SHARP CONDITIONS FOR THE BBM FORMULA
AND ASYMPTOTICS OF HEAT CONTENT-TYPE ENERGIES

LUCA GENNAIOLI AND GIORGIO STEFANI

ABSTRACT. Given p € [1,00), we provide sufficient and necessary conditions on the
non-negative measurable kernels (p;)¢c(o,1) ensuring convergence of the associated Bour-
gain-Brezis-Mironescu (BBM) energies (F;p):e(0,1) to a variant of the p-Dirichlet energy
on RY as t — 0T both in the pointwise and in the I'-sense. We also devise sufficient
conditions on (p¢)¢e(o,1) yielding local compactness in L? (R™) of sequences with bounded
BBM energy. Moreover, we give sufficient conditions on (p¢):e(o,1) implying pointwise and
I'-convergence and equicoercivity of (.Z; )i (0,1) When the limit p-energy is of non-local
type. Finally, we apply our results to provide asymptotic formulas in the pointwise and
I'-sense for heat content-type energies both in the local and non-local settings.

1. INTRODUCTION

1.1. Framework. We let I = (0,1) and we fix a family (p;)ier C Li.(RY) of non-
negative functions. Given p € [1,00) and t € I, we consider the non-local functionals
Frp: LP(RY) — [0, 00] defined as

Folwy= [ [ DI oy aray (1)

|z —y|P

for all u € LP(RY).

The asymptotic behavior of the family (% ,)icr as t — 07 was first investigated by
Bourgain, Brezis and Mironescu in their seminal paper [20]. Their work has inspired a
vast literature on non-local-to-local convergence results (or BBM formulas, after [20]).
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While a comprehensive overview of the research is beyond our scope, we focus on the
results most aligned with the spirit of [20]. In particular, we refer to [12,32,54,55,61,62]
for foundational contributions and to [51,52] for extensions to general open sets. For
[-convergence results, see [10,15,30,36,47,60]. For energies derived from gradient-type
integro-differential operators, we refer to [14, 26, 27,29, 56,57, 64]. For the extension
to non-Euclidean frameworks, such as magnetic Sobolev spaces, Riemannian manifolds,
Carnot groups, and metric-measure spaces, see [13,37,41-46,48,49,59]. For other strictly
related results, we also refer to the monographs [6,53].

BBM formulas play a central role in several applications in modern Analysis. Far from
being complete, we refer to Brezis’ celebrated work [23] on how to recognize constant
functions, to [25] for applications to image denoising, to [33] for extensions accounting
for antisymmetric exchange interactions, and to [7,65] for the study of the convergence of
non-local Ginzburg-Landau functionals.

1.2. Sharp conditions. A common trait of the works mentioned above is that they only
concern sufficient conditions for BBM formulas to hold. Namely, in the specific case of the
functionals in (1.1), under a certain set of conditions on the family (p;)cr, one can find
an infinitesimal sequence (t)reny C I and a non-negative Radon measure p € 4+ (SN=1)
on the (N — 1)-dimensional sphere S¥~1 in RY, depending on (p;, )xen only, such that

lim 7, (0) = 77(w) (1.2
for every u € SP(RY), where

25w = [ llo- Dullt, du(o). (1.3)

Here and in the following, we let

N el

BV(RY) forp=1,

and we let Du be the distributional gradient of u € SP(RY) (if p = 1, then Du may be a
finite Radon measure on RY). Moreover, for every o € S¥~! and u € SP(RY), we let

; /RN lo - Du(x)|Pdz  for p > 1,
lo - Dullz, =
lo - Du|(RY) for p = 1.

In the recent paper [34], the authors devise a set of conditions on the family (p;);es that
are both sufficient and necessary for the validity of (1.2) in the case p = 2 by means of
Fourier transform techniques. Precisely, they recast the functionals (% 2)ier in (1.1) into
double integrals of the form

1— )
v /RN (&) o Cf;igzg)m(z) dzd¢

where v € L2(R") is such that | - | |v| € L*(RY). Unfortunately, for p # 2, the Fourier
approach is not viable anymore, but in [34, Sec. 5.3] the authors conjecture that similar
conditions are sufficient and necessary for the validity of (1.2) for every p € [1, 00).
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For radially symmetric families (p;):er, necessary conditions are outlined in [39] for p = 2,
while sufficient and necessary conditions are achieved in [38] for every p > 1, confirming
the conjecture made in [34] in this particular case.

To the best of our knowledge, the conjecture in [34] is currently open for arbitrary
families (p;)ier and p # 2. Our first main result, stated in Theorem 1.1 below, affirmatively
answers the conjecture posed in [34]. Even more, we prove that the conditions devised
in [34] are sufficient and necessary for the convergence of the functionals in (1.1) not only
in the pointwise sense, but also in the I'-convergence sense (for a complete description of
I'-convergence, we refer to the monographs [21,31]). For the notation, we refer to Section 2.

Theorem 1.1. Let p € [1,00). The following are equivalent.

(A) There ezists an infinitesimal sequence (ty)ren C I such that

. Pt (z)
sup lim su Rp/ —F 7 dz < o0 1.4
R>p0 1k—>oop RN RP 4 |z|P (14)

and vy, = p;, LN > ady in Mo(RY) as k — oo for some a > 0.

(B) There exist an infinitesimal sequence (ty)reny C I and p € A+ (SN™Y) such that:

(i) if u € SP(RY), then limsup .Fy, ,(u) < D! (u);
k—o0
(ii) if (up)ren C LP(RYN) is such that ux — u in LP(RY) as k — oo for some
u € SP(RY), then li}]gm inf F, p(ur) > 25 (u).
—00

In parts (A) and (B) of Theorem 1.1, the sequence (t)ren is not necessarily the same.
We refer to Remark 3.2 for an example where one must pass to a subsequence of (t;)ken
in the implication (A) = (B). Moreover, as observed in [51,61], property (ii) in (B) can
be further refined by additionally requiring that the family (p;);e; has mazimal rank (see
Definition 2.8 below for the precise formulation).

Theorem 1.2. Let p € [1,00). Assume that (A) or (B) holds and that (pt, )ren has
mazimal rank. If (ug)gen C LP(RY) is such that uy — u in LP(RY) as k — oo for some
u € LP(RN) and lilgn inf Z;, ,(uy) < oo, then u € SP(RY).

—00

When the conclusion of Theorem 1.2 holds—that is, when the finiteness of the lim inf of
the functionals along an LP convergent sequence implies that the limit function belongs to
some subspace X?(RY) of LP(RY) (e.g., XP(RY) = SP(RY))—we say that the functionals
(Z:ip)ter are coercive on XP(RY) (see Definition 2.5 below for a more precise statement).

Any radially symmetric family (p;);e; has maximal rank, but non-radially symmetric
families with maximal rank are known (examples can be found in [61]). We do not know
if the maximal rank condition is also necessary for the conclusion of Theorem 1.2 to hold.

To prove Theorems 1.1 and 1.2, we mix the approaches of [34,51,61] in a new fashion.

As in the proof of [34, Th. 1.2], the sufficiency part consists in showing that (1.4) yields
the pointwise and I'-convergence of (% ,)icr as t — 01 (up to subsequences) to

[ul- +2) — ul[z
2P

(24 — . p
) = [ Nl Dulfyduto) + [ dv(z)  (L5)
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for all u € SP(RY), where pp € .4 (SV1) and v € .#+(RY) are two non-negative finite
Radon measures depending on (p;)sc; only (see Theorem 3.1 for the precise statement).
Loosely speaking, the measure p is given by (up to subsequences)

p(E) = lim lim g </06 pe(or)rV 1 dr) dAN (o) (1.6)

0—0t t—0+

for every Borel set £ C SV¥~!, while the measure v is (up to subsequences) the weak* limit

of the family (p;-Z™)ier as t — 07. Consequently, due to (1.5), in order to achieve (1.2),
the measure v must be supported on {0}; that is, v = ady for some a > 0. Additionally,
thanks to (1.6), as in [51,61] the maximal rank assumption guarantees that the limit
p-Dirichlet energy (1.3) bounds the S?(R") seminorm, yielding Theorem 1.2. To prove
the convergence to ¢4}, we revise the line of [34] replacing Fourier transform techniques
with some plain arguments invoking basic properties of SP(RY) functions.

The proof of the necessary part differs from the one of [34] and combines three ingredients.
We first show that the validity of (1.2) for some p € . (SV~') implies (1.4) by testing (1.2)
on suitably chosen compactly supported Lipschitz functions. This, in turn, implies that
(Fip)ier converges to G4 ast — 07 for some fi € A4 T(S¥7') and v € .4 (RY) as above.

We hence conclude the proof by showing that, if ¢4°(u) = %pﬁv”(u) for all u € SP(RY),
then v = ady for some o > 0 via a scaling argument.

1.3. Compactness. A further research line concerns equicoercivity properties of the
functionals (1.1). As well-known, for N > 2, the radial symmetry of the family (p;)ier
yields equicoercivity of the functionals (1.1) (that is, compactness of their sublevel sets),
see [20, Th. 4], [62, Ths. 1.2 and 1.3] and [6, Th. 4.2]. If N = 1, then additional conditions
must be imposed due to counterexamples [20, 62].

To the best of our knowledge, no equicoercivity result is available for non-radially
symmetric families. Our second main result, inspired by [15, Th. 3.5], partially fills this
gap and yields quite flexible sufficient conditions on the possibly non-radially symmetric
family (p;)ie; which ensure the equicoercivity of the functionals in (1.1).

In more precise terms, given p € [1,00), we consider

_ |ePKy(x)

=27 forx € RY and t €1, (1.7)
Pr,pp(t)

pe(a

where (K})en is given by
Ki(z) = B)NK(B(t)x), forae. xzcRY andte€ I,

for some non-negative function K # 0 such that |- | K € L} _(RY) and a Borel function
p: 1 — (0,00). Moreover, in (1.7), we have set

mip(B(t))
Bty

where my ,: [0,00) — [0, 00) is defined as

Or,pp(t) = for all t € I,

mip(R) = /B 2| K (z)dz for all R > 0.
R

We refer to Section 4.1 for a more detailed description of the family in (1.7).
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With the above notation in force, our result can be stated as follows (see Definition 4.3
for the notion of local precompactness).

Theorem 1.3. With the above notation in force, assume that
|- PK € LYRY) and lim B(t) = cc.
t—0t+
If (tx)ren C I is infinitesimal and (ug)ren C LP(RYN) is such that
sup ([|ugl o + Fiy p(ur)) < 00,
keN

then (ug)ren is locally precompact in LP(RY) and any of its LY (RN) limits is in SP(RY).

loc

The proof of Theorem 1.3 generalizes the strategy in [15] to any p € [1,00). The core
idea is to show that, for each u € LP(RY) and t > 0, there exists v; € SP(R") such that

|lor — ul|r < Crkyp ﬁtﬁ(u) B(t)P and ||Vl < Ckp ﬁf’;(u),
where C, > 0 depends on K and p only (see Proposition 4.4 for the precise statement).

