Quasistatic delamination models for Kirchhoff-Love plates
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1 Introduction, notation, basic concepts

This paper aims to study crack propagation in two-dimensional plates and to rigorously derive two models as
a limit from the three-dimensional theory of brittle delamination and adhesive contact. We confine ourselves
to small strains and a-priori prescribed surface where delamination may occur. Furthermore, we restrict our
attention to quasistatic unidirectional (i.e. healing is impossible) rate-independent delamination. We consider a
Signorini contact, which is important to prevent (unphysical) delamination by mere compression. We further
confine ourselves to Griffith-type delamination on such a prescribed surface which is positioned in a normal
direction to the mid-plane of the plate. In particular, we do not distinguish various modes of delamination
(like pulling vs. shearing) and count that always the same prescribed energy is needed for the delamination.
The variational dimension reduction process leads to a Kirchhoff-Love model for the plate. A similar model
has been obtained also in [13] as a limit of a dimension reduction problem involving a Barenblatt-like cohesive
crack surface energy. For a static delamination on a generally-positioned delamination surface in Kirchhoff-Love
plates, we refer to [15, 16].
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Fig. 1. Illustration of the geometry and of the notation:
Left: a 3D thin plate-like body undergoing delamination on a prescribed surface
IE.
Right: a 2D plate obtained for € — 0 undergoing crack on the curve vc.

For notational simplicity, we confine ourselves to only one delamination surface, dividing a 3-dimensional

elastic body into two parts occupying respectively the domains 25 and 25 connected mutually by a contact
boundary TI'S

<, cf. Figure 1(left). To simplify mathematical consideration without restricting substantially the



possible applications, we assume both parts 2 and €25 to be fixed by Dirichlet boundary conditions on some
parts of the side boundary not directly connected with I'f.

We consider a rather special “cylindrical” case, i.e., in particular the boundaries I'S and I, are positioned
vertically. More precisely, we consider a bounded open Lipschitz subset w of R? and its decomposition w =
w1 UvcUws, where wy and wq are two disjoint open Lipschitz connected subsets with a non-void simply connected
common boundary 7. For i = 1,2, assume that hard-device loads (i.e. Dirichlet boundary conditions) will act
on a nonvanishing part 7%, of dw; far from the delamination surface, i.e.

%1(V]§)ir) >0, Yo N ’Yri)ir = @,

where ! denotes the 1-dimensional Hausdorff measure. Set vy, := 73, U~2,,, and define

QF == w;x (— %, %), TS =X (— %, %), [s,, := Yo X (— %, %) (1.1)
Hence the decomposition 2° = Q5 UTE U Q5 holds. The constant parameter h is kept to clarify the role played
by the thickness of the body in the limit problem.

This will allow for the dimensional reduction by letting the aspect ratio € go to 0. The geometry of the
resulted plate is then depicted in Figure 1(right).

Thoroughout the whole article, we will use a rather special general framework, namely that the driving force
has a potential, denoted by E(¢,-,-), and that the dissipation rate, denoted by R, is independent of the state
itself. Then the quasistatic evolution will be determined by the stored energy € : [0,T] x U x Z — RU {+o0}
and the potential of dissipative force R : Z — [0,400]. The quasistatic evolution we have in mind is governed
by the following system of doubly nonlinear degenerate parabolic/elliptic variational inclusions:

0uE(tiu,2)20 and OR(Z) +0.€(t,u,z) 30, (1.2)

where “0” refers to a (partial) subdifferential, relying on that R(-), £(¢, -, z), and E(¢, u, -) are convex functionals,
which will be indeed always satisfied here. An important assumption is that R is degree-1 positively homogeneous,
which implies that (and even is equivalent to) the dissipation rate is just the potential of a dissipative force.

Also this implies that, if £(t,-,-) is convex, the conventional weak solutions are basically equivalent (under
mild additional temporal regularity assumptions) to so-called energetic solutions of the rate-independent system
(UxZ,E,R) with the initial conditions

uw(0) =u and  2(0) = 2°. (1.3)

Definition 1.1 (Energetic solution.) The process ¢ = (u,z) : [0,T] — Q := U x Z is called an energetic
solution of the initial-value problem given by UxZ,E,R,u’, 2°) if, beside (1.3), t— 0;,E(t,q(t)) € L'((0,T)),
if for all t € [0,T] we have E(t,q(t)) < +oo and if the global stability inequality (1.4a) and the global energy
balance (1.4b) are satisfied for all t € [0,T]:

Vi=(a,2) € Q: E(t,q(t) <E(t ) +R(2—=(t)), (1.4a)
E(t, q(t)) + Dissr (2, [0, 1]) = / 0,8 (s, q(s (1.4b)

with Dissg (z, [0,1]) := sup Zjvzl R(z(tj)—z(tj—1)), where the supremum is taken over all partitions of [0,t].

If £(t, -, -) is separately convex but nonconvex, as in this work, then (1.2) and (1.4) are no longer equivalent.
The energetic formulation (1.4) then represents a proper generalized formulation based on a minimum-energy
principle competing with the maximum-dissipation principle or rather with Levitas’ realizability principle [24],
cf. [26, 31, 32]. Another justification is by a minimum dissipation-potential principle, saying that, at any time

t, the rate z minimizes

d
i L(tu, 2, %) = ac‘: +R=E&(tu,z)+ <8;(t,u,z),,é> +R(2), (1.5)



where the equality relies on the fact that « minimizes £(¢, -, z), as stated in [10]. The main advantages of the
energetic-solution concept are that it is derivative-free, i.e. there is no 9,&, nor 9.&, neither z in Definition 1.1,
and that it can be handled by Calculus of Variations techniques (in particular variational convergence, as shown
in [30] and as exploited also here) as well as strictly linked with direct numerical methods, as shown in [28].
For its application to delamination, namely to the problem denoted below by (Ux Z, E. ., R,q%), with numerical
implementation and computational simulations we refer to [20, 34]. Roughly speaking, energetic solutions tempt
to evolve as soon as it is energetically convenient. This may, however, not be exactly always in full agreement
with the response of real systems involving some other rate-dependent phenomena. Therefore, in spite of these
theoretical and computational arguments supporting the energetic-solution concept, there are also some other
concepts of solutions that are sometimes applicable and succesfully competing with energetic solutions, cf. also
[27] for a comparison with other notions in general and e.g. [4, 17, 18, 19, 21, 33] in the context of crack
propagation.

Besides the mentioned Griffith-type model, we shall be concerned with adhesive-type (or sometimes also
called elastic/brittle) models and how they approximate the Griffith-type model. As a consequence, we will use
several stored energies. In particular, E. , and E. will denote the energies in the adhesive contact and in the
brittle delamination models, respectively, while E ,, and Ep will denote the limit 2D models described in Section
4 and rewritten in terms of Kirchhoff-Love displacements in the concluding Section 6. For simplicity, the rigidity
of the adhesive will be described by a scalar parameter x, although more realistic delamination models often
involve an anisotropic behaviour. Our results can simply be summarized in the following diagram where the
arrows have the meaning of convergence of the energetic solutions in the sense precised by the theorems aside

the arrows
E...Rq) —=% Eo.rR, q"
(L{XZ, £,K 9 ,qﬁ‘/) ™ o5 (L{XZ, 0,k 7qn)
K—+ 00 K—+ 00
lProposition 5.7 lProposition 5.7 (16)
e—0T

UxZ,E.,R,q") ——— (UxZ,Ep,R,q")
Theorem 5.6
We will use the standard notation as far as the function spaces concerns: C* for functions with k-th derivatives
continuous, LP for Lebesgue spaces and W2 for Sobolev spaces. With a little abuse of notation, and since this is
a common practice and does not give rise to any mistake, we use to call “sequences” even those families indicized
by a continuous parameter € € (0,1).

2 The brittle delamination or the adhesive unilateral contact in 3D
bodies

In this section we present two models for delamination in 3D bodies. The first is brittle delamination based
essentially on the Griffith concept [9], cf. also Remark 2.2 below. There the two parts of the body can be
delaminated just by a phenomenologically prescribed energy density a. (in physical units J/m?). For later
purposes, we indicate the dependence on the thickness parameter ¢, even if it will be considered fixed thoroughout
this whole Section 2. To admit an arbitrary topology of the 2D delaminated area, we use a delamination
parameter z : Iy — [0, 1] representing the fraction of fixed adhesive: z(x) = 0 means complete delamination,
z(xz) = 1 means perfect integrity and, for instance, z(x) = % means that 50% of the adhesive is debonded at
x € Ti.. In fact, this idea is essentially “borrowed” from the usual concept of adhesive contact, e.g. [14, 20, 36].

