1.3 ch. 3]) applied
to the function ¢ — [(w;(t) — z, Bw, (t))|?, it is easy to check that the set

Ej = {6 > 0] .7 is tangent to dB((z},0),d) at a point of intersection} (3.49)
has zero measure. The reason why we introduce the sets E;, j =1,...,m — 1, will

be clear in the next proof.

Proof of Theorem 3.1, complete. Let § be sufficiently small. First, let us prove
statement (2) in the case j = 1. Consider an arbitrary sequence €, — 0 and the
function

e

with af given by (3.42)). Observe that v depends on J. By using Lemma and
arguing similarly to its proof, we can show that, up to a subsequence,

(v1*(0), Bit*(0)) = (2, 2) € 9B((x1,0),0),

€ T _qof
vi(s) :=u(af + &), s € [al, Eal} , (3.50)

and that (v$*,95*) — (wy, W) uniformly on compact subsets of R, where w; is the
solution of problem (3.46)), with ¢; in place of ¢, and satisfies

wy(—o0) =27, wi(—o0)=0. (3.51)

The first condition in is due to the fact that w;(—oc) € B(zf,5) must be
a critical point of f(¢1,-) and, since we are supposing ¢ small enough, the unique
critical point of f(t1,-) in B(x$,6) is x5 (see ) Observe that w; depends on 4.
To conclude the proof, it remains to show that, given any other sequence ¢ — 0,
(Ve Ve, ) converges (up to a subsequence) to (w,w), as (vi*, v;*) does. By repeating
the same arguments above, we have that, up to a subsequence, (vi", (") — (w1, ﬁ/l)
uniformly on compact subsets of R, where (1, 1;) satisfies the same system that
(w1, 1) satisfies, and the conditions in . Therefore, by Lemma we have
that
w1(s) = wi(s+ sp), sER, (3.52)
for a certain constant sgp, which we can assume to be nonnegative. Let us suppose,
by contradiction, that sg > 0. By and the definition of aj, we have, on one
hand, that
(w1(s), Buin (s)) € B((x5,0),6), for every s < s; (3.53)
on the other hand, since E; has measure 0 (see (3.49)), it is not restrictive to
assume & ¢ F1, so that there exists o > 0 such that (w1 (s), Biy(s)) & B((x5,0),9)

for every s € (0,0), against (3.53|). Therefore, it has to be s = 0 and, in turn,
wy = wy. Thus, we have proved that

(v§,97) = (wy,w;) uniformly on compact subsets of R, (3.54)
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where, among the solutions of the problem
At (s) + Bui(s) + Va f(t1, w(s)) =0,
limgs oo w(s) = 23,
wy is the one such that (w(0), Bw1(0)) = (z,2) (where (u(a$),eBuf(a5)) —
(2,2) € 0B((z3,0),6)). Moreover,
(w1 (s), Buin (s)) € B((x5,0),6), for every s <O0. (3.55)
Now, recall that, by Proposition the behaviour of w; at 400 selects a point

which allows us to find, as done for [0,;), a solution ug of V. f(¢,-) =0 on [t1,t2).
More precisely:

SETOO(wl(S)vwl(S)) = (21,0),  u2(tr) = 7,

Vaof( uz()) =0 and V. f(-,ua(-)) is positive definite on [t1,t2).
In particular, there exists s§ > 0 such that

|(wy(s) — 2}, B (s))| < = for every s > 9. (3.56)

N

Moreover, due to ([3.54) and to the definition of v, there exists 5 > 0 such that

|(uf (b%) — w1 (s3), eBuf (b5) — Bun (s9))] < g for every € € (0,¢5),  (3.57)

where
bs = b5(8) == a5 + sie,

so that

|(u® () — 27, eBut(b)| < § for every € € (0,e5). (3.58)
By using and Proposition with ¢ = ¢y, b5 in place of %, uy in place of u
(since it can be b§ < t1, note that us is defined in a left neighbourhood of ¢, also)
and 0 in place of min{r, rw(2r)}, we can prove the first statement of the theorem
restricted to (¢1,t2). This fact allows us to extend the definition of a5 and b5 to the
cases j = 2,...,m—1 and to repeat the same arguments used until here to complete
the proof of the theorem. O

Remark 3.9. By looking at the hypotheses of Theorem observe that in the
case in which
(u®(0),£07(0)) = (x5, 0),
we have that
(u®,eBuf) — (u,0) on compact subsets of [0,T]\ {1, ..., tm—1}

In order to check this on a compact [0,#] of (0,#;) (the rest part of the proof is the
same of Theorem , it is enough to apply Proposition with ¢t = ¢ = 0 and
t*=0.

In the proof of Theorem we have defined some special times which we collect
in the following definition.
Definition 3.10. Let § > 0 be sufficiently small. For j =1,....m — 1, we define
a5 = max{t € [t?,t;*] : (uf(t),eBus(t)) € B((x5,0),0) for every t € [t?,ﬂ},

where t? € (tj—1,t;) is defined in and satisfies

€ s - € 0
|(u (t(;) - mngBu (ttgs)” < 5,

for every € small enough. Moreover, we set

_ - 3 N
b; =05(0) == a5 +sje, j=1,..,m—1,
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where s? > 0 is such that

N S,

[(wj(s) — a7, Buj(s))| < -, for every s > sg

We are now in position to prove the last result of this section.

Proof of Theorem[3.3 See (3.6)-(3.9) for the definitions of I" and I'*. Chosen 6 > 0
small enough and such that

m—1
s¢ | Ej
j=1

where E;, for j = 1,...,m — 1, is defined in (recall that U;n:_ll E; has zero
measure), we suppose to work with the particular heteroclinic solutions depending
on ¢ found in the proof of Theorem (see (3:55)). Due to the definition of the
Hausdorff distance, we divide the proof in two parts.
(a) Here, we show that there exists €5 > 0 such that

supd(-,I") <26, for every e € (0,¢5). (3.59)
FE

Set
d.(t) := d((t,u®(t),eBu(t)),T'), te€][0,T].

By referring to (2.19)-(2.20)), to (3.40) and Definition for the notation, and in
view of the fact that

b — 0, as, b5 = t;, forj=1,..,m—1, (3.60)

consider, for every e small enough, the partition
0<bs<t]<al<bi<..<bi, ,<T.

In order to prove (3.59)), it is enough to give a proper estimate of d. on [0, b5), since
we can proceed in a similar way on the remaining part of the interval [0,7]. By
looking at the definition of v (see (3.36])), observe that

sup do(t) < sup [es+d((v§(s), Bi§(s)), %))
te[0,b5) s€[0,s3]
< b5+ [[(vg — vo, BiG — Bio)lloo, 0,8 (3.61)

while, by using (3.41) with ¢{ in place of #, it turns out that
sup de(t) < |[(u” — u,eBU)|| 0 g 18] < 0 (3.62)
te[bg,t9)

Now, observe that we can suppose

5
n—@§§. (3.63)

This fact, together with the definition of af, implies that

1)
sup d.(t) < sup {|t —t1]+ |(uT(t) — z5,eBuc ()|} < Inax{|t1 —afl, }—|—5
teltf af) teltf af) 2
(3.64)
Finally, consider that
sup de(t) < sup {[t —t|+d((u*(t),eBuc(t)), #1)}

t€fag,b) t€las b5)

es) + [ty — af| + ||(vF — wy, BT — Bn)l[og 0,5 (3.65)

IN
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(3.61))-(3.62)) and (3.64])-(3.65)), together Wlth -7 Theorem 3.1 - , the conver-

gences in (3.60) and the convergence of es¢ to 0, imply that there exmts es > 0
such that

sup d.(t) <26, for every ¢ € (0,¢5),
te[0,b5)

and, in turn, imply (3.59).

