WEAK NOTIONS OF JACOBIAN DETERMINANT AND
RELAXATION

GUIDO DE PHILIPPIS

ABSTRACT. In this paper we study two weak notions of Jacobian determinant for
Sobolev maps, namely the distributional Jacobian and the relazed total variation,
which in general could be different. We show some cases of equality and use them to
give an explicit expression for the relaxation of some polyconvex functionals.

1. INTRODUCTION

The aim of this paper is to study weak notions of Jacobian determinant, det Du, for
maps u: Q@ C R” — R™ in th Sobolev class WP for some p.

If u is a diffeomorphism, the change of variable formula and Lebesgue differentiation
Theorem give a clear geometric meaning to det Du(z), it is the “infinitesimal” change
of volume due to the deformation u. If u is not a bijective map the area formulas (in
the unoriented version (1.1) or in the oriented one (1.2))

/ | det Du(z)|dz = N(u, Q,y)dy (1.1)
Q R™

/detDu(az)dwz/ deg(u, Q,y)dy (1) (1.2)
Q R7

relate the integral of the Jacobian determinant to how many times the image of u covers
the target space.

If w is merely a Sobolev map it is still possible to consider the area formula and the
“pointwise” Jacobian det Du (see [28]) , however if u is not sufficiently regular (more
precisely if u € WP and p < n) this gives only a partial information about the behaviour
of u.

If p > n, Holder inequality implies det Du € Lg; moreover the map

WP s L
u — det Du

is continuous if we endow both spaces with the strong topology. What is more surprising
is that if p > n this map is still (sequentially) continuous also if we endow the spaces
with the weak topology (see Theorem 2.2). If p = n we don’t have continuity if we
consider the L' weak topology for Jacobians, however we have it if we consider the
weak—x* topology (see for example [12, chapter 8]), however if det Dug > 0 we still have
continuity with respect to the L' weak topology (see [10, 38]).

IN(u,Q,y) = #{z € Q: u(z) = y} is the Banach indicatrix function, while deg(u, €2, y) is the Brouwer
degree of u (see subsection 2.2).
1
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This implies the semicontinuity with respect to the weak convergence of the functional:
ur— TV (u,Q) = / | det Dul (1.3)
Q

and, more in general, of polyconvex functionals, i.e. the ones that can be represented
as the integral of a convex function of the minors of the gradient:

F(u,Q)—/Qg(Du,./\/ll(Du),...,detDu).

If p < n, in general det Du is not a summable function; moreover also if det Du € L'
we lose continuity and semicontinuity properties. In particular it is possible to see that:

e the function u(x) = é—| is in WHP(B) for any p < n, det Du = 0 almost ev-

erywhere but for any sequence of smooth functions strongly converging to v in
WLP(B) N L with p > n — 1 we have:

det Duy, A wr 00 (2)

in the sense of distributions.

e For any smooth function u there exists a sequence {uy} € WHP with p <
n, weakly converging to u and such that det Duy = 0 almost everywhere (see
example 3 at page 284 in [28] where it is shown for the map u(x) = z, this
implies the result for any smooth function).

The main reason for this behaviour is that the pointwise Jacobian det Du doesn’t
count in any way the presence of fractures in the image of w.

We now introduce the two weak formulations we are going to study. The first one
is based on the particular structure of the Jacobian determinant and it leads to the
notion of distributional determinant (introduced by Ball [3] in the context of non-linear
elasticity and widely studied also in different contexts, see for example [1, 7, 11, 14, 15,
31, 37, 39, 40, 41] and references therein). The second one is based on the Lebesgue-
Serrin extension and it leads to the relazed total variation (first introduced by Marcellini
in [33] and then sistematically studied in [6, 20, 21, 23, 24, 34, 35, 36, 44]).

Let u be a C? map, thanks to the divergence free property of the cofactor matrix (see
section 2 for a precise definition)

Z 0;(adj Du)i =0 (1.4)
i
we can express the Jacobian as a divergence
1 ; : j L. .
det Du(x) = - Z 0; ( Z u'(z)(adj Du(a:))f) = div(adj Du - u).
i J
Therefore formal integration by parts suggests that we may define the distribution:

(Ju, @) == —% /Q(adj Du -u) - Dy 0 € D().(3) (1.5)

2We denote with wn, the Lebesgue measure of the unit ball B and with §¢ the usual Dirac distribution
3D(Q) is the usual space of test functions
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Notice that for smooth maps we have Ju = det Du and this can be extended by density
to u € I/Vlo’C . However the distribution (1.5) is well defined as far as wadj Du € L},
for example if u € WP N L*>® and p € (n — 1,n). The distributional Jacobian enjoys
continuity properties with respect to weak convergence and may differ from det Du if

p < n. For example if u(x) = ﬁ we have
Ju = wydy,

while det Du = 0.
If Ju is a Radon measure and v € WP with p > n—1 we have the following theorem

(see [39] for the case p > T+I and [16] for the case n — 1 < p <
Theorem 1.1. Let u € WHP(Q) N L2,

Ju = det DudL"™ + Ju®

n+1)

if Ju is a Radon measure then

The second formulation we consider is the Lebesgue-Serrin extension of the functional
(1.3) (see subsection 2.4 for a more detailed discussion). We define for every p € (n—1,n)

TVP(u,Q) = 1nf{hm mf/ | det Dug|: wuy € VVli’cn,uk — g in WP (1.6)

If w € WY and p > n — 1 semicontinuity results below the natural growth exponent
(see [13, 33, 34]) ensure that:

TVP(u,Q) ::/ | det Dul.
Q

Observe we had underlined the dipendence on p, however in all known example we have
that TVP(u,Q) = TV9(u,), as long as p,q € (n — 1,n) and u € WP N W4 it seems
natural to conjecture this to be always true.

Recently it has been shown by Schmidt [46] that the relaxed total variation enjoys
the following quasi-convexity property?:

TVP(ua,Q) <TVP(ug + ¢,Q)
for any affine map w4 and deformation ¢ € VVO1 P,
When p € (n —1,n), u € L*® and TVP(u,) < oo, then TVP(u,-) can be extended
to a Radon measure on 2. Moreover in this case it is possible to show that also Ju is a
Radon measure and that, for any open subset A C (2

| Ju|(A) < TVP(u, A). (1.7)

where |Ju| is the total variation of the measure Ju (see [20, 21] and Proposition 3.2
below).

In this paper we discuss equality cases in previous inequality (Theorems 4.3 and 5.6)
and we show how to obtain explicit representation formulas for the extension of general
polyconvex functionals satisfying suitable growth conditions (Theorems 6.1 and 6.2).