This model, see [35], is determined by the stored and the dissipation energies

! ft)udx if (u,z €
E(tuz) =2 /Q;E%(“)-e(u)—?f (t)udz i (u,2) € Ac (¥ (2), o

400 else,



. /a€|é|d%2 if £ <0 on T,
Re(2) =4 Jre (2.2)

400 else,

where e(u)ij = £(0z,uj + Oz, u;) is the symmetric part of the gradient of u, [-Jrs denotes the jump across the
surface I'S, v is the normal to I'S and
A() = {(u,2) € WH2(Q5 U085 RY) x L™(T) : =1 on TS,
0<z<1, [[uuﬂ re >0, and z[[u]]pé =0on I{ }
The load by body forces f& € C ([0, T]; L*(2°; R?)) and the boundary displacement 1»° € C ([0, T]; HY/?(T%, ; R?))

will be precised better in the next section.
We assume that C is a fourth-order positive-definite tensor, i.e.

Ce:e > cle|? (2.3)

for every symmetric matrix e € R3%? and with some ¢ > 0 and that

Age (.I) Z as,min

for a suitable constant a. min > 0 (depending on ¢, but not on z) and H%-ae. v € T'5. Moreover, we assume the

following usual symmetry properties
Cijki = Cijire = Cruij, i,7,k,1=1,2,3, (2.4)
and that the material has monoclinic symmetry with respect to the (z1,x2)-plane, which implies
Capyz = Caszzz =0, a, B,y =1,2. (2.5)

We restrict to monoclinic symmetry for simplicity. In the absence of delamination, under this assumption,
the limit problem decouples into two separate problems: one consisting in the in-plane equilibrium equations
and the other for the out-of-plane equations.

The other model, called adhesive contact or sometimes in the engineering literature elastic-brittle contact,
relies on the idea that the two parts of the body are glued together with an elastic adhesive which can be
delaminated. Delamination is phenomenologically described by an energy density as used and analysed in [20].
We consider, rather for simplicity, the elastic response in the adhesive described by a function kQ°, where x is
a scalar which measures the rigidity of the adhesive, and

QE([[“]]P@) = H[ulﬂ I o+ ‘ [u2] Ts

is a quadratic form which modulates differently the components of the jump of u. The different scalings of

2

“+ e?| [us] re

the terms in Q¢ take into account the different rigidity in the in-plane and in the out-of-plane directions of the
cylinder of height eh. In fact, any other choice invalidates the commutativity of the diagram (1.6) since, in
such a case, in the expression (3.4) the jump of some component of u would be multiplied by some power of e.
Therefore, letting & go to zero, either the jump of such components disappears in the problem (Ux Z, Eq ., R, q%)
or the product of the jumps by z would be constrained to be zero and we would end up with a mixed problem
with a brittle delamination in some direction and an adhesive contact in the remaining.

The stored energy then writes as

- 1/ Ce(u):e(u) — 2f°(t)udr + IQ/ZQE([[U] Fé) d#? if (u,z) € A2 (P (L)),
¢ rg

Een(tyu, 2) = ¢ 2 Jasuog
400 else,

(2.6)



where

A2 () = {(u, 2) € WHHQIUQS;R?) x L®(TE) + u=1 onTE,,
0<z<1, [[u-u]FéZOonfg}.

It should be noted that Definition 1.1 does not apply directly to the problems involving g‘s and ggy,{ if the
Dirichlet loading ¢ varies in time because the time derivative in (1.4b) is not well defined. To handle it,
one must transform the problem to a time-independent Dirichlet loading problem. In this way, we consider a
prolongation w® () of ¥°(t) to the whole Q and then, instead of (2.1) and (2.6), we consider respectively

! °(t)):e(utw® —2f°(t)-(ut+w® r if (u,z
§/Q§UQ§C6(U+UJ (t)):e(utw(t)) — 2f°(t)-(u+ws(t)) dz if (u, 2) € A, 27)

400 else,

E(tyu,z) =

where A, := A.(0), and

% /QEUQE(CG(U—HUE(t)):e(u—hf(t)) —25(1)-(utw () da
&-,n(t,u,Z) = 1" —I—IQ/zQE([[u]] I‘E) d%Q if (u7z) c A?d7 (28)
Tg C
i else,

where A24 := A24(0). Then both models use the spaces & and Z in Definition 1.1 as

Us = {u e WH(Q[UOSR?) @ u=0onT, },
ZEZ{ZQLOO(Fg) : nggloan};

here both U, and Z. are even subsets of Banach spaces and we will consider them equipped with standard norm,

weak, and weak* topologies. Having an energetic solution (ue, z:) to the problem (U.x Z., ., R, q") in accord

to Definition 1.1, the shifted solution (u.+w®,z.) will serve as an energetic solution to the original problem

involving gg. Similar consideration concerns & ,; vs. é‘;m We will thus deal only with the transformed problems.
The following assertion has been proven in [35, Theorem 3.3].

Proposition 2.1 Let ¢ > 0 be fived, and let ¢© = (u?, 2°) be a sequence of initial conditions, with ¢° stable for

KR
all k at time t = 0, that is

Eex(0,¢)) < 400,

(2.9)
Eer(0,09) <& (0,4) + R(2-22)  forall §= (u,2) € Q.

Assume moreover that u® — u® in Wh2(Q5 U Q5;R?), 20 5 20 in L2(TE) and E-,.(0,¢0) — £.(0,¢°), as
Kk — +00. Then:

(i) the energetic solution (uc ., 2c ) to the problem Uesx Ze,Ec iy Re,q2) does exist;

(ii) also the energetic solution (u.,z:) to the problem (Usx 2., E-,R<,q°) does exist;

(i) having a sequence of energetic solutions {(Ue i, ze.x) >0 from (i), there exist a subsequence (not relabeled)
and some (ue, z2) such that

Ue s () — ue(t) in WH2(Q5 UQS;R3) for all t € [0,T], (2.10a)
Zew(t) = 2:(1) in L>(LE) for all t € (0,7, (2.10Db)
e (e (+) 2en(4)) = 0p&e(vuc(t), 2e(+)) in L'(0,T). (2.10¢)

Moreover, each (uc,z:) obtained as a limit of such a selected subsequence is an energetic solution to the

problem (UsxZ.,E-,Re, ¢°).



Remark 2.2 (Griffith concept.) A more conventional approach to cracks and brittle delamination is rather
“geometrical”, dealing with some delaminated area I'(¢) of T'S and a specific energy (in Joules per area) needed for
increasing the delamination area. The dissipated energy (understood also as the so-called dissipation distance)
is then

ac(x)d#? if Ty C Ty CTE,
D.(I1,Ts) = /pz\rl ) ¢

+o00 else,

(2.11)

where a. € L*(T§) is from (2.2). Such a geometrical setting was used for large strains in [19] for polyconvex
materials and in [8] for quasiconvex materials, and in the small-strain setting also in e.g. [17, 33, 37, 38]. The
philosophy of quasistatic evolution is related with the Griffith criterion [9] saying that the crack grows as soon as
the energy release is bigger than the fracture toughness, here determined by a. in (2.11). The relation between
the “geometrical” concept used in (2.11) and the previous “functional” concept is that, if z takes values only 0
or 1, i.e. always z = xr for some I' C IS, then

DE(Fl,FQ) = RE(ZQ—Zl) with Zi = XT'i» 1= 1, 2. (212)

It has been proven in [29] that any energetic solution (u., z.) to the brittle delamination problem (U. x Z., E., R, q°)
is indeed of Griffith’s type in the sense that z. takes only the values 0 and 1. Let us remark that the crack path
is here assumed to be a-priori prescribed; as in the above mentioned references. Terms like “delamination” or
“debonding” are often used to highlight that the path is given, so to distinguish these models from those with a
free crack path whose mathematical formulation is completely different, cf. [6, 7, 11, 22].