(b) Here, we show that there exists €5 > 0 such that
supd(-, ') < 20, for every e € (0,&;5). (3.66)
r

By the definition of I and by the fact that (x5,0) € .#1, it is sufficient to analyze

sup d(-,I'%), sup d((t,u1(t),0),T%), sup d(-,I"%),
{O}Xﬂo te[O,tl) {tl}Xfl
since the other cases can be treated in similar way. Let us consider separately
5 €[0,s3] and s > s, and write
sup d((0,v9(s), Bip(s)),I¢) < sup [es+ d((vo(s), Big(s)), (u®(es),eBu(es)))]
s€[0,sd] s€[0,sd]

< b5 +[[(v5 = vo, Bty = Bio)l oo, 0,53): (3.67)

and, in view of (3.38]),

sup d((0,v0(s),00(5)), I) < b5+ sup d((vo(s), Boo(s)), (u(b5),eBuc(b5)))
< b€+6+|( £(bg) — xp, eBUE(bY))]- (3.68)

Now, to carry out a proper estimate supco,) d((t,u1(t),0),I¥), we divide [0,¢;)
in [0,05), [b5,t) and [t,¢;). It turns out that
sup d((t,u1(t),0),I%) < b5+ sup d((u(t),0), (u*(b5),eBu" (b))
t€[0,65) te[0,b5)
b5 + wu, (05) + |(u” (B5) — g, eBu” (b5))]- (3.69)

IN

Moreover, we have that

sup d((t, u1(t),0), 1) < [|u® — u1, e BU| o pe 1) (3.70)
te[bs,t9)

and, in view of (3.63)) and (2.20]), that

sup d((t,u1(1),0),T%) < sup d((t,u1(t),0), (89, u*(1}), e Bi® (¢9)))
[t%,t1) [t§,t1)

5 .
< 5t |(wf (#]) — wr (89), e Bis (17))] + [S(sup) Jur (£) = ua (£5))
t9,t1

<0 (ut(#9) — ua(9), eBus(t))]. (3.71)
Finally, consider supy;, 4 d(-,I'). Observe that
d((ty, wi(s), Bun(s)), I¥) < [tr = b5[ + [(wi(s) — wi(s7), Bun(s) — Buon(s9))|
+|(u" (b5) — wi(s9), Bt (b5) — Bun(s9))],
so that, from (3.56))-(3.57)), we obtain that

. . .3
sup d((t1,w1(s), Buwn(s)),T°) < [t1 — bS] + 55. (3.72)

5
s>s87
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Now, similarly to what is done in (3.56)-(3.58]), we can define ¢§ in the following
way. Since (w;(—00), 1y (—00)) = (x5, 0), there exists 5 < 0 such that

5
[(wy(s) — af, Buwi(s))] < 2 for every s < 5°. (3.73)
Moreover, due to (3.50) and (3.54)), there exists &5 > 0 such that

4]
|(uf (a§ +5%¢) — w1 (s9),eBuc (a5 + 5%e) — Bun (s))] < 2 for every e € (0,&5).
(3.74)
Let us define
¢; = ¢5(0) := af +3%e < af,
and observe that ¢ — ;. We have that
sup d(t1, w1 (5), Biin (3)).T) < |12 = |+ 11(0f = w1, B = Bibn)l | g g
s€[59,s9]
(3.75)
while, since

sup d((t1,wa(s), Bin(s)), %) < [t = ci[ +[(wi(s) = wi(s]), Buin (5) = B (s1))|
s<s59

+[(u(ef) — wi(s)),eBif(cf) — Bun(s9))l,
from (3.73) and (3.74)) it turns out that

. . .3
sup d((t1,w1(s), Buwr(s)),T°) < |t1 — §| + 55. (3.76)

=8
s<s7

(13.67)-(3.72) and (3.75)-(3.76)), together with (3.37)), (3.39)), (3.35) and (3.54)), give

that, up to a smaller &g,

sup d(-,T°), sup d((t,u1(¢),0),T%), sup d(-,T) <24,
{O}X.]o tE[O,tl) {tl}Xﬂl

for every € € (0,£5), and, in turn, give (3.66]). O

4. APPROXIMATING BY TIME DISCRETIZATION

In this section, we study a discrete-time approximation of the same limit problem
constructed in Section [2] and approximated in Section [3| by singular perturbations.
The present approximation process is modelled on the following idea. We consider
a partition 0 = 7§ < 7f < ... < 7F_, <78 =T of the interval [0,7] such that

= k ok
Pk = ogr?galzil(nﬂ ) =0, ask— +oo, (4.1)
and suppose to have defined uf_l as the approximation of the function u given by
Definition on the interval [7F |, 7F). Since u(7F) is a critical point of f(7F,),
we find the next approximating point u¥ by considering the solution v* of the
autonomous problem

AG(0) + Bof (o) + Vo f(F,vf () =0, o€ [0,+00)
v (0) = uf_y, (4.2)
oF(0) =0,

and setting
uf = lim Wf (o), i=2,.. k. (4.3)

o—+o00
Consider a point zf; € R™ such that V,f(0,2f) = 0 and VZ2f(0,z}) is positive
definite. Clearly, the first approximating point of this process could be defined as
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the limit at +oo of the solution of (4.2)) with 7 and z}j = u(0) in place of 7 and
uk_|, respectively. Actually, it does not cost much more effort to define

ub = lim 0¥ (o), (4.4)

—4o0
and v} as the solution of
At (o) + Bif(0) + Vo f(rf,v1(0)) =0, o € [0,+00)
i (0) = s, (4.5)
01(0) = Y.
Here,
(mlwyk:) — (:EOa y0)7 as k — +OO,

and (zg, yo) lies in the basin of attraction of (x{,0) for the autonomous problem at
time 0, that is (zo, yo) satisfies (3.2]) and (3.3). In order to uniform the notation,
we set uf = a:k Note that Lemma [2.5] ensures the existence of the solutions of

problems (4.2 . and of the hmlts in . . Also, Lemma

tells us that ub is a crltlcal point of f(7F,) and that Vo (400) = vk(—i—oo) =0, for
1=1,...,k.

Let T be the same set defined in (3.7)-(3.9). In order to define a suitable set T'*
approximating I', we choose arbitrarily some

of € (tF ,7F) fori=1,.. k,

and introduce a function u* which has, on every [r¥ , 7F], the following features.

On [ T, Q ], it is a suitable reparametrization of ’Uk from a certain big interval
[0, a¥] to [Tf 1,aF], and, on [aF,7F], it is a convex combination of v¥(a¥) taken in

of and uf taken in 7F. More precisely, we fix a sequence §; — 0 and a constant
C >0, and, for i = 1, ..., k, we consider a value a¥ > 0 with the following properties:

minaf — +oo, as k — 4oo0, (4.6)
K3
and, for every k,
k(o k) _ ok
W <O, |oF(a}))| < 6k, uniformly with respect to i. (4.7
i i

It is clear that such values exist, by Lemma [2.5] Then, we define the function
uk € C([0,T],R") by

t— k
k(t) vlk ak T:—kll a’f ) te [Tik—lvaf]? (4 8)
u = k—tl kR +(t— k :
(7§ )U’T(:Z)a( af)uf te [a?,Tik]

i i

Observe that
uF(0) = oF (0) = a2y, WF(rF ) =0F(0)=ul |, fori=2,.k,

ub (o) = oF(a¥), fori=1,.. k,

and that
k k
{uh(t): telrfy,afl} = {vf(0): o €[0,a]]},
while, on [aF, 7F], u¥(t) is an affine function connecting v¥(a¥) to u¥. Moreover, u
can be not differentiable at of, 7, af, 7%, ..., aﬁ. Therefore, with abuse of notation,
we define

k

W (rl) = T_}%I:%ﬁﬂ’“(T), for i=0,.. k-1,
aF(af) = lim (1), for i=1,..,k,

T (ak)t
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and @*(T) := lim,_,p- 4*(7), so that

ab g (T g
uk(t) — ag_Tg—lz)Z (af Tz‘k—ll ar7,> ) te [ i—1» )7 (49)
ui —v; (a)
Tk _ak ) t € [0[1 77—7, )7

k

and 0F(T) := M’W Note that, for i = 2,...,k, ©*(7F ) = ———0¥(0) = 0,

_ i
Tak af =T

while 4*(0) = k yr. Finally, we need some coefficients which have, in the present
analysis, the Same role played by ¢ in Section [3] To this aim, we define

k

k
Za _ka (), te[0,T), (4.10)

Tim15T;
i=1

k__k
with h(T) = a"‘a#, and, in turn,
k

Fo={(t,uk(t), hp(t) Bik(t)) : t € [0,T]}. (4.11)

By referring to Section [2]for the Assumptions 1-4, we are in position to state the
main result of this section.