4Recall that a map f : M"*"™ — R is said to be quasi-convex if
f)IB] < / f(E+Dyp) Vo€ Cy(B)
B

i.e. every affine map is a minimizer with respect to its boundary condition.
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The paper is structured as follows. In Section 2 we recall some preliminary results, in
particular the notion of Brouwer degree for Sobolev maps, the measure representation
theorem and a theorem of Brian White about minimal mass currents. In Section 3 we
begin the comparison between |Ju| and TVP showing which are the main obstructions
to equality in (1.7). In Section 4 we prove that equality holds for maps with values
in the (n — 1)-dimensional sphere. In Section 5, inspired by Miiller and Spector INV
condition ([41]), we introduce a particular class of Sobolev maps for which we are able
to obtain equality in (1.7). In Section 6 we show the general relaxation result.

Acknowledgements. I would like to thank Emanuele Paolini for his invaluable advice,
Matteo Focardi and Paolo Marcellini for many useful discussions and suggestions and
Francesco Maggi for suggesting me the proof of Lemma 7.3. Finally I would like to
thank the anonymous referee for her or his suggestions and remarks and for pointing
out an error in the proofs of Theorems 6.1 and 6.2.

2. NOTATIONS AND PRELIMINARY RESULTS

Throughout this paper €2 is an open subset of R" with Lipschitz boundary. Points in
R™ will be denoted by x, their i—th component by ’, |z| is the usual euclidean norm
and we will also consider the co—norm:

2|00 = max{|z?|: i=1,...,n}.

We write B(xg,r) for {x: |[x — x| < r} and Q(zo,r) for {z: |z — xolec < 7}, if it is
clear from the context we will drop the dependence on zg and simply write B, and @,.
C and M will be constants, possibly depending on previous ones, whose value could
change from line to line. £" and H* will denote the n-dimensional Lebesgue measure
and the k- dimensional Hausdorff measure, we will write dz to mean dL™. Given a
measure y we denote with p LU the restriction of p to U and with |u| its total variation,
we write p® and pS respectively for its absolutely continuous and singular part with
respect to the Lebesgue measure. If f is a function f LU means its restriction to U.

For any matrix A € M™*™ and vectors v, w € R™ we will denote with:

o Al the entry in the j—th row and i—th column, AT is the transpose of A, A - v
the usual action of a matrix on a vector and w - v the Euclidean scalar product
between v and w.

o Mp(A) e R™, with 7 = (2)2, the vector of minors of order h of A (i.e. the vector
formed by the determinants of all h x h submatrices of A)

e adj A the n x n matrix that satisfies:

(adj A)A = (det A)Id
i.e. the transpose of the cofactor matrix of A.

2.1. Sobolev maps and precise representative. We will denote with W1?(Q;R")
the space of Sobolev maps and we refer to [18] for its main properties and notations. In
the sequel we will need to consider the restriction of a function u to lower dimensional
subsets, mainly to the boundary 0D of Lipschitz subsets. This can be done in two ways:

(1) considering the trace y(u) € LP(0D)
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(2) considering the pointwise value of the precise representative of the class of u
defined by:

lim ———— / )dy if the limit exists
u(z) = r—>0\B:c7‘| (@,r)
otherwise.
It turns out that @ = u H" ' —almost everywhere and 7(u) equals @ L dD. Being this
understood we will simply refer to the restriction of u to 9D.

Given a domain D with Lipschitz boundary we say that a function is in W?(dD) if
its restriction satisfies:

[ulP + | DT ulPdH™ ! < oo
D

where DTu(z) = Du(z) LT,(0D) . The definition could equivalently be given locally
by flattening the boundary. With an abuse of notation we say that v € W'P(D) if
u € WHP(D) N WHP(OD).

Proposition 2.1. If u € WP(D) there exists a sequence of Lipschitz maps uy, converg-
ing to u in WtP(D), i.e.

[ = ukllyre@) = llu = wellwieo) + [lu = ukllwio@p) = 0.
Proof. By standard arguments we can reduce to the case where u € WHP(B+) and spt u

is a compact subset of BT = {z = (2/,2"): |z| < 1, 2™ > 0}. Moreover if we consider
the sequence:

u(z’,0) ifo<a" <1
uk(w) = {u(w’ 2" — 1) ifan > 1 '
’ k = k

we have that u, — u in W'P(B+) so we may suppose u to be a constant function of
z" for small 2", say smaller than §. Consider now a sequence of smooth maps {vy}
converging to v in WHP(D). Then we have

1
/ / lu(z',t) — v (2, )P + |Du(a’, t) — Dug (', t)|Pdx’dt — 0.
Rn—1

Hence there exists an s € (0,0) such that, up to subsequences:

/ lu(z', 8) — vi(a', 8)|P + |Du(a’, s) — Dug(a’, s)|Pdz’ — 0.
Rn—1
Recalling that u(z’,0) = u(a’, s) it is easy to see that the sequence defined by:
ve(2';s)  f0<a"<s
Uk(CC) = !/ : n
vg(a/,2™) if 2" > s

satisfies ||ug — 0. O

- u”wl,p(Bj)

We end this section by stating the following theorem about continuity of minors (see
[12, Theorem 8.20]).

5T, (8D) is the tangent space defined H" ' LdD—almost everywhere.
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Theorem 2.2 (Reshetnyak). Let u, € WYP(Q) weakly converging to u, if h < p we
have:

My, (Dug) = My (Du) in LT (). (2.1)

2.2. Brouwer degree. In [41] (see also [8, 9, 22, 27]) a definition of Brouwer degree has
been given for the class of, possibly discontinuous, Sobolev maps W with p > n — 1
(see [11] for the case p =n — 1). Here we report some of its main properties.

Recall that for a smooth map v: Q& — R” the Brouwer degree is defined for any
y € R\ v(09) by:

deg(v, Q,y) == Z sign(det Dv(x)).
zev=!({y})

Moreover the oriented area formula (1.2) says that for any h € L'(R"; R):
/ h(y) deg(v,Q,y)dy = / h(v(z)) det Dv(z)dz. (2.2)
n Q
Recalling equation (1.4) we have for any g € C*(R™; R") N W1ee:
/ deg(v,Q,y) divy, g(y) dy = / divy g(v(z)) det Dv(z) dx

)) det Dv(z) dx = ))dim det Du(z) dz

— 99 an: adj Dv(z))¥ dx
_/Qzaym@(x)) (#)(adj Do () d

&Tk

= / div, (adj Dv(z) - g(v(z))) do = / (adj Dv(z) - g(v(z))) - vaodH" .
Q

o0
The previous equations reveal the following facts:

(1) deg(v,$2,y) depends only on v L Jf2
(2) deg(v,$,-) is a BV function (see [18] for the definition and for the main prop-
erties of BV functions), moreover:

1D, (deg(v, 2, 4))| (R") < / ladj Du| < ¢ / |Dufn? (2.3)
o0 o0

and spt D, (deg(v,Q,y)) C v(0£).

