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Introduction

The aim of this thesis is to describe the regularity results that I obtained during my PhD
journey for the gradient of solutions to some classes of strongly degenerate elliptic and parabolic
problems.

Regarding the elliptic problem in question, this arises as the Euler-Lagrange equation of an
integral functional of the Calculus of Variations. The energy density of this functional satisfies
standard p-growth and p-ellipticity conditions with respect to the gradient variable, but only
outside a ball with radius A > 0 centered at the origin.

More precisely, after introducing some notation and preliminary results in Chapter 1, in
Chapter 2 we consider the following pair of variational problems in duality:

it {/Q.‘J-C(a(:l:)) dz: —divo = f, {0,v) =0 on aa} (P1)

oeLr (QR"

and

sup {/ w(z) f(x)de — / H*(Du(x)) dx} : (P2)
wewlr@) U/ Q

where 2 is a bounded connected open subset of R" (n > 2) with Lipschitz boundary, p €

(1,+00), p' :=p/(p—1), f is a given function defined over Q with zero mean (i.e. [, fdx = 0),

v denotes the outer normal versor of 92 and the function H is defined by

1 /
H(o) := o ol + X|o|, oeR"™
With such a choice, we get

DIC() = (ol =N s 2 e R
z
where H* is the Legendre transform of 3 and (-), stands for the positive part (see [22]). It is
well known that the Euler-Lagrange equation of the functional in (P2) is given by the PDE
—div(DH*(Du)) = f in Q, )
(DH*(Du),v) =0  on 09,

which has to be meant in the distributional sense. If we assume that f € L” () and that
the infimum in (P1) is finite, then problem (P1) consists in minimizing a strictly convex and
coercive functional on L¥ subject to a convex and closed constraint: therefore, a solution oy
to (P1) exists and must be unique. Moreover, we recall that by standard convex duality (see
[43] for example), the values inf (P1) and sup (P2) coincide and the primal-dual optimality
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condition characterizes the minimizer oq of (P1) through the equality
oo(z) = DH*(Dug(x)) for a.e. z € Q, (2)

where ug is a solution of (P2). This is equivalent to the requirement that ug is a weak solution
of the Euler-Lagrange equation (1), in the sense that

/Q (DI (Duy(2)), D (x)) dz — /Q F@)p(x) dz, for every o € WP(Q).

Furthermore, since f has zero mean, using the direct methods of the Calculus of Variations it
is not difficult to show that the dual problem (P2) admits at least one solution g belonging to

WiP(Q) = {u e Wh(Q) /Qu(x) dx = 0} (3)

and such that (2) holds, so that ug is a distributional solution of the strongly degenerate or
singular elliptic equation

-1 Du

—div <(|Du| — AR |Du|> —f i Q (4)

under homogeneous Neumann boundary conditions. We also note that, in general, if one looks
at the solutions u of the above equation, no more than C%! regularity should be expected for
them: indeed, every A-Lipschitz function u is a solution of equation (4) with f = 0. Moreover,
when p > 2 we have

Du| — \)7!
: u|‘Du| e € < (DI (Du)€,€) < (p—1)(|Dul = NEE]* for every £ € R,

that is, the Hessian matrix D?*H*(Du) has eigenvalues becoming degenerate in the region
{|Dul < A}.

The regularity properties of solutions to PDEs as the one in (4) have been widely investigated.
As already said, equation (4) is the Euler-Lagrange equation of the functional appearing in (P2),
ie.

?(U,Q):/Q%(|Du|—)\)ﬁdx—/9ufdx,

which fits into the broader context of functionals having a p-Laplacian type structure at infin-
ity. The local Lipschitz regularity for the minimizers of asymptotically convex problems has
been proved when f = 0 under quadratic growth assumptions in [25], and later in [54] for
superquadratic growth conditions and in [63] in the case of subquadratic growth (see also [19]
and [47]). In addition, similar results have been obtained for functionals whose integrands also
depend on lower-order terms (see [44, 45, 76, 80] for example).

A further topic concerning the regularity of solutions to equations as the one in (4) is the
investigation of their higher differentiability of both integer and fractional order, and several
results are available so far (see, for example, [19, 20, 22, 29, 36, 82|). A common aspect of
nonlinear elliptic problems with growth rate p > 2 is that the higher differentiability is proved
for a nonlinear function of the gradient of the weak solutions that takes into account the growth
of the structure function of the equation. Indeed, already for the p-Poisson equation (which is
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obtained from (4) by setting A = 0), the higher differentiability is established for the function
V,(Du) = |Du|p772Du,

as can be seen in many papers, starting from the pioneering one by Uhlenbeck [93]. In the case
of equation (4), this phenomenon persists and higher differentiability results hold true for the

function D
2 U
Hg(DU) = (|DU| — A)i m .

In particular, Brasco, Carlier and Santambrogio [22] proved that H»(Du) € WE2(Q,R™) if

p>2and f € WH'(Q). The main novelty in Chapter 2 is that we address the subquadratic
(or singular) case 1 < p < 2, which had been neglected in the literature, since extra technical
difficulties arise concerning elliptic regularity whenever we are in this case. This aspect, which
also occurs in the classic p-harmonic setting, has been very well explained in [13, Section 2.6].

More precisely, in the singular case we present four main results obtained in the paper [4].
First, we establish a Besov regularity result for the vector field H 2 (Du), assuming that the
datum f belongs to a suitable Sobolev or Besov space. Then, we infer the Besov regularity of
the solution oy to (P1), under the same assumptions on f. Finally, we deduce the local higher
summability of og and Du.

The main tool in the proofs of our results is the difference quotient technique, which, due
to the singular character of the case under consideration, requires new ideas with respect to
previous papers on the subject ([1] and [88]), where the case 1 < p < 2 has been treated, but
in the absence of singularity. For the sake of clarity, we now try to explain the difficulties
associated with the singular setting. When dealing with the higher differentiability of solutions
to subquadratic problems, the difference quotient method usually yields a Caccioppoli-type
inequality based on the possibility of reabsorbing the terms in the right-hand side that involve
the increment of the gradient of a solution by the left-hand side. In the singular setting, this
possibility is actually excluded by the fact that we cannot control the difference quotient of
the gradient of a solution u in terms of Hp (Du) whose difference quotient appears in the
left-hand side, and this is true regardless of the type of regularity of the datum f (for more
details, see Chapter 2).

In Section 2.2 we prove that results similar to those obtained in the singular case also
hold for p > 2, assuming that f belongs to the local Besov space BI‘;’OOJOC(Q), for some @ € (0, 1).

In Chapter 3, we present three main results contained in the paper [9]. More pre-
cisely, we establish the local W'2-regularity of a novel nonlinear function of the gradient Du
of local weak solutions to equation (4), by assuming that

p—2

o fEB /”OC(Q) if 2 < p < oo (see Theorem 3.1);

o fe L RS "(Q) if 1 < p <2 (see Theorem 3.4).
These results, in turn, imply the local higher integrability of Du under the same hypotheses on
the function f (cf. Corollary 3.5).
Let us recall again that, for A\ = 0, equation (4) turns into the p-Poisson equation. For the
weak solutions u € W'P(Q) of this last equation, Irving and Koch [58] proved that
V,(Du) € W22 (Q,RY) (5)

loc
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p=2
if the datum f belongs to the Besov space B,” (), with p > 2. Their assumption on f is
essentially sharp, in the sense that the above result is false if

feB, () with s<(p-2)/p.

Indeed, Brasco and Santambrogio [23, Section 5| showed with an explicit example that
condition (5) may not hold if f belongs to a fractional Sobolev space VVl‘;f/ (R™) with
0 <o < (p—2)/p, which is continuously embedded into By, | ;,.(R") whenever s € (0,0) (see
Lemma 1.39).

The main results reported in Chapter 3 are in the spirit of the ones mentioned above.
Indeed, our primary objective is to find the assumptions to impose on the datum f in the scale
of local Besov or Lebesque spaces to obtain the Wl2-regularity of a nonlinear function of the
gradient of weak solutions to the widely degenerate or singular equation (4). We emphasize
that, for A = 0, our results give back those contained in 28] and [58, Remark 1.4].

A key tool in the proof of the above-mentioned Theorem 3.1 is the duality of Besov spaces.
In fact, our approach has been inspired by [23], where Brasco and Santambrogio used a
duality-based inequality in the setting of fractional Sobolev spaces, but limiting themselves to
the p-Poisson equation.

In the case 1 < p < 2, it is well known that, already for the p-Poisson equation, the higher
differentiability of the weak solutions can be achieved without assuming any differentiability
on f (neither of integer nor of fractional order), but only a suitable degree of integrability. The
sharp assumption on f in the scale of Lebesgue spaces has been recently found in [28]. The
aforementioned Theorem 3.4 simply tells us that a result analogous to [28, Theorem 1.1] holds
when dealing with solutions of widely singular equations. For more details about our proof
strategy, we refer the reader to Chapter 3.

In Chapter 4, we move on to the parabolic version of equation (4), that is, we con-
sider the strongly degenerate parabolic PDE

-1 Du

):f in Qr =Qx(0,7), (6)

where p > 2, 2 is a bounded domain in R™ (n > 2), 7" > 0 and A is a positive constant. The
main feature of the above equation is that the structure function

g =nE i e R\ {0},
1@._{ G ek

H

p

satisfies standard growth and ellipticity conditions for a growth rate p > 2, but only outside
the ball {|¢| < A}.

Although the elliptic equation (4) has been widely studied over the years (see, e.g. [4, 17,
19, 22, 75, 82|), only a few regularity results were available for weak solutions to equation (6).
In [10] and |5] we succeeded in proving higher differentiability results of integer and fractional
order, respectively. These results will be exactly the subject of Chapter 4. For further results
available in the literature, we refer the reader to [16, 52| and the references therein.

A motivation for studying equations of the type (6) can be found in gas filtration problems
taking into account the initial pressure gradient (see Section 4.2 for a brief explanation).

In Chapter 4, we shall first prove the Sobolev spatial regularity of a nonlinear function of
the spatial gradient Du of the weak solutions to (6) (see Theorem 4.1), which in turn implies
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the Sobolev time regularity of the solutions (cf. Theorem 4.2), by assuming that the datum f
belongs to a suitable Lebesgue-Sobolev parabolic space. These results are obtained by adapting
the techniques for the evolutionary p-Laplacian to our more degenerate context. In fact, for less
degenerate parabolic problems, these issues have been widely investigated, as one can see, for
example, in [41, 53| (where f = 0) and in [84]. Moreover, establishing the Sobolev regularity of
the solutions with respect to time, once the higher differentiability in space has been obtained,
is a quite usual fact in these problems: see, for instance, [66, 67, 68].

As already mentioned, the distinguishing feature of equation (6) is that its principal part
behaves like a p-Laplace operator only at infinity. Let us briefly summarize a few previous results
on this topic: the regularity of solutions to parabolic problems with asymptotic structure of p-
Laplacian type has been studied in [59], where a BMO regularity has been proved for solutions
to asymptotically parabolic systems in the case p = 2 and f = 0 (see also [62], where the local
Lipschitz continuity of weak solutions with respect to the spatial variable is established). In
addition, we want to point out the results contained in [24], where nonhomogeneous parabolic
problems involving a discontinuous nonlinearity and an asymptotic regularity in divergence form
of p-Laplacian type are considered. There, Byun, Oh and Wang establish a global Calderén-
Zygmund estimate by converting a given asymptotically regular problem to a suitable regular
problem.

Returning to the main results of Chapter 4, one of the major novelties of our paper [10] is
an observation of interpolative nature, which allows us to suitably weaken the assumptions on
the datum f. This comes from an idea that has already been exploited in 28], in the elliptic
setting. In fact, our assumptions on f are weaker than those considered in the works mentioned
above.

With the aim of pursuing our investigation on the regularity properties of weak solutions to
equation (6), in [5] we further weakened the hypotheses on f, by assuming that

€L (0,75 BY o 1oc()
with 2 < p < 0o and a € (0,1). This assumption led us to obtain a local higher differentiabil-
ity result for the vector field Hp (Du) in the scale of fractional Sobolev spaces (see Theorem 4.4).

In Chapter 5, we present three main results contained in the paper [6]. More pre-
cisely, we prove the spatial WW1-2-regularity of a novel nonlinear function of the spatial gradient
of local weak solutions to equation (6), by assuming that

—2

e fer? (O,T;Bp

loc p’,1,loc

(Q)) if 2 < p < oo (see Theorem 5.1);

o feL? (Q)if p=2 (see Theorem 5.3).
These results, in turn, imply the Sobolev time regularity of the weak solutions to the evolution-
ary p-Poisson equation, under the same hypotheses on the function f (cf. Theorem 5.5, where
we only address the case p > 2, since the Sobolev time regularity is well known for the heat
equation with source term in L2 (Qr)).

Actually, in Chapter 5 we extend the elliptic results contained in Chapter 3 to the para-
bolic setting, in the case p > 2. Indeed, the above-mentioned Theorem 5.1 is nothing but the
parabolic counterpart of Theorem 3.1, while Theorem 5.3 can be considered as the parabolic
analogue of Theorem 3.4 in the case p = 2. In addition, Theorem 5.1 extends some known

results for less degenerate parabolic equations (see e.g. [41]) to the case of data in a suitable
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Lebesgue-Besov parabolic space, which turns out to be optimal, as can be seen by appropriately
adapting the aforementioned example in [23, Section 5] to the parabolic context.

Since, for A > 0, the weak solutions of (6) may not be twice weakly differentiable with respect
to the spatial variable, in general we cannot differentiate the equation to estimate the second
spatial derivatives of the solutions. In Chapter 5, we overcome this difficulty by introducing
a suitable family of approximating problems, whose solutions are regular enough by standard
parabolic regularity. The major effort in proving Theorems 5.1 and 5.3 is to establish suitable
estimates for the solutions u. of the approximating problems that are uniform with respect to
the approximation parameter . Next, we take advantage of these uniform estimates in the use
of a comparison argument aimed to transfer the higher differentiability in space of a certain
function V) (Du.) to the map V (Du) (see Chapter 3 for the definition of V,).

In the case p > 2, one of the main differences with respect to the arguments used in Chapter
4 lies in the derivation of the a priori estimates for the terms involving the datum f, which now
only has a Besov spatial regularity. Indeed, if f had a suitable Sobolev spatial regularity as in
Chapter 4, the terms of the estimate coming from the inhomogeneity of the equation could be
controlled using the information on the integrability of the spatial gradient of the solution. In
Chapter 5, instead, in order to control the terms coming from the inhomogeneity, we use the
duality of Besov spaces in essentially the same way as in the elliptic setting (cf. Chapter 3).

Now we turn our attention to the case p =2 and f € L} (Qr). As far as we know, for A > 0
the result of Theorem 5.3 appears to be completely new. Moreover, when A\ = 0, Theorem 5.3
gives back a well-established result for the non-homogeneous heat equation, namely that

fel? () = Due L2, (0,T;W.(Q,R")).

loc

In Chapter 6, we consider a parabolic system that is a generalization of equation (6) with
A = 1. More precisely, we deal with the regularity of weak solutions u : Q7 — RY of strongly
singular or degenerate parabolic systems of the type

8tui—divAi(iC>t,DU):fi forie{l,...,N} in Qp = Qx (0,7), (7)

where () is a bounded and open subset of R* (n > 2), T > 0, N > 1 and f = (f!,..., fY)
belongs to a suitable Orlicz space that is slightly smaller than Lzoc(QT7 RY). The main novelty
here is that the partial map £ — A(x, ¢, §) satisfies standard p-growth and p-ellipticity conditions
for p > 1 only outside the unit ball {|{] < 1}.

We present two main results obtained in the paper [7]. For p > =% we prove that any weak
solution of the above system admits a locally bounded spatial gradlent Moreover, assuming
that the solutions are essentially bounded, we recover the same result in the case 1 < p < n2f2
and f = 0. We emphasize that our results include both the degenerate case p > 2 and the
singular case 1 < p < 2.

The chosen terminology can be illustrated by the model system of equations. In fact, in the

prototypical system we have in mind, the vector field A is given by

e =15
G

for some p > 1. We note that any time-independent 1-Lipschitz continuous function u solves
the prototypical system with f = 0, and even more, it is a solution of the associated stationary
system. Accordingly, well established methods from regularity theory, using the second weak
spatial derivatives of u, cannot be utilized. We circumvent this difficulty by resorting to a

Az, t,€) = 5 (z,t) € Qp, € € RV, (8)
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suitable approximation of system (7).

Before describing our proof strategy, we briefly discuss some results already available in
the literature. So far, most progress has been made for the associated elliptic, i.e. time-
independent, problem. Brasco [19] proved the Lipschitz continuity of weak solutions. Clop,
Giova, Hatami and Passarelli di Napoli [29] generalized this result for systems (N > 2).
The two previous works arise from the study of strongly degenerate functionals. As was said
above, these can be regarded as asymptotically convexr functionals, i.e. functionals having
a p-Laplacian type structure only at infinity. Such class of functionals has been widely
investigated in the works already mentioned at the beginning of this introduction. Extensions
to various other contexts can be found in the non-exhaustive list [35, 37, 48, 49, 50, 85|.
The first result concerning gradient continuity was achieved by Santambrogio and Vespri
[83]. They restricted themselves to equations and the dimension n = 2 and proved that a
gradient-dependent function of the form g(Du) is continuous whenever ¢ is continuous and
vanishes on the set of degeneracy, i.e. on the unit ball in the case of the prototypical equation.
Subsequently, Colombo and Figalli [31, 32| extended this result to arbitrary dimensions n > 2.
A similar result in the vectorial setting was recently shown by Bogelein, Duzaar, Giova and
Passarelli di Napoli [17]. Mons [75] extended this result to systems satisfying more general
structural conditions. On the contrary, for the time-dependent problem, little is known so
far. As already mentioned, in [6, 10] and [5] we succeeded in obtaining higher differentiability
results of integer and fractional order, respectively. Another higher differentiability result has
been proved by Gentile and Passarelli di Napoli in [52], where the right-hand side of equation
(6) is assumed to be in L? (Qr). Very recently, again Bogelein, Duzaar, Giova and Passarelli
di Napoli [16] have established the parabolic counterpart of the result obtained in [17] for the
stationary case.

Now we come to the proof of the main results of Chapter 6. This is achieved by means of
a parabolic Moser iteration technique, whose implementation is however quite subtle, due to
the degeneracy of the differential operator. Since the weak solutions of (7) may not be twice
weakly differentiable with respect to the z-variable, we consider a regularization of the original
system (7). The regularized problem (P.), e > 0, satisfies standard non-degenerate p-growth
conditions (see Subsection 6.2.3 and Section 6.3). One of the advantages of introducing the
regularized problem stems from the fact that its (unique) weak solution u. admits second weak
spatial derivatives in L? . However, proceeding at this point with a standard Moser iteration,
the constants in our estimates would blow up as € | 0. We overcome this problem by choosing
an appropriate test function in the derivation of the Caccioppoli-type inequality on which the
Moser iteration is based. At this stage, it is helpful to realize that, for 6 > 0 large enough and
|Du.| > 1+ ¢, the regularized systems fulfill p-growth conditions that are independent of e.
Therefore, we choose a test function vanishing on the set {|Du.| < 14 d}. We note that the
choice of such a test function requires the existence of second weak spatial derivatives, which
is why we need to resort to the approximating solutions u.. The said test function allows us
to obtain a Caccioppoli-type inequality, which in turn is employed to set up a kind of Moser
iteration scheme.

Similarly to the treatment of the parabolic p-Laplacian, in the Moser iteration we have
to distinguish between three different regimes of the parameter p. The first one is the
superquadratic case p > 2, the second one is the subquadratic supercritical case nz—f:z <p<?2
and finally we have the subcritical case 1 < p < nz—fQ In the last case, we need to ensure
that also the approximating solutions u. are uniformly bounded with respect to €. This
is achieved by a maximum principle, assuming that f = 0. In all three previous cases,
we establish the local boundedness of the spatial gradient Du. together with quantitative



xii Introduction

estimates. Here it is worth noting that the constants appearing in our quantitative esti-
mates are independent of €. This allows us to obtain the desired local L**-bounds of Du
after passing to the limit as € | 0 and using a strong convergence result in L? (see Lemma 6.12).

Chapter 7 concludes the thesis with the discussion of a physics-informed deep learn-
ing approach for solving a certain type of strongly degenerate parabolic problems. More
precisely, we will show how to exploit a novel Artificial Intelligence (AI) methodology, known
as Physics-Informed Neural Networks (PINNs), to predict solutions to Cauchy-Dirichlet
problems of the form

{ u — div ((|Du| — 1), Ug—u‘) —f in Qr=Qx(0,7), )

U=w on Oparflr,

where 2 is a bounded connected open subset of R" (2 < n < 3) with Lipschitz boundary, f
and w are given real-valued functions defined over Q x [0,7] and 0,.,Qr respectively, while
Du denotes the spatial gradient of an unknown solution u : Q x [0,7) — R.

As already mentioned, problem (9) may arise in gas filtration problems (see Section 4.2
again) and the regularity properties of its weak solutions have been recently studied in
[5, 6, 10, 52] (see also [7] and [16] for generalizations to systems of equations).

As for the methodology presented in Chapter 7, the PINNs are a Scientific Machine Learning
(SciML) technique based on Artificial Neural Networks (ANNs) with the feature of adding
constraints to make the predicted results more in line with the physical laws of the addressed
problem. The concept of PINNs was introduced in [61, 77, 78, 79] to solve PDE-based
problems. The PINNs predict the solution to a PDE under prescribed initial-boundary
conditions by training a neural network to minimize a cost function, called loss function, which
penalizes some suitable terms on a set of admissible functions u. For more information, we
refer the interested reader to [34] (see also Section 7.2).

The kind of approach we propose here can offer effective solutions to real problems such as
(9) and can be applied in many other different fields: for example, in production and advanced
engineering [95], for transportation problems [51|, and for virtual thermal sensors using
real-time simulations [56]. Additionally, it is employed to solve groundwater flow equations
[33] and address petroleum and gas contamination [86].

The PINN-based approach that we present in this thesis was introduced in [8]. There,
we were the first to evaluate the effectiveness of the PINN framework in solving strongly
degenerate parabolic problems of the type (9). In particular, we estimated an appropriate
approximation error for some test problems whose analytical solutions are known. The
numerical experiments we conducted include two and three-dimensional spatial domains and
have highlighted the efficacy of our approach in predicting accurate solutions.

I wish to conclude this introduction by expressing my immense gratitude to my su-
pervisor, Professor Antonia Passarelli di Napoli, for her caring and invaluable guidance over
the past three years. She has been my generous mentor since my master’s studies, making me
discover challenging problems to solve and strategies to tackle them. I am deeply indebted to
her for her trust and precious advice.

Moreover, I would like to thank my further collaborators: Professor Salvatore Cuomo,
Fabian Béuerlein, Mariapia De Rosa and Antonio Giuseppe Grimaldi.

[ am also grateful to Professor Verena Bogelein for inviting me to the University of Salzburg
in 2022, to start a scientific collaboration with Fabian. I was honored by her kind invitation
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and truly appreciated her valuable suggestions and constant support.

I should not forget to extend my thanks to Professors Claudia Capone, Carlo Nitsch and
Giulia Treu, who allowed me to draw on extra funds to attend several conferences of scientific
interest to me.

Finally, I wish to thank Professor Guillaume Carlier for granting me his amitié et soutien
both during and after my research period in Paris.
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Chapter 1

Notations and preliminary tools

This chapter is devoted to some preliminary results that will be needed later on. Let us start
with a list of classic notations. We shall denote by C' or ¢ a general positive constant that
may vary on different occasions. Relevant dependencies on parameters and special constants
will be suitably emphasized using parentheses or subscripts. The norm we use on R*, k € N,
will be the standard Euclidean one and it will be denoted by |- |. In particular, for the vectors
£,m € R* we write (£,7) for the usual inner product and || := (£ ,5)5 for the corresponding
Euclidean norm. If a € R"” and b € RY, their tensor product a®b is defined as the n x N-matrix
that has the element a;b; in its i-th row and j-th column, i.e. a ® b= a b,

For points in space-time, we will frequently use abbreviations like z = (x,t) or zg = (xo, to),
for spatial variables x,zy € R™ and times t,t, € R. We also denote by B,(zo) = B(zo,p) =
{z € R" : |z — x| < p} the n-dimensional open ball with radius p > 0 and center x, € R";
when not important, or clear from the context, we shall omit to denote the center as follows:
B, = B,(zp). Unless otherwise stated, different balls in the same context will have the same
center. Moreover, we use the notation

Qp(20) = By(x0) X (to — p*,t0), 20 = (w0, t0) € R" X R, p >0,

for the backward parabolic cylinder with vertex (xg, tp) and width p. We shall sometimes omit
the dependence on the vertex when all cylinders occurring in a proof share the same vertex.
For a general cylinder @ = B X (to,t1), where B C R" and ¢y < t1, we denote by

Dpar@ 1= (B x {to}) U (0B x (to,t1))

the usual parabolic boundary of @), which is nothing but its standard topological boundary
without the upper cap B x {t,}.

If £ C R¥ is a Lebesgue-measurable set, then we will denote by | E| its k-dimensional Lebesgue
measure. When 0 < |E| < oo, the mean value of a function v € L'(F) is defined by

(0) = ][Ev(a:) iz — E1|/Ev(:v) iz

For every g € Li (Q,R¥), where @ C R™™! and k € N, we define the mollified function g, as
follows:

0= [ a2z, (1)
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where

1 z
779(2) = Qn+1 T (E) ) 0 > 07

with 7, € C5°(B1(0))! denoting the standard, non-negative, radially symmetric mollifier in
R™*1. Obviously, here the function g is meant to be extended by the k-dimensional null vector
outside Q).

We now gather some tools that will be useful to prove our results. For the auxiliary function

V,(6) = (2 + €)%, cemrr (1.2)

where p1 > 0 and v > 0 are parameters, we record the following estimates (see |54, Formula

(2.4)).

Lemma 1.1. Let v > 0 and pn > 0. Then, there exist two positive constants ci(y) and ca(7y)

such that
[V1(€) = Va(n)]

a(y) 1§ —nl < .
1 (42 + [¢* + Inf?)"”

< () 1€ =l

for any &,mn € R".

The next result is an extension of the previous lemma to the case v € (—1,0) (see the proof of
[1, Lemma 2.2|).

Lemma 1.2. For every v € (— %,0) and > 0 we have

‘(/ﬂ +1€1%)7 € = (u? + |77|2)W77‘ _ )

2 1)|€ — — 1.3
Bl S e S el 0
for any &, m € R™. Moreover, setting
F(¢) = STCE) (1 + |C’2)W+1, ¢ eR”,
we obtain
DF(¢) = (B +1¢1")7¢,  ¢eRy, (1.4)
and
(DF(§) = DF(n),§ —n) > (2y + 1) (4> + 1€ + In*) " [€ — nf? (1.5)

for any £,n € R".
As an easy consequence of the two preceding lemmas, we obtain the following result:
Lemma 1.3. Let 1 < p < oo. There exists a constant ¢ = ¢(p,n) > 0 such that

€7t — pl"t|
& —nl?

p—2
2

IR+ ) < <c(lEP +nl*) =

for every £,n € R™ with £ # n.

Here B1(0) denotes the (n + 1)-dimensional open unit ball centered at the origin.



Let p € [2,00). Taking y = 0 and v = 252 into (1.2), we obtain the function
Vy(&) =l e, geRn
For the above function, we recall the following inequalities (see |65, Chapter 12] for the proof).

Lemma 1.4. If2 < p < o0, then for every £,n € R™ we get

2
V(&) = VomI* < S (lelP & = nl** m. & — ),

_ _ p=2 p=2
e =l < (0 =1) (167 + Inl"T ) [V,(©) = V().
For further needs, we now define the auxiliary function H, : R® — R" by

e =g it €#0,
<€>'_{ 0 if £€=0,

H

o

(1.6)

where A > 0 and v > 0 are parameters, while (- ) stands for the positive part. For the function
H.,, we establish the following estimates:

Lemma 1.5. Let A\ > 0. For every (a,e) € RT x RY with a < e, there exist two positive
constants Cy(a,€) and Cy(a,e,n) such that

|Ha(§) — Ha(n)] _
(el =5+ (nl=N)7) ©

Cy [He(€) — Ho(n)] <

S C’2 ’Ha(f) - Ha(n)l

for any &, n € R".

Proof. By Lemma 1.2, we have that for every v € (—1,0) there exist two positive constants
c1(7y) and ¢a(7y, n) such that

12" 2 — w|" w|® 2
(2 + Jw]*)” < e el (17)

o |z —w)® <

for any z,w € R™. Now we recall that for every v € (—1,0) and every z,w € R" we get

1 < 1 q 1 - 27
< an > '
(I + [w*)” — (2l + [w])> (121 + Jw]?)" — (2] + [w))>

From this observation and from (1.7), it follows that for every v € (—1,0) there exist two
positive constants c3(y) and ¢4(7y, n) such that

Y. v
272 = Jwl vl Iz — wl (1.8)
(I2] + [w])”

c3 |z —w| <

for any z,w € R"™. Then, for any fixed (o, ) € RT x R such that a < ¢, by taking

a—¢&

z=H.(§), w=H.(n) and ~= .
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into (1.8), we obtain the desired conclusion. O

For the function H,_; defined by (1.6) with v = p — 1, we record the following estimates,
which can be obtained by suitably modifying the proof of |22, Lemma 4.1].

Lemma 1.6. If2 <p < oo, then for every £, n € R™ we get

<H¢KO—H¢ﬂm£—n>ZgﬂH%O—HﬂmF, (1.9)

[Hy (&) = Hya ()] < (0= 1) (|Hy (17 + [Hy )]+ ) [Hy(€) — Hy(n)].

We shall now prove that the first estimate of the previous lemma holds true also in the case
1 < p < 2. More precisely, we have the following result:

Lemma 1.7. If1 < p <2, then there exists a constant ¢ = c¢(p,n) > 0 such that

(Hp1(8) = Hp-1(n), & —m) > c|Hp(&) — Hy(n)]? (1.10)
for every £,m € R™.
Proof. We first note that the above inequality is trivially satisfied when |¢]|,|n| < A. Taking
v = (p—2)/2 and p = 0, equality (1.4) turns into

DF(Q) =[¢"*¢,  CeR",
and estimates (1.5) and (1.3) imply
2722 = ol 2w,z = w) 2 (= 1) (| + ) 7 |z = wf

p=2 =2 |2
> c(p,n)‘\z| 2z — |w| 2 w‘ (1.11)
for any z,w € R™. Taking z = (|¢| — A)+ &/ €] and w = (|n] — A\)+n/ |n| into (1.11), we obtain

(Hies©) = Hyralo, (6= 0 5 = (Gl = 204 ) = el |Hy(©) = Hy (o)

Now let £,n € R™ be such that [£],|n| > A and write the left-hand side of the previous
inequality as the difference of two terms A — B, where

A= <Hp_1(£) - Hp—l(n)ag - 77)

‘2 (1.12)

and

_ B ey &y,
B = Hyea(€) = Hya(a), €= (6] = N 5 =+ (= N )

Using the fact that €], || > A and the Cauchy-Schwarz inequality, we get

B_A<H§ﬂ@ Hya () 1 w>



::A@a—xwl+qm—xv1 gfﬂma AP +um—Av1ﬂ

1&lnl

zka—wv*+um—mrl i

(el - Ay +um—»%w}=a

from which the assertion directly follows.
Finally, let || > A and |n| < A. In this case, we have H),_1(n) = Hz(n) = 0 and we can write
the left-hand side of (1.12) as the difference of two terms D — E, where

D (@6 ) and B = (Hya(©). 75 - n)

€l
Using the fact that || > A, |n| < A and the Cauchy-Schwarz inequality, we find that
1 €l
=3l = S (1 - 2 2 ael - wr - B g o 20,
€] €]
which concludes the proof. O]

The next result can be obtained by suitably modifying the proof of [17, Lemma 2.8|.

Lemma 1.8. Letp € (1,00) and &, n € R™ with |n| > X\ > 0. Then, we have

- B min{1,p—1} (|| = A)?
(Hp1(&) = Hya(n). € =) 2 —— o T e D

& —n)*.

In Chapters 4 and 5, we shall deal with weak solutions to the strongly degenerate parabolic
equation
N Du
| Dul
where 2 is a bounded domain in R (n > 2), T'> 0, p > 2, A is a positive constant and f is a
given function defined over Qr. Here we define a weak solution to (1.13) as follows:

Oyu — div ((!Du\ —ME ) f in Qp:=Qx(0,T), (1.13)

Definition 1.9. Let f € L} (Qr). A function
u € C°((0,T); L*(Q)) N L (0, T; W"P(€2))

is a weak solution of equation (1.13) if and only if the condition

[;<u O — (Hyr(Du), DY) d= = — | fod- (1.14)

Qr

is satisfied for all ¢ € C5°(Qr).
Now we state a well-known iteration lemma (see [55, Lemma 6.1]).

Lemma 1.10. Let 0 < py < p1 < oo and assume that ¥ : [pg, p1] — [0,00) is a bounded
function satisfying
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for all po < p < r < py, for some 0 € (0,1) and fized non-negative constants A, B, C,
a > > 0. Then, there exists a constant k = k(«a,0) > 0 such that

4 _,_B c)
(p1 — po)® (p1 — po)”? '

W(po) < H(

For further needs, we also record the following interpolation inequality, whose proof can be
found in [38, Proposition 3.1].

Lemma 1.11. Assume that the function

v Qr(20) UOpar@r(20) — R

satisfies
v € L™ (tg — r*, to; LY(B,(20))) N LP (to — 17, to; Wol’p(BT(xO)))

for some exponents 1 < p,q < co . Then the estimate

ya
/ Pt dz < ¢ sup / lv(x,s)|?dx / |Dol? dz
se (to—’l’2,t0)
Qr(20) Br (o) Qr(z0)

holds true for a positive constant ¢ depending at most on n, p and q.