Theorem 4.1. Under the hypotheses of Theorem we have that
dg(T*T) =0, as k— +oo.

To prove Theorem we need some preliminary results. Under Assumptions
1 and 2, fix 7 € [0,7] and let Z, § € R™ be such that, if v is the solution of the
problem
Av(o) + Bo(o) + V. f(1,v(0)) =0, o€ [0,+00)
v(0) =z,
0(0) =9,
and veo = lim, 400 v(0), then V2 f(7,vs) is positive definite. By the Implicit
Function Theorem, there exist a connected neighbourhood U of 7 in [0,T], a neigh-
bourhood V of vy in R™ and a C? function u : U — R™ such that u(7) = v, and,
if (t,2) € U xV, then V. f(t,x) = 0 if and only if x = u(t). Moreover, V2 f(t, u(t))
is positive definite on U.
Consider three sequences xy — Z, yr — ¢ and 7 € [0, 7] such that 7, — 7, and
denote by vy the solution of the problem

Ai (o) + Bog(o) + Va f(1k,v6(0)) =0, o € [0,+00)

Vi (0) = Tk,

’[)k (0) = Yk-
By continuous dependence, we have that (vg,vx) — (v,9) uniformly on compact
subsets of [0, 4+00), and, by Lemma we know that vy (4+00) is a critical point

of f(7,-) and vg(+00) = 0. The following lemma tells us that, if k is sufficiently
large, vg(+00) = u(7). Moreover, this convergence is uniform with respect to k.

Lemma 4.2. Under Assumptions 1 and 2, let u and vy be as defined above. Then,
there exists ko such that

lim (vg(o),0x(0)) = (u(m),0), for every k > ko. (4.12)

o——+oo

Moreover, for every § > 0, there exists ks, o5 > 0 such that
(vi(0), Big(o)) € B((u(1y),0),0), for every o > o5 and k > k;. (4.13)
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Proof. Let us refer to the previous paragraph for the notation. For every ¢t € U and
every © € R", there exists a € [0, 1], depending on z and u(t), such that

ft,x) = f(t,ut)) + V2t u(t) + alz —u(t)(z —u(t), z — u(t)). (4.14)

Let 7 < 7 < 7 be such that [7,7] C U. Since V2f(-,u(-)) is positive definite on
[T, 7], there exists R > 0, depending on [T, 7], such that, if § € (0, R), then

min {\ : A is an eigenvalue of V2 f(t,u(t) + 2), |z| <6, t € [7, ]} := Bas > 0.

(4.15)
Choose ¢ € (0, R). From (4.14) and (4.15)), we obtain that
2
min  f(t,z) > f(t,u(t)) + Bs—, for every t € [T, 7], (4.16)
o —u(t)|=4 4
while the uniform continuity of f(-,u(+)) on [T, 7] implies that
52
‘ m(aicK ft,z) < f(t,ut)) + ﬂ(sg, for every t € [T, 7], (4.17)
z—u(t)|<r

for a certain 7 € (0,3). Since (v(0),9(0)) = (va,0), as ¢ — +00, we can find
os > 0 such that

) 1 1
[v(0) — Voo| < g, and |0(0)] < 2min{21/2ﬁ273}, for every o > o5s.

(4.18)
By the uniform continuity of (vg, 0) to (v, ¥) on compact subsets of [0, +00), there
exists ks such that, for every k > ks,

vﬂw)—wmnsg,wa%»—wmnsidjg. (4.19)

Also, we can suppose that
\Mmywﬂgg,mmwwkzm. (4.20)
Let 0 > 05 and k > ks. By arguing as in the proof of Lemma [2.5] we obtain that
(72 01(0)) < 5 At (05 01(05) + F (70, a0, (a.21)

and, by using (4.18)-(4.20]), we have that
v (os) — u(mh)| < vk (o5) — v(os)| + [0(05) = Voo| + [vee —u(Ti)[ < 7. (4.22)

Then, noticing that 7, € [T, 7] for every k sufficiently large, (4.17)), (4.21) and (4.22)
imply that

2
foeue) < inion + fmim) + 555
S Flriu(m) + s, (423)

where in the last inequality we have used also the second estimate in and
@ . From (4.16) and (4.23), we obtain that vy(c) € B (u(Tk)g for all 0 > o5
and k > ks. This fact, together with the second estimate of (4.18]), gives (4.13).
In particular, let us fix 6o > 0 such that B (U(Tk), %0) C V for every k > kg, for a

certain ko > 0. Then, by Lemma and by the fact that the unique critical point
of f(,-) in B (u(7), %‘J) is u(7y), (4.12) is proved. O
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For the following lemma, observe that, for j = 1,...,m — 1, the function u; 4,
defined in Proposition is more generally defined on [¢;,¢;41), for a certain
t; < t; sufficiently close to ¢; such that

Vof(ujp1() =0 and V2f(-,u;j41(+)) is positive definite on [%;,#;11). (4.24)

Since the notation is unavoidably heavy, be careful to distinguish the functions u;’s
from the functions u*’s defined in proceeding from the points u¥’s, defined in
and . The next lemma tells us essentially that, for k large enough, the
points u are indeed values approximating u; on compact subsets of (0,%1).

Lemma 4.3. Choose t € (0,t1) and § > 0. There exists ks, o5 > 0 such that, for
every k > ks, we have that

(vF (o), Bo¥ (o)) € B((u1(7F),0),0), for every o > o5, (4.25)
and, if TF € [t5,1], then
(vE (o), BoF (o)) € B((u1(7F),0),6), for every o > 0. (4.26)

In particular, there exists k such that
uf = uy (7F), for every 7F € [7F i) and k> k. (4.27)

To show that and hold for i = 1, we can use Lemma with 7 = 0,
T = 20, J = Yo, Vo in place of v, uy in place of u, vo = zfj, and 7F, v¥ in place of
Tk, Uk, respectively. The proof of the remaining part of Lemma can be done by
induction and by using essentially the same arguments of the proof of Lemma [4.2]

While Lemma takes into account the approximating points u¥ on compact
subsets of (0,t1), the following lemma, whose proof is similar to the previous one,
deals with [£;,t;41), which is a slight modification of [¢;,¢;11) in the sense of ,

forj=1,....m—1.

Lemma 4.4. For j = 1,..m — 1, let t; < t; be sufficiently close to t; so that
holds . For j = 1,...,m — 2, choose fj € [tj, tjy1), and set tm_1 =T. For
every 6 > 0, there exists ks > 0 such that, if

1l € [8,45] and uf = uj (),
for some j € {1,...,m — 1}, then
(Uz]'c(o')a B’Uzk(a-)) € E((u_]'-|-1(7—ik)70)7 5)) fO?” every o > 07
for every 7F € [rf. |, 1;] and k > ks. In particular, there exists k > 0 such that
uf = uj1(rF),  for every 7 € [rfy,t;] and k> k.