1.4. Non-local limit energies. The convergence of (%;,)cr to the functional @/
in (1.5) as t — 0" can be seen as a non-local-to-non-local convergence result. Naturally,
one may ask whether the stability of the non-local nature of the functionals also occurs for
functions with lower regularity. A similar behavior was, in fact, observed in [2, Th. 1.1(iii)]
for characteristic functions of bounded sets with finite (local or non-local) perimeter.

Our next main result aims to provide a deeper understanding of this non-local stability,
thereby generalizing [2]. Here and below, given p € [1,00) and a measurable function
k: RN — [0, 00], we consider the non-local Sobolev space

WrP(RY) = {u € LP(RY) : [ulwns < 00},

where the non-local seminorm is defined by letting

e = ([, [, @)~ u)P stz pyaray) "

We refer, e.g., to [17,38] for more details on the space W*P(RY). Here we just observe
that the fractional Sobolev—Slobodeckij space W*P(RN), with s € (0,1) and p € [1,00),
corresponds to the choice k(z) = |z| 7V for all z € RY \ {0}.

Theorem 1.4. Let p € [1,00) and (pi)ier C Li (RY). Assume that there exist C > 0 and
a measurable function k: RN — [0, 00] such that

p’tz(;) < Ok(z) forallt €I and a.e. z € RY (1.8)
and (2)
P\ 2 o N
Jim B0 = k() for ae. 2 €RY, (19)

Then, the limit
lim 7y (u) = [Wlfyer,  for ue WEI(RY),
t—

holds in the pointwise sense and in the I'-sense with respect to the LP topology, and the
functionals (F;,)ier are coercive on WHP(RN).
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As a natural analogue of Theorem 1.3 in this setting, we now complement Theorem 1.4
with the following compactness result.

Theorem 1.5. Let p € [1,00) and (p)ier C L (RY). Assume that, for every e > 0, there
exists 0 € (0, 1] such that

pr(2) L
|z|p — eoN

If (ty)ren C I is infinitesimal and (uy)peny C LP(RY) is such that

for a.e. z € Bs and every t € (0,9). (1.10)

sup ([|ug| o + Py pl(ur)) < 00,
keN

then (ug)ren 4s locally precompact in LP(RN) and any of its LY (RN limits is in W5P(RY),
where k: RN — [0, 00] is given by

k(z) = liminf pil2)

mint for a.e. z € RY.

Theorem 1.4 relies on an application of the Dominated Convergence Theorem and Fatou’s
Lemma, exploiting the limits (1.8) and (1.9). Theorem 1.5, instead, is a consequence
of the Fréchet-Kolmogorov Compactness Theorem, since the bound (1.10) allows to
quantitatively control the LP distance between functions and their smoothed versions.

The assumptions of Theorems 1.4 and 1.5 are naturally motivated by the application of
these results to families induced by fractional and nonlocal heat kernels; see Theorem 1.7
(in the case 2s < p) and Theorem 6.2 (in the case a@ € %,) below. Although these
assumptions are broad enough to cover all the applications considered in this paper, we
do not claim that they are sharp, and we leave the analysis of sharp conditions for future
work. Nevertheless, we refer to [66] for generalizations of these results.

1.5. Asymptotics of heat-type energies. We apply our results to study the asymptotic
behavior of energies induced by heat-type kernels.

Our first main result in this direction concerns the classical heat semigroup (H;)io, see
Section 6.1 for the precise definition.

Theorem 1.6. If p € [1,00), then the limit

. ,p 2r
lim ¢ /RN Hy(|u — u(z)|)(z) dz = F(p(/g))
holds in the pointwise and I'-sense with respect to the LP topology, and the functionals on
the left-hand side are coercive on SP(RY). Moreover, if (ty)ren C I is infinitesimal and
(ug)reny C LP(RY) is such that

[Dullfe,  forue SPRY),  (1.11)

lim inf t, * /RN Hy, (|up — wi(2)]P) () dar < oo,

— 00

then (ug)ren is locally precompact in LP(RY) and any of its LY (RN) limits is in SP(RY).

loc

The pointwise limit in Theorem 1.6 and its link with the BBM formula are already
known, see [42, Th. B] and the related discussion for example. However, we were not able
to trace the I'-convergence and compactness parts of Theorem 1.6 in the literature.
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It is worth mentioning that formula (1.11) plays a central role in the study of small
time asymptotics for the heat semigroup. For p = 1 and u = yz € BV (RY), the limit
in (1.11) rewrites as

Qe(t) = [ Hexpdr = |B| - L pE) Vito(Wi) ast—o0t,  (112)
B VT
the so-called (relative) heat content of the set E. From a physical perspective, if E is a
container that is perfectly insulated at time ¢ = 0, then Qg(¢) measures the amount of
heat that remains inside F at time ¢ > 0.

The study of the short-time behavior of heat-semigroup energies originated from De
Giorgi’s seminal work [35], and later expanded across various settings, including not only
Euclidean spaces [11,50,58,63,67], but also Riemannian manifolds [8], Carnot groups [42],
sub-Riemannian manifolds [3,28], and RCD metric-measure spaces [22]. For smooth sets E,
the asymptotic expansion in (1.12) continues in powers of \/E, with coefficients encoding
fundamental geometric features of E, such as mean curvature.

Our second main result is the fractional counterpart of Theorem 1.6, dealing with the
fractional heat semigroup (H{);~o, with s € (0,1), see Section 6.2 for the precise definition.

Theorem 1.7. Given p € [1,00) and s € (0,1), let 15,: I — [0,00) be defined as

tos if 25 > p,
Vsp(t) = { tllogt| if 2s = p,
t if 2s < p,
forallt € I. The limits
F(1=5) 20(p . .
<1 2}) I (/2)) | Dull}, in SP(RY) if 25 > p,
(e u@)P)) (1-8) v
lim / dox =
t—0t+ JRN ¢57p(t) N
sa T (5 +5) ul? in W% (RN) if 25 <
77% F(l — S) W2 g5 p;

hold in the pointwise and I'-sense with respect to the LP topology, and all the functionals
on the left-hand sides are coercive on the respective spaces. Moreover, if (ty)reny C I is
infinitesimal and (uy,)ken C LP(RY) is such that

. H;, (lur — ug(z)[P)(x)
lim inf
k—oo JRN zﬂs,p(tk)

then (ug)gen is locally precompact in LP(RY) and any of its LY (RY) limits is in SP(RY)
if 25 > p and in W?>2 (RN) if 25 < p.

dz < oo,

For p = 1 and for characteristic functions of sets only, the pointwise limits in Theo-
rem 1.7 were obtained in [2, Th. 4.1] under the additional assumption that the sets under
consideration are bounded, while the I'-limits were established in the recent work [47]. The
strategies of proof in [2,47] are both different from our approach. We refer to Remarks 6.1
and 6.3 below for further comments on the relation between our work and [2,47].

In fact, we can prove a more general version of Theorem 1.7, generalizing [2, Th. 1.1].
For the precise statement, which is more involved, we refer to Theorem 6.2 below.
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1.6. Other approaches in Hilbert spaces. In the Hilbertian case p = 2, Theorems 1.6
and 1.7 can be achieved in alternative and more general ways.

Let H be a Hilbert space, (H;);>0 be a strongly continuous semigroup of symmetric
operators on ‘H, and L be the (infinitesimal) generator of (H;)i>o with domain D(L) C H.
In this setting, the semigroup content of u € H is defined as the map

[0,00) 3t — Hy(u) = (Hyu, u)y.

With this notation in force, we can state our last main result.

Theorem 1.8. Let H, (H:)i>0 and L be as above. The following hold:

H —H
(i) if w € D(L), then limsup o) () < (—Lu,u)y;
t—0+ t
(i) if (tx)ren C (0,00) is infinitesimal and (ug)gen C H is such that up — w in H as
k — oo for some uw € D(L), then

lim inf Bl (k) — B, (k)
k—oo tk

As a consequence, the functionals u w converge to u — (—Lu,u)y on H as

t — 0% pointwise and in the I'-sense with respect to the strong topology in H.

Z (—LU, U)H'

The proof of Theorem 1.6 exploits some elementary arguments involving the spectral
representation of the non-negative operator —L. We observe that, in the case H = L*(RY)
and L = —(—A)® with s € (0,1], Theorem 1.8 covers the case p = 2 in Theorems 1.6
and 1.7. Actually, if H = L*(RY) and the semigroup of operators (H;);>¢ is given by

(uuso)ie = [ 9 a() - 30 de

for all t > 0 and u,v € L2(RY), where A: RY — [0, 00| is a measurable function (in the
aforementioned cases, A\(£) = (27|¢[)% for £ € RY and s € (0,1]), then a different and
simpler approach via Fourier transform is also possible, see Section 7.2 for more details.

1.7. Organization of the paper. The rest of the paper is organized as follows. In
Section 2, we provide the main notation and the basic results used throughout the paper.
In Section 3, we deal with the sharp conditions for the BBM formula in Theorem 1.1. In
Section 4, we specialize the BBM formula to the family of kernels (1.7) and we prove the
compactness criterion stated in Theorem 1.3. In Section 5, we treat non-local-to-non-local
results, proving Theorems 1.4 and 1.5. In Section 6, we apply our theorems to the study
of energies induced by heat-type kernels, both in the local and in the non-local setting,
proving Theorems 1.6 and 1.7. Finally, in Section 7, we detail the proof of Theorem 1.8 and
present an alternative proof of heat content asymptotics in L*(RY) via Fourier transform.

2. PRELIMINARIES

2.1. General notation. We let N € N and SV~ = {x eERYN :|z| = 1} be the (N — 1)-
dimensional unit sphere in R*.
We let £V be the N-dimensional Lebesgue measure in RY and we let .%#° be the

s-dimensional Hausdorff measure in RY, with s € [0, N]. All sets and functions are
assumed to be Lebesgue measurable. We use the shorthand |E| = £~ (F) for E C RY.
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Given a non-empty set X C RY, we let C(X) and Lip(X) be the spaces of continuous
and Lipschitz continuous functions on X, respectively. As customary, we let C.(X) and
Lip.(X) be their subsets of compactly supported functions, respectively. If X is open,
then we also let C*°(X) and C°(X) be the spaces of smooth functions and of smooth
functions with compact support on X, respectively.

2.2. Radon measures. Let X C RY be a non-empty set. We let . (X) and .#,(X)
be the spaces of finite and locally finite signed Radon measures on X, respectively. We
also let . (X) and ;. (X) be their subsets of non-negative measures, respectively.
By the Riesz Representation Theorem, .#,.(X) can be identified as the dual of C.(X),
endowed with local uniform convergence. Thus, we say that (p)ren C Aoc(X) converges
to pu € Moc(X) in the (local) weak* sense, and we write ju, = p in Moe(X) as k — oo, if

lim /deuk =/deu for every f € C,(X). (2.1)

k—oo

We recall that, if g = p in Mee(X) as k — oo, then (2.1) actually holds for every
bounded Borel function f: X — R with compact support such that the set of its discon-
tinuity points is p-negligible. Consequently, if X is compact and pip — p in (X)) as
k — oo, then (2.1) holds for every f € C(X). Therefore, in this case, we simply write
pr = pin A (X) as k — oo. See [9] for a more detailed discussion.

