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ABSTRACT. We present three simple regular one-dimensional variational prob-
lems that present the Lavrentiev gap phenomenon, i.e.

b b
mf{/ L(t,x,:&):wGWé’l(a,b)} <inf{/ L(t,x,w’):wGWé’oo(a,b)},

(where Wé’p(a, b) denote the usual Sobolev spaces with zero boundary condi-
tions) in which, in the first example, the two infima are actually minima, in the
second example the infimum in W(l)‘oO (a, b) is attained meanwhile the infimum

in Wé’l(a, b) is not, and in the third example both infimum are not attained.
We discuss also how to construct energies with gap between any space and
energies with multi-gaps.

1. Introduction. In 1926 M. Lavrentiev [7] published an example of a functional
of the kind

b
/ L(t,z,&)dt,
a

whose infimum taken over the space of absolutely continuous functions is strictly
lower than the infimum taken over the space of Lipschitzian functions with imposed
boundary conditions. This energy gap is known as the Lavrentiev phenomenon since
then. It is a manifestation of the high sensibility of the variational formulation upon
the set of admissible minima (considering that W1>°(a, b) is dense in W' (a,b)).
The main drawback of this phenomenon is the impossibility of computing the min-
imum by a standard finite-element scheme.
One simple example exhibiting an energy gap is given by the Mania action [9]:

1
I(x):= / (x3 —t)2%i5at,
0
with boundary conditions z(0) = 0, z(1) = 1, is such that
0=inf{Z:W}'(0,1)} =min{Z: W] '(0,1)} <inf {Z:W}>(0,1)},
and the infimum on W3°(0,1) is not attained. Further examples verifying this

phenomenon have been given by several authors: see [4], [10] and references therein.
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In this manuscript, we are mainly interested in provide explicitly for a new simple
and regular variational problem in which, in presence of an energy gap, the infimum
on the Lipschitz function and the infimum on the absolutely continuous functions are
both attained. The motivation behind that is a better knowledge of the Lavrentiev
phenomenon itself and the investigation of its potentialities in modelling any kind
of singular phenomena. We also furnish variational problems where the infima are
attained or not in all the possible combinations.

In section 2, we present our main result. We will prove also the occurrence
of the repulsion property, i.e. the fact that the energy diverges to infinity as we
approximate the absolutely continuous minimum by a Lipschitz function.

In sections 3 and 4, we modify the variational problem we have introduced to
obtain an example where the Lipschitz infima is attained meanwhile the absolutely
continuous one is not and viceversa (as it happens for the Manid’s action [1]), and
an example where both infima are not attained.

In the last section 5, we discuss how to construct energies with gap between
any space and energies with multi-gaps by presenting in detail the case of 2-gaps
Lavrentiev phenomenon.

2. Attained regular and irregular infimum. In Theorem 1, we present a vari-
ational problem where the infimum on the Lipschitz function and the infimum on
the absolutely continuous functions are both attained in presence of the Lavrentiev
phenomenon. In Corollary 1, we prove the same result for a regular Lagrangian. In
Proposition 1, we discuss the repulsion property.

Theorem 1. Let ¢ be any constant in (0,1//2), let p be any number greater or
equal than 15/2 and set

1 p—1>7"1 28

BECRVEE %2'5.772 3 22
1 2 — 1-—-1t 1-— 1—-1
P(t, z) = {4z2 + @2-c )3( )Z—i- (1-c )é ) 22, (t,2) in [-1,1] x R.
The action functional Z defined by
1
[ Pttt = (=) (Beglip + 1)t 1)
-1

with boundary conditions x(—1) = 0, (1) = 0, presents the Lavrentiev phenomenon,
i.e.
0= inf{Z(z):ze W' (~1,1)}
. ) 1,00 21—-¢3)—1 28
<inf{Z(z):z e Wy~ (-1,1)} = 13 3 E T
Furthermore, defining Z(t) := ¥/1 — 2 € W' (—=1,1) and Z(t) := 0 € W™ (—1,1),

we have

inf{Z(z) : x € W5l (=1,1)} = min{Z(x) : 2 € W' (=1,1)} = Z(&),

inf{Z(z) : x € Wy (=1,1)} = min{Z(z) : 2 € Wy™(-1,1)} = Z(z),

and T, T are unique.

Proof. Let L be the Lagrange function associated to (1), i.e.
L(t,l‘7£) = P(t7 mS - (1 - t2)) (EC;P|§|p + 1) :

The function P(t,z) defined for (¢,z) € [—1,1] x R has exactly the following
extremal points:
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P(t.z)

—(1-2) —(1-c*)(1-) 0 2

FIGURE 1. The graph of the function P(t,-).