1.1 Difference quotients

Here we recall the definition and some well-known properties of the difference quotients that
can be found, for example, in [55].

Definition 1.12. For every vector-valued function F' : R® — RF the finite difference operator
in the direction xz; is defined by

TinF(x) = F(x + hej) — F(z),

where h € R, ¢; is the unit vector in the direction z; and j € {1,...,n}.
The difference quotient of F' with respect to z; is defined for h € R\ {0} by
Tin k()

AjnF(x) = -

When no confusion arises, we shall omit the index j and simply write 7, or A, instead of 7;
or A p, respectively.

Proposition 1.13. Let Q C R™ be an open set and let F € WH4(Q), with ¢ > 1. Moreover, let
G : Q — R be a measurable function and consider the set

Q= {z € Q: dist (z,0Q) > |h|}.
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Then:
(1) ARF € W (Q) and Dy, (AL EF) = Ap(D,, F) for every i € {1,...,n}.

(i) If at least one of the functions F' or G has support contained in |, then

/FAthl’ = —/GA_hFdl’.
Q Q

(iii) We have
A(FG)(x) = F(xz + he)) AG(x) + G(x)ARF (2).

The next result about the finite difference operator is a kind of integral version of the Lagrange
theorem and can be obtained by combining |55, Lemma 8.1] with [71, theorem on page 3].

Lemma 1.14. If0 < p < R, |h| < R—2_£, 1 < q< +oo and F € L} (Bg,R¥) is such that
DF € Li(Bg,R¥™), then

/B [7h F(2)|" dv < cQ(n)|h|Q/ |DF(z)|? dx.

Br

Moreover, if F € LY(Bg,R¥), then we have

]F(:E—{—hej)r]dxg/ |F(x)|* dx.

B, Br

Finally, we recall the following fundamental result, whose proof can be found in [55, Lemma
8.2].

Lemma 1.15. Let F: R" — RF, F € LY(Bg,R*) with 1 < q < +o0o. Suppose that there exist
p € (0,R) and a constant M > 0 such that

> [ fraF@)lds < arvjal
j=1""Bp

for every h € R with |h| < ?. Then F € WY(B,,R¥). Moreover,
|DF||paB,) <M

and
A — ijF in L1

loc

(Br,R*) as h =0,
for each j € {1,...,n}.

1.2 Function spaces

In this section, we list the definitions and basic properties of some function spaces that we
will use throughout our dissertation. We start with Besov spaces, then move on to fractional
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Sobolev spaces (also known as Sobolev-Slobodeckij spaces). Finally, we turn our attention to
Orlicz spaces.

1.2.1 Besov spaces

Here we recall the definition and some properties of Besov spaces (see, for example, [90, 91,
92]). We denote by 8(R™) and 8'(R™) the Schwartz space and the space of tempered distributions
on R", respectively. If v € §(R"), then

n

(&) = (Fv) (&) = (2%)_"/2/ e 1@ y(x)de, &R, (1.15)

denotes the Fourier transform of v. As usual, .# 'v and vV stand for the inverse Fourier
transform, given by the right-hand side of (1.15) with 7 in place of —i. Both .% and .# ! are
extended to 8'(R"™) in the standard way.

Now, let I'(R”) be the collection of all sequences ¢ = {(;}32, C 8(R") such that

suppo C {x € R": |z] < 2}
suppp; C{zx € R": 2771 < |z| < 271} if j €N,

for every multi-index 3 there exists a positive number cg such that
29| DPpi(x)| < s, VjEN, VzeR"
and

Zgoj(:c) =1, VzeR"
=0

Then, it is well known that T'(R") is not empty (see |90, Section 2.3.1, Remark 1]|). Moreover,
if {;}32, € I'(R"), the entire analytic functions (¢; 0)"(z) make sense pointwise in R™ for any
v € 8'(R™). Therefore, the following definition makes sense:

Definition 1.16. Let s € R, 1 < p,q < oo and ¢ = {p;}32, € ['(R"). We define the Besov
space By (R™) as the set of all v € §'(R") such that

00 q
[vllBs , @&ny = (Z 275 | (¢4 @)quLp(Rn)) <400 if ¢ < o0, (1.16)
§=0
and '
HU’ B;’Q(Rn) = Sng 2]5 H(('p] ’[))vuLp(Rn) < +OO lf q = OQ. (117)
7€ No

Remark 1.17. The space B;,q(R”) defined above is a Banach space with respect to the norm
|-, gy Obviously, this norm depends on the chosen sequence ¢ € I'(R"), but this is not the
case for the spaces By (R") themselves, in the sense that two different choices for the sequence
¢ give rise to equivalent norms (see [90, Sections 2.3.2 and 2.3.3]). This justifies our omission
of the dependence on ¢ in the left-hand side of (1.16)—(1.17) and in the sequel.
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The norms of the classical Besov spaces B]‘;q(R”) with s € (0,1), 1 <p<ooand 1< g <0
can be characterized via differences of the functions involved (cf. [90, Section 2.5.12, Theorem
1]). More precisely, for h € R™ and a measurable function v : R* — R, let us define

opv(z) = v(x + h) —v(x).

Then we have the equivalence

[vll B,y = [vllLeeny + [0]B5 ,@n) (1.18)

q 1
opv(x)P ? dh \ ¢ _
[v]B; @) == (/ (/ | h\hﬁsi’” d:c) ]h[“) , if 1 <¢q< o0, (1.19)

opv(z)? »
[v]Bs . (Rn) = sup (/ %dw) . (1.20)

heRn?

where

and

In (1.19), if one simply integrates for |h| < r for a fixed > 0, then an equivalent norm is
obtained, since

q 1
|dpv(x)|P » dh '\«
T

Similarly, in (1.20) one can simply take the supremum over |h| < r and obtain an equivalent
norm. By construction, By (R") C LP(R").

Remark 1.18. For s € (0,1) and 1 < p,q < oo, we can simply say that v € B; (R") if and

only if v € LP(R"™) and fh% e L (%; LP(R”)>.

Let 2 be an arbitrary open set in R™. As usual, D(Q) = C§°(f2) stands for the space of
all infinitely differentiable functions in R"™ with compact support in 2. Let D’(2) be the dual
space of all distributions in Q2 and let g € §'(R™). Then we denote by g|q its restriction to €,
ie.

gla € D'(Q) 1 (gla)(¢) = g(¢) for ¢ € D(Q).

Definition 1.19. Let €2 be an arbitrary domain in R” with Q ZR"” and let s e R, 1 <p < o0
and 1 < g < oco. Then

B () :={veD(Q): v=glq for some g € B; (R")}

and

[vllBs @ = inf [[gllB;, &

where the infimum is taken over all g € B, (R") such that g|g = v.
For a bounded C*-domain 2 C R", the classical Besov spaces B, (€2) with s € (0,1),

1 <p<ooand 1 < q < oo can be characterized via differences of the functions involved. More
precisely, we have the following result (see [91, Section 5.2.2|).

Theorem 1.20. Let Q be a bounded C*-domain in R™. Let s € (0,1), 1 < p < oo and
1 < g < oo. Then, a function v : Q — R belongs to the Besov space B, () if and only if
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v e LP(Q) and

-

[v]Bs (@) = (/n (/Q % -Ta(x +h) dx)g %) q < +00. (1.21)

Moreover, the Besov space By () consists of all functions v € LP(Q) such that

J P »
[v]Bs () == sup ( M -Ta(x + h) dx) < +o00. (1.22)
nerr \Jo  [h]

For s € (0,1), 1 <p < oo and 1 < g < oo, we also have the equivalence

1vllBs @) = loller) + [v]B; @) -

If one replaces R™ in (1.21) by a ball B(0,r) for a fixed » > 0, then an equivalent norm is
obtained. Similarly, in (1.22) one can simply take the supremum over |h| < r and obtain an
equivalent norm.

If Q is a bounded C'*°-domain in R", then the restriction operator

reg : 8'(R") — D'(Q), req(v) = vlg

generates a linear and bounded map from B; (R") onto B; (€2). Furthermore, the spaces
B () satisfy the so-called extension property, as ensured by the next theorem.

Theorem 1.21. Let s € R, let 1 < p,q < oo and let Q be a bounded C*°-domain in R™.
Then, there exists a linear and bounded extension operator extq : B, () — B, (R") such that
reg o exto = id, where id is the identity in B; ().

We refer to [92, Theorem 2.82] for a proof of the above theorem (see also [90, Theorem 3.3.4]).
The next result is an immediate consequence of [90, Theorem 3.3.5]:

Theorem 1.22. Let s € R and 1 < p,q < oo. Moreover, assume that § is a bounded
C*>-domain in R™. Then, for every v € By () and every j € {1,...,n} we have

19;v]

B3N Q) < c|v] B; 4()

for a positive constant ¢ which is independent of v.

IfseR, 1 <p<ooandl < g < oo, then §(R") is a dense subset of By (R") (cf. [90,
Theorem 2.3.3]). Consequently, in that case, a continuous linear functional on By (R") can be
interpreted in the usual way as an element of 8'(R™). More precisely, g € 8'(R™) belongs to the
dual space (B, ,(R"))" of the space B, (R") if and only if there exists a positive number ¢ such
that

9(8)] < clidllgg,@n  forall ¢ € S(RY).
We endow (B, ,(R"))" with the natural dual norm, defined by

Il ey = sup {lg(@)] & € S(R™) and [|]lm; ) <1}, g € (B, (RY)).

Now we recall the following duality formula, which has to be meant as an isomorphism of
normed spaces (see |90, Theorem 2.11.2]).
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Theorem 1.23. Letse R, 1 <p< oo andl <q<oo. Then
(B,q(R")" = B, (R"),
where p' = oo if p =1 (similarly for ).

Remark 1.24. The restrictions p < co and ¢ < oo in Theorem 1.23 are natural, since, if either
p = 00 or ¢ = oo, then §(R") is not dense in By (R"), and the density of §(R") in By (R") is
the basis of our interpretation of the dual space (B, (R"))".

For further needs, we now recall the following definition.

Definition 1.25. For s e R, 1 <p < oc and 1 < ¢ < 0o, we define é;’q(R") as the completion
of §(R") in By (R") with respect to the norm

v vl

Bpq(R") -

Of course, only the limit cases max {p,q} = oo are of interest. We shall denote by (l%;ﬁq(R”))’
the topological dual of é;7q(R”), which is endowed with the natural dual norm

90l 5y = 50 {l9(0)] - & € S(R?) and [|]lm; oy 1}, g € (B, (RY)).

The following duality result can be found in [90, Section 2.11.2, Remark 2| (see also [89,
pages 121 and 122]).

Theorem 1.26. Lets e R, 1 <p<oocandl<q<oo. Then
(B, 4(R")) = B, (R"),
where p' =1 if p = oo (similarly for ).

One also has the following version of Sobolev embeddings (a proof can be found in [57,
Proposition 7.12]).

Lemma 1.27. Suppose that 0 < « < 1.
(@) Ifl<p<Zandl <q<pj ="
LPa(R™).

(b) If p==2 and 1 < q < o0, then there exists a continuous embedding By (R") — BMO(R"),
where BMO denotes the space of functions with bounded mean osczllatzons [55, Chapter 2].

, then there exists a continuous embedding B, (R™) —
n— ap p,q

We now recall the following inclusions between Besov spaces (see [57, Proposition 7.10 and
Formula (7.35)]).

Lemma 1.28. Suppose that 0 < f < a < 1.

(a) If1 <p<ooand1<q<r< oo, then By (R") C By, (R").

(b) If1<p<ooand1<gq,r < oo, then By, (R")CBﬁ (R”)
6 n B n

(¢) If 1 < q < o0, then ng(R ) C Bqu(R ).

Combining Lemmas 1.27 and 1.28, we obtain the following Sobolev-type embedding theorem
for Besov spaces Bf  (R") that are excluded from assumptions (a) in Lemma 1.27.
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Lemma 1.29. Suppose that 0 < 8 < a < 1. If1 < p < 2, then there erists a continu-

ous embedding By (R") < LP5(R™). Moreover, for every v € By (R™), the following local
estimate

ol wzs, s < e (Iolliom + Pl

holds for every ball B, C Bg, with ¢ = c¢(n, R, p, «, 3).

We can also define local Besov spaces as follows. Given a domain 2 C R", we say that a
function v : 2 — R belongs to the local Besov space B ,,,.(2) if ¢v € By (R") whenever
¢ € C°(Q). It is worth noticing that one can prove suitable local versions of Lemmas 1.27 and
1.28, by using local Besov spaces.

The following lemma is a consequence of Remark 1.18 and its proof can be found in [12,

Lemma 7.

Lemma 1.30. Let s € (0,1) and 1 < p,q < co. A function v € L} (Q) belongs to the local
Besov space B, (Q) if and only if

l

for any ball B C Bs,, € ) with radius rp. Here, the balls B and Bs,, are assumed to be

concentric and the measure % is restricted to the ball B(0,rp) on the h-space.

,q,loc

5hU
I

< +00

L e 10(5))

The next result represents the local counterpart of Lemma 1.29:

Lemma 1.31. On any domain @ C R" we have the continuous embedding B (Q) —

p,00,loc
L7 (Q) for allr € [1 L >, provided a € (0,1) and 1 <p < 2.

loc ’ n—ap

We refer to [87, Sections 30-32] for a proof of this lemma. In fact, the above statement follows
by localizing the corresponding result proved for functions defined on R™ in [87], by simply
using a smooth cut-off function.

For the treatment of parabolic equations, we now give the following definition.

Definition 1.32. Let Q be a bounded C*°-domain in R". Let s € (0,1), 1 < p < oo and
1 < g < 0o. Then, we say that a map g € LP(2X (to,%1)) belongs to the space L? (to, t1; B;’q(Q))
if and only if
t1
p
[ 10l ot < oo

p,q

where [ -], ) is defined by (1.21) or (1.22).

In the sequel, we shall use the corresponding local version of the space defined above, which will
be denoted by the subscript “loc”. More precisely, given a bounded domain €2 C R", we write
g€ Ly, (OvT;B;,q,loc(Q)) if and only if g € L (to,tl; B;’Q(Q’)) for all domains ' x (to,t1) €

Qp :==Q x (0,T), with €’ being a (bounded) C'*°-domain. Furthermore, we shall also use the
following notation, which is typical of Bochner spaces:

1
t1 P
||g||LP(t0,t1 iBp o () += (/to ||g('7 t)| IJ)Bg,q(Q’) dt)
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1.2.2 Fractional Sobolev spaces

Here we recall the definition and some properties of the fractional Sobolev spaces that will
be needed later on (for more details, we refer to [39]).

Let 2 be a general, possibly nonsmooth, open set in R". For any s € (0,1) and for any
q € [1,+00), we define the fractional Sobolev space W*4({), R¥) as follows:

WH1(Q, RF) = {u € LY, RF) w € LYQ x Q)} ,
T =yl

i.e. an intermediate Banach space between L4(Q2, R*) and W4(Q, R¥), endowed with the norm

1
v\ q
llweny = ([ oo [ [ =0 avay),

W) = (/Q ) M dx dy)lll (1.23)

|z —yl

where the term

is the so-called Gagliardo seminorm of v.

Remark 1.33. For every s € (0,1) and every ¢ € [1,00), we have B; (R") = W*4(R"). In
fact, using the change of variable y = = + h in (1.23) with Q = R”, one gets the seminorm
(1.19) with p = q.

As in the classic case with s being an integer, the space W?4((2) is continuously embedded
in W*1(Q2) when s < o, as shown by the next result (see [39, Proposition 2.1]).

Proposition 1.34. Let Q be an open set in R™, let q € [1,4+00) and let 0 < s < o < 1. Then
there exists a constant C'= C(n, s,q) > 1 such that, for any v € W?4(Q), we have

|vlwsa)y < Clv|lweaq)-

In particular, W*1(Q) C W*1(Q).

As is well known when s € N, under certain regularity assumptions on the open set {2 C R",
any function in W*9(Q2) can be extended to a function in W#%4(R™). Extension results are
needed to improve some embedding theorems, in the classic case as well as in the fractional
one. In this regard, we now give the following definition.

Definition 1.35. For any s € (0,1) and any ¢ € [1,00), we say that an open set 2 C R" is
an extension domain for W* if there exists a positive constant C' = C(n, ¢, s,2) such that for
every function v € W%4(Q) there exists v € W4(R™) with v = v on Q and

[ollwsa@ny < Clloflwsae -
In general, an arbitrary open set may not be an extension domain for W#4. However, the

following result ensures that every open Lipschitz set €2 with bounded boundary is an extension
domain for W*4 (a proof can be found in [39, Theorem 5.4]).



14 Notations and preliminary tools

Theorem 1.36. Let q € [1,400), let s € (0,1) and let @ C R"™ be an open set of class C%*
with bounded boundary. Then W*1(Q) is continuously embedded in W*1(R™), namely for any
v e W=4(Q) there exists v € WHI(R") such that v = v on  and

[0l wsa@ny < Clvllwsae

for some positive constant C' = C(n,q,s,<).

For more information on the problem of characterizing the class of sets that are extension
domains for W*% we refer the interested reader to [94], where an answer to this question has
been given (see also [60] and |64, Chapters 11 and 12]).

For further needs, we recall the following Sobolev-type embedding theorem, whose proof can
be found in [39, Theorem 6.7].

Theorem 1.37. Let s € (0,1) and q € [1,4+00) be such that sqg < n. Let Q& C R"™ be an
extension domain for W*1. Then there exists a positive constant C = C(n,q, s,€)) such that,
for any v € W), we have

[ollr@) < Cllvllwsa

for any r € [q,q*]; that is, the space W*(§) is continuously embedded in L"(Q2) for any
r € [q,q*], where ¢* :==nq/(n — sq) is the so-called “fractional critical exponent”.

Moreover, if ) is bounded, then the space W*4(Q)) is continuously embedded in L"(2) for any
re[l,q*.

Remark 1.38. In the critical case r = ¢*, the constant C' in Theorem 1.37 does not depend
on  (see [39, Remark 6.8]).

The next embedding result can be obtained by combining [90, Section 2.2.2, Remark 3] with
[90, Section 2.3.2, Proposition 2(ii)].

Lemma 1.39. Lets € (0,1) and ¢ > 1. Then, for every o € (0,1 —s) we have the continuous
embedding W T7U(R") «— B2, (R").

loc q,1,loc

For the treatment of parabolic equations, we now give the following definition.

Definition 1.40. Let ¢ € [1,+00) and let s € (0,1). We say that a map g € LY(Q x (to,t1), R¥)
belongs to the space L? (to, ty; W#41(Q, Rk)) if and only if

t1 ‘ _ q
g(z,t) — g(y, )]
/ // e drdydt < oo
to JaJa |$ - y|

In the sequel, we will use the corresponding local version of the space defined above, which will
be denoted by the subscript “loc”. More precisely, we write g € L{ (0,7 W;4(Q,R¥)) if and

loc loc

only if g € L7 (to, t1; W=4(€Y,R¥)) for all domains ' x (to, 1) € Qp :=Q x (0, 7).

We conclude this subsection with the parabolic version of the well-known relation between
Nikolskii spaces and fractional Sobolev spaces (see [2, 7.73]). This version is contained in [84,
Lemma 2.4] (see also [41, Proposition 2.19]), and its proof can be obtained by a straightforward
adaptation of the standard elliptic results contained in [40, 46, 72, 73, 74].
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Proposition 1.41. Let g € LY(Qp,R¥), with 1 < ¢ < oco. Assume that for 6 € (0,1),
M € [0,00) and a cylinder Q,(z0) = B,(xo) X (to — p?,to) € Qr, the inequality

[ gt hent) — gl dede < e
QP(ZO)
holds whenever 0 < |h| < min {dist(B,(x),0), A} and i € {1,...,n}, where A > 0 and
{ei}1<i<n is the standard basis of R™. Then

g € LL, (to— p* to; Wil(B,(0),R"))  for all s € (0,0).

1.2.3 Orlicz spaces

Here we recall some basic properties of Orlicz spaces that will be needed later on (for more
details, we refer to [2]).

Let ¥ : [0,00) — [0,00) be a Young function, i.e. ¥(0) = 0, ¥ is increasing and convex. If
Q) is an open subset of R™, we define the Orlicz space LY () generated by the Young function
U as the set of the measurable functions v : 2 — R such that

[0 () <=

for some A > 0. When equipped with the Luxemburg norm

o \UA

L¥(Q) is a Banach space.

The Zygmund space L?log® L(2), for 1 < ¢ < oo, @« € R (> 0 for ¢ = 1), is defined as the
Orlicz space LY () generated by the Young function ¥(s) ~ s?log®(e+ s) for every s > sq > 0.
Therefore, a measurable function v on €2 belongs to L?log™ L(Q2) if

/ [v|?1log™ (e + |v]) dz < oc.
Q
Moreover, we record that for the function
U(s) = s?log“(e + s), g>1 aekR,

the following inequality
lel"log"‘(€+ [o]) dz < JvllZe o

holds for every v € L?log® L(2) and some 6 = 0(q) > 0 (see [29]).
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Notations and preliminary tools




Chapter 2

Besov regularity for a class of singular or
degenerate elliptic equations

In this chapter, we are concerned with the regularity properties of weak solutions to the
strongly singular or degenerate elliptic equation

-1 Du

—div <(|Du| — AR |Du|> —f i Q (2.1)

where 1 < p < oo, Q is a bounded domain in R"™ (n > 2), A > 0 is a fixed parameter and ( -)
stands for the positive part. The results that we report here are contained in the paper [4].

As already anticipated in the introduction to this thesis, we are interested in the higher
differentiability of the vector field

+

Du
* [Dul’

M|

Hy(Du) := (|Dul — \)

where u € WP(Q) is a local weak solution of (2.1). In [22], Brasco, Carlier and Santambrogio
established the local Wh2regularity of H,»(Du) in the case p > 2 and f € W¥(Q). The
main novelty of our results is that we address the subquadratic (or singular) case 1 < p < 2,
which had been neglected in the literature, since extra technical difficulties arise concerning
elliptic regularity whenever we are in this case. These difficulties prevent us from achieving the
same kind of regularity results as those obtained in [22] for the solutions of equation (2.1) and
problem (P1) (see the Introduction).

However, despite the difficulties we have mentioned, we are able to prove a Besov regularity
result for the function H,,/»(Du), when the datum f belongs either to the Sobolev class V[/'llofl(Q)
or to the local Besov space By _ ,.(€2), for some a € (0,1). Next, we infer the Besov regularity
of the solution o to (P1), under the same assumptions on the right-hand side f.

The first main result of this chapter is the following theorem. We refer to Chapter 1 for

notation and definitions.

Theorem 2.1. Letn > 2, p € (1,2) and a € (0,1). Moreover, let u € WbP(Q) be a local weak
solution of equation (2.1). Then, the following implications hold:

’ _1
few”(Q) = Hp(Du)c Byl locally in 2,

loc

[MIS]

17
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. a+1
I‘I‘lll’l{i2

2,00

_1
€ By () = He(Du) € B ) locally in €.

Furthermore:

(a) if f € I/Vl})’f/(Q), then for any ball Br @ Q the following estimate

/

Br/2

2 2
2 2
7o Hy (Du)| dz < Cy (DSl ) | Dull ooy [0 + 1 Dull ) 1017 )

holds true for every s € {1,...,n}, for every h € R such that |h| < 1y < %dist (Bgr,09), for
B’ = Br + B(0,19) and a positive constant Cy; = Cy(n,p, R).

b) If, on the other hand, f € BS 1), then for any ball Br € 2 the following estimate
p’,00,loc

/

Bry2

TS7hH§(DU)’ dl’ S Cg (“fHBg/,oo(B/) ||DU||Lp(B/) |h| +1 + ||Du||1zp(B,) |h|37p)

holds true for every s € {1,...,n}, for every h € R such that |h| < 1y < %dist (Bgr,0%), for
B’ = Br + B(0,r9) and a positive constant Co = Co(n,p, R).

The main tool in the proof of Theorem 2.1 is the difference quotient technique, which, due
to the singular character of the case under consideration, requires new ideas with respect to
previous papers on the subject ([1] and [88]), where the case 1 < p < 2 has been treated, but
in the absence of singularity. For the sake of clarity, let us now try to explain the difficulties
associated with the singular setting. When dealing with the higher differentiability of solutions
to subquadratic problems, the difference quotient method usually yields a Caccioppoli-type
inequality based on the possibility of reabsorbing the terms in the right-hand side that involve
the increment of the gradient of a solution by the left-hand side. In the singular setting, this
possibility is actually excluded by the fact that we cannot control the difference quotient of the
gradient of a solution w in terms of He (Du), whose difference quotient appears in the left-hand
side, and this is true regardless of the type of regularity of the datum f. Actually, even in
the case f = 0, the integral appearing in the right-hand side of formula (2.3) below cannot be
estimated in a standard way, since the difference quotient Aju cannot be controlled in terms of
ApH,_1(Du), unless we perform the estimate far away from the set {|Du| < A}. On the other
hand, as already observed in the Introduction, every A-Lipschitz function u is a solution of the
homogeneous equation

* Dyl

so that a more regular f may not be sufficient to ensure a higher differentiability property of
the solutions.

We now go back to the variational problems (P1) and (P2) presented in the Introduction.
Thanks to Theorem 2.1, we can obtain the following higher differentiability result of fractional
order.

D
—div ((|Du\ - A)pl—“> =0,

Theorem 2.2. Let n > 2, p € (1,2) and o € (0,1). Moreover, let oy € LP (Q,R™) be the
solution of (P1). Then, the following implications hold:

2
fEWL (Q) = op€ B]f/l(s_p) locally in €,

,O0
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a+1

min = 2
f € By o () = o0€ Bp,,oo{ 7 Jocally in Q.

Furthermore:

(a) if f € Wlp(Q), then for every solution u of problem (P2) and every ball B € €,

loc
the following estimate

[ reacol” da < €1 (UD Sl |1 Dulsan I + 1Dl 155 )

Br/2

holds true for every s € {1,...,n}, for every h € R such that |h| < ro < 1 dist (Bg, %), for
B’ = Br + B(0,19) and a positive constant Cy; = Cy(n,p, R).

(b) If, on the other hand, f € By  1,.(Q2), then for every solution u of problem (P2) and every

ball B € (2, the following estimate

o 2
[ sl da < € (11l 1Dl 117 + 1Dl 11575)

Br)2

holds true for every s € {1,...,n}, for every h € R such that |h| < ro < 5 dist (Bg, 02), for
B’ = Br + B(0,r9) and a positive constant Co = Co(n,p, R).

Remark 2.3. If we take p = 2 and f € W?(Q) in the statements (a) of Theorems 2.1 and

loc

2.2, then we get back the full Sobolev regularity results of |22, Theorem 4.2 and Corollary 4.3],
i.e. there is no discrepancy between our results and the ones contained in [22].

As a consequence of Theorem 2.2 and Lemma 1.31, we obtain the following higher integrabil-
ity result for oy.

Corollary 2.4. Under the assumptions of Theorem 2.2, we obtain the following implications:

loc

FeW(Q) = oye Ll (URY) foralre [1,%),

f €B o, ooloc(Q) = 00 € Lloc(Q7Rn)7

where

any value in [1 np’ >, if O<a<§%1,

' n—a—1

=

—_

any value in [1, :((g’:g))f’;) . if é’%; <a<

As an easy consequence of the previous results, we also get a gain of integrability for the
gradient of the local weak solutions of (2.1). Indeed, we have the following result.

Corollary 2.5. Under the assumptions of Theorem 2.1, we obtain the following implications:

) np (3 —p)
fEW(Q) = Du€Lj,(AR") foralre {1n<3——p>—2)
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fEBY () = Due L (R,

loc

where

any value in [1, njgll) , if 0<a< ’;%;,

any value in [1, :@i;g) ,if g’%; <a<

—_

In this chapter, we shall prove that similar results also hold in the case p > 2, by assuming
that f € By  1,.(2) for some a € (0,1). Actually, on the one hand, Theorem 2.7 below
extends the results proved in [30] to a widely degenerate setting; on the other hand, it extends
the aforementioned results contained in [22] to the case of data in a local Besov space.

It is worth mentioning that if f € W1 (Q), then for suitable values of n > 2 and p € (1,2)
there are some cases in which it is possible to prove that every solution u € WIP(Q)! of the
Neumann boundary problem (1) belongs to W1*°(Q) (see [19, Theorem 2.1]). However, in
these cases, the boundedness of Du gives neither a weak differentiability of integer order for
H,/>(Du) nor a fractional differentiability of higher order than that obtained in Theorem 2.1.

Before describing the structure of this chapter, we wish to briefly motivate what follows
by pointing out that problems such as (P1) and (P2) and degenerate equations of the form
(2.1) may arise in optimal transport problems with congestion effects on very dense networks.
These problems lead, at the limit, to minimization problems posed on measures on curves, as
shown in [11]. In [20] and [22], Brasco, Carlier and Santambrogio have gone one step further,
by showing that these latter problems can be reformulated in terms of the minimization of an
integral functional over a set of vector fields with prescribed divergence, exactly as in problem
(P1), which was introduced by Beckmann in the 1950s (see [14]). For further details, we refer
the interested reader to [19, Sections 1-2] and |21, Section 1].

This chapter is organized as follows. In Section 2.1, we proceed with the analysis of
the singular case 1 < p < 2, by proving Theorems 2.1 and 2.2 and the related Corollaries 2.4
and 2.5. Finally, in Section 2.2 we give similar results in the degenerate case p > 2, under the
assumption that f € By _,,.(2) for some a € (0,1).

2.1 The singular case 1 < p < 2

In this section, we prove Theorems 2.1 and 2.2 as well as Corollaries 2.4 and 2.5. Let us start
with the

Proof of Theorem 2.1. Let e, be the unit vector in the direction zs of R"; from now on, by
a slight abuse of notation, we shall write 7,9(z) to denote [g(x + hey) — g(x)], where h € R\ {0}.

Now, let ¢ € WP(Q2) be compactly supported in € (i.e. a test function) and let h € R\ {0}
be such that |h| < dist (spt(p), R™ \ ©). Since u is a local weak solution of equation (2.1), we
have

[ @t s(D. Doy s = [ (Ao 2.2)

Let us fix two concentric balls Br/, and Br with Br € ), and consider a cut-off function
£ € C°(Bg) such that 0 < £ <1, £ =1 on Bgyy and || Dl < C/R. Let h € R\ {0} be such

IThe space Wa (1) is defined in (3).
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that |h| < ro < 3 dist (Bg, R"\ Q). In what follows, we will denote by ¢, and ¢ some positive
constants which do not depend on h, but they may vary on different occasions.
Let us first assume that f € By _,,.(€2). We then choose ¢ = £2A,u as a test function into

(2.2). Using the fact that u € W'P(Q), f € By o 10(£2), Holder’s inequality and the properties

loc

of the difference quotients, and defining B’ := Bgr + B(0,79), we get

/ (AnH, +(Du), A, Du +2€ DE Ay de < / A fI €2 | Al da
Q

Br

y % a7
< </ |ALfIP dl‘) < &% |Apul” dx) < / hap, dr | [ |Anullr(sg)
Br Br Br |h‘

1

Thfp/ v a— a—
< a(n) (/ 7./ das> B 1Dl < ealm) 1 lss,_on | Dullsgery 11
: |

v B
From the previous estimate, we then obtain
/Q E(ALH, 1(Du), A, Du) dx
< s fll_an [ Dl 11~ =2 [ (Autya (D) D) € Agude. (23
Now, by Lemma 1.7 we have

c(p, n) /B % ‘AhHg(Du)‘Qd:v < /Q €(AnH, 1 (Du), Ay Du) dz | (2.4)

where ¢(p,n) is a positive constant. Combining estimates (2.3) and (2.4) and applying the
Cauchy-Schwarz inequality as well as the properties of &, we get

2
c(p, n)/ 'S ‘AhHg(Du)’ dx
Br 2
< ci(n) [ fllse, o 1Dl oy [P = 2/<Ath—1(DU),DE> {Apudr
p,00 o)
< ) 111, o 1Dl 10+ ea(B) [ 180y 2 (D)€ ] e
: Q
and dividing by ¢(p,n), we obtain

.