For future convenience, we recall the following result, which corresponds to [61, Lem. 6].

Lemma 2.1. Let p € A4 (SV™1) and let ©, € C(RYN) be defined as
— . N
O,(v) = /SN?1 lv-o|du(o), for every v € R™. (2.2)
Then, mingv-1 ©,, > 0 if and only if span(supp p) = RY.
2.3. Sobolev and BV spaces. For p € [1,00), we let
WLP(RYN) forp > 1
o, [VE)
BV(RY) forp=1.

As customary, Du denotes the distributional gradient of u € SP(RY). In particular, if
p = 1, then Du may be a finite Radon measure on RY. We endow SP(RY) with the norm

lullso @y = (el + | Dulff)'7”, - for u e SP(RY),
where, as customary, we have set

/ |Du(z)Pdz  for p > 1,
| Dullz, = 47 (2:3)
| Du|(RM) for p = 1.
We recall the following simple result, whose proof is omitted.
Lemma 2.2. Let p € [1,00) and z € RY. The following hold:
(i) if u e SP(RY), then ||Ju( -+ 2) — ullp» < ||z Dul|r»;

(ii) if u € W2P(RY), then ||u(- + 2) — ullpo — ||z - Dul|zo| < B2 || D2u]| 1.
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2.4. Non-local Sobolev spaces. Given p € [1,00) and a non-negative measurable
function k: RY — [0, cc], we let

WeP(RY) = {u e LP(RY) : [u]wesr < oo},
where

1/p

ahwer = ([ lul: +2) = ullf w(z) d2)

for u € LP(RY). We note that W*?(RY), endowed with the norm
lullwer = (lullfs + [wlfyes)'"”, for ue W (RY),

is a Banach space. We refer to [17,38] for a more detailed presentation. Here we only
mention that the fractional Sobolev-Slobodeckij space W*P(RY), with s € (0,1) and
p € [1,00), corresponds to the choice k(z) = |z| 7N~ for all z € RV \ {0}.

2.5. Convergence of functionals on LP(R”"). Let p € [1,00) and let X?(RY) C LP(RY).
Given Fy, G: LP(RY) — [0, 00], k € N, we adopt the following terminology. For a complete
description of T'-convergence, we refer to the monographs [21,31].

Definition 2.3 (Pointwise convergence). We say that (Fy)ren converges to G on XP(RY)
as k — oo in the pointwise sense if klim Fy.(u) = G(u) for every u € XP(RY).
—00

Definition 2.4 (I-convergence). We say that (F)geny converges to G on XP(RY) as
k — oo in the I'-sense with respect to the LP topology if the following two properties hold:
o (P-liminf) if (up)reny C LP(RY) is such that up — u in LP(RY) as k — oo for some

u € XP(RY), then lim inf Fy(ug) > G(u);

o (I-limsup) if u € XP(RY), then there exists (uy)ren C XP(RY) such that up — u in
LP(RY) as k — oo and limsup Fj(ug) < G(u).

k—o0

Definition 2.5 (Coerciveness). We say that (Fj)ren is coercive on XP(RY) if, whenever
(ur)ren C LP(RY) is such that uy — u for some u € LP(RY) as k — oo and

lim inf Fi(ug) < oo,
k—o0
then u € XP(RY).

2.6. Family of kernels. Throughout the paper, we let I = (0,1). We let (p;)er C
Li (RY) be a family of non-negative kernels, p; > 0 for every ¢ € I. The following result

loc
generalizes [34, Lem. 5.2]. We briefly detail its proof for the convenience of the reader.

Lemma 2.6. Let p € [1,00) and J C I be such that 0 € J. The following are equivalent:
pe(2)

7) sup lim sup R? ——dz < o0;
W) R>p0teJ,t—>OIJ)r RN RP + |z[P
(i) sup [lim sup pi(z) dz + limsup RP pil2) dz| < oo;
R>0 [teJ, t—0+ /Br teJ, t—0+ By |2fP
(iii) there exists Ry > 0 such that
z
lim sup pi(z)dz + sup limsup RP pil2) dz < o0

teJ,t—0+t Y Br, R>Ro teJ, t—0+ By ‘Z‘p
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(iv) sup lim sup pi(z)dz < 0o and
R>0teJ,t—0+ /Br

lim sup pil2)
ted,ts0+ By |2|P

dz=0 forall R > 0;

(v) limsup | (1A |2]7P) pr(2) dz < o0 and
ted, t—0+ JRY

limsup [ (1A 2] P)pe(2)dz =0 for all R > 0.

teJ,t—0t+ J/ Bg

Proof. The equivalence (i) <= (ii) can be proved wverbatim as in [34, Lem. 5.2]. It is clear
that (ii) = (iii), while the fact that

/BR pi(z)dz = </BR0 + BR\BRO> p(z)dz < / pi(z)dz + RP pe(2) &

Br, Br |2[P

for every R > Ry yields that (iii) = (ii). The implication (ii) = (iv) is obvious.
Conversely, given R > 0, by the first part of (iv) we can find M > R such that

1
lim sup pil2) dz < —,
ted 10+ IBS, |2|P Rp
so that
lim sup pul2) dz < limsup pul2) dz + limsup pil2)
ted,t—0+ /By |2[P ted 10+ JBS, | 2[P teJ, 10+ JBa\Br | 2[P
1 1 C+1
< — + — limsu z)dz < ,
— Rr RP te.],t—mlﬂ)L By \Br Pt( ) - Rr
where

C =sup limsup [ pi(z)dz < o0,
r>0 teJ,t—0+ J Br

proving that (iv) = (ii). The equivalence (v) <= (iii) follows via elementary arguments,
so we omit its proof. 0

Remark 2.7. The equivalence (i) <= (ii) in Lemma 2.6 is proved in [34, Lem. 5.2] for
p = 2. Property (v) in Lemma 2.6 is exploited in [38] for radially symmetric families
(pt)ier and p > 1, see [38, Sec. 9.2] for more details. A family complying with any of the
conditions in Lemma 2.6 is given by the standard fractional kernels [20,61], defined as

1—t
pe(2) = || N-(=tp”

for € RV \ {0}, ¢t € I, and p € [1,00).

Following [61, Sec. 1.3] and [51, Sec. 1], we introduce the following terminology. From
now on, given 7 € I and v € SV, we set

CT(U):{mERN:x-vz(l—T)M}.
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Definition 2.8 (Maximal rank). Let J C I be such that 0 € J. We say that the family
(pt)ics C LL . (RY) has maximal rank if there exist 7 € I and a basis vy, ...,y € SV7!
of RY such that C,(v;) N C,(v;) = {0} for every 4,5 € {1,..., N} such that i # j, and

inf min _ liminf pi(z)dz > 0.
6>0 ie{1,...,N} teJ, t—0% JBsNCr(v;)

This maximal-rank condition is the nonlocal analogue of uniform ellipticity, guaranteeing
full N-dimensional control of all (nonlocal) partial derivatives: the family of kernels is
forced to retain a uniform amount of mass in narrow cones around every basis direction,
so it never collapses onto a lower-dimensional subspace.

The (first part of the) following result was implicitly proved across the proof of [34,
Prop. 3.2]. For similar results, we refer to [61] and [51, Lem. 2.1].

Lemma 2.9. Let J C I be such that 0 € J. If

sup lim sup pi(z) dz < o0,
R>0teJ,t—0+ /Br

then there exist a countable set Iy C I, two infinitesimal sequences (ty)gen C J and
(81)ien C I'\ Iy, and two measures p € A +(SV71) and v € M (RY) such that:

(i) letting vy = py, LN for every k € N, it holds that v, = v in Moe(RY) as k — oo;
(ii) letting A, = {$ eERN 4 < |x] < 5%} for every I € N, it holds that

k—o0

lim [ fdy, = / fdv, for everyl € N and f € C(RY \ {0});
Ay A
(i) letting o € A+ (SV~1) be given by
5
1 (E) :/ (/0 pi(or) TN_ldr> AN (o) (2.4)

E
for every N "1-measurable set E C SNt and t,6 € I, it holds that:
(a) letting pil, = py! for every k,1 € N, there ewists (u)ien C A+ (SV™1) such that
pb = utin A (SNY) as k — oo for every l € N;
(b) the sequence (')iey C A+ (SN™Y) is such that b = p in A (SN™1) as | — oo.
In addition, if (p;)ies has mazimal rank, then span(supp p) = RV,

In the proof of Lemma 2.9, we will need the following simple result, which can be
inferred as in the proof of [51, Lem. 2.1]. We thus omit its proof.

Lemma 2.10. Let 7 € I and let vy,...,vn € S¥7! be a basis of RY such that C.(v;) N
C-(v;) = {0} for every i,j € {1,..., N} such that i # j. Then, there exists c; > 0 such
that, for each v € SN™!, there exists ig € {1,...,N} such that |v - o| > ¢y for every
o€ CT(U’iQ) NSV

Proof of Lemma 2.9. Let us set

M = sup lim sup pi(2)dz < o0. (2.5)
R>0teJ,t—0+ /Br

We split the proof in three steps.



SHARP BBM FORMULA AND ASYMPTOTICS OF HEAT CONTENT-TYPE ENERGIES 13

Step 1. Let vy = p LN for all t € J. Let (Rg)ren C (0,00) be a strictly increasing and
unbounded sequence. Owing to (2.5), we can find a strictly decreasing and infinitesimal
sequence (tx)reny C J such that

1
Vtk<BRk> = /B ptk(z) dz < M+ %, (2.6)
Ry

for each k € N. By known results (see [9, Th. 1.59] for example), we can find v € .2 (RY)
such that, up to passing to a non-relabeled subsequence of (¢)ken, 1, X vin %OC(RN )
as k — oo, and v(RY) < M + 1.