According to this we give the following definition:
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Definition 2.3. Let u € W'?(Q,R") with p € (n—1,n). For every D CC © with Lips-
chitz boundary and such that u € WP(D), we define the degree of u on D, Deg(u, D, y),
as the only BV (R",Z) function satisfying:

/n Deg(u, D, y) div g(y)dy = /6D (adj Du - g(u())) - vopdH" " (2.4)

for every g € C1(R™;R").

Using Proposition 2.1 and equation (2.3) it is easy to see that Deg(u, D,y) is well
defined.

It is clear from the definition that Deg(u, D,y) depends only on the value of u re-
stricted to dD. By Sobolev embedding Theorem, we have that u € C%(9D), and clas-

sical theorems imply that there exists a continuous function ¢ : D — R™ such that
@ LOD =wu LdD. It is possible to show (see [41]) that:

deg(p, D, y) = Deg(u, D, y).
The Brouwer degree enjoys the following continuity property:

Proposition 2.4. Let ug, u € WYP(Q,R"™), then for every domain D CC  with Lips-
chitz boundary such that

up — u in WHP(OD)
we have:
Deg(uy, D, ) — Deg(u, D,-)  in L'(R™). (2.5)
Proof. Thanks to the weak convergence and the Sobolev embedding Theorem we have
sup [lug || > @p) + [[DullLr(ap) < C.

Equation (2.3) ensures that the sequence {Deg(uy, D, -)} is relatively compact in L' (R™).
Call d(y) € BV(R",Z) its limit. Recalling that, thanks to our hypothesis,

(adj Duk)T -vpp — (adj Du)T “UsD

in L%@D) and g(ug) — g(u) in any L9(9D) (see Theorem 2.2) we can pass to the
limit in both sides of (2.4) to show

d(y) = Deg(u, D, y).
0

2.3. White’s Theorem. In this section we report a theorem about approximation of
minimal mass rectifiable current due to Brian White ([47]). We will use it only in the
simplified form expressed by Proposition 2.6 which doesn’t involve currents.

Recall that a k—current in R™, T' € Dy (R") is defined as linear continuous functional
on the space of compactly supported k—forms DF(R™). A current T is said rectifiable,
T € Ri(R™), if its action on a k—form could be expressed as:

T(w) = /M<w(:z:),TM(x)>9(a:)de.
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where M is an H*—rectifiable set, 7a/(z) is a k— vector orienting T,M and 6(z) is an
integer-valued positive function (see [19, 28] for a precise definition and the statements
of the theorems we use in the sequel). If T' € Dy (R™) we define:

e the boundary 0T € Di_1(R") as 9T (w) = T'(dw)

o the mass M(T') = sup{T'(w): |w| < 1}

e the push-forward by a smooth proper map f as fuT'(w) = T(f#w)s
We can now state:

Theorem 2.5 (White). Let f: 9B(0,1) C R* — R* be a Lipschitz map and 3 <n < k
then:

min {M(T), T € R,(R¥), 0T = f,[0B]}
= inf{/ Jng(z)dz, g: B—R¥ g Lipschitz, g LOB = f}
B

where J,g = +/det DgT Dg.

Notice the restriction n > 3, which is a consequence of Hurewicz Theorem about the
relation between homotopy and homology groups (see [30]). Example 3.5 shows that
this restriction is sharp.

As said before we will use the Theorem only in the following form:

Proposition 2.6. Let u: B C R® — R" be Lipschitz, n > 3. Then for every o > 0
there exists g: B — R™ Lipschitz such that g = u on 0B and:

/ | det Dg(x)|dx S/ | deg(u, B,y)|dy + o.
B R"
Proof. We have only to show that:
/Rn | deg(u, B, y)|dy = min {M(T), T € R*(R") 9T = uy[0B]}

We will show more, namely that the current 7' = uy [B] = L™ Ldeg(u, B,y)eiA---Aep
is the only finite mass current in the class of competitors of the previous minimum.
First of all notice that uy[0B] = duy[B] and:

up B A~ Ady") = [BYw(u())da A A du)
_ / W(u(x)) det Dudz = | (y) deg(u, B, y)dy
B R™
so that:
M(T) = [ |degu. B.y)lds

Let now S € R™(R") be such that 95 = 0T, then by Constancy Theorem we have that
there exist ¢ € R such that:

S =T+ c[R"]
and so M(S) = oo unless ¢ = 0. O

6 f#w is the usual pull-back of a differential form
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2.4. Lebesgue-Serrin extension. We briefly recall the definition of Lebesgue-Serrin
extension of a functional below its natural growth exponent. See [24, 33, 34] and ref-
erences therein for a more detailed exposition and [6, 23] for the proof of the cited
results.

Suppose we have a continuous function f : M"™*"™ — [0,00) satisfying the growth
assumption:

f(&) <X+ (€))7
and define:

F(u,Q):/Qf(Du(x))

Then F is finite and strongly continuous only on W14 (in our case we are considering
f(€) = |det&| and so ¢ = n). There is a standard way to extend F to WP for p < ¢ by
defining:

FP(u, Q) = inf{lim inf F(ur, Q) uy, € W9 g, — u in WHPY.,

oc’
—00

We remark that the choice of sequences in T/Vllocq prevents some problems at the boundary
of Q if this is not smooth, see [23]. Observe that if F' is p— coercive (i.e. F(u) >
c|lully1.p) then FP is the largest lower-semicontinuous functional below F'.

In general F cannot be (extended to) a measure in the second variable, however we
have the following result:

Theorem 2.7. Let p < q < p-=5 and let u € WP be such that FP(u,Q) < oco. Then
there exists a Radon measure pf, on Q such that:

p(A) = FP(u, A)

for any open set A C Q. Moreover if f is a quasi-convex function we have that the
Radon-Nykodim derivative of ik, equals f, that is:
dpy
acn

(z) = f(Du(x))
almost everywhere in €.

In the sequel we show, under appropriate hypotheses, how to characterize the singular
part of ubh.

We end this section by recalling two classical theorems about continuity and semi-
continuity for functionals defined on the space of Radon measures (see [2] for a proof).

If g : R — [0,00) is a convex function, we define the recession function as:

o 9(st) —g(0)
o) = Jim SO,

which turns out to be a positively homogeneous, lower semicontinuous function. More-
over if g(t) < ¢(1 + |t|) we have that g is locally bounded and hence continuous.
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Theorem 2.8. Let p be a positive Radon measure and g: R — [0,00) be a convex
function. Then the functional defined on M(Q;R)7 by:

dA dA
G(A :/ (55)d +/ (5 )N
(N) LG | (g A
1s lower semicontinuous with respect to weak—* convergence.