< e3(n,p) 13, o) 1Dl oy [B* + caln,p, R)/ [AnHp 1 (Du)| £ |Apul dz,  (2.5)
’ Q

2

ApHp(Du)| dz

Now we set
I o= / AH, (D[ € | Apa| da
Q

and apply Holder’s inequality and the properties of the difference quotients to estimate [; as
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follows:

=

I < ci(n) || Dul| Lo ( ¢ |ApH, 1(Du)|p dx) ) (2.6)

Br
Similarly, we set
L= | & |AH,_1(Du) dx
Br
and use Lemma 1.5, Hélder’s inequality with exponents (%, 2%})) and the properties of the

difference quotients to control Iy as follows:

L <cs(n,p) | € |AH (Du)” [(|Du(z + heg)| — A), + (|Du| — A)+]p/(”*2) dz

Br

= C5(n7p) é'p’ |AhHl<Du)|p |AhH1(Du)|p’_p [(|DU($ + h€s)| . )\)+ + (|Du| B )\)+]p/(p_2) dx
Br

= |h|p & / & |ALH (D) [(|Dule + hey)| = )., + (1Du| = A) ]~ da

= C;L‘ZZ; / ¢’ |ApHy(Du)|” [(’Du(w—l—hesﬂ —A), + (|Dul _)\)+]%(p72)+§(27p) du

C n,p _2 —9 g P(ZQ*P)
< #( [P A (DO (Do + hea)| = A+ (D] - A, dx) |Dully
R

< ex(n,) | Dull o |h|pp(/B &

R

ya
2

Z(Du)f dx) , (2.7)

where, in the last line, we have used Lemma 1.5 again, as well as the properties of £. Collecting
2

estimates (2.5)—(2.7) and applying Young’s inequality with § > 0 and exponents - 1, 35 )

we obtain

/ 2
1/p

< esllf s, ) 1Dl oy 1B + cs(n,p, R) | Dull ooy I

a—1
< s fllse, o) [1Dullocsry [

2
2(Du)| du

p—1

2

p(3=p) 2
+ ¢o(n,p, R) || Dul| 1o (g |h|P~? (/ £2 AhHg(DU)) dx)
Br

< C3HfHBa & | Dl Loy |h)*
Ll /
2 Br

pil . . . . .
Choosing 0 = <p 1) and reabsorbing the integral in the right-hand side of (2.8) by the

left-hand side, we get

)€

3 — 2(p—2)
s (Du)|| dr + 22 055 cuglm,p, R) Dl g 1055

(2.8)

2 o 2(p—2)
AwHy(Du)| dz < cl|fllps, ) IDullion [ + e Dullyy g 055
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23
from which we can infer

[ |sutgou)| do < el Dl 17+ Dull e 11
Br/2

(p—2)
L (2.9)
where ¢ = ¢(n,p, R) > 0. Now, let A = mln{

a+1
we have

2 3 p} Dividing both sides of (2.9) by ‘h|2/\—27
/BR/z

(2.10)
Since the above estimate holds for every h € R\ {0} such that |h| < ry, we can take the
supremum over |h| < ¢ for some § € (0,79) and obtain

sup /
h| <o
Al Brys

min{ &1
In particular, this means that Hp(Du) € B, {
Finally, let us consider the case f €

2
Tth/2(Du)
)

a+1-2A 2 _ 9
(171155, o 1Dl ooy [BI 4 11Dull g [R5 )

2
Tth/Q(DU)

]h!A dr < ¢

375 —

ol 2 _ 9\
(||f||Bg,m(B') IDull oy 62 + (1Dullfp gy 0" )

=3 locally in €.
Wy

(Q) Arguing as above, but this time using Lemma
1.15 to estimate the L” -norm of the difference quotient of f, we obtain
/ (2.11)
Bpr/2

which holds for every h € R\ {0} such that |h| < ry. Arguing exactly as before, we may then

2
ThH, 0 (Du)
|h|1/(3*p)

2 < ¢ (1D N 1Dl B5F + 1Duly )

conclude that Hz(Du) € B; > locally in (.

O
We are now in a position to give the

Proof of Theorem 2.2. We shall keep the notation and the balls used for the proof of The-
orem 2.1. Let us begin with the case f € VVl1

(©). By duality, we know that oy is related to
any solution u of problem (P2) through the optimality condition

oo(x) = DH*(Du(z)) = Hp—1(Du(z)), for ae. x €. (2.12)
Now observe that for every p € (1,2) we have

p
O<p—-1<=.
b 2
Therefore, applying Lemma 1.5, we get

pl
ThO0
/ 3 dx
_ 7
Brs |h|(3 P)P

/

< b5 | |y (D] [(Du(e + he,)| - A)
I |

24 (|Dul - 02|



24 Besov reqularity for a class of singular or degenerate elliptic equations

2
Tth/2<DU) p
= C/ W ‘ThHg(Du)
Bry2

2
H, (D
< e w dz, (2.13)
|h\ 1/(3-p)
Br/2

where ¢ = ¢(n,p) > 0. Combining estimates (2.13) and (2.11) and arguing as in the last part
of the proof of Theorem 2.1, we obtain the desired conclusion.

Finally, when f € By ,.(), a similar argument applies, but taking into account estimate
(2.10) instead of (2.11). O

-2 P p7 E=
[(1Du(e+ kel = N + (Dul - ] do

Now we carry on with the analysis of the singular case, by providing the

Proof of Corollary 2.4. We first note that for every p € (1,2) and every a € (0,1) we have

2
—<2<n and a+1<n.
3—p

If f € By 1.(82) and "‘“ >

Lemma 1.31 it follows that oy € L7

ﬁ (that is, g’;zl) < a < 1), then from Theorem 2.2 and

(Q,R"™) for all s € [17 n(3—p)p/ )

n(3—p)—2

2
When f € W' (Q), thanks to Theorem 2.2 we have that o € Bp(i;?p/ locally in . We

loc
therefore reach the same conclusion as in the previous case.

Finally, when f € B Q) and <5 < =g ) - (that is, 0 < @ < B ) Theorem 2.2 and
Lemma 1.31 imply that oy € LZOC(Q,R”) for all s € [1 —P 1) O

loc

oz/ ,00 loc(

Remark 2.6. By virtue of the optimality condition (2.12), Corollary 2.4 establishes the local
higher integrability of H,_;(Du). This result, in turn, implies a gain of integrability for Du, as
emerges from the following proof.

Proof of Corollary 2.5. In the case [ € VVlif (), we get Hy_1(Du) € L; .(Q,R") for every
s € [1 &> and then

(3—p)—2
/(|Du| /| 1(Du)]Pdz < +o0
K

for all s € [1, g(g_p)pl ) and all compact subsets K of Q, which ensures that Du € L], (€2, R")

(3—p)—2
for all r € [1, TZ’;(_SP_){ )2>. In the other two cases, a similar argument applies, thus proving the
assertion. [

2.2 The degenerate case p > 2

Here we proceed with the analysis of the non-singular case, by proving that, unlike what may
occur in the singular one, the Besov regularity of the datum f translates into a Besov regularity
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for the function H g(Du) with no loss in the order of differentiation. More precisely, we have
the following result.

Theorem 2.7. Letn > 2, p € [2,00), a € (0,1) and f € By,
u € WEP(Q) be a local weak solution of equation (2.1). Then

loc

(Q). Moreover, let

,00,loc

2,00,loc

Hy(Du) € B T (Q,R™).

Furthermore, for any ball B € 2, the following estimate

/

Br/2

2
ronHy (D) de < ¢ (I fls, o DUl (B + 1 Dull, ) A1)

holds true for every s € {1,...,n}, for every h € R such that |h| < ro < 1 dist (Bg, %), for
B’ = Br + B(0,19) and a positive constant ¢ = ¢(n,p, R).

Proof. In what follows, we shall keep the notation, definitions and choices used in the proof
of Theorem 2.1.

Let us first assume that p > 2. Arguing exactly as in the first part of the proof of Theorem
2.1, we arrive at the following inequality

/f (ApH,—1(Du), A Du) dx
< () 1l o | Dl 16 = 2 [ (4 s(D), D) ¢ By

Now, by Lemma 1.6 we have
4
P

52‘AhHg(Du) o < / E(ALH, 1 (Du), Ay Du) dz .
R Q

Combining the two previous estimates and applying the Cauchy-Schwarz inequality as well as
the properties of £, we get

/2
Br

2
a— p
< ex(n,p) 1 flls, ) [1Dull oo |11 + 5 IIDélle/ |AnHp 1 (Du)[ € [Apul da
’ Q

2
dx

(D)

< ea(n,p) 1 flls, _(m) 1Dl oy BI" + eslp, R)/ |ApH, -1 (Du)| € [Apu| do. (2.14)
’ Q
Now, our aim is to estimate

I = / |ApH,—1(Du)| € |Apul do .

Using Lemma 1.6, Holder’s inequality with exponents (p, 2, I%) and the properties of the
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difference quotients, we obtain

p72

)Hg (Du)

1
2 2
dx)

=018l ([ € |autyu
Br
2p P2

| </BR (‘Hz(Du(erhes)) o )H D M)ﬁdlﬂ)%

2
citnp) 1Dulsn ([ €[ty (Dw) dx) |15 (D] 2

Y R (A

Bgr

) ’AhHg Du)‘ dx

IN

[S4S]

IN

N

2
< lnn) IDull, ([ & |auityu)] as) 2.15)
Br
Joining (2.14) and (2.15) and applying Young’s inequality with exponents (2,2), we find

/ 1% ‘AhHg(Du)‘Q dx
Br

< co(n,) |1 fllzs, oy IDullzogsy 1™ + es(p, R) Iy

1
2

2
< ellfllsg, _on 1Dulloqer 11"+ co(np, B) [ Dullyi2 ( | ¢ |aug(ou) dw)
R

o 1 2
S CHfHBa (B") HDUHLp B’) ’h’ 1+ CHDUHLP B') + _/ 52 AhHg(DU,) d.’L', (216)
Br

2

where ¢ = ¢(n,p, R) > 0. Reabsorbing the integral in the right-hand side of (2.16) by the
left-hand side, we get

[ [anty 0] do < (1l o I1Dulirin I+ 1D ).
from which we infer

[ |sutgou)] do < e (171, i IDulloga b+ 1Dull ).
Br/2

since £ =1 on By /2. Multiplying both sides of the previous inequality by \h\l_o‘, we then have

LR/Z

Since the above estimate holds for every h € R\ {0} such that |h| < 7y < i dist (Bg,R™\ Q),
we can take the supremum over |h| < § for some ¢ € (0,ry) and obtain

sup /
h| <6
|h Brys

2
ThHp 2 (Du)
A (a+1)/2

< c(Ifllms, o 1Dl oy + 1Dl 1B

2
Tth/Q(Du)

T < c(If s, o IDull ooy + 1Dl )
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which gives the desired conclusion for p > 2.
Let us now assume that p = 2. Then H, ((Du) = H,»(Du) = H;(Du) and, applying
Young’s inequality, from (2.14) we get

£2 |AhH1(Du)|2 dx

Br
< eao(n) [ £l Bg ) |1 Dull 2y [h]* + Cs(R)/ |ApHi (Du)| € |Apu| d
Br
o |
< eo(n) | fllsg s |1 Dull 2y [ + ca(R) || AnulF2gp, + 3/ & |AnHy(Du)|* da
R

o 1
< eo(n) [ flBg o) |1 Dull 2y [h]* + es(n, R) | Dull72(zy + 5/3 & |AHy (Du)[* d,
R

where, in the last line, we have used the first statement in Lemma 1.14. From here, arguing
exactly as above, we arrive at the desired result in the case p = 2. This completes the proof. [

The Besov regularity of H%(Du) established by Theorem 2.7 allows us to get a gain of
integrability for Du. More precisely, we have the following result.

Corollary 2.8. Under the assumptions of Theorem 2.7, we get

) . 2n
Hy(Du) € Li(,R")  for all r € [Lm)

and

Du e L; (2,R") for all s € {1, L) .
n—oa—1

Proof. By observing that o + 1 < n, from Theorem 2.7 and Lemma 1.31 we immediately
obtain the first conclusion. Then

[ (o= nF do = [ |y

for all r € [1 2n ) and all compact subsets K of €2, which ensures that Du € Lj (2, R™) for

' m—a—1 loc

allse[l L ) O

' n—a—1

dr < +o00

Remark 2.9. When n = 2 (the case which is relevant for applications to network congestion),
Corollary 2.8 implies that Du € Lj (£2,R™) for all s € [1, 12_—pa) This means that for every
r > 2p there exists a § = d(r,p) € (0,1) such that, if a € (6,1) and f € B ,.(€2), then
Du € L (92, R™). In fact, it is enough to take 6 = 1 — 2p/r. In other words, given any r > 2p,

loc

we can choose « close enough to 1 in order to have Du € Lj,.(Q, R") whenever f € By, _;,.(€).

Again, if we come back to the variational problem (P1), we obtain the following higher
integrability result for its solution:

Corollary 2.10. Letn > 2, p € [2,00), a € (0,1) and f € By _,,.(2). Moreover, let

oo € LP (Q,R™) be the solution of (P1). Then oo € Li (Q,R™) for all r € [1 ny’ )

loc ' n—a—1
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Proof. By duality, we know that oy is related to any solution u € WP(Q) of problem (P2)
through the optimality condition (2.12). Since u is a weak solution of the Euler-Lagrange

equation (1) and
2
p/

loo| = ‘H 2 (Du) almost everywhere in €,

the assertion immediately follows from Corollary 2.8. [

loc
This means that for every s > 2p’ there exists a 6 = d(s,p) € (0,1) such that, if a € (4,1) and

f € By 0 10.(Q), then ¢ € Lj, (2, R"). In fact, it is enough to take § = 1 — S(;fl). In other

Remark 2.11. When n = 2, Corollary 2.10 implies that og € L] (2, R"™) for all r € [1, %)

words, given any s > 2p/, we can choose « close enough to 1 in order to have oy € L7 (2, R™)
whenever f € By ,.(€).



Chapter 3

Sharp second-order regularity for widely
singular or degenerate elliptic PDEs

In this chapter, we are concerned with local W* solutions to the equation

»—1 Du

—div <(|Du| — ME Dul

) —f i Q (3.1)

where 1 < p < oo, 2 is an open subset of R” (n > 2) and A > 0. The results that we report here
have been obtained in [9]. As our main achievement, we will establish the local W!2-regularity
of a nonlinear function of the gradient Du of local weak solutions to equation (3.1), by assuming
that

p—2

o f€ B, Q) if 2<p<oo (see Theorem 3.1);

/' 1,loc

np

o feLVP(Q)if 1 <p <2 (see Theorem 3.4).
The above-mentioned theorems, in turn, imply the local higher integrability of Du under the
same hypotheses on the function f (cf. Corollary 3.5).

The main results of this chapter are in the spirit of those contained in [23, 28, 58|, which we
have already discussed in the Introduction. Indeed, our primary objective here is to identify
the sharp assumptions on the datum f n the scale of local Besov or Lebesgue spaces to obtain
a second-order regularity result for weak solutions of the widely degenerate or singular equation
(3.1). In order to state our main results, we introduce the function

p—142a
2

t
w
9a, t ::/ ﬁdw fOI'tZO, 3.2

1) 0 (WHA)TZ (32)

where o > 0. Moreover, for ¢ € R™ we define the following vector-valued function:

San((€l=N4) g if [€]> A,

0 if [§] <A (3:3)

Var(§) = V() = {

At this point, our first result reads as follows.

29
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Theorem 3.1. Letn>2,p>2, A>0and f € Bp,i’loc(Q). Moreover, let
0 if A=0, 24
“= any value in [2&;}1), oo) if A >0, (3:4)

and assume that u € WP(Q) is a local weak solution of equation (3.1). Then

Var(Du) € WE2(Q,RY).

loc

Furthermore, for every pair of concentric balls B, C Br € ) we have

/ DV (Du) 2 da

Br/4

C ,
<(C+ 5 [14 20+ 1Dy + W) + CII, (35

/ 1 (BR)

'B

for a positive constant C' depending only on n, p and R in the case A = 0, and additionally on
aif A > 0.

Remark 3.2. Notice that, for every o« > 0, we have

Vao(§) = ]—?V p(&) = lflf (3.6)

i.e. Vg is actually independent of the parameter «, which explains the choice (3.4); in the
statement of the above theorem. The condition (3.4), will instead be decisive to carry out the
proof of Proposition 3.14 below. Moreover, looking at (3.6), one can easily understand that
Theorem 3.1 extends the result contained in [58, Remark 1.4] to a class of widely degenerate
elliptic equations with standard growth, under a sharp assumption on the order of differentiation

of f.

Remark 3.3. We do not know whether Theorem 3.1 is still true when we relax the regularity
of f to B; qQI/fC(Q) for some ¢ > 1, also in the case A = 0. In this regard we point out the paper
[42], where the authors apparently prove that, for the p-Poisson equation, assertion (5) holds

true under the weaker assumption f € W~ 2/ (2). However, we believe that they made a
mistake at the beginning of [42, page 373| in applying [42, Formula (4)].

As already mentioned in the Introduction, for A > 0 the weak solutions of (3.1) are not twice
differentiable. Therefore, in general we cannot differentiate the equation to estimate the second
derivatives of the solutions. Here, we overcome this difficulty by considering a regularization of
equation (3.1). The regularized problem satisfies standard non-degenerate p-growth conditions
(see Section 3.2). One of the advantages of introducing this problem stems from the fact that its
(unique) weak solution admits second derivatives in L? .. The major effort in proving Theorem
3.1 is to obtain a suitable estimate for the solutions u. of the regularized problems that is
uniform with respect to the approximation parameter €. In establishing this estimate, we first
need to identify a suitable function of the gradient that vanishes in the degeneracy set, for
which a second-order a priori estimate holds. Next, we need to control the right-hand side of
this last estimate in terms of the derivatives of such function, without assuming any Sobolev
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regularity for the datum f. This is done by virtue of the following implication

09 € WE(Q) = g € B, (©), (3.7)
which allows us to use the duality of Besov spaces, provided that one imposes a suitable Besov
regularity on the right-hand side f. This approach has been inspired by [23], where Brasco
and Santambrogio used a duality-based inequality in the setting of fractional Sobolev spaces,
but limiting themselves to the p-Poisson equation. Finally, we use a comparison argument to
transfer the higher differentiability of V, \(Duc) to the function V, \(Du).

We would like to mention that in [26, 27] Cianchi and Maz’ya proved that the assumption
f € L? is sufficient to prove the Wh2-regularity of |Du|P~2Du, which is of course a different
function of the gradient. At the moment, we do not know whether the analogous result can be
obtained for the solutions of widely degenerate equations.

Now we turn our attention to the subquadratic case, i.e. when 1 < p < 2. It is well known
that, already for the p-Poisson equation, the higher differentiability of the weak solutions can
be achieved without assuming any differentiability on the datum f. This different behaviour
can be easily explained by observing that, if 1 < p < 2,

91" g € Wi2(Q) = g € W2 (9),
which of course does not hold true for p > 2 (compare with (3.7)). Therefore, the right-
hand side of the above-mentioned a prior: estimate can be controlled without assuming any
differentiability for f (neither of integer nor of fractional order), but only a suitable degree of
integrability. The sharp assumption on f in the scale of Lebesgue spaces has been recently
found in [28].

In this chapter, we prove that a result analogous to |28, Theorem 1.1] holds when dealing
with solutions of widely singular equations. More precisely, we establish the following result.

Theorem 3.4. Letn >2, 1 <p <2 A>0and f € L'V 7(Q). Moreover, let a be

loc

defined according to (3.4) and assume that u € WLP(Q) is a local weak solution of equation
(3.1). Then
Var(Du) € WE(Q,R").

loc

Furthermore, for every pair of concentric balls B, C Br € () we have

/ DV (Du)? da

B'r/4

C
S R R A renr (3.5)

T (B) LT (Bp)

for a positive constant C' depending only on n, p and R in the case A =0, and additionally on

a if A > 0.

As an easy consequence of the higher differentiability results in Theorems 3.1 and 3.4, since
the gradient of the solution is bounded in the degeneracy set and G, \(t) ~ tP/2 for large values
of t (see Lemma 3.10 below), we are able to establish the following higher integrability result
for the gradient of local weak solutions of (3.1):
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Corollary 3.5. Under the assumptions of Theorem 3.1 or Theorem 3.4, we have

Du € LL (Q,R"),

loc

where

2P if n> 3.

n—2

{ any value in [1,00) if n =2,
q =

This chapter is organized as follows. Section 3.1 is devoted to some preliminary inequalit-
ies. In Section 3.2, we consider a regularization of equation (3.1) and establish some a priori
estimates for its weak solution. These estimates will be needed to demonstrate Theorems 3.1
and 3.4, whose proofs are achieved in Sections 3.3 and 3.4, respectively.

3.1 Algebraic inequalities

In this section, we gather some relevant algebraic inequalities that will be needed later on.
The first result follows from an elementary computation.

Lemma 3.6. For &, n e R™\ {0}, we have

£ _n|o 2
| Sl

We now recall the following estimate, whose proof can be found in [65, Chapter 12].
Lemma 3.7. Let p € (2,00) and k € N. Then, for every &, € R* we get
» p=2 p—2 |2
€ —nl” < C €= € —Inl=n
for a constant C = C(p) > 0.

The next result concerns the function G, defined by (3.2).

Lemma 3.8. Letp e (1,00), A\ >0 and o > 0. Then

1+2a

for every t > 0.
Proof. Since the function
1420
K(w) = (w:)—/\ S w0,
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is non-decreasing, for every t > 0 we have

t 1+22o¢ t 2
Gax(t) / K(w <—) / wi ldw = Z¢2
t+ A 0 D

The next lemma relates the function V, \(§) with H,_(§).

Lemma 3.9. Letp € (1,00), A >0 and a > 0. Then, there exists a constant C = C(n,p) >0
such that

Var(§) = Vaa)* < C(Hy-1() — Hy-1(n),§ —n) (3.9)
for every £,n € R".

Proof. For A = 0, estimate (3.9) boils down to (1.9) or (1.10). Therefore, from now on we shall
assume that A > 0. We first note that inequality (3.9) is trivially satisfied when [¢], || < A. If
In| < A <[], using the definitions (3.3), (3.2) and (1.6) along with Lemmas 1.6 and 1.7, we
obtain

el ?
Var(©) = Var®P? = [Sunlel - N < ( / w’z’—ldw> — el -xy
= (€)= Hy@P < clnp) {Hya(6) — Hpea(n), € — 1),

Now let €], |n| > A. Without loss of generality, we may assume that || > [£| > A. This implies

nl? = ol Clnl 4 ) [l C1€] + [ml)
2 2

(3.10)

Moreover, we have

V(&) = Var ] = [Var(©) = Sanllnl = N é T Gan(ln = ) é —va,m)'
< 19ur(1€] = A) = Gan(ll = A)| + Gan(lnl — 'm ;\
Inl—A p— 1+2a Inl=X p— 1+2a
- —d
< /|§|>\ <w+)\)1+2a w + |€ 77|/ )\)% W
[n|—=X [n]—X
< 2w + —
/IEI—/\ w !5 nl/

2 - (Inl = M)
= |lHz ) |Hg<s>|\+4 PTTR

(Inl =)
p ]

where, in the third line, we have used Lemma 3.6 and the fact that G, ) is an increasing function.
Now, applying Young’s inequality, estimate (3.10) and Lemmas 1.6, 1.7 and 1.8, we obtain

8 —)\)?
Va©) = Var P < = |Hy (€) — Hy(n)P + 32% &= nl?

|Hy (&) — Hy(n)] + 4 € —nl,

2
P
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8 64 (In] =P
— |He (&) — He Py — e p)?
< g S = O S e g
< Cn,p) (Hyp-1(§) — Hp-1(n), € — ).
This completes the proof. O

We conclude this section with the proof of the following lemma, on which the conclusion of
Corollary 3.5 is based.

Lemma 3.10. Letp € (1,00), A > 0 and o > % Then, there exist two positive constants
¢ =c(p,a) and ¢ = é(p, ) such that

2
cNF P2 — N2 < G (1) < ZtP/?
p

for allt > 0.

Proof. From the very definition of the function G, \, we easily get the upper bound

t
p— 2
Gan(t) < / WwTdw = 272 for all t > 0.
0 p

For the derivation of the lower bound, we calculate the integral in the definition of G, \(t). By
the change of variable r = w 4+ A, we have

t wp*l;Qa A+t (rr . )\) p712+2a
o\ 1f2a dw = = dr.
0 (w+A)"2 A ros
Now we recall that for every v > 0 it holds
277 = < (a—0)", Ya>b>0. (3.11)

Using inequality (3.11) with v = ’#, a =1 and b=\, we find that

A+t (r _ /\)# At TL—12+2& Akt )\p—12+2a
/ —m —dr> C(Pva)/ Wdr—/ —m dr
A ro2 A T2 A ra
e A
R A 1-2a
A
27”% At 2 )\p712+204 2 >\p712+2a
- C(p’ Oé) 2a—1 2a—1
P i (2 —1)(AN+ 1)z (20 — )Nz
2 \P/2
> A+ 1)P/2 — \P/2
> c(p,)(A+ )" —c(p, a) 5o 1
where, in the last line, we have used that o > % Finally, setting ¢ := ¢(p, o) + —2a2_1, we obtain

the asserted lower bound. O
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3.2 Estimates for a regularized problem

The aim of this section is to establish some uniform estimates for the gradient of the weak
solutions of a family of suitable approximating problems. More precisely, let A > 0 and let
u € W,2P(9) be a local weak solution of (3.1), for some p > 1. Fix an open ball Bg € Q and

assume without loss of generality that R < 1. For € € (0, 1], we consider the problem

(3.12)
Us = U on 0Bg,

{ —div(DGe(Du.)) = f-  in B,

where:
o G.(2):= Il) (=l =M% + 5 (1+ |2|?)%, for every z € R™;

o f.:=fx¢.and {¢.}.>0 is a family of standard compactly supported C'*° mollifiers.

Observe that

D.G.(2) = Hy1(z) + (14 |2]2)" 2. (3.13)
Now we set, for s > A,
—\)p1
(s =X if p> 2,
)‘(8) = (g _ )\)p—l
s

and

Als) = (p—1)(s= NP2 if p>2,
o (s — \)P~2 if1<p<2,

and A(s) = 0 = A(s) for 0 < s < A. These definitions prove to be useful in the formulation
of the next lemma, whose proof follows from [17, Lemma 2.7| (see also [16]) together with
standard estimates for the p-Laplace operator.

Lemma 3.11. Lete € [0,1] and z € R™\ {0}. Then, for every ¢ € R™ we have

oo (L+ )2 4 (D] 1GF < (D2Cu(2)C,0) < [eer (14 [=P)'F + A(J2D)] ICP
where ¢g = min{1,p — 1} and ¢; = max{1,p — 1}.
Proof. Actually, setting for ¢t > 0

h(t):% and  a(t) = (1+)"7,

we can write
D.G.(2) = |ll2]) + za(l2])] =
and we can easily calculate

A4

DPGe(z) = |ll2]) + caleh] T + [ (1)) + ea'(l2] =
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Thus we get

D) = i o] )+ [ 4 ] 35 25,

for any n,( € R™. By the Cauchy-Schwarz inequality, we have
0y 2450 < 3.1
2,j=1

At this point, if /'(|z]|)+ea’(]z]) > 0 (which occurs when p > 2), from the lower bound in (3.14)
we immediately obtain

(Il = V5
||

On the other hand, using the upper bound in (3.14), for p > 2 we deduce

(D?G.(2) ¢, ¢) < (p— 1)(|2] = VA2 [CP +e(p— 1)(L+ |27 ¢,

where we have also used that

(D*Ge(2) €, Q) = [h(l2]) + ea(|zD] IS = G +e(1+ |27 [P

h(t) +th'(t) = (p — 1)(t — N2 (3.15)

and »
a(t) +td (t) < (p— 1)1 +1)T  when p>2.

Otherwise, if A'(|z]) + ed’(|z]) < 0 (which may happen only when 1 < p < 2), we easily get

(D?Ge(2) ¢, ¢) < [A]2]) + ea(l2)] [¢[*.

For the derivation of the lower bound, we use the right inequality in (3.14) to deduce that

(D*G(2)C,¢) = [h(l2]) + ea(|2D)]IC]* + [P(12]) +ea’(|2])] |21 I¢]*
= [A(lz)) + B (12DI=[] K] + [a(l2]) +ea’(]2])|=]] €]

> (p—1)(l2| = VTSR +elp— D)1+ |2 ¢,
where, in the last line, we have used (3.15) and the fact that
a(t) +ta'(t) > (p—1)(1 + t2)¥ when 1 < p < 2.
This proves the claim. O

In what follows, u. € u + W, *(Bg) will be the unique weak solution to (3.12). By standard
elhptlc regularity [55, Chapter 8|, we know that (1 + |Dua|2)pT_2Du6 € W,2(Bp) and therefore

loc

c € Wfof (Bgr). Moreover, as usual, we shall denote by p* the Sobolev conjugate exponent of
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p, defined as

§ - if p < n,
pri=atr : :
any value in (p,00) if p > n,

and denote by (p*)’ its Holder conjugate exponent.
The proofs of Theorems 3.1 and 3.4 are crucially based on the following results.

Proposition 3.12 (Uniform energy estimate). With the notation and under the assump-

tions above, if f € LW (Bg), there exist two positive constants ¢o < 1 and C = C(n,p) such
that

/ Dude < O 14+ + 1Dl ) + 11 s ] (3.16)
Br
for all e € (0, ).

Proof. We insert in the weak formulation of (3.12)

/ (DG:(Du.), Dy) dx = f-odr  for every ¢ € W P(Bg),
Br

Bgr

the test function ¢ = u. — u. Recalling (3.13), this gives
/ (H,_1(Du.) + ¢ (1 + |Du.>)"= Du., Du.) dx (3.17)
Br
= / (Hyp—1(Dug) +e(1+ \Dusp)% Du., Du) dx + fe (ue —u) du.
BR BR
Since

(Hy1(2) +e (1412217 2,2) > (|2] = A% + e (14|27 |22 > (J2] = M2

for every z € R", we can estimate the integrals in (3.17), thus obtaining

[ (0wl - Ay da
Br
—1
< [ 1DupDulds + ¢ [ (@4 DuP) [Dulde + ol o o = wllir g
BR BR

< (1+2p51)/ |Du |P~! |Dul| dz + 21751/ |Du| dx
B Br

R

+ c(n,p) | fell oy () 1 Due = Dl Lo(ay),

where we have used Holder’s and Sobolev inequalities and the fact that e, R < 1. Now, applying
Young’s inequality with o > 0, we arrive at

| (1w -
Br
< 0/ |Du. [P dx + c(n, p, 0)/ |DulP dz + c(n,p,0) |1+ Hfa”IZ@*V(BR)] ’
Br Br
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where we have used again that R < 1. Since
f-— f strongly in L¥)(Bg) ase — 0%, (3.18)
there exists a positive number £y < 1 such that

“fEHL(P*)’(BR) 1+ ”fHL(P "(BR) for all € € (0, ).

Then, for € € (0, &g, we have

[ (1wl
Br

p/
<o /BR | Due |’ dz + CHDUHLP(BR +c [1 + Hf”L@*)/(BRJ
<o [ DDl =N d o+ eIl + [T 11 )
R

(3.19)

< Qpla/ (I1Du| = N de + e XN + c||[Dull}, s, + € [1 + 1 e (B J
Br

where ¢ = ¢(n, p,0) > 0. Choosing o = 2% and absorbing the first term on the right-hand side

of (3.19) into the left-hand side, we obtain

[ (Dud =N de < €[+ 30+ 1Dulipyy + 1)
R

for some finite positive constant C' depending on n and p, but not on . This estimate is
sufficient to ensure the validity of the assertion. n

Proposition 3.13 (Comparison estimate). With the notation and under the assumptions

above, if f € LW (BR), there exists a positive constant C' depending only on n and p such that
the estimate

/ Vo (Due) — Vo (Du)|? dv
Br
< CIf = Fluoron |1+ 3+ 1Duls + 115 s,
+ Ce[L+ X+ 1Dl + 11 o] (3.20)
holds for every e € (0, 0], where gy is the constant from Proposition 3.12.

Proof. We proceed by testing equations (3.1) and (3.12); with the map ¢ = u. — u. Thus we
find

/ (H, 1(Du.) — H, 1(Du), Du. — Du) dx + g/ (1 + |Du.|®)"= Du., Du. — Du) da
Br

Bgr

= /B (fe = )u: —u)dz. (3.21)

Using Lemma 3.9, the Cauchy-Schwarz inequality as well as Holder’s and Young’s inequalities,
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from (3.21) we obtain

C/ Var(Due) — Var(Du)* dz + 5/ (14 |Du )= |Du ? dx
Br B

R

< 1= v e =l + = [ (14 Du)'s* D] |Du

Bgr

< 11 = Flloms o e = wllrrgsgy + 2 [ (11D’ Dl da

Bgr

£ P £
< |fe— fHL(p*)’(BR) e — UHLP*(BR) + 27/3 (1+ ‘Du5|2)2 dx + ]_? HDUHZD(BR) ’

R

where C' is a positive constant depending only on n and p. Now, let us consider the same
g0 € (0, 1] as in Proposition 3.12 and let € € (0,&0]. Then, applying Sobolev’s and Minkowski’s
inequalities, we get

/ Vo n(Dite) — Vo r(Du)? da
Br

Ce
< C|f— fHL(P*)’(BR) | Du. — DUHLP (Br) T p_ (1+ |Du5| ) 2 dx + — ||Du||LP (Br)
Br
< CNfe = Fllnwy mpy (1Duell o BR + | DullLosa))
Ce
+ — | (1+]|Duf )2 dx —|— — HDuHLp(BR)
P JBg

< C|f. - mmwﬁﬁ+mwmme+wawj

+ Ce [1 + A+ (| Dullzp s, + HfH]Z("*"(BR)} ’

where, in the last two lines, we have used inequality (3.16). This concludes the proof. O

3.3 Proof of Theorem 3.1

In this section we prove Theorem 3.1, by dividing the proof into two steps. First, we shall
derive a suitable uniform a priori estimate for the weak solutions u,. of the regularized problems
(3.12). Then, we conclude with a standard comparison argument (see e.g. [41, 52|) which,
combined with the estimates from Propositions 3.12, 3.13 and 3.14, yields the local Sobolev
regularity of the function V, (Du). We begin with the following result.

Proposition 3.14 (Uniform Sobolev estimate). Under the assumptions of Theorem 3.1
and with the notation above, there exists a positive number ey < 1 such that, for every e € (0, ]
and every pair of concentric balls B, C B, C Bg, we have

/ | DV A(Du.)|? dx

BT‘/Q

C ,
s(0+ﬁ>b+v+wmwmm+wmm3]+CWWM() (3.22)
B P (Br
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for a positive constant C' depending only on n and p in the case X = 0, and additionally on «
if A>0.