In order to prove Theorem [{.I] we need to select some special indices among
i =0,....,k and show certain properties of those. Lemma and suggest
that we can expect that there exist some indices Oi which mark a transition around
t; from the approximation of u; to the approximation of u;1, that is uf = Uj(Tk>

i
for every T:i <1< TOEH. Unluckily, it is not really like this, since, as we will see,

it may happen that, if TF < t; is “too much close” to t;, u¥ € {u;(7F),u;(7F)}
(see (2.18) for a definition). We will show later that the indices introduced by the
following definition, which depends on a small parameter § estimating the distance

from z7, are those responsible for the transition.
Definition 4.5. Let § > 0 be small enough. For every j € {1,...,m— 1}, we define

o} = 0l (§) := min A7,
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where Al = Al (8) is the set of the indices i € {0, ...,k — 1} such that

— )
<ty ufeB(xj-,2>,

(511 (0), Bt (0)) € OB((23,0),8), for some o >0,
where x%, for j =1,....,m — 1, is defined in Proposition .

and

Remark 4.6. Observe that, for k sufficiently large, the definition of oi is well-
posed, since Ai # (). Let us check this fact in the case j = 1. For j =2,...,m — 1,
the proof can be conducted in a similar way, by using also the next lemma. Recall
and choose t € ({,¢;). By Lemma for every k sufﬁciently large, there
exists al least one index i such that 7F € [t{,#] and uf = ui(7}) € B (2§, $). Now,
there are two possibilities:

(1) TikH > t1: in this case, we can suppose, up to bigger k’s, that 7'Z-k+1 < £7* (see
) and - for the notation). Thus, by recalling that uf, ; = vF ;(+00) is a
crltlcal point of f(7F,,,), we have that u¥, , ¢ B(z{,8). Then, since uf = v¥,,(0) €
B (2$,2) and 9F,(0) = 0, it turns out that (v, (o), Bok, (0)) € 0B((2%,0),5)
for some o > 0 and therefore i € Ak,

(2) 7F.; < ty: in this case, if (vF,(0), BOF,,(0)) € dB((5,0),0) for some o > 0,
then i € A}; otherwise, limy_, oo (VF, | (0), BOF,1(0)) = (uf1,0) € B((5,0),0).
But uf,, € {u;(7F.,),u;(7}1)} and 8§ < 7F < 7f, < t17 therefore uf, , €
B (:Ei, i). At this point, we begin again by considering T, +2 and, in turn, case
(1) or (2).

By this procedure, in a finite number of steps we find some i € A;.

It is useful to underline two facts which emerge from Remark [£.6}

k kY 5 (. k
Uoi € {u] (Toi) , Uj (Toi>} s (428)
and we cannot determine whether 7% > t; or 7% < t;. The following lemma
03, +1 03, +1

will be useful to prove the main result of this section and tells us (see point (3))
that the index o, marks the transition from the branches u; and @; to uj;1, as it
was expected.

Lemma 4.7. For every j € {1,...,m — 1} and 6 > 0 small enough, the following
properties hold:
k —.
(1) Ty t
(2) u’;j — T35

k

k
(3) for every k large enough, u*; == wu;ii(7 JH) hence Ut 41 — 7.

ol +1

Proof. Let us begin with the case j = 1 and write, in order to simplify the notation,

or, = 0x(d) in place of of.

( ) Observe that, from Definition 7’“ < 5. Let t < t; be arbitrarily close to
. We want to show that there exists k such that 7% € (Z,t1], for every k > k. We

can suppose that 7 > 9 (see [2.20) - Observe that, 1f z, y € R™ vary in a compact,
by uniform continuity there exists p = p(d) > 0 such that
824,
|[f(t,z) — f(t,y)] < 32|g|’;’, for every t € [0,T] and |z — y| < p. (4.29)
Choose 7 € (I,1;) and set § := % 1 min{p,6}. Lemma (4.3 tells us that, for every k
large enough (depending on & and on [7,1]), there exists an index i > 1 such that

o <t<tf<rh, < (4.30)
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F=u(r), (4.31)

u %

and
v (o) € Blui(tF,y), 5), for every o > 0. (4.32)

Thus, from |j and the definition of 6 and of £, we obtain that

< 3
[0F1(0) = 5] < o1 (0) = wa ()| + |ua (7)) — 23] < i (4.33)
Also, recall that
A 1. )
2m Uf+1(‘7)|2 + f(Tik+1a Uzl‘c+1(0)) < *AU?+1(O')'U§+1(O') + f(TikJrh v§+1(‘7))
< f( z+17 z) (434)
for every o > 0, and observe that, by (4.1) and - 4.32)), we can suppose, up

to greater k’s, that

[uf = vfia (0)] = [ua (7)) = vy (0)]
< lun () = un (7)) + lua (7f1) = v (0)] < .
for every ¢ > 0. Thus, from (4.29) and (4.34)), it descends that

. 2 1 19
|vi+1(0)| < \//\T[f(qﬁl,uf) — f(Ti]Zrl,varl(U))]? < 7 for every o > 0.
(4.35)

[@30), [@-31), ([@-33) and ([@.35) give that

— )
uf € B (z‘f, 2) and (v}, (o), Bo¥, (0)) € B((5,0),6), for every o > 0.

(4.36)

By the same arguments just used, we can prove that, whenever [ < i is such that
uf € B(zi,$), we have that (v l+1( ), Bkt (0)) € B((%,0),6) for every o > 0.
This fact, together with ( - ) and the definition of og, implies that o, > i and
therefore 77 > 7/ > 1.
(2) This limit follows from property (1) and from (4.28]).
(3) To further simplify the notation, let us write v, instead of v% |, so that vy, is
the solution of

A (0) + Bog(o) + Vo f (15 41 vk(0) =0, o € [0,+00)

Vk (O) = U}Sk,

0(0) = 0.
By Definition the following parameter is well-defined for every k sufficiently
large:

o :=min{o > 0: (vx(0), Box(o)) € 0B((z31,0),9)}. (4.37)
The compactness of dB((z$,0),0) implies that, up to a subsequence,
(Uk(O'k) ka(O'k)) — (Z 73), (438)

for a certain (z, 2) € 0B((x5,0),0). We claim that
or — +oo, as k — +oo. (4.39)

Indeed, if it was (up to a subsequence) oy, € [0, M] and o, — &, for some M > 0
and & € [0, M], we would find the following contradiction: by points (1) and (2), it
is (vg, vk ) uniformly convergent to (v, v) on [0, M], where v is the solution of

Ab(o) + Bo(o) + Vi f(t1,v(0)) =0, o€ [0,+00)
v(0) = =1,
(0) = 0.
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In particular, it is (vg(ok), ¥k (0%)) = (v(6),0(5)) and, in turn, by (4.37)), (v(5), B0(6)) €
0B((z3,0),6). This is an absurd, because v = 5.
Now, let us define

Uk(0) == vg(o + o), 0 € [0k, +00),

which satisfies the system Avy(o) + Big(o) + Vo f(tE 1, 0k(0)) = 0, for o €
[—ok, +00) and the conditions ¥,(0) = vy (ok), Ux(0) = 9x(0%), and let w; be the
solution of

Aib(0) + Biio) + Vo f(t, w(0)) = 0, o € [0,40c)

By point (1), (4.38) and (4.39), we have that (O, 0) — (ws,w;) uniformly on
compacts subsets of any common interval of existence. By using this fact together
with the definition of oy, it is easy to show that

{(w1(0), Biin (o)) : o <0} C B((z5,0),9). (4.40)
Thus, by Lemma [2.4] together with and Proposition we have that
im (un(s).1in(s)) = (21.0)._lim_(wi(s)un() = (01.0),  (4.41)
and that
(Ug, Ux) — (w1, ), uniformly on compact subsets of R. (4.42)

Observing that, by definition, ulgkﬂ = limy, 400 Ok(0), it is enough to apply
Lemma with t1, z, B72, af, ug, vk(ow), vx(ok), 75 1 and ¥ in place of
T, %, U, Voo, U, Tk, Yk, Tk and vy, respectively, to conclude that u’ng = uQ(Tfk_H)
for every k large enough, and, in turn, that Ulgk—s-l — 7.