3 The rescaled problems

To perform the dimension reduction it is convenient to make a change of variables in order to work on domains
independent of e. Let Q:= Q! Qq :=Q}, Qy := Q) T :=TY, and I}, ;=T .
For any € > 0, let p. : 27 U Qe — QF U Q5 be defined by

pe(x1, 2, x3) := (21, T2, €23).

The variables on the fixed domain, 2; U, will be denoted by using the Sans font. Thus for u € W12(Q5UQ5; R3)
we let u € WH2(Q;UQ2;R?) be defined by uq := Luq op., @ = 1,2, and ug := ug o p., while for z € L>(T5) we
set z:= z o p. € L>(T). With this notation we have

L) ope = ( f(“)aﬁ i; u)as ) (). (3.1)

e Ee(u)gg z

In order to keep the displacements bounded we need to rescale the forces and the boundary conditions with
. We assume that there exists an f € C1([0,7]; L*(€2; R?)) such that

efa(t) = fa(t) op. and 52f3(t) = f?f(t) O Pe-

Concerning the boundary conditions we need to require that e®(w)(t) is bounded in L2?(2;UQq; R3*3), where

we have set w§, := iwg o pe and w§ := w5 o p.. The simplest way to fulfill this requirement is to pose w® = w,

with w satisfying the following Kirchhoff-Love assumption which is fundamental in plate theory, cf. [5]:

Wa(t7$17$27x3) = na(t7$17$2) - :E?)aaTi(tu:Elu:E?)a

(3.2)
W3(t7 (El,(EQ,.’IIg}) = C(t,l’l,.’[]g),

where ¢ € C*([0,T]; W22(Q;R3)) and 1, € CH([0,T]; WH2(Q; R3)).



Let us remark that with this choice we have
ef(w)i3 =0, i=1,2,3, (3.3)

hence, in particular, e®(w®) = e(w) = e(w) for any e.
For (u,z) € A2 we have

Eonltinz) =2 [ Celutuwf()e(utws (£)) — 2/%(t)-(utw (1)) d + /F 2Q°([u] ) 4

QsU0s s
3
_— Ce® (u+w(t)):e® (utw(t)) — 2f(t)-(u+w(t)) dz + l%g/ z‘ [[u]]F ‘2 d#? =: ®E. (t,u,2).
2 Q1UQ T'c ©

We have therefore

3 [ e rmt)se(urw(t) = 260 (ww(®) dot x [ ol W] [P a? if (0.2) € A%,
¢ I'c

Een(tiu,z) = 4 2 Jo,ua, (3.4)
+00 else,
where
A = {(u,2) € WHH(QUQ;RY) x L®(Te) : u=0o0n Ty, 0<z<1, [ur], >0onTc}.
If, instead, (u,z) € A, then we have
E-(t,u,z) = *E(t,u,z) (3.5)

where

) 1 /Q Ce(urw() e b w(t) — 2(0) () i (1) € A .

+o00 else,

and

A={(uz) € W (QUQ;R*) x L®(Ic) : u=0o0nTh,, 0<2<1, [uv], >0, z[u], =0onTc}.
Similarly we rescale the dissipation energy; we assume that there exists a measurable function a € L!(I%) such
that

Qg O Pe

2

=a (3.7)
for any e, so that

R-(2) = £°R(2) (3.8)
where

/ alz|ds#? if 2z <0on Ty,
I'c

R(z) := (3.9)

+00 else.

In fact, there is an infinite number of rescalings of the dissipation energy. We have chosen the one, namely (3.7),
that yields the same scaling of the stored energy, i.e. €2, cf. (3.5) and (3.8) and thus we obtain a non-trivial
dissipation in the limit problem. We also assume that ac min = €2amin for a suitable constant ami, > 0 so that
a(z) > apin for #%-ae. x € I,.



4 Some semicontinuity properties

In this section we state and prove a couple of lemmas concerning upper and lower bounds for the limit of the

energies as € goes to 0 which shall be useful in identifying the limit problem.
To state our results it is useful to introduce the following tensor components

Cap33Cys33

b a, /8, 75: 172,
Cs333 7

0 —
Caﬁ'yé = Caﬁ'yé -

and remark that, setting

3x3
Sym

1
gle) :== 5@6:6 for every e € R

under assumptions (2.4) and (2.5) we have (see also [1])

sym >

C’¢é= min g < ~e—|— " ) for every é € R2%2

where the minimum is achieved for 77 = 0 and

2

Z (C330¢,86a6

C
o fal 3333

Moreover, let us denote by é(u) the 2x2-matrix with components

Finally, let us introduce the following space of Kirchhoff-Love displacements
VK(lﬁQ(QlUQQ;RB) = {u S Wl’Q(QlLJQg;RB) : €(u)i3 =0 fori= 1,2,3}

which contains, in fact, the effective domain of the following limiting energy functionals

1/ CO%(u+w(t)):E(utw(t)) — 2f(t)-(u+w(t)) dz  if (u,z) € Age,
Q

1UQ2

Eo(t,u,z) :=
+o00 else,

where
A = {(u,2) €A : u e WA (U R},

and

l/ C8(utw(t)):E(utw(t)) — 2f(t)-(utw(t)) de —|—/zn’ [u] FCIdef2 if (u,
< I'c

Eo,x(t,u,z) = 2 Ja,u0,

+o0 else,

where

A — {(u,z) € AM e W (U0 R?) .
The evolution problems will be considered on the spaces

U={ueW"?(QUQyuR?) : u=0onTy,},
Z={zeL®(I:) : 0<z<1lae.}.

(4.3)

(4.4)

Aad

KL?

The next lemma states that the sets A and A*® are closed with respect to the weak convergence, and that the

work done by loads and the interfacial energy are continuous with respect to the convergence in time and the

weak convergences in (u,z).



Lemma 4.1 The spaces U and Z are closed with respect to the weak and weak* convergence, respectively.
Moreover, if t. —t, zz =z in L®(T.), 0 <z <1 a.e., and u. — u in WH2(QUQo; R?) as ¢ — 0T, then

|[u5~uﬂ o >0 onl, = |[u-1/]] Io >0 onlyg, (4.6a)

Ze [[uaﬂ e = 0 onl, = z[[u]} e = 0 onlg, (4.6b)

/zali‘l[ugﬂr ’2df%ﬁ2—>/zl€‘|[u]]r ‘2d%2, (4.6¢)
I'c © I'c ©

/ (1) (uetw(t.)) dz — £(1)-(u+w(t)) e (4.6d)
Q1UQ5 Q1UQ2

PRrROOF: The first assertion follows from the continuity of the trace and the basic properties of the weak*
convergence in L™ (Iy).

The convergence assumption on the sequence (u®) implies that the traces of u® on Ty converge strongly in
L? and this implies (4.6a-c), while (4.6d) follows by the continuity of f and w with respect to ¢ which implies
f(te) — f(t) and w(t:) — w(t) in L?(;R3).

In the next lemma we prove a lower bound for the limit energies. A similar result was also proven in [3].

Lemma 4.2 (Lower semicontinuity.) If t. — t, zz — z in L®(I.), 0 < z. < 1 a.e., and u. — u in
W2(QUQ2;R3) as e — 0T, then

liminf E. (¢., ue, ze) > Eo(t, u, 2) (4.7)
e—0t
and, for any k > 0,
liminf E. (e, ue,ze) > Eo . (t,u,2). (4.8)
e—0*+

PROOF: Under the assumption that the liminf on the left-hand sides be finite, by the positive definiteness of
C (see (2.3)) and the continuity of w with respect to ¢, it follows that

sup e w2)] . < +o0
£

and hence
le(ue)is|| . < Ce, i=1,2,3.

Thus, passing to the limit, we obtain
e(u)ig = O, 1= 1, 2, 3.

which implies u € Wiy*(Q,UQy; R?). By Lemma 4.1 we have that also the right hand side in (4.7) and (4.8) are
finite and that it suffices to prove that

lim inf/g Ce® (ue+w(te)):e(ue+w(te)) dz > /g C(utw(t)):é(utw(t)) de.

e—0t 2, UQs 21UQs
In fact, noticing that, for a, 5 =1, 2,
e (u)ap = e(us)ap — e(u)ap  in L*(Q1UQ),

using property (4.2) and the continuity of w with respect to t we find

lim inf/Q Ce® (ue+w(te)):e® (us+w(te)) dz > lim inf/Q CO¢(uctw(te)):E(u-+w(t.)) dx

e—0+ LUQs e—0t 1UQs
> / CO%(u+w(t)):é(utw(t)) de, (4.9)
Q1UQ5

which concludes the proof.

