A WASSERSTEIN APPROACH TO THE ONE-DIMENSIONAL STICKY
PARTICLE SYSTEM

LUCA NATILE AND GIUSEPPE SAVARE

ABSTRACT. We present a simple approach to study the one-dimensional pressureless Euler
system via adhesion dynamics in the Wasserstein space P2(R) of probability measures with
finite quadratic moments.

Starting from a discrete system of a finite number of “sticky” particles, we obtain new
explicit estimates of the solution in terms of the initial mass and momentum and we are able to
construct an evolution semigroup in a measure-theoretic phase space, allowing mass distributions
in P2(R) and corresponding L2-velocity fields. We investigate various interesting properties of
this semigroup, in particular its link with the gradient flow of the (opposite) squared Wasserstein
distance.

Our arguments rely on an equivalent formulation of the evolution as a gradient flow in the
convex cone of nondecreasing functions in the Hilbert space LQ(O7 1), which corresponds to
the Lagrangian system of coordinates given by the canonical monotone rearrangement of the
measures.

1. INTRODUCTION

In the recent years considerable attention has been devoted to the 1-dimensional pressureless
Euler system

9p+ 0z (pv) =0,
Bi(pv) + x(pv®) = 0,

in connection with the Zeldovich model [30] for the evolution of a “sticky particle system” (SPS,
in the following) via adhesion dynamics. This model describes the behaviour of a finite collection
of particles, freely moving in absence of forces and sticking under collision; they can be mathe-
matically represented by a time-dependent discrete measure pl¥ := Dy m;d,, () concentrated in
a finite set of

(1.1) in R % (0,+00);  p|,_, = ro, Vg,

Y=o =

N vparticles P;(t) := (my;, z;(t),v:(t)), i = 1,..., N, with positive mass m,, ordered

positions z1(t) < za(t) < ... <axn-1(t) < zn(t), and velocities v;(t).
Denoting by J;(t) := {j : z;(t) = z;(¢t)} the collection of (the indexes of) the particles P;(t)
coinciding with P;(¢) at the time ¢, the adhesion dynamic imposes that the sets J;(t) are non-
decreasing in time, so that v;(t;) = v;(t4) for every j € J;(t). We can thus order in a finite
and monotone sequence 0 < t; < t3 < ... the collection of times when the cardinality of some
Ji(t) has a discontinuity (corresponding to some collision). In each open interval [tg,tr+1) the
(right-continuous) velocities v;(t) = &;(t) are thus supposed to be constant, and at each collision
time ¢y the conservation of mass and momentum yields the update equation for the velocities

2 ety MV (=)
ZjGJi (tr) m]
It is not difficult to check that the measures p"V and (pv)Y := Ef\il m;v;(t) 05, (+) solve (1.1).

Starting from the discrete SPS, existence of measure valued solutions to (1.1) with general initial
data and satisfying suitable entropy conditions [5, BOuCHUT] has been proved by GRENIER [14]

(1.2) vi(tpt) = i=1,...N.

B g ..
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and E, RYKov & SINAI [28] (but see also the contribution of MARTIN & PIASECKI [16]) as limits
(in the sense of weak convergence of measures) of the discrete particle evolutions p¥ as N T +oc.
Here we also quote the different approaches of BoucHUT & JAMES [6], of POUPAUD & RASCLE
[19], and of SEVER [24] in the multidimensional case; viscous regularizations of (1.1) have been
studied by SOBOLEVSKII [26] and BOUDIN [7], and a different model, starting from particles of
finite size, has been considered by WOLANSKY [29].

The convergence result has further been extended and refined by BRENIER & GRENIER [9],
Huanag & WaNG [15], and NGUYEN & TUDORASCU [18] (by a different probabilistic approach
MOUTSINGA [17] has recently been able to consider initial velocities with nonpositive jumps at
each points of the support of pg): the basic assumption is that the discrete initial velocity v; is the
value in x; of a given continuous function v with at most linear growth, and (the total mass being
normalized to 1) the sequence pj)’ converges to pg w.r.t. the L2-Wasserstein distance in the space
P2(R) of probability measures with finite quadratic moment. This includes the case (considered in
[9]) of a sequence p{’ with uniformly bounded support and weakly converging to po in the duality
with continuous real functions.

All these results depend on a remarkable characterization of the solution p found by BRENIER &
GRENIER [9]: by introducing the cumulative distribution function M, associated to a probability
measure p € P(R)

(1.3) M,(z) := p((—o0,z]) Vz eR, sothat p=09,M, inZ'(R),

they prove that the function M (t,-) := M,,(-) is the unique entropy solution of the scalar conser-
vation law

(1.4) M + AM) =0 inR x (0, +00),

where A : [0,1] — R is a continuous flux function depending only on py and vy (see Theorem 6.1
for a precise statement).
It can also be shown [18] that this solution satisfies the Oleinik entropy condition

(1.5) ve(we) — v(x1) < E(xz —x1) for prrae. x1, 20 ER, 21 < x9.

In the present paper we discuss various refinement of BRENIER-GRENIER result by a different
approach. Our starting point (Theorem 2.2) is an explicit Lipschitz estimate (in the LP-Wasserstein
distance W, for every p > 1, see (2.1)) of the dependence of p; with respect to the initial data
po, (pv)o: for p =2 it shows that (p)¥)nen is a Cauchy sequence in P3(R) and in particular yields
the convergence results of [28, 9, 18] allowing general initial measures in P2(R) and (possibly
discontinuous) velocity field vy € L?(pg). We also show that a suitable L2-like integral distance
between the momentum pv of two solutions can be controlled in terms of the initial data and prove
further precise representation properties of the solution and its velocity field (Theorem 2.3).

This leads to the construction of a semigroup .%; associated to the evolution of SPS, which ex-
hibits interesting links with another semigroup (recently studied by AMBROSIO, GIGLI & SAVARE
[1]), obtained as the gradient flow in P(R) of the (opposite) squared Wasserstein distance from a
fixed reference measure.

This link (which at a first sight may look unexpected) can be better understood in the simpler
case when the initial velocity field v satisfies a one-sided monotonicity condition (see section 5.4.2
of VILLANI’s book [27] for more details): still considering the simpler discrete case, if

(1.6) —671:= min vlw:) = v(@;) <0, wv(x;):=w,
TiFT] Ty —Tj

for t € [0,8) the map x{(x) := x + tv(z) is nondecreasing on the support of pg (the finite set
{z;:i=1,...N}), so that the first collision occurs at ¢ := ¢ and in the interval [0,0) one has the
freely moving measures

N N
(L.7) pri=(x6)p0 = D Mibx v, (PV)e =D MiVibpipn,, t € [0,0),

i=1 i=1
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solving the pressureless Euler system (1.1). On the other hand, the curve t — p, t € [0,0], is
a constant speed minimal geodesic in P3(R) connecting py with 7 := ps; as in any Riemannian
manifold, it coincides (up to a suitable rescaling, [1, Theorem 11.2.10]) with the gradient flow in
P2(R) of the functional ¢ (p) :== —3W3(p, p°). After the collision at time ¢ = § the trajectory
of the gradient flow does not coincide with the free motion (1.7) anymore, since its velocity has a
jump which can be described exactly by (1.2) [1, Theorem 10.4.12]. At a later time, the velocity
field induced by the (rescaled) Wasserstein gradient flow can be characterized by the formula

ZjeJi (t) MG Tj (t) )
Yjenw™
and it is an interesting property, stated in Theorems 2.4 and 2.5, that the two different laws (1.2)
and (6.3) give rise to the same evolution, even for arbitrary initial data.
In order to obtain these results, we adopt the point of view of 1-dimensional optimal trans-
portation and we represent each probability measures p € Po(R) by their monotone rearrangement

X,, which is the pseudo-inverse of the distribution function M, of (1.3) (a similar approach, in a
probabilistic framework, has been also used by [17]; see also [13] for other applications)

(1.9) X, (w) == inf {z : M,(z) > w} =inf {z : p((—o0,2]) >w} we(0,1).