The proof of the cases j = 2,...,m —1 can be done in a similar way, by using, more,
the case 7 = 1. O

Lemma[4.3]and Lemma[£.7] allow us to state and prove a result of approximation
of u on compact subsets of (0, 7]\ {t1,...,tm—1}. Since the jump times ¢;’s are not
so far considered, the heteroclines w;’s appear in the statement just because they
are involved in the definition of u through their limit points z7 and 7 at —oo and
+00, respectively (see Deﬁnition. Notice that Proposition by including the
uniform convergence to 0 of the “modified” velocity hyB1* on compact subsets of
(0, 7]\ {t1, ..., tm—1}, recovers all the information collected in Theorem 3.1 (1) by
using a different approach. We refer the reader to — for the notation.

Proposition 4.8. Under the hypotheses of Theorem|3.1, we have that
(u*, hy Bu*) = (u,0), uniformly on compact subsets of (0,T]\ {t1,....,tm_1}.

Proof. Let us consider the interval (0,¢1). The proof for the other intervals can be
done in a similar way, by using, more, Lemma (3). Choose t and t such that
0 <t<t<t and § > 0 arbitrarily small. Observe that, for k sufficiently large,
there exits ¢ and m such that ¢ —m > 2 and
+1

2 K
so that it is sufficient to analyze the following two model cases.
(i) If t € [t,a¥ ), then uF(t) = vF (o) and hy(t)0F(t) = 0F , (o) for some

o €1[0,af_, ). Thus, since

»r—m

(™ (t) = wa (8), hao () BE" (0)] < (v (0) = u (7 ), BO ()] + [ua (7f) = ua (B)],

S

o <t<al, <.<di<t<7TF<
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in view of Lemma we have that, for every k large enough,

[1(w* = w1, b Bi¥) | oo (7,08 ) < 8+ Wy (pr)-
(ii) If t € [oF, 7] then u*(t) = Uf(a?)(T’i;?;(t*a?)uf, so that, by using Lemma
k

(uf = uy (7F) for every k large enough, since 7 < %),

|(u*(t) = ua (t), hio() Ba* (t))] <

k E ok k( k
af =7 up —v(a])
o (ak) — b+ 13| T Sy (8 — (). (4.43)

?

i i i
(4.7) and (4.43) give that
k

k
o — T
(" — w1, A Bib)|| o (a5 < O(7F — af) + |B|C’T“ + wu, (pr)-

Since pr — 0, cases (i) and (ii) tell us that |[(u* — ul,thuk)Hoo’m < 26 for
every k large enough.

From Proposition [4:8] one can easily deduce an approximation resul related to
the piece-wise constant and the piece-wise affine interpolations of the points uf,
seen as the piece-wise constant and the piece-wise affine approximations of uF¥,
respectively. To be precise, let us set

=tz -y ¢ o, of)

T, tG[O’le) o g ky, k
Ty —1 +(t—T1
o) el o R )
u = . u = .
uz_p te [Tlic_pT]» (T—t)up_ +(t—75_ ) uf te [T,]: . T}
) —1» .

&
T—1p_4

We have that

k

@*, 4% — u, uniformly on compact subsets of (0, 7]\ {t1,...,tm_1}.

This fact requires, for its proof, much less than what we have needed to prove
Proposition since it does not take into account the velocity.

Remark 4.9. Observe that, if zo = 2z, and yo = 0 (recall (3.2)) and (3.3))), we
obtain that vy = xj. In this case, it turns out that
(u*, hy Bu*) — (u,0), uniformly on compact subsets of [0, 7]\ {t1, ..., tm_1}.
To see this, choose ¢ € (0,¢;) and 6 > 0. In view of the proof of Proposition it
is enough to consider the case t € [0,a¥) C [0,7], so that
[(u® (t) — i (t), he(t)Bi*(t))| = |(vF (o), Bk (0))|, for a certain o € [0, ak).
(4.44)

Let o5 and ks be given by Lemma Then, from lj we have that, if o > o5

and k > 155,
|(u () — wr (), by (8) Bi* (1)) [(vF (o) = ua (71), BOY (0))] + Jua () — wa (t)]

o+ Wy (pk);

IA A

if 0 €10,04),

|(u*(t) = ua (1), hio(t) B* (t))] (v (o) = g, BUy (0)] + g — wa ()]

101 = 25, BOT)|loo, 0,05) + war (Pk),

and we can conclude by using the fact that (vf, 0¥) — (2, 0) uniformly on compact

subsets of [0, 4+00) and pp — 0.

IAIA
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What it remains to do now is an accurate study at time 0 and at the jump
times t;’s. This is done in the proof of the main result of this section. We refer to

(13-6)-(3.9) and (4.11) for the definitions of the sets I" and T'y.

Proof of Theorem[].1 We follow the position already used in the proof of Lemma
we write o and vy in place of o} and v§k+1, respectively. In the sequel,
whenever 0 > 0 is arbitrarily chosen, it will be implicit that the following objects,
which depend on § and have been defined in the proof of Lemma [4.7] are involved:
the sequence {0y} such that o, — +oo and functions (o) := vi(o + of) and wy
such that — hold and

{(@k(J%B@k(U)) o€ [_O—kvo}} - B((CL";,O),(S).

Choose ¢ > 0 arbitrarily small. In order to prove the theorem, we are going to show
that, for every k large enough,

dp(T*,T) = supd(-,T) +supd(-,T*) < 24. (4.45)
Tk r
Recall £ from ([2.20) and observe that we can suppose
t —t§ < 4. (4.46)
Moreover, by Lemma [£.3] there exists ks such that, for every k > ks,
t 4+t t +t
Tfk € ( L —; ! ,tl} and uf = uy (7F) for every 7 € [le, L ;— 1} . (4.47)

We divide the proof in two parts, in view of the definition of the Hausdorff distance.
(a) Here, consider suppx d(-,I") and set
di,(t) := d((t,u® (t), hy(t) BuF(2)),T), te[0,T].

By considering the partition 0 < 7% < 7% | < ... < T, which depends on § (see
Definition 4.5)), it is clear that it is sufficient to analyze dj in the model cases

t € [0,7F) and t € [7k 7% ), since the case j # 1 can be treated in a similar

way. Let us divide part (a) in two subparts.

(al) Consider first dy(t) for t € [7F 7% ). From Lemma from (4.42) and
from the fact that wi(400) = z] with V. f(¢t1,27) = 0 and V3 f(t1, 27) is positive
definite, it descends that there exist 65 such that, up to a greater ks,

(o (), Big(0)) € P((ug(Tka), 0),9), forevery o > &5 and k> ks. (4.48)
Ift € [rk ok . )), we have that
di(t) = d((t, vk (o), Big(0)),T),  for some o € [0,ak ;).
Recall that 0 (o) = vi(o + o), with o — +oo. Therefore, if o — o, > &5, we use
to obtain that
di(t) < [t —t1| + d((Ok(0 = ox), Bog(o = ox)), (a1,0)) + [ua(rg, 1) — a7
< (t—7o) o+ 6+ Jua(rh 1) — il (4.49)
for every k > k5. If 0 < 0 — 0, < G5, then
dr(t) < |t—t1| +d((ox(o — o), Bog(o — or)), F1)
< (= TE) + pi +||(0k — wi, Bk — Btn)||co 0,54 (4.50)
In the case ¢ < oy, by the definition of o we have that (vk(o),Bo)) €
4.7

B((x%,0),0). This fact, together with (4.49), (4.50), (4.42) and Lemma 4.7, gives
that

dp(t) <26, forevery t € [rF ok ), (4.51)

for every k sufficiently large.
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In the remaining case t € [af |, 7% ), we use (4.7) and Lemma (c), so that

k k
r Qo+1 — Toy
di(t) < (ti = 75,) + pi + Clrgy 1 — g, |+ Jua(7), 1) — 2| + |B|07ka+k -
or+1
(4.52)

(4.51)), (4.52) and again Lemma give that, for k large enough,
sup  di < 20. (4.53)
k k
[T"k ’70k+1)
(a2) Now, let us take into account dj(t) for ¢ € [0,7% ). We have to distinguish the

5 s
case t € [0, tl;h) from t € [% Tk ) Suppose ¢ € [rF,7F) for some i > 1.