I. 0 is the global minimum for P(t,-) and P(¢,0) = 0 (hence, P is non-negative);
II. —(1—¢?) is a local minimum for P(t,-) and
2(1—¢%) —1

12
1. —(1 —¢*)(1 —¢?) is a local maximum for P(t,-).
In fact, the derivative of P with respect to z is
P(t,2) = 2lz + (1= (1 = )]z + (1 - 7]
and therefore I, IT and III follows directly from the assumption ¢ < 1/v/2 (figure

1).
Part 1. We claim that #(t) = /1 — {2 is the only minimum of Z in W' (—1,1).
The derivative of Z is equal to —(2/3)t/{/(1 — t2)?; since Z(—1) = 0 and &(1) = 0,
we have that Z belongs to W4''(=1,1) (but Z ¢ W,>°(—1,1)). From I, we have
L(t,z,&) > 0 and

P(t,—(1—1?)) = (1—t*)%

L(t,&,i) = P(t,0) (E.p|z[” + 1) = 0.
Therefore, Z > 0 and Z(Z) = 0, that implies that & is a minimum.

We conclude that Z is the only minimum since, if Z; were another minimum, we
would have Z(Z;) = 0 and, by the positivity of the Lagrangian, L(t, #1,%1) = 0. It
would follow that P(t, %3 —(1—t?)) = 0 that is possible if and only if 73 —(1—¢2) = 0,
and, hence, T; = 7.

Part 2. We claim that Z(¢) = 0 is the only minimum of Z in Wy (—1,1).

First of all, observe that

1 7637 8
1) = [ Pl e === @

since

' 2\4 28
1—t%)%dt = .
/1( ) 32'5.7

The coefficient [2(1 — ¢®) — 1]/12, that we denote by e, is strictly positive since,
by assumption, ¢ < 1/4/2.

Let 2 be any function in W{'>(—1,1)\ {Z}. We want to prove that Z(z) > Z(z).

Since z has bounded derivative, z(t) is smaller than the function ¢v/1 — {2 in a
right neighbourhood of —1 and in a left neighbourhood of 1.
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x(t)

-1 a 0 1 t

FIGURE 2. The graph of z(¢) intersecting cv/1 — 2 and v/1 — t2.

Whenever z(t) < ev/1 — 2 for any t € (-1, 1), it follows that z(¢)3 — (1 — %) <
—(1—=¢*)(1 —#?). By II and III we have

L(t,2,2) > e.(1 — t)* (E.p|#|P + 1) > e.(1 — t2)*
and, hence, Z(x) > Z(z).
Otherwise, suppose there exists a € (—1,0) such that (figure 2)
z(t) <cv/1—12 t € [~1,a),
z(a) = cv/1 — a?;

Observe that, by the symmetries of the Lagrangian, if x(a) = c¢v/1 — a2 with a
in [0,1), we can refraise the problem in the setting above by the change of variable
t — —t in the integral (1).

By II and III, for any ¢t € (—1,a), we have the estimate

L(t,z, &) > ec(1 — ) (Ecp|#]P + 1) > ec(1 — ) E, |27 (3)
By the Holder’s inequality, we obtain

cv/1—a? :/ x’dt:/ B(1—t)YP(1 —2)~Yrat
—1 —

a 1/p (p—1)/p
< U |ZP(1 — t?) 4dt} [/ —4/(p= 1)dt}
a (p—1)/p
U l2[P(1 — 4dt} [/ (141)~4/= l)dt]
—1
a (»—1)/p
= U P (1 — ] [(1+ a)@=977] {pl} .
—1 p—5

It implies, recalling that p > 15/2,

a - -
/ |Z]|P(1 — t2)4dt > cP(1— a2)p/3(1 + a)—p+5 [795:|

IN

—1 L p—l
J— p7
p—
>cP p=> -
- p_l .

We conclude that

a ) 28
I(l’) >/_1 L(t,x,m)dtzﬁcm



ACTION FUNCTIONALS THAT ATTAIN REGULAR MINIMA AND ENERGY GAPS 5

Since the inequality we have obtained is strict, we infer also the uniqueness of the
minimum.
The occurrence of the Lavrentiev phenomenon follows from
8

€32.5.7

I(z) =€ >0 = I(3).