Step 2. Let us set As = {x eERV: < |z| < %} for all 0 € I. By definition, the family

(0As)ser consists of pairwise disjoint compact sets in RY which are precisely the sets of
discontinuity points of the functions (x4, )scr- We can thus apply [9, Prop. 1.62(b)] (see
also the discussion in [9, Ex. 1.63]) and find a countable set Iy C I such that v(0As) =0
for all § € I\ Iy, where v is the measure obtained in Step 1. Since v;, = v in Ao (RY)
as k — oo by Step 1 and Use; As = RY \ {0} by construction, we hence infer that

lim [ fdy = / fdv forevery 6 € I\ Iy and f € C(RY\ {0}).
As As

k—o0

Step 3. Now pick any strictly decreasing sequence (8;);en C I\ Iy such that § — 0T
as | — oo and consider the measures (Mf,i)l,keN as defined in (2.4), where (t)ken is as in
Step 1. Owing to (2.4) and to (2.6), we get that

) N—-1
e < [ (]

for each k € N sufficiently large and each [ € N. Thus, for each | € N, we can find a
subsequence (£)xex of (t)eers and ! € A+H(SY) such that pff = p' in A/(SV!) as

t
k — oo and p!(S¥~1) < M + 1. By a routine diagonal argument, we can find subsequence

(t). )ken of (tx)gen such that ,ufl Sopbin #/(SNY) as k — oo for all [ € N. Moreover,

1

pi, (o) rN 1 dr) AN (o) = / pr.(2)dz < M +1
B1

,
we can find a subsequence (&,)jen of (6;)ien and p € A+ (SV7') such that pb = p in
M (SN as j — oo and pu(SVT) < M + 1.

Combining Steps 1, 2 and 3 above, we infer the validity of (i), (ii) and (iii), concluding
the proof of the first part of the statement of Lemma 2.9.

Step 4. Let us now additionally assume that (p;):c; has maximal rank as in Definition 2.8.
Thus, there exist 7 € I and a basis vy, ..., vy € S¥~! of RN such that C, (v;) NC,(v;) = {0}
for every i,j7 € {1,..., N} such that ¢ # j, and

m = inf min liminf pe(z)dz > 0. (2.7)

0>0 ic{1,...,N} teJ, t=0% JBsNCr(v;)
Therefore, we can apply Lemma 2.10, so we let ¢g > 0 be given by Lemma 2.10. Let us
now fix v € SV~ Again by Lemma 2.10, there exists 49 € {1,..., N} such that [v-o| > ¢
for every o € C;(vi,) NSN~1. Now let (8,)jen and (t},)ren be the sequences defined in
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: £
Step 3. Recalling (2.2) and setting pj, := pt;: for every k,j € N, we can write

) _ J J kE(QN-1 )
@“?c <U) N /SN—1 |U . 0| d'uk(g) z SN=1NCr (v4y) |U . 0’ d'uk(g) 2 M <S n CT(UW))

= r(z)dz
0 /B(;lj NCr(vig) ptk( )

for every k,7 € N. On the one side, recalling (2.7), we can estimate

lim inf (z)dz > liminf z)dz
k—o0 B‘Slj NCr (’Uz’o) ptk( ) o ted, t—0+ B‘;lj mCT(U'LO) pt( )
> min _ liminf pi(z)dz

>inf min  liminf pi(z)dz = m,
6>0 ie{1,...,N} teJ, t=0% JBsNCr(vy)

while, on the other hand, by Step 3, we have
lim inf @% (v) = lim v - o|dul(o) = /SN?1 lv-o|dub (o) = 0, ()

k—o0 k—oo JSN-1

for every 5 € N. We hence get that @sz (v) > com for every v € S’ and j € N. Again

by Step 3, passing to the limit as j — oo, we deduce that ©,(v) > ¢om for every v € SV ~1;
that is, infgv—1 ©, > 0. The conclusion hence follows from Lemma 2.1. 0

2.7. The functionals .%;,. Let p € [1,00). We define .%,,,: LP(RY) — [0, 0o by letting

Fol = [ T 2.5)

for u € LP(RY) and t € I. The following result improves and generalizes [34, Prop. 4.1].

Lemma 2.11. Let J C I be such that 0 € J. If there exists C' > 0 such that
limsup % ,(u) < C||Dull}, (2.9)

teJ, t—0t
for every u € Lip,(RY), then any of the properties in Lemma 2.6 holds.
Proof. Let R > 0 and define uy € Lip.(RY) by letting
1 for x € Bgya,
ug(x) =42 — % |z| for x € Brjs \ Brya,
0 for x € B s-
Since supp ur C Bpr/a, we have that
lur(-+ 2) = urllze = 2||lurllze > 2|Brl
for every z € Bf, from which we deduce that

o)

2|7

lur(-+ =) — urlLr
Fin(ugr) >
t,p( R) - BIC;L |Z|p

pi(z)dz > 2|BR/4|/ z. (2.10)
Br
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On the other hand, we can estimate

4 p
|Durllyy = | Dun(@)de < () |Brsel (2.11)
Br/2\Br/4 R

By combining (2.9) with (2.10) and (2.11), we infer that

1\? |B
lmsup [ 2 4. < 0 <) Brial _ on—t420 g, (2.12)
ted 10+ /B |2|P R/ 2|Bpl

for R > 0. In view of (iii) in Lemma 2.6, to conclude, we just need to prove that

limsup [ pi(2)dz < 0. (2.13)
teJ,t—0t+ J B1

To this aim, we define v € Lip,(RY) by letting

elel? for x € By,
v(z) = qe*(3—1z|) forz € B3\ By,
0 for x € Bs.

Since v is radially symmetric, a change of variable yields
[o(-+2) = vllzr = (- +[zlex) — vl|Z
for every z € RY. Therefore, letting D = {;1: € B x> %} C By, we can estimate
lo(-+2) = ol = [ do— [ e
D D

> /D (e‘z| - 1)p dz > |DJ|z|P

2 2 2 p
pltlzled? _ lal o2 +2zlen _ 1P gy

for every z € By, from which we deduce that

. _ p
Fig) = [ WD, Gy Dy [ (e e (214)
B |z|P B
By combining (2.14) with (2.9), we infer (2.13) and thus conclude the proof. O

2.8. The functional ¢/". Given two measures p € .#*(S"~") and v € .4 (R"), we
define /" : LP(RY) — [0, 00) by letting

. P
L Nl Dullhy du(o) + [

o0 otherwise.
(2.15)

u(- + 2) — w7,
N\{0} |2|P

dv(z) for u € SP(RY),
ffp""’(u) =

Here, as in (2.3), for every o € SN~ and u € SP(RY), we have set
/N lo - Du(x)|Pdz  for p > 1,
lo- Dullf, = 47"

lo - Du|(RY) for p=1.

We observe that, for each fixed ¢ € S¥~!, the energy u +— ||o-Dul|z» is lower semicontinuous
on SP(RY) with respect to the LP convergence of functions.
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We collect the basic properties of ¢/ in the following result, whose proof is omitted.

Lemma 2.12. Letp € [1,00), p € A+ (SV') and v € A4 (RYN). The functional 4!
satisfies the bound

G (u) < || Dull, (n(SY™1) + v(RY \ {0})) (2.16)

for every u € SP(RY). Moreover, if (up)ren C SP(RY) is such that u, — u in LP(RY) as
k — oo for some u € SP(RY), then

liminf G5 (uy,) > 94" (u). (2.17)

k—o0

The following results build upon the ideas contained in the proof of [34, Th. 1.1].

Lemma 2.13. If\,p € A+ (SV7), v € M *(RY) and o € [0, 00) are such that G1 (u) =
G }0% (u) for every u € Lip,(RY), then v = Béy for some 3 € [0,00).

Proof. We let u € Lip,(RY) and we define u. = S u(-/¢) for every € > 0. We note that
u. € Lip, (RY) for every € > 0. Moreover, we have that

_N p
lo- Ducllhy =™ o Du(-/2)| = llo - Dulf,
for every o € SV~ and, similarly,

p

"]
Lp

S () )= o)

for every z € RY. Thus, the equality G (u.) = %p’\’a% (ue) equivalently rewrites as

lue(-+ 2) = uellzr =€

/ lo - Dul[, dpa(o) + gp/ o+ 2) =, dv(z) = / lo - Dul[2, dA (o)
SN-1 Lr GH RN\ {0} |z|P I Le
(2.18)
for every € > 0. We claim that
P
ul - _I_ Z) U
lim ap/ H ( E) L~ dv(z) = 0. (2.19)
e—0+  JRN\{0} |z|P
Indeed, by Lemma 2.2(i), we can estimate
P
‘ ul -+ 5) —u
p ’ ( 2 r P
£ L < || Dul|}» (2.20)
for every z € RN \ {0} and ¢ > 0. Moreover, we have that
P
ul-+%)—u 2P| ull?,
lim sup &” H ( ) L? < limsup &P Il =0 (2.21)
e—=0t |Z’p e—=0t |Z‘p

for every z € RV \ {0}. Owing to (2.20) and (2.21), the claimed (2.19) follows by the
Dominated Convergence Theorem applied with respect to v. Therefore, passing to the
limit in (2.18) as € — 0" and exploiting (2.19), we conclude that

/SN_1 o - Dull, dpu(o) = /SN_I lo - Dul%, dA\(0)
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whenever u € Lip,(RY). By our initial assumption, this means that

. _ p
/]RN\{O} 2=l oz = 0

2P

for every u € Lip,(R"). In particular, if u € Lip,(RY) is such that supp u C B, s for some
g > 0, then

lu(-+ 2) — ullf, du(z) = 2|Jull’, /BC dv(z)

B EE e e
from which we deduce that v(B¢) = 0 whenever € > 0. Thus v(R" \ {0}) = 0, from which
we get that v = (4, for some 5 € [0, 00), concluding the proof. O

0>

3. PROOF OF THEOREMS 1.1 AND 1.2

Throughout this section, we let p € [1,00) and (p;)ses C Li.(RY) be such that p; > 0
for every t € I. To prove Theorems 1.1 and 1.2, we need the following preliminary result,
which improves and generalizes [34, Th. 1.2].

Theorem 3.1. Let J C I be such that 0 € J. If any of the properties in Lemma 2.6 hold,
then there exists an infinitesimal sequence (t1,)ren C J and two measures p € A4+ (SV71)
and v € M+ (RN) such that the following hold:

(i) po, LN = v in Mioe(RY) as k — oo;

(i) if u € SP(RY), then limsup F, p(u) < G0 (u);

k—o0

(iii) if (up)peny C LP(RYN) ds such that up — u in LP(RY) as k — oo for some u €
SP(RY), then lign inf F, p(ug) > 90" (u).
—00

As a consequence, (Fy, p)ren converges to G on SP(RN) as k — oo pointwise and in
the I'-sense with respect to the LP topology. In addition, if (p;)ies has mazimal rank, then
the family (Fi, p)ken is coercive on SP(RY).

Proof. For every measurable set A C RV, u € SP(RY) and t € I, we set
2) — ullLy
PE pe(2) dz.