Proof. Let us first assume that A > 0. Differentiating the equation in (3.12) with respect to

z; for some j € {1,...,n} and then integrating by parts, we obtain
/ (D*G.(Du.) D(9u.), D) dx = / (0;f:) ¢ dz, Yo € W, P(Bg). (3.23)
Bgr Bgr

Let n € C§°(B,) be a standard cut-off function such that

(3.24)

S | on

0<n<1, n=1onB, s, [Dnfe<

and choose

Y = 772 (ajus) (I)((|Dus| - )‘>+)7
where @ : [0,00) — [0, 00) is an increasing, locally Lipschitz continuous function, such that ®
and @’ are bounded on [0, 00), ®(0) = 0 and

()t < cpd(t) (3.25)

for a suitable constant cg > 0. Using the above choice of ¢ as a test function in (3.23), we get

[ (DPG.(Dw) D@y D)) 1@ (D] = X)) d

T

+ [ DG(Du2) D@y, DI(1Duel = X))} Gy ' (1Dl = N).) d
, (3.26)
= —2 [ (D*G.(Du) D@yu.). D)0 0u.) © (D] = )-) d
+ [ @@ @ (D] = N).) do
As for the first term on the right-hand side of (3.26), we have

— 2/B.<D2G5(Du€) D(0;u.), Dn) n (0ju:) ® ((|[Dus| — N)4) dx

<2 [ KUD?G:(Du.) D(9ju.), Dn)| n|djuc| @ (|Due| — N)+) dz

<2 [ \/ID°6.(Du) D(Ou.), D(0juc)) v/ IDPGL(Dw) Dy D 0| (1Dl = A).) i

< 5 | (D*6.(Dw) D@y DO © (D] = A)2) d
+ 2 [ (D*G.Du.) Dy, D) 0,0 (D] = ) da (3.27)

T

where we have used Cauchy-Schwarz and Young’s inequalities. Joining (3.26) and (3.27), we
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get

[ (D6.(Dw2) D@y, DOyuc)) o @ (1Dl = N d

r

+/ (D?*G-(Duc) D(0;uz), D[(| Due| = X)4]) n* (O5us) @' (|1 Due| = N)+) d

< %/ (D*G.(Du.) D(dju.), D(dyuc)) n* ® (| Dus| — N)y) da

r

Lo / (D*G.(Duz) D, D) [9yu. ® (| D] — V) de

n / (0,£.)(@yu) 7 @ (| Dus] — N)-) d. (3.28)

r

Reabsorbing the first integral in the right-hand side of (3.28) by the left-hand side and summing
the resulting inequalities with respect to j from 1 to n, we obtain

Li+1, < I3+ 14, (3.29)

where

= [ Z (D*G.(Due) D(@yu), D@y 7 ® (| D] — ).

b=z ZD2 (Due) D(Oyu). DI(1Dw] = X))o (9yu2) @' (1Due| = ). o

Iy =4 Z (D*G.(Du.) Dy, Dn) [05u.* ® ((|Duc| — \)4) d,

B’"yl

L= 2/ Z 0, 1) (B5u) 12D ((|Duc] = N)4) da.

We now prove that I is non-negative, so that it can be dropped in the following. First of all,
for |Du.| > A we have

n

Y (D*G(Du.) D(9yu.), DI(|Duc| = A)-]) (95u.)

_ |:<p_1> (|DU€|— )p (|Du6|_ )p

|Du6|2 |Due|3

-2+ \Dus|2>”2“}

Y (Oue)(Oue)(Orus) (05us) Onl(|Duc| — N)+]

n

{(|Dufl\);j)ﬁ N 5(1+ypu€|2)"52] S (9u.)(02u) Bil(|Du.] = A)-]

el
(|Duc| = NE*  (|Duc| = N5
| Du,| | Du,|?

+e(p—2) (1+|Du) |Du
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n 2
[Z Au) O [(| Dl —AM]
k=1
[ |Du| — N2 4 £ (1 + [Du )= ]Dugl] D[(|Du.| — 3], (3.30)

where we have used the fact that

O[(1Du| — N)4] = u(|Duc]) = 3 (@u)(@Fu.)  when |Du.| > A,

| Du| ‘=

Thus, coming back to the estimate of I, from (3.30) we deduce

2 5/ . B (|Du.| — )p ’ (|Du€| - )p '
IQ Z 2/T77 P <<|DU€| )‘>+){ {(p 1) |Du5| |Du5|2 }
- [Z (Oke) O [(1Due] = N ]|+ (|Due] = N | DI Due| - MZ} dz.
k=1

Now, arguing as in the proof of [70, Lemma 4.1], for |Du.| > X we have

[Z (Buz) Oy [(| Due| — Am] < |Du.?|D(|Du.))|” = |Duc* | D(|Du.| — A)4][.

k=1

(3.31)

This implies
2

(| Duc| — N~ (Otie) O [(|Duc] — N)4]| dz > 0,

| Du|

L > 2<p—1>/ 72 (Ducl — A)2)

k=1

where we have used the fact that @ ((|Du.| — A\);) > 0. From estimate (3.29) we thus obtain
/ Z D*G.(Du.) D(dju.), D(d;u.)) * ® ((|Due| — N)4) dz
roj=1
<4)" [ (0G.(Du) Dy D) 0,0 P (D] = V) do (3:32)

+23° [ @)@ @ (|Du] - N).) do

Now we choose

t2a
and therefore
204)\2 t?afl

/
t) = .
(t) (2 + AZ)atL
This function satisfies (3.25) with ¢ = 2a. Using (3.24), (3.33) and Lemma 3.11, estimate
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(3.32) turns into
(|Du€|— )p e 2 12,2
D*u, d
|, e s (D Pl

< @/ (1+ |Du. )t do + c(p) Z/ (9;£2)(Ous) n* D((|Duc| — M) dr

(3.34)

By Theorem 1.21, there exists a linear and bounded extension operator

extp, : B, /"(B,) < B, %" (R")

P51

such that rep, oextp. = id, where rep, is the restriction operator defined in Subsection 1.2.1 and

the symbol id denotes the identity in B, 2/ P(B,). Since 0;f. = extp, (9;f.) almost everywhere
in B,, we have

/ (0,)(0yu) 7 (| Dus] — A)2) dx = / extis (9,:) - (Oyu) 7 (| Dus] — N).) d.

T T

At this point, we need to estimate the integral containing extp, (0;f:). To this aim, we argue
as in |23, Proposition 3.2|. By definition of dual norm, we get

/ exts, (0,1.) - (Oyue) 1P ®((|Due| — N).) de

T

< llexts, (05l g2rm gunyy 1(00e) 1 (1 Duie] = A) )l g2 o
= ||extBr(0 fg)” 2/1? (R7))

(@) 2 @((1Due] = N ) [vqeny + (@) 0* S(UDue] = 2] g )+ (3:35)

where, in the last line, we have used the equivalence (1.18). By the properties of 1 and the fact
that ® < 1, we have

102 (1Dl = Ny < 1Dl lvcs,)- (3.36)
Moreover, using Theorem 1.26, we obtain

fexti, (055 g oy < € llextin @502

for some positive constant ¢ = ¢(n,p). Combining the above inequality and the boundedness
of the operator extp, yields

||eXtBT(ajfg)||(BQ/P R < c||9; faHB;,i/p(B,«)'

Furthermore, applying Theorem 1.22, we find that

”ajfEHB—/?/P(BT) <c ||f€
p’,1

p—2 .
B " (Br)

p',1
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Combining the preceding inequalities, we infer

et O35 e oy < Ml 2, (3.37)

for a positive constant ¢ depending only on n and p. Now, recalling that

[(@y2) 7 (| Dutc] = N) )] oy gy = ST / 16 ((8ju) n ¢)|§l(||2Du5|—)\)+))| .

and using Lemma 3.7, we deduce

/ 101 ((9yue) * D((|Due| = NI

|2
C
< —
i o

o (1050c1 " (Oyue) P [0((1Duc] = 2 ) )|

< c(n,p) /R

where, in the last line, we have used the first statement in Lemma 1.14. By the properties of
n at (3.24) and the boundedness of ®, one can easily obtain

D (101l = (@) o7 [B((1Duc] = 2 ) )| e,

By (1D = X)) g oy < [ [D (100077 @) (00101 = 2200 ) [ o
+ ﬁ/j_;; | Du|? dz, (3.38)

where ¢ = ¢(n,p) > 0. Now, a straightforward computation reveals that, for every k €
{1,...,n}, we have

Ia.u5|’%2<a.us) [@((| Due| — A)m%}

5 10,0l " (3 o) [@(( Duc] — 1) )]

b2 p=2 _, Du,, 0y Du,
+ D105l (@) [0((1Ducl = )] @'(|Duc] = A)) <|D—|>
This yields
p—2 2\ |2
1D (105015 (@) [0((1Duc] = N )IF) | < cln,p) (A + As), (3.39)
where we set
= |Du. "2 | DPu 2 [@((| Duc| = X))
and

= |Ducl” | D*uc[* [2((| Duc| — A) )P~ [®((| Due| = X)1)].

We now estimate A; and A, separately in the set where |Du.| > A, since both A; and A,
vanish in the set {|Du.| < A}. Recalling the definition of ® in (3.33), we can write A; as the
product of two terms:

_ |Du€|p—1 (|Du€| _)\)fa_l)(p_l) . \D2u5| (|Du5] )p 142 |
e+ (1Dl — VT 1Dud D (D] = AT
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Then we have

| Du. ‘p—l (|Duc| — A )(2a—1)(P*1) < 901 |Dus|2ap 1)

— 9alp=1)
a(p—1) ‘D |2ap 1) 2% )
A2+ (IDuc| = N3] Ue

where we have used that 2a — 1 > 0, since by assumption o > fﬂ) > =. This implies that

—1+2a
A, < 2a(p 1) |D2U5’2 (‘DUE‘ _)\)ﬁ i

5 - 3.40
D] [+ (D] - V] (340
Now we deal with A,. First, we observe that
42\ t2(o¢p—l)
—2 1 (412
[(I)(t)]p [(I) (t)] - (t2 i )\Q)ap+2 ’
Therefore, Ay can be written as follows:
2c 1 1 le'
Af:42AMD%VHUDU| VYT DucP (1D = A
A2 + (|Duc — N2)°® D2 [Duc] 02+ (| Due] = A)3]"
Again, the assumption o > (Z:“ 5 implies (| Du.| — NPT < | Dy [P=D=p=1 and so
2a(p—1)—p—1 alp—
at PP (Due] = NV ey DU s
(A2 + (| Du.| — ) ] a(p—1)+2  — |Du.|* | Du.|?e®—-1) ’
where we have used that |Du.| > A. Thus we have
2 2 p—1+2c
A2 S 2a(p71)+4 2 |D U5| (|Du5| B >\)+ (341)

| Due| [N + (| Due| = A3
Joining estimates (3.38)—(3.41), we find

(|Du6| )p 1+2a| 2u€|2

w) 2 D((|Due| — N ) a0 </ 24
(O @Dl =Ny < € |, Do s (D] T

+ %/ | Du.|P dx,
T B,

where ¢ = ¢(n, p,a) > 0. Combining the previous inequality, (3.36) and (3.37) with (3.35), we
get

| @)@ 17 (D]~ 0 do

T

(1Due| — NF | Duel? g 1
<l e |(f i) 1 (14 L) IDul |
B 7 (B | \Jp, [Duc| [\ + (|Duc| — A)% e 2/p Lr(B,)
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for a constant ¢ = ¢(n, p, a) > 0. Going back to (3.34) and using the above estimate gives

[ i N L
5, 1Duc] 2+ ([Duc] = V3T

<e(/ UDu] AV D ) 1
= s, 10wl P2 + (1Dl = V2J° i

C C 2 P
+ <C+ /rT/p> ||DU5||LP(BT) HfEHB:,pf 5,) + T_2 BT(l + |Du8| )2 dl‘,
where ¢ = ¢(n,p,a) > 0. Now we apply Young’s inequality to the first two terms on the
right-hand side of the previous estimate. This yields

/ (1Due| =N D,
B, [Ducl [\ + ([Duc| = A3
C p /
S(0+s)/<LHDm%um+CWﬁwp2 , (3.42)
" : B, (Br)

for some constant C' = C(n,p,a) > 0. At this point, recalling the definition of V, , in
(3.2)—(3.3), a straightforward computation reveals that, for every j € {1,...,n}, we have

p—14+2a

_ (Dul =N
‘DUEP [)‘ + (’Du5’ - )‘>+]

0; Du, (Du., d;Du.)
b Saa((1Duf - 3)) [ B0 (o0

0;Var(Due) (Due, 0;Du.) Du,

142
2

Du,

if |Du.| > A, and 0;Va\(Du.) = 0 otherwise. In the set {|Du.| > 0}, this yields
| DV A (Du.)|* < By + By, (3.43)

where we define
(‘Dus‘ - A)ﬁ—iHm ‘D2u5]2

B, =2
' A+ (|Duc| — M) ]2

and

[San((|[Duc| = )] [D?u]?
| Du,|? '

We now estimate B; and By separately in the set where |Du.| > A, since both By and B,
vanish for 0 < |Du,.| < A. We immediately have

Bg =8

(|Duc| = NE2 | D?u|?

B, <2 : (3.44)
| Duc| [N + (| Duc| = N)3]*

As for By, by Lemma 3.8 we obtain
32 (|Du5| - )\)]_0’_+1+2a |D2u5|2
B, < —
P? [Ducl* A+ (|Duc| = A) 4 ]1+2e
D _ 142 D —\)2 | D212
< 32 (| Duc| = MY (I1Due| = A)3 [Du| (3.45)

p? | Ducl? [\ + (| Due| = A)3 ]
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Du.| — A7 1420 D2y, |2
L 32 (D] =\ D 16
P* |Duc| [\ + (|Duc| — M2
Joining estimates (3.43)—(3.45), we then find
Du.| = N 1+2a’ u|?
DV x(Du)*n?dx < c(p / ( n*dx, 3.47
p, |Vl ), IDwl 7 + (D A2 (347

which combined with (3.42), gives

C P ’
[ ivaswutitas < (04 G) [ avipaptas + I
- By

B 7 (B)

Let us now consider the same ¢y € (0,1] as in Proposition 3.12 and let € € (0,&]. Then,
recalling that » = 1 on B, /, and applying estimate (3.16), we obtain

C p
/ DV (Du ) < (04 S) [+ 1Du gy + 1 ] + U,z

where we have used the fact that » < R < 1. Since (p*)’ < p/, using Holder’s inequality, from
the above estimate we get

C /
[, 1pvas @z < (€ Z) (1400 WDl + 11| + VR
r/2 T

Furthermore, there exists a positive number £; < ¢ such that

I¥E

< |Ifl p=2 < 400  for every € € (0,e4].

BP’J Br Bp/71 (BR)

Combining the last two estimates for € € (0, 1], we conclude the proof in the case A > 0.
Finally, when A = 0 the above proof can be greatly simplified, since the parameter « plays
no role, ® =1 and

2
Vo(Due) = — He(Du.) = |Du€] “Du. .
p 2
In this regard, we leave the details to the reader. O]
Combining Lemma 1.14 with estimate (3.22), we obtain the following corollary.

Corollary 3.15. Let e; € (0,1] be the constant from Proposition 3.14. Under the assumptions
of Theorem 3.1 and with the notation above, for every pair of concentric balls B,y C B, C Bg
we have

/ |Tj’h\7a’/\(Du5)|2 dx
Br/4

C|h? (14 1?) /
e (LN DUl I | + CIRP I e s (348)
" B," (Br)

for every j € {1,...,n}, for every h € R such that |h| < g, for every e € (0,e1] and a positive
constant C' depending only on n and p in the case A = 0, and additionally on o if X > 0.
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We are now in a position to prove Theorem 3.1.

Proof of Theorem 3.1. Consider the same £, € (0,1] as in Proposition 3.14 and let € €
(0,e1]. Moreover, let u. be the unique energy solution of the Dirichlet problem (3.12). Now
we fix three concentric balls B, 4, B,/ and B,, with B, C Br € 1, R < 1, and use the finite
difference operator 7;j, defined in Section 1.1, for increments h € R\ {0} such that |h| < .
In what follows, we will denote by C' a positive constant which neither depends on ¢ nor on
h. In order to obtain an estimate for the finite difference 7;,V, \(Du), we use the following
comparison argument:

/ ’Tj7h,\7a7)\(Du)‘2 dx

Br/4

< 4 / 1750 Var(Du.)|* dz + 4 / Var(Due) — Var(Du)|* dz
r/4

Br/4

N 4/ Vo r(Duc(z + hes)) — Vor(Dulz + hey))? da

Br/4

< 4/ |Tj7h\7a7,\(Du€)|2 dr + 8/ |Var(Due) — \7C¥7,\(Du)|2 dz,

BT/4 Br

where we have used the second statement in Lemma 1.14. Combining the previous estimate
with (3.48) and (3.20), for every j € {1,...,n} we get

/ |7; B Var(Du) |2 dx

Br/4

CIEA+1) [ o o ’ .
< S [ 4 Dl + 1) + NI "

+ CHfE f||L(P *)(Br) |:1 + A+ ||DUHL” (Br) + ”f”pp (B ):|
+ Ce[L+ X + Dl + 11 ey ] (3.49)

which holds for every sufficiently small h € R\ {0} and a constant C' depending only on n and
p in the case A = 0, and additionally on « if A > 0. Therefore, recalling (3.18) and letting
e\ 0 in (3.49), we obtain

/ 1A, W Var(Du)? da

B'r/4

C /
<(C+ S) 142+ IDuly + 11y - O

B " (Br)

Since the above inequality holds for every j € {1,...,n} and every sufficiently small h # 0, by
Lemma 1.15 we may conclude that V, \(Du) € W’ZIOCQ(Q R™). Moreover, letting h — 0 in the

previous inequality, we obtain estimate (3.5) for every ball B € 2 with R < 1. The validity
of (3.5) for arbitrary balls follows from a standard covering argument. O
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3.4 Proof of Theorem 3.4

This section is devoted to the proof of Theorem 3.4. Actually, here we limit ourselves to
deriving the a priori estimates for 1 < p < 2, since inequality (3.8) can be obtained using the
same arguments presented in Section 3.3. In what follows, we shall keep the notations used for
the proof of Proposition 3.14.

Proof of Theorem 3.4. Let us first assume that A > 0. Arguing as in the proof of Proposition
3.14, we define the integrals I; —I; exactly as in (3.29). We need to treat differently only the

n(p— 1 +2 P

integrals /5 and I4, in which the new assumptions 1 <p <2and f € L, (€2) are involved.
It comes out that 5 is non-negative, as in the super-quadratic case. Indeed, estimates (3.30)
and (3.31) lead us to

I > 2 / 72 (D] — )s)

A,y UDul =08 (Du =N D,
{|:(p 1) |Du€| ‘Du€|2 + (p 2)(1+|D €|> ’D z—:‘

- [Z (k) Ok [(|1Due| = N)4] | + (|Duel = N5 [D[(| Due| = A) ]|

k=1

+ e(1+ |Dul?= |Du.f? |D[(| Du| — )\)+]|2} dz

> 2 [ o (Dud = ) [0 - ) U - 10+ D) |

: [z”: (Okue) O [(|Due| — )\)+]] dx > 0.

Therefore, using (3.24), (3.33) and Lemma 3.11, from (3.29) we now obtain

(|Du5|— )p 2 2 12 2
D*u, d
/Br D P2 + (1Du.] = a2 el de

C P C Ue| — poatza 2
< [ oyt + 9 [ O D

)Y [ @)@ 7 @(1Dul X)) d

T

< _0(1;,204)/ (14 |Du.*) dx +c Z/ (05 £)(Qjuc) n* @((|Duc| — N)4) dz, (3.50)

where the function ® is defined in (3.33). At this point, we integrate by parts and then apply
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Holder’s inequality in the second integral on right-hand side of (3.50). This gives

\ [ @007 ®((1Dw] = 3. do
<l s o 1510507 @((1Du] = ), )

Ln(p=-1)+2-p (B,

(3.51)
L"*nifﬂ’(Rn)‘

From now on, we will only deal with the case n > 3 and 1 < p < 2, since the remaining cases

imply that
np np

= =2
np—1)+2—p n—2+p
and can be addressed by suitably modifying the arguments used in Section 3.3. Note that in
the case p = n = 2, we have (p*)’ < p/ = 2, and therefore we can continue to argue as in the
proof of Proposition 3.14.
For ease of notation, we now set

Z(x) = 1 (2) - (Oue(x)) - ®((|Due(x)] = A)) -

< 2forn >3 and 1 < p < 2, an application of Holder’s inequality and Lemma 1.3

. np
Since —3 i

yield

rinZ(x)|7 2 dr
R ]7
n

np (2—p)

_np_ 2 2y B2 2 2\ grb
= | ImnZ(@)|[7= 5 (|1 Z(x + hey)|” + | Z(2)]?) = (1Z(x + hej)|* + |Z(2)[?) @0 dx
R’ﬂ

__np (n=2)(2—p)
p=2 2(n—2+p)

P 2(n:u2)+13) np
< ¢(n,p) < 70 Z(@)]* (|2 (x + hey)|* + |Z(2)P) 2 dﬂf) < | Z ()|~ dfﬂ)
R™ R™

< cup) ([ | (12007 20)) daz) ([ 1z a)

for every h € R\ {0}. Dividing both sides by |1|72% and letting & — 0, by virtue of Lemma
1.15 we obtain

(n=2)(2—p)
2(n—2+p)

0;2()[74% da
Rn

< e(n, p) ( /]R 19 (IZ(x)I%Z(xD da:) e ( [ 17 oy dw) L)
STy (n—2)(2—p)
< ¢(n,p) </}Rn D (|Z(g;)|%z(x)> ? dx) 2-2+9) ( ) () d:c) 2-249)
= 2\ NN )
=) ([ |p (1217 2)[ @) ([ |z )
<o ([ |0 (121 20| @)™ ([ |p (o= 2} )"
= c(n,p) (/ D (|Z(x)|p%z(g;)> i dx) T (3.52)
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Recalling the definition of Z, calculating the gradient in the right-hand side of (3.52), using
the properties of 1 and recalling that ® < 1, we get

10;10* (5ue) S((1Due] = NIty

<c </ D (npraj%%(ajus) [©((| Du| —AW]%)

c (/ 772”
By

1
+c (/ n?~2 | Dy|* | Du|? dm) : (3.53)

1
2 P
d;z:)

D (19p0.l'% @) [#((1 0wl = 0. )F) o)

hSA

IN

Inserting (3.53) into (3.51) and using the properties of 1, we obtain

| @)@ 7 (D]~ 0 do

r

=

2 w0, B
Sdmmmgﬁwwﬂ(@ﬁ\Do@w|<@%anmu Ann)\w)

1
C P
+ T2/p HfEHLW(BT) (/B; |Du€’p dx) . (354)

Now, combining (3.54) with (3.50), we have

(\Du5|— )p 12 2 12 92
D=u,
LJ&MM2(WEM-)P|“|”dx

C
S TQ B (1+|Du€’ )QdZL' + g/p HfEH

- p—2 P 2
AT P A TS W T
j=1 r

LW(B ”D“€HLP(B,.)

hSA

where now ¢ = ¢(n, p, «) > 0. The last integral can be estimated using (3.39), (3.40) and (3.41).
Thus we infer

(|Du€| - )p 12 2 12 9
D=uy, d
.éAD%Hv (D] = aep P el de

LW(BT ||Dua||Lp(Br)

C P C
< & [ 0D+ s

S =

+ellf] / (|Dug| — NP2
cllfell ——np
L0727 (B,) \ Jp |Du| [\2 + (|Du.| — N)4]"

| D?u,|* n? dx)

Applying Young’s inequality to reabsorb the last integral by the left-hand side, and then using
inequality (3.47), we derive

C
[DVar(Due) i de < — [ (14 |Dul’)ede + CfIF_ w
By ™ JB, LA=DFE5 (B,)’
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for a positive constant C' depending only on n, p and «. The desired conclusion follows by
arguing as in the proofs of Proposition 3.14 and Theorem 3.1, observing that

np np

= < for ever > 1.
np—n-+p np—1)+2—p yp

(p*)

Finally, when A\ = 0 the above proof can be greatly simplied, since the parameter a plays no
role, ® = 1 and

2 p—2
Vo(Du.) = —|Du| = Du,.
p

We leave the details to the reader. O



Chapter 4

Regularity results for a class of widely de-
generate parabolic equations

In this chapter, we are interested in the regularity properties of weak solutions u : 2 — R
to the strongly degenerate parabolic equation

-1 Du

up — div ((|Du| — M |Du|> =f in Qr=Qx(0,7), (4.1)

where 2 < p < 00, 2 is a bounded domain in R™ (n > 2), "> 0 and A is a positive constant.
The results reported here have been obtained in [10] and [5].

Notice that the above PDE is nothing but the evolutionary version of the elliptic equation
(2.1). A motivation for studying equations of the type (4.1) can be found in gas filtration prob-
lems taking into account the initial pressure gradient (see Section 4.2 for a brief explanation).

In what follows, we shall first prove the Sobolev spatial regularity of a nonlinear function
of the spatial gradient Du of the weak solutions to (4.1), which in turn implies the Sobolev
time regularity of the solutions, by assuming that the datum f belongs to a suitable Lebesgue-
Sobolev parabolic space.

More precisely, the first main result of this chapter is the following theorem, which can be

considered as the parabolic counterpart of [22, Theorem 4.2|. We refer to Chapter 1 for notation
and definitions.

Theorem 4.1. Letn > 2, p € [2,00), ﬂ—r:l < ¥ < oo and f € LY (0,T;WH(Q)).
Moreover, assume that

w e €0 (0,7 L) N 17 (0.7: WH(2)
is a weak solution of equation (4.1). Then

Hy(Du) € Li, (0,T; W, 2(2,R")) .

loc loc

Furthermore, the estimate

_np+4
/ ]DH'g(Du)I2 dz < ¢ ()\HDfHLﬁ(QRO) + HDfHﬁ?QI;O;)
Qg/2(ZO)

93
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+ 25 (1Dl ) + 1Dl + 3 +32)  (42)

holds true for any parabolic cylinder Q,(z0) C Qr(20) C Qr,(20) € Qr and a positive constant
¢ depending at most on n, p, ¥ and Ry.

One of the main tools in the proof of Theorem 4.1 is the difference quotients technique used
in the spatial directions. In this chapter, we will argue as in [41, Lemma 5.1] and [53, Theorem
4.1], but we need to take into account the strong degeneracy of equation (4.1). This is why we
obtain the Sobolev spatial regularity not for the usual function

V,(Du) = |Dul¥ Du,

but for the vector field Hz(Du), which vanishes in the set where equation (4.1) becomes de-
generate.

The proof of Theorem 4.1 is also based on a comparison argument with the solutions of a
family of much less degenerate parabolic problems having a smooth inhomogeneity. To the
solutions u. of these problems we can apply the a prior: estimates that we establish in Section
4.3, whose constants are independent of the approximation parameter €. Next, we show that
the LP-norms of the spatial gradients of such solutions are uniformly bounded with respect to
¢, and this allows us to transfer the higher differentiability in space of H 2 (Du.) to the function
Hy(Du) (see Section 4.4 below).

As we anticipated earlier, from Theorem 4.1 we can easily deduce that any weak solution u of
(4.1) admits a weak time derivative u,, which belongs to the local Lebesgue space L™ 174 Q).
The idea is roughly as follows. Consider equation (4.1); since the above theorem tells us that in
a certain pointwise sense the second spatial derivatives of u exist, we may develop the expression
under the divergence symbol. This will give us an expression that equals u;, from which we get
the desired summability of the time derivative. Such an argument must be made more rigorous.
Furthermore, we also need to make explicit a prior: local estimates. These are provided in the
following theorem.

Theorem 4.2. Under the assumptions of Theorem 4.1, the time deriwative of the solution
exists in the weak sense and satisfies

atu € Lmin 0.0} (QT)

loc

Furthermore, the estimate

/ |atu|min {9,p'} dz

QQ/Q(ZO)

1
min {4, p’}

1
np+4 2
< el liogany + 1005, (MDA linion) + 101G )
1

< 2p—2 P P 2 p—2 2
+ = (IDulid, )+ 1Dult g, + (7 + 22 [Dullty, ) (4.3)

holds true for any parabolic cylinder Q,(z0) C Qr(20) C Qr,(20) € Qr and a positive constant
¢ depending on n, p, ¥ and Ry.
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Remark 4.3. It is worth pointing out that, starting from the weaker assumption
f e Lwtiz <0,T; Whmtis (Q)) , (4.4)

Sobolev regularity results such as those of Theorems 4.1 and 4.2 seemed not to have been
established yet for weak solutions to parabolic PDEs that are far less degenerate than equation
(4.1). In particular, the results of Theorems 4.1 and 4.2 can be easily extended to the case
A =0, i.e. to the evolutionary p-Poisson equation

u; — div (|[DulP?Du) = f  in Qr, (4.5)

under the assumption (4.4). Therefore, our results permit to improve the existing literature,
already for equations of the form (4.5), which exhibit a milder degeneracy.

With the aim of pursuing our investigation on the regularity properties of weak solutions to
equation (4.1), in [5] we weakened the hypotheses of Theorem 4.1, by assuming that

f € Lpl (07 T? Bg’,oo,loc(Q)) )

loc

with 2 < p < oo and a € (0,1) (cf. Definition 1.32 and the lines following it). This assumption
led us to obtain a local higher differentiability result for the vector field H g(Du) in the scale
of fractional Sobolev spaces. More precisely, our result reads as follows.

Theorem 4.4. Letn > 2, p € [2,00), a € (0,1) and f € Lf;c (O,T; B;",,OOJOC(Q)). Moreover,
assume that
ue C”((0,T); L*(Q)) N LP (0, T; WHP(2))

is a weak solution of equation (4.1). Then

H

VS|

1
(Du) € L, (0,T; WS’2(Q,R”)) for all s € (O, o ) :

loc loc 2

Furthermore, the local estimate

sup / |T,-7hu(q:,t)|2dx—|- / |Ti’hHg(Du)|2dz
te (to—(/2) to) :
By, /2(wo) Qg/2(20)
E [ (Du 1 1) d= + B [ Dulzoon, 1]
= 2 L2 (@2) W 1" (19— 402,10 BY, _(B2))
Q2,(z0)

holds true for any i € {1,...,n}, for any parabolic cylinder Q,(z0) C Q2,(20) € Qr, for any
h € R such that |h| < 0/4 and a positive constant ¢ depending only on n and p.

The proof of the above theorem is equally achieved using the well-known difference quotients
technique in the spatial directions (see Section 4.6 below).

We wish to emphasize that Theorem 4.4 can be considered as the parabolic counterpart of
Theorem 2.7, where however we obtain a higher fractional differentiability result in the scale of
Besov spaces, starting from a datum in the local Besov space By,  ;,.(€2) for some a € (0, 1).
Furthermore, Theorem 4.4 can also be viewed as the fractional version of Theorem 4.1.
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As a consequence of Theorems 4.4, 1.36 and 1.37, we get a gain of summability for Du with
respect to the spatial variable. More precisely, we have the following result.

Corollary 4.5. Under the assumptions of Theorem 4.4, we obtain that

2
Hyp(Du) € L}, (0,T; Lj,(Q,R")  for all r € {1—")

loc loc n—aoa-—1

and

Du € LV (0,T; L (Q,R") for all q € {1, L) :

loc loc n—ao—1

Remark 4.6. In the above corollary, the fact that our assumption on f is now even weaker
prevents us from obtaining a (local) higher summability for Du over Q0 (i.e. with respect to
the space-time variable z = (x,t)), contrary to what can be easily proven under the assumption
f e LP(0,T; W (Q)), by arguing exactly as in the proof of Proposition 4.13 below. For the
same reason, we are led to deal with fractional Sobolev spaces, rather than the traditional
Sobolev spaces of integer order (compare Theorem 4.4 with Theorem 4.1).

Remark 4.7. It is worth emphasizing that, starting from the assumption

f € Lp/ (O’ T’ B](J)é’,oo,loc(Q)) )

loc

higher fractional differentiability results such as that of Theorem 4.4 seemed not to have been
established yet for the spatial gradient of weak solutions to the strongly degenerate equation
(4.1). However, we would like to mention the result contained in [24, Theorem 2.10|, where
Byun et al. consider a weak solution

ue C°([0,T]; L*(Q2)) N LP (0, T; Wy ()

to the following parabolic problem in divergence form:

u, — diva(a, t, Du) = div (|F|"* F) in Qr,
u=20 on aparnga
where 2L < p < o0, a is a discontinuous nonlinearity with an asymptotic regularity, Q is a

n+2
bounded domain whose boundary 0f2 is nonsmooth, and

F=F(z,t) = (fi(x,t),..., fulz, 1)) € LP(Qr,R")

is a given vector-valued function. In fact, the just mentioned result gives an affirmative answer
as to what are both the weakest regularity requirement on a and the lowest level of geometric
assumption on J€2 under which the implication

|FI? € LY(Q) => |Dul” € L(Qy)

holds true for every ¢ € [1,00).

This chapter is organized as follows. Section 4.1 contains some considerations on the interplay
between the regularity of the right-hand side of (4.1) and that of the function H,/(Du). In
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Section 4.2, we give a motivation for studying equations of the type (4.1). In Section 4.3, we
consider a regularization of equation (4.1) and establish some a priori estimates for its weak
solution. These estimates will be needed to demonstrate Theorem 4.1, whose proof is contained
in Section 4.4. Section 4.5 is devoted to the proof of Theorem 4.2. Finally, in Section 4.6 we
prove Theorem 4.4 and the related Corollary 4.5.

4.1 Comparison with a less degenerate elliptic equation

In this section, we make some considerations about the interplay between the regularity of
the right-hand side of (4.1) and that of the vector field H,;(Du), starting from the comparison
with a known result for an elliptic equation which is less degenerate than (4.1).