1=1,...N

yc . )

(1.8) vi(t4) =t (mi(t) -

The map p — X, is an isometry between P>(R) (endowed with the L2-Wasserstein distance)
and the convex cone X of nondecreasing functions in the Hilbert space L%(0,1). Through this
isometry, any gradient flow with respect to Ws in P3(R) can be rephrased as a gradient flow in
X with respect to the L?(0, 1)-distance, and one can use the powerful tools the classical theory of
variational evolution inequalities in Hilbert spaces (we refer to the book by BrEzIs [10]). It turns
out (see Theorem 2.6) that in this Lagrangian formulation the solution X,, admits three simple
characterizations, in terms of the L?(0, 1)-projection Py onto X

(1.10) X,, = Px(Xp, +tVo), Vo =1w90X,,,

and of the differential inclusions
d d

(1.11) &Xpt + aIJC(Xpt) > Vo, t&Xpt + 8IK(XPt) > Xp, = Xpo

Ix being the indicator function associated to X (see next (2.34)). (1.10) and (1.11) encode all
the qualitative information on the measure-valued solution p;, and their proof in the case of the
discrete SPS constitutes the core of our argument. It relies on an elementary but careful description
of the L?(0,1)-projection operator Py and on the subdifferential of Is, which has been carried
out in Section 3. Once p; has been determined, its velocity v; € L%t (R) can be recovered from

the right derivative V (¢) := di:r X,, € L?(0,1): in fact, as a byproduct of the second differential

inclusion of (1.11), V/(¢) is a function of X (¢) and therefore one obtains
(1.12) V(t) =v0X,,.

The projection formula (1.10) (which has been introduced by SHNIRELMAN [25, 2] in a slightly
different form, see Remark 2.9) lies more or less explicitly at the core of the formulations by [28] and
[9]. As it has been nicely explained by ANDRIEVSKY, GURBATOV & SOBOLEVSKII [2] elaborating
the contribution of [25], (1.10) is equivalent to the Generalized Variational Principle of [28], which
can be expressed through the convex envelope of the primitive function of the map X,, +tVy: as
stated in full generality by Theorem 3.1, this convexification characterizes the L2-projection on X.
On the other hand, a convexification is also involved in the second Hopf formula for the solutions
of the Hamilton-Jacobi equation associated to (1.4), as it has been already observed by [9, §4]: we
will detail this point in Theorem 6.1.

The link between the formulation based on the scalar conservation law (1.4) and the Hilbertian
theory of gradient flows like (1.11) is not at all surprising, after the illuminating paper by BRE-
NIER [8]. Wasserstein contraction properties of solutions of one-dimensional scalar conservation
laws have also been recently obtained by BOLLEY, BRENIER & LOEPER [4] (see also the further
contribution by CARRILLO, DI FRANCESCO & LATTANZIO [11]). So it would be possible in prin-
ciple to approach SPS starting from (1.4) and trying to apply the techniques developed there.
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Notice however that two solutions originating from different initial distributions of position and
velocity give rise to two scalar conservation laws differing not only by the initial data but also
by the flux functions, so that their comparison does not look immediate. Moreover, the present
self-contained approach is very simple, since it relies on elementary tools of convex analysis and
direct computations on the discrete case; the simultaneous characterization of the evolution by
(1.10) and (1.11) provides a more refined description of the solution and, as a byproduct, a new
direct proof of BRENIER & GRENIER theorem.

Plan of the paper. In the next section we recall some basic definition and notation and we
state our main results. Section 3 collects the main properties related to the convex cone X in
L?(0,1) (projection, polar cone, subdifferential of the indicator function): they provide simple
but crucial tools for the analysis of the discrete SPS presented in Section 4, which contains all
the basic calculations. Section 5 deals with existence, stability, and uniqueness of the solution in
the Lagrangian formulation. The final steps of the proofs (mainly concerning the various limit
processes) will be detailed in the last Section 6, where we also show a new derivation of BRENIER
& GRENIER Theorem [9] from the Lagrangian representation of the SPS.

2. MAIN RESULTS

Couplings, Wasserstein distance, and monotone rearrangementa. For p € [1,+00) let us
denote by P,(R) the space of Borel probability measures p with finite p-moment [, [z|P dp(z) <
+00. The LP Kantorovich-Rubinstein-Wasserstein distance W,,(p', p?) between two measures
pt,p* € Pp(R) can be defined in terms of couplings, i.e. probability measures p € P(R x R)
such that W;Ep =p', i =1,2, by the formula

(2.1) Wyt )= minf{ [ o=yl dplan) s p € PR xR). whp = p').
X
Here 7¢(xq, 1) = x; is the usual projection on the i-th coordinate and for a general Borel map
T:R™ — R” and a Borel measure p € P(R™) the push-forward v = Ty p is the measure defined
by v(A) = u(T~1(A)) for every Borel set A C R™. We will repeatedly use the change-of-variable

formula
(2.2) C(y) d(Tup)(y) = C(T(z))du(x) for every Borel map ¢ : R™ — [0, +o0].
R‘n. R'NL
More generally, given a convex, even, and lower semicontinuous function ¢ : R — [0, +00], we can

consider the cost ¢y (z,y) := ¢¥(z — y), z,y € R, and the associated optimal mass transportation
problem

(2.3) €y (p',p?) = intf { (= y)dp(z,y) : p € PR X R), mp = p'}.

RxR

In the present 1-dimensional case, there exists a unique optimal coupling p = I',(p!, p?) realizing
the minimum of (2.1) and of (2.3) (at least when the cost is finite): it can be explicitly characterized
by inverting the distribution functions of p!, p?. More precisely, for every p € P(R) we consider
its monotone rearrangement X, (1.9), a right-continuous and nondecreasing function satisfying

(2.4 Kpr=p A= Lo [ o) = [ )

for every nonnegative Borel map ¢ : R — [0,4o00]. In particular, p € P,(R) iff X, € L?(0,1).
Moreover, thanks to the Hoeffding-Fréchet theorem [20, Sec. 3.1], the joint map X, 2 (w) :=
(X1 (w), X, 2(w)), w € (0,1), characterizes the optimal coupling p € I'y(p', p?) by the formula

(2.5) p= (X, 02) , A
so that [12, 20, 27]

1 1
20) W) = [ [Xpw) = Xp(w) du, €01 P) = [ 0 ()~ Xp(w) du
0 0
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and the map p € P(R) — X, is an isometry between P»(R) and the convex subset K of L2(0, 1)
of (essentially) nondecreasing functions (which can be identified with their right-continuous rep-
resentatives).

An explicit estimate through Wasserstein distance. We introduce the set
(2.7) Vp(R) := {,u = (p,pv) € Po(R) x M(R) : v € Lﬁ(R)}, p € [1,4+00),

M(R) being the set of all signed Borel measures with finite total variation, the semi-distances
(here p* = (p', p'v"))

(28) UpGl ) = [ @) =P dple) o =Tl )
(2.9) - o (X () — 0 (X () P,

and the distances

(2.10) Db (pt, u?) =WE(p', p?) + Ub(u', ).

We also set

(2.11) g = [ (1 + (@) dp(o) = Dy (50,0).

Proposition 2.1. D, is a distance in V,(R) and (V,(R), D,) is metric (but not complete) space
whose topology is stronger than the one induced by the weak convergence of measures. The collec-
tion of discrete measures

N N N
(2.12) V(R) := {u = (Zmidﬂ,Zmividzi) tm; >0, Zmi =1, 2;,v; € R}
i—1 i—1

=1

is a dense subset of V,(R). A sequence fin, = (pn, pn¥n), 1 € N, converges to p = (p, pv) in V,(R),
p > 1, if and only if (see [1, Def. 5.4.3])

(2.13) Wy(pn,p) — 0,  ppvn, — pv  weakly in M(R), / [vn|P dpp, — / [v|P dp.
R R

Let us denote by .7 : V(R) — V(R) the map associating to any discrete initial datum (po, povo)
the solution (p¢, psvi) of the (discrete) sticky-particle system. .#; is a semigroup in V(R).

Theorem 2.2 (Stability with respect to the initial data). Let uf = (pf, pfvf) = Z[pél, € = 1,2,
be the solutions of the (discrete) sticky-particle system with initial data pf € V(R). Then for every
convex cost (2.3) and every p > 1

(2.14a) Cylpi,pi) < /}R Rw(x +tl(z) = (y + t0?(y)) dp(z,y),  p="To(p", p?),
X
(2.14b) Wy (o1, 07) < Wip(pp, p5) + tUp (16, 15),

t

i) [ OBk ) dr < O o) (Int) + [6?ls) (Waloh ) + Ualih i)
0

for a suitable “universal” constant C' independent of t and the data.

We say that a map . : V,,(R) — V,(R) is strongly-weakly (s-w) continuous if for every pu™, u €
Vy(R) with F[u"] = (7%, 7"5"), 1] = (5, 55) € Vy(R),

(2.15) aniJIrnoo D,(tp,p) =0 = ani-I‘,-noo Wy(p",p) =0, ppd, — pv  weakly in M(R).