By the fact that Z is actually in C5°(—1, 1), we have proved that
Z(z) = min{Z(x) : x € Wé’l(—l, 1)} <min{Z(x): x € C§°(-1,1)} = I(Z).

We wish to point out that, whenever p is an integer number, the Lagrangian
that has been presented is a polynomial of degree 8 in ¢, 9 in x and p in &, with
a minimum degree equal to p = 8 > 15/2. Furthermore, it is convex in ¢, for any
(t,x). Therefore, L(t,x,£) is a very regular function, for instance C°.

By using a general result by P. Lowen [8] (that we state below in Theroem 2
for reader convenience), we can even provide for a coercive polynomial Lagrangian,
strictly convex in &, for any (¢,z) but (—1,0) and (1,0), that verifies the same
statement of Theorem 1.

Corollary 1. Let ¢, p, E., and P(t,2) as in Theorem 1.
The action functional J defined by

1
/ P(t, 2 — (1 —t2)) (B p|#|P + 1) + 27(1 — t2)%3® + 8t°]22%dt, (5)
-1
with boundary conditions x(—1) = 0, z(1) = 0, wverifies the same statement of
Theorem 1.

Theorem 2 ([8]). Let I be a functional that exhibits the Lavrentiev phenomenon.
Suppose that T > 0 and that there exists a minimizer & with Z(z) = 0.

Then, for any action P with P > 0 and P(Z) finite, there exists 6 € (0,00] such
that, for any 6 in [0, 5), the functional T 4+ 6P exhibits the Lavrentiev phenomenon.

Proof of Theorem 2. Let i be the infimum of 7 on the set of Lipschitz functions.
Setting 6 = i/[2P(Z)], we have, for any ¢ in [0, 9),

Z(z)+oP(z) <i/2,
Z(z)+ 6P(x) > 1,

for any Lipschitz function z. Hence, Z+46P exhibits the Lavrentiev phenomenon. [

Proof of Corollary 1. Let P be the functional given by
1
P(z) = / [27(1 — t*)%33 + 83?22 dt.
-1

It is non-negative and, recalling that #(t) = /1 — t2 and z(t) = —(2/3)t/ /(1 — 12)2,
P(z) = 0. By Theorem 2, J presents the Lavrentiev phenomenon.
Since J (%) = Z(Z) and J(z) = Z(Z), the result follows from the fact that

J(x) = I(x),
for any function x. O

In the Proposition 1 below, we prove the occurrence of the repulsion property
for the energy 7.
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Proposition 1. Let p > 15/2 and {x,}, C W>°(=1,1) be a sequence such that
Z, converges to & almost everywhere in (—1,1) and Z as in Theorem 1.
Then,
Z(xy) — o0,

as n tends to oo.

Proof. Let a,, € (—1,0) be defined as in Theorem 1, i.e.

r,(t) <cv/1—12 t € [—1,a,),
xp(ay) =cy/1 —a2;
By assumption, since x,, converges to & almost everywhere in (—1,1), a,, converges
to —1.
Recalling the inequalities (3) and (4) in the proof of Theorem 1,

L(t,2p, @n) > (1 =t (Beplinl? +1) > e.(1 — )2 E, p|@,|P

and 1
a _ p—
/ 2, [P(1 —t2)4dt > cP(1 —a®)P/3(1 + a)7PFP {pﬂ
1 p—
we conclude that
A ’ L(t Ly, )dt > 2 1
(xn) > . ( 7xn7xn) = €C32 .5.7 (1 4 an)Zp/3—5 — o5
as n tends to oco. O

3. Attained regular infimum but not attained irregular infimum. We pro-
vide for a coercive Lagrangian, for any (t,z), z # v/1 — t2, that presents the Lavren-
tiev phenomenon and attains its infimum between the Lipschitz functions but does
not attain its infimum between the absolutely continuous one. More precisely:

Corollary 2. Letc, p, E.p and P(t,z) be as in Theorem 1.
The action functional J defined by

1
/ P(t, 2% — (1 —12)) (B p|#|P + 1) + 6[27(1 — %)% + 16¢*)%3%(1 — ¢*)dt, (6)
-1
with boundary conditions x(—1) = 0, x(1) = 0, presents the Lavrentiev phenomenon,
1.€.
0= inf{J(z):2e Wy'(-1,1)}
<inf{J(z): 2z € Wy™(-1,1)} =

for any non-negative § such that

20— —1 28
12 32.5.7

I(z)
2P (%)’
where P(x) := [1,[27(1 — 13)2i3 + 1663232 (1 — 2)dt.
Furthermore, T(t) =0 € W™ (—1,1) is such that
inf{J(z): x € Wy (=1,1)} = min{J (z) : x € Wy™(=1,1)} = J (&),

0 <

T 1s unique, but J does not admit minimum in W(l]’l(—l, 1).
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Proof. The functional P is non-negative and, recalling that Z(t) = /1 —t2 and
() = —(2/3)t/ /(1 - )2,
1 9848
Py = [
1=t
By Theorem 2, J presents the Lavrentiev phenomenon.