In [23, Theorem 1.1], Brasco and Santambrogio established the sharp assumptions on the
function g in order to obtain that the WP solutions to the Poisson equation for the p-Laplace
operator

—Ayv = —div(|Dv[P"?Dv) =g in , (4.6)

still satisfy the following Uhlenbeck’s result (see [93, Lemma 3.1|):

|[Do|"2" Dv € W2 (Q,R") (4.7)
in the superquadratic case p > 2, where 2 C R” is an open set. For the sake of completeness,
we recall their result here below, by noting that g must belong at least to a suitable (local)
fractional Sobolev space for condition (4.7) to be true.

Theorem 4.8 (|23, Theorem 1.1]). Let p > 2 and let U € WLP(Q) be a local weak solution
of equation (4.6). If
/ -2
g e WP (Q)  with pT < s <1, (4.8)
then s
V,(DU) := |DU|"Z DU € W *(Q,R")

oc

and

DU e W2P(Q,R™),  for 0 <o < %
As for the sharpness of assumption (4.8), we refer the interested reader to [23, Sections 1.2 and
5. Under the hypotheses of Theorem 4.8, we also find that DU belongs to some fractional
Sobolev space (locally in 2).

The interplay between the regularity of the right-hand side g and that of the vector field
V,(DU) has been considered in detail also in [73|, where the point of view is slightly different:
the main concern there is to obtain (fractional) differentiability of the vector field V,,(DU) when
g is not regular. In particular, in [73] the datum g may not belong to the relevant dual Sobolev
space and the concept of solution to (4.6) has to be carefully defined. We refer to [23, Remark
1.3] and the references therein for comparison with other results.

As already mentioned, when considering the strongly degenerate parabolic equation (4.1),
the vector-valued function V,(DU) is replaced by the function H,/(Du), which belongs to
L? (0, T VVS’Q(Q7 R")) for all s € (0, O‘TH) under the assumptions of Theorem 4.4. One might

loc loc
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then ask what are the optimal (weakest) assumptions to be imposed on the datum f so that
the weak solutions u of equation (4.1) still satisfy the condition

Hy(Du) € Li, (0,T; W,2(2,R")) (4.9)

loc loc

for p > 2, since we cannot achieve the result (4.9) under the hypothesis

feLl (0,T;BS 1e()  with a € (0,1).
However, it is worth emphasizing that equation (4.1) exhibits a more severe degeneracy than
equation (4.6) and that the crucial point in [23] that

IDU|"Z DU € W)* implies DU € W7”

loc loc

cannot be retrieved under the assumptions of Theorem 4.4.

4.2 Motivation

In this section, we wish to motivate our study by pointing out that, in the physical cases
n = 2 and n = 3, degenerate equations of the form (4.1) may arise in gas filtration problems
taking into account the initial pressure gradient.

The existence of significant deviations from the linear Darcy filtration law has been estab-
lished for many systems consisting of a fluid and a porous medium (e.g., the filtration of a gas
in argillous rocks). One of the manifestations of this nonlinearity is the existence of a limiting
(initial) pressure gradient, i.e. the minimum value of the pressure gradient for which fluid
motion occurs. In general, fluid motion still takes place for subcritical values of the pressure
gradient, but very slowly; on reaching the limiting value of the pressure gradient, there is a
marked acceleration of the filtration. Therefore, the limiting-gradient concept provides a good
approximation for velocities which are not too low.

In accordance with some experimental results (see [3]), under certain physical conditions one
can take the gas filtration law in the very simple form

v=—%Dpp [1—%] it |DP?|> G,
v=20 if |DP?| <@,

where v = v(z,t) is the filtration velocity, k is the rock permeability, u is the gas viscosity,

P = P(z,t) is the pressure and G is a positive constant. Under this assumption, we obtain

a particularly simple expression for the gas mass velocity (flux) j, which contains only the

gradient of the pressure squared, just as in the usual gas filtration problems:

2uC |DP?|

j=ov=—-E DPQ—GD—PQ] it |DP?|> G,
' ' 2 (4.10)
j=0 if |DP? <@,
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where  is the gas density and C' is a positive constant. Substituting expression (4.10) into the
gas mass-conservation equation, we obtain the basic equation for the pressure:

ot | DP2|

& =0 if |DP?| <@,

{ P — kdiv[pPr -G B i [DP? > G, )

where m is a positive constant. Equation (4.11) implies, first of all, that the steady gas motion
is described by the same relations as in the steady motion of an incompressible fluid if we
replace the pressure of the incompressible fluid with the square of the gas pressure. Moreover,
if the gas pressure differs very little from some constant pressure Py, or if the gas pressure differs
considerably from a constant value only in regions where the gas motion is nearly steady, then
the equation for the gas filtration in the region of motion can be “linearized” following Leibenson,
and thus obtaining (see [3] again)

ot [DP?]|

&0 if |DP?| < G.

0P _ kPo giy [DP2 e, DPQ} it [DP?|> G,
oL (4.12)

Now, setting u = P? and performing an appropriate scaling, equation (4.12) turns into

ou Du

— —di Dul—1)y — | =0

ot v |:(’ u| )-‘r |DU|:| )

which is nothing but equation (4.1) in the case p = 2, A = 1 and f = 0. This is why (4.1) is
sometimes called the Leitbenson equation in the literature.

4.3 The regularization

In this section, we consider a regularization of equation (4.1) and establish some a priori
estimates for its weak solution. These estimates will play a key role in the proof of Theorem
4.1 (see Section 4.4).

Let n € N with n > 2, p € [2,00), n;izfn <Y <ooand f e L’ (O,T; WW(Q)). For
e € [0, 1] and a couple of standard, non-negative, radially symmetric mollifiers ¢, € C§°(B(0))
and ¢y € C§°((—1,1)), we write

1
J(ant) = / F(x— eyt — 25) du(y) do(s) dy ds, (4.13)
~1.JB1(0)

where f is meant to be extended by zero outside Q. Observe that fo = f and f. € C*(Qr)
for every ¢ € (0, 1].

Now we consider a domain in space-time denoted by €}, := Q' x (T1,T3), where Q' C Q
is a bounded domain with smooth boundary and (73,7%) € (0,7). For our purposes, in the
following we will need the definitions below.

Definition 4.9. Let € € (0,1]. A function

u. € C° (T, Tr); L (V) N LP (Ty, To; WHP(Y))



60 Regularity results for a class of widely degenerate parabolic equations

is a weak solution of the equation
Oyue — div (Hp—1(Due) + € |Du.[P"*Du) = f. in Qf, (4.14)

if and only if, for any test function ¢ € C§°(£2] ,), the following integral identity holds:

/ (ue - Opp — (Hp—1(Du.) + € |Du.|P*Du., Dg)) dz = — fepdz. (4.15)
o e
Definition 4.10. Let ¢ € (0,1] and
g € C°([T1, To); L*()) N LP (T, To; WHP(QY))
In this framework, we identify a function
u. € C° ([T, Ta); L(Q)) N LP (Tq, Ty; WHP())

as a weak solution of the Cauchy-Dirichlet problem

Oy — div (H,_1(Du.) + € |Du.|P~2Du.) = f. in Q,,
= (4.16)
Us = ¢ on 8parﬂl’2,
if and only if (4.15) holds and, moreover,
u. € g+ L7 (Ty, To; Wy P ()
and u.(-,Ty) = g(-,T1) in the L*-sense, that is,

t\ 11

Therefore, the initial condition u. = g on Q' x {71} has to be understood in the usual L?-sense
(4.17), while the condition u. = g on the lateral boundary 92" x (77,7T3) has to be meant in
the sense of traces, i.e.

(ue = g) (1) € WP (€Y)
for almost every ¢ € (11, T3).

Remark 4.11. The regularized parabolic equation (4.14) fulfills standard p-growth conditions.
The advantage of considering the associated Cauchy-Dirichlet problem (4.16) arises from the
fact that the existence of a unique solution

u. € C° ([T, Ta); L*()) N LP (Th, To; WHP())

satisfying the requirements of Definition 4.10 can be ensured by the classic existence theory for
parabolic equations (see [69, Chapter 2, Theorem 1.2 and Remark 1.2]).

Now we shall use the well-known difference quotients method in the spatial directions together
with the properties of the functions H,_; and V, to establish the following result.

Proposition 4.12. Lete € (0,1],n>2,p > 2, np”fjfn <Y <ooand feL’(0,T;W-(Q)).
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Moreover, assume that
u. € C° (T, Tz); L*(V)) N LP (Ty, Ty; WHP(Y))
is a weak solution of equation (4.14). Then the solution satisfies

(2, R"). (4.18)

loc loc

Hy(Du.) € Ly, (T1, Ty; W2 (U, R"))  and  Du. € Ly, (T1,Ty; L,

Furthermore, the estimate

sup D)y ¢ [ IDHy (D) dz

t€ (to—(p/2)2:to) Q. (20)
p/2\%0

1
<c ||Df€||LP'(QRU) HDUEHLP(QRO) + ;/ (|IDuc|” +1) dz (4.19)
QRO

holds true for any parabolic cylinder Q,(z0) C Qr,(20) € Q)5 and a positive constant ¢ depend-
img only on n and p.
Proof. By a slight abuse of notation, for w € Lj,.(Q] 5, RY), s € {1,...,n} and h # 0, we set
(when z + he, € (V)

Tw(x,t) = 7 pw(z, t) == w(x + hes, t) — w(zx,t),

Ahw(x,t) = As,hw(l’,t) — W(ZE + h@sat) — ’LU($,t)

h Y
where e, is the unit vector in the direction x,.
Since u. is a weak solution of equation (4.14), we have
/ (ug - Oyp — (H,_1(Du.) + € |Du [P Du, Dgp)) dz = — fepdz
Q5 Q5

for every p € C§°(§2] 5). Replacing ¢ with 7_,p, where 0 < |h| < dist (spt o, 98, ,), by virtue
of the properties of the finite difference operator, we get

J

We now replace ¢ by ¢, = ¢, * ¢ in the previous equation, where {¢,}, ¢ > 0, denotes
the family of standard, non-negative, radially symmetric mollifiers in R®™!. This yields, for
0<o k1,

(ThuE - Opp — (T Hp—1(Du.) + e [\Du5|p_2Dua} ,Dgp)) dz = —/ e pdz.

! !
1,2 2

/ ((Thue)o : atSO - <(Tth—1(Due))U +e (Th [‘Due|p_2Dus})a ) DSO>) dz = — / (Thfe)o : @dz'

! ’
91,2 Q1,2

Now, in the last equation we choose the test function ¢ = ®(7,u.),, where ® € C§o(€2] ,) is
a cut-off function which will be specified later. After an integration by parts and then letting
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o — 0, we obtain

1 /
2 Q/L?
/S;/L?

+ / mnfe - ® - Tue dz (4.20)
Q

/
1,2

IThue|” 9,® dz +/ ® (1, Hy—1(Du.) + €7 [|Du.P"*Du.| , Dryu.) dz
5

(hHp—1(Du.), DO)1pu. dz — 8/ (Th [\Du5|p’2Du€] , D®)1pu. dz

i
5

for any ® € Cg°(€ ,), provided that |A| is small enough. Note that an approximation argument
yields the same identity for any ® € WLOO(Q’LQ) with compact support in ), and any suffi-
ciently small h € R\ {0}. In what follows, we will denote by ¢, and ¢ some positive constants
which neither depend on A nor on e.

Now, let us consider a parabolic cylinder

Qp(20) C Qro(20) € 5.
For a fixed time ¢ € (ty — p?,to) and § € (0,ty — t1), we choose
®(z,t) = X(t) x(t) 7*(2)

with x € Wh=((T1,T,),[0,1]), x = 0 on (T1,to — p?) and dyx > 0, n € C5°(B,(z0), [0,1]), and
with the Lipschitz continuous function y : (717,7%) — R defined by

1 i<t
X(t) = ¢ affine ift; <t<ty+9,
0 i 1>t + 6.

With such a choice of ®, equation (4.20) becomes

),
2 Jay,

T / OO () (7 Hyr (D), D) d

!
1,2

N 1 N
e |” 0 (2)x ()X (1) dz — 3 /Q el P (@)X (1) DX (1) dz

+ E/Q X x()n*(x) (]| Duc P2 Du.], Dmyu.) dz

’
1,2

= <2 [ UOX(O() (s (D), Dy d
Q

/
1,2

-2 6/9 X x(On(x){(mh[| Due [P~ Du,], Dn)7hu. dz

!
1,2

-+ /{; (Thfe)(Thu€>%(t)x(t)n2(q;) ds.

!
1,2

Setting
t = Bp(.iljo) X (to —p2,t1)
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and letting § — 0 in the previous equality, for every t; € (to — p?,to) we get
1
5[ X et e+ [ Oy (Du), D) d-
By (20) Qh

+ € X(t)7]2(1:)(Th[|Du5|p_2Du€], Drpu.) dz
Qh

_ /Q X(On(@) (7 Hyos (D), Do d= + /Q (1) (T )X (O () d=

1
~2¢ [ x(Onta) D Du Dyra dz 4 5 [ (@00n(a) Im dz
Qtl Qtl
= ]1+[2+I3+I4, (421)

where we have used that 0, converges to a Dirac delta distribution as 6 — 0, together with
the L?(Q)-valued continuity of u.. In the following, we estimate I, I, and I3 separately. Let
us first consider ;. Using Lemma 1.6 together with Young’s inequality, we obtain

—1)2 »
) < 22E [ X100 (15 (Duete + e )7 + 175 (D7) et
N

5 [ X0 (@) [7Hy (Due) | dz, (4.22)
Q1

where 8 > 0 will be chosen later. As for I3, by Lemma 1.4, we similarly have
2e (p—1)2 p=2 p=22
L) < %/ X101 (IDuez + hew % +1Ducl %) [ d=
/ ) |7V, (Du.)|? dz. (4.23)
t1

We now turn our attention to I;. Taking advantage of the properties of f., u., x and 7, and
using Hoélder’s inequality with exponents p and p’ together with Lemma 1.14, we obtain

2
[l < er(n) [T IDfell b @y 1P el Lo (@) (4.24)

provided that |h| is suitably small. Now, by virtue of Lemma 1.6, we also have

4

] x(®)n*(z) \ThHg(Dus)sz < / x(On*(x){(rnHy—1(Du.), Dryu.) dz. (4.25)
Qh Qh

Similarly, by Lemma 1.4, we obtain

4
p—s X(t)nz(:c) \7'th(D7,LE)|2 dz < 5/ X(t)nQ(x)(ThHDus|p’2Du€],DThu€> dz. (4.26)
Qn Qn

Joining estimates (4.21)—(4.26) and choosing 5 = % we arrive at

[ @ e )P e + [ @) g (Du)
By (o)

Q1
+ e [ O V(D d:
Q"
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p—2

p—2 2
< aln) [ X100 (15(Due + hes )5 + 1 (Dw)F) + @] e
Qn

p=2 p=2\ 2
+ealnp) [ [sanf (1w + hew, )T + |Du|T) +<atx>n2] el dz
Q"
2
+ ca(n,p) W 1D £ll () 1D 9@y

which holds for every t; € (ty — p?,to) and every sufficiently small h € R\ {0}. Recalling that
0 < e <1 and using the definition of the function Hz, from the above estimate we get

/ Mt (@) [rne (1) P + / AP (@) (7 (Dus) P d
By (o) Q"
p—2 p—2\ 2
< ) [ 1D (1Ducte e )T+ D0l T) 5 @ Il ds
Qh
+ cs(n,0) 1B 1D rioney 1 Dtell o)

which holds for every t; € (to — p?,t9) and every suitably small h # 0.

We now choose a cut-off function n € C§°(B,(x¢)) with n = 1 on B,/3(x¢) such that 0 <
n<1and |Dn| < %. For the cut-off function in time, we choose the piecewise affine function
X : (T1,Ty) — [0,1] with

XEO on (Tl,to—pg),
X=1 on |tp— (5)2 ,T2> )

2
OX =35 on to—p2,t0—(§) >

Dividing both sides of the previous estimate by \h\2 and using the properties of x and 7, we
obtain

sup / Apu(z, )2 da + / (A Hy (Du.) P da
te (to—(p/2)?t0)
B, /2(z0) Qpy2(20)
-2 p=2 p=22 2
< eq(n,p)p <|Du€(x+hes,t)| 2+ |Du.| 2 > + 1| |Apue|” dz
Qp(20)
+ ca(n, D) [ Dell o @y ) 1Pl Lo (@) - (4.27)
Now we set

p— p— 2
I = / [(\D%(Hhes,t)\22+|Du€\22) +1] [Apuel” dz.
Qp(20)

If p > 2, using Holder’s inequality with exponents <§, 1%2) and the properties of the difference
quotients, we can control I5 as follows

Is < es(n) / |Du.|" dz
QR

p—2

(/ [|Du P2 +1]72 dz)
QRrg

SIS
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< cg(n,p) (/ |Du.|” dz)
QR

< alnp) [ (Dub 1) de (4.29)
QR

kAN
A
S
o

provided that |h| is sufficiently small. Joining estimates (4.27) and (4.28), for p > 2 we then
have

sup / |Agpue(z, )P de + / |A37hHg(Du€)|2 dz
t€ (to—(p/2)%,t0)
B, /2(0) Qp/2(20)

1
< ¢ | ID L uy 1Dl i@y + 5 [ (Dul +1) a2
QRO

with ¢ = ¢(n,p) > 0. Since the above estimate holds for every s € {1,...,n} and every
sufficiently small h € R\ {0}, for p > 2, by Lemma 1.15, we may conclude that

Hg(DUe) € Ll200 (Th T; VVl%J’cz(leRn)) :

Finally, if p = 2, arguing in a similar fashion, we reach the same conclusions. Moreover,
letting & — 0 in the above estimate, we obtain the Caccioppoli-type inequality (4.19), which
in turn implies the validity of (4.18). O

As a consequence of Proposition 4.12, we obtain the following higher integrability result for
the spatial gradient Du., whose proof is based on the Sobolev embedding theorem in space
applied slicewise.

Proposition 4.13. Under the assumptions of Proposition 4.12, we obtain that

Du. € LIS " (9, R").

loc

Moreover, there exists a positive constant Cy = Cy(n,p) such that, for any cylinder

Q+(20) C Qp(20) € V5,

there holds

[ A

Q~(20)

S

< 4 sup / | Du,(z,t)|* dx / (\DHZ(DUE)\Q +
p(z

tE€ (to—p2,t
(to=r O)Bp(fCo) Qp(20)

1
G Dt )

In addition, the estimate

[P VAR

Qp/2(20)
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1+2

1
< Cu ISy 1Dl + 5 [ (1Dl + 1)z (1.29)
QRO

holds true for any parabolic cylinder Q,(z0) C Q2,(20) C Qr,(20) € Q5 and a positive constant
C2 = C? (n7p)

Proof. Let us introduce the following function:

2n 4
G. = " ]Hg(Du€)|nP+1.

In what follows, we will denote by ¢, some positive constants which do not depend on . From
the definition of G., we obtain

2

4 4
IDG-| = | Hy (Dus) % |D|H (Dus)|| < 3| Hy(Dus)| 5 | DHy (Du). (4.30)

where ¢; = ¢1(n,p) > 0. Now, let us fix a ball B,(z¢) € ' and a time t, € (11,713), and let
p € C°(By(xo)) and  x € WH((T, Tp))
be two non-negative cut-off functions with x(77) = 0 and d;x > 0. Applying the Sobolev

embedding theorem on the time slices X := B,(x¢) x {t}, for almost every ¢t € (11,%) we have

n+2
n

| wciar < am) ( DG dx)
Et Zt
nt2
= c3(n) ( lo DG, + G, Dg0|"% dw)
Zt s o

< ¢3(n) ( |g0DGE|nLJ:l2 dx) pt c3(n) ( |Ge D<p|7127f2 dx) '
P

=. C3 Jl(t) + C3 Jg(t),

P

where, in the second to last line, we have applied Minkowski’s and Young’s inequalities one
after the other. In the following, we estimate J;(t) and Jo(t) separately. Let us first consider
Ji(t). Using (4.30) and Holder’s inequality, we deduce

n+2
n+2

2n 2 2 n
Ji(t) < ¢ (/ pnt2 [(lDu5| — A |DHg(Du5)|] dl’)
2t

(;4/ o |DHy (Du,)? da (/ (IDu.| = A2 d:c)
b spt(p)

< 04/ ©* |DHy(Du)|* da (/ |Du6|2dx)n,
L spt(¢)

where ¢y = ¢4(n,p) > 0. We now turn our attention to J5(¢). Using the definition of G. and

n

IA
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Holder’s inequality, we can conclude

i) = 1 Du - 0 Dol ar)
o) = ot ([ (Dl = 0 1o as

n+2
4n?

— D 2DuspﬁﬂDugni”daj '
(np+4)2(/2t[| ol? |Dul”] ™ | D )

4n? ) , ) 2
< —— | [D¢|" |[Du|"dx |Du|"dz | .
(np + 4) o spt(ep)

Q110 = By(x0) x (T1,t0),

putting together the last three estimates and integrating with respect to time, we obtain

Setting

+ 4
| xpul =2 e
QT 1t

to %
< 05/ X [/ |Du6(a:,t)|2dx] {/
T spt(p) b

<ol s | Dwofdrl [ (& DH (D) + DA |DP) d
spt(p) QTLto

T <t<to, x(t)#£0

@ |DHy (Du) P + |Dgf? | Du]?) dl"} «

v —~

(4.31)

where ¢5 = c5(n,p) > 0. Now we perform a particular choice of the cut-off functions x and
¢ involved above. For a parabolic cylinder Q,(z) € €] ,, we choose x € W*((T,T3)) such
that

x=0 on (Ty,to—p?], x=1 onltg—1%Ty), Ox>0,

with 0 < v < p. As for ¢ € C°(B,(z)), we assume that ¢ = 1 on B,(z9), 0 < ¢ < 1 and
|Dep| < %. With these choices, estimate (4.31) turns into

4
[ A
Q~(20)

n

< cg(n, p) sup / |Dug(z,t)|* do / (|DH12»(DUE)|2 +
te (to—p2,to)
p Z0 Qp(20)

1
W |Du5|p) dz.

(4.32)

We now choose v = £ and use (4.19) with Q,(2o) replaced by Q2,(20), in order to estimate the
first and second integrals on the right-hand side of (4.32). After changing notation about the
cylinders involved, we finally obtain inequality (4.29), which ensures that

Du. € LIS " (9, R"). 0

loc
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4.4 Proof of Theorem 4.1

We now prove Theorem 4.1, by dividing the proof into three steps. The first step consists
in constructing a family of Cauchy-Dirichlet problems, for which we are allowed to use the a
priori estimates from Propositions 4.12 and 4.13. At this stage, Lemma 1.10 will play a key
role in deriving an a priori estimate for the solutions to these problems (i.e. the comparison
maps): we specifically refer to estimate (4.44) below.

In the second step, we will show that the LP-norms of the spatial gradients of the comparison
maps are actually uniformly bounded (see estimate (4.54)), and this is where Lemma 1.11 will
come into play.

Finally, in the third step, we shall use a standard comparison argument, as well as the
results obtained in the previous steps, to reach the desired conclusion.

Proof of Theorem 4.1. We conduct this proof in three steps.

Step 1: A priori estimate for the comparison maps. We shall keep the notation intro-
duced for the proof of Proposition 4.12, starting from the case p > 2. For ¢ € (0, 1] and a couple
of standard, non-negative, radially symmetric mollifiers ¢; € C§°(B1(0)) and ¢o € C§°((—1,1)),
we define the function f. as in (4.13), where f is meant to be extended by zero outside Q7.
Therefore, we have that f. € C*(Qr).

Now, for any fixed € € (0, 1], let us define the comparison map

Ue € CO ([to — Rg,to], L2(BRO($0))) N L? (to - R%,to, Wl’p(BRo(l'o)))

as the unique energy solution of the Cauchy-Dirichlet problem

{ Opue — div (H,_y(Du.) + £ | Du.|P~2Du.) = f. in Qg,(20), (433

Ue = U on OparQr,(20),

where Qr,(z0) € Qr and the initial-boundary condition is meant in the sense of Definition 4.10
(see |69, Chapter 2] or [38, Chapter 9] for the existence). Moreover, let us fix a positive number
R < Ry and arbitrary radii

R
§§r<€<p<7<ar<R,
with 1 < a < 2. In what follows, we will denote by ¢, some positive constants which neither

depend on A nor on €.
For a fixed time t; € (ty — p?,ty) and § € (0,ty — t1), we choose

®(x,t) = X(t)x(t)n*(2)
with x € Wh*((to— R, to), [0, 1]), x = 0 on (to— Rf, to—p?) and dyx > 0,0 € C§°(B,(), [0, 1)),
and with the Lipschitz continuous function X : (tg — R%,ty) — R defined by

1 i<t
X(t) =< affine if t; <t <t;+0,
0 if t >t +0.
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Setting
Q" := B,(x0) % (to — p*,t1)
and arguing as in the first part of the proof of Proposition 4.12, from (4.33); we get

1
5] xR e )P o+ [ (O @) Hy(Du). D) dz
By (z0) Qh

+ € x(On*(x) {1, [|Du5|p_2Dug} , DThuc) dz
Q4

S / O Hyr(Duc), Diymyue dz + / (o) () x (£ () dz
Qu Q

1
~2e [ (O [Dul*Du] Dijre. dz + 5 [ @00 (@) [ dz
Qtl Qtl

= Al + A2 —I— A3 —f- A4 (434)

for every sufficiently small 1 € R\ {0} and every ¢; € (t; — p?, to). In the following, we estimate
Ay, As and Aj separately. Let us first consider A;. Using Lemma 1.6 together with Young’s
inequality with ¢ > 0 and exponents (2,2), we obtain

p—2

2(p —1)? p=2 2
i = 2E2h [ o) 1D (1Hy (Do e, )7 + (D)) 7)o

* %/Q X&) () | Hy (Due) [ d. (4.35)

As for As, by Lemma 1.4, we similarly have

2 —1 2 bp—= bp—= 2
aal < 2L 100 (100 + e ) Z 4100l F)
o tq
ET 2 2
+ > X&) () |7V, (Due)|” dz. (4.36)
Q"

We now turn our attention to As. Thanks to Propositions 4.12 and 4.13, we know that

Hy(Du.) € Li, (to — R, to; Wy (Bry(0), R™)) |

loc

4

Du. € L, (to — R§, to; Li.(Bro(70), R™)) N Lyt (Qro(20), RY)

loc

and
n

4
Du, — AP dz < ci(n,p sup Du.(xz,t > dx
+
Q’Y(ZO) Bar(zo)

t()*(CMT’)Q <t<tog

1
: |DHp (Du.)]? + ——— |Du5|p) dz. (4.37)
/QW@ ( ’ (ar —7v)?

Therefore, taking advantage of the properties of f., u., x and n, and using Holder’s inequality
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with exponents (np"fjfn,p + %) together with Lemma 1.14, we obtain

np+4—n

Ay < ea(n,p) |]? / DL g / Du Pt rde] L (439)
Q'V(ZO) Q'y(ZO)

provided that |h| is suitably small. Now, by virtue of Lemma 1.6, we have

4
] x(®)n*(z) \ThHg(Dug)Fdz < / x()n?(z){(mHy—1(Du.), DTyu.) dz. (4.39)
Qh Qh
Similarly, by Lemma 1.4, we obtain
4e

> X0 (x) |7V, (Du.) > dz < 5/ X (x)(m, [|Due[P~*Du.] , Dryuc) dz.  (4.40)
P Jonu

Q1
Joining estimates (4.34)—(4.36) and (4.38)—(4.40), we arrive at
[ @ et n)fde + [ 0@ nbyDu)k
By (o) Qh
e [ O @ (D)l iz
Q1

< oel) | @) D+ <o) [ XOrE) D) d:

p=2

P p=2 2
* Cgép)/ x(t) | Dnl? <|H§(Dug(x+h€s7t))‘ vt |Hg(Due>|TQ) e dz
Q"

€ B )
n Cs(p)/ x(t) | Dn|? (|Du5(x+h63,t)| 2+ |Du,| 2 ) [Thue | dz
Q"

ag
np+d—n n
np+4 et 4 et
+ 04(n,p)\h\2 (/ \Df€|np+4ndz> (/ \DuE]”Z dz)
Q~(20) QV(ZO)
+el) [ @) Il de (4.41)
Q1

Choosing 0 = (2¢3(p)) ! and reabsorbing the first two integrals in the right-hand side of (4.41)
by the left-hand side, we get

/ (@) [, ) 2 e+ / \(OP() |7 Hy (Duo) [ d
By (z0) Qn
+e / (O (@) |7V (D) dz

Qn

p—2

p—2 2
< ¢s(p) /Q X0 1Dl (|Hy (Duc(w + hes, )+ |Hy (Du)|'5 ) mvue]* d

p=2 p=2Y 2
+eestp) [ O 1D (IDuele +hes 7 41005 )
Q"

np+4—n

) rp 44 np+4 pid np+4
+ c(n,p) |h| / |Dfe|rr+i=ndz / |Du """ dz
Q’Y(ZO) Q"/(ZO)
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+eslo) [ (@oonP(a) Im
Q"
which holds for every t; € (to — p?,to) and every sufficiently small h € R\ {0}.
We now choose a cut-off function n € C§°(B,(z)) with n = 1 on B,(z) such that

C

0<n<1 and |Dn<——.
p—Y

For the cut-off function in time, we choose y € W1 ((tg — R%, 1), [0,1]) such that

=0 on (to-R%,to—p2],
=1 on [to —gz,to),

Dividing both sides of the previous estimate by |h|?, using the properties of x,  and u., and

applying Young’s inequality with exponents (;%27 g), we get

sup / |Apuc(z, 1)) de +/ |AhH§(DuE)]2 dz + 6/ |ALV,(Du.)|? dz
t€ (to—£,t0) J Be(wo) Qe(20) Qe(20)

p—

cr(p) / { p=2 p=2\?2 } 2
< Hy (Du.(x + heg, t))| » + |He(Dug)| » + 1| |[Apu.|”dz
ooty | (1He (D NI+ [Hy (D)5 )+ 1] A

P pP— 2

+ 5‘“’7(79)2/ (1Ducle + heo, 01T + [Ducl T ) | Apuc]* dz
(p—1) Qp(20)

np+4—n

p 4 np + 4 4 ﬁ
+ es(n,p) / DL 4 / \Du P % dz
Q’Y(ZO) Q’Y(ZO)

CS(P) / p—2 2

< |Duc|"~" + 1) |Apue|” dz
(P - 5)2 Q- (20) ( )

np+4—n

nptd np+4 4 ﬁ
+ es(n,p) / DL ds / Du P % de
Q~(z0) Q~(20)

Cs(p>2/ |Dul”? | Apue|? dz + Cs(p>2/ |Apu | dz
(0 =102 Jo, (=) (0 =02 Jo. (=)

np+4—n

nptd np +4 4 ﬁ
+ es(n,p) / DL 4 / \Du P % de
Q’Y(ZO) Q’Y(ZO)

co(p) / p c10(p) / p c11(n, p) / 2
< Du.|"dz + Apu " dz + ——= Du.|"dz
(p—10)? Qy | | (p—10)? Q- B (p—1)? Qr | |

np+4—n

ot 4 np+4 . np%
+ c¢(n,p) / |Df.|mp+1=7 dz / |Du5\p+5 dz
Q’Y(ZO) Q~(20)

< 012(71,]92) (/ | Du.|P dz +/ |Du€\2dz)
(/0 - Z) Qr(20) Qr(z0)

[N14S)
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np+4 ”pn';i?l" +i ﬁ
+ enn(n,p) (/ |Df€|np+4—ndz> / Du P rde ), (4.42)
Qr(20) Q~(20)

where we have used Lemma 1.14. Therefore, letting h — 0 in (4.42), we obtain

|DHpy (Du,)* dz + 5/ |DV,(Du.)|* dz

sup HDUE('Jt)H%Q(Bg(xO)) +/ Qe (20)
¢(20

t € (to—€2,to) Qe(20)

< Ln,pz) (/ |Du.|” dz +/ |Dug|2dz)
(p—1) Qr(z0) Qr(z0)

np+4—n ﬁ
np+4 np+4 +i P+
+ c12(n, p) / |D f|mp+4-7dz / |Du [P "7 dz : (4.43)
Qr(z0) Q~(20)

Now we use (4.37) in order to estimate the last integral as follows:

/ |Du5|p+% dz
Q’Y(ZO)

:/ (|Due| — A+ AP "7 dz +/ |Du.|"* dz
QyN{|Duc| > A} QyN{|Due| < A}

< 013(”719)/ (|Due| — ) " dz + c13(n, p) APt |Qr,|

@y

B Du.|P
< cia(n,p) sup / |Dua(x,t)|2d:v / (|DH§(DUE)|2 + le) dz
t€ (to—(ar)?,t0) J Bar (o) Qar(20) (ar —7)

+ 014(71 p) )\p+

where |Q g, | denotes the (n+1)-dimensional Lebesgue measure of the parabolic cylinder Qg,(2).
Plugging the above estimate into (4.43) and applying Young’s inequality with 6 € (0,1) and

np+4 np+4 np+4
exponents (np+2_n, 5 >,Weget

sup HDuE(-,t)H%Q(BZ(xO)) —|—/ ]DHg(DuE)’2 dz

t€ (to—£2,to) Qe(20)

012(71

) —_n
< o (Dl + 1Dulagn) + astm DAIDEN, e 10w |75

LnpH=n(QpR) [te (to—(ar)?,to)

Du,|P T
: U (|DHp(Du6)|2 + ‘LU) dz}
Q&T(ZO) 2 (Oé,r - ,}/)

np+4
+ ci5(n, p) |Dfell | _nppa sup HDue(-,t)llizwm(xo))]

012(7”6 ) ( >
—_— D D A
= (p—0)2 [ Due |7, r@Qp) T [ D72 @r) T ci6(n, p, Lo) A || D fEHLﬁf(Q )
np<2&»4 9
+ err(n,p) 9755 | DA ™2 + 0 sup || Du=(, O)[|72(8., (wo))
Lnrti=n(QR) t € (to—(ar)2 to)
+ 0 |DHy (Du.)? dz + Dl .0

Qor(20) (ar =)
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Now, if we choose 0 = % and set

\I](g) = sup ||Du8(at)||%2(35(xo)) +/ |DH%(DU,5)|2dZ,

t€ (to —&%,to) Qe (20)

then the previous estimate gives

1 c12(n, p)
U(r) < ¥(() < 5‘1’(0”“) + =02 <||Du€||LP(QR) + ||Du€||%2(QR)>
1
p
+ 2(@7“—’7)2 ||Du6||L;D(QR)
np+4
+ annp o) (MDA, e, o+ 1051750 )
™ (Qr) P (QR)

Since the above estimate holds for all

R

§§r<€<p<’y<ar<R with 1 < a < 2,

we can now choose

1 1 3
fzr—l—z(ar—r), p:7’+§(0ﬂ’—7“), 7:7"—1—1(047"—7’).