Theorem 2.3 (The evolution semigroup in V,(R)).
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(a) The semigroup % can be uniquely extended by density to a right-continuous semigroup (still
denoted .7;) of strongly-weakly continuous transformations in Vp(R), p > 2, thus satisfying

(2.16) Foptlpl = LA Vst 20, M Dp(Alul, ) =0 V€ Vp(R).

S complies with the same estimates (2.14a, b, ¢) of Theorem 2.2.

(b) (pt, prve) = Fu], p € Va(R), is a distributional solution of (1.1) satisfying Oleinik entropy
condition (1.5).

(¢) If : R — R is a convex function such that ¢(vo) € L} (R), and (p, prvi) = F[uo], then

(2.17) the map t— / P(ve) dpe(z)  is nonincreasing in [0, +00),
R

and its (at most countable) jump set T = T(u) is independent of 1.

(d) If p € Vp(R) and py = (pt, prvy) = Lip], t € [0,400), the curve t — p; is Lipschitz in P,(R)
with respect to Wy, and the curve t — pyv; is continuous with respect to the weak topology in
M(R), right-continuous in [0, +00) with respect to the (semi-) distance Uy, and left-continuous
at each t € (0,+00) \ T where T is the at most countable jump set of (2.17).

(e) Let 1 = (oFpf) = Fulu™] and i = (pe, pove) = Sl if 1™ converges to i in Vy(R) as
n 1 400, then for every t € [0,+00) p} converges to p; in Pp(R), pfvy weakly converges to pyvy
in M(R); moreover, py* converges to (pe, prvy) = (] in Vp(R) for every t € [0,400) \ T(u).

(f) For every 0 < s < t there exists a ps-essentially unique monotone map x., € L;2)5 (R) such that

xSth

(2.18) pr = (x) s, lhl?()lsT =wvs in L%S (R), i(x) ==,

(219)  wly) = / vs(@) dpy ) = (= 9) " (y - / X (@) doj ' (x))  for pi-a.e. y R,

R

where pZHt is the disintegration of ps with respect to xt.

Let us recall that the disintegration pzﬁt of ps with respect to the Borel (monotone) map

x. is a Borel family of parametrized measures uniquely determined for p;-a.e. y € R, such that

ps = Jp py " dpe(y) with p5~*((x4) 7 (y)) =1 (see e.g. [1, Thm. 5.3.1]).
Notice that for a fixed ¢ the map . : V,(R) — V,(R) may fail to be continuous with respect
to the distance D), at least in the momentum component pv.

The gradient flow of the (opposite) squared Wasserstein distance. (2.18) and (2.19) show
an interesting connection between the semigroup .#; in Vo(R) and the gradient flow 47 in P2(R)
of the (opposite) squared distance functional

(2.20) ¥ (0) = —3W3(p.0) ¥p,o € Po(R).

Let us recall [1] that for every choice of a reference measure o € Po(R) it is possible to define
a unique continuous and l-expansive semigroup 47 : Po(R) — P2(R), 7 > 0, whose Lipschitz
trajectories p, := %7 (p) can be uniquely characterized by the Evolution Variational Inequality

1d 1
5 W (pr.m) = 5 WE(pr.m) < 6°(0) = 67(p-) 1 € Pa(R).

The next result shows that . and ¢*° basically coincide, up to the rescaling

(2.21)

(2.22) T=1logt, t=¢€", pr=per.

Theorem 2.4 (Gradient flow of the Wasserstein distance and SPS). Let (p, prvi) = Ft(po, povo) €
Va(R) be the semigroup solution of the sticky-particle system. The Lipschitz curve (p)i>o in P2(R)
for a.e. t > 0 it solves the Evolution Variational Inequality

d 1
(2.23) %awﬁ(/)t,n) —5Wepe,m) <67 (n) = 6™ (pr)  a.e.in (0,4+00), Vi€ Pa(R).
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Equivalently, the reparametrized solutions p; = per satisfy (2.21) with o := pg and we thus get the
representation formula

(2.24) pr =9 sps or, equivalently, p; = %lgg(t/s)ps V1 =logt>d =loge.

Conversely, if t — p; is a Lipschitz curve in Po(R) satisfying (2.23) and the initial velocity
condition

(2.25) lglrgt’Q/ |+ tvo () — y[* dp,(z,y) =0 p, = Tolpo, pr),
R

then there exists a unique Borel velocity vector field vy € th (R) such that (p, prve) = 4 (po, Povo)-
vy is the Wasserstein velocity field of py [1, Thm. 8.4.5].

Notice that (2.25) corresponds to (2.18) for s = 0 in the case (which a posteriori is always
verified) p, = (i x x§)po.
We can use (2.24) to exhibit the solution p; of SPS by a simple limit procedure:

Theorem 2.5. Let (pt, prvt) = Fi(po, povo) € Va(R) be the solution of SPS and let p. := (i +
evg)#po, € > 0. Then

(2.26) Pt = 161%1 %ﬁg(t/e) (pe) in Pa(R).

Moreover, if for some g > 0 the map i + €qug is po-essentially nondecreasing then
(2.27) Pe = Pe, Pt = %l’c’)‘;(t/e)(ﬁs) Ve € (0,g], t > e.

The evolution in Lagrangian coordinates. We conclude this section with an even more ex-
plicit formula for the evolution of the monotone rearrangement function X (t) = X,,. We denote
by Iy the indicator (convex, lower semicontinuous) function of X in L2(0,1)

{0 if X € K,

. with subdifferential I : L*(0,1) — 27 (01,
400 otherwise,

(2.28) I (X) =
We also introduce the closed subspace Hx C L?(0,1), X € X, whose functions Y € L?(0,1) are

essentially constant in each open interval (a,b) C (0,1) where X is constant: it is not difficult to
check that for every X € X and Y € L?(0,1)

(2.29) Y eHyx iff Y =yoX for some Borel map y € L2(R), p = Xu\.

Theorem 2.6 (Lagrangian evolution). A curve (p¢, prvr) € Va2(R), t > 0, is the semigroup solution
Z(po, povo) of SPS as in Theorem 2.2 if and only if its monotone rearrangement X (t) = X, €
K C L?(0,1) satisfies one of the following three (equivalent) characterizations in terms of the
couple Xy := X,, and V := v9(Xp) € Hx,:
I. X is the unique strong (i.e. absolutely continuous) solution of the Cauchy problem for the
subdifferential inclusion

d
(LI) @X € *aIK(X) + Vo, X(O) = Xp.
II. X admits the representation formula
(L.II) X (t) = Px(Xo + tWp)

where Py is the L?-projection on the convex cone X C L?(0,1).
ITI. X is the unique strong solution of the rescaled gradient flow

d
(L.III) t&X(t) € —0Ix(X (1)) + X (t)— Xo, such that ltifgt_l(X(t) —Xo) =Vy in L*(0,1).
In each of these cases the curve t — X (t) is Lipschitz continuous in L*(0,1) and right-differentiable
at each time t; the velocity field vy can be recovered by the formula

dt

(La) V(t):aX(t):’UtOX(t):Pj—CX(t)(VO) EJ'CX(t) VtZO,
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where Py, denotes the L? orthogonal projection on the closed subspace Hx C L?(0,1). The closed
subspaces Hx ) are nonincreasing

(L.b) }CX(t) C J‘CX(S) if0<s<t,
and X,V satisfy the semigroup identities
(L.c) X(t) =Px(X(s) + (t = 5)V(s), V(t)=Psc,, (V(s)) VO<s<t.

This result shows that the natural evolution space for the Lagrangian sticky particles flow is
(2.30) %, (0,1) := {(X, V) e LP(0,1) x LP(0,1): X € K, V =vo X € }cx} p>2,
endowed with the product distance in LP(0,1) x LP(0,1). The bijective map
(2.31) (p,pv) € Vp(R) «— (X, V) € X,(0,1), X=X, V=voX,,
is in fact an isometry with respect to D, of (2.10).

Corollary 2.7 (Lagrangian semigroup). For every p > 2 the time dependent transformations Sy :
Xp(0,1) — X,(0,1), t > 0, which map a couple (Xo, Vo) € X,(0,1) into the couple (X (t),V (1)) =
S¢(Xo, Vo) € X,(0,1) where X is the solution of (one of the equivalent) (L.I, IL, III) and V = di:X
as in (L.a), define a right-continuous semigroup in X, (0, 1), satisfying

(X(1), V() =Se(Xo, Vo) <= (pt. prvt) = F(po, povo)

(2.32) where  py = (X(t))#x, V(t) = v 0 X(2).