The next lemma is fundamental to apply the I'-convergence scheme developed in [30].



Lemma 4.3 (Mutual recovery sequence.) Let (¢,) be a sequence such that 0 < ¢, — 0. Let t € [0,T],
ze L*(I,) and 0 <z <1 a.e.. For every (t,,z,) — (t,2), z, € L>®(I), 0 <z, <1 a.e., every z € L>*(I) and
every i € WH2(Q1UQ9; R3), there exist z, € Z and u,, € U such that G, — o in WH2(QUQ;R3), 2, A zin
L>(T¢) and

limsup [Ec, (tn, Un, 2,) + R(zn—2,)] < Eo(t, 0,2) + R(z—2) (4.10)
n—-+oo
and, for any k > 0,
limsup [Ec, x(tn, Un,2,) + R(zn—20)] < Eo(t,0,2) + R(z—2). (4.11)
n—-+oo

Let us remark that the mutual recovery sequence condition stated in [30] is

limsup [Ec, (tn, n,s Zn) + R(Zn—2n) — Ec,, w(tns tn, zn)] < Eox(t, 0, 2) + R(z—2) — Eox(t, u,2)
n—+oo
where (u,,z,) is a stable sequence converging to (u,z), and which is slightly weaker than (4.11), as proven in
[30, Prop.2.2]. An analogous remark applies to (4.10) combined with (4.7). In spite of this, it is simpler for us
to prove the stronger conditions (4.10) and (4.11) since we can provide convergence of the dissipation term.
PROOF: [Proof of Lemma 4.3] First of all we notice that inequalities (4.10) and (4.11) are nontrivial only
when the right-hand sides are finite. In particular this implies that t € Y, z € Z and z >z > 0 on IL.
Inspired by [35], let us define

.| znz/z ifz2>0,
Zn "{ 0 ifz=0. (4.12)

Then we have 0 < 7, < 1 a.e. and 7, — 7 in L>°(T.). Moreover, since z,, — z,, < 0, then

lim R(n—20) = lim [ a(zy — 2,) d#? :/ a(z— 3)dA? = R(z — 2).

n—-+oo n—-+oo i i

Thus, to prove the claim it suffices to deal with the convergence of the energies, that is, to prove that

limsup E. (¢, in,2n) < Eo(t,0,2), limsup E,, x(tn, Un,2n) < Eq (¢, 0,2). (4.13)

n—-+oo n—-+oo

Inspired by [3], for fixed ¢t we let

2 _
.f Casapé(i+w(t))as
V= a%; Css33 ’

and choose v, € C§°(Q) such that 1, — 9 and €,09,(t,)/0z4 — 0 in L%(Q). Set

x3
N (21, 22, 23) 3:/ Pn(x1,22,5)ds
0

and

o ¢

( n)a = ﬁou 04:1,2,
4.14
( n)g = ug + 672177". ( )

In this way we have i, € W1H2(Q,UQ9; R?) and &,, — G in WH2(Q;UQ9; R?) (actually this convergence is strong).
If Eo(t,u,2) < 400 or Eg x(t,0,2) < 400 then z, € L>(I), 0 <z, <1 a.e., and

[inv]re = [0-v]re >0,

U, =u=0on Iy;,.
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If Eo(t,0,2) < 400 then moreover
Zn [[ﬁn]} o = z[[ﬁ]rc =0onI..
Thus, if Eg(t,0,2) < +00 or Eg «(t,0,2) < +00, respectively, then
1
Ec, (tn,Un,2n) = = Ce® (U 4w(ty)):e" (Up+w(ty)) — 2f(tn) (Gn+w(ts)) dz,
2 Q1UQ5

while

Eepon(tn,lin, 2n) = 1/Q Ce (tp4w(ty)):e (i +w(tn)) — 2f(tn)-(tn+w(t,)) dz + n/rzn\ [in] FC\Qd%Q.

1UQ2 c

By (3.1) and since i and w are in Wi (Q1UQs; R?), we have

u En 67771
= (iin+wity)) = < elitwlt)as 5 G )
Sym ¥

Taking the limit as n — 400 we have

lim
n—-+o0o

(D) 0
e (i +w(tn)) ( 0 —ZiﬁﬁzlC33a,@é(ﬂ+W(t))aﬂ/(C3333 )H

and therefore, concerning the bulk part, we have

lim Ce® (U 4w(ty)):e®" (Up+w(t,)) de = /Q CO(t4-w(t)):é(u4+w(t)) d.

n—+oo Qq1UQ 1UQs

The inequalities (4.13) follow then by applying Lemma 4.1, and the proof is concluded.

5 Convergence of solutions

The aim of this section is to show, assuming q% — q° in Q, the convergences depicted in the diagramme (1.6).
The notation in use is that of [30]. According to what we have done above, we denote by Q the topological
product of the spaces U and Z endowed, respectively, with the weak and the weak™ topology. Since U is reflexive
here, its weak topology is also weak*, and thus the convergence in Q will be denoted simply by —. We set
q = (u,z), and we shall write, for instance, (t,q) in place of (t,u,z). The sets of stable states S:(t) and Se (),
for t € [0,7] and € > 0, are defined as

S.(t) = {q€Q; V§eQ: E.(t,q) < +oo, E-(t,q) < E.(t,d)+R(z—2)}, (5.1)

S.x(t) :={a€Q; V4€Q 1 E. n(t,q) < 400, Ecn(t,q) < Ecw(t,d) + RE—2)}. (5.2)

We start by discussing the case in which the parameter k > 0 is chosen and fixed. Our results will be achieved

by applying general abstract theorems proven in [12, 25, 30]. In what follows we write and check the assumptions
needed to apply those theorems.

Let (e,,) be a sequence such that 0 < &, — 0.
We shall say that a sequence (ty,q, )nen is a stable sequence with respect to (Ec, ) and (S;,) if

a, €S, (t,) and supE, (tn,q,) < +oo. (5.3)
neN

Similarly, we say that (t,,q,)nen is a stable sequence with respect to (Ec, ) and (Se, ) if

an € Se, x(tn) and  supE., x(tn,q,) < +oo. (5.4)
neN

11



Hence the notion of stable sequence depends on which sequence of functionals it is referred; in the sequel we
omit to explicitly state this reference when it can be easily deduced from the context.

The dissipation distance D(z;, z2) = R(za—z1) satisfies the following properties, corresponding to [30, Formulas
(2.2)-(2.4)].

Pseudo distance:

D(zl,zl) =0 and D(Zl, 23) < D(Zl, 22) + D(ZQ,Zg) for any zi,zg,z3 € Z. (55)

Lower semi-continuity of D:

D:Zx Z—[0,+00] is w*-lower semi-continuous. (5.6)

Positivity of D:
if a sequence (z,,) in £ and z € Z are such that
min{D(zy,z), D(z,2,)} — 0, then z, — z weakly* in Z.

From (5.6) it follows (2.5) of [30], that is
Lower I'-limit for D:

for any pair of stable sequences (t,,q,), ({»,d ) such that
(tn;qn) i (tvq); (f’n)(i'n) i (ia(“) in [OaT] X Q7 we ha,Ve (58)
D(z,z) < liminf, 400 D(zpn, zn)-

This last property, involving stable sequences, depends, of course, on the sequence of problems under considera-
tion.

For simplicity, from now on we continue by checking properties of the sequence E. ,; only, that is with the
proof of the second “horizontal” convergence in (1.6); in fact, the proof of the first “horizontal” convergence in
(1.6) can be done by following exactly the same steps and arguments.