Since J(z) = Z(z) and J(x) > I(x), for any function z, we obtain that Z is a
minimum for J in Wy (—1,1).

If we prove that the infimum value of 7 in Wé’l (=1,1) is 0, then J cannot admit
minima in Wé’l(—l, 1). In fact, in that case if Z; were a minimum, it would follow
that 0 = J(Z1) > Z(#1) > 0 and, by the uniqueness of the minimum for 7, #; = Z.
But P(z) > 0, that contradicts J (&) = 0.

Let us prove that the infimum value of 7 in W' (—=1,1) is 0.

Set € > 0 and let n be an integer number and —14+e=1t) <t; < - <t, =0
be the partition of the interval [—1 + ¢, 0] given by

- [ (- ) v

Define x,, . in W' (=1,1) by

dt < oo.

V1 —t2 Jte[-1,—-14¢),

max{f‘/ 1—1¢2,

Eelt) = N (A N e

Te(—1) ,t e (0, 1]..“

One verifies that ||z, . — #||c converges to 0, as n converges to oco.
Since

—1+e 28t8

Lo Ve e
|| is uniformly bounded with respect to n in [-1 4 €,1 — €] and P is continuous,
we have that J(z,,.) converges to je, as n converges to co.

Observing that j. converges to 0, by a diagonal argument, we can find n. such
that

P(zn,e) =2

T (Tn.e) =0,
as € tends to 0. O

4. Not attained neither regular nor irregular infimum. We start showing,
in Corollary 3, an example of a coercive Lagrangian for any (¢, ), x # v/1 — 2, that
presents the Lavrentiev phenomenon that admits an absolutely continuous minimum
but does not attain its Lipschitz infimum. We therefore propose, in Corollary 4, an
example of a coercive Lagrangian for any (¢, x) but (—1,0) and (1,0), that presents
the Lavrentiev phenomenon that does not admit absolutely continuous nor Lipschitz
minima.

Corollary 3. Let ¢ and P(t,z) be as in Theorem 1, p > 15 and

g2 (o2
P e \p—5 32.5.7
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The action functional I, defined by
2
e

/_11 P(t,z® — (1 —1%)) (EC,p 5

with boundary conditions x(—1) = 0, (1) = 0, presents the Lavrentiev phenomenon,
i.e.

= 1) dt, (7)

0= inf{Z;(z): e Wy'(-1,1)}
. . 1, 2(1 — CS) -1 28
< inf{Zi(z) 12 € WL (=1,1)} = TR L
Furthermore, &(t) = ¥/1—t2 € Wy (=1,1) is such that
inf{Z,(x) : z € Wi (=1,1)} = min{Z, (z) : 2 € W' (=1,1)} = 7, (&),

i is unique, but T, does not admit minimum in Wy (—1,1).

Proof. The proof proceeds in the same way as in the proof of Theorem 1. We outline
just the main differences.

From Part 1 of Theorem 1, it follows that () = v/1 — t2 is the only minimum
of T, in Wy (=1,1), Zy(&) = 0.

Let us prove that the infimum value of Z;, in W™ (—1,1) is greater than Z(Z).

Let x be any function in W(l]’oo(fl, 1) and a be defined as in Part 2 of Theorem
1. We have

2

GYTFar (1-3¥T5a) < Y- - Gl+a)

([ Fuens .

Then, by proceeding as in (4) Theorem 1, we obtain
a P 2 p—1 2 p—1
/ (1-— t2)4dt > ﬁ p;5 1+ a)*P/3+5 > ﬁ B )
1 — 22 [p—1 2 |p—1

Using an analogous estimate as (3) Theorem 1, we conclude that

.9 02
2 - —

5 dt.

2
- =

a 28
T > L(t,xz,z)dt > e.———— = I(Z).
@> [ it > g =1
Let use prove that the infimum value of Z; in W™ (—1,1) is exactly Z(z).
To this purpose, let n be an integer number and —1 =ty <t; <---<t, =1 be
the partition of the interval [—1,1] given by

k
tp:=—1+2—.
n
Define 3,, in W(*°(—1,1) by
C
7(t_tk) 7te [tk7tk+l)7keven7
.T/'Qn(t) = \/§C

*\ﬁ(t —tg1) St € [th,thy1), k odd.