Remark 2.8 (Rescaling). Up to the rescaling 7 = logt, X (1) = X (e7), (L.ITI) is equivalent to

(2.33) X (1) € ~oLx(X (1) + X(1) - Xo.

We shall show (see Theorem 3.1) the Py is a contraction in every LP(0, 1), so that (L.IT) provides
a simple and sharp way to estimate X (¢) in terms of the initial data corresponding to (2.14b).
Applying a general result of [22, 23], one can obtain (2.14c) from the representation (L.I).

Let us finally remark that the Wasserstein gradient flow of Theorem 2.4 is equivalent to (L.III)-
(2.33): it is sufficient to introduce the functional ®7

- 1
(2.34) ®7(X) == =5 [1X = Xoll 201 + I (X), X € L*(0,1),
which is related to ¢7 by
(2.35) ¢7(p) = 7(X,) ¥pePy(R),
and is a smooth quadratic perturbation of the convex and lower semicontinuous indicator functional
Iy since
(2.36) 00°(X) =0Ix(X) — (X — X,),
(2.33) is the subdifferential formulation in L?(0,1) of the gradient flow of ®”°, whose metric
characterization [1] yields (2.21) thanks to the isometry p <+ X, between P2(R) and X.

Remark 2.9 (Minimal Lagrangian description). One can use (as in [25, 2]) the initial measure
po € P(R) as a reference for the Lagrangian evolution, thus representing p; as x(t)gpo for the
optimal monotone map x(t) = x € L2 (R) according to Theorem 2.3 (f). We can therefore
introduce the convex set X(po) of essentially nonincreasing Borel maps in the Hilbert space L2 (R)
and we have the corresponding formulae for the evolution in L?)O (R) (i : R — R denotes the identity
map)

(LT) Cx(t) € 0l (x(1)) + 10, x(0) =1,
(L.IT) X(£) = Pociouy (i + t00),  i(2) =,
(LIIT) t (1) € —0lscpny (x(8)) + x(2) — i

dt
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to be completed with the expression for the velocity d%:_x(t) = v(t) = vy ox(t). All these relations
could be easily deduced by Theorem 2.6, since the correspondence x «» X = xo Xy is an isometry
between L2 (R) and the closed subspace Hx, of L*(0,1). On the other hand, it is easier to deal
with the convex set K in the space L?(0,1) with the uniform Lebesgue measure as a reference
and the description provided by Theorem 2.6 is more general, since it allows to compare solutions
arising from different initial data.

3. MAIN PROPERTIES OF X

In this section we will study the properties of the convex set K of nondecreasing functions in
L?(0,1), in particular the L2(0,1)-projection operator Py and the subdifferential of the indicator

function I (2.28). Denoting by (+|-) (resp. || - ||) the usual scalar product (resp. the induced
norm) in L?(0, 1), since X is a convex cone, Py can be characterized by

(3.1) g=Px(f) <= geX, (f—glz—g) <0 VzeX

(32) = geX, (f—gl2) <0 VzeX,  (f-glg)=0.

The next result provides a useful characterization of Py (f) in terms of the convex envelope of the
primitive of f. Recall that the convex envelope of a given continuous function F : [0,1] — R is
defined as

(3.3) F*(w) ::sup{a—l—bw:a,beR,a—l—vaF(v) VUE[O,l]} w € [0,1],

and it is the greatest bounded, (lower semi-) continuous, and convex function G satisfying G < F
in [0,1]; it is therefore right and left differentiable at every point ¢ € (0,1) and its right derivative
g:= d%j- F** is nondecreasing and right continuous.

Theorem 3.1 (Projection on KX). Let f € L*(0,1) and let F(w) = [, f(s)ds be its primitive.

Then
+

d *k
Pa(f)=9=q,F

where F** is the convex envelope of F defined by (3.3). Moreover, for every convex lower semi-
continuous function 1 : R — (—o0,+o00| and every f,h € L?*(0,1) we have

6o [ ulexls dw</¢ o[ eCrth = e aw < [ wir—maw

In particular, Px is a contraction in every space LP(0,1), p € [1,400] :
(3.5) [Py (f) = Px()|lLro,1) < I1f = gllLrory Vi h€ LP(0,1).
We split the proof in several steps. Here is a preliminary Lemma.

Lemma 3.2. For every f € L?(0,1) F** is continuous in [0,1], locally Lipschitz in (0,1), and
coincides with F at w =0 and w = 1. If f € L>=(0,1) then F and F** are Lipschitz continuous
in the closed interval [0,1].

Proof. Let us first assume f € L*°(0, 1) and let L be the Lipschitz constant of F; then
F0)—Lw< F(w), F(1)4+Lw-1)<F(w) Ywe][0,1],

so that F**(0) = F(0), F**(1) = F(1), and

(3.6) FO)—Lw < F*(w), FQ)+L(w-1)<F*w) Ywel01].

Therefore the right derivative g of F** satisfies —L < g(0) < g(w) < £~ F**(1) < L so that F**

is a Lipschitz function.

In the general case when f € L?(0, 1), we can approximate its (absolutely continuous) primitive
F by an increasing sequence of Lipschitz functions F;, uniformly converging to F', e.g. by setting

Fo(w)= inf F(v)+nlv—w|
ve[0,1]
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Thus F* is an increasing sequence of Lipschitz functions satisfying F**(w) = F,(w) at w =0, 1,
and pointwise converging to some lower semicontinuous convex function G as n | +o0o with

(3.7 G(w) < F**(w) < F(w) Ywe€|0,1].

On the other hand, for w = 0,1 we have G(w) = lim, ;4 F(w) = F(w) so that F**(w) = F(w).
(3.7) also yields

G(w) < liminf F**(v) < limsup F**(v) < F(w) Yw € [0,1]

v—=w v—w

so that F** is also continuous at w = 0,1, where G = F'. O

Let us now consider the set
(3.8) A= {we [0,1] : (F — F*)(w) >o};

since A is open and does not contain 0 and 1, it is the disjoint union of a (at most countable)
collection O of open intervals.

Lemma 3.3. If (a,b) € O is a connected component of A then for every w = (1 — 0)a + 0b,
0 €[0,1]
(3.9) F**((1—0)a+6b) =(1—0)F(a)+60F(b) V6e]0,1], F(a) = F**(a), F(b) = F**(b).
Proof. Since a,b € A one has F(a) = F**(a) and F(b) = F**(b). Let w € [a,b] a minimizer of the
continuous function
F(b) - F(a)

b—a
so that F(w) > F(w) + L(w — w) for every w € [a,b]. The continuous function

w+— F(w) — L(w), L(w):=F(a)+ (w—a)

F**(w) if w ¢ [a,b],

(3.10) G(w) = {max (F*(w), F(@) + L(w — w)) if w € [a,b],

provides a convex lower bound of F' and therefore G(w) < F**(w) for every w € [0,1]. Since
G(w) = F(w) we deduce that @w ¢ A and therefore @ coincide with a or b and the inequality
G(w) < F**(w) yields F**((1 — §)a + 0b) > (1 — 0)F(a) + 0F(b); the opposite inequality is a
consequence of the convexity of F™**. O

The next lemma contains the crucial inequality we need to characterize Py.

Lemma 3.4. Let v € CY(R) be a convex function. For every f € L*(0,1) and z € X with
g:=(F*), if (f —9)v'(z — g) € L*(0,1) we have

1 1
(3.11) /0 (f(w) = g(w))¥' (2(w) — g(w)) dw <0 < /0 (f(w) = g(w))¥' (g(w) - 2(w)) dw.

Proof. We decompose [0,1] in the disjoint union of the open intervals (a,b) € O covering A (see
(3.8)) and of [0,1] \ A, where F(w) = F**(w), and therefore f(w) = g(w) up to a #£!-negligible
set (recall that F** is locally Lipschitz). In each (a,b) € O F** is linear, g is constant, and the
function w +— ¢’ (z(w) — g¢) is bounded and nondecreasing, thus its distributional derivative is a
nonnegative finite measure v, . Since F' = F** in {a, b}, we have

/O (f - 9)¥/(z — g) dw = / (f — 9! (z — g) dw + /mmu — (2 — g) duw

b
o (- (z—g)dw=—
J (

(a,b)eO

b
> /(F(W)—F**(w))dva,b(w)go.

a,b)e0

The second inequality of (3.11) can be simply obtained by considering the convex function z/?(r) :

(=)

o
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End of the proof of Theorem 3.1. Concerning the projection in L2(0,1), by a standard approxi-
mation argument, it is not restrictive to assume f € L°°(0, 1) so that g € L>°(0,1) too. Choosing
¥(r) == 4r? (3.11) yields (3.1).