From Korn’s inequality, (2.3), (3.2) and (3.3), we find

1
Eenltiuz) >+ / Cef (utw(t)):ef (utw(t)) — 26(t) - (utw(t)) dz >
Qq1UQ
1 «
> clle(uw(®)llze = 5= IIFOIZ: — 5 lutw®)Ze > Kl - C. (5.9)
This last inequality, together with a similar computation for Eg ., shows that the set |, cyfa € @1 Ec, «(t,q) <
E} is weakly relatively compact. Moreover, for any € > 0 the functionals E. (¢, -) are weakly lower semicontinu-

ous in @ due to the convexity of the bulk part of the energy and Lemma 4.1. Thus the sublevels are also closed
and the following property (corresponding to (2.6) of [30]) holds

Compactness of energy sublevels:

for all t € [0,T] and all E € R we have
(i) {a € Q : Eg, x(t,q) < E} is compact for any n € NU {4o00}; (5.10)
(1) Unenugtooyia € Q 1 Ec, x(t,q) < E} is relatively compact.

Above and hereafter, to shorten the notation we shall set

4o = 0.

Since f and w are continuously differentiable with respect to t (see Section 3), then E. . (-,q) € C*([0,T]) for
all e > 0 and all q € Q for which E. (-,q) < +o0.

12



If Ec 1(s,u,2) < 400 for s € [0,T], then we have
OEc k(t,u,2) = / Ce® (w(t)):ef (u+w(t)) — f(£)-(u+w(t)) — f(£)-w(t) dz (5.11)
QU0
and, since (e(w));3 = 0 (see (3.3)), by inequality (5.9) we have
0B (t,u,2)] < C(He(W)(t)||2L2 + e (utw)lFe + IF(®)II72 + lull 2 + [w(t)l|72 + 10|72 + ||W(t)||2L2)
< (e (W32 + IFOIZ: + OIZ: + 132 + ()3 + Eenltouz) + O),
which, together with a similar computation for Eg ,, leads to (see (2.7) of [30])
Uniform control of the power O.E. -
there exist ¢§ € R and ¢ > 0 such that
for any n € NU {400}, t € [0,T] and q € Q,

if E.,, x(t,q) < +oo then E. .(-,q) € C*(]0,T]) and
|0:Ec, x(5,q)| < cF(cF +E., «(s,q)) for all s € [0,T].

(5.12)

From the definition of Eq . (given in (4.5)) it follows that if Eq .(0,u,z) is finite then u € Wiz* (€, UQy; R3)
and thus Eg (¢, u,z) is finite for every t € [0,T]. Since f and w are C' with respect to ¢, condition (2.8) of [30]
is satisfied, namely

Uniform time-continuity of the power 0:Eq ;. :

for every n > 0 and E € R there exists § > 0 such that

Eo.x(0,0) < B, [ty — ta] < 6 = [0Eou(t1, ) — iEox(ta,q)| < 1. (5.13)
By Lemma 4.2 we get the following property (2.10) of [30]
Lower T'-limit for E. :
for any sequence 0 < &, — 0
and any stable sequence (¢,,q,,) w.r. to (Ec, ) such that (5.14)

(tnsqc,) N (t,q) in [0,T] x Q, we have
Eo,n(t,Q) < lim infn~>+oo Esn,n(tnaqgn>-

Remark 5.1 It is easy to check that the properties (5.10) — (5.14) hold also for the sequence E. with just natural
and appropriate changes in the statements.

The following lemma essentially corresponds to property (2.9) of [30]; the only difference is that we establish
the convergence in the open interval (0,7 instead of its closure. This fact will not affect the arguments used
in the sequel. The result was obtained in [12] for a single functional, while here we deal with a sequence of
functionals.

Lemma 5.2 (Conditioned continuous convergence of the power.) Let 0 < e, — 0. Let (t,q) € (0,T) X
Q and let (t,,q,) be a stable sequence with respect to (E., ) and (Sc, ). If (tn,q,) — (t,q) in [0,T] x Q, then

8tEsn_,,.€(tn, qn) — 8tE07,i(t, q).

PROOF: We combine the argument of the proof of [12, Proposition 3.3], where a single energy functional is
considered, with the upper and lower bound Lemma 4.2 and Lemma 4.3.
Let g = (u,z). We start by showing that, for any « > 0,

Eam,.;(tn, Un,Zn) — Eoﬁ(t, u,z) as n — +oo. (5.15)
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Indeed, from the stability of the sequence (¢, u,,z,) and by Lemma 4.3, there exist z, € L>°(Ic) with0 <z, <1
a.e. on I'c and a, € W12(Q;UQ; R?) such that 4, — u in Wh%(wiUw; R3), 2, X zin L°°(T%), such that

limsup E.,, i (tn, un, zn) < limsup [Ec .« (tn, iin, 2n) + R(Zn—2n)] < Eox(t, u,2).

n—-+o0o n—-+o0o

Hence (5.15) follows from the inequality above and Lemma 4.2.
Let now 6 > 0 be such that ¢ £2¢ € [0,7]. Then for any n large enough ¢, € (t — d,¢ + ) and hence
t,£d € [0,T], and let Ky > 0 be such that E._ ..(tn,q,), Eo.x(t,q) < Ko. By Korn’s inequality we have

‘ Ean,n(tn:t(su Up, Zn)_Ean,ﬁ(tnu Up, Zn)
0

= |0:Ec, i (tns Un,20) —OiEc,, i (tn, un,z5)|
"/Q e () () wltn) + Ce () —i(tn) e (v +w(1n)

+U%ym»%+m)(U_MQW@memm_m)@mM

+ atEan,n(tnu Un, Zn)

< O (lle ()| o lle (w(En) —w(tn)) e + lle (#(E) —(tn) 2 e (untw(tn)) 122
 1F )=t llunll 2 + 11t w(tn) = § ) w(Tn)ll gz + 1) ¥o(Fn) = F(E)vi(n) | 2)

< C(lle(@lEn)|] o lle (wltn)—w(tn)) 12 + lle (#(En) —vi(ta)) 2 + |1 (E) = F (8] 22
1) wltn) = F(En)w(Fa) 2 + 1(En)4ilF) — £t )W(tn)HLQ)Ko = wiey(9) (5.16)

where #,, is between t,, and t,, + d, and where wg, is independent of n because of the continuity at time ¢ of w,
w, f and f stated in the assumptions at the beginning of Section 3.
By applying Lemma 4.2 and (5.15) we have

lim inf Esn,n(tn:t(Sa Un, Zn) - Esn,n(tnv Up, Zn) > EO,K(tiav u, Z) - EO,n(ta u, Z) '

By using (5.16), then the inequality above and finally (5.13), we find

Ean,n(tnu Up, Zn) - Ean,n(tn_éa Un, Zn)

limsup O,E.,, x(tn, un,z,) < limsup + wi, (9)
n——+oo n—-+oo 5
P E n,ﬁ(tn_(sv unazn) —-E n,n(tnu Unazn)
= wko(8) ~ fminf = 5
Eo x(t—0d,u,z) — Eg «(t,u,
< wie, (6) — B0t ”% 0x(h2) g ek us2) + 2wk, (9).

In the same way, but appropriately choosing the signs in (5.16) and (5.17), we get

liminf 8B, «(tn, un,2zn) = 0:Eo k(t,u,2) — 2wk, (),

n—-+o0o

and the conclusion follows by letting § go to zero.
With the same proof we can prove also the following analogous result concerning the sequence E..

Lemma 5.3 (Conditioned continuous convergence of the power.) Let 0 < e, — 0. Let (t,q) € (0,T) X
Q and let (t,,q,) be a stable sequence with respect to (E,) and (S-,). If (tn,q,) — (t,q) in [0,T] x Q, then

atEan (tn7 q'n,) — 6tE0(t7 q)

By [30, Proposition 2.2] we get that Lemma 4.3 implies property (2.11) of [30], namely
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Conditioned upper-semicontinuity of stable sets:
- for any stable sequence (ty,q,) w. r. to (E., ) and (S, ) such that
(tn,a,) = (t,q) in [0,T] x Q we have that q € So.x(t),

- for any stable sequence (t,,q,,) w. r. to (E.) and (S, ) such that
(tn,q,) — (t,q) in [0,T] x Q we have that q € So(t).

(5.18)

The existence of energetic solutions associated with the functionals E., E. ., and R, for fixed € > 0, has been
proven in [20]. In order to make the paper self-contained we give here a further proof based on a general existence
theorem of Mielke [26], see also [12, 25, 30].

Theorem 5.4 (Existence of solution for e fixed.)