» log
The case t € [0,7F) can be handled similarly to the case (al), but more easier,
since in this case we have to use the uniform convergence on compacts of (vf,0¥)
to (vg, ¥9), instead of the one of (¥, V) to (wi,wr).
s
Ift e [O, %) N[k, af ), we have that di(t) = d((t,vF,(0), BiF ,(0)),T) for

some o € [07af+1). Thus, by using 1) in Lemma up to a bigger ks, we
obtain that

o < t(ls%tl, for every k > ks,
so that
Uiy = (7)), (4.54)
and

di(t) < (Tik+1 —t)+ |(Uf+1(<7) - “1(7'1"11% B@f’ﬂ(a))l < pr+9, forevery o >0.
(4.55)

8
Ifte [O, %) N ek, 7F 1), again in view of (4.54) it turns out that

k k k k(o
& & b k Qi — T |U1(7"+1) —v-+1(a-+1)|
(t —agyy) +[vipa(aiyy) —ui(riyg)| + | B|—"F5— = - -

dp, (t) &
iy Tit1 — Q41

IN

k k
YOk, — ok |+ Bl T T (4.56)
Pk Tit1 — X1 = ) .

ity
where the last inequality is due to (4.7)).

5
In the case t € [tlgtl Tk ) N [Tik, Ti’“+1), observe first that we can suppose, for larger

IN

)’ Tog

k’s, that 7F > #{. Thus, since u¥ € {uy(7F), % (7F)}, we have that

ﬁw(@;i)).

This fact, together with the fact that 7/ < 7% and the definition of oy, gives that
(vF 1 (0), BOf, (o)) € B((25,0),6), for every o > 0. (4.57)
Thus, if t € [7F,al ), so that di(t) = d((t,vF, (o), BoF,,(0)),T') for some o €

[O,afﬂ), from 1D and 1) it turns out that

dk(t) S d((tﬂ vf+1(0)a B’Dzk—&-l(g))v (tla Ii, 0))

<t17t‘{

+1(vfy1(0) = a1, Bij (o)) < 26, (4.58)
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Otherwise, if t € [a¥, |, 7F, ), we have

k k(,k k k

iy — T Jug — v (aig)]
di(t) < pr At v (af) —ua (7o) + | Bl ——
i1 Tit1 — Q4

k
T

1
< e+ Clrfy — o+ by — 2+ e — (7)) + |B|071+ ;
z+1

where, in the last inequality, we have used . Then, by using (4.1)), the definition
of t0 and 7) (which gives uf , € B(z},d)), we have that, for every k large
enough,

9+t
di(t) <24, foreveryte [1;1,701“1) N ok, 7FL). (4.59)
(4.55), (4.56), (4.58) and (4.59) imply that, for every k large enough,
sup dj < 20. (4.60)
[O’T‘?k)

(b) Here, we consider supp d(-,T¥). By the definition of I" and by the fact that
(x5,0) € #4, it is sufficient to consider the cases

sup d((t,ui(t),0),T%), sup d(-,T%), sup d(-,T'%).
tG[O tl) {O}Xfo {tl}Xfl

Let us divide part (b) in three subparts.
(b1) If t € [0,¢9), suppose t € [rF,7F ;) for a certain index 4, so that, up to a bigger
ks, 7F., <t§ and , in turn, uf , = u(7F,) for k > ks. Therefore, by recalling that
ub(7F,) = uf,, and @*(7F,) = 0, we obtain that

d((t,ua(1),0),T%) < (7fiy — ) + ur(t) — wa(tf)| < pr+wuy (1), (4.61)

for every k > ks. For t € [t3,t;), we write, in view of (4.46) and -,

d((t,u1(t),0),T%) < d((t,u(t),0), (15, u* (70 ), b (75, ) B (75))
< (tr = 1) + |ur () — @3] + |af —uf, | <26, (4.62)
for every k > ks. (4.61) and m ), together with (4.1), give, up to a bigger ks,

sup d((t,u1(t),0),T%) <26, for every k > k;. (4.63)
tel0,t1)

(b2) Consider (0,vo(c), Big(c)) € {0} x # and let s3 > 0 be defined as in (3.38).
Since a¥ > s for every k large enough, it turns out that

d((07 7)0(0)7 B’I.}()(O')), Fk) < 0411C + sen[%)ii‘lé] d((UO(U)ﬂ BOO(U))ﬂ (U]f(s)7 vi(s)))

Then, if o € [0, s§], we have that
d((0,vo(0), Big(a)),I'*) < af +||(vo — vf, Big — Bit)|loc. 0,055 (4.64)
while, if o > s,
d((0,v0(0), Big(0)),T*) < d((vo(a), Bio(0))., (u® (1), hy(r{) Ba* (71)))
< d((vo(0), Big()), (25, 0)) + |25 — ur (7). (4.65)

1] and lb together with 1) and the uniform convergence of (vl,i)’f) to
(vg, 0g) on compact subsets of [0, 4+00), give

sup d(-,T%) <4, for every k large enough. (4.66)
{O}X.ﬂo
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(b3) Finally, let us take into account SUP {4, } ., d(-,T*%). By recalling 1} we
obtain that

d((th wl(s)7 B’lb1(8)), Fk) < (tl - T ) + d(( ( )7 Bwl(s))7 (ulgk70>)
< (tl - ok) +0+ |3§‘1 - U];k ) (467)

for every s < 0. Similarly, if s{ > 0 is defined as in (3.56)), for every s > s we can
write

d((t1, wa(s), Bun(s)), ")

IN

[t — 7o, 41| + d((wi(s), Bii (5)), (ug, 11,0))]

)
b= 7h a5 o] — bl (4.68)

IN

For the rest part of the proof we need the following claim, whose proof is postponed
at the end.
Claim. For every § > 0 and § > 0 sufficiently small, there exists k; 5 > 0 such that

algkﬂ — o > 35, forevery k> kss.
It remains to consider s € [0, s{]. In this case,

d((ty, w1 (s), Buy(s)),TF) < inf d((t1, wy(s), Biy(s)), (t,u"(t), hi(t) Bi*(t)))

te[T§k7a§k+1)

< (1 — Tfk) +por+ inf  d((wi(s), Buwi(s)), (vg(o), Bog(o)))

o€lo, ‘lok+1)

= (ti—78)+pe+ inf d((w1(s), Bun (s)), (0x(c), Big(c))).

Ue[fok,a’;k_'_lfo'k)

Thus, since o, — +00, in view of Lemma (1), of the claim and of (4.42) we
have that, up to a bigger ks,

d((tr,wi(s), Bun(s)), I*) < (ti— )+Pk+gggg]d((wl( s), Bun(s)), (0k (o), Bug(a)))

(tr = 7o0) + pi + || (w1 = Tg, By — BUg)[oc, 0,581
< 0+ ps (4.69)

for every k > k5. (4.67)), (4.68]) and (4.69)), together with (4.1)), imply that, up to a
bigger ks,

AN

sup d(-,T%) <26, for every k> ks. (4.70)

{t1}xA
By considering together the estimates in (4.53)), (4.60[), (4.63)), (4.66) and (4.70)),
which hold also for generic j’s in place of j = 1, we obtain (4.45). O

Proof of the claim. Suppose, by contradiction, that, for a certain § > 0, § > 0 and
up to a subsequence, a’(fk 41 < 840y for every k. Then, by the definition of oy, (see

#.37),

(vk(ag, 11 = 3), Bow(ag, 41 — 3)) € B((x3,0),9)
so that, up to a subsequence, (vi(ak |, — 8), Bix(ak _, — 3)) — (p,p), for some
(p,p) € B((x5,0),5). Consider

(o) ==vp(o+al 1 —8), foroc>8—ak ;.