In order to prove (3.4), a standard approximation of ¢ by the increasing sequence of its Moreau-
Yosida approximations t,(r) := minger ¥(s) + %|s — r|* shows that it is not restrictive to assume
1 convex, C, and at most quadratically growing as |r| — oo. We can then apply the standard
convexity inequality t(s) — ¢ (r) > ¢/ (r)(s — r) and Lemma 3.4 obtaining

/R(¢(f - h) - @(Px(f) - ch(h))) dw

(3.11)

> [ 0/ (Pulr) =Pl (7 = Pl) = (1= Pc() w0
The first inequality of (3.4) is a particular case of the second one, with h = Py (h) = 0. O

The following result is a simple consequence of Theorem 3.1. Let us first introduce for a given
f € L?(0,1) the open set Qf C (0,1) where f is locally constant

(3.12) Qs :={w € (0,1) : f is essentially constant in a neighborhood of w}.
Equivalently ¢ is the complement of the support of the distributional derivative of f.
Corollary 3.5. Let f € L?(0,1) and g = Py (f). Then

(3.13) Qp C Q.

Proof. Notice that A C €, (A has been defined by (3.8)); if w € Q¢ \ A then F(w) = F**(w), so
that any linear part of the graph of F' in an open interval containing w should locally coincide
with F™*; it follows that F** = F' in a neighborhood of w so that w € €),. O

Definition 3.6 (The polar cone and the subdifferential of the indicator function Ix). We denote
by X° the polar cone of X, defined by

(3.14) FeEX® = (flz)<0 VzeX <« Px(f)=0.

The subdifferential OIx(g) of the indicator function of X (see (2.34)) at some function g € X is
the subset of L?(0, 1) characterized by

(3.15) £€idlx(g) <= (flz—9g) <0 VzeX.
Remark 3.7. X° and dIx are clearly linked by X° = 0Ix(0) and
(3.16) §€0lx(g) — §e€X° (&g)=0.

X° provides an equivalent reformulation of (3.1), since

B17)  g=Px(f) <= gekK, [f-geX’ (f-4glg)=0 <= [—g¢edlx(g).
If Q is an open subset of (0, 1), we denote by N the convex cone

(3.18) No = {Fec(0,1]): F>0in [0,1], F=0in[0,1]\0}.

We can give a useful characterization of X° in term of the cone N := N(q 1.

Proposition 3.8 (A characterization of the polar cone X°). A function f belongs to the polar
cone K° if and only if its primitive F(w) := fow f(s)ds belongs to N.

Proof. If F € N then one easily gets for every z € X N C([0,1])

(3.19) (f|z):/0 F'(w)z(w)dw:—/o F(w) 2 (w)dw <0,
)=0

since F,z' > 0, F(0) = F(1
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Let us now assume that f € K°; for every continuous and nonnegative function z > 0 and ¢ € R
with Z(w) = [} 2(s)ds — ¢, since Z € K we have

1 1
0> (712) = | fw) Zw)dw = - [ Fw)zw)dw+ FO)(Z0) - o)
0 0
Since ¢, z are arbitrary, we conclude that F' € N. O

The last result of this section concerns a precise characterization of 9Ix. Let us first define for
f € L*(0,1) the closed subspace H; C L?(0,1) defined as

(3.20) 3y :={h € L*(0,1) : h is essentially constant in each connected component of Qy }.

We denote by Ps¢, the orthogonal L2-projection on t- It is easy to check that

Py, (f) = f ae. in (0,1)\ Q,

3.21 B
(3:21) Py, (f) = ][ f(w) dw a.e. in every connected component (o, 3) C €.

Moreover, denoting by F' the primitive function of f,
(3.22) if ' € Ng, then f is orthogonal to 3y,

since f = F’ vanishes a.e. outside 0, and for every connected component («, ) of €, we have

J? f(w)dw = F(8) - F(a) = 0.

Theorem 3.9 (The subdifferential of Isc). Let g € K, £ € L?(0,1), and = fo s)ds. Then
we have
(3.23) §e€dlx(g) += E€Ng,.

In particular,
£€=0 a.e in[0,1]\ Qq,
(3.24) if € € OIx(g) then / fw

dw =0 for every connected component («, 3) of Qg,

s0 that & is orthogonal to Hy and we have by (3.17) and (3.13)
(3.25) g=Px(f) = g="Ps,(f), HyCHy.

Proof. The left implication in (3.23) is immediate, since = € Nq, implies = € N and therefore
& € X° by Proposition 3.8; moreover, £ is orthogonal to H, by (3.22) and therefore it is also
orthogonal to g € H,, so that £ € dIx(g) by (3.16).

Conversely, if £ € 0Ix(g), then Z € N by (3.16) and Proposition 3.8. Moreover, denoting by
v = ¢’ the nonnegative Radon measure associated to the distributional derivative of g in (0, 1),
the next Lemma 3.10 yields

(3.26) 02 [ etwigtuw)auw 2~ [ =) dy(w).

which shows that Z(w) = 0 on the support of v and yields = € Ngq, . O

Lemma 3.10. Let g € X and £ € X° with (nonnegative) primitive = € N. If v = ¢ is the
nonnegative Radon measure associate to the distributional derivative of g in (0,1) then = € L*(y)
and

(3.27) /0 g(w)E(w) dw = — /0 =(w) dy(w).
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Proof. Since ~ is a nonnegatative Radon measure in (0,1) but not necessarily finite, we need
an approximation argument to justify (3.27). Let ¢, € C§°(0,1) be an increasing sequence of
nonnegative functions such that lim, 100 @n(w) = 1, |¢)| < 2n, and p,(w) =1 for 1/n < w <
1 —1/n. We have

1 1 1
(3.28a) / g€y dw = —/ Hpn dy — / 29, dw
0 0 0

1 1/n 1
(3.28Db) =— / Epndy — / Egp), dw — / Egy), dw.
0 0 1-1/n

Applying Hardy inequality, we get

1/n
/ Egypy, dw
0

so that the integral vanishes as n | +o00. A similar argument holds for the last integral of (3.28b).
Passing to the limit in (3.28a,b) as n T +oco and using Lebesgue dominated (being g¢ € L'(0,1))
or monotone (being = > 0 and ¢,, increasing) convergence theorem, we conclude. O

< 2nflw™'El 20,1 /m) 109l 22(0,1/n) < 2C 1€l L2(0,1) 191l 22(0,1/m)

The last Lemma of this section provides a useful example concerning a class of elements in
0I5 ().

Lemma 3.11 (An example of minimal selection in 0lx). If g,h € X, then

(3.29) &n := Py, (h) — h € 0lx(g).

Moreover,

(3.30) Iz =h—=&hnll200) < 12— h =&ll20) VE€DIx(g), z€H,.
In particular,

(3.31) if 2 € Hy then |[[z]|L20,1) < Iz = &llz20,1) V€ € Ik (9).

Proof. Since h — Py, (h) is orthogonal to 3, (thus in particular to g), by (3.16) we have to check
that &, € K°, by applying Proposition 3.8. By (3.21), &, = 0 a.e. in (0,1) \ Qg4, so that the

primitive =5 of &, satisfies
Ep(w) = / &n(s)ds.
Q,N(0,w)

The thesis then follow if we show that for every connected component (a, () of €, we have
En(a) = En(B) = 0 = minf, g Ep. Since the characteristic function X(g 4 of (0,a) belongs to 3,
we have

Zn(a) = /0 " 6 (w) dw = (h — Pac, ()X (0.)) = 0.

A similar argument shows that Z;(3) = 0. Moreover, for w € (a, §) we have

3.21)

Eh<w>=/awgh<s>ds(= (w— ) fh(w)dw—/:h(w)dw,

which shows that =, is concave, and therefore nonnegative in (a, 3).
(3.30) follows immediately by observing that &, &, € (H,)* and z — h — &, belongs to H, and
therefore it is the orthogonal projection of z — h onto (G{Q)L. O

4. THE LAGRANGIAN FORMULATION OF THE DISCRETE STICKY PARTICLE SYSTEM

In this section we shall show that the discrete sticky particle system satisfies the three charac-
terizations of Theorem 2.6 and we prove Theorem 2.2.