(i) Let q° = (u2,2°)eS. x(0). There exists an energetic solution (ux,z:):[0,T] — Q to the problem
(uxzaEs,mRaqg)'

(ii) Let ° = (u°,2°) € S8.(0). There exists an energetic solution (u,z) : [0,T] — Q to the problem
UxZ,E.,R,q").

PROOF: The proof follows by applying [26, Theorem 5.2]. Since we already know that the assumptions
on the energy functional (5.10), (5.12), (5.13) with Eq , replaced by E ., and the conditions on the dissipation
distance (5.5), (5.6), (5.7) hold true, to apply [26, Theorem 5.2], we only need to check the following compatibility
conditions:

if (t,,q,) is a sequence such that q,, € Sc(t,,) and sup, ey E<(tn,q,) < +00
(that is a so-called stable sequence)
and such that (t,,q,) = (t,q) in [0,T] x Q, then

OEc k(tn,an) = OEc (t,q) and  q € S k(t).

The convergence of the powers follows from (5.11), using the time continuity of w, w, f and f. Passing to the
stability condition q € S; «(t), setting q = (u,z), we have to prove that

Ecn(t,u,z) < Ec(t,0,2) + R(z—z) for every (4,z) € Q.

Let (0,z) € Q. Without loss of generality we may assume (i,z) € A and z < z a.e. on I'c. Let q,, = (up,zp) €
Se x(tn) and choose the mutual recovery sequence q,, = (lUn,2,) as U, = U and z, as in (4.12). Then we have

* - . ~
» — Q. Since, moreover, z,, — z, < 0 then

¢

Es,n(tnv Un, Zn) < Es,n(tnv Up, in) + R(in_zn)v
and using the lower semicontinuity of E. . (¢,-) in Q together with the time regularity of w and f we deduce

Ec x(t,u,z) < lminf E. ;(tn, un, zn) < Uminf E; . (tn, Un, 2n) + R(Zn—2n) < Ec (8, 0,2) + R(z—2),
k——+o00 k—+o00
which concludes the proof of the first part of the statement, while the second can be proven simply substituting
Ec and S; in place of E. ,, and S .
We are now in a position to state our main dimension reduction results. Indeed, the next theorems give a
precise sense to the “horizontal” convergences in (1.6).

Theorem 5.5 (Convergence for € — 0, k < +oo fixed.) Let qy = (ug,2z0) € Q and, for any e >0, qp. =
(uo,e,20,e) € Se,x(0) with qq . N qp and Ec 1 (0,q9.) — Eo,x(0,q0) ase — 0, let furtherq. = (uc,z) : [0,T] — Q be
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an energetic solution to the problem (U Z,E. «,R,qp ). Then, there exist a sequence () such that 0 < e, — 0
and q = (u,z) : [0,T] = Q such that

Ec,.x(t,ac, (1) = Eok(t,a(t)) for every t € [0,T1, (5.19a)
R(ze, (t)—z., (0)) — R(z(t)—z(0)) for every t € [0,T], (5.19b)
OEep w(yae, () = Eok(- a()) in L*(0,T), (5.19¢)
zo (1) = z(t) in L(T) for every t € [0,T], (5.19d)
ug, (t) — u(t) in WH2(Q,UQq; R3) for every t€]0,T). (5.19¢)

Moreover, any q obtained by this way is an energetic solution to the problem (UxZ,Ep x, R, qq).

PROOF: By applying a Helly’s type theorem (namely [30, Theorem A.1]) to the sequence (z.), we have that
there exists a sequence (g,) and z € L*°(I's) such that

2., (t) = z(t) in L>®(Ty) for every t € [0, T]. (5.20)

We have thus proved (5.19d).

Since t — (ug,, (t), zc, (t)) is an energetic solution and the power is controlled uniformly in &,, cf. (5.12), by a
Gronwall-inequality argument, it can be shown (see [12, 25, 30]) that E., (¢, ue, (£), ze, (¢)) is bounded uniformly
in n. Hence, from the uniform coercivity of E., «(¢t,-,), by Korn’s inequality (see (5.9)), u., (t) is uniformly
bounded in W2(Q;UQq; R3) for every ¢ € [0,7]. Thus, for every t € [0, T] there exists a subsequence (g,,:) such
that

us (1) = u(t)  in WH(QUQ; R?), (5.21)
and
0(t) := limsup %E., «(t,q.,(t) = lim OE. , (t,q. (1)) (5.22)
n——+o0 nt—-+oo "

From (5.20), (5.21), (5.22) and Lemma 5.2 it follows that

e(t) = 6tEO,fi(t7 u(t)7 Z(t))v (523)

from which (5.19¢) follows. By [30, Theorem 3.1] and its proof we deduce that q(t) := (u(t),z(t)) is an energetic
solution to the problem (UxZ,Eq ., R,q(0)). By the stability inequality for the limit problem and the strict
convexity of the map u — Eg (¢, u(t),z(t)), the function u is uniquely determined by z. Hence the convergence
in (5.21) holds for the whole sequence &,,, that is (5.19).

Let us prove (5.19a). First of all we note that, by Lemma 4.2, we have

liminf E,, (¢, ue, (t),2e, (t)) > Eox(t,u(t),z(t)). (5.24)

n—-+oo
By Lemma 4.3 there exist . := (i, ,z,) € Q such that
g, —q(t) nQ
and

lim sup [Ean,fi(tv Ug,, s 2571) + R(i&z —Ze, (t))} < EO,N(tv u(t), z(t)).

n—-+oo

This inequality together with the stability condition imply

limsup Ex, ot ue, (£), 22, (1)) < Eo et u(t), 2(£)), (5.25)

n—-+o0o

which, together with (5.24), implies (5.19a).
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Since (ue,,ze, ) is an energetic solution, from the energy balance follows that Dissg(z, [0,¢]) < 4+oc0. Hence,
by definition, for any partition {¢;: j=1,..., N} of [0,¢] we have

N
Z R(ze,, (tj) =2, (tj-1)) < +o0

which implies that the map t — z., (¢) is non-increasing for the partial ordering “< a.e.”, hence z., (t)—z., (0) <0
a.e. on I'c. Then, by (5.20) we have

R(ze, (t) = 2,(0)) = —/F a(ze,, () — 22, (0)) d7#? = R(z(t) — 2(0))

that is (5.19b). -

Theorem 5.6 (Convergence for ¢ — 0, kK = H-00.) Let q4 = (uo,20) € Q and, for any ¢ > 0, qq. =
(vo,e,20,6) € S-(0) with q . = ag and E-(0,q0.) — Eo(0,qq) as € — 0, let further q. = (ue,z.) : [0,7] — Q be
an energetic solution to the problem (UxZ,E.,R,qq ). Then, there exist a sequence (g,) such that 0 < e, — 0
and q = (u,z) : [0,T] — Q such that

E., (t.q., (1)) = Eo(t,a(t)) for every t € [0,T], (5.262)
R(z., (t)—zc,(0)) — R(z(t)—z(0)) for every t € [0,T], (5.26b)
XEe, (yae, (+)) = %Eo(-,a()) in L(0,T), (5.26¢)
zo (1) = z(t) in L(Tg) for every t € [0,T], (5.26d)
ue, (t) — u(t) in WhH2(QUQ; R?) for every t€[0,T). (5.26e)
Moreover, any q obtained by this way is an energetic solution to (UxZ,Eg, R, qq).
PRrROOF: The proof is a simple adaptation of the same arguments used in the proof of Theorem 5.5. ]

The next proposition, which we state for completeness, justifies the vertical arrows in the diagram (1.6); this
differs from Proposition 2.1 in the rescaling and in the statement for € = 0.

Proposition 5.7 (Limit to brittle model, i.e. Kk — +00) Let ¢ > 0 be fived, and let q© = (u%,2%) be a se-
quence of initial conditions, i.e. q° € Se,1(0) and, in particular, 0 < 20 < 1. Assume moreover that, as k goes to
400, u = w0 in WH2(QUQ; R3), 20 520 in L°(TL), and E. .(0,q°) — E-(0,q°). Then

K——+00

(UXZ7 EE,Nu Ruqo) - (UXZ, EE’ R’qo)

K

in the following sense: having a sequence of energetic solutions {(ue x,2e ) tr>0 to the problem Ux Z, E. ,.,R,q2),
there exists a subsequence and some (ue,z:) such that

g () = ue(t) in WH2(Q,UQq; R3) for all t € [0,T), (5.27a)
Ze o (t) = 2 (t) in L°(Te) for all t € [0,T], (5.27h)
NEe (e () zes()) = OEc(yuc(),ze(+))  in LY(0,T). (5.27¢)

Moreover, each sequence (uc,z.) obtained as a limit of such a selected subsequence is an energetic solution to the
problem Ux Z,E.,R,q").