Note that Z; ,(u; RY) = %, ,(u) for every t € I and u € SP(RY). Owing to Lemma 2.6,
there exists M > 0 such that

Fiptusa) = [ O3

limsup [ pi(z)dz + limsup RP pil2) dz <M (3.1)

>0+ /B 10+ By, |zfP T
for every R > 0. By (3.1), we can apply Lemma 2.9 and find a countable set Iy C I, two
infinitesimal sequences (t)reny C J and (6;)ieny C I\ Iy, and two measures p € 2+ (SN71)
and v € .4 *(RY) satisfying the statements (i), (ii) and (iii) of Lemma 2.9. In particular,
this immediately yields (i). We shall prove (ii) and (iii) separately. In what follows, we let
(W) kgen C A+ (SN7Y), iy == ! for every k, 1 € N, and (1i!);en C 4 (SV') be given as
in statement (iii) of Lemma 2.9.
Proof of (ii). We begin by observing that

Fip(W; RN = Z, ,(w; Bs) + Fip(u; As) + Fp(u; Bi5) (3.2)
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for every t, € I, where A5 = {:U eERY:§ < 2| < %} as in Lemma 2.9. We now deal with
each piece on the right-hand side of (3.2) separately. By Lemma 2.2(i), we can estimate

P p
Fpli By) < [ N RO L.\l - Dullt, ik (o)

for every u € SP(RY) and k,l € N (recall the definition in (2.4) in Lemma 2.9). Since
o |lo - Dullf, € C(SV™!) for every u € SP(RY), by Lemma 2.9(iii) we get that

. . ar . . . . D l
Jim lim sup F, p (u; By,) < lim lim | o= Dullzy dpg (o)

(3.3)
= lim [ llo-Dully, du'(e) = [ llo- Dully, du(o).
Moreover, since
. _ p
2o fule) = 1UED 2l ¢ oy (o (3.4)

|27
for every u € SP(RY), by Lemma 2.9(ii) and by the Monotone Convergence Theorem, we
also have that

lim lim %, ,(u; A;) = lim lim/ fudy, = lim/ fudv :/ fudv
Ay =00 J 4 RN\ {0}

=0 k—oo =00 k—o0
Ju(- +2) — ullL

~ JrV\(0} | 2|P

(3.5)

dv(z)

for every u € SP(RY), where A; = As, for every | € N as in Lemma 2.9(ii). Finally, by
exploiting (3.1), we can estimate

o o P (2)
lim lim sup .%;, ,(u; BY 5) < 2P ||u||%, lim lim su Pl dz
oo k—)oop tkvP( 1/51) = H HLP oo k—}oop Bf/gl ’Z‘p (36)

< 2% JJu||fp M lim 67 =0
l—o0
for every u € SP(RY). By combining (3.3), (3.5) and (3.6) with (3.2), we get (ii).

Proof of (iii). Let (ur)ren C LP(RY) and u € SP(RY) be such that uy — u in LP(RY)
as k — oo. Let (1;);en C C(RY) be a sequence of mollifiers and set uj, = uy, * 7,
and w/ = u * n; for every k,j € N. We observe that uj, v/ € SP(RY) N C>(RY) with
D%ui, D*u? € LP(RY) for every k,j € N. Moreover, by Young’s inequality, we have that

wl, — uw?, Dul, — Du? and D*ul, — D*u/ in LP(RY) as k — oo, (3.7)
for every j € N. In addition, again by Young’s inequality,
e (- + 2) = uflle = [ (wn( - +2) = we) * nllee < Jun(-+ 2) — wellzo,

for every k,j € N and z € RY, from which we get that .%;,(ul; A) < . ,(up; A) for every
measurable set A C RY and every k, j € N. Consequently, we have that

hg(i;lf F, p(ug) > lilggglf F, p(uz,)
for every j € N. We now claim that
lim %, ,(u}) = 9" (u?) (3.8)

k—o00 p
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for every j € N. To prove (3.8), we argue as in the proof of (ii) by again relying on (3.2).
Indeed, as in (3.6), observing that ||uj||zr < |Jug||ze for every k,j € N, we have that

lim lim 7, (ug; Biys) = 27 [lw/|[7o M lim 67 =0

), since f,; — fus locally uniformly on RY \ {0} as

for every j € N. Moreover, as in (3.5
3.7) (for the notation, recall (3.4)), we also have that

k — oo for every j € N owing to (

=00 k—o0

lim lim %, ,(ul; A) = lliglo ]}1_2)10 N f“i dy, = lliglo /Az Jwdv = /RN\{O} Juw dv

J(. —_ 2P
_ ”u ( —l—Z) U HLP dl/(z)

RN \{0} |z|P

for every j € N. In addition, as in (3.3), since the functions o — ||o - Dul|[?, converge
uniformly on SNVt to o + ||o - Du?||}, as k — oo for every j € N owing to (3.7), we get

lim lim
l—00 k—o00 B5z

i i o .
i Dui”m dvg(z) = lim lim s llo - Dul,||b, dpk (o)

o =00 k—00

— 1 . J|p l — . J||P
=lim [ o Dl dpito) = [ flo - Du |t du(o)

for every j € N (recall the definition in (2.4) in Lemma 2.9). Therefore, in view of (3.2),
the claim in (3.8) follows if we prove that

fim Y Z 0 Bs) = [ llo - Dl dufo);
that is, equivalently, we just have to show that

yf}mp(ui; B5l) - /

B,;l

lim lim =0 (3.9)
=00 k—o0

£ DuiH , dvi(2)

p
|2| L

for every j € N. To this aim, we start by noticing that, by Lemma 2.2(ii),

i (- + 2) — uj]| e

& - Du
4]

d
2] k p

z .
< Eypug,

for every z € RN \ {0}. Hence, since |a? — b°| < pmax{a, b}’ "|a — b|, for all a,b > 0, and

. { i+ 2) — ]l
E

Y

g0l } < 1Dl

||
for every k,j € N and z € RY \ {0} by Lemma 2.2(i), we can estimate

g (- + 2) — w2
E

-+ 2) el . g,
EE

—_— .
B SpHDuiHﬂ, L'Dui:

|2l

s
k| o v
plzl e -
< 2 D D
for every 4,5 € N and z € R \ {0}. Consequently, we get that

ENCESEY|
Bgl

Izil . DuiH; dvg(2)

p . _ .
< 5 IDull " 1Dl e v Bs,)
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for every k, j,1 € N, from which, owing to (3.1) and (3.7), the claimed (3.9) follows. We
thus completed the proof of (3.8) and so, by the lower semicontinuity of ¢! with respect
to the LP convergence of functions in SP(RY) (recall (2.17)),

lilgggjlf Fipp(ug) > h}%iﬁlf G (u) = G0 (),

concluding the proof of (iii).

With (ii) and (iii) in force, the convergence of (F, ,)ren to 4" on SP(RV) as k — oo
in the pointwise and I'-sense with respect to the L? topology follows by Definition 2.4. We
are thus left to prove that, if (p;)cs has maximal rank, then (%, ,)ken is coercive. Indeed,
let (up)ren € LP(RY) be such that u, — u in LP(RY) as k — oo for some u € LP(RY)

and C' = lilgn inf %, ,(ux) € [0,00). Let us define u, = uy *n; and w/ = u * n; for every
—00

k,j € N as in the proof of (iii). We observe that ul,u € SP(RN) with .7, ,(ul) < Fip(ur)
for every k,j € N and that uj, — v/ in LP(R") as k — oo for every j € N. Therefore,
thanks to (iii), we get that

C> h}gg(igf Fy, p(ul) > G (u’)
for every j € N. We now note that
grew) > [ oDl du(e) = [ [ o Dud(@) dp(o) da.
By Jensen’s inequality, and recalling the notation introduced in (2.2), we have that
. J P N-1y1-p . J
Lo o D@)p dute) = w7 ([l Dul(@)] diler)
= u(S" PO (DY (x))",

so that sup;cy [|©,(Du?)|» < co. Now, since (p;)ies has maximal rank, by Lemma 2.9
we get that span(supp u) = RY and thus, by Lemma 2.1, we infer that

p

= vggl}vrll ©,(v) € (0,00).

As a consequence, we hence deduce that

00 > sup |0, (Du?)||z» > asup ||[Du? || s,
jEN JEN

proving that (u’);ey is a bounded sequence in SP(RY). Since v/ — u in LP(RY) as j — oo,
we get that u € SP(RY), concluding the proof. O

Proof of Theorems 1.1 and 1.2. We begin with the proof of Theorem 1.1, showing the
equivalence between (A) and (B) by dealing with the two implications separately.

Proof of (A) = (B). If (A) holds, then by Theorem 3.1 we find two measures p €
AT (SN and v € AT (RY) such that (F, p)ken converges to 44" on SP(RY) as k — oo
pointwise and in the I'-sense with respect to the L? topology. Actually, Theorem 3.1(i)
yields that v = ady for some a € [0,00), so that @/e% = @0 — P1 on SP(RY),
proving (B).

Proof of (B) = (A). If (B) holds, then (2.16) yields that
lim , 5(0) = Z8(u) = 920(w) < p(S¥) | Dult,
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for every u € SP(RY). We can thus apply Lemma 2.11 and then Lemma 2.6 to get the
first part of (A). This, in turn, allows us to apply Theorem 3.1 and find two measures
A€ AT (SVY) and v € AT (RY) such that p;, £V = v in Mo(RY) as k — oo and,
moreover, (%, ,)ken converges to Sfp’\*” on SP(RY) as k — oo pointwise and in the '-sense
with respect to the L” topology. Because of (B), this means that %p)"” =9y = %p“’o on
SP(RYN) and thus, by Lemma 2.13, we conclude that v = ady for some a € [0, o), proving
the second part of (A).

To prove Theorem 1.2, so further assuming that (p¢, )ren is of maximal rank as in
Definition 2.8, it is enough to observe that, if (A) or (B) holds, then Theorem 3.1 yields
that (%, ,)ken is coercive on SP(RY). O

Remark 3.2. Given m € N such that m < N, write RY = R™ x RY"™ and z = (2/,2")
accordingly, and let B™ = {2/ € R™: |2/| <r} and BN™™ = {x” e RN-™: |2"] < r} for
all 7 > 0. The family (p™");e; € L*(RY) defined as

XBmxBN-m
pgm,l) — t +2
LB - LN (B ™)

tel,

is such that ||p™" |2 = 1 for all ¢ € I (and thus (p{™").c; obviously satisfies (1.4) as

t — 0%) and ™Y = P\ PN A5 in Moo (RY) as t — 0F. Therefore, the family

(p\™Y),c; satisfies part (A) of Theorem 1.1 along any infinitesimal sequence (£)pen C 1.

By [61, Ex. 3], part (B) of Theorem 1.1 holds with
Iu(m,l) = Cm1 Jaéamfl I_Smil’l,

where
gm-11._ {x c RV - 2| = 1}, 1 = %m—l(gm—l,l)—l’

along any infinitesimal sequence (ty)ken. In particular, the limit Dirichlet energy is
I ) = e [l Dullly a7 o), e SR,

for any p € [1,00), see [61, Cor. 2] and the comments below it. Mutatis mutandis, also the
family (p0™*)er C L'(RY) defined as

N —
(m2) ._ XppxB "

P - —m\ "’
L (B 2V (BT

tel,

satisfies part (A) of Theorem 1.1 along any infinitesimal sequence (tx)reny C I, with
M2 = plmA) PN X s in Moe(RY) as t — 07 and limit Dirichlet energy

I ) = ex oz [ o Dullfy dN T o), we SPRY),

p Sme,Q

for any p € [1,00), where now

SN—m—1,2 _ {x c RN : |m//| _ 1}’ CNemao = %N—m—l(SN—m—l,Q)—l'
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Now consider the family (p;);e; defined as

AP for t = 1 with k odd,

t
Pt = pENfl’Z) for ¢t = & with k even,

1
2
1
2
0 otherwise.