From Lemma [4.7] H from the definition of vj, and from the fact that a® ; — 4o,
it is clear that (o, 0)) converges uniformly on compact subsets of R to (iy, ),
where 1, is the solution of

A’l;n + Bﬂbl + me(thﬁ)l) =0,

w1(0) = p,

Bw1(0) = p.
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Observe that

(vk(ag, 1) Bow(al, +1)) = (8(3), Box(8)) — (d1(3), Bin (),
and (wy(3), B, (8)) # (21,0), otherwise it would be (i1, Biy) = (27,0), so that
(27,0) = (w1(0), Biwy(0)) = (p,p) € B((x5,0),d), which is not true if § is small

enough. This is a contradiction, since, by Lemma (3) and by (4.7), we obtain
that, for every k large enough,

< C(T§k+1 - a§k+1) + |Bldk + \u§k+1 — 7],
so that _
(f)k(é)ﬂBﬁk(g)) = (Uk(a§k+1)7Bbk(algk+l>) — (:'CI’O)'
O

5. APPENDIX: EXISTENCE AND UNIQUENESS OF THE HETEROCLINIC SOLUTION

For sake of completeness and since we could not find in the literature a satisfying
proof, we state and prove here a result of existence and uniqueness, up to transla-
tions, of the solution of a first order autonomous system, issuing from a zero of the
vector field where suitable transversality conditions are satisfied.

Proposition 5.1. Let F : R™ — R™ be a C? function such that F(n) = 0. Let the
following two conditions be satisfied:

(i) 0 is an eigenvalue of VF(n) with mg(0) = 1 and Re(\) < 0 for every
eigenvalue A # 0. This implies that there exist w, v € R™ such that w-v # 0
and ker VF () = span(w), ker VF(n)T = span(v);

(i) v-V2F(n)[w,w] # 0.

Ezxcluding the constant solution n, there are infinitely many solutions of the problem
{ x(t) = F(x(t)), te€ (—o00,0] (5.1)
lims, oo 2(t) = 1, ’

and they differ from each other by time-translations.

From assumption (i) of Proposition [5.1]it descends that R™ can be decomposed
as
R™ = X; ® X5, with X;:=span(w) and X5 := {Z/}J‘.
We denote by 7; the projection on X;, i = 1,2, so that every x € R™ can be
uniquely written as ¢ = x1 + xa, where x; = m;(z). Observe that
TV
m(z) = z,w, where x,:=—.
wv
For every R™-valued function g, we use the notation

Guw ‘= (g('))wa gi ‘= (g())zv 1=1,2.

To further simplify the notation, we write A in place of VF(n) and denote by
the spectral gap of A, that is

B :=min{|Re(A)| : A is eigenvalue of A and Re()\) # 0}.

It is well-known that for every € € (0, ), there exists C; > 0 (also depending on
A) such that the following fundamental estimates hold:
||etA o 71'1H < C.efMl for every t € R, (5.2)
et om|| < C.em¥=9' for every t > 0. (5.3)

Remember that both 7 and w5 commute with A and hence with et4. The proof
of Proposition [5.1] requires the following lemma.
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Lemma 5.2. Under the same assumptions of Proposition for every a > 0
sufficiently large there exists a unique solution of the problem

@(t) = F(x(t)), te€ (—00,0]
2,(0) = + 5, (5.4)
limg, oo 2(t) = 7,
in the space
Y:={y: (00,00 = R™ : [[y1]lyp < o0, [[y2]lvy < oo},
where
3
lyallve :==sup |t —ally1 ()], lly2llyg =sup[t — al? |y2(t)]-
t<0 t<0

Proof. First, observe that Y* is a Banach space with the norm
lyllye = llwallve + [ly2llvz-
Note that we can suppose n = 0 and |w|, |v| = 1. Also, we can suppose
v-V2F(0)[w,w] = 2(w-v). (5.5)
If we write
Fx(t)) = VF(0)x(t) + %V2F(0)[Cf(t)]2 +o(jz (1)),
observe that, by assumptions (i) and (ii) and by (5.5), F.,(z(t)) has the following

expression:

Futa(®) = 22(0) + - {TPFO0.22(0] + 572 FO a0 + ool }

wv
(5.6)

while, by assumption (i) and by noticing that Rank(VF(0)) C X5, we have that

1

Fy(z(t)) = VF(0)za(t) + m {QVQF(O)[QJ(t)}2 + 0(|a:(t)|2} . (5.7)
For y € Y, with a > 0 to be chosen, we define on (—oo, 0] the following functions:
W) = Fuy() —y5(), (5.8)
h3() = Fa(y() — VE(0)ya(). (5.9)
Let y vary in Br := {y € Y* : ||y|lye < R} for a certain R > 0 to be chosen
later and observe that, from the definition of || - ||y, easily follows that ||y|ly« >

min{a, a%}HyHOO,(_OO,O]. Therefore, for every € > 0, there exists d(g) > 0 such that,

if
R
”yHoo,(foo,O] < . . 34 < 6(8)7 (510)
min{a,a?}
the following estimates, which descend from (5.6) and (5.8) and from (5.7) and
(5.9), respectively, hold for every ¢ < 0:

2
m@)| < [v2F<o>|| (|y1<t>|y2<t>|+'y2“)')+ey<t>|ﬂ

1
|w-v| 2
 pialmeon (o) v ()]

B0l < SIVFOIOR +ely()?
_R’
(t—a)%

<

(IV2E(0)]] + 2) ( + 13) .

az2

N
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Thus, we can briefly write, for ¢ < 0, that

R2
|RY (1) < = a)2M(a, ), with M(a,e) =0, as a — +oo0,e — 0",  (5.11)
and
R? - ~
|Ry ()] < WM(G,E), with M(a,e) — 0, as a — +o0. (5.12)
—al?
We consider the auxiliary problems
u(t) — 22 (t) = hi(t), t€ (—00,0]
{ 2,(0) = é’ (5.13)

and

{ i5(t) — VF(0)za(t) = h(t), t € (—00,0] (5.14)

limy—, oo 22(t) = 0.
We are going to prove, in step 1 and 2, that problems ([5.13]) and ([5.14)) have unique
solutions and that the solution of problem (5.13]) tends to 0 as t tends to —oo.
Therefore, if © = y, such problems are equivalent to (5.4)).
Step 1. If y € Bg and (5.10)) holds, (5.11) implies that there exists H} € L>(—oc,0)
such that

H’y
hi(t) = ! t<0
1( ) (t _ CL)2 ) =Y
and ||HY||oo,(—00,0) < R*M(a,e). Now, by observing that the equation in ([5.13)
is a particular Riccati equation and by setting =, = ﬁ, we have that problem

(5.13)) is equivalent to

{ a(t) = w7 t € (—o0,0]

L (5.15)

Let w be the solution of (5.15) with —R?M (a,¢) in place of H} and v the solution
of (5.15)) with R?M (a,¢) in place of H{. It is easy to check that, if

M (a,¢) (5.16)

< =3
4R?
1/ 2 i _1—./1—4aR? i .
then — 1+;R M(a.e) <w<-1<v< V1 ;lR M(a 9, Therefore, by differen-
tial inequalities (see, e. g., [8]), we obtain that for every ¢ <0

—1—+/14+4R?>M(a,e) < ult)

2

~1—+/1—4R2M(a, <) (5.17)

=(t—a)z,(t) < 3 ,

and in turn, from (5.16)), that

sup [t — al|x, (¢
t<0

1++/1+4R2M(a,e) 142
)| < 5 < .