For € > 0 the proposition has been proven for the unscaled problem in [35]. The case ¢ = 0 can be treated
similarly.
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6 Cracking Kirchhoff-Love plate reformulated

The aim of this section is to provide a two-dimensional formulation of the limit problems.
Let us recall that u € VK(lﬁQ(QlUQQ;R3) if and only if there exist p = (p1,p2) € W% (wiUws;R?) and
¢ € W22(w;Uws) such that

ua (21,22, 23) = pa(1,T2) — x3887i(x1,x2) for « = 1,2, and

ug (w1, v2) = &(71, 72)

for (z1,22) € w1 Uws and z3 € (—2,2); see Le Dret [23, Lemma 4.2]. Since the effective domains of the limit
energies Eg and Eg, are contained in the set of Kirchhoff-Love displacements We;(€,UQg; R?) from (4.3), it is
thus possible to rewrite the limit energy functionals in terms of the Kirchhoff-Love generalized displacements p
and €.

Recalling the expression (3.2) of w, we first observe that

é(u) = é(p) — a3V, é(w) = é(n) — 23V*¢

for some 1 and ¢ given. In terms of these new variables, we have

E / CO% (utw):é(utw) dz = = / hCO%(p+n): (p+n>+f—2c°v2(§+<)zvz(£+<) 4
¢ w

2 21 UQs 2 1 Uwa

while

[ rrde= [ e+ 3 Ratna) - oo (€0

a=1,2
_ h/2
with g, (21, 22) 1= / z3fa (21, T2, 73) das, (z1,22) € w1 Uwz, (6.1)
—h/2
where, for simplicity, we have not stressed the dependence on t of w, f, 7, ¢, and ¢,. Since
2 ¢ ¢ 2
|[[U]]pc‘ = |[ P1—$36—M,P2—$33—z27§)]]pc‘

[P |” + 23| [VEL | — 2zl [VELL. + [€]2, (6.2)

|
|
we have that
/m”[u] 24 = L/ 2| [6] ,|* dos ae?
0@ (| [o]. [+ [€]2) - 2m@ ], [VE]. + ma(2)| [VE] [*dz  (6.3)

where we have introduced the algebraic momenta m;(z) defined by

h/2

m;(z)(x1,22) = / riz(w1, w2, v3) das, (x1,22) €Yo, €N (6.4)
—h)2

Assuming from now on that a is independent of x3, also the dissipation R(z — z) can be expressed in terms of
these momenta, namely

h/2
R(z—z)z// a(z—z)dmd%ﬂl:/ a(mo(2)—mo(z)) 42" (6.5)

—h)2
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provided z — z < 0 a.e. on I, otherwise R(z — z) = +00. Concerning the adhesive model we have
A2 = {(p,{,z) € Wh2(wiUwa; R?) x W22(wiUwsy) x L¥(Te) :
0<z<1ae. onlg, [[(p—:vg,V{)-l/]] o >0 for x3 = +h/2 a.e. on 7, (6.6)
Plypie = o = VE - V]qp,, = 0 ae. on 7Dir}a

and the stored energy is

3
1 / NCOepn)e(pn) + S5 OOV (EROT(E40)

2 1Uw2
—P9(E+C) = Yot P (PatTa) + ©h 52— (§+¢) At

+li/m0(|[[p]%|2+ [€]Z.) —2m1[[pﬂvc~[[V§]]VC+m2|[[V{]VCPd%l if (p,&,2) € Add
ple

+00 else.

/E\Ou"@(tv P 55 Z) =

As to the brittle model we observe that z[u]r, = 0 a.e. on I's if and only if z|[u]r. ’2 = 0, and recalling the
expression (6.2) we have

z([[{]]ic + ‘ [[p]]wC — T3 [[V{ﬂvof) =0 a.e. on I¢.

Therefore, since the polynomial 23 — |[p]1o— 23[VE]e |2 identically vanishes if and only if its coefficients vanish

a.e. on I'y, we have
Agr, 1= {(p,f,z) €A z2=0 or [[p]]’ycz [[V{ﬂ’m: [[5]]%: 0 a.e. on I‘c}

where A0 has been defined in (6.6). This clearly shows that in the regions where z > 0 the displacements have
no jumps at all. Setting

o(t l/ hC&(p4n):é(p+ )+h—3<cov2(§+<)-v2(g+<)
i p,8) 2 L e(ptn):é(p+n 2 :
)
—5(6+0) = Y palpatia) + pog —(E+0) dA?, (6.7)
a=1,2 @

the stored energy writes as

Eo(t,p,€7z) — {50(@9,5) if (p,€7z) c AKL

+00 else.

The evolution problem associated with EO and R admits an alternative formulation governed by the following
stored and dissipation energy functionals

B (tp.,0) 1= {@”o(t,p,@ if (p.€.9) € A,

400 else,

. h/ a|1§1|df%ﬁ2 if 9 < 0 on e,
R2D('l9) = Yc
+00 else,
where
AP = {(p,f,ﬁ) € Wh2(wUwa; R?) x W22(wiUws) x L¥(yc): 0< 9 <1 ae. on e,
[[(p—me)-uﬂ’y >0 for x3 = +h/2 a.e. on g,
p|’YDir = €|’YDir =V V|’YDir =0 a.e. on Ypy,

¥=0 or [[pﬂ,m: [[Vf]],m: |[§}]VC=0 a.e. on WC}-
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Indeed, it is easy to see that, if t — (p(t),£(t),z(t)) is an energetic solution associated with Eo and R then,
letting

mo (Z(f, r1,x2, ))

19(t,$1,.’[]2) = h 3

(6.8)

the map t — (p(t),£(t),9(t)) is an energetic solution associated with EZ” and R*®. We observe that, in the case
of brittle delamination, the limit problem thus admits a purely 2D formulation based on ESD and R*”. Moreover,
having an energetic solution ¢ — (p(t),£(t),¥(t)), we can reconstruct an energetic solution (p,&,z) associated
with Eg and R. The simplest way is by choosing z(t, 1, x2, ) constant, i.e.

Z(f,$1,$2,$3) = 19(15,:101,302). (69)

Remark 6.1 (Conceptual numerical strategy.) After a time discretisation one obtains an incremental prob-
lem which might be used, on one hand, as a theoretical tool to prove existence and, on the other hand, to find
a numerical solution (after further spatial discretisation and implementing a suitable global minimization strat-

egy), see e.g. [28, 34]. Namely, considering a time step 7 > 0, the approximate solution obtained by the implicit

k—1

time discretisation gives rise to the incremental minimisation problem for Eg . (k7,u,z) + R(z—z7

) subject to
(u,z) € Ux Z whose solution is denoted by (u¥,z¥) and used in the recursive scheme with k = 1,...,7/7. Setting,

Ty 4T

for any m = (mo, m1,ma) € L= (yc; R?),

h3
hCo(p+n):é(p+) + 5 CV(E+O): V(€40

1Uw2
0

— @56+ = Y “llpatia) +on 5
a=1,2 @

v [ mo(La],* + [€2,) ~2mi[o], 196, + mol [9€], [P e,

1
gO,ﬁ(ta 12 57 m) :25 /

(&+¢) dot?

the mentioned incremental problem reads as

Minimise &, (k7, p, €, m(2)) + /Wca(mo(z)—mo(zi_l)) A, (6.10)

subject to z <zl (p, € 2) € A2d,

for a given 0 < z¥ < 1 and for m(z) from (6.4). In the adhesive case, it does not seem straightforward to translate
the constraint z < z on T in terms of the momenta defined on ~y. and therefore the incremental problem (and
the corresponding numerical strategy) should rather deal with the 2D generalised displacements and the original
2D profile z rather than its 1D momenta.