Theorem 2.9 (Reshetnyak). Let h : R™ — [0,00) be a continuous, convex and positively
homogeneous function and for any A € M(2;R™) consider:

H\) = /Qh<dcT;\\|>d|)\.

Then if :u and |pg|(2) = |u|(Q) we have:
H(p) — H(p).

3. TV vs Ju
First of all we show the continuity of the distributional Jacobian:
Proposition 3.1. Let {uy} C W'P(Q) such that up — u, suppose p>n — 1 and
sup | =(1c) < C(K)
for any compact K C 2, then
Juy A Ju

as distributions.

Proof. We have to prove that for every ¢ € D(Q):

Z/ ul (adj Duk)gﬁjcp — Z/ u'(adj Du)gaj,go.
j spt ¢ j spt ¢
From Theorem 2.2 we have adj Dui — adj Du in L%7 moreover the sequence is L™

) . p _D N\ *
bounded on spt ¢, hence we have utd;p — u'djp in LP—(n—1) = <L n—l) , so the thesis
follows. O
It is clear from the proof that if u;, — w in WP with p > n"—jl then JukiJu
as distributions without any boundedness assumptions, in fact in this case Sobolev
p
embedding Theorem implies that uy — w in LP—(n=1)

Consequence of this is the following comparison result (see [20, 21]):

Proposition 3.2. Supposep € (n—1,n) andu € WIP(Q; R")NLS, satisfies TVP(u, Q) <

loc
00, then Ju is a Radon measure and for any open subset A C €):

| Ju|(A) < TVP(u, A) (3.1)

7M(Q; R) is the set of finite Radon measures on
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Proof. Suppose u € L>(Q2) and let uy € W’lzcn(Q) be a sequence weakly converging to u
and satisfying
liminf/ | det Duy| < oo.
Q

k—o0

Applying Lemma 7.1 we can find a sequence {v}, also weakly converging to u, such
that [|vkllco < 2||u|leo and, for any open set A C Q,

hmlnf/ | det Dug| < hmlnf/ | det Duy]|. (3.2)

Then, thanks to Proposition 3.1, det DvidL" is a sequence of Radon measures with
equi-bounded total variation which converges to Ju in the sense of distributions, hence
the first part of the theorem follows. The second part is a consequence of equation (3.2)
and of the semicontinuity of the total variation with respect to weak-* convergence of
measures.

Let now u be in L7 (€2), by the previous part the distribution Ju is a Radon measure
when restricted to any open set A CC §2, moreover for any ¢ € D(2) we can choose an
open set U such that sptp C U CC €, then we have

(Ju, 0) < [l TVP(u,U) < [l TV (u, 2),
and hence, thanks to the Riesz Theorem, Ju is a Radon measure also in ). Equation

(3.1) can now be extended to any open set A C Q by approximation. O

Equality in (3.1) is not achieved in general. The reasons for this gap being essentially
of two types: cancellation and topological obstruction. In order to show this we prove
two propositions which link the Brouwer degree for Sobolev maps to the Distributional
Jacobian and the Total Variation. The first one is well known (see [31]) while the second
one is an immediate generalization of Theorem 1.4 of [36].

We call a map u € WHP(B(0,1); R®) 0—homogeneous if there exists a Lipschitz map
¢ : 8" = 9B — R" such that u(x) = (| |) Observe that u € Lip,,.(B \ {0}) n WP

for every p < n.

Proposition 3.3. Let u be a 0— homogeneous map, then:

Ju = </ Deg(u,B,y)dy)éo.
Proof. Let v: B — R™ be a Lipschitz map coinciding with ¢ on 9B, then:
Deg(u, B,y) = deg(v, B, y).
Moreover the sequence:

ue(z) = {np(é) ife<|z|<1
: v(%) if 2| < e

€

converges to u in WP, Thanks to Proposition 3.1 we have:

det Du, A Ju

in the sense of distributions. Let v be a test function, then:
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/1!1(1’) det Du.(z) = 1/3(0 8)1/)(:1:) det Du(g)dx

En

= / Y (ex) det Du(z)dx — 1(0) / det Dv
B(0,1)

B(0,1)
and thanks to (1.1) we have:

/detDv(x)dx:/ deg(v, B, y)dy.
B n
O

Proposition 3.4. Let u: B — R™ be a 0—homogeneous map and n > 3. Then for any
pe(n—1,n):

V(. B) = [ |Deg(u, B,y)ldy
R”
Proof. Let w be a Lipschitz map that agrees with ¢ on 0B. Thanks to Proposition 2.6,

for any positive o there exists a Lipschitz map g which agrees with w on B and such
that:

/|deth|s/ |deg(w,B,y>\+o=/ | Deg(u, B,y)| + 0.
B R” R™

Considering

ue(z) = w(m) Tfs <l|z| <1
9(%) if 2| <e

we have
TV?(u, B) < / | Deg(u, B, y)\dy.
Rn

To prove the reverse inequality we recall that for 0—homogeneous maps the approxi-
mation sequences could be chosen to satisfy u; = u on 0B (see [20, Lemma 22]). So for
any such sequence we have, thanks to the unoriented version of the area formula:

/ | det Duy| = #{x € Q: up(z) = yldy
B R"

> /R | deg(ug, B, y)|dy = /R | Deg(u, B.y)|dy
]

It is clear now that for 0—homogeneous maps and n > 3 a necessary and sufficient
condition for equality in (3.1) is that Deg(u, B, y) does not change sign (i.e. there must
not be cancellation).

The following example, considered for the first time by Maly in [32], shows that the
situation for n = 2 is more involved (see also [20, 21, 26]). Some kind of homotopic
topological obstructions prevents the equality in (3.1)
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Example 3.5. Consider the following function ¢: S — R?:

(—1 4 cos 49, sin 49) ¥ € [0, 3]
1- 49, sin4 z
o) = (1 — cos 49, sin 79) 196[2,;T
(=14 cos4d, —sindd) ¥ € [r, 5]
(1 — cos 49, — sin 4%) 9 € 3, 2n)

which covers the “eight” curve:
X ={(z',2?) e R?: (! —1)2+ (2?)? =1}
U{(z!,2?) e R?: (z' +1)2 4+ (2?)? =1}
two times with opposite orientation. Define its 0—homogeneous extension to the unit
ball u(p, ) := ¢(¥). We have that Deg(u, B,y) = 0 and so:
Ju=20
however:
TVP(u,-) = 2mdo.
In fact, because of the non trivial homotopy type of ¢(S') in R?\ {(1,0),(—1,0)}, any

smooth map approximating v must cover one of the disks bounded by X at least two
times (see [44] for a precise discussion).