Notation 4.1. Let us recapitulate our basic notation and definitions
(1) Pi(t) = (mi,xi(t),v:(t)), i € I = {1,--- ,N}, t > 0, is a solution of the discrete sticky
particle system,;
(2) the positions of the particles are ordered: x1(t) < za(t) < ... < zy(t);
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(3) the sets J;(t) := {j € I : z;(t) = z;(t)} are nondecreasing with respect to time. They
correspond to a single particle of mass > jeds) Mg
(4) At each time ¢ we pick up the collection of minimal indexes

I(t) :={minJi(t):i=1,...,N} = {i1(t) < ... <in@} C I,

so that each J;(t) is of the form {j € I :i(t) < j < ix41(t)} for some k and (J;(t))
is a partition of I.

(5) We denote by 0 < t; <t < ...tp < ... < tg—1 the (finite) sequence of times at which
the cardinality of some J;(¢) has an increasing jump; setting tc = 0 and tg = +oo,
{[th,tns+1) L, is the associate partition of the positive real line with step sizes 5 =

i€l(t)

th —th—1.

(6) The functions z; are continuous and piecewise linear on each interval [tp,tp41), with
piecewise constant, right continuous derivatives v;(t) satisfying (1.2). Each set J;(t) and
I(t) is also constant in each interval [tp, th41)-

Let py = > ;c; Midz,(+) be the measure induced by the discrete sticky-particle system. In order
to write explicitly the function X (t) := X,, we consider the subdivision of [0, 1] given by

(4.1) wy=0<w; <...<wny =1, wizwi_l—kmi:ij, 1€1.
j=1
We also set
(4.2) Wi = [wiy,wi), Wit)= [J W;, el
JEJi(t)

and we notice that

@3) X()= Y w0, 3 X () = Vi) =Y ),

The main result of this section is

Theorem 4.2 (Lagrangian formulation of the discrete SPS). The couple (X,V') defined by (4.3)
satisfies the equations (L.I, II, III) and the properties (L.a,b,c) of Theorem 2.6. In particular, it
defines a semigroup Sy in the discrete subspace

N
(4.4) X := {(X, V)eX,(0,1): X = in]lwi for a finite interval partition (W;)X., of [0, 1)}
i=1
We split the proof in various steps.
The collection (W; (t))iel(t) is a partition of [0, 1). In L?(0, 1) we introduce the decreasing family

of finite dimensional spaces H(¢) whose elements are piecewise constant on each interval W;(t),
i € I(t). Notice that, by the very definitions of Qx ;) and Hx ) (3.12) and (3.20)

(4.5) QX(t) = (0, 1) \ {wi NS I(t)}7 J’f(t) = }CX(t)'
Besides (4.3), the crucial features describing the evolution of X (¢) are
(46) X)) eXNH@), V() eHW), H(E)=Hn V()= Viift€ [tn,thi),

and the update rule for the velocity (1.2): V (t;) is constant in each interval W;(tn) = Uje s, t,)W;
and its value is given by

> jeitn) MiV; (th—1)

|Wi(thr) - ZjGJi(th) mi

V(th+) — (L Wi(tn) ™ /W.(t )V(th_l) duw,

so that by (3.21)
(4.7) Vi = Py, (Vi—1) = Py, (Vg) since Ho D Hy D Ha D -+ Hp,
which yields (L.a) and (L.b). The next lemma shows (L.III).
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Lemma 4.3. Let X(t) := X, + tVy be associated to the free system P; = (m;, Z;,0;) given by
=P

(4.8) X (t) = Paey (X (1) = Pac(ey(Xo + tVh),
(4.9) td%j X() = tV(t) = X(t) — Xo—E(t) for

Proof. Suppose that t € [ty,th41); since X(t) € H(t) = Hp C H(r) and V(r) = Py (Vo) for
0 <r <tby (4.7), we have by the linearity of Pg(,

[1]

(t) = —Xo + Pﬂf(t) (Xo) S an{(X(t))
X(t)=Xo +/0 V(T) dr (456) P}((t) (Xo —‘r/o V(T) dr) (457) P}C(t) (Xo) -‘r/o P}((t)(P}((T)(Vo)) dr

t t
= Pycy(Xo) +/ Pac(s) (Vo) dr = Py (Xo +/ Vo dr) = Py (X(t))-
0 0

From of (4.8) we have

Cﬁ 4.7 4.8 —_
= X (1) = V() LD by (1V0) ") X (1) — Poiey (Xo) = X (1) — Xo — 2(1),
where Z(t) = Py (Xo) — Xo; since Xo € K and H(t) = Hx ), by Lemma 3.11 we conclude that
2(t) € Olx (X (1)) 0

We conclude now the proof of (L.I) and (L.II); notice that (L.c) follows directly by (L.II) and
(L.a) via the semigroup property of . in V(R). .

Lemma 4.4. Under the same notation and assumptions as before, we have

(4.10) U(t) := Vo = V(t) = Vo = Py (Vo) € 01 (X (1)),  X(t) = Pxc(Xo +tVp).
Proof. Since (U(t)|X (t)) = 0 (being X (t) € H(t)), the first inclusion of (4.10) is equivalent to
(4.11) Ut)y=Vy =V (t) e X° Yt>0,

by (3.16). It is not restrictive to assume that ¢t = ¢, and V(t) =V}, for some h € {1,...,H — 1}.
Since K° is a cone and V;, — V}, can be decomposed into the sum
h—1

(4.12) Vo=V = Z(Vk — Vit1)
k=0

it is sufficient to prove that Vi — Vi1 € K° or, equivalently, that 041 (Vi — Viy1) € K°. Since
Vi+1 = Pag,., (Vi) we obtain

Ok+1(Vie = Vier1) = 01 Vie — Pacyyy (Ok41 Vi) = (Xi1 — Xi) — Pogyy (Xi1 — Xi)
= X1 — Po s (Xit1) + Pogy (Xi) — X = Pog, (X)) — X € KX°
by Lemma 3.11.

The second identity of (4.10) fo}lows now by a similar argument, by checking the conditions
of (3.17). Since X(t) € X and (X(t) — X()[X(t)) = 0 by (4.8), it is sufficient to show that
X(t) — X(t) € X°. On the other hand

t t t
X(t) — X(t) =tV — / V(r)dr = / (Vo —V(r))dr= / U(r)dr
0 0 0
and (4.11) shows that U(r) € X° for every r > 0. Being X° a cone, we conclude. O

Proof of Theorem 2.2. Let us now consider two discrete Lagrangian solutions (X*(t), V¢(t)) =
S«(XE, V) € X, £ =1,2. (3.4), (3.5), and (L.II) immediately yield the estimates

1 1
(4.13) /0 V(X' () - X2(t)) dw < /O V(Xg — X5 +t(Vy — V) dw

(4.14) X () — X2 ()l o0,y < 1X5 — XGllLeo,1) + Ve — Vi llLr0,1),
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which are equivalent to (2.14a) and (2.14b). (L.I) yields ([22, Theorem 3], [23, Theorem 1.2])

t
(4.15) / IVt =vERar < ca+n( > Ixd -+ 1ven) (1X5 - X301+ 1ve = Vel
0=1,2

which is equivalent to (2.14c). O

5. STABILITY AND UNIQUENESS OF LAGRANGIAN SOLUTIONS

Our first result concerns the stability of Lagrangian solutions to (L.I, II, IIT) of Theorem 2.6
(in particular it applies to those obtained by the discrete SPS in X).

Lemma 5.1. Let X™, V" .= d%i_X” curves satisfying all the equations (L.I, 11, IIT) and the prop-

erties (L.a,b,c) stated in Theorem 2.6 with respect to initial data X§,Vy¥ = v (X{) converging to

Xo, VO = Uo(Xo) m LP(O, 1), p Z 2.

(a) X™(t) converges to X (t) in LP(0,1), uniformly in each compact interval; X is Lipschitz con-
tinuous with values in LP(0,1).

(b) The Lipschitz curve X is right-differentiable at each point t, with right-continuous derivative
V(t), and it satisfies (L.I, I, III) and (L.a,b,c) of Theorem 2.6.

(c) V™ strongly converges to V in L%(0,T; L?(0,1)) for every T > 0.

(d) The curve X is differentiable in LP(0,1) and V is continuous at each point of (0,+00) \ 7T,
where T is the jump set of the nonincreasing map t — ||V (t)||12(0,1)-

(e) If V is any weak accumulation point of V™(t) in LP(0,1), then Py, (V) =V(t).

(f) V(t) = V(t) in LP(0,1) for every t € [0,+o0) \ T.