From the observations made above we have that (p;)c; satisfies part (A) in Theorem 1.1
along the sequence t; = %, k € N, and moreover, being obviously ¢; 1 = c¢n_12,

lim F, p(u) = [ler - Dullf, and  lim Fy, ,(u) = [lex - Dul|Ls,
k—o00 k—o0
kodd k even

for every u € SP(RY) and p € [1,00). This means that, for part (B) of Theorem 1.1 to
hold, one must pass to a subsequence of (tx)ren in general.

4. PROOF OF THEOREM 1.3
In this section we specialize our analysis to a particular class of families of kernels.

4.1. Special kernels. We let p € [1,00) and K: RY — [0, 00] be a measurable function
such that K #0 and |- |P K € L} (RY). We set

mip(R) = /B Jal? K(x)dz € [0,00) (4.1)

for all R > 0. We note that, since K # 0, there exists Ry > 0 such that mg ,(R) > 0 for
all R > Ryg. Welet 5: I — (0,00) be a Borel function such that

lim () = (4.2)
and we set
Brcplt) = m%ff” (13)

for all ¢ > 0. Owing to (4.2) and the previous definition of Ry > 0, we can find ¢y, € (0,1)
such that ¢x g,(t) > 0 for all t € (0,%). Finally, we let (K});er be given by

Ki(x) = B(t)V K (B(t)x)

for each ¢t > 0 and z € RY. Recalling the previous definition of ¢, € (0, 1), we can hence
consider the following special family of kernels (p;)ics, C Li. (RY), Iy = (0,t), depending
on p, K and g, given by

|| Ky ()
¢x pp(1)
for t € Iy and x € RY. We observe that, for the family (4.4), the functional .%,,, in (2.8)
can be rewritten as

G‘Kﬂ
TP () qup /RN/RN WP Kz — y) de dy (4.5)

for each t € Iy. Without loss of generality, for simplicity we will assume that ¢5 = 1 and
thus Iy = I as usual and, unless required for better clarity, we will omit the dependence
on K and f in the quantities of interest to keep the notation short.

prl) = (4.4)
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4.2. Convergence to local energies. We now apply Theorem 1.1 to the special family
of kernels given by (4.4). To this aim, we state the following result, which rephrases
Lemma 2.9 for the special family in (4.4). A similar result has been discussed in [61, Ex. 2].

Proposition 4.1. Let p € [1,00), K Z0 and B: I — (0,00) be as above. The measures
(1)iser in (2.4) in Lemma 2.9 corresponding to the family (pi)ier in (4.4) are given by

B(1)s dsN (o)
5 Ntp—1
Ez/(/ 'r’*pKardr>
/JJt ( ) 5 0 ( ) m}(p(ﬁ(t))
for every N1 -measurable set E C SN~ Moreover, if
|- P K € L'(RY), (4.6)
then the following hold:
(i) pd = Oxc, N in A (SV7Y) ast — 0F for 6 > 0, where O ,: SY=1 — [0, 00] is
given by
/OO VP K (o) dr
0
1P K

(ii) the measures (Vy)ier, defined as vy = py LN for every t € I, where the family (py)ier
is as in (4.4), satisfy v = 0o in Mrec(RY) ast — 0F;

(7ii) if K is radially symmetric, then the family (p)ier in (4.4) has mazximal rank and
Ok p(0) = wo for every AN -a.e. 0 € SN, s0 that

2 (%1 (7
()

for AN -a.e. 0 € SN, (4.7)

Ok p(o) =

L, llo Dullty b1, (0) 41 () Vipag, )

for every u € SP(RY).
Proof. Let us first observe that, by (4.2) and (4.6), we have
lim mp(6(t)) = ||| - | K]|r € (0, 00). (4.9)

t—0

We can now briefly prove each statement separately.

Proof of (i). Given § > 0 and ¢ € C(SV™!), we can compute

1 B(t)s
. 5 . N+p—1 N—-1
tlal 0+ Jsn-1 Plo)dpi(o) = tLHSEr mip(B(t)) /SNfl g0(0>/0 " K(or)drd = (o)

1

_ 0 N4p-1 N—1
TP /SN% (,0(0)/0 PN (or) dr dPN (o)

= (0) Oxc p(0) AN (0)

SN-1
by (4.2), (4.9), the Dominated Convergence Theorem, and Fubini’s Theorem.
Proof of (i1). In view of (4.9), we infer that

- Ny g o PR
tl_1>%1+ v (RY) = t1_1)%1+ llpell 1 = lim =1

t—0T mK,p(ﬁ(t))
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Moreover, if ¢ € C,(RY), then, by changing variables, we have
I dv, = li ! / T ) |2 K (z) de = 0(0) (4.10)
im v = lim ———— — | | z)dr = .
oot Jaw ¥ T ok T, (B(0) Jav Y\ B(R) i
by (4.2), (4.9) and the Dominated Convergence Theorem, owing to (4.6).

Proof of (iii). Formula (4.8) is well known, see [42,61] for instance. Thus, we just
focus on the maximal rank property. We shall prove that Definition 2.8 is satisfied for
the canonical basis of RV, e;,...,exy € S¥~1, and any 7 € I sufficiently small. Indeed, by
radial symmetry, we have

dz = / d
/35 ﬂCT(ei) pt(Z) : Bs ﬁC.,-(el) pt(Z) &

for all i € {1,..., N}. Arguing as in (4.10), we can compute

1
zdz:i/ xP K(x)dx.
/BgﬂCT(eﬂ pt( ) mK’p(/BOf)) B(;B(t)ﬂcf(el)‘ | ( )

Therefore, by combining the above equalities, we get that

1
lim inf dz—lmi/ z|P K(z)dx = ¢
t—0+ Bs OCT(ei) p ( ) ti>0+ pr(B<t>) B&ﬂ(t) OCT(el) ‘ | ( ) Kp

by (4.2), (4.9) and the Monotone Convergence Theorem, where

i )
CKp= ———" z|P K(z)dx € (0,1
K,p H’ . ‘p KHLl Cr(er) | ’ ( ) ( )
and the validity of Definition 2.8 readily follows, concluding the proof. U

We are now ready to apply Theorem 1.1 to the special family in (4.4). We remark that
Theorem 4.2 below was already implicitly given in [61], although the main results of [61]
are stated on bounded open subsets of RY with Lipschitz boundary.

Theorem 4.2. Letp € [1,00), K # 0 and 8: I — (0,00) be as above. If (4.6) holds, then
the limit

_ _ P N-1
m gy [ [ ) = ) K(e = y)dady = [ o - Dully 0icyl0) 42 o),
where O ,: SNt — [0,00] is as in (4.7), holds for u € SP(RYN) pointwise and in the

['-sense with respect to the LP topology, and the functionals on the right-hand side are
coercive. If, in addition, K is radially symmetric, then the limit

 T()r(s)
I tp/ / W Ki(z — ) dedy = — Dull?,
t—l>%l+ RN JRN Yl Ke(z —y) dz dy N [‘(%) H| . ’pKHLl 1 Dulf

holds for u € SP(RY) pointwise and in the I'-sense with respect to the LP topology, and the
functionals on the right-hand side are coercive.

Proof. The statement directly follows by combining Theorem 3.1 with the properties
collected in Proposition 4.1. We omit the simple computations. U
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4.3. Compactness. We now complete the asymptotic analysis of the energies (4.5) relative
to the special family (4.4) achieved in Theorem 4.2 by proving Theorem 1.3. To this aim,
we need to introduce the following terminology.

Definition 4.3 (Local precompactenss). Let p € [1,00). A set X C LP(RY) is locally
precompact in LP(RY) if X is precompact in LP(E) for every compact set E C RY.

For the proof of Theorem 1.3, we need the following preliminary result, which generalizes
(the proof of) [15, Th. 3.5] to every p € [1, 00).

Proposition 4.4. Let p € [1,00), K #0 and 5: I — (0,00) be as above and assume (4.6).
Ifue LP(RY) and t > 0, then there exists v, € SP(RY) such that

llor — ullre < Ckp ﬁf;(u) Bt)P and ||Vulre < Ckp fft{;(u),
where Ck, > 0 depends on K and p only.

In the proof of Proposition 4.4 we need the following estimate, which revisits the one
in [15, Lem. 3.4] for every p € [1,00). We omit its proof, since it follows by a simple
application of Tonelli’s Theorem.

Lemma 4.5. Let p € [1,00). If G € LY(RY) is a non-negative function, then
Ll +2) = ully, (G @) () dz <27 |Gllas [ Jlul- +2) = ulfy, G(2) dz

for every u € LP(RN).

Proof of Proposition 4.4. Since K # 0 and |- [P K € L'(RY) by (4.6), we have that the
function G = min{ K, 1} satisfies G € L' N L=(RY) \ {0}, with

IGlls < Bl + [ lel? K@)z < Byl + 1] P

Hence the function G * G is non-negative, continuous, and strictly positive on a non-empty
open set in RY. Thus, we can find a non-negative function ¢ € Lip,(RY)\ {0} such that

e <GxG and |Vp| <Gx*G. (4.11)

We hence set
BN p(B(t)z)
o] 1

Gi(r) = 5(t)NG(ﬁ(t)$)7 Yt =

for every t > 0 and x € RY. We note that ||Gy||zr = ||G||z1, ||¢ellzr = 1 and, moreover,
owing to (4.11),

Gt * Gt
t =
el 1

Gt * Gt
ol e

for every t > 0. Finally, given u € LP(RY), we set v; = u * ¢, for every t > 0 and we note
that v; € SP(RY) for every t > 0. Owing to Jensen’s inequality, (4.12), Lemma 4.5 and

¢ and  [Vipr| < B(t) (4.12)
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the definitions in (4.1) and (4.3), we can estimate

o= ullty < [ +2) = ullpo =) de < = [ Jlul- +2) = ully, (o Go)(2) dz

el

HlCle 1 ’ 2 |G
> u(-+z)—u szdzgi/ u(-+ 2) —ulll, K (2)dz
il e 10 2) =0l G A2 T = o e+ 2) =l £202)

2 |Gl 2% (|G| 1 )
:HT‘LIL%,I?(UWK@(@SHT‘LILHI-!”KHLlﬁpﬁ(u)@(t) g

Moreover, since, for all € RY, by the Divergence Theorem, we can write

Vu(x) = /RN u(x — z) Vi (z)dz = /]R (u(z — 2z) —u(x)) Veu(z) dz,

N

we similarly get that

I90llte < Il [T+ 2) = ullhe [Ver(2)] dz

1 B(t)?
< IVl e [ G+ 2) = ullly (G G () ds
L
Volle7!
<26l A 11 P Kl F(w
1
for every t > 0, yielding the conclusion. O

Proof of Theorem 1.3. For convenience, we let

M = sup (Hukﬂm + L%k,p(uk)) < 00.
keN

By Proposition 4.4 we can find v, = v;, € SP(RY) such that ||y — ug||» < CB(tx) P and
|Vor||r < C for every k € N, where C' > 0 depends on K, p and M only. In particular,
the sequence (vg)ren is bounded in SP(RY) and thus we can find a subsequence (Vk;) jen
and u € SP(RY) such that vy, — w in L (RY) as j — oco. Since 3(t;) — 0o as k — oo,

loc
we also get that uy — u in LY (RY) as k — oo. A similar argument proves that any
Lp

P (RY) limit of (ug)ren belongs to SP(RY). O

For future convenience, we complete Theorem 1.3 by recalling the following result, which
is a consequence of [62, Ths. 1.2 and 1.3] (we also refer to the discussion in [62, Sec. 2]).