4. SPHERE-VALUED MAPS

In this section we show how to get equality between Ju and TVP in the case of
functions whose image is contained in the (n—1)—dimensional sphere S"~!. This result,
conjectured in [21] and proved in [44] for 0—homogeneous maps, is a simple consequence
of Bethuel’s approximation Theorem 4.2 and of the structure of Distributional Jacobian
for sphere-valued maps (Theorem 4.1).

The following can be found in [31] (see also [1] for a different proof with more general
hypotheses).

Theorem 4.1. Let u € W'P(Q; 8" 1), p > n — 1 and suppose that Ju is a Radon
measure, then exist {x;}i"; C Q and d; € Z such that:

Ju = wy, i dibg,
=1

where d; = deg(u, dB(z;,7;),S" 1) with r; small enough.

Observe that if p > n — 1, thanks to Sobolev immersion, u 0B, (z) is continuous for
almost all radii, so the degree considered in the theorem is the classical Brouwer degree

of a continuous map (in the case p = n — 1 one should refer to the theory of Brouwer
degree in BMO, see [8]).

Theorem 4.2. Let u € WHP(Q; 8" 1), p > n — 1 then there exists a sequence {uy} C
C>(; S™=1) strongly converging to u if and only if

Ju = 0.
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This theorem has been proved for the case p = n — 1 in [4] but the technique used
there cannot be generalized. The proof for the case p € (n — 1,n), instead, is an easy
consequence of the techniques used in the proof of Theorem 1 of [5]. Another proof has
recently been given in [45].

With these tools we are now able to prove the following

Theorem 4.3. Let u € W'P(Q; 8" 1), p > n — 1, such that TVP(u,Q) < oo, then:
| Ju|(Q2) = TVP(u,Q).

Proof. Recall that TVP(u,Q) < oo implies that Ju is a Radon measure hence, thanks
to Theorem 4.1, we have

Ju = w, i didg,.
i=1

For simplicity we assume
Ju = wpd iy,

for some g € Q with d = deg(u, 9B (zo,r), S" '), the proof in the general case being
equal. By translation we can suppose xg = 0.
Choose an r < 1 dist(0, €2), we clearly have

Ju(Q\ B(0,7)) =0

and so we can find a sequence uy, of smooth maps with values in S”~! strongly converging
to u in WhP (Q \ B(O,r)). Thanks to a Fubini type argument we can find s € (r,2r)
such that:

o |lug — ullwir@p0,s) — 0

1
. / \Dul? < / \Dul?.
9B(0,s) T JB(0,2r)

From Sobolev Embedding Theorem we have that |[u — u|| 1~ 9p(0,s)) — 0 and so, for k
large, we have:

deg(uy, 0B(0, s), S" 1) = deg(u, dB(0,s), S !) = d.
Denote with w: dB(0,s) — S"~! a smooth map such that:
deg(w,8B(0,5), 5" 1) =d
4o € OB(0,5): w(x) =y} = [d].
where the last equality holds for all points in S™~! except two. Hopf Theorem implies

that for every k there exists a continuous homotopy Hy: B(0,s) x [0,1] — S"~! such
that

Hi(-,0) = w(:) and Hg(-,1) = ux LOB(0,s)().

Mollifying H}, and projecting again on S™~! we can suppose the homotopy to be smooth,
see [44, Lemma 3.
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Let ¢ < s and consider the map:

ug () if x € Q\ B(0,s)

Uk (sli—l) if x € B(0,s) \ B(0,2p)
e T (s, ) it € B(0,20)\ B(0, 0)

%'w(sﬁ) if x € B(0, o).

Then (recall that the area formula (1.1) implies that if v : A — R™ is Lipschitz and
v(A) € S"! then det Dv = 0 a.e. on A):

/ | det Duy, s o] :/ | det Duy s |
Q B(0,0)

_ 2l s 2 _/ =z
_/B(&g)\detD( . w(s‘x|))|dx— B(071)|detD<|x|w(s|x)|)|d1:

= [ #r e BO: (s ) = vy

= [ #Ho € 0B w(w) = L)y = wnld] = |7ul(®),
B(0,1) Y|

since Proposition 3.2 gives the opposite inequality to conclude the proof we just have to
show that vy 5 , — u. Actually we can show more, in fact we have strong convergence.
Observing that [|vg s llcc < 1 we obtain:

/ A / g — ul? + 22| B(0,7)] — 0
Q Q\B(O,r)

for k — oo and r — 0 (recall that s € (r,2r)).
Moreover:

/ ‘ka,s,g_Duv) < / |Duk_Du|p+
Q Q\B(0,r)

p
+C / D P+/ D(ug (s> +/ Do\,
{ B(o,s)| ul o) (uk(slx‘» B(ggg)l Vk.s.0] }

We now estimate the second and third terms inside the brackets.
The second one can be majorized as follows (see lemma 7.2):

/ D (ug (s—) P < C’s/ | Dug|?
B(0,5) || 8B(0,5)

< 205/ |DulP < 203/ |DulP < 40/ |DuP.
9B(0,s) T JB(0,2r) B(0,2r)

Finally the last term can be estimated by:

1 1
/ | Dvgs,0/" < (max{Lip Hk;,Lipw})p/ (— T 57)
B(0,20) B(0,20) oP |$|p

< C(n, p)(max{Lip H, Lipw})P 0" ?.

(4.1)
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Hence, looking at (4.1), we have
[ 1Dv00 = Dul? < alhr) + 5) + 30k 0
Q

where (r) — 0 for r — 0, a(k,r) — 0 for k — oo (and fixed r) and §(p, k) — 0 for
0 — 0 (and fixed k). It’s now clear that

Ju — Uk,s,g”Wl»P(Q) — 0.
O

We remark that, thanks to the strong convergence and a standard diagonal procedure,
the previous theorem gives a sequence of smooth maps such that for any open cube

Qr C Q such that z; ¢ 0Qrg:
. / | det Dug| — TVP(u, Qr)
Qr

. limsup/ | Duy |P §M/ | DulP.
R Qr

k—o0
Notice that this is a fine cover of 2, this fact will be used in the proof of Theorems 6.1
and 6.2.

5. MAPS WITH POSITIVE DEGREE

According to the discussion in Section 3 we have to impose some conditions about
the sign of Brouwer degree of u if we want to get equality between |Ju| and T'VP. The
following one turns out to to be sufficient.

In the sequel we will always assume p € (n — 1,n).

Definition 5.1. We say that u € W1P(Q) weakly preserves orientation (u € WOP(Q))
if for every x € Q) and almost every radii r:

Deg(u, B(z,7),y) > 0 (5.1)

WOP condition is inspired by the INV condition of [41] and in some sense generalizes
it. In fact in [41] it is showed that if u satisfies the INV condition and det Du > 0 almost
everywhere, then Deg(u, B(z,7),y) € {0,1} for almost all r.