Proof. (a) is an immediate consequence of (L.IT) and (3.5), which also show that X" is uniformly
Lipschitz continuous with values in L?(0,1) and Lipschitz constant bounded by ||[Vi*||z»(0,1)- The
convergence is therefore uniform in each compact interval and the limit function X satisfies the
same Lipschitz bound with constant |[Vg ||z (0,1)-

(b,c) Standard stability results for gradient flows in Hilbert spaces [10] show that X solves (L.I)
and (L.III); in particular X is right differentiable in L?(0,1) at each ¢t > 0, with L?(0,1)-right
derivative V (¢) which is right-continuous. (4.15) shows that V' is the limit of V,, in L?(0,T; L?(0,1))
for every T > 0 (this proves point (¢)): in particular, up to the extraction of a suitable subsequence
nk, we can find an #!-negligible set N C (0, +00) such that V,, (¢t) — V(¢) in L?(0,1) for every
t €1]0,400) \ N as k T +oo. Passing to the limit in (L.c) and in (L.I) we obtain that

(5.1) X(t) =Py (X (s) + (t — )V (s)), %X(t) =V(t) € —0Ix(X(t)) +V(s)

for every s € [0,+00) \ N and ¢t > s. Since V is right continuous, (5.1) eventually holds for every
0<s<t.
The projection formula of (5.1) shows that

(5:2) X+ R) = XOllzeon) <AV Elr©a) <RIVl VO<s <t h=0,

and, more generally,

53 [ e - x@)dvs [Coaws [viaw vossst nzo

for every convex nonnegative function ¢ : R — R. (5.2) and the right-differentiability of X in
L?(0,1) yields that V/(¢) is also the right derivative of X in L?(0, 1), its L” norm is not increasing,
and by (5.3) the family V; is uniformly p-integrable (by Dunford-Pettis criterion, it is sufficient to
choose a convex function 1 with ¥(r)/|r|P — +o00 as |r| — +oo and ¥ o Vy € L*(0, 1), see e.g. [21,
Lemma 3.7])

From (L.IIT) we deduce that tV (t) = X (t) — Xo — =(¢) where Z(t) is characterized by

(5-4) E(t) € 0l (X(1)),  [IX() = Xo —E@)[| < [X (1) = Xo —&[| VE € (X (2)).



THE STICKY PARTICLE SYSTEM 17
Applying Lemma 3.11 with g := X(¢) and h := Xo, we obtain Z() = Pg,, (Xo) — Xo and
therefore

(55) tV(t) = X(t) - P}CX(t) (Xo), V(t) S J{X(t)~

It follows by (3.25) that Hx () D Hx () if 0 < s < t; moreover, by (2.29), there exists a Borel map
vy € LB (R) such that

(5.6) V() =v0X(t), V(t)=Psy,V(s) V0O<s<t,
where the last identity follows by the fact that V'(t) belongs to Hx ;) and 0Ix (X (t)) is orthogonal
to g{X(t)-

(d) Let T be the jump set of the L2-norm of V (¢); we show that V is left-continuous at every
t € (0,400) \ T (this also yields the left-differentiability of X at #). (L.I) provides the minimal
selection characterization of V'

(5.7) V() € Vo = 0l (X (1)), [[V()llz2c00) < Vo +Ell20,) YE € Ol (X (1)) YE>0.

Take an arbitrary increasing sequence t,, 1 £ such that V(t,) — V in L?(0,1). Since the graph of
DIy is strongly-weakly closed in L?(0,1), we have V € Vy — 0Ix(X(f)). Passing to the limit in
(5.7) we obtain

(58)  Vllz2) < lim [[V(ta)llz201) = IV(E)llz20,1) < Vo +Ellz20,1) V€ € 0L (X (H)).

Since dIk (X (f)) is a closed convex set, it follows that V = V() and the convergence is strong in
L?(0,1) and therefore also in LP(0, 1), since V (t,) is uniformly p-integrable.

(e) Let ny be an arbitrary subsequence such that V™ (¢) — V in L?(0, 1). Passing to the limit
in the inclusion V"(t) € V@ — 0I5 (X" (t)) we obtain V € Vi — dIx(X(¢)). By Theorem 3.9 any

element in 0lx (X (t)) is orthogonal to Hx ;) so that Pacy, (V) = Pycy(,, (Vo) (L2) V(t).

(f) Let now t € (0,+00) \ T and let ng, V be as in the previous point (e). Up to the extraction
of a further subsequence (still denoted by ny), there exists a dense set S C (0,+400) such that
Ve (s) — V(s) for every s € S, so that

||VHL2(O,1) < h]glsup ank(t)HLz(O,l) < likHTlSllp ||Vnk(5)HL2(O,1) = HV(S)HL2(O,1) VsesS, s<t.
+oo +oo

Since t is a continuity point for V' we obtain by (5.7)
(5.9) IVIizz0,1) < IV OlL20,1) < Vo = Ell20,1) VE € Ol (X (1)),

which yields V' = V (t), limsupy;; o [V (£)[|220,1) < IV (#)I|£2(0,1), and the strong convergence of
V™ (t) to V(t) in L?(0,1). The strong convergence in LP(0, 1) follows by the uniform p-integrability
estimate (5.3). O

Corollary 5.2 (Existence of the Lagrangian semigroup). For every initial data (Xo, Vo) € X2(0,1)
there exists a unique Lipschitz curve X in L?(0,1) satisfying the equations (L.I, 11, I11) and the
properties (L.a,b,c) stated in Theorem 2.6. Setting V(t) := %X(t), the map S; : (Xo, Vo) —
(X(t),V(t)) defines a right-continuous semigroup in each space X,(0,1), p > 2.

Proof. Tt is sufficient to approximate (X, Vo) € X,(0,1) by a sequence (X2, Vy*) € X of initial
data arising from finite discrete distributions of space and velocities in V(R) and to apply the
previous Lemma. O

Corollary 5.3 (Equivalent characterizations). Let (Xg,Vp) € X2(0,1) be given initial data. If
X is a solution of one of the equations (L.I), (L.II), (L.III), then it satisfies all the formulations
(L.I, I1, IIT) and the properties (L.a,b,c) stated in Theorem 2.6.

Proof. The thesis is obvious in the case of (L.I) and (L.IT), whose solution is unique and it should
coincide with the Lagrangian evolution provided by Corollary 5.2.

Let us now assume that X is a Lipschitz curve solving (L.III), let X be the Lagrangian solution
given by the previous Corollary (5.2) with initial data X, Vg, and let us set Vg* := n(X (n™1)—Xj),
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X"™(t) := Py (Xo + tVg). X™(¢) is thus a Lagrangian flow satisfying (L.I, II, III) with respect to
the initial data Xy, V{*; in particular

d
(5.10) t&X”(t) € —OIx(X"(t)) + X™(t) — Xo, X"(n™ ) =X(n"),

so that X™(t) = X (¢) for t > n~!. On the other hand, the stability Lemma 5.1 yields

(511) [X"(0) ~ X < VP~ Vol = tin(X (Y = Xo) = Vol "5V 0 asn 1 +oo,

so that X = X. O

6. THE CONTINUOUS STICKY PARTICLE SYSTEM IN EULERIAN COORDINATES
In this section we conclude the proofs of the various theorems of Section 2.

Proof of Proposition 2.1. Starting from (2.9) it is immediate to check that D), is a metric on
Vp(R). Let us check the equivalence characterization (2.13): assuming first that Dy (pn, ) — 0
we obviously have W (py, p) — 0; since X,, = X, — X = X, and v,(X,,) — v(X) in LP(0,1) as
n T 400, for a continuous and bounded test function ¢ : R — R we easily get

lim / C(2)on(x) dpn(x) = lim / (X X,y (w)) duw

nl+oo nT+oo

=/ C(X(W))W(X(w))dw:/C(x)v(x)dp@%
0 R
showing that p,v, — pv, and

lTiin /|vn )P dpp(z) = hm / [0 (X ( |pdw—/ [o(X |pdw—/|v )P dp(z).

The converse implication is a partlcular case of [1, Theorem 5.4.4]: here is a simplified argument.
If (2.13) holds, then one gets the strong convergence of X,, to X in LP(0,1); since V,, := v, o X,
is bounded in LP(0,1), up to the extraction of a suitable subsequence, one has V,, — V in LP(0,1)
and arguing as in (6.1)

1
(6.2) / (X @)V dw = [ (X)X w)dw V¢ e )

Notice that a function in LP(0,1) of the form bo X for some Borel map b: R — R belongs to Hx;
a simple approximation argument shows that the set {{ o X : ¢ € Cy(R)} is dense in Hx so that
(6.2) yields

(6.3) voX =Py, V.
On the other hand, the last limit property stated in (2.13) yields
(6.4) Vilzeay = i |[Vallzeo) = oo Xlzro1) = [IPsex (Vllzr o) < IVIize.n,

(6.1)

so that v o X should coincide with V' which is also the strong limit of V,, in LP(0,1).
Let us finally consider the density of V: if (p, pv) € Vj(R) we can first approximate v in L5 (R)
by a sequence of bounded and continuous functions v, € Cy(R). We can then find a sequence

pN = Z;\Ll mjNOg, o N € N, such that p™ — p in P,(R). It is then easy to check that
vppY — v,p as N T 400 according to (2.13). O

Proof of Theorem 2.3.