Thus, we obtain

1 c19(n, p)
W(r) < 5War) + 5t 2 (10wl + 1Dulon)
_npt+4

+ cas(n.p Bo) (MDFl awgs A+ IDEI™00 ),
(QR p+4— n(QR)

which holds for all
<r<ar<R withl<a<?2.

SRy

Therefore, the use of Lemma 1.10 with py = % and p; = R yields

R CQO(TLap)
Vi) < —— (HDUEHLP @Qr) T HDUEH%“’(QRO
2 R
np+4

ennp Ao (MIDEI s, 4 IDEIFET ),

17 (Qr)

that is,
sup Dug(-,t)||? N +/ DHo(Du)? ds
te(to—R2/4,t0)” (D228 o0 QR/Q(ZO)‘ g (Du.)

C20(7, p)

S =@ (||Du5HLp o T ||Du€|y§2(QR))

np+4
# ennp o) (VDL e, o+ IDAITRE )0 ()
R

which is the a prior: estimate we were looking for.
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Our next aim is to prove that the norms |Duc|rr(qs,) are all bounded by a constant
independent of e, provided that ¢ is sufficiently small (and therefore the same will be true for
the norms || Ducl|r2(qy,), since we are assuming that p > 2).

Step 2: Uniform boundedness of the norms | Duc|rr(@p,)- In order to obtain
an (uniform in €) energy estimate, we now proceed by testing equations (4.1) and (4.33), for
u and u., respectively, with the map ¢ = g(¢)(u. — u), where g € Wh*°(R) is chosen such that

1 lft§t27
git) = —Lt—tya—w) ifth<t<ty+w,
0 iftztg—i-w,

with

to—Rg <ty <ty +w < {gy,
and then letting w — 0. We observe that, at this stage, it is important that u. and u agree on the
parabolic boundary 0p.@Qr,(20). We also note that the following computations are somewhat
formal concerning the use of the time derivative, but they can easily be made rigorous, for

example by the use of Steklov averages. We skip this, since it is a standard procedure. With
the previous choice of ¢, for almost every ty € (tg — R%, 1) we find

1
5/ ua(, ty) — u(, to)|* da +/ (Hy—1(Du.) — H,—1(Du), Du. — Du) dz
BRQ('Z,O)

QRg,ty

+ 5/ {|Du.|P~?Du,, Du. — Du) dz
QRo,i2

= / (f - fs)(us - u) dz? (4'45)
QRy,to

where we have used the abbreviation

QRo,tz = BR0<I0) X (tO - Rg,b)-

Using Lemma 1.6, the Cauchy-Schwarz inequality as well as Young’s inequality with ¢ > 0 and
exponents (p,p’), from (4.45) we infer

1 4
5 osup fJue(t) = uCy e p @) + 3 |Hp (Du.) — Hy (Du)|? d=
te (to— R2,to) D™ JQry(20)

+ 8/ |Du.|" dz
QRo(ZO)

g/ F— £l lue —ul d= + < / Du."" |Dul d=
QR()(ZO)

QR()(ZO)
< / f — £l lue —u| dz + L/Z/ \Dul? dz + i,u"z/ \Du.Pdz.  (4.46)
Qry ppP Qr, p R

0 Q 0

”3\‘ %)

Choosing 1 = (%) and reabsorbing the last integral in the right-hand side of (4.46) by the
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left-hand side, we arrive at

|Hp (Du.) — Hp (Du)|*dz + 6/ |Du.|P dz
2 2

sup “ue('vt) - u<"t)|’%2(BRo(m)) * / @
Ro

t€ (to — R2.to) Qrq

< 501(]3)/Q |Dul|’ dz + cl(p)/Q lf — fe] |ue —ul d=. (4.47)

Now we set

A5::/ |f — fel lue —u| dz
QR

and observe that

4\’ np +4 20\’ np + 2p
B N N =~z =+ = f > 2. 4.48
<p+n> np+4—n — (p+n np+2p—n or Ve P = (4.48)

Therefore, we can apply Holder’s inequality with exponents (%,p + %) and Lemma

1.11 with v = u, — u, r = Ry and ¢ = 2 to estimate Aj as follows:

np+2p-—n _on
np -+ 2p np+2p 2 np+2p
As < / |f — f|er2r—ndz / lue — ulP T dz
QRO QRO
< — n . — (- 2
< eanp) IS = fell angze <te(t§“%g,to) (-, ) = u ,t>HL2<BRO<m>>>

R
: / |Du. — Dul|’ dz : (4.49)
QR

Combining estimates (4.47) and (4.49), recalling that 0 < € < 1 and applying Young’s inequality
with 8 > 0 and exponents

+2

Y

( np + 2p

np + 2p
np+p_n7 )

we obtain

sup (- 8) = ul OB oy + / |Hy(Du.) - Hy(Du)*dz + / Du]? d

t€ (to— RZ to) QR QR
ntp np + 2p
S Cl(p>/ ‘Du’p dz + C3(nap>5n_np_p Hf - fs‘ npiglgp
QR LnP+2P =1 (QR)
+ 8| s ) = ul Ol | + 6 [ Duc— Dul’dz
t € (to — R3 to) 0 QR
1 ntp np + 2p
< (a(p) +2771p) / |Dul? dz + c3(n,p) Br=rr= || f = [l p 5
Qng LT (Qry)
+ sup  |Juc(-,t) — u(-,t)||2L2(BR oy | T 2r-13 |Du|” dz. (4.50)
te (to — R2,to) 0 Qry

Now, let us notice that
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/ | Du,|” dz :/ (|Duc| = X+ X)Pdz + / |Duc|” dz
QR QRroN{[Due| > A} QryM{|Duc| <A}

< 2p1/Q [(IDwe| — A+ X dz + N |Qrl
Rg

=2t [ ({Hy(Du) ~ Hy(Dw) + Hy(DW +X) dz + 2 |Qa|
QR
< zp/ (1H; (Dus) — Hy(Du)? + [Hy(Dw)? + ) dz + 2@,
QR

< /(G2 [Hy(Duc) = Hy(Du)*d= + 27! /Q (DU’ +X) . (451)
Ro

Ro

Multiplying all sides of (4.50) by 2P and then adding the resulting expression and (4.51) side
by side, we get

(1+ 27¢) /Q Dufdz + 2 sup ult) = Dl oo
Ro

t€ (to — R to)

np +2p

< (e +278) [ (DU 0 + el ) 8555 Iy — L,
QR

2p — n(Q

Ro

+ 2713 |Du.|" dz. (4.52)
QRO

+ 2p5 sSup ||u£(at) - u('vt)H%Q(BRO(xO))

te (to— R2,to)

Now, choosing 3 = 1/2% and reabsorbing the last two terms in the right-hand side of (4.52)
by the left-hand side, we obtain

/ |Du€‘p dz + sup2 ‘|u€(~’f;) _u('7t>H%2(BRO(w0))
QRO tE(tO*RO,tO)

np+2p
< alp) [ 4D+ &+ ) I - £IF 5
Qr, PE2 = (QR,
Moreover, since
np+4
f E an+4—n(QT) ,
recalling (4.13), by virtue of (4.48) we have
np + 2p
fe—f strongly in Lw»+2-n(Qpg,), ase— 0. (4.53)
Hence, there exists a positive number £y < 1 such that
\f — f5|| ST - @n, <1 forallee(0,&)].
From this we can finally deduce
IDuell gy +  sup  llue(t) = uC D)L (a0 (4.54)
te€ (to— R2 to)
np + 2p
< @ Bo) || Dl + ¥+ 17 = P55, | <K forallee (0,2,

T2 1 (QRy
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for some positive constant K depending only on n, p, A, Ry and ||DU||LP(QR0). Estimate (4.54)
is exactly the uniform energy estimate we are looking for.

Moreover, joining (4.47), (4.49) and (4.54), and applying Minkowski’s inequality, we get the
following comparison estimate:

el ) Dl + | HE (D)~ Hy (D)
Ro

t € (to — R3 to)

< cap) [1Dullfeg,,) + comp) If = fl_

ST 5 (Qn o)

¥z e
s et = u OB | ([ 1D Dulra:
t€ (to — R2,to) QRgy

< eap) | DullLsqg,) + croln,p, Ro) If = fell

PEET (Qpy)

np+ 2p m n
n n n+2
(IDul g+ ¥+ 1= IS ) (1D0lisny + 1Dulniany)
0

<cealp )HDUHLP(QR

1

np+ 2p n+2
Fen(np RS = 1l rsee, o (100 + 418 = 217505 )
R,

Lt (Q S (o

i nLH
(HDullm Qo A — LTS, ) | (455)
D+ 2 R )

P (Qry

where, in the last line, we have used estimate (4.54) again.

Step 3: The conclusion. Now we shall fix o € (0,R) and consider the finite differ-

ence operator T, p, defined in Section 1.1, for increments h € R\ {0} such that |h| is suitably
small.

In order to obtain an estimate for the finite difference 7,;,H»(Du), we use the following
comparison argument:

/ runHy (Du)|? dz
Qg/2
rnHy (Duo)|? dz + 4/ |Hy (Du(x + hea 1)) — Hy (Du(z + hey, 1) du dt

<1
Q Qo/2

+ 4/@ |Hy (Du.) — Hy (Du)|? dz.

e/2

0/2

Combining the above inequality with estimates (4.44), (4.54) and (4.55), for every s € {1,...,n}
we get

/ irunHz (D) dz
QQ/2

< 4/ ]TS7hH§(Du5)|2 dz + 8/ |Hz (Du.) — Hg(Du)\de
QRry2 R

C1(” p)
< B (1D + 1DUM ) ) + & c20) DUl
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) R
+ e3(n,p, Ro) || </\’|Df€”L#ZI%(Q> IDf L”?fin@m)

np+2p n
+ C3(nup7 RO)Hf - fa L <||Du||Lp Qrg) + NP+ ”f fe| n%gi >
+ Ro)

P (Q

p+2p
T (Qrg

n+2

CES
(”DUHLP (Qrgy) + A+ ||f fs| nptL§+;p ))

P~ (QR,
C4(n7p7R0) 2
< L b2 (IDull g + 1D By + 27 + 42

Cyq n,p, RO nn +2n n2n+4n

4 clr o) 72 )W (Hf A S Ve B S
2p — L(QRO) np+2p—n TL(QRO)
np+4
+ eaal) 1Dully g + calnop Bo) I (MDA s, + IDLITE )
" @Qn LT Q)

np+2p

n¥+2
@DMMQR+AWHU RIS, )

p+2p—n (QRO

+ C4(nap7R0)”f_fa I

p+2p
2 7'n(Q 0

n+2 %4»2
(IDulguy #3417 - 0T )T
Ro

%7 (Q

which holds for every € € (0,1] and every sufficiently small » € R\ {0}. Therefore, recalling
(4.13) and letting ¢ — 0 in the above estimate, by virtue of (4.53) we obtain

np+4
AsHpDuzdz<c<)\D —{—D”“nf," >
[, 18eats PPz < e (MDA e o, PTG
C4
+ 25 (1Dl ) + 1DulEugpy) + 3 +32) (4.56)

which holds for every s € {1,...,n} and every sufficiently small » € R\ {0}. This proves the
desired result for p > 2. Moreover, letting h — 0 in the preceding inequality, we also obtain
estimate (4.2).

Finally, when p = 2, arguing in a similar fashion, we can reach the same conclusions. O

4.5 Proof of Theorem 4.2

This section is devoted to the study of the existence and regularity of the time derivative of
the weak solutions to equation (4.1), under the assumptions of Theorem 4.1. Indeed, we are
now in a position to give the proof of Theorem 4.2.

Proof of Theorem 4.2. We shall keep the notation and the parabolic cylinders used for the
proof of Theorem 4.1. Let us first show that
loc

H,+(Du) € Ify, (0, T Wit (2, R")). (4.57)

Observe that, for p = 2, we have Hy,_(Du) = H,/2(Du), so that assertion (4.57) immediately
follows from Theorem 4.1 in this case. Therefore, from now on we will assume that p > 2.
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For every £ € R™ we have

Hy 1(€) = F(Hy(€).

where & : R” — R" is the function defined by

Fn) = |7 n,

which is locally Lipschitz continuous for p > 2. Thus, the function H,_;(Du) is weakly differ-
entiable with respect to the x-variable by virtue of the chain rule in Sobolev spaces. From the
definitions of F and H,,,, it follows that

Dy F(Hy(Du)| < e1|Hp (D)% < ¢ |Dul*s (4.58)

for some positive constant ¢; = ¢(n,p). Now, applying the chain rule, the Cauchy-Schwarz
inequality and estimate (4.58), we obtain

1D Hy s(Du)l” < ealn, ) D F(Hy (D)) | D, Hy (D)l

(r=2)p’

< ¢s|Dul 2 |D, He(Du)l”, (4.59)

where ¢3 = c3(n,p) > 0. Using (4.59), Holder’s inequality with exponents (22’:21), ]%) and

estimate (4.2), we get

1

( / |DH,,_1(Du)|P’dz>
Qo/2

p—=2
< ca(n,p) [ Dull 5q, ) (/Q

N|—=

|DHy (Du)l|? dz)
2
e/2

= ek
< 10Ul MIDSluriany + 1051, ]

= 2p—2 P p 2 p—2 2
+ DU, + DUl + O+ X [Dulldy, ], (460)

where c5 is a positive constant depending on n, p, ¥ and Ry. Note that the right-hand side of
(4.60) is finite, and this implies (4.57).

Now, let k = min {¢,p'}. Going back to the weak formulation (1.14), thanks to (4.57) we
can perform a partial integration in the second term on the left-hand side with respect to the
spatial variables. We thus obtain

u-Opdz = — o [(Hp—1(Du)); cpdz
/Qm . /QW<ZDJ<H (D ))]+f> o

i=1

for any ¢ € C§°(Q,/2), and the desired conclusion immediately follows from (4.2) if p = 2, and
from (4.60) if p > 2, since

np+4

LY (0, T: W7 (Q ith ————

< ¥ < o0
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and
np + 4

4 /
R — (p+—> < p  for every p > 2.
np+4—n n

Furthermore, we can now observe that

du = ZDzi[(Hp—l(DU))i] +f in Qg2(20).

i=1

From this we can infer

(/Q | Ol dZ) < n|[DHp-1(Du)|lir@,) + [1fllzr@,.)
e/2
< ¢ [[DHp (DUl o, + 6 1f Lo, - (4.61)

where cg is a positive constant depending on n, p, ¢ and Ry. Thus, we can now deduce estimate
(4.3) from (4.61) and (4.2) if p = 2, and by combining (4.60) and (4.61) when p > 2. O

4.6 Proofs of Theorem 4.4 and Corollary 4.5

We will now use the well-known difference quotients method in the spatial directions, as well
as the properties of the function H,_; and Proposition 1.41, to prove Theorem 4.4.

Proof of Theorem 4.4. Again, by a slight abuse of notation, for w € L} (Qr,RY), i €
{1,...,n} and h # 0, we set (when = + he; € Q)

nw(z,t) = 7 pw(z, t) = w(x + he;, t) —w(zx, t),

w(x + he;,t) —w(x,t)

Apw(z,t) = A pw(x, t) ==

h )
where e; is the unit vector in the direction z;.
Since u is a weak solution of equation (4.1), we have
[ o = (D), D)) di = [ o
QT QT

for every test function ¢ € C3°(Qr). Replacing ¢ by 7_,p, where 0 < |h| < dist(spt ¢, 0Q7r),
by virtue of the properties of the finite difference operator, we get

/ (Thu - Opp — (ThHp—1(Du), D)) dz = —/ - pdz.
Qr

Qr

We now replace ¢ by ¢. = ¢.*p in the previous equation, where {¢.}, € > 0, denotes the family
of standard, non-negative, radially symmetric mollifiers in R"*!. This yields, for 0 < ¢ < 1,

/ ((Thu)e - Opp — ((TnHp—1(Du))e, Dy)) dz = —/ (Thf)s - pdz.
Qr

Qr
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Now, in the last equation we choose the test function ¢ = ®(1,u)., where & € C§°(2r) is a
cut-off function which will be specified later. After an integration by parts and then letting
€\ 0, we obtain

1
— —/ |Thu|28t<I> dz +/ O (1, Hy—1(Du), DTyu) dz
2 QT QT

= —/ (ThHp-1(Du), D@)Tpu dz +/ Thf - ® - Tu dz. (4.62)
Qr Qp

Note that an approximation argument yields the same identity for any ® € W1>(Qr) with
compact support in Q7 and any sufficiently small » € R\ {0}. In what follows, we will denote
by ¢, some positive constants which do not depend on h.

Now, let us consider a parabolic cylinder

QQ(ZO> C Q29(20> < QT-
For a fixed time t; € (ty — 0% ty) and § € (0,ty — t,), we choose
O(z,t) = X(t) x(t) n*(x)

with x € Wh((0,7),[0,1]), x = 0 on (0,ty — %) and d;x > 0, n € C5°(B,(x0), [0,1]), and
with the Lipschitz continuous function y : (0,7") — R defined by

1 if <ty
%(t) = affine if 1 <t<ty+ 5,
0 ift>t +0.

With such a choice of ®, equation (4.62) turns into

=5 |l a0 & - 5 [l PR d:

2 Qr

n / OO () (7 Hy s (D), Dy
~ / X ()T Hyr (D), Diyryu dz + / (0 ) () XX (8 ) =

Setting
t = Bg(l'o) X (to — QZ,tl)

and letting 6 — 0 in the previous equality, we get
1
; / A7) [, ) dar + / N(O2(2) (7 Hy-1(Du), Dryu) d
Bo(xo) Q"

_ /Q X(O0() (1 (D), D d + /Q () () (O () d=

a1

1
+ 5/ (8,5)()772 |Thu|2dz (463)
Q"

for every h € R\ {0} such that |h| < ¢/4 and for almost every ¢; € (to — 0%, to).
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Now, by Lemma 1.6, we have

2 @) s (Dw)? dz g/ (O (@) (7 H, 1 (Du), Do) d= (4.64)
p” Jou Qt

\2 | xnta) s (Dw), Dy dz

Q1

<20p—1) [ x(O@) (1F5(Dute + e DT+ Hy (DI ) 7y (D) 1D v =
Q"

Using Young’s inequality with exponents (2,2) in the right-hand side of the previous estimate,
we obtain

‘ / H, 1(Du), Dn)mu dz
Q1
2(p — 1)° > p=2 p=2\2
< 2P @)Dy (|Hg(Du(x+hei,t))| "+ |Hy(Du)|F ) ] dz
g Qh
+ 2 [ X0 Ity (D) dz, (1.65)
Qn

where o > 0 will be chosen later. Moreover, by Holder’s inequality with exponents p and p/, as
well as by the properties of the difference quotients, of x, 1, v and f, we find that

‘/Q () (mhw) x (t)n* () dz

1
Iy

< o) I 1Dulian ( [ sl =)

1
o ’Thf’p g
= e W 1Dl [T
Qn |h]

1
< o1 A" | Dullo(ga,)

1

to x4y, t) — flz, ) v
' / Sup/ flz+y )ap/f( ) Ay oy (& + y) dar | dt
to— 402 \ |yl <2 J Bag(zo) Y|

1
Iy

to
< ea(n,p) |h|aJrl | Dl o (@s,) (/ Hf(-,t)Hp (B2) dt)
t

0 — 402

= ¢ """ 1Dl zo@un I (4.66)

Ly <t0 —402,to ;33/700(329(900)))

for every h € R\ {0} such that |h| < p/4. Joining estimates (4.63)—(4.66) and choosing
o = 4/p?, we arrive at

/ )7 (@) [mu(e 1) 2o + / NP (@) | Ha (D) dz
Be(wo)

Qn
p—2 p—2\ 2
< o) [ [\ 100 (15(0uCe + e )5 4 1 (D0IF) + @000
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a+1
+ calnp) I 1Dl 1 o, o)
p ,00

which holds for almost every t; € (ty — 0, o).

We now choose a cut-off function n € C§°(B,(xo)) with n = 1 on B,/s(x) such that 0 <n < 1
and |Dn| < C/p. For the cut-off function in time, we choose the piecewise affine function
X : (0,7) — [0,1] with

X 0 on (07t0_92)7
X=1 on to—(g)Q,T>,

2
atXE% on (to— 0% to— (%) )

Dividing both sides of the previous estimate by |h| and using the properties of x and 7, we

obtain
sup / + /
t€ (to — (e/2)%,to) By Qo/2
p—2

< ) 10 ¢ [ [(1#5(0uto + e )5 + JityDu] )+ 1] Idvafa:

o

2
Tnu(z,t)

|h|1/2

Ti7th/2(Du)
|h|1/2

4 esln.) I 1D @0 1Ly 1y a5 (4.67)
p ,00

Now we set

p=2

p p— 2
1;:/ {(\Hg(Du(erhei,t))\ ot |Hg(Du)]TQ) +1] |Apul® dz

and we will assume that p > 2. By Hoélder’s inequality with exponents (%’, 1)%2), as well as by

the properties of the difference quotients, we can control I as follows:

2 p=2
Y 2(p—2) P} ?
I < ¢s(n) / |Du|” dz / []Hg(Du)| P —i—l} dz
Q2Q Q2g
<etnp) ([ paraz) ([ D+
Q2g QQQ
< crlnp) [ (Dl +1) dz (468)
Q2,

provided that |h| < p/4. Combining estimates (4.67) and (4.68), we then have

2
sup / x —|—/
t€ (to — (e/2)% to) By Qo2

l-a —
<™ 0 [ (DUl 1) d 4 e Dl 1 o iy (69
2 p’,00

Q2

2
Tpu(z,t)

|h|(a+1)/2

T,-}th/g(Du)
|h|(a+1)/2

with ¢ = ¢(n,p) > 0. Since the previous estimate holds for every h € R\ {0} such that
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|h| < o/4, from (4.69) we obtain

/629/2

From this we can deduce

2

- H, (D
TihZtp/A H) p/2(Du) dz < 4“_109_1_0‘/ (|Dul? +1) d=
QQQ

|h|(o¢+1)/2

+ c HDUHLP(Q2g) HfHLp’ (t0—4Q2,tO;B§/700(B29)).

minHy (Du)* dz < M |h|*™
Qg/2

for some finite positive constant M depending on
n, p, 0 ”DUHLP(QT)7 ‘|fHLp,(tO_492’tO;Bal (329))7
p,00
but not on h. Note that the above estimate holds for every i € {1,...,n} and every sufficiently

small o € R\ {0}. Therefore, using Proposition 1.41 with the choices g = H,/2(Du), ¢ = 2 and
0= QTH, as well as a standard covering argument, we infer that

loc loc

s n a+1
Hy(Du) € L} (0,T;W, 2(Q,R )) forallse (0, 5 ) :
Finally, when p = 2, arguing in a similar fashion, we reach the same conclusions. This
completes the proof. n

We are now in a position to give the

Proof of Corollary 4.5. By virtue of Theorems 4.4, 1.36 and 1.37, for any fixed s € (O, O‘TH)
we have

2
Hp(Du) € L*(to, t1; L7(Y,R™))  for every v € [1, n2 }
2 n — 28

for any open Lipschitz set ' € Q and any (to,t;) C (0,7). Now, let us observe that the
function g, : (O, “T“) — R defined by

is continuous and strictly increasing, and g,(s) nfgf ;ass / ‘“TH Hence, letting s tend to
O‘TH from below, we obtain that

H

(SIS

2
(Du) € L, (0,T;L; (Q,R") forallre [1, —n) ,

loc loc n—aoa-—1

since every open ball B, @ Q2 is a set of class C*! with bounded boundary. In particular, for
all Lipschitz open subsets ' € 2 and all (¢o,t1) C (0,7) we have

t % t1
/to (/,(|Du($,t)| — AP dx) dt = / |Hy (Du(-, )13y dt < +00 (4.70)

to



4.6 Proofs of Theorem 4.4 and Corollary 4.5 85

for any r € [1 2n 1). Now notice that

'Y n—o—

np

2n P
2 n—a—1"

1<r < — implies 1<

rp
< = <K
- n—oa—1 2

since p > 2. Therefore, from (4.70) it follows that

[ 1000601 2Byt = [ ([ (Duten1- A)idx)’?dt .

to to

for all ¢ € [1,——"2—), for any open Lipschitz set Q' € Q and any (t,¢;) C (0,7). This is

sufficient to ensure that

Du € P

loc

(0,T; L% (R™) forall g € {1,L>. O

loc n—aoa—1
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Regularity results for a class of widely degenerate parabolic equations




Chapter 5

Sharp Sobolev regularity for widely degen-
erate parabolic equations

In this chapter, we are interested in local weak solutions u : 27 — R to the strongly
degenerate parabolic equation

. 1 Du
Oru — div ((|Du| — A 1@

) =f in Qr=Qx(0,7), (5.1)
where 2 < p < 00, Q is a bounded domain in R” (n > 2), T'> 0 and A > 0. The results that we
report here have been obtained in [6]. As our main achievement, we will establish the Sobolev
spatial regularity of a novel nonlinear function of the spatial gradient of the weak solutions to
equation (5.1), by assuming that

p—2

e fer? (O,T; Bp’fl,loc(Q)) if p > 2 (see Theorem 5.1);

loc

o feL? (Q)if p=2 (see Theorem 5.3).
The above-mentioned theorems, in turn, imply the Sobolev time regularity of the weak solutions
to the evolutionary p-Poisson equation, under the same hypotheses on the function f (cf.
Theorem 5.5, where we only address the case p > 2, since the Sobolev time regularity is well
known for the heat equation with source term in L? (Qr)).

Actually, our aim here is to extend the elliptic results contained in Chapter 3 to the parabolic
setting, in the case p > 2. The first main result of this chapter is the following theorem, which
can be considered as the parabolic counterpart of Theorem 3.1. We refer to Chapter 1 for

notation and definitions.

p—2
Theorem 5.1. Letn>2,p>2, A>0 and f € L¥ (O,T; Bp,f’uoc(Q)). Moreover, let

loc

a:{ 0 1 if A=0, 52)

any value in [%, oo> if A>0,

and assume that

ue C?(0,T;L*Q)) N LY

loc

(0, T Wi ()

loc

87
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is a local weak solution of equation (5.1). Then

Var(Du) € L3, (0,T; Wi2(Q,R™)),

loc

where the function 'V, is defined according to (3.2)—(3.3). Furthermore, for any parabolic
cylinder Q. (20) C Q,(20) C Qr(20) € Qr we have

C
[ D < (€4 S [Pl + IDulgy + 4+ ¥ +1]
r/2(Z

+ CIfI” b (5.3)
( )

L' to—R%to;B )", (Br(z0))

for a positive constant C' depending only on n, p and R in the case A = 0, and additionally on
a if A > 0. Besides, if A =0 we get

Du e P

loc loc

2
0, T, W7P(Q,R™)  for all o € (0, 5) :

Remark 5.2. As already noted in Remark 3.2, for every a > 0 we have

Vool€) = ]%Vp@) = %!ﬂ”ﬁg, (5.4)

i.e. Voo is actually independent of the parameter .. This explains the choice (5.2); in the
statement of the above theorem. The condition (5.2), will instead be decisive to carry out
the proof of Proposition 5.12 below. Moreover, looking at (5.4), one can easily understand
that, on the one hand, Theorem 5.1 extends the results proved in [41] for the parabolic p-
Laplace equation to a widely degenerate parabolic setting. On the other hand, it extends the
aforementioned results to the case of data in a suitable Lebesgue-Besov parabolic space, which
turns out to be optimal, as can be seen by appropriately adapting the example in [23, Section
5] to the parabolic context (in this regard, see also the Introduction).

Now we turn our attention to the case p = 2. It is well known that for the non-homogeneous
heat equation
Ou—divDu=f in Qp, (5.5)

the spatial W12-regularity of the weak spatial gradient Du can be achieved by simply assuming

that f € L} .(Qr). Here, we prove that a similar result holds even when dealing with much

more degenerate equations. More precisely, we establish the following result.

Theorem 5.3. Letn >2, A>0 and f € L2 (Qr). Moreover, let

loc

{ 0 if A=0,
o =

any value in [%, oo) if A >0,

and assume that

ue C°(0,T; L* () N LY, (0, T; WA9))

loc loc
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18 a local weak solution of the equation

Du

Then
Var(Du) € L}, (0,T; W, 2(Q,R™)) .

loc

Furthermore, for any parabolic cylinder Q,(29) C Q,(20) C Qr(20) € Qpr we have
C
/Q  IDVesDudz < 55 (I1Dulfagn + 3+ 1) + € (I g +1)
r/2(20

for a positive constant C' depending only on n and R in the case A = 0, and additionally on «

if A>0.

Remark 5.4. In the case p = 2, we have V,o(Du) = Du. Then, for A\ = 0, it follows from
Theorem 5.3 that
Du € L}, (0,T; W2 (Q,R"))..

loc

As already mentioned, this is a well-established result for equation (5.5) when f € L2 (Q7).

loc

For p > 2, we now consider the evolutionary p-Poisson equation
O — div (|[DufP2Du) = f in Qr, (5.6)

which is obtained from equation (5.1) by setting A = 0. As we anticipated earlier, from Theorem
5.1 we can easily deduce that the weak solutions of (5.6) admit a weak time derivative which
belongs to the local Lebesgue space L7 ;C(QT). The idea is essentially the same as the proof of

Theorem 4.2 and leads us to the following result.

Theorem 5.5. Letn >2,p>2and f € v (O,T; Bp/,;l,loc(Q>>' Moreover, assume that

loc

ueC”(0,T;L*Q)) N LY

loc

(0, T W, (2)

loc

is a local weak solution of equation (5.6). Then, the time derivative of u exists in the weak
sense and satisfies

A € LF (Q).

loc

Furthermore, for any parabolic cylinder @Q,(20) C Q,(20) C Qr(20) € Qpr we have

/

(/ |Oyul”’ dz)
Qr/2(20)

C B P p—2
< (€ + 5 [1Dutslg, +1DulEy g + IDulg, )

p=2 v
+C ||DU’||LI27(QR) 11 < p=2 ) + ||f||LP'(QR) (5.7)

L' to—R2,to;B )", (Br(xo0))

for a positive constant C' depending only on n, p and R.
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Remark 5.6. It is worth pointing out that, starting from the weaker assumption

p—2
ferr, (O,T; Bp,g’loc(Q)) with p > 2,
Sobolev regularity results such as those of Theorems 5.1 and 5.5 seemed not to have been
established yet for weak solutions to parabolic PDEs that are far less degenerate than equation
(5.1) with A > 0. In particular, the results of Theorems 5.1 and 5.5 permit to improve the
existing literature, already for the evolutionary p-Poisson equation (5.6), which exhibits a milder
degeneracy. Moreover, as far as we know, for A > 0 the result of Theorem 5.3 is completely
new.

This chapter is organized as follows. In Section 5.1, we consider a regularization of equation
(5.1) and establish some a priori estimates for its weak solution. In particular, we prove Sobolev
estimates which are independent of the regularization parameter (Propositions 5.12 and 5.13).
These estimates will be needed to demonstrate Theorems 5.1 and 5.3, whose proofs are achieved
in Section 5.2. Finally, in Section 5.3 we prove Theorem 5.5.

5.1 The regularization

In this section, we shall assume that A\, o, f and u are as in the statement of Theorem 5.1 if
p > 2, and as in the statement of Theorem 5.3 if p = 2.
For ¢ € [0,1] and a couple of standard, non-negative, radially symmetric mollifiers ¢; €
C°(B1(0)) and @9 € C§°((—1,1)), we define

folat) = / o fa et e aw) e dyds (5.8)

where f is meant to be extended by zero outside €2r. Let us observe that fy = f and f. €
C>(Qr) for every € € (0,1]. In addition, we define the function A, : R" — R by

A(€) == = (jEl = N+ §<1 +1¢2)5.

1
o
Therefore, we obtain

DeAc(€) = Hpa(§) +e (1 +[E7) T ¢,  €€R™

The next lemma provides the p-ellipticity property of the operator D¢ A.(§) and its proof follows
from [17, Lemma 2.7|.