If u is a smooth map then u € WOP(Q) if and only if det Du > 0 in Q. For a
generical Sobolev map WOP condition is stronger that det Du > 0 almost everywhere.
Roughly speaking we are asking to preserve orientation also in the discontinuity points.

Example 5.2. Consider u: B(0,1) — R
1z

u(z) =

then det Du > 0 a.e., but Deg(u, B(0,7),y) < 0, in fact a continuous map coinciding
with u on 0B(0, ) is the affine function:

|SU‘ (—.’131,332)

w(z) = (1- T)(—xl,xQ)

r
for which deg(w, B(0,7),y) < 0.
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Observe that the class WOP N {||lul]| < C} is weakly closed. This is an immediate
consequence of the continuity of degree with respect to weak convergence and of the
following well-known result see [41, Lemma 2.9)].

Lemma 5.3. Let {u;} C WYP(Q), up — u then for every x € Q and almost every
r € (0,dist(x,00)) there exists a subsequence, depending on x and r, such that U, — U

in WiP(0B(z,7)).

The following proposition gives some useful properties of the distributional Jacobian
of WOP maps, the proof follows the one for INV maps in [41]:
Proposition 5.4. Let u € WOP(Q) N WP N L then:

(1) Ju is a positive Radon measure;
(2) for every x and almost every r:

Ju(B(x,r)):/ Deg(u, B(z,1),y)dy. (5.2)

n

Proof. The first statement will follow if we are able to prove that (Jux*g:)(z) > 0 where
0e are standard mollifiers. Choose a function f € C°°([0,1)) with f" < 0 such that
0=(2) := f-(|z|) is a family of mollifiers, where f.(r) := 2 f(£).
(Jux oc)(x) = (Ju, (- — 1))
1 :
= / (adj Du(y) - u(y)) - Do<(z —y)dy
B(z,)

n

3
= —1/ fé(s)/ (adj Du - u) - vdH" ds
nJo OB(z,s)

= /0 £1(5) Deg(u, B(x, s),y)ds > 0.

where in the last equality we have applied (2.4) with g(y) = %
To prove the second statement choose:
1 o<r—9
fs(o)=q52 r—0<o<r
0 o>
then for a.e. r:
Ju(B(z,r)) = lim (Ju, f5(| - —x[))
6—0

— lim —> / (adj Du(y) - u(y)) - Dyfs(Jy — zl)dy
B(z,r)

=0 n

11 /"
= lim / / (adj Du - u) - v dH" ds
§—0mnd r—3§ JOB(z,s)

1

= / (adj Du - u) - vdH" :/ Deg(u, B(z,1),y)dy.
" JoB(z,r) n
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In the sequel we will need to have a criterion to estabilish if equality (5.2) holds.
Suppose that u € WHP(Q) N L> and TVP(u, Q) < co. Choose a sequence w,, € C*(Q)N
W weakly converging to v and such that

limsup/ | det Dw,| < C.
Q

n—o0

Notice that you can also suppose sup ||wy|/cc < C without loss of generality (see the
proof of Theorem 5 in [21]). Then (up to subsequences) there exists a positive Radon
measure o such that

det Dw,dC™ > Ju and | det Dw,|dL™ = o.
Now for any lipschitz D C € such that
o(dD) = 0 and w,, — u in WHP(dD)
we have

Ju(D) = lim/ det Dw,
" JD

= lim deg(wn,ﬂy)dy—/

Deg(u, D,y)dy

thanks to Proposition 2.4.

We will need the following lemma due to Bethuel [5].

Lemma 5.5. Let Q = [0, R]", u € W'P(Q). Then there exists a constant M such
that for almost every r > 0 small enough we can find a partition of Q in n, = O(%n)

r Tr

cubes Q1) with edge v and n;, = O () parallelepipeds P\, with edges 1; € [5, 5],
j=1,...,n such that:

n n,

T T M
> / [DufPdH™ T+ / |DuPdH T < = / | DulPdz. (5.3)
io1 Q) i1 Jor) "JQ

Moreover we can suppose u LOQL € WHP(OQL) (respectively u LOP € WHP(OPY)).
Proof. Let r € (0,R) , t € (%,2F) and i € {1,...,n}, define

; ) . R—r
Hit={zeQ:z'=t+jr, j=0,...,| . |}
Fubini’s Theorem implies that for every 1:
3r
1
/ / |DuPdH" 1 | dt < / | Du|Pdx
% Hr,i,t Q

and so there exists ¢(i) € (%, %) such that:

J,

2
|DufPdH™ ! < = / | DulPdz.
T
Q

7,i,t(4)
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Repeating this procedure for every direction ¢ = 1,...,n we obtain the desired partition
of Q, in fact:

Ny n;,
| DufPdH™ T + / | DulPdH™ !
;/6625“ 2; or;)

2 2 1
< n/ |Dupdx+/ |DulPdH" ! < nt / | Du|Pdx
rJQ 0Q Q

r

if r is small enough. U

In the sequel we are going to denote both the cubes and the parallelepipeds with
the improper name of cubes. Observe that for each parallelepiped there exists an affine
bijection L: P! — [0,7]" such that the Lipschitz constant of L (and of L~!) is bounded
by an universal constant not depending on r.

The following is the main result of this section.

Theorem 5.6. Let u € WHP(Q)NLE, p € (n—1,n) and suppose n > 3 and u € WOP
and TVP(u, Q) < co. Then:
| Jul(Q) = TVP(u, Q).

Moreover for any cube Qr CC Q such that u € WYP(QR), there exists a sequence of
Lipschitz maps v, — u such that:

/ | det Dug| = TV?(u, Qr) = Ju(Qr)
Qr

and

limsup/ ]ka]ng/ | Du?,
k—oo JQr Qr

wehre M is a universal constant not depending on R.

Proof. Theorem 2.7 implies that there exist a Radon measure p,, such that
TVP(u, A) = piz, (A)

for any open subset of A C €. So by Besicovitch covering Theorem it is sufficient to
show that

TVP(u,Qr) = 1 (Qr) = JuWQr)
holds for any cube Qr CC Q such that u € WP(Qp).

Since R is fixed we will denote Qg simply by Q. Recalling Proposition 3.2 we have
just to show that

TVP(u,Q) < Ju(Q).
By Proposition 2.1 we can find a sequence of Lipschitz maps {uy} converging to u in
WLP(Q) and satisfying:
(1) Nunllze(@) < lulleq)
@ [ Ipup <2 [ |Dup.
Q Q
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(3) > llun — ullwre < oo
h

Using Lemma 5.5 we can find a sequence of radii 7 — 0 and a partition of Qg in

ng = (C’%)n small cubes Qik with edges at most % for which:

(UJMigz/D%mQ%w@
(2) Ju(U 0QL,) =0

@Y [ pur< [ Dy
Qi e Jg
(4) up > u in WHP(JOQL ).