2

Step 2. By the variation of constants formula, we can write a solution of the

equation in (5.14]) as

t
29(t) = eIV 1o (40) —|—/ e=IVEOI Y (1) dr,
to
By using (5.3), we have that there exists a constant Cz > 0, depending on the
spectral gap 5 > 0 of VF(0), such that

tog@m e(tfto)VF(O)x2(t0)‘ <

lim Cge™ 20|25 (t0)| = 0.
lim

to [e'e]
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Therefore, the solution of problem ([5.14) is
t
xa(t) = / eEIVEOIRY () dr, ¢ <0.
—o0

Now, if y € Br and (|5.10)) holds, it easy to check, by using (5.3)) and (5.12)), that

2 .
llz2]lye < BCBR2M(CL,€).
Observe that ||za|ys < & if
y s
M < . 1
@9 < 3R (5.18)
From step 1 and 2 we have obtained that, if
R:=1+2,

and a is large enough and ¢ small enough such that (5.10), (5.16) and (5.18|) are

satisfied, then the operator
I': B — Bgr
which associates to y € By the function x = z,w+ x5, with x,, and x5 the solutions

of (5.13)) and (5.14) respectively, is well-defined.

To conclude the proof, it remains to show that I' is a contraction. Given y,
y* € Bp, set
INy)=z=x1+x2, T()=2a"=2z]+25.
Let us handle the first component and the second one separately, by proceeding in
two steps. The following estimates can be obtained similarly to and .
They hold if R/ min{a, a2} < d(¢) for some d() > 0 which can be supposed to be

equal to d(e) (see (5.10)).

B0 = (0] £ = N @ o)lly = yllye, forevery £ <0, (5.19)
where
N(a,e) = ﬁ {||V2F(O)|| (\}a 4 i) 4 e (1 + i)] ,
and
|hY(t) — Y ()] < mi\?(a,s)l\y —y*|lya, for every t <0, (5.20)

where

N(a,e) = % [||v2p(o>| (1 $o+ z) 4 e (1 + i)] .

Step 3. As already done in step 1, let us set z, = (tfz) and z), = (tqja). From

(5.17) we deduce that, for a large enough and & small enough,

1
a:=u+u", issuchthat 1+ at)< —3 for every ¢ < 0. (5.21)
Observe that the function z := u — u™* satisfies the equation
1 *
(t) = m{[l +at)z(t) + H{(t) — H (1)}, t<0,

and the condition z(0) = 0. Therefore, by the variation of constants formula, z
satisfies the following estimate:

t as
JHreehs)

a—T

. 0 exp (
2] < [1HY = HY oo —so0) / (5.22)
t
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From ([5.21)), it turns out that

t 14+a(s) )ds

/0 exp (fT == ) e /0 exp (—% N ais)ds)

dr

a—T a—T

0
=|t—a|—%/ (a—7)"2dr <2. (5.23)
t

Thus smce 1HY = HY [|o,(—c0,0) = SUPy<o(t—a)2|h{ () — kY (£)], from (5.22), (5.23)
and (| we obtain that

21 = 21 llye < 2RN(a,e)|ly =y [y (5.24)
Step 4. Since

t
* —Bt—r *
ja(t) — 23(8)] < C / e SCDE (1) — B (1) dr,
from (5.20) we have that

t  —B(t—1)
* \ * e’
los =il < CoRNG@ Ay vl [ T
2 < *
< =CgRN(a,e)lly — y*|lya- (5.25)

B

Finally, if we choose a > 0 sufficiently large and € > 0 sufficiently small such that,
for R =1+ /2, (5.10), (5.16)), (5.18) and (5.21) hold together with

~ ﬁ
(a,6) < 8CsR’

N(a.e) < —
(a,6) < g

from ([5.24) and (5.25|) we obtain that
IT() =T )lye = ller — 21 llye + [z — 25 lye < 2IIy Y llye,
that is I' is a contraction from Br to Bg. O

Proof of Proposition[5.1 The existence of a solution of problem , different
from the constant 7, is proved by Lemma [5.2} It remains to show the uniqueness
of such a solution, up to time-translations. Clearly, we can suppose 7 = 0 in .
The idea is to show that for every solution = of , different from the constant
solution, there exists a sequence ¢,, — —oo such that z,,(¢,) > 0 (and z,,(t,) — 0).
In this way, it is possible to prove that the projections of the trajectories on X3
intersect, and conclude by using Lemma

Let z be a solution of (5.1). As shown in Lemma the system &(t) = F(z(t))
is equivalent to

+ ﬁ {VQF(O)[xl(t)wcz(t)] + %VQF(O)[xz(t)]Z + 0(|x(t)|2)} . (5.26)

and

2(t) = VF( Jz2(t) + h5(t), (5.27)
where h3(t) := m {$V2F(0)[z(t)]* + o(|z(t)[*}, t < 0. Observe that for every
d > 0 small enough, if ||z, (—o0,0 < 9, then

1
[R5 (1) < §(||V2F(0)H +1)|z(t)]?, for every t < 0. (5.28)
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Since z(t) — 0 as t — —oo, there exists tyg = to(d) such that |z(t)] < 0 for every
t < to. Therefore, up to change x with y(t) := (¢t + ), we can suppose t; = 0 and
then ||]|oc,(—oc,0) < d. This assumption, together with (5.28)), gives that

15 (6)] < (IV2F0)]] + D(|lz () + dlz2(t)]), ¢ <O0. (5.29)
From equation (5.27) and estimates (5.3) and (5.29)), we obtain the following in-
equalities for every t < t<o0:

t
@l = |[ IO
— o0
t

< Cg/ e_g(t_7)|h’2”(7')|d7'
— 00

ZCaIT* PO+ 1lsup (o) + 55uplaa (1))
<t <t

Finally, if we choose § such that 6%0/3(||V2F(0)H +1) < 1, we can state that there
exists K > 0 such that

sup |zo(7)| < Ksupa?(r), for every £ < 0. (5.30)
TSf <t

IN

Now, notice that it is possible to construct a sequence {t,} such that t,, - —oo as
n — oo and
[ (tn)| = max |, (£)]- (5.31)
Thus, from (5.30]), we have that
lzo(tn)| < K22 (t,), for every n.

From the last inequality and from (5.26)), up to a smaller ¢ depending on some
€ > 0 such that —25; < 1, it descends that

PR
jjw(tn) Z
Zo(tn)|?
22(t0) = o [I92FO (Jewelhaaten) + 2000 4 ot

> (1= 25 ) 2t L [jozr o) (14 o)) + 2eKleaten)]
(5.32)

Now, if 2, (t,) = 0 for some n, then z = 0, in view of and (5.30). Otherwise,
from we have that &, (¢,) > 0 for every n, and this implies, from the definition
of t,, that

zy(ty) > 0, for every n. (5.33)

Let 2 and z* be solutions of (5.1)) (with = 0). The above arguments allow us to
affirm that (5.33)) hold for =, and z, on some sequences {t,,} and {¢}}, respectively.
We conclude by considering two cases:

(i) if there exist n and m such that z,,(t,) =« (t},), we define y(t) := x(t+t,)
and y*(t) = a*(t +t},). y and y* satisfy problem (with n = 0) with

a= - (1tn) sufficiently large. Therefore, y and y* coincide and, in turn, x
and z* coincide up to time-translations.

(ii) if x,(tn) # z5(tr,) for every n and m, there exist n and & > m such
that z,(tr) < z5(t5) < @y (tm). Thus, there exists t € (ty,tym,) such that
2, (t) = af(t:). By defining y(t) := x(¢t + t) and y*(¢) := a*(t + t), we
conclude as in (i).

O
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