One verifies that ||z2, — Z|| converges to 0.

Since i3, = ¢?/2, we conclude that

Ty (x2,) = /_11 P(t,z3, — (1 —t%))dt — I(),

as n tends to oo.
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We claim that Z; does not admit minima in Wg'*(—1,1).

In fact, If there exists a minima Z; for Z;, we would have that Z;(z1) = Z(z).
Furthermore, Z;(t) < ¢v/1 —t2 for any ¢ in (—1, 1), since otherwise Z;(z1) > Z(z),
as we have shown above. Hence,

1 02 p
/ P(t,—(1 —t?)) |22 — —| dt
_1 2
1 . 62 P
< / P(t, 73 — (1 —12)) (Eap 2 — |+ 1) — P(t,—(1 —t%))dt

= ll(i‘l) —I(i‘) =0.

It implies |2Z1| = ¢/v/2 and, hence, it would follow Z;(Z;) > Z(Z), in contradiction

In the next Corollary, we propose an example of a coercive Lagrangian for any
(t,x) but (—1,0) and (1,0), that presents the Lavrentiev phenomenon that does not
admit absolutely continuous nor Lipschitz minima.

Corollary 4. Let ¢, p, E., and P(t,z) be as in Corollary 3.
The action functional J defined by
P
T 1)
2

2

T
2

/11 {P(t, 3 — (1 —1t%) (ECV,,

c? (8)
+O[27(1 = #2)%3% + 16¢°]? <5”2 - 2) (1~ t2>2} dt,

with boundary conditions x(—1) = 0, (1) = 0, presents the Lavrentiev phenomenon,
i.e.
0= inf{J(z):2ec Wy'(-1,1)}
20—-¢3)—1 28
<inf{J(z): 2 € Wy™(-1,1)} = (1=c)

12 32.5.7

for any non-negative § such that
I(z)

< p@)

where P(x) = [, [27(1 = )% + 16£°2(32 — 2/2)*(1 - £2)dt.

Furthermore, J does not admit minimum in Wy (—=1,1) nor in W™ (=1,1).

Proof. The proof is analogous to the one of Corollary 2. .
The functional P is non-negative and, recalling that Z(t) = v/1 — 2 and Z(t) =

—(2/3)t/ /(1 = )2,
P(&) = /1 2°1912/3 + (¢/2) YL — )1
—1 32Y(1—t?)?
By Theorem 2, J presents the Lavrentiev phenomenon.
By definition, J(z) > Z(x), for any function x.
If we prove that the infimum value of 7 in Wy*°(—1,1) is Z(Z), then J cannot
admit minima in Wy°°(—1,1). In fact, in that case if Z; were a minimum for 7,

it would be a minimum also for Z; that contradicts Corollary 3.
Let us prove that the infimum value of 7 in W™ (—1,1) is Z(z).

dt < oo.
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Let n be an integer number and —1 =ty < t; < --- < t, = 1 be the partition of
the interval [—1, 1] given by

k
tp = —1+2—.
n

Define x5, in W(l)’oo(—l, 1) by
c
—(t — tx) ,t € [tk,tkt1), k even,
xzn(t) = \/§

C
—7(t—tk+1) ,t € [tk7tk+1)7k odd.

V2

One verifies that ||z, — Z||e converges to 0.

Since 43, = ¢?/2, we conclude that

Tiean) = [ Pltiah, = (1= #)it = T(a),

as n tends to oco.

If we prove that the infimum value of 7 in W(I)’1 (=1,1) is 0, then J cannot admit
minima in W' (=1,1). In fact, in that case if #; were a minimum, it would follow
that 0 = J(Z1) > Z(#1) > 0 and, by the uniqueness of the minimum for 7, Z; = Z.
But P(z) > 0, that contradicts J (&) = 0.

Let us prove that the infimum value of 7 in W' (—=1,1) is 0.

Set € > 0 and let n be an integer number and —14+e=1t) <t; < -+ <t, =0
be the partition of the interval [—1 + ¢, 0] given by

wm 1= [E (-2 o]
Define x,, . in W' (=1,1) by
V11—t te[-1,—1+e),
max{\%(t—tk)—i— ﬂ7

Tuelt) = 2Tt (128 T

,t € [tk,tk+1),k = 0, , N,
Tn,e(—1) ,t € (0,1].