(a) The extension of the semigroup . is not difficult, by using the estimates of Theorem 2.2 and
the density of V(R) in Vp(R), but not completely trivial since the space V,(R) is not complete and
(2.14¢)/(4.15) do not provide a pointwise continuous dependence of the velocity from the initial
data. Therefore, we will use the equivalence stated in Theorem 2.6, which we already proved at
the level of discrete data in Theorem 4.2, and the Lagrangian stability result of Lemma 5.1. It
is clear that the only possible extension of ., to V,(R) is given by formula (2.32). Since S; is
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a semigroup in X, (0, 1) satisfying lim ;o S¢(Xo, Vo) = (Xo, Vo) strongly in LP(0,1)2, .%; satisfies
(2.16).

In order to check that .7 is strongly-weakly continuous, we take a sequence uf = (pi, pivy) =
ipg] € V, with pg converging to pu = (p, pv) € V,(R) with respect to D, and we consider the
associated monotone rearrangement maps (X" (t), V"(t)) = S¢(X¢, Vg'). By Lemma (5.1) (f), for
every weakly converging sequence V™ — V in LP(0, 1) and every test function ¢ € CP(R) we have

/C’U?’“ dpr* */0 CX™ (1)) o™ (X (1)) dw (L:'a)/ CX)V(t) dw

Hoo /Olg(X(t))_ Lemma51(<’)/ (X /gvtdpt

where we used the fact that ((X"(t)) — ¢(X(¢)) strongly in LP(0,1).
(b) It is immediate to check that (p, pv) = #(po, povo) is a distributional solution of (1.1),
since in Lagrangian coordinates the continuity equation reads

/C dpe(x dt/c (L'a)/lc’(Xt V(t) dw
“”/c dw—/c 2)i() dpi (@),

and the momentum equation becomes similarly

2.29) (L.a d
4 [ com@ant = & [ cxomman 2L /c Vo du

(L:.a)/ XV Vodw_/ (X (1)ve (X () Vo dw
(2.29) (La/C dw-/( x)v? (x) dpy(z).

Oleinik entropy condition (1.5) follows easily by (5.5), by observing that Psc, ., (Xo) is a nonin-
creasing map, V(t) = v, (X (¢)), and py = (X (£))zA.

(c) follows from (5.3).

(d) is equivalent to point (d) of Lemma 5.1; concerning the left continuity of p;v; in the weak
topology, we fix an arbitrary bounded Lipschitz test function ¢ : R — R and we observe that

li ) =1 =1
ip oot =t [ cxinviordo =t [[acxo

since X (s) — X(t) in L?(0,1) as s T ¢. On the other hand, since { o X (t) € Hx () we have

AaMWWQM=A<wmme=A<awMMMMwaémwmmmm

(e) has already been discussed in point (a), except for the convergence at ¢ € (0, 400)\ T, which
follows from Lemma 5.1 (f).

(f) (2.18) follows by the projection representation (5.1) and Corollary 3.5. The limit in (2.18)
can be obtained in Lagrangian coordinate:

lim/’h xS i) — o,
h10

since t — X (t) is right differentiable. (2.19) is an immediate consequence of (5.5), which yields

2
dpg—hm/ ‘h X(s+h) — X(s)) = V()| dw=0
hi0 Jo

(t— )V () = X(1) = Pocy, (X(s) VO<s<t. O

The proof of Theorem 2.6. follows now by applying Lemma 5.1 and its corollaries 5.2, 5.3. O
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Proof of Theorem 2.4. (2.23) follows from a simple calculation starting from (L.III): we intro-
duce the monotone rearrangement Z of the measure 1 € P(R) and we observe that W3(p;, n) =
| X (t) — Z||? (we use the usual notation for (X, V) and we denote by || - || the norm in L%(0,1)).
We get for some E(t) € 0Ix (X (t))

L = LS (0 - 212 = k01X () - 2) M2 (X0 - %o - 201X (0 - 2)
(3.15)

< (X(0) - XolX (1) - 2) = 21X () = 21 = 517 = Xoll? + X (1) ~ ol

1
= §W22(Pt>77) — @™ (pe) + &7 (n).
Let us consider now the converse implication: if p; satisfies (2.34) then X (t) = X, satisfies (see
(2.34))
td
2dt
which is the equivalent metric formulation [1] of the differential inclusion (L.III).
Since p, = (Xo, X (1)) %A, (2.25) yields

(6.5) X () - 2]* - %IIX(t) —Z|]P < @ (Z) - o™ (X (1) VZEeX,

1

(6.6) t / IXo + Vo — X(O)2dw = 0,
0

ie. X (t) also satisfies the initial limit condition of (L.III). Therefore, setting V := %X =volX,

by Corollary 5.3 the couple (X(¢),V(¢)) coincides with the Lagrangian flow S;(Xo, V) so that

(pt; prve) = Fi(po, povo). O

Proof of Theorem 2.5. Let us first notice that when i 4 gguvg is pg-essentially nondecreasing,
(2.27) follows directly from (2.24), since the collision-free motion p, = (i + tvg)xpo for t € [0,ep)
is a solution of the sticky particle system.

Let us now consider the general case, setting p. ; := %g ‘é( t/e) (pe). For every € > 0 let us consider
the convex set of bounded Lipschitz functions

BL(¢) := {u € C™(R) : sup |u| < !, Lip(u) < (25)*1}
and let ue € BL(g) be a minimizer of

6.7 me = min ||lvg — u|| = ||lveg — ue||-
(67) o=, in oo =l = oo = |
By standard approximation results, lim. o m. = 0, so that u. converges to vo.

By the definition of BL(e) the map i+ eu, is monotone, and therefore it is the optimal map
pushing p to p. = (i + eue)upo. The sticky particle solution (pe ¢, pe.t0e.t) = 2 (Po, Potte) admits
the representation (2.24)

~ _ p ~
Pet = %fg(t/e) (Pe)
so that, by the exponential rate of expansion of ¥ we get

R . o t . 6.7
(68)  Walpeus o) < exp (10g(t/2)) Walpe fe) = =Walpes fc) < tvo = ez @y = tme.

On the other hand, if (p;, prvi) = Z(po, povo), (2.14b) yields
(6.9) Wa(pe,t, pr) < tllvo — u€||L,z)0 ®) = tme, sothat Wa(py, pei) < 2met,
and concludes the proof of (2.26). O

We conclude this section by showing that the representation-convergence Theorem of BRENIER
& GRENIER [9] can be easily deduced by our result, in particular by formula (L.IT) of Theorem
2.6.
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Theorem 6.1 (Brenier-Grenier). Let vy € CO°(R), let piY, N € N, be a sequence of discrete
probability measures supported in a fized compact interval [—R, R] and weakly converging to pg in
P(R), and let pY be the solution of the discrete SPS with initial data (p},vopd)). For everyt >0
N weakly converge to a probability measure p;, whose distribution function My(x) := p;((—o0, x]),
t > 0, is the unique entropy solution of

(6.10) M + 0,(A(M)) =0, M(0) = M,,
where the flur function A : [0,1] — R is defined by

(6.11) A(w) ::/ Vo(r)dr, where Vy:=1v90Xo, Xo:=X,,.
0

Proof. The convergence part follows by Theorem 2.3 and we can represent X; := X,, by the
formula X; = Py (Xo + tVp) of Theorem 2.6. Introducing the convex primitive functions Fy(w) :=
fow X¢(r)dr, Theorem 3.1 yields

(6.12) Fy, = (Fo+tA)” sothat (F)" = (Fo+tA)".

On the other hand, since the derivative X; of F; is the pseudoinverse of M; (1.9), a standard
duality result shows that (Ft)* = G where Gy(z) = ffoo M, (y) dy, so that

(6.13) Gy = (Fo +tA)" = (Gj +tA)”

It was already observed by [9, §4] that (6.13) provides the second Hopf formula [3] for the viscosity
solution of the Hamilton-Jacobi equation

(6.14) 0G4+ A(0,G) =0 inR x (0,4+00),
and therefore the derivative M; = 0, G is the entropy solution of (6.10). O
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