Proposition 4.6. Let p € [1,00). If (\i)ren C I is infinitesimal and (ug)reny C LP(RY)
is such that
lur(- + 2) — ugl|Zs

p+/ d < s
i‘éﬁ(”“’f'“ e Tlog 2] O+ J2)V 7 ) >

then (ug)ren is locally precompact in LP(RY) and any of its LY (RN) limits is in SP(RY).

loc

Proof. The results follows from [62, Ths. 1.2 and 1.3]. Indeed, it is enough to consider the
non-negative radial kernels (py)ren defined as
_ alsPas ()

|log Ax| (Ak + [2)V*7

Pr(2)
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for all z € RN and k € N, where
2|7

d
5. [Tog M| (i + [2])VF?

Ci —

is a renormalization constant such that / N pr(z)dz =1 for all k£ € N. Since

0< mfck < supc < 00,
€N keN

the kernels (py)ren satisfy the properties in [62, Eq. (2)], and also the additional property
in [62, Eq. (8)] for N = 1. We omit the plain details. O

5. PROOF OF THEOREMS 1.4 AND 1.5

We now pass to the proof of the non-local stability results, Theorems 1.4 and 1.5.

Proof of Theorem 1.4 . If u € WFP(RY), then z +— |lu(- + 2) — u||}, k(z) € L'(RY) and
thus, by (1.8), we can apply the Dominated Convergence Theorem to get that

lim Fop(w) = [ ul- +2) = ulfy () dz = [y,

Moreover, if ()ren C I is infinitesimal and (ug)reny C LP(RY) is such that up — v in
LP(RN) as k — oo, then by (1.9) we can apply Fatou’s Lemma to get

P (2)
hggg)lfftkp uy) >/ hm Nuk (- + 2) — ugl|7» ’k|p dz
= [ Nl +2) = ullty 5(2) dz = [l
In particular, if lilgn inf %, ,(ux) < oo, then u € W*P(RY). The proof is complete. O
—00

For the proof of Theorem 1.5 we need the following simple estimate exploiting (1.10).

Lemma 5.1. Let p € [1,00) and (pi)ier C L, (RY). If (1.10) holds, then for every e > 0
there exists 0 > 0 such that, letting ns = XB&/|B(;|

Fip(t)

75 % v — wllf, <

|B |
for every t € (0,0) and u € LP(RY).
Proof. Let u € LP(RY) and &, > 0 be as in (1.10). By Jensen’s inequality, we have

1 1 Ju(-+2) — ullf
1ms *u—ulf, < VN /B lu(- —2) —ul|}, dz = Bl s = LP 2.
S 8
In virtue of (1.10), we thus infer that
€ pe(z ) €
*u—up<—/ u(-+ 2 P Fi(u),
”775 HLP = |31’ By H ( ) H | ‘p |Bl| ( )

concluding the proof. O
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Proof of Theorem 1.5. By assumption, the sequence (uy)ren is bounded in LP(RY). Thus,
letting ns = x5,/|Bs| € L'(RY) for § > 0, by [24, Cor. 4.28] the sequence (1s * ug)gen is
locally precompact in LP(RY) for each § > 0. As a consequence, the sequence (15 * u,)ren
is totally bounded in LP(E) for every compact set E C RY. By Lemma 5.1, also the
sequence (uy)xen is totally bounded in LP(E) for every compact set E C RY, which implies
that the sequence (ug)rey is is locally precompact in LP(RY). Finally, if u is an L} (RY)
limit of (ug)ren, then, up to subsequences, by Fatou’s Lemma we have

o L P (2)
T > Z, > : - I -
21615 Fp,p(ug) > hggloglf Fipp(ug) > /RN hlgggolf <||Uk( + 2) — ug| 7 ER ) dz

> [+ 2) =l m(z) dz = [ulfyr,
showing that u € W*P(R") and concluding the proof. O

6. APPLICATION TO HEAT KERNELS

In this section we apply the results of Sections 4 and 5 to families (p;)sc; induced by
heat-type kernels, proving Theorems 1.6 and 1.7.

6.1. Heat kernel. We let (h;);~0: RY — (0,00) be the heat kernel, which is given by

for all z € RY and ¢ > 0. Given p € [1, 0], we define the heat semigroup
(Hi)so: LP(RY) — LP(RY)
by letting
Hiu = hy x u (6.2)

for all u € LP(RY) and ¢ > 0. Note that (6.2) makes sense by Young’s inequality, since
h, € LY(RY) for all t > 0 due to (6.1).
We can now deal with the proof of Theorem 1.6.

Proof of Theorem 1.6. Letting K (z) = hy(z) for all z € RY and 8(t) = t~2 for all ¢ > 0,
we get that K;(z) = hy(z) for all z € RY and ¢ > 0. By radial symmetry, we can compute

iy ()

Since | - [P K € LY(RY) for every p € [1,00) due to (6.1), the conclusion hence follows from
Theorems 1.3 and 4.2. We omit the simple computations. 0
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6.2. Fractional heat kernel. Given s € (0,1), we let (h{);~o: R" — (0,00) be the
fractional heat kernel. For s = %, it is known that

%)
- N+1
P (2 e

for all z € RY and ¢ > 0, see [68, Eq. (2.2)]. For s € (0,1), s # 3, the heat kernel does not

have an explicit formula. Anyway, it is a smooth, positive, radially symmetric probability
function obeying the scaling law

=0
o=
S

N (6.3)
)T

hi(z) =t hj (t72z) (6.4)
for all z € RY and ¢ > 0. Moreover, by [18, Th. 2.1], we have that

lim |ZL’|N+25 hi(z) = (ns,

T—00
with
s4- 0 (5 +5)
CNys = —x . (6.5)
T2 F(l - S)
Therefore, thanks to (6.4), we also get that
h‘;(ﬂf) o CN,S
50+t || Nt2s (6.6)
for all z € RV \ {0}, where (x is as in (6.5), and that there exists Ciy s > 0 such that
CyLt Cyast
e <hi(r) € (6.7)
(% +|22) (t5 +|2P2)

for all z € RY and t > 0. The fractional heat kernel enjoys the following relation with
the integer heat kernel (6.1). Actually, such relation is a particular case of the general
approach sketched in [19, Sec. 1.1.4]. For each s € (0, 1), there exists a family of probability
densities (7})t=0 on (0, 00) such that

hi(x) = /OOO h.(z)ni(7)dr for all x € RY and t > 0. (6.8)

As proved in [1, Sec. 2], the family (7]):>o satisfies

/0 Toni(r)dr = FEl — ;2 (6.9)

for all o € (—o0, s).
As above, given s € (0,1) and p € [1, 0], we define the fractional heat semigroup
(H)es0: LP(RY) — LP(RY)
by letting
Hju=hj*u (6.10)
for all uw € LP(RY) and ¢ > 0. We observe that (6.10) makes sense again by Young’s

inequality, since h; € L*(RY) for all t > 0 and s € (0, 1), owing to the bounds in (6.7).
We can now deal with the proof of Theorem 1.7.
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Proof of Theorem 1.7. Letting K*(x) = hi(x) for all z € RY and B,(t) = t~3 for all t > 0,
we get that K7 (x) = hi(x) for all z € RN and ¢ > 0. We distinguish three cases.

Case 2s > p. We have that |- [P K* € LY(RY), so the conclusion follows by Theorem 4.2.
We just need to observe that, by radial symmetry, we can compute

_ N+
ri () r(1-2)
() T
exactly as in [2, Lem. 4.1], thanks to the relation (6.8) and the formula (6.9). We omit
the simple computations. For the compactness part, we can invoke Theorem 1.3.

Case 2s = p. We have that | - |** K* ¢ L'(R"). However, we can compute

- 17 Kl =

R
ms(R) = mgsas(R) = NwN/O VT2 hs (pe) dr - for all R > 0.

Since

d R s—1 s s—1 s CN,s
ﬁ/o PNt RS (re) ) dr = RN hi(Rey) ~ i

as R — oo, where ¢y > 0 is as in (6.5), we must have that
ms(R) ~ Nwy ey s log R

as R — 0o. Hence, recalling the definition in (4.3), we deduce that
-2 S
Prcs 25,25 (1) = L (t 2) ~ Nwy ¢y, 5 t| log t|

as t — 0. The conclusion hence follows by observing that the family (p;);~0 given by

oy 2P hi(z)
pt(‘r) - t|10gt| )

for all z € RY and t > 0, satisfies the properties in Theorem 1.1(A) (with no need of
passing to a subsequence). For the compactness part, we can invoke Proposition 4.6.

Case 2s < p. For the validity of the limit we can rely on Theorem 1.4, thanks to the limit
in (6.6) and the bounds in (6.7), while the compactness part follows from Theorem 1.5.
We omit the simple details. O

Remark 6.1 (On the constants in Theorem 1.7 for p = 1). We observe that, for p = 1,
the constants in Theorem 1.7 were computed in [47] with a completely different method,
based on the approach of [10]. We observe that our method is more direct and flexible,
yielding the values of the constants for all p € [1,00).

6.3. General heat-type kernels. We conclude this section by generalizing [2, Th. 1.1],
see Theorem 6.2 below. To state our result, we need to introduce some notation.