One verifies that ||z, . — #||c converges to 0, as n converges to co.
Since

“rhe 9840[33 4 (¢2/2) T PP
Plane) = 2/_1 320/ - P)

|p,¢| is uniformly bounded with respect to n in [-1+¢,1 — €] and P is continuous,
we have that J(mme) converges to j., as n converges to oo.

Observing that j. converges to 0, by a diagonal argument, we can find n. such
that

dt = j€7

T (n, ) =0,
as € tends to 0. O
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5. Energy gap between any space and multi-gaps. In this last section we
would like to point out briefly how the method we proposed in this manuscript can
be extended to provide energies with gap between any couple of spaces, let us say
Wé’h(fl,l) and Wé’k(fl,l), 1 < h <k < oo, and how to provide for energies
with multi-gaps, for instance with two gaps, i.e.

min{Z(z) : x € Wy (=1,1)}
<min{Z(z) : z € WyF(~1,1)}
<min{Z(z) : z € Wpt(=1,1)},

with 1 < h <k <!l < oo0.

In Theorem 3, we state without proof a family of variational problems with gap
in any space. In Theorem 4, we state and prove the 2-gaps Lavrentiev phenomenon
for a family of variational problems.

Theorem 3. Set s :=k(h—1)4+h(k—1) and r :=2(h — 1)(k — 1). Let ¢ be any

constant in (0,1/~/2), let p be any number greater or equal than (4r + 1)s/(s — 1)
and set

1 —1 \**' ! .
Bop=— (-2~ / (1— ),
’ c? \p—4r—1 1

P(t,z) = B?ﬂ + Gl cs)él — t2)rz + (1= CS)(; — " 22, (t,2) in [-1,1] x R.

The action functional Z defined by

/1 Pt,a® — (1= 2)7) (Bop|#l? + 1) dt, (9)
1

with boundary conditions x(—1) = 0, (1) = 0, presents the Lavrentiev phenomenon,
i.e.

0= inf{Z(z):ze Wp"(=1,1)}

<inf{Z(z): 2z € WH*(~1,1)} = % [1(1 — %)t

Furthermore, defining x,(t) == (1 — t2)"/* ¢ Wé’h(—l,l) and xp(t) == 0 €
W(l)’k(—l7 1), we have

inf{Z(z) : x € W5""(=1,1)} = min{Z(z) : € Wy""(=1,1)} = Z(xp),
inf{Z(z) : x € Wy*(=1,1)} = min{Z(x) : z € Wy*(=1,1)} = Z(xs),
and xp, T are unique.
Theorem 4. Set

ro=4kl(h — 1)(k — 1)
<w:=kl[2(h—1)(k — 1) + k(h — 1) + h(k — 1)]
< s :=2kl[k(h — 1) + h(k — 1)].

Let ¢ be any constant in (0,1//2),

21(t) = =25(1 = 2)" + (1 4+ ¢)*(1 = t3)"  , 29(t) := =25(1 — t2)" + (1 — t3)v,
23(t) = —25(1 —t3)" + c5(1 — t2)v cza(t) = —25(1 — t2)",
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and
Q(t, =) = %6 A1tz tz At 2425 n 2122 + (=1 +22§Z3 +2z4) + Z3Z4Z4+
2122(23 + 24) + 2324(21 + 22) 3 21222324 o
- z° 4+ z°.
3 2
Let p be any number greater or equal than (6r 4+ 2w + 1)s/(s — w) and set

2 1 2° ~1 .
E.p:=max§ -, ———5 ¢ — S — / Q(t, z4(t)
' 2’(1=¢c)?) e?p \p—6r—2w-1 )

where o := min Q(¢, 22)/(1 — t2)5" > 0.
The action functional Z defined by

1
L Qlt,a® — 2°(1— )7 [Buplil?(2® — (1 — £2)%)2 + 1] dr, (10)

with boundary conditions x(—1) = 0, x(1) = 0, presents the 2-gaps Lavrentiev
phenomenon, i.e.
inf{Z(z):z e Wy'(-1,1)}
<inf{Z(z): 2 € Wy*(=1,1)}
< inf{Z(z): 2z e Wyt (-1,1)}.
Furthermore, defining xp,(t) := 2(1—t2)7/5 € W (=1,1), zx(t) := (1—t2)*/s €
Wé’k(—l, 1) and z;(t) := 0 € Wy'(=1,1), we have
inf{Z(z) : z € Wp"(=1,1)} = min{Z(z) : 2 € Wg"(=1,1)} = Z(xp),
inf{Z(z) : x € WpH(=1,1)} = min{Z(z) : z € W*(=1,1)} = Z(xs),
inf{Z(z) : z € Wp(=1,1)} = min{Z(z) : 2 € Wi (=1,1)} = Z(x),
and xp, Tk, T are unique.