The only point that it is not immediate is the first one but it follows from the remark
after Proposition 5.4. In fact it is easy to see that the sequence of radii ry could be
chosen such that

a(aQik) =0 and w, — u in Wl’p(annk)

where w,, is the same sequence appearing in the remark.
Thanks to Proposition 2.4 for every k we can find an h(k) for which:

1
() [lungey = ullzeogs, ) < Z

A ~ 1 )
(2) / |Deg(an:’k7y) - deg(uh(k),Q;k,yN < Tnk for i = 1> cees N

We now construct the sequence of Lipschitz maps that satisfies the claim of the
theorem on every small cube of the partition. For simplicity we make the construction
only on the inner cubes (which are cubes with edge 2r; and hence of the form Q(x;, 71)).
For the ones at the boundary, which are actually parallelepipeds, we have to do same
work considering in place of u Lank the map v = u LQfﬂk o L, where L is the affine
function mapping ank to [0,7x]", it is easy to see that everything still works.

For k € N and ¢ = 1,...,n; we apply Proposition 2.6 to the map upy,) LQf,k and
obtain, for every positive o, a Lipschitz map g}C such that 92 = Up(k) ON OQ}LIC and

J

i i 4
_\wﬂms/m%mwawmw+m.

%
Define now on Qﬁ,k:
() = {uh(k) <Tkﬁ +£L‘i) if op < |7 — Tiloo < 1p
g}c(%az) if |2 — Ziloo < ok

where x; is the center of the cube, and g} is a sequence to be chosen later.
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Observe now that:

ny,
/|detka|:Z/. | det Duy|
Q 1=1 ?'k

ng n ) "k .
- ()/ |deth;(”“x)|dx=§/ | det Dgj,(x)|dx
— o/ Jqi, Ok i=1 /@,

ng . ng . 1

< Z/ ‘deg(uh(k)erkayﬂdy—i_U < Z/ Deg(“a Qrk7y)dy+ % +o
=1 /R" =1 /R"
s | 1

= Ju( n) T to=Ju@Q+ 1 +o

=1

so the first claim will follow if we are able to show that vy — u.
First of all we notice that we can suppose ||g}.||oo < 2||u||oo, in fact thanks to Lemma
7.1 we can truncate the sequence in [—2||u| oo, 2||u||co]™ Without increasing the value of:

/ | det Dg|.
Q

i
Tk

So we have:

ng
[roc=ur =3[ jo-up
Q i=1 e
ng
<> cf /Q Ju— gy ” + o} llghl
i=1 i

Tk
“
Qi

<o [ ol + (2"l

+ i/ ' ‘uh(k) (x) — Up(k) (r T + xz)
i=1" @

r — Xy

‘Uh,(k) (@) — (rk | + xl> Pd:c}

T — Ti|oo

p
k|x—mi\oo dw}
Ok S
<cf [ ju= ol + () Nulle+ Y ort [ Duy P}
Q Tk i=1 erk
Ok\n
<O [ il + ()l +of [ 1ul}

where we have used the fact that ny = O(%) in the second inequality and Lemma 7.3
in the third one.
Consider now the gradient of vy:
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Nk

|pecr =3 [ ipup
Q i=1 @y
<Z/ 1D (g (i ) )|+ 2 ()P (00" Lip(gi)?
= Un()\Tk ) —— 7 T Ti ne(—) (o max _Lip
i—1 Y Q% T k\x—wz‘\oo ’ g Ok b ie{l,...,ny} Ik
1 & 0
= r DupyP + C(n, R)(Z2)"™"  max _Lip(gp)”
- n—P; k/amk’ h(k)‘ ( )(Tk) z‘e{l,...ﬁzk} P(9k)
2 & 0
k\n—p . i
< Tk/ Du(z)|P + C(n, R)(— max Lip(g;)P
TR gy DU+ CLRCEYT e Lol

Ok \n—p . ;
SM/ Dul? + C(n, R) (%% max  Lip(gi)P.
Q\ | ( )(rk) egnax (1)

If we choose gj to satisfy:
(1) (%)n_p max Lip(gi)? — 0

Ok\n

2) (—) —=0

@) (&) o
we have that vy — u and so the first claim is proven. Moreover with the previous choice
we have:

hmsup/ | Dug|P < M/ | Du P
k—oco JQ

and so also the equi-boundedness hypothesis is satisfied. O

6. GENERAL RELAXATION RESULTS

In this section we give some closed formulas for the relaxed functional 7”(u) when the
hypothesis of Theorems 5.6 and 4.3 are satisfied. This extends some results for radial
maps proved in [34], see also [20, 21].

Theorem 6.1. Let g: R — [0,00) be a convex function such that:
alt] < g(t) < b(1 + [1). (6.1)
Consider:
G(u) = / g(det Du)
Q
and the relazed functional:

G(u, Q) = inf{lim inf G(uz), uy, € Whr, wy, —u e WP
—00

If u € WhP(Q;R™) N LS

loc

with p > n — 1 satisfies G(u, Q) < 0o and
ue WhP(Q; 5"t

or
u € WOP(R) and n > 3,
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then we have:
W)
6(u.9) = [ atderDu)+ [ g (GG Y10 (6.2

Proof. Thanks to Theorem 2.7 there exists a Radon measure pu,, such that for every open
subset A C Q

G(u, A) = pu(A).
Using again Theorem 2.7 we only need to show that
d(Ju)®
il = 0117 (6.3)

in fact, in this case

G(u, Q) = pu () = pl(Q) + s ()

d(Ju)® g
/Qg(detDu) + /ngo(d|(Ju)5|>d’<Ju) |.
From now on suppose u € L.
Step 1. Lower bound.
Equation (6.1) implies that TV?(u, 2) < oo and so Ju is a Radon measure. Thanks to
Lemma 7.1, for any sequence uy € VVlicn weakly converging to u we can find a sequence
v € VVllocn still converging to u such that

liminf/ g(det D) < liminf/ g(det Duy,)
A k—o0

k—o00 A

for any open set A C Q and ||vg|lcc < 2||tt|lco- According to Proposition 3.1 we have
that

det Doy dL™ > Ju
as Radon measures. Consider now the functional
Hu,A:/ detDu:z:d:c—i—/oodJu .
(w4) = | gldetDute)de+ [ goc (517557 )410)°]

Since, thanks to Theorem 1.1, (Ju)® = det DudL™ we can apply Theorem 2.8 to obtain
(recall that if v is in Wlicn then (Jv)¥ = 0)

k—o0 k—oo

lim inf G(ug, A) = lim inf/ g(det Duy,)
A

k—o0

= liminf H(vg, A) > H(u, A)

k—o0

> liminf/ g(det Duy,)
A

:/Ag(detDu(x))dx—i—/Agoo<;l’EjZ§;>d|(JU)S’

and so, taking the infimum on all sequences, the lower bound holds.
Step 2. Upper bound
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Thanks to (a variant of ) Besicovitch covering Theorem, for every e > 0 we can find a
finite family of disjoints cubes {Q% } contained in A such that u € W'?(Qp,) and:

4) < Zm(@’@) +e.