Lemma 5.7. Lete €[0,1], p>2 and z € R"\ {0}. Then, for every ¢ € R™ we have

p=2 Y p=2 _
1+ 12+ B i < 02,20 6.0) < (1) [ 04 275 (a1 = 2087 P
Now we consider a parabolic cylinder Qgr(z) := Bgr(zo) X (to — R?,tg) € Qp. For our

purposes, in the sequel we will need the following definition.
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Definition 5.8. Let € € (0, 1]. In this framework, we identify a function
Ue € CO ([tg - Rz,to]; LQ(BR(xO))) NnL? (to - RQ,tO; WLP(BR(.Q?U)))

as a weak solution of the Cauchy-Dirichlet problem

Oyu. — div[DA.(Du.)] = f- in Qr(z0), (5.9)
Us = U on aparQR(ZO)7 .
if and only if, for any ¢ € C5°(Qr(20)), the following integral identity holds
/ (ue - Opp — (DA.(Du.), Dp)) dz = —/ feodz (5.10)
Qr(z0) Qr(z0)
and, moreover,
U € U+ L? (t() — R2, to, Wol’p<BR(I0)))
and u. (-, to — R?) = u(-,to — R?) in the L*-sense, that is,
lim (e (-, t) = ul-, ) — R2)HL2<BR@0>) = 0. (5.11)

tlto—R

Therefore, the initial condition u. = u on Br(zo) x {to — R*} has to be understood in the usual
L*-sense (5.11), while the condition u. = u on the lateral boundary dBg(xo) X (to — R?, to) has
to be meant in the sense of traces, i.e.

(ue —u) (-,t) € Wy " (Br(o))

for almost every ¢ € (tg — R?,tp).

Remark 5.9. The advantage of considering the Cauchy-Dirichlet problem (5.9) stems from
the fact that the existence of a unique solution

u. € C° ([to — R?, to}; L*(Bgr(z0))) N L (to — R?, to; W"P(Bg(x0)))

satisfying the requirements of Definition 5.8 can be ensured by the classic existence theory for
parabolic equations (see, for example, [69, Chapter 2, Theorem 1.2 and Remark 1.2]). Moreover,
the operator D¢ A, (§) fulfills p-growth and p-ellipticity conditions with constants depending on
e (cf. Lemma 5.7 above). Therefore, by the results in [41], we have

Vi(Du.) := (14 |Ducl?)*% Du. € L2, (to — B2, to; W, \2(Bg(,), R™))

and .
Du. € L " (Qr(zo),R™),

loc

and, by the definition of Vi(Du.), this yields

DVi(Du.) = (1 +|Duc*) T D*u. € Lj,(Qr(20),RV™) = |D*u| € Lj,(Qr(z))-
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5.1.1 Uniform a priori estimates

The first step in the proofs of Theorems 5.1 and 5.3 is the following estimate for the weak
solutions of the regularized problems (5.9). Similar estimates are scattered in the literature,
but not in the exact form needed here.

Proposition 5.10 (Uniform energy estimate). With the notation and under the assump-
tions above, there exist two positive constants g < 1 and C = C(n,p, R) such that

2
/ Dufdz + s [fuet) = u( ) 2ag oy < € (1Dl + 3 +1)
Qr(z0) te(

tofRQ to)
(5.12)
for all € € (0,go].

Proof. In order to obtain an (uniform in €) energy estimate for |Du.|, we proceed by testing
equations (5.1) and (5.9); with the map ¢ = 9 (t)(u. — u), where ¢p € W*°(R) is chosen such
that

1 if t <t,
Yt) =9 —Lt(t—th—w) ifta<t<tr+uw,
0 1ft2t2—|—w,

with

to—R2<t2<t2+w<t0,
and then letting w — 0. We observe that, at this stage, it is important that u. and u agree on the
parabolic boundary OpaQr(z0). We also note that the following computations are somewhat
formal concerning the use of the time derivative, but they can easily be made rigorous, for
example by the use of Steklov averages. We skip this, since it is a standard procedure. With
the previous choice of ¢, for every t, € (ty — R%,ty) we find

1
5/ ua(, ty) — u(z, )| da +/ (H,—1(Du.) — Hy_1(Du), Du. — Du) dz
Br(zo) QR,ty

+ 6/ (1 + |Du®) = *Du., Du. — Du) dz :/ (f — fo)(u. —u)dz, (5.13)
QR,ty @Rty

where we have used the abbreviation
QRﬂ:Q = BR(ZEQ) X (to — R2,t2).

In what follows, we shall denote by ¢, some positive constants depending only on n, p and R.
Using Lemma 1.6, the Cauchy-Schwarz inequality as well as Young’s inequality with 5 > 0,
from (5.13) we infer

H

[N4S]

2 8 2
sup  ||ue(-,t) —u(-,t)HLQ(BR) + —2/ (Du.) — H%(Du)‘ dz + 26/ | Du.|? dz
te(to—R2,to) D7 JQr(20) Qr(z0)
<2 | <1+|Du|>z|Du|dz+2/ f = folJue — ul dz
Qr(20) Qr(20

2¢epP
< p’ (1+ |Du,|? ) 2 dz + — |Du|pdz + 2 |f fel lue —u| dz
QR

/
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2* D
< 2P / Du|dz +
p Qr

P

22

!QRI YT / |DulP dz + 2/R \f — fo] lue — ul dz.
(5.14)

Y e

Choosing g = <2§%> and reabsorbing the first integral in the right-hand side of (5.14) by the
left-hand side, we arrive at

2
sup ||ue(-t) —u(-,t)Hiz(BR) ~|—/ ’Hg(Dug) — Hg(Du)‘ dz + 5/ | Du.|P dz
te(to—R2,to) Qr

R
3015—1—018/ \Du|pdz+cl/ \f = fel lue — ul| dz.
Qr Qr

(5.15)
Now we apply Holder’s and Sobolev inequalities to estimate the last integral as follows
L1 = e =l d= <1 = ol I~ i
R
< a|f- f€||LP'(QR) | Du. — DUHLP(QR)- (5.16)

Joining estimates (5.15) and (5.16), recalling that 0 < ¢ < 1 and applying Young’s inequality
with v > 0, we obtain

) 2
sup  ||uc(-,t) — u(~,t)||L2(BR) —i—/ ‘Hg(Dus) - Hg(Du)‘ dz + 8/ | Du.|P dz
te(to—R2,to) Qr Qr

1 /
o tas [ IDuPdz + ey = £y g+ 7 1Du — Dl
Qr

< o —1—(03—1—2’717)/ \Duf dz + 271 / DulPdz + ey | f — L, (5.17)
Qr

R

<

Now, arguing as in (4.51), we have

/ |Du.|Pdz < 2p/
R R

Multiplying all sides of (5.17) by 2P and then adding the resulting expression and (5.18) side
by side, we get

2
Hg (Dus) - Hg(DU)

dz + 2”“/ (|Dul? + \P) dz. (5.18)
R

(1+ 2%)/ |Du.Pdz + 20 sup |u.(-,t) —u
Qr

-,t)
te(to— R2.to) HLZ(BR)
< et (eat 277 >/ (IDul + XY dz + coy ™ llf = Lol + 22”‘17/ | D" dz.
Qr Qr
Choosing v = 2%,7 and reabsorbing the last term in the above estimate by the left-hand side
we find

Du.|Pdz + sup U (-, 1) —u(-,t
[ pupas e s 0 <0,

< s [ (DuP XYz 4 esllf = Ll g+ o5 (5.19)
Qr
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Since, by virtue of (5.8),

f-— f strongly in L” (Qr) ase — 07, (5.20)
there exists a positive number £y < 1 such that

1f = fellow@m <1 for all € € (0, &¢). (5.21)

Combining this with (5.19), we obtain the desired conclusion. O

Thanks to the previous proposition, we can now obtain the following result, which will be
decisive to carry out the proofs of Theorems 5.1 and 5.3.

Proposition 5.11 (Comparison estimate). With the notation and under the assumptions
of Proposition 5.10, there exists a positive constant C' depending only on n, p and R such that
the estimate

2
sup e 6) = uC )| a0y + /Q ( )wa,A(Due)—va,A(Du)Fdz
Rr(20

te(to—R2,to)

< Ce (”DUHLP(QR o) T >+ Cf = fellpw (Qr(20)) (”DU’HLP(QR (20)) T A+ ) (5.22)

holds for every e € (0,e0], where gq is the constant from Proposition 5.10. In particular, this
estimate implies that

u. —u  strongly in L*(Qr(z)) as € =0
and

Vax(Du.) = Vor(Du)  strongly in L*(Qr(z),R") as € — 0.

Proof. Arguing as in the proof of Proposition 5.10, but using Lemma 3.9 instead of Lemma
1.6, we arrive at

sup  JJuc(t) = ul, )| o, + /Q [Var(Due) = Va(Du)|* dz

tE(tofRQ,to)

< ce (IDulugn +1) + ¢llf = Llluwgn 1P ~ Dullzuen

where ¢ = ¢(n, p, R) > 0. Now, let us consider the same ¢y € (0, 1] as in the proof of Proposition
5.10. Then, applying Minkowski’s inequality, for every ¢ € (0, gq] we get

up [ t) =Dy [ Ves(Due) = Vas(Du)P s

te(to—R2,to)
< ce (IDullfpgn + 1) + cllf = felliwpy (IDUellzr@n) + 1 Dullron))
(

< Ce (IDulluign +1) + CIF = Flloigm (IDullis@n + A+ 1),

where, in the last line, we have used inequality (5.12). Thus we obtain the comparison estimate
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(5.22). Now, just observe that

2
e —ufdz < R supJuclt) = ul- ) |
/QR(ZO) ) te(tofR%to)H j ||L2(BR(900))

Combining this with (5.22) and (5.20), the statement is proved. O

We are now in a position to establish uniform estimates for the derivatives of the function
Var(Due). Let us start with the following result.

Proposition 5.12 (Uniform Sobolev estimate). Under the assumptions of Theorem 5.1

and with the notation above, there exists a positive number ey < 1 such that, for every e € (0,e1],
for every parabolic cylinder Q,(20) € Qr(20) and every j € {1,...,n}, we have

C
/Q Do Vas(DuPd < (c + ;> 1Dl gy + 1Dl 3+ 7+ A2 41
p/2(#

L' to—R2,to;B )", (Br(z0))

+ CIfI” - (5.23)
( )

for a positive constant C' depending only on n, p and R in the case A =0, and additionally on

aif A > 0.

Proof. Let us first assume that A\ > 0. To shorten our notation, we introduce the function
P : Qr(z) — R{ defined by
P := (|Duc| — N4 (5.24)

and its “mollified” version

By = ([[Duclel = A1, 0>0, (5.25)

using the notation (1.1) on the right-hand side of (5.25), while, on the left-hand side, an
intentional abuse of the same notation has been made. We now test the weak formulation
(5.10) with the map

¢ =Dy, (Dy,[uclo- v - ®(P,)), je{l,...,n},

where ¢ € W, (Qr(2)) is a non-negative cut-off function that will be specified later and
® : Rf — R is an increasing, locally Lipschitz continuous function, such that ® and & are
bounded on Ry, ®(0) = 0 and

()t < cg D(2) (5.26)

for a suitable constant ce > 0. After summing with respect to j from 1 to n, we obtain

% on 8t(|D[u5]9|2) (0 (I)<Pg) dz + /QR Ji <ij [DAe(DUs)]ga D (ij [us]g ) ¢@(Pg))> dz

= — | S £ D, (Do, - ¥ B(P,)) dz. (5.27)

Q@r j=1
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Arguing as in |7, page 521], the integral involving the time derivative can be expressed as follows

1 1 | Dl 2
L a(pp,veryd: =~ [ o, / B((V& — N)a) dw | v dz
2 Qr 2 Qr |40 ]

1 [ ‘D[uE]QP
_ _5/ch /0 B((Vio — N)y) dw | Db dz.

Therefore, integrating by parts and then letting ¢ — 0 in (5.27), we get

-2 / [/0 o <W—A>+>dw] on d2

/ D?A.(Du.) D(Dy,u.), D(Dy,u.)) ¢ ®(P) dz

Qr j=1

/ D?A.(Du.) D(Dy ), DE)(Ds ) B(P) d
Qr j=1

/ D?A.(Du.) D(Dy,u.), DP)(D,,u.) ¥ ®'(P) dz
Qr j=1

/Q S (D, £2) (D) 0 8(P) d (5.28)

le

In what follows, we will denote by ¢, and C' some positive constants that do not depend
on . Now, let us fix an arbitrary radius p € (0, R). For a fixed time ¢; € (to — p?,ty) and
o € (0,ty — t1), we choose

(@, t) = X(t) x(t) n*(2)
with x € Wt ((tg—R?,t9),[0,1]), x = 0 on (to—R?, to—p?) and dyx > 0,1 € C5°(B,(20), [0,1]),
and with the Lipschitz continuous function Y : (ty — R?,ty) — R defined by

1 i<ty
X(t) =< affine if t; <t <t +o,

With such a choice of 4, equation (5.28) turns into

[ f1Duc|?
5[] e = ndu| e x o0 a:

[ f1Duc|?
! / / D((v/w — N)-) dw| () S(E) () d=

/Q S (D*A.(Duz) D(Dy, ), D(Dy, ) () X0) x(1) B(P) d

le

/Q Z D2 Dua (ijua)>DP>(iju8) 772(55) )Z(t) X(t) (I)/(P) dz

le
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. /Q S (DA.(Duz) D(Ds, ), DDy, ) ) K1) x (1) B(P) d

le

/Q Z (Dg, f) (Dgjuc) n” (x) X(t) x(t) @(P) dz.

le

Setting
Qtl = Bp(flf(]> X (to — pz,tl)
and letting 0 — 0 in the previous equality, for every t; € (ty — p?,to) we get

1

| Due (,t1)[?
3, X [ / B((Vw — N)+)dw| da

+ /Qtl Z <D2A5(Due) D(ijug), D(D$]u€>> 772(1') X(t) (I)(P) dz
/Q » D*A.(Du.) D(Dy;u.), DP)(Dy,u.) n*(z) x(t) @' (P) dz

~ /Q . Z (D*A.(Du.) D(Dy,u.), Di(Dy,uz) (x) X(£) ©(P) d=

* /Qtl Z (Da, f2) (Dyjue) n*(z) x(t) @(P) dz

1 , |Dus(a.0)[?
' /Q 07 (@) [ / (Vi — A)) dw| dz, (5.29)

where we have used that 9;x converges to a Dirac delta distribution as ¢ — 0, together with the
L*(Bg(zo))-valued continuity of u.. We now observe that the second integral on the left-hand
side of (5.29) is non-negative, since A. is convex and y,® > 0. As for the first term on the
right-hand side of (5.29), for every t; € (ty — p?, to) we have

) /Q D*A.(Du) D(Daw). Di)(Dayu) ) (6) B(P) d:

< Q/Qtl ‘<D2AE(DUE> D(ijug),DnM x(t) n(z) ‘ijusy (P)dz

< 2/@1 \/(DQAE(DUE)D(ijug),D(ijug» V(D?*A.(Du.) D, Dn) x(t) n(x) | Dy, uc| ®(P) dz
1

<5 [ ADPADU) DD,y 00). DD2,u) x(0) 1) B(P) d:
Q'

+ 2 / (D*A.(Du.) Dn, Dn) x(t) | Dy, u.|> ®(P) dz, (5.30)
Q"

where we have used the Cauchy-Schwarz inequality together with Young’s inequality. Joining
(5.29) and (5.30), we obtain

Il‘f‘lg—"IgS ]4+I5+]6, (531)
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where

|Du5(z,t1)|2
I = /B,,(xo)X(tl)n (x) [/o O((Vw —N)4) dw| da,

n

=2 /Qt1 Z <D2A5(Dus) D(Dzjue)7 DP>(DZju€) 772(x> X(t) (I),(P) dz,

n

I3 = /Qtlz (D*A.(Duc) D(Dy,ue), D(Dy,u.)) x(t) n°(z) ®(P) dz,

n

I = 4/ Z (D*A.(Du.) Dy, Dn) x(t) | Dyjuc|* ®(P) dz,
Q1

| Due (x,t)|?
Is = /Qt1 (9ex) n* () [/0 O((Vw = N)4) dw| dz,

I = /QHZ (Ds, ) (Do) () X(£) B(P) d.

Now we observe that I; > 0, thus we can drop it in the following. Furthermore, arguing as
in the proof of Proposition 3.14, one can show that Iy > 0. Therefore, inequality (5.31) boils
down to

i< i+ I+ 1. (5.32)

At this stage, we choose a cut-off function n € C§°(B,(x¢)) with n = 1 on B,/5(x¢) such that

0<n<1 and [Dn|l< (5.33)

| ™

For the cut-off function in time, we choose the piecewise affine function x : (to — R?,to) — [0, 1]
with
x=0 on (ty— R*ty— p*),

on (to — <g>2 ,to) ,
Oy 342 on (to — %ty — <g>2> )

Moreover, as in the proof of Proposition 3.14, we choose

<
i
—

t2a
and therefore
205)\2 t?a—l

"t) = ———. 5.35
) = Gy 557
This function satisfies (5.26) with ¢ = 2. With the above choices, we now estimate I3, I4
and I5 separately. Let us first consider I3. Recalling the definition of P in (5.24), by Lemma
5.7 we have

I3 >/ (- | D?u. | x(t) n*(z) d=. (5.36)
~ Jan |Due| [N + (|Duc| = A)3 ]
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Using Lemma 5.7 again, the fact that €, xy, ® < 1 and the properties (5.33) of 7, we obtain

I, <8(p— 1)/ (14 |Du.*)? |Dn*dz < %/ (14 |Du|?)? dz. (5.37)
Qr

Qr

Now we use again the fact that ® < 1, the properties of xy and 7, and Holder’s inequality, in
order to get

4 c
I §/ (0ux) n?(z) |Duc|? dz < o] |Du.*dz < —2 ||Du8||%p(QR), (5.38)
Q1 30° Jon p

where ¢2 = co(n, p, R) > 0. Combining estimates (5.32), (5.36), (5.37) and (5.38), we find

Gljﬂel )p 1+2a 9 9 9
D Ue|™ X t x)dz
/Qtl |DU8| [/\2 (|Du£| _ )\)%r]a | | ( )77 ( )
¢ ya
<= V (14 [Ducl*)2 dz + || Ducll7oop
R

L2 Z / (Ds, £2) (D) 12(x) X (1) ®(P) dz, (5.39)

which holds for every t; € (to — p?, to)-
It remains to estimate the integral containing D, f.. With this aim in mind, we now argue as
in the proof of Proposition 3.14. By Theorem 1.21, there exists a linear and bounded extension

operator
-2 -2 n
extp, (o) : By (By(wo)) — BP(R")

such that rep,(»,)0extp, () = id, where rep, (4,) is the restriction operator defined in Subsection

1.2.1 and the symbol id denotes the identity in B, 1/ (B,y(xo)). Since, for almost every ¢ €
(to — p*, to), we have Dy, f.(-,t) = extp (4)(Da, f(, )) almost everywhere in B,(z,), we find

| P BNDun @) ) UP) e = [ et (D o, ) (Deyi) () X(1) #(P) =
(5.40)

By definition of dual norm, we get

‘/QH extp, (z9) (D, f=(x,1)) - (Dg;u:) n°(z) x(t) ©(P) dz

t1
S/ lexxt 5, w0) (Day f (D s2m gy | (Dayuie () 0™ X (8) (P )] s gy it
¢ ,

0—p?
t1

[ lexti o (D ) i oy
0—p

(D21 1) 12 X8 DCPC, Doy + [(Daytte ()02 (8 P D) oy oy ) s
(5.41)

where, in the last line, we have used the equivalence (1.18). By the properties of 1 and the fact
that 0 < x,® < 1, we have

1Dy, 8)) 7 X(0) B(PC )|y < (1D )]s o (5.42)
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for almost every t € (to — p?, to). Furthermore, using Theorem 1.26, for almost every ¢ €
(to — p?, o) we obtain

”eXth(mo)(ijfE('7t))“(ég/og(ﬂgn))/ < ¢ HeXth(xo)(Dzjfs('a t))"B721/p(R”) )
’ P,

for some positive constant c3 = c3(n, p). Combining the above inequality with the boundedness
of the operator extp, () yields

HeXth(&?o)(ijfs(v ))H 2/1’ ) < ¢ ||ijf5("t)HB;,,Zl/p(Bp(xo))

for almost every ¢ € (tg — p?,ty). Moreover, applying Theorem 1.22, we find that

HD;DJ’fE(.’t)HB;,i/p(Bp(xo > C3 ”fs( ) )

B (By(eo)

for almost every t € (ty — p*, to). Combining the preceding inequalities, we infer

»

et a) (Do, GO g oy < €l o0 w2 (5.43)

' (Bp(z0)

',

which holds for almost every t € (ty — p?,t9) and a positive constant c3 depending only on n
and p. Now, recalling that

(D ) 7 XD POy

~ hiso # X |0 ((Da,ue(z, 1) 0 (@) @(P(x, 1)) | do

and using Lemma 3.7, we deduce
1
oz [0 1 (D) P() (PG )

< eslnp)®) [

2

dx
> 2
where, in the last line, we have used the first statement in Lemma 1.14. Using the properties
(5.33) of n and the boundedness of ®, with simple manipulations we thus obtain

[(Dayue (1) 0 x(t) (P (-, 1))

By/%, (R

SIS

)

61 (1D e, 01 % (Do, 0) 1 (2) (2P, )]

VS|

(IDxJus(fC O (Dauc(z, 8) 7 (z) [@(P(z,1)))* ) | da,

n

< c5x(t)/B " (|D (2, 1) (D, ue(x, 1)) [cp(p(x,t))]%) \2772@) di
+ p—x(t) /Bp . |Du,(z,t)|P dz (5.44)
for almost every t € (tg — p?,t1). Now, from (3.39) we know that
D (102,02 (D) [@(PYE) || < colm.p) (Ar+ As). (5.45)
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where

1= [Duc"”? [D*uc* [@(P))F

and
= |Duc|? |D*u|* [®(P)]P~2 [®'(P)]*.

At this point, we estimate A; and A, exactly as in the proof of Proposition 3.14. This gives

D2u.|? (|Dug| — A2~ 1+2a
R (546)
e D% (| D] — A
A, < 2001+ 2 |Du5\E[A2 (\Epus\ T (5.47)
Joining estimates (5.44)—(5.47), for almost every ¢ € (o — p?,t;) we find
: (IDua(, )] = N | Du(a, )
(e OV X RPN ) < e [ e S S 0

—i——x / |Duc(z,t)|P dx,

where ¢; = ¢7(n,p,a) > 0. Combining the previous inequality, (5.42) and (5.43) with (5.41),
after some algebraic manipulation, from (5.40) we get

/Qt1 (Da, f-)(Dyus) n? () x(t) (P) dz

o (1Duc(w, )] = N2 | D2u(a, £) '
</ ”fa(’““B;?pr)K/Bp D) 00+ (D 0] — T O d"“")
(1 + pl ) | Du (-, )HLP(BP)] dt.

Now we go back to (5.39) and use the above estimate in combination with Young’s inequality.
This yields

(|Du.| — NP 12 o 2
/Qtl [Duc| N2 + (|Dud| — N2 | Duc|* x(t) n° () dz

-

1 j2 fo /
< o (1 ; ;) [ | iputas + ||Due||%p<QR>} to [ RO,
Qr -

to p2 Bp/f)l (Bﬂ)

for every t; € (to — p?,to) and a positive constant cg depending only on n, p, « and R. Using
the properties of x and 7, from the above inequality we deduce

/ (lDU/E‘ )p 2 |D2U, ‘de
Qp/Q ZO |Du5’ [)\2 (’Du5’ - A)a_]

to ,
< (08 + p—Z) UQ (1+ |Du.|*)2 dz + HDuEH%p(QR)] + (:8/ [P —3
. _

to 02 Bp/pl (BP)

(5.48)
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Continuing to argue as in the proof of Proposition 3.14, we also find

/ D.Var(Duo) P dz < c(p) / e (5.49)
z Va,\ Ue Z > C\p Z, .
Qp/2(20) Qp/2(20) |Du5| [/\2 (|DU€| - ) ]

which combined with (5.48), gives

/ DV (Du)|2 d2
C?p/z(ZO)

C. P to
s(wp—i) UQ <1+|Due|2>2dz+HDusH%p(QR)]w / O s
) )

to / 1 (BP)

Let us now consider the same gy € (0,1] as in Proposition 5.10 and let ¢ € (0,e0]. Then,
applying estimate (5.12), we obtain

/ D,V (D) d=
Qp/2(20)

C
< (c T —2) 1Dl gy + 1DulEu(gyy + X + X2+ 1] + CILI” e}
p Lp <t0 p*t0;B " (Bp)>

for a constant C' = C(n,p,a, R) > 0. Moreover, arguing again as in the proof of Proposition
3.14, we find a positive number £; < gy such that

’ to / to /
111 - =/ [feC DN e dt S/ [RACRIl | s
> to—p? to—R2

LP (t() p2 to; B , 1 (Bp) Bp’f)l (Bp) Bp’%,l (BR)

= ”pr/ b2 < +oo, for every € € (0,&4].
Lp’ <tO_R27tO§Bp/Z,)1 (BR))

Combining the last two estimates for € € (0, 1], we conclude the proof in the case A > 0.
Finally, when A = 0 the above proof can be greatly simplified, since the parameter « plays
no role and

Vao(Du.) = H%(Dug)— |Du5| “Du. .

N

In this regard, we leave the details to the reader. O

We conclude this section with the following result, which will play a crucial role in the proof
of Theorem 5.3.

Proposition 5.13 (Uniform Sobolev estimate). Under the assumptions of Theorem 5.3

and with the notation above, there exists a positive number eg < 1 such that, for every e € (0, &),
for every parabolic cylinder Q,(z0) € Qr(20) and every j € {1,...,n}, we have

C
/Q P Vas(DuP s < 55 (1Dl + X2+ 1) + C (I Bagm +1)  (5:50)
p/2(%0

for a positive constant C' depending only on n and R in the case A = 0, and additionally on «

if A>0.
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Proof. In what follows, we shall keep the notation, definitions and choices used in the proof
of Proposition 5.12.

Let us first assume that A > 0. Letting ¢ — 0 in (5.27) and arguing exactly as in the
preceding proof, we arrive at the following inequality

L< L+ Ii+Ig+ I + I, (5.51)

where

n

Iy = /Q 3 (DPA(Du) DDey ). DD ) xlt) 1) 2(P)

j=1
n

L= 4 [ 37 (D*A(Du.) Dy, D) () | Dy 6(P)
Qn

j=1

| Due (z,t)|2
I = /Q @) (@) [ / ((vw - N)s) dw | dz,

6 - — — E € D:c-ue mx E$'” (1 dZ,
s = — E f. (D2 Jue) t) P(P)dz,

[8 = _Q/Qt1 Zfs D:):Jus ) ( )(I)/<P) (DIJP) dZ,

while P, n, x and ® are chosen as in the previous proof. Note that we have already estimated
I3, I, and I5 in (5.36), (5.37) and (5.38) respectively. More precisely, for p = 2 these estimates
yield

! >/ UDuel = N2 () () d (5.52)
3 > us|” x(t)n"(x) dz, :
gt [Duc| [A2 4 (| Dug| — N)3]e
82
Iy < — | (1+|Dul?)dz (5.53)
P Qr
and 1

We now estimate I~6, I; and Ig separately. Let us first consider f6. Using the fact that 0 <
X, P < 1, the properties (5.33) of n and Young’s inequality, we obtain

2

~ nc
Is < 471/@ |[fel [Due| Dl dz < 2n|felli2g, + —5 e 1Duell72 () - (5.55)
R

As for the term I7, recalling (5.24) and (5.34), we have

(|Du.| — N3
I; < 2n/ fo |D*ugs| n*(x) x (¢ + dz
Nl P (TN VAT

(|Due| — )‘)iail | Du,|
<o | o D% () (1) o
Q'1n{|Duc| > A} (A2 + (| Du.| — A)i]a
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Now we turn our attention to Ig. Recalling (5.35) and applying Young’s inequality, we get

< A2 (|Du.| — Nt |(Du., D, Du.)|
Iy < 4a / ol 1D 12(2) X (1) - ;
Q"10{|Due| > A} ; (A2 + (| Duc| — A)3 ]+t | Du|
|Du6|3 (|DU€| - )\)ia—l
A2 + (|Dug| — M)Al | Du,|?

dz

< son | ol D% () ¢ (8 dz
Q"1 Duc| > A} [

(lDUE‘ — )‘)3—0&71 |Du5|
~ san | ] 1D () (1) dz.
Q!10{|Duc| > A} (A2 + (| Duc| = N)3]e

Joining the last two estimates and using Young’s inequality again, we find

I + Iy
3 a—3 a+l

S 1Dl (Dud = )7 (1D = N5 D () (1)
- Qn{Duc)> Ay A2+ (|Due| — A)?]2 VIDuc] A2+ (|Duc| — N)3]2
< 2n2(4a + 1)2/ ’fs|2 ’Duslg (‘Dus‘ B )‘)ZQ_B 772(56) X<t> dZ
- Q'11{|Duc| > A} (A2 + (| Duc| — A)2]e

1 (IDuc| = N2 D>,

— T t)dz

2 Ly T B (] e 7O
< 4n2(4a + 1)2/ | fel* | Duel” (| Due| - ,\)i‘l—?’ dz
- Q'10{|Duc| > A} | Du [

2

1 (|Duc| — )2 | D22,
x) x(t) dz
/Qfl [Duc| 2 + (|Duc| — V2] (z) x(t)
1 (|Duc| — N2 D2 >,
2 t)d 5.56
2 /Q [Du| 2 + (|Duc| — A2 (@) x(t) dz, (5.56)

< 4n?(da + 1) || )20, +

where, in the last line, we have used the fact that |Du.|® (|Du.| — A\)3** < |Du** in the

set {|Du.| > A}, since &« > 3 by assumption. Now we combine estimates (5.51)—(5.56), thus
obtaining

(|Du5| - /\)}’_+2a |DQUE|2 2 C1 2 2
(@) x()dz < = | A+ |DufP)dz + e |20 -
/Qa [Duc| 2 + ([ Duc| — N)2] 7 Jan H@n)

which holds for every t; € (to — p?,to) and a positive constant ¢; depending only on n and a.
Using the properties of n and y, from the above inequality we deduce

/ (| Duc| — )\)}r+2a |D2u5|2 d C1
Qp/2(20

z < —/ (L+ [Duc?) dz + e[| fellFogp - (5:57)
) [Due| [A% + (| Due| — A)3]® 2 Jo, 12(Qn)

Taking p = 2 into (5.49) and combining the resulting estimate with (5.57), we then find
c
[ DD < G [ @ IDuP) s+l
Qp/2(20) p

Qr

Let us now consider the same gy € (0, 1] as in Proposition 5.10 and let ¢ € (0,e0]. Then,
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applying estimate (5.12) with p = 2, we get
2 C 2 2 2
D Var(DuPdz < = (IDulliigu + X +1) + Cllflion
Qp/2(20) P

for a constant C' = C(n, «, R) > 0. Moreover, for p = 2, from (5.21) it follows that

||fa||L2(QR) < ||f||L2(QR) + 1.

Combining the last two inequalities, we conclude the proof in the case A > 0.
Finally, when A = 0 the above proof can be greatly simplified, since the parameter a plays
no role and
Vao(Du.) = Du,.

We leave the details to the reader. O

5.2 Proofs of Theorems 5.1 and 5.3

In this section, we prove Theorems 5.1 and 5.3 by combining a standard comparison argument
(see e.g. |41, 52|) with the estimates from Propositions 5.10, 5.11, 5.12 and 5.13.

Proof of Theorem 5.1. In what follows, we will refer to the notation introduced in Section
5.1. For any fixed ¢ € (0, 1], we let

Uge c CO ([t() — RQ,to]; LQ(BR(I'Q))) N Lp (to — RQ, to, Wl’p(BR(ZEQ)))

be the unique energy solution of the Cauchy-Dirichlet problem (5.9). Moreover, by a slight abuse
of notation, for w € L}, .(Qr(20),R¥), 5 € {1,...,n} and h # 0, we set (when 2+ he; € Bg(y))

Tipw(x,t) == w(r + hej, t) — w(x, ),
w(x + hej, t) —w(x,t)
h )

where e; is the unit vector in the direction z;. Now we fix arbitrary radii

A pw(z,t) =

O<r<p<R

and use the finite difference operator 7; ), defined above, for increments h € R\ {0} such that
|h| < 2.