Proof. Let L be the Lagrange function associated to (10), i.e
L(t,2,8) = Q(t,a® —2°(1 — t*)") [Ecplé|P(z* — (1 — £2)")* + 1] .
The function Q(t,z) defined for (¢,z) € [—1,1] x R has exactly the following
extremal points:
I. 0 is the global minimum for Q(¢,-) and Q(¢,0) = 0 (hence, @ is non-negative);
II. z3, z4 are local minima for Q(¢,-);
ITI. 2y, z3 are local maxima for Q(¢,-).
In fact, the derivative of ) with respect to z is
Q.(t,z) = 2(z — z21)(z — 22) (2 — 23)(2 — 24)
and therefore I, IT and II1 follows directly from the assumption ¢ < 1/+/2 (figure 3).
Part 1. We claim that , is the only minimum of Z in W3 (—1,1).
The derivative of x, is equal to —4(r/s)t/(1—12)(577)/%. We have that x;, belongs

to Wo(—1,1) but 2, does not belong to W¢*(—1,1), by the choice of 7 and s.
From I, we have

L(t,z,€) >0, Qx5 —25(1 —t*)") = Q(t,0) = 0.

Therefore, Z > 0 and Z(z;,) = 0, that implies that z;, is a minimum.
We conclude that xj is the only minimum since, if y; were another minimum,
we would have Z(yn) = 0 and, by the positivity of the Lagrangian, L(t, yn,yn) =
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Q(t,z)

Zy Z3 Z, z, 0 z

FIGURE 3. The graph of the function Q(¢,-).

0. It would follow that Q(¢,y; — 2°(1 — ¢*)") = 0 that is possible if and only if
ys —25(1 —t3)" = 0, and, hence, y, = zp.

Part 2. We claim that zy, is the only minimum of Z in W™ (—1,1).

First of all, observe that

T(xy) = /1 Q(t, (1 —t3) —25(1 — t2)")dt =: iy,. (11)

The constant iy, is strictly positive since, by assumption, ¢ < 1/v/2.

Let  be any function in Wé’k(—l, D\{zx}. We want to prove that Z(x) > Z(xy).

By the regularity of x, z(t) is smaller than the function (1 + ¢)(1 — #2)"/* in a
right neighbourhood of —1 and in a left neighbourhood of 1.

Whenever z(t) < (14 ¢)(1 — t?)"/* for any t € (—1,1), it follows that z(¢)* —
25(1 —t2)" < 21(t) = (1 + ¢)*(1 — t2)" — 25(1 — t3)". By II and III we have

L(t,x, &) > Q(t, (1 — t*)” — 25(1 — t*)")
and, hence, Z(z) > Z(xy).
Otherwise, suppose there exists a € (—1,0) such that
2(t) < (1+0)(1— )7/, t € [-1,a),
w(a) = (1 +¢)(1—a®)"";
Let ag € [-1,a) be such that

{ z(t) > (1+¢/2)(1 —t3)"/*, t € (ag,a),
z(ao) = (14 ¢/2)(1 — ag)"/*;

Observe that, by the symmetries of the Lagrangian, if z(a) = (1 4 ¢)(1 — a?)"/*
with @ in [0,1), we can refraise the problem in the setting above by the change of
variable ¢ — —t in the integral (10).

By II and III, for any ¢t € (ag,a), we have the estimate

Lt,z,&) > Q(t, (1 —t3)¥ —25(1 — t3)") B, p|#|P(x° — (1 — t3)v)?

c X .
> qZEEc,p(l - t2)67+2w|x|p.
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By the Holder’s inequality, we obtain

a a
Ca—arys < / bt = /
2 agp aop
a 11/p
S |j;‘p(1 _ t2)6r+2wdt
o 11/p
S |£C‘p(1 o t2)6r+2wdt
o 11/p
< |£E‘p(]. _t2)6r+2wdt
ag