Consider now for every cube Qléi the sequence of maps {uy} € Wl’”(Qﬁéi) provided
by Theorems 5.6 and 4.3. This sequence satisfies:

det DupdL™ - Ju,
and
/_ | det Duy| — |Ju|(QZRZ)
Q,
So we have:

1 (Qf,) < hgn mf/ g(det Duy,)

7,

< limsup {g<o>|QZRZ.| 4 [ oldet D))o}

k—o00

=90+ [ o (G )dlw)

1. d (det Du) d(Ju)
_g(O)]QRJ—i—/QiR'goo<d|detM>d|detDu]+/QiR.goo(d|()|

S

jrifemy

d (Ju)®
o (g1 7a057)4170)°

where we have used Reshetnyak continuity Theorem 2.9, the sub-additivity of g0, the
trivial inequality

—90)Qp| + [ guldet Dua))do + [

i
R; R;

9(t) < 9(0) + goo(t)
and the fact that if v and A are mutually singular measures then
dv+X)  dv
dv+X\  dy

|v|— almost everywhere.
Then we have:

A) < ZMU(Q%Z) +e

<Z{ |QR‘+/Q¢ goo(detDu(a;))da:—i—/i gm(M)d\(JU)S‘}+E

R; R;

Ju)

< g(0 )\A|+/goo<detD“( >)d”/9°°(dd|§<]u) ]

)d|(Ju) |+e.
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Letting ¢ — 0 and taking singular parts we get the desired upper bound.

Consider now u € LS, since TVP(u,{) < oo Proposition 3.2 implies that Ju is a
Radon measure in €). Thanks to the previous part of the theorem we know that equation
(6.2) holds for any open set A CC Q and, since both members are Radon measures, by
approximation it holds for 2.

O

We can also prove the following theorem:

Theorem 6.2. Let f : M™*™ — R be a positive quasi-convex function satisfying the
growth estimate:

g(det &) < £(§) < c(1+ [¢]7) + g(det§)
where g : R — [0,00) is a convex function satisfying the assumptions of Theorem 6.1.

If u e WHP(Q;R™) N L7S, with p > %= n? 7 satisfies F(u,§2) < oo and
u € lep((z; sn1

or
u€ WOP(Q) and n > 3

F(u, Q) /f (Du) + /goo<dd‘(Ju) ‘)d|(Ju)S|

Proof. Since p > n"—H the remark after Proposition 3.1 implies that any admissible
sequence up — u with bounded energy satisfies

then:

Juliu

as Radon measures. Consider now the measure p,, given by Theorem 2.7 which repre-
sents the relaxed functional F, following the same lines of the proof of Theorem 6.1 and
recalling that sequences given by Theorems 5.6 and 4.3 satisfy

limsup/ ]Duk]ng/ | Du|P
Q Q

k—o0

we obtain, for any open subset A CC 2, the bounds

d (Ju)®
/A g(det Du(x))dz + /A oo (17 gsy) 4100 < (4)

and

1(A) <cM/A(l—I—]Du\p)+g(0)\A|—i—/Agoo(detDu(x))dx

o f goo(dd‘gjz;;)d|uu>5|.

Taking the singular parts we obtain:
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Since Theorem 2.7 gives
e = f(Du)dL"
we obtain the claim exactly as in Theorem 6.1. 0

A careful inspection of the proof of Theorem 5.6 shows that in the previous theorem
the assumption u € L{°. could be dropped.

loc
We remark that this Theorem applies to functionals related to non-linear elasticity

whose model case is:
F(u) = / g(det Du) + |Dul?
Q

and to Geometric Measure Theory, as the area of the graph of u:

Atw = [ 1M(Dw)
where M(Du) is the n—vector tangent to the graph of w.

7. APPENDIX
We collect here some useful results.

Lemma 7.1. Let g: R — [0,00). Let u € WHP(Q) N L™ and uy, € W/li’g(Q) a sequence
weakly converging to w in WHP and satisfying

k—o00

liminf/ g(det Duy) < oo.
Q

then there exists a sequence vy € VV;}’ZL(Q) weakly converging to u such that ||vglle <
2||u||oo and

liminf/ g(det D) < liminf/ g(det Duy,)

k—oo S k—oco Ja

for any open set A C ().
Proof. Up to a subsequence we can suppose that up — u almost everywhere. Let
v, = 7V (ug) where

x if x| <N

N i otherwise
2]

N (z) =

with N = 2[|ul|oo. Clearly vy € WL vp — win W' and [[vg]leo < 2[|ulco. To verify
the last assertion notice that

det Dvg(z) = det Duk(x)l{\uﬂgN} (z) a.e.

and hence
lim inf/ g(det Dug) < lim inf/ g(det Duy) + limsup g(0)|{|ux| > N} N A]
k—oco [ 4 k—oco )4 k—o0
= liminf/ g(det Duy,).
k—oco Ja
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Lemma 7.2. Let u: B(zg, R) — R" be a smooth map and consider v defined by

v(x) = u(Rm + xo).
|z — x|
Then, forp <n
/ \DulP < C(n, p)R DulP.
B(zo,R) 9B(zo,R)

Proof. We can suppose g = 0 and R = 1. We have
LG = () o
B || B | /1 Ja]P

1
1
- / / |Du(w) PaH™ (@) g" P o <
0 0B

n—p

/ | Du(w)|PdHr—!
0B

Lemma 7.3. Let u € C*(Q(z0, R)) and define:
T — X0

|z — 20|00

w(z) = u(R + 170)-

Then, for every p > 1, we have
| u—wp <copr [ pup
R R

Proof. We can suppose that xg = 0 and R = 1. Consider the change of variable:

{w = L= €0
0= |z]eo € [0,1]
we have

x

u(z) = u( )| = ulow) — ul@)l” < (1= 0! / ' |Du(tu) .

2[00 0

multiplying both sides by o

and recalling that o <t we obtain
1
u(ow) — u(w)Po™ ™ < (1 - Q)p_l/ | Du(tew) [Pt~ dt.
0
Integrating both members with respect to w € 9@ and p € [0,1] and recalling the
co-area formula we have the result. (|
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