Remark 6.2 (The brittle case.) In the brittle delamination case, the situation is better and we can work in
terms of the 1D profile ¥ rather than z. Using the functionals Ej” and R*”, the incremental brittle delamination
limit problem reads as

Minimise &y (kT, p, &) + h/ a(9—9r 1) dat,
alel
subject to 0 <9 <951 and [(p—23VE) V], >0 for z3=4h/2 ae. on 7o,

p|'YDir = §|'YDir = Vé ’ V|’YDir =0 a.e. on yp,
U=0 or [[p]]’yc = [[vﬂ]’yc = [[5]]’70 =0 a.e. on g,
(&, 9) € W2 (wiUwz; R?) x W22 (wiUwa) X L®(7e),

(6.11)

for a given 0 < 99 < 1. Although the dimensionality of (6.11) is lower than (6.10), the direct numerical
implementation of the “or” structure appearing in the constraint in (6.11) is expected to be difficult. To
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circumvent this difficulty, one may implement a sequence of problems (6.10) with x gradually increasing and rely

on the analysis presented above, namely Proposition 5.7 for ¢ = 0. An interesting question is whether one can

augment (6.10) with the additional constraint (6.9) without destroying the limit for K — oo and then, in terms

of ¥, implement efficiently such a lower-dimensional approximate variant of (6.10).

References
[1] E. Acerbi, G. Buttazzo, D. Percivale: A variational definition of the strain energy for an elastic string. J. Elasticity
25 (1991), 137-148.
[2] S. Bartels, T. Roubicek: Thermo-visco-elasticity with rate-independent plasticity in isotropic materials undergoing
thermal expansion. Math. Modelling Numer. Anal. 45 (2011), 477-504.
[3] F. Bourquin, P.G. Ciarlet, G. Geymonat, A. Raoult: I'-convergence et analyse asymptotique des plaques minces,
C.R. Acad. Sci. Paris Sr. I Math. 315 (1992), no. 9, 1017-1024.
[4] F. Cagnetti: A vanishing viscosity approach to fracture growth in a cohesive zone model with prescribed crack path.
Math. Models Meth. Appl. Sci. 18 (2008), 1027-1071.
[5] P.G. Ciarlet: Mathematical Elasticity, Vol.II: Theory of Plates. North-Holland, Amsterdam, 1997.
[6] G.Dal Maso, G.A. Francfort, R. Toader: Quasistatic crack growth in nonlinear elasticity. Arch. Rational Mech. Anal.
176 (2005), 165—225.
[7] G. Dal Maso, G. Lazzaroni: Quasistatic crack growth in finite elasticity with non-interpenetration. Ann. Inst. H.
Poincar Anal. Non Linaire 27 (2010), no. 1, 257-290.
[8] G. Dal Maso, C. Zanini: Quasi-static crack growth for a cohesive zone model with prescribed crack path. Proc. R.
Soc. Edinb. A 137 (2007), 253-279.
[9] A.A. Griffith: The phenomena of rupture and flow in solids. Philos. Trans. Royal Soc. London Ser. A. Math. Phys.
Eng. Sci. 221 (1921), 163-198.
[10] K. Hackl, F. D. Fischer: On the relation between the principle of maximum dissipation and inelastic evolution given
by dissipation potential. Proc. Royal Soc. A 464 (2007), 117-132.
[11] G. Francfort, J.-J. Marigo: Revisiting brittle fracture as an energy minimization problem. J. Mech. Phys. Solids 46
(1998), no. 8, 1319-1342.
[12] G. Francfort, A. Mielke: Existence results for a class of rate-independent material models with nonconvex elastic
energies. J. reine angew. Math. 595 (2006), 55-91.
[13] L. Freddi, R. Paroni, C. Zanini: Dimension reduction of a crack evolution problem in a linearly elastic plate. Asymptot.
Anal. 70 (2010), no. 1-2, 101-123.
[14] M. Frémond: Adhérence des solides. J. Mécanique Th. Appl. 6 (1987), 383-407.
[15] A.M. Khludnev: Equilibrium of an elastic plate with an oblique crack. J. Appl. Mech. Tech. Physics 38 (1997),
757-761.
[16] A.M. Khludnev, V.A. Kovtunenko: Analysis of Cracks in Solids. WIT Press, Southampton, Boston, 2000.
[17] D. Knees, A. Mielke, C. Zanini: On the inviscid limit of a model for crack propagation. Math. Models Methods Appl.
Sci. 18 (2008), 1529-1569.
[18] D. Knees, A. Schroder: Numerical convergence analysis for a vanishing viscosity fracture model. In preparation.
[19] D. Knees, C. Zanini, A. Mielke: Crack growth in polyconvex materials. Phys. D 239 (2010), 1470-1484.
[20] M. Kocvara, A. Mielke, T. Roubicek: A rate-independent approach to the delamination problem. Math. Mech. Solids
11 (2006), 423-447.
[21] C.J. Larsen, M. Ortiz, C.L. Richardson: Fracture paths from front kinetics: relaxation and rate independence. Arch.
Ration. Mech. Anal. 193 (2009), no. 3, 539-583.
[22] G. Lazzaroni, R. Toader: A model for crack propagation based on viscous approximation Math. Models Methods
Appl. Sci. To appear.
[23] H. Le Dret: Problemes Variationnels dans les Multi-domaines. Modélisation des Jonctions et Applications, Masson,

Paris, (1991).

21



24]
(25]
(26]
27]
28]
29]
(30]
(31]
32]
(33]

34]

V.I. Levitas: The postulate of realizability: formulation and applications to the post-bifurcation behaviour and phase
transitions in elastoplastic materials I, II, Inél. J. Engrg. Sci. 33 (1995), 921-945, 947-971.

A. Mainik, A. Mielke: Existence results for energetic models for rate-independent systems. Calc. Var. Partial
Differential Equations, 22 (2005), 73-99.

A. Mielke: Evolution of rate-independent systems. Handbook of Differential Equations, Evolutionary FEquations,
vol. 2, (Eds.: Dafermos, C.M., Feireisl, E.) Elsevier, Amsterdam, 2005, pp.461-559.

A. Mielke: Differential, energetic and metric formulations for rate-independent processes. In: Nonlinear PDEs and
Applications (Eds. L.Ambrosio, G.Savaré.) Springer, 2010, pp.87-170.

A. Mielke, T. Roubi¢ek: Numerical approaches to rate-independent processes and applications in inelasticity. Math.
Model. Numer. Anal. 43 (2009), 399-428.

A. Mielke, T. Roubicek, M. Thomas: From damage to delamination in nonlinearly elastic materials at small strain.
(Preprint no.1542, WIAS, Berlin, 2010.) Submitted to J. Elasticity.

A. Mielke, T. Roubicek, U. Stefanelli: I'-limits and relaxations for rate-independent evolutionary problems. Calc.
Var. Partial Differential Equations. 31 (2008), 387-416.

A. Mielke and F. Theil: On rate-independent hysteresis models, Nonlin. Diff. Equations Appl. 11 (2004), 151-189.
(Accepted July 2001).

A.Mielke, F. Theil, V.I. Levitas: A variational formulation of rate-independent phase transformations using an ex-
tremum principle. Arch. Rat. Mech. Anal. 162 (2002), 137-177.

M. Negri, C. Ortner: Quasi-static crack propagation by Griffith’s criterion. Math. Models Methods Appl. Sci. 18
(2008), 1895-1925.

T. Roubicek, M. Kruzik, J. Zeman: Delamination and adhesive contact models and their mathematical analysis and
numerical treatment. In: Math. Methods and Models in Composites. (V. Manti¢, ed.) Imperial College Press. To
appear.

T. Roubicek, L. Scardia, C. Zanini: Quasistatic delamination problem. Cont. Mech. Thermodynam. 21(3) (2009),
223-235.

M. Sofonea, W. Han, M. Shillor: Analysis and Approximation of Contact Problems with Adhesion or Damage,
Chapman & Hall/CRC, Boca Raton, FL, 2006.

M. Thomas, A.-M. Séndig: Energy-release rate for interface-crack in compounds for p-Laplacian type-Griffith formula
and J-integral. Bericht 2006/13, SFB 4040, Univ. Stuttgart., 2006.

R. Toader, C. Zanini: An artificial viscosity approach to quasistatic crack growth. Boll. Unione Mat. Ital. 2 (2009),
1-35.

22