Let o7 be a set of indices and consider a family of non-negative continuous functions
(h®)¢s0: RY — [0,00) for a € &. Assume that h? is radially symmetric with |h®||, = 1
for each ¢t > 0 and o € &/. Moreover, assume that there is 5 > 0 such that

he(z) =tV he(t ) (6.11)
for all z € RY ¢t > 0 and a € &. Given p € [1,00), we let

oy ={aca | Pht e L'RY)}
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Moreover, given ¢ > 0 and C' > 1, we let @é,c C &/ be the subset of indices a € & such
that

T [V h ) = ¢ (6.12)
" _ 7 e < 6.13
A7 e = M) < G (6.13)

for all z € RY. Finally, we let 4, C </ be the subset of indices a € & such that
there exist t4,c, > 0, a Borel function ,: (0,00) — (0,00) and a measurable function
Ko: RY — [0, 00) such that

h (x)

Yal(t)

< Caka(T) (6.14)

for a.e. z € RN and t € (0,t,) and
hOc
=0+ (1)
for a.e. z € RY. We also let % C 6, be be the subset of indices a € %, such that there
exist f4, ¢, > 0 and a measurable function &, : RY — [0, 0c] such that

= Kq(2) (6.15)

o ¢ L*(RY) and &, € L'(RY\ Bg) (6.16)
for all R > 0, and
hi(z) _ . .
> CokalT 6.17
alt) = el 17

for a.e. z € RN and t € (0,%,). As above, for each a € & and p € [1, 0], we define
(HY)s0: LP(RY) — LP(RY)
by letting
Hiu = h$ % u (6.18)
for all u € LP(RY) and ¢t > 0. We observe that (6.18) makes sense by Young’s inequality,

since h® € LY(RY) for all ¢ > 0 and o € &/ by assumption.
We are now ready to state our result, improving and generalizing [2, Th. 1.1].

Theorem 6.2. Let p € [1,00) and let (HY)i>0.0cer be as above. Let ¢,: I — [0,00) be
defined as

top if o € ),
Sa(t) = {7 logt| if a € B5C,
Ualt)  ifa €,
forall o € &7, with ¢ > 0 and C' > 1. The limits

CN,p P . Ny -
————||Dull}, in SP(RY) if a € o7,
N||| . |p h%”Ll || ||L ( ) f p

o He(u— (o))
t—0+ JRN Sa(t)

de = ¢ Bwy eny || Dullis in SP(RY) if a € ,%’g’c,

[ul¥y raw in WreP(RN) if a € 6,
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where

2r ()0 ()

o 2 2

CNp = 3
r(*5%)

hold in the pointwise sense and in the I'-sense with respect to the LP topology, and all
the functionals on the left-hand sides are coercive on the respective spaces. Moreover, if
(ti)ren C I is infinitesimal and (uy)reny C LP(RY) is such that

lim inf
k—oo ¢, (tk)

/]RN Hiﬂuk — ug(z)P)(z) dx < oo,

then (ug)ren is locally precompact in LP(RY) and any of its LY (RY) limits is in SP(RY)

if o € U BSC and in WP (RN) if a € 6,

Proof. The proof is quite similar to that of Theorem 1.7, so we simply sketch it. As
before, letting K(z) = h(z) for all z € RY and B,(t) = t7° for all t > 0, we get
that K2(z) = h¢(x) for all z € RY and ¢t > 0. The case a € &, directly follows from
Theorems 1.3 and 4.2. For the case a € %’g’c, we observe that, owing to (6.12),

Grcap(t) ~ Nuy (Bt logt| ast — 07,
Therefore, it is enough to check that the family (p;)¢~o given by

_ [zl hi(z)

= 7 forallz e RN and t > 0,
thr|log t|

pi(x)
satisfies the properties in Theorem 1.1(A) (with no need of passing to a subsequence). For
the compactness part, thanks to (6.13), it is enough to apply Proposition 4.6. Finally,
owing to (6.14) and (6.15), the case o € 6, follows from Theorem 1.4, while, owing also

to (6.16) and (6.17), the compactness in the case a € ‘2; follows from [17, Th. 2.11]. O

Remark 6.3 (Comparison with [2, Th. 1.1]). We observe that [2, Th. 1.1] deals with the
case p = 1 only, and only in the case of bounded sets of finite perimeter. In addition,
[2, Th. 1.1(ii)] is weaker than Theorem 6.2, as [2, Th. 1.1(ii)] provides an upper estimate
on the lim sup and only under the stronger assumption that

Cc

h?(z) = Ax ™

for all z € RY, (6.19)
for some ¢, n,m > 0 such that mn = N + 1. Our result instead relies on (6.12) and (6.13)
only, which, in turn, in the case (6.19), naturally impose that mn = N + p. We further
remark that our renormalization of (h{'),e. ¢>0 differs from the one adopted in [2], as we
require that ||h§||.: = 1 for all & € &/. However, due to the scaling assumption (6.11),
corresponding to [2, Eq. (1.1)], the two approaches are completely equivalent.

7. HEAT CONTENT IN HILBERT SPACES

In this last section we briefly provide a different point of view on the sufficient condition
achieved in Theorem 1.1 in the Hilbertian framework.
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7.1. Heat content in Hilbert spaces. We recall some standard notation (for a more
detailed account, see, e.g., [40]). We let H be a Hilbert space with scalar product (-, - )y
and we let (H;)i>0 be a strongly continuous semigroup of symmetric operators on H.

Definition 7.1 (Semigroup content). The semigroup content of u € H is the map
[0,00) 3¢t — Hy(u) € [0,00) defined as

Ht(u) = (Htu7 u)’H
for all £ > 0. In particular, 0 < Hy(u) < Hoy(u) = (u,u)y for t > 0 and u € H.

We let L be the generator of the semigroup (H;)¢>o, which is given by
Hou —u

in H, (7.1)

Lu = lim
t—0+

with domain D(L) = {u € H : Lu exists as a strong limit}. We recall that L is a non-
positive definite self-adjoint operator, see [40, Lem. 1.3.1]. The notions of convergence in
D(L) C H in the pointwise and in the I'-sense with respect to the topology in ‘H are the
natural analogues of Definitions 2.3 and 2.4. We omit the plain statements.

With this notation in force, we can prove Theorem 1.8.

Proof of Theorem 1.8. Let E. = (Ey)x>o be the spectral representation of —L, so that

(—Lu,v)y = / Ad(Eyu,v)y
0
for u € D(L) and v € H. By [40, Lem. 1.3.2], we can write

(Hiu,v)y = /OOO e d(Eyu, v)y,
for all t > 0 and u,v € H, and thus
Ho(u) — Hy(u) = (u — Hyu, w)y = /0 T = e ™ d(Eyu, )
forall t > 0 and u € ‘H. Since 1 — s < e~ % for all s > 0, we can hence estimate
Ho(u) — Hy(u) < t /0 T NA(Eau, 1) = t(—Lu, u)y

for all t > 0 and u € D(L), yielding (i).

Now let (ug)ren C H, v € H and (tg)gen C (0,00) be as in (ii). We define the measures
i, it € Aot ((0,00)) by letting g = (Eug, ug)y for all k € N and g = (Eu,u)y. Since
up — u in H as k — oo, we infer that p, = p in Ac((0,0)) as k — oo. Therefore,
given R > 0, we can estimate

H — H R 1 . 7tk)\ 1 _ th

ol = Bultn) o L ) = 2 [
(7% 0 te\

for all £ € N. By Tonelli’s Theorem and Fatou’s Lemma, we have that

R R R R
liminf [ Adu(\) = liminf/ w((t, R)) dt > / u((t, R)) dt = / Adu(N)
k—oo Jo k—oo Jo 0 0
for all R > 0. As a consequence, we get that

H H
lim inf 0<uk) u (1) / Adp(A

k—o0
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for all R > 0. Letting R — oo in the above inequality, we conclude that
H H
limn g () = iy () / Adp(A) = (= Lu, )y,

k—oo tk’
proving (ii). The rest of the statement follows by choosing u = u for all k£ € N. O

7.2. A quicker approach via Fourier transform. We now provide an alternative
quicker proof of Theorem 1.8 for H = L*(RY) via the Fourier transform.
We let

F)(§) = a(§) = [ e u(a) de,

for all £ € RN, be the Fourier transform of u € L*(R™). As customary, we extend the
Fourier transform to a unitary transformation on L?(R") keeping the same notation.
Given a measurable function A: RY — [0, oo], the family

(Hy)s0: L2(RY) — LA(RY),
defined as
(Hiuv)se = [ e a(g) - 5] dg (72)

for all t > 0 and u,v € L?(RY), yields a strongly continuous semigroup of symmetric
operators on L2(R™). As in Definition 7.1, we can thus define the semigroup content
corresponding to (7.2) as

Hi(u) = (Ho, ) = [ e fa(g)[ dg
for all t > 0 and u € L2(RY). Moreover, as in (7.1), the generator of (7.2) is given by
(~Luv)p = [ N©a() -2 ds, v e L*RY),

for all u € D(L), where D(L) = {u € L*(RN) : \a| € LZ(]RN)}. As usual, we can inter-
pret A as the Fourier symbol of the (non-negative) operator —L.

Alternative proof of Theorem 1.8. Since we have

Ho(u) —Hi(u) = [ (1= Ofa(e) dg

for all t > 0 and v € L*(RY), by the Dominated Convergence Theorem we infer that

 Ho(u) — Hy(u) _ SN2 46 —
Jim =S N ()P A€ = (~Lu,u)z
for all w € D(L). Now let (tx)ren C (0,00) be infinitesimal and (ug)reny € L*(RY) be
such that uy — u in L*(RY) as k — oo with u € D(L). As a consequence, also 4y, — @
in L2(RY) as k — oo and thus, owing to Plancherel’s Theorem, up to passing to a
subsequence, i (&) — 4(€) for a.e. £ € RY as k — oo. Then, by Fatou’s Lemma, we get

Ho(up) — My, (we) _ 1™ Mg)t’“ ()2 de >/ (&)|* e

lim inf lim inf
k—o0 tr k—oco JRN

readily yielding the conclusion. O
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Remark 7.2 (Application to heat kernels). The choice A\(¢) = 472|¢]? for all £ € RY
yields that Hyu = hy x u for all t > 0 and u € L*(R"Y) as in (6.2), and L = A is the
Laplacian operator. Similarly, given s € (0, 1), the choice A(§) = (27|¢])?* for all £ € RY,
yields that Hiu = h$ xu for all t > 0 and u € L*(RY) as in (6.10), and L = —(—A)? is the
fractional Laplacian operator, see [68] for instance.

Remark 7.3 (Characteristic functions). In the setting of Section 7.2, Theorem 1.8 can be
applied to characteristic functions of sets with finite volume. In particular, in the case of
heat kernels as in Remark 7.2, this point of view allows to recover the results of [47] for

s € (0, %) For finer results in this direction, we also refer to [16].

Remark 7.4 (Non-negativity assumption). It is worth observing that the non-negativity
assumption —L > 0 in Section 7 (or, analogously, the fact that A > 0 in (7.2) in Section 7.2)
plays a crucial role in the proof of Theorem 1.8. We do not know if such non-negativity
assumption can be dropped or, at least, relaxed. Similar considerations can be made
concerning the non-negativity assumption p; > 0 for ¢t € I in the case of the functionals
(Fip)ter in (2.8) for p € [1,00). We refer to [4,5] for related discussions. The authors
thank Giovanni Alberti for several observations about these aspects.

Data availability statement. No new data were created or analysed in this study. Data
sharing is not applicable to this article.
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