X e —
[p67'2w1

p—1 }(p—_l)/p

L/ ag

L/ ag

_(1 N a)(p_ﬁr—Qw—l)/P}

:L‘(]. _ t2)(6r+2w)/p(1 _ t2)—(6r+2w)/pdt
/a(l _ t2)—(6r+2w)/(p—1)dt

/a(l + t)f(6r+2w)/(p71)dt

(p—1)/p

} (p—1)/p

It implies, recalling that p > (6r + 2w + 1)(1 —w/s) > (6r + 2w + 1)(1 — r/s),

/ |£C|p(1 o t2)6r+2wdt
ag

cP
>

Z 5

>f p—6r—2w-—1
- 2p p—1

>

20 p—1

We conclude that, by the properties of @,

I(x)>/cl:

(1 _ a2)pr/s(1 + a)—p+6r+2w+1 |:

c? [p—6r—2w—

1
L(t,x,@)dt > [1Q(t,z4(t)) > ig.

1

s

p—6r—2w-—-1
1 P !

p—

:l (1 + a)—p(l—r/s)+6r+2w+1

-

(12)

Since the inequality we have obtained is strict, we infer also the uniqueness of the

minimum.

Part 3. We claim that z; is the only minimum of 7 in W(l)’l(—l, 1).
First of all, observe that

1
I(z)) = /1 Q(t, —25(1 — t3)")dt =: i;.

(13)

The constant 4, is strictly positive since, by assumption, ¢ < 1/v/2, and 4; > iy by

definition of Q.

Let z be any function in W§'(=1,1)\ {z;}. We want to prove that Z(z) > Z(x;).

By the regularity of x, z(t) is smaller than the function c(1 — t?)
neighbourhood of —1 and in a left neighbourhood of 1.

Whenever z(t) < ¢(1 — t2)*/* for any t € (—1,1), it follows that 2(t)* — 2°(1 —

) < 2 (t) = (1

and, hence, Z(z) > Z(z;).

_ t2)’w

—25(1

—t2)". By II and III we have

L(ta T, 17) > Q(ta 725(1 - t2)r)

Otherwise, suppose there exists a € (—1,0) such that
z(t) < (1 —tH)v/*, t e [~1,a),

{

z(a) = (1 — a®)v/*;

Let ag € [-1,a) be such that

{

x(ag) = 0;

x(t) >0, t € (ag,a),

w/s

in a right
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Observe that, by the symmetries of the Lagrangian, if (a) = ¢(1—a?)"/* with a
in [0,1), we can refraise the problem in the setting above by the change of variable
t — —t in the integral (10).

By II and III, for any t € (ag,a), we have the estimate

Lt,z,d) > Q(t, —25(1 — 2)")E, || (2" — (1 — 12)®)?
> (1= ¢)*Bep(1 = £2) 20 i,

where g4 := min Q(¢, 24) /(1 — t2)5" > 0.
By the Holder’s inequality, we obtain

a a
c(W=a) = [Cadi= [ ey

_ao " ao 1pr ra (r—1)/p
< |x|10(1 _ t2)6r+2wdt / (1 _ t2)—(6r+2w)/(p—l)dt

e e e (-1)/p
< |I|P(1 o t2)6r+2wdt / (1 + t)(6r+2w)/(p1)dt:|

LS ag 1 L/ ao

[ ra 11/p
< / |x|17(1 _ t2)6r+2wdt (1 + a)(p—6r—2w—1)/p}

LS ao L

p—1 (r—1)/p
p—6r—2w-—1 '
It implies, recalling that p > (6r + 2w + 1)(1 — w/s),
a p—1
/ |i,|p(1 _ t2>6r+2wdt > Cp(l _ a2)pw/s(1 + a)—p+6r+2w+1 p—6r—2w-1
aop - p - 1

p—1
>cP [p Or = 21w — 1] (1+ a)*p(l—w/s)+6r+2w+1
p—
S o [p 6r — 2w 1] .
2 —p ]

(14)

We conclude that
() >/ L(t, 2, @)t > i,

ao
Since the inequality we have obtained is strict, we infer also the uniqueness of the
minimum.
The occurrence of the 2-gaps Lavrentiev phenomenon between Wé’h(—l,l),
Wé’k(—l, 1) and Wé’l(—l, 1) follows from

I(a?l) =1 > I(ack) =1 > I(.Th> =0.
O

We would like to point out that Theorem 4 can be generalized to provide examples
with three or more energy gaps by replacing Q(¢,z) by an analogous polynomial
with as many wells as gaps (see figures 1 and 3). In that way, we will need a
polynomial of degree 2 x {# of gaps + 1}.

As last remark, we notice that it is possible to perturb the action in Theorem
4, as in Corollary 2, 3 and 4, to obtain variational problems where the infima are
attained or not in all the possible combinations.
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