Let us first assume that A > 0. Furthermore, consider the same £, € (0, 1] as in Proposition
5.12 and let € € (0,&1]. In the following, we will denote by C' a positive constant which neither
depends on h nor on €. In order to obtain an estimate for the finite difference 7;,V, 1 (Du), we
use the following comparison argument:

/ 70V (Du)|? d
Qr/2(20)

< 4 / 1750 Var (D)) da dt + 4 / Vo (Due) — Vor(Du)|? d dt
Qr/2(20) Qr/2(20)



106 Sharp Sobolev reqularity for widely degenerate parabolic equations

44 / Vo n(Duc(z + hes, £)) — Vor(Du(e + he;, 6))[ du dt
Q'I‘/Q(’ZO)
< 4/ |Tj7h\7a7,\(Du5)|2 dz + 8/ |Var(Due) — \7047)\(Du)|2 dz.
Qr/2(20) QRr(20)

Combining the previous estimate with (5.22) and (5.23), for every j € {1,...,n} we get

/ |Tj7h\7a7>\(Du)|2 dz
QT/2

Clp* +1)
< SE T W (Dl gy + IDulgr + X+ X7 +1)
+ CREIAY + Ce (I1Dullfgp +1)
L» (toRZ,to;Bp/{g <BR<zo>)>
+ CHf_fEHLP'(QR) (HDu’|Lp(QR)+)‘+1) ) (5.58)

which holds for every sufficiently small h € R\ {0} and a constant C' = C(n,p,a, R) > 0.
Therefore, recalling (5.20) and letting € N\, 0 in (5.58), we obtain

C
/Q 1A 1 Var(Du)[* dz < (C + E) [HDUH’ZP(QR) + | Dull7pign + X+ X+ 1]
r/2

+ CfI”

. ) (5.59)
L <to—R2,to;Bp/f71 (BR(%))>

Since the above estimate holds for every j € {1,...,n} and every suitably small h # 0, by
Lemma 1.15 we may conclude that

Var(Du) € L}, (0,T; W22 (Q,R™)).

loc loc

Moreover, letting h — 0 in the previous inequality, we also obtain estimate (5.3).
Let us now assume that A = 0. In this case, we have already observed that the constant C'
is independent of « (see Proposition 5.12) and

2 p—
Voo(Du) = = |Dul"T Du.
p

Combining this fact with Lemma 3.7 and estimate (5.59), for every sufficiently small A # 0 we
find

. Du(x, t)|P
/ wdm‘dt < ol(p)/ 1A, 1 Vao(Du)* dz < M
Q’!‘/2 ‘h| QT/Q

for some finite positive constant M depending on

to—R? 7t0§Bp/;f71

n, p, Ra P, HDu”Lp(QR)7 ”fH ,< p—2 )7
Lp (Br)

but not on h. Note that the above estimate also holds for every j € {1,...,n}. Therefore,
using Proposition 1.41 with the choices g = Du, ¢ = p and § = %, as well as a standard covering
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argument, we infer that

Du e L?

loc

2
0, T;W2P(Q,R™) forall o€ (0, ;) :

This completes the proof. n
We now conclude this section by giving the

Proof of Theorem 5.3. Actually, it is sufficient to proceed as in the proof of Theorem 5.1,
but using estimate (5.50) in place of (5.23). In particular, since V,0(Du) = Du, in the case
A = 0 we retrieve

u € Ly, (0, T; Wi2(Q) |

loc loc

which is a well-established result for the non-homogeneous heat equation (5.5) when f €
LZZOC(QT)' u

5.3 Proof of Theorem 5.5

This section is devoted to the study of the existence and regularity of the time derivative of
the weak solutions to equation (5.6), under the assumptions of Theorem 5.5. Indeed, we are
now in a position to prove the aforementioned theorem.

Proof of Theorem 5.5. We shall keep the notation and the parabolic cylinders used for the
proof of Theorem 5.1. Let us notice that

|Du|p_2Du = F(Vao(Du)),

where F : R” — R" is the function defined by

79 = (1) el

which is locally Lipschitz continuous for p > 2. Thus, the vector field |[Du[P~2Du is weakly
differentiable with respect to the z-variable by virtue of the chain rule in Sobolev spaces. From
the definitions of I and V, ¢, it follows that

|De F(Vao(Du))| < 1 |Du|"T (5.60)

for some positive constant ¢; = ¢(n,p). Now, applying the chain rule, the Cauchy-Schwarz
inequality and estimate (5.60), we obtain

D2 F(Vao(Du)I” < ca(n, p) [De F(Vao(Du)) [P | Dy Va0 Du)l”

(r—2)p’

< cs|Dul” 2 DV o(Du)l?, (5.61)
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where ¢3 = c3(n,p) > 0. Using (5.61), Holder’s inequality with exponents (22’:21), }%) and
estimate (5.3) with A = 0, we get

1 1
p’ 2

/ p—2
( | D5 Van(Du)y dz> < cu(np) [1Dul g, ( / |Dmva,O(DU)|2d2>
Qr/2 Qr/2

C 1 » p=2
< (€ + 5) [10ulsig, + DUl gy + 10015, )

p=2 o
+ Cl[Dull 3o 171 < ) (5.62)

L' to—R2to;B )", (Br)

for a constant C' = C'(n,p, R) > 0. Note that the right-hand side of (5.62) is finite, and this
implies that ) )
|DulP~2Du € L¥ (0, T; W 7 (Q,R")). (5.63)

loc loc

Therefore, going back to the weak formulation (1.14), we can now perform a partial integration
in the second term on the left-hand side with respect to the spatial variables. We thus obtain

/ u-Oyp dz = —/ Zij[|Du|p_2iju] +f)] pdz
Qr/2(20) Qr/2(20)

J=1

for any ¢ € C3°(Qr/2(20)), and the desired conclusion immediately follows from (5.63), since

p—2
f = Lilnoc <O7 T’ Bp’z,jl,loc<Q)) :

Furthermore, we can now observe that

ou = ZD%HDUP_QD%U] +f in Qr(20).

J=1

From this we can infer

1

/

(/Q ( )|3tu\p dZ) < n||D, 3:(’\704,0<Du>)”LP'(QT/2) + HfHLP’(QT/Q)’
r/2(20

and combining this inequality with (5.62), we finally obtain estimate (5.7). O



Chapter 0

Gradient bounds for strongly singular or
degenerate parabolic systems

In this chapter, we are interested in the regularity of weak solutions u : Q7 — R of strongly
singular or degenerate parabolic systems of the type

atul—(11\714l<:[;7tvl)u>:fZ fOI"iE {17’N} in QT:QX (O’T> (61)

Here and in the following, 2 is a bounded and open subset of R" (n > 2), T'> 0 and N > 1.
The exact assumptions on the vector field A = (A!,... AN): Qp x RN™ — RY™ and the vector-
valued inhomogeneity f = (f!,...,f"), N > 1, will be presented in a while. The results
we report here have been obtained in [7]. As our main achievement, we will show that weak
solutions of (6.1) are locally Lipschitz-continuous in the spatial directions, i.e. that the spatial
gradient Du is locally bounded (see Theorem 6.1 below).

To specify the structure of the vector field A : Qp x RM — RN we consider a function

F: Qr x[0,00) = [0,00), (x,t,8) = F(x,t,s),

which is convex with respect to the s-variable and vanishes for all s € [0, 1]. Furthermore, we
shall assume that the partial map s — F(x,t,s) is in C'(RT) N C?*(R* \ {1}) for almost every
(x,t) € Qp, while for every (t,s) € (0,7) x [0,00) the map = — F(z,t,s) is differentiable
almost everywhere. We additionally suppose that there exist an exponent p > 1 and some
positive constants L, C;| > 1 and K such that, for all s > 1 and for almost every z,y € €2 and
t € (0,7T), the function F satisfies the following growth assumptions:

a

(s —1)P < F(x,t,s) < Ls? (Hy)
C%(S — 1Pt <O, F(x,t,8) < Ci(s— 1)1 (Hy)
C%(s — 1)P72 < 04 F(x,t,5) < Ci(s—1)P~2 (Hj)
(Ha)

|0sF (z,t,8) — O, F (y,t,8)| < K |v —y|sP~L
Then, the vector field A : Q7 x RN"® — R¥" is defined by

RECLE) ¢ if ¢ € R\ {0},

Az, t,€) = { <l ' (6.2)
0 if £=0.

109



110 Gradient bounds for strongly singular or degenerate parabolic systems

Note that for the prototypical case

a(x,t)
p

F($7t78): (8_1)/17

where a : Qr — RT and = — a(x,t) is a Lipschitz continuous function that is bounded from
below by a positive constant, one can easily deduce that the growth conditions (H;)—(Hy) are
fulfilled. If furthermore a(x,t) = 1, then we recover the vector field in (8).

6.1 Statement of the main result

In this chapter, we prove the local boundedness of the spatial gradient of weak solutions to
(6.1). In particular, this can be seen as a parabolic analogue of Brasco’s Lipschitz-continuity
result established in [19]. Let us note that system (6.1) can be written in the vector form

—div A(z,t, Du) = f in Qp.

A function uw € C° ((0,7); L* (2, RY)) N L7 (0, T; W (Q,RY)) is a weak solution of (6.1) if
and only if

/ (u- 06— (A(x,t, Du), D)) dz — — [ f-odz
Qrp Qp

holds true for any test function ¢ € C§°(Qr, RY).
The main result of this chapter is the following theorem. For notation and definitions we
refer to Chapter 1.

Theorem 6.1. Letn >2, N >1,1<p < oo and f € L™2log® Lio.(Qr, RY), where n is
defined according to (6.3) — (6.4) below and o > 2n + 3. Moreover, assume that

ue C((0,T); L% (2,RY)) N LP (0, T; W (Q,RY))

is a weak solution to (6.1), where A is defined by (6.2) and the structure conditions (Hy) — (Hy)
above are in force. Then, for any parabolic cylinder Q.(z1) € Qr(20) € Qr with r € (0,1) and
any s € (0,1), we have that:

(a) if p > +2 , the estimate

||f|| f og® ¥4
esssup |Du| < ;HQ - exp Lrt21 %nL Qr(21)) [][ (|Dul +1)P dz
Qsr(21) (1—s)" ra Qr(21)

holds true for some positive constants ¢ = ¢(N,n,n,a,p,Cy, K) and © = O(n,«), and for

plat?) -2 if 2 <p<2,
/ﬁ;:
2 pr22,
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) ifl<p< -2 f=0andu <€ L®(Qgr(2),RY), the estimate

n+27
nTJrZ
(1 + Nl o) ;
esssup |Du| < ¢ (QR(HDJBQ) [][ (|Du| + 1)Pd= ’
Qsr(21) [(1—s)2r] > Qr(=1)

holds true for some positive constant ¢ = ¢(N,n,a,p,Cy, K).
In the subcritical case 1 < p < nz—]:Q , the weak solutions to (6.1) may not be bounded (see |38,
Sub-chapter 5.4] and note that the p-Laplacian satisfies our growth assumptions). Therefore,
the extra assumption u € L®(Qr(20), R") in Theorem 6.1 (b) is natural.

Note that some widely degenerate systems can be interpreted, similarly to functionals, as
asymptotically regular systems. Therefore, in the special case that A(x,t, Du) = A(Du) ~

| DuP~2Du for |Du| > 1 and p > f—fz, we recover the results obtained in [15] and [62].

Finally, we explain the choice of the parameter n, which is defined by
if n>2
R (6.3)
240 ifn=2

for some > 0. If n =2 and 1 < p < 2, we choose (§ in such a way that

4@—1)

0<p< >,

(6.4)

This choice ensures that in the case n = 2 we have p > RQ—J_‘Q for any p > 1. Indeed, this condition
will be decisive to carry out the proof in Subsection 6.6.3.

6.1.1 Strategy of the proof

Our approach is inspired by [29, 35, 44]. The proof of Theorem 6.1 will be achieved by a
parabolic Moser iteration technique, whose implementation is however quite subtle, due to the
degeneracy of the differential operator. Since the weak solutions of (6.1) may not be twice
weakly differentiable with respect to the z-variable, we consider a regularization of the original
system (6.1). The regularized problem (P.), ¢ > 0, satisfies standard non-degenerate p-growth
conditions (see Subsection 6.2.3 and Section 6.3). One of the advantages of introducing the
regularized problem stems from the fact that its (unique) weak solution u. admits second
weak spatial derivatives in L} (cf. Remark 6.10 and Theorem 6.11). However, proceeding
at this point with a standard Moser iteration, the constants in our estimates would blow up
as € | 0. This problem will be overcome by choosing an appropriate test function in the
derivation of the Caccioppoli-type inequality on which the Moser iteration is based. At this
stage, it is helpful to realize that, for 6 > 0 large enough and |Du.| > 1 + ¢, the regularized
systems satisfy p-growth conditions that are independent of €. Therefore, we choose a test
function vanishing on the set {|Du.| < 1+0}. We notice that the choice of such a test function
requires the existence of second weak spatial derivatives, which is why we need to resort to
the approximating solutions u.. The said test function allows us to obtain a Caccioppoli-type
inequality, which will in turn be used to set up a kind of Moser iteration scheme.

Similarly to the treatment of the parabolic p-Laplacian, in the Moser iteration we have
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to distinguish between three different regimes of the parameter p. The first one is the

superquadratic case p > 2, the second one is the subquadratic supercritical case nz—f:z <p<?2
and finally we have the subcritical case 1 < p < nz—fQ In the last case, we need to ensure

that also the approximating solutions wu. are uniformly bounded with respect to . This
is achieved by a maximum principle, assuming that f = 0. In all three previous cases,
we establish the local boundedness of the spatial gradient Du. together with quantitative
estimates. Here it is worth noting that the constants appearing in our quantitative esti-
mates are independent of €. This will allow us to obtain the conclusions of Theorem 6.1
after passing to the limit as € | 0 and using the strong convergence result in Lemma 6.12 below.

This chapter is organized as follows. In Subsection 6.2.1, we recall some basic facts
on the regularization in time via Steklov averages. In the following Subsections 6.2.2 and 6.2.3,
we define the approximation of the vector field A and derive its growth properties. Thereby,
we distinguish the subquadratic and superquadratic cases. Subsection 6.2.4 is devoted to some
algebraic inequalities needed for our purposes. In Section 6.3, we introduce the regularized
problems (P.) and prove a strong convergence result in LP. As a by-product, we obtain the
uniqueness of weak solutions to a Cauchy-Dirichlet problem associated with system (6.1). In
Section 6.4, we establish a maximum principle for the solutions of the regularized problems
in the case 1 < p < nz—JfQ and f = 0. This allows us to show that the approximating solutions
are essentially bounded, provided that the solution of (6.1) is itself essentially bounded. In
Section 6.5 we lay the groundwork for Section 6.6, where we prove local L*>-bounds for the
spatial gradient of the approximating solutions. The proof is divided into several subsections.
In Subsection 6.6.1 we establish a Caccioppoli-type inequality, from which we derive a reverse
Holder-type inequality in Subsection 6.6.2. In these subsections, we need to address separately
the three regimes of the parameter p that we referred to above. For this reason, the Moser
iteration procedure is split into two steps: in Subsection 6.6.3 we deal with the supercritical
case p > 2% while in Subsection 6.6.4 we consider the subcritical one. Finally, in Section 6.7

n+27
we complete the proof of Theorem 6.1.

6.2 Preliminary results

6.2.1 Steklov averages

Here we recall the definition and some elementary properties of Steklov averages. Let us
denote a domain in space-time by Q' := €2 x I, where ' C Q is a bounded domain and
I := (t1,t2) € (0,7T). For every h € (0,ty—t;) and v € LY (' x I, R¥), where k € N, the Steklov
average [v],(+,t) is defined by

t+h
[U]h(x,t) = %ft U($, 3) ds fort e (t1’t2 _ h),
0 for t € [ty — h,t),

for z € Q. This definition implies, for almost every (x,t) € Q' X (t1,t2 — h),

8[v]h(x - v(z,t+h) —v(z,t)
ot h '
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The proof of the following result is straightforward from the theory of Lebesgue spaces (see
[38, Lemma 3.2|).

Lemma 6.2. Let g,r > 1 and v € L" (t1,t2; L(Y)). Then, as h — 0, [v], converges to v
in L" (ty,ty —; LI(Y)) for every e € (0,ty —t1). If v € C°((t1,te); LY(Y)), then as h — 0,
[V]n (-, t) converges to v(-,t) in LY(Y) for everyt € (t1,ta —e), Ve € (0,1 — t7).

For further needs, we now recall the well-known Steklov average formulation of (6.1) in
Q' = x (t1,t2). Assume that u € C° ((0,7); L*(Q,RY)) N L7 (0, T; WHr(Q,RY)) is a weak
solution to (6.1) in Qr and let 0 < h < t5 —t;. Then, the Steklov average [u],(-,t) satisfies, for
all times t € (t1,t — h),

/ (Oulp - & + ([A(z, t, Du)|n, D)) dz :/ [fln - pdx
Q' x{t}

Q' x{t}

for all ¢ € Co(Y,RM).

6.2.2 Approximation of the function F for 1 <p < 2

As already mentioned, we assume that for almost every (x,t) € Qp the map s — F(x,t,s)
is in CY(RT) N C?*(R* \ {1}). Moreover, we notice that in the case 1 < p < 2 both bounds for
OssF'(x,t,-) in (Hg) blow up as s — 1. This very singular behavior of F' must be avoided, since
we need to use the second derivative 0, F' to establish a local bound for the spatial gradient
of the weak solutions to (6.1). Therefore, for 1 < p < 2 and for almost every (x,t) € Qr
we approximate the partial map s — F(z,t,s) by smoothing it around the singularity of
OssF'(x,t,-), in such a way that the resulting approximation F.(z,t,-) coincides with F(x,t,-)
outside a small neighborhood of the singularity s = 1.

Thus, in this section we will assume that 1 < p < 2, unless otherwise stated. For ¢ € (O, %)
we define the function v. : Rj — RT by

1 _

v.(s) = — / m(w S) max {e,w — 1} dw, (6.5)
e Jr £

where 7, € C5°((—1,1)) denotes the standard, non-negative, radially symmetric mollifier in R.

Keeping this definition in mind, in what follows we will show that an approximation of F'(x,t, )

is given by

Fi(w.t,s):=F(z,t,v.(s) +1),  e€(0,2).

Firstly, we need to prove that F. satisfies non-degenerate growth conditions for 0 < ¢ < %
Therefore, we begin our analysis by studying the growth of this function.

By assumption, we know that for almost every (z,t) € Qp the map s — F.(x,t,s) belongs
to C?(RT). For later purposes, we now note that one can easily check that

(6.6)

{5 fo<s<l1
Ua(s):

s—1 ifs>1+2¢

and
0<vl(s) SLiomls)  0<ol(s) € CLpccisan(s) (6.7

— — 7€
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for all s > 0 and for some universal constant C' > 0. Furthermore, from the growth assumption
(Hy) and from definition (6.5) we can deduce that

1

(" =1 < F(x,t,s) < cL(s” +1)
&

for all s > 1+ 2¢ and for almost every (z,t) € Qr. As for the derivatives of F. with respect to
the s-variable, for almost every (z,t) € Qr we have

OsF.(x,t,5) = O,F(x,t,v.(s) + 1) v.(s) (6.8)

and
OssEo(x,t,8) = Do F(,t,v:(5) + 1) (v.(5))? + O.F(z,t,v.(s) + 1) v"(s), (6.9)

and from assumptions (Hy) and (Hs) it follows that O, F., 0,sF. > 0. Moreover, combining
(6.7), (6.8), (H2) and the fact that v.(s) < max{2ec,s — 1} < s for every s > 1 and every
€€ (0, %), for almost every (z,t) € Qr we obtain

88]58(95,15, s) < Cy (vs(s))p’1 Ieon(s) < Gy sP1 Iis13(s) (6.10)

for any s > 0 and any ¢ € (O, %) As for the second derivative dy5F., combining (6.7), (6.9),

(Hs) and (H3), for every s > 0 and for almost every (z,t) € Qr we find
c,C

OusFu(t,5) < Cr (0:(8)P > Loy (5) + o (we() ™ T crsaey (). (6.11)

Now, using the fact v.(s) < 2¢ for s < 14-2¢, we can estimate the second term on the right-hand
side of (6.11) as follows:

—2

(ve(s))P e (T+sH)%
< op=1_p

Lpcocigoe(s) <207 ¢ 1+ 82),,;2

< PR (14 )T (6.12)

L <1422 (5)

In order to deal with the first term on the right-hand side of (6.11), we distinguish between the
cases 1 < s <14 2eand s > 1+ 2¢. In the first case, we have v.(s) > ¢ and therefore we get

p—2

(0:(8))P 2 Dgony(s) < P2 < 52" P2 (14527 (6.13)

If, on the other hand, s > 1 + 2¢, then we have v.(s) = s — 1 due to (6.6). In this case, using
that (s —1)? > %(1 + s%) we obtain

(0e(5))P 2 Ipany(s) = (s — 1P 2< 2 PP 2 (1407 <5727 2(1+5°)7.  (6.14)
Joining estimates (6.11)—(6.14), for every s > 0 and for almost every (z,t) € {27 we then have
p—2

8$SF€(x7 t 3) < C€P—2(1 + 82)?7 (615)

where ¢ = ¢(p, C1) > 0. This concludes the necessary growth estimates of F..
Now, in order to prove that the function F; is indeed a good approximation of F', it remains



6.2 Preliminary results 115

to analyze the behavior of F. as ¢ N\ 0. To this end, we notice that (6.6) immediately implies
O F.(x,t,s) = 0,F(x,t,s)  fors¢ (1,14 2). (6.16)
Furthermore, for s € [1, 1+ 2¢] we can estimate the difference of these two derivatives as follows:

0, F-(x,t,5) — O, F (x,t,5)| < |0sFL(x,t,8)| + |0 F (z,t, 5)]
<O et < @O el (6.17)

Let us explicitly observe that the last term tends to zero as € 0. To ensure the convergence
result of Lemma 6.12 below, we need to accelerate the rate of convergence. For this reason, for
any 1 < p < 2 we now define the new approximation

F.(x,t,s) = Fﬁ(.’ﬂ,t, s), s> 0. (6.18)
o
Collecting the above conclusions, we note that F. has the following properties:
Lemma 6.3. For every € € (0,2'7P), for almost every (x,t) € Qr and every s € Ry, we have

ri(Sp _ 1) S Fg(ﬁ',f, S) S cL(SP + 1)’
B2 Okt o) < Gy S]:l Lis1y(s),

0< Oy Fulw,t,s) < cert (14577,
’asFE(I7t7 8) - asF([,U,t7 S>| S 2p 0168;0_1,

(Os P (2,1, 5) = 0 F' (2,1, 5) if s¢ (1, 1+ 251%1).

However, notice that 2177 > % whenever 1 < p < 2, which implies that the previous lemma
holds for any € € (0, %)

6.2.3 Approximation of the vector field A

With the approximation (6.18) of F' and Lemma 6.3 in mind, we can define for every ¢ €
(0,1/2) the vector field A, : Qp x RN — RV" by

A, t,8) == ho(z,t,[¢]) €, (6.19)
where

(6.20)

S
p—2

h B BSFE(QZ,t,S) + 6(1 _|_ 82>p772 lf 1 < p S 27
6(x7t7 S) asF(Sl',t,s) + 6(1 _|_ 82) 2 1fp > 2

We thus approximate the structure function A by means of the vector fields A., in order to be
allowed to apply some results from the theory of singular or degenerate parabolic systems to
the weak solutions of problem (P.), introduced in Section 6.3. Therefore, we now need to check
whether A, fulfills non-degenerate growth conditions. This is what we will do hereafter.

From the growth conditions of 0,F. and from the structure of the approximation, for any
p > 1 and for any ¢ € (0, %) we immediately obtain

e(1+ €)% | < (Au(w,1,€),€) < (Cr+2)(1 + €1 (6.21)
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for every £ € RM" and for almost every (x,t) € Qp. As for the spatial gradient of A., by the

assumption (Hy) we have
| DoAc(w,t,6)] < 227K (1 + [¢])P (6.22)

for every £ € RN", for every ¢ € (0, 1) and for almost every (z,t) € Q.
Now we want to examine the structure of D¢A.(z,t,&). To this end, for any ¢ € RV \ {0}
and for any ¢ € (0, 1) we define the bilinear form A.(z,t,£) : R¥™ x RN — R by

At 00 = et D A-C + ot e) S S EMnEGn gy gy

i,j=1k,f,m=1 |£|
and observe that
Z Z D (A))(,1,) Ny Gl = Ac(, £, (A, €). (6.23)
1,7=1 k{,m=1

The next lemma provides the relevant ellipticity and boundedness properties of the bilinear

form A.(z,t,£).

Lemma 6.4. Let1 < p < oo and € € (O,%). Then, there exists a positive constant C =

C(p,Ch,€) such that, for any & € RV \ {0} and any \ € RV we have
e min{l,p—1}(1+ )T €2 A2 < Az, £, (NN < C(L+ [T AP (6.24)

Moreover, for § > de7T and €] > 1+ g we get
1
ST < A, . A < PP, (6.25)
c

where ¢ = ¢(p, Cy,9) > 1.
Proof. From (6.20) it follows that
Oss F=(2,t,3) . Os Fe(x,t,s)

74 .
Oshe(z,t,8) = s 7 +(p—2)5s(1+32):T if1<p<?2
o Gutlnts) _ BTG 4 (p—2)es(1+57)"7 i p>2.

In order to prove the assertion, we distinguish between two cases.
When Osh.(x,t,|¢]) < 0, from Lemma 6.3 and the growth assumption (Hy) we obtain

Ac(w, 8, )N N) < hela,t, [€]) [A]
< {01 6172 Lo 1y N2 + (14 )5 AP for 1 <p <2

(Cr+e) 1+ €)= AP for p > 2
g (22%”01 + 1) 1+ €25 A forl<p<?2
(C+ D1+ €D A for p > 2,

where we have applied the inequality [£[> Ty >13 > (1 + [€]%) Lgi¢/>1) in the case 1 < p < 2
and i
(s =1

§3p72§(1+32)% for s > 0 and p > 2.
s
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This proves the upper bound in (6.24), and the one in (6.25) is an immediate consequence.
Moreover, using the Cauchy-Schwarz inequality, we get

Dos e, 1, [E) N + (0 = D1+ [€[°) " ¢ AP for 1<p<2,

Ae(z, 1, 8N, A) = {8SSF($,t, ) AP+ (p— Vet + 57 [ AP for p > 2.

Since Oss F.(x,t, (&), OssF(x,t,|&]) > 0, we find that

A 1, )0 N) > (p— De(L+ [EP) T 6PN for every p > 1,

thus proving the lower bound in (6. 24) To obtain the lower bound in (6.25), we observe that
Fo(z,t,]€]) = F(a,t,]€]) for |€] > 14 2, so that in view of (Hs) we have

1 1
Ac(w, 8, )N A) = OuF (2.t [€)) [A” = a(\f! PP 2 -l “IAP

for some positive constant ¢ = ¢(p, C1, 9).
In the case Osh.(x,t,|£]) > 0, applying the Cauchy-Schwarz inequality again, from Lemma
6.3 and the growth condition (Hjs) we get

Do Pl 1, [E]) N+ (0 — De(1 + [€]1)"7 [€ A for 1 <p<2
Do F (2, , [E) A + (0 — De(1 + €)% €A for p > 2

<{<p—1+cgp—1)(1+\§|) A forl<p<?2
T lp-1+0)A+ D) A for p > 2,

Ac(z,8,6)(A A) < {

where we have used the inequality (s — 1)77% < (s? + 1)¥, which holds for every s > 0 and
every p > 2. To obtain the lower bound in (6.24), we neglect the term 0sh.(x,t,|£|) and use
the fact that 0sF.(z,t,|£]), OsF (z,t,|¢|) > 0. Thus we have

A, )N > hela, t, [E) AP > e+ [6) [¢FAP for every p > 1.

Finally, to establish the bounds in (6.25), one can argue as above. This time, for [¢| > 1+ 2
we are allowed to use the growth assumptions (Hs) and (Hj) also in the case 1 < p <2, since

F.(z,t,]&]) = F(x,t,|¢]). Furthermore, we can estimate the term 6(1+ €)% |¢]? by zero from

below and make use of £(1 + |£[*)" T ]£|2 < e(1+ ¢ )* < 9"t “|€[P2. After doing thls we
get the desired estimates by means of the following inequalities, Wthh hold for |£] > 1 —|— <

5 —
(m)p ! |£|P—2 < (’£| ’£|) < |€‘p 2 (6.26)

and

min {1, (505)" e < G- 0 <maxf (555) T hlers e
Il

From the previous lemma, it follows that the bilinear form (X, () — A.(x,t,&)(A, () defines
a scalar product on the Euclidean space RV™. As for the modulus of A., we get the following
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result.

Lemma 6.5. Let 1 < p < oo and € € (O,%). Then, there exists a positive constant C =

C(p,Ch,€) such that, for any & € RN\ {0} and any \,C € RV we have

el t, O O < C+ 167 I

Moreover, for o > 4e7T and €] > 1+ 2 we get

Ac(z,t, (N, QI < Co €A [¢]
where Cy = Cy(0,p, Cy) >

Proof. For every £ € RV \ {0} and every \,( € RN we obtain

(A2, 1, E)(A Q)] < {Iha(%t, D]+ [Oshe (2, L, [€])] Iél} ATICT-

Now, by (Hz) and (Hs), in the case p > 2 we get

|&mm@u@wg@@ﬁ%%@l+%memmw<—mu+m> )Mm
(’5‘ ) _ 1\p—2 _
g( ——ET——+oua D2 4 e(p— D1+ 62 )LMM
< (3Cy+p— D)1+ 6P A [<]. (6.28)

In the case 1 < p < 2, we use the estimates from Lemma 6.3 to find that

MJ%@&M(MS(2%§%$£Q

< (201167 g (€D + (c=5 + (0= D) L+ 167 ) N I¢
< (2% C+eet T+ (p—1)e) 1+ 1EDT NI

FOLF (et +ep — 1)(1 1 |€P) )Mm

We thus obtain the first conclusion of this lemma.
Finally, due to equality (6.16), if |{| > 14 ¢ we only need to use the assumptions (H,) and
(H3) together with the inequalities (6.26) and (6.27) to obtain from (6.28)

)

|A4aaaxmo|s(mxﬂﬁ7a——-+cumr D22 4 e(p— 1)(1 1 [€P) )MHQ

201 +C1 (55) " +p = 1) |EPIAIC] for 1< p <2
3C1+ (p—1)2 22>\5]p_2])\HC\ for p > 2.

These inequalities conclude the proof. O
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6.2.4 Algebraic inequalities

In this section, we gather some relevant algebraic inequalities that will be needed later on.
We start with an elementary assertion, which will be used in the Moser iteration.

Lemma 6.6. Let M >1, k>1,0<a<1,C,c>0 andi e N. Furthermore, let {;}en,
satisfy

Bj > Cr’
for each j € Ng. Then we have
(1—-a)j 1
IIAf s < MEra-==T (6.29)
and ‘
! it ck
HMJC it < Moa-w2, (6.30)

J=0

Proof. The proof of the second inequality is similar to the one of Lemma 2.3. in [18]. Thus
we only prove the first inequality:

fi— (1= a)j A3 ke
Jj=0

A3 ka1
IIAI fin < M " =0

1
<M = MG O

For § € (0,1] we define the auxiliary function Gs : R* — R* k € N, as follows:

es(e) ::{(|£|—1—5>+|§—, if ¢ € RM\ {0},

0 if £€=0. (6:31)

The following two lemmas are concerned with auxiliary estimates for the functions A. and
G, defined by (6.19) and (6.31) respectively.

Lemma 6.7. Let 1 < p < o0, d >0 and e € (0, %) Then, there exists a positive constant

C = C(p,C1,0) such that for every &, € RN™ with |¢] > 1+ g we have

2 ﬂﬂ—l—-)

As 7t7 _AE 7t7 A = 2
(Ae(2,t,€) (2,1,6),6 =€) > |5|(|€|+|§|) € — &%,

Proof. Here we argue as in |17, Lemma 2.8|. The inequality on the left-hand side of (6.25)
implies that
-1
(el =1 - 3)%
c
§

holds for any § € RN\ {0} and any \ € RN where ¢ = ¢(p,Cy,8) > 0. Abbreviating
& =&+ s(E—€), for s € ]0,1], we find

Ac(,1,8)(AA) = [AI*

~ ~ L (€, 1 — oyt
(A6~ Aot .68 2 ¢ | (6] = . e e - ép
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c ! -1 >
_ J—1—=9""ds|e — €2 6.32
ZKHﬂﬂA(K! 5 ds | — €] (6.32)

It remains to estimate the integral in the right-hand side of (6.32). To this end, we distinguish
whether or not |£] < [€]. If [£] <[], then

i 5 €l —1-3
& = (L= s)lel = slé] = (1= 29)l¢] > 1+ Vse@”fﬁfi)

For s € [O, |£|7175/2] this implies a bound from below in the form

4/¢]
5 5 cl—1-2 5 1
(lel-1-5) za-z-1-3> (1- S5 ) -1-3 2 5 (e -1-).
+
Thus, we obtain that
1 1 N (S i
p—= p—
/0 (I =1=3)}  ds 2/0 (6ol =1 =) ds = = (6.33)

In the case |€] > ||, we estimate |¢,] from below as follows

[
6l 2 - (-9l = @s- il > 145 vee (E2E2).

2[¢]
Therefore, for s € [W, 1} we get
) 3¢ +1+2 51
—1-9) >@s=D|f-1—-=>—/—=——2_1)|¢l-1—-=>=(|§|-1-2¢
(6 -1-9), 2 s Dl - 1- 3 > (2 f-1-2> Lge-1-9).
which yields
1 1 5\P
5\P~1 PV (‘f’_l_i)
/0 (&l =1 =2)""ds > ng (J&l—1=9)" ds > T (6.34)
Te]
Combining estimates (6.33) and (6.34) with (6.32), we conclude the proof. O

Using the previous lemma, we can easily achieve the following result:

Lemma 6.8. Letp > 1,6 >0, 0 < e < min{, ($)?"'} and &€ € RN™. Then, for every
v >0 and almost every x € ) we have

G5(&) — G5(O)IP < ”(max {[¢], 1+ 6})7 + Ce " (Au(,t,€) — Ac(a,t,£),6 — §)

for a positive constant C' = C(p, Ch,9).

Proof. 1f |¢],|€] < 1+ 6, we have G5(€) = G5(€) = 0. Therefore, the claimed inequality
immediately follows from Lemma 6.7, by the positivity of the right-hand side.

Thus, we only need to consider the case where either |¢] > 1+ 6 or || > 1+ 6. In order to
do this, we first assume that [¢| > |¢|. Note that this implies || > 1 + §. From [17, Lemma
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2.3|] we know that } }
|G5(§) — Gs(E)] < 3[€—¢&].

For p > 2 this yields
(G5(6) = Gs(©)" < 3ls — €7 < 37(g| + €2 |6 — €* < 372772 [¢]"2 ¢ — &P,
while in the case 1 < p < 2 we use Young’s inequality with exponents (12—7, 2%}7) to obtain

P— 2>p (2— p)v (p— 2)V

Gs(€) = G5 = 16| |¢| 1Gs(€) — Go ()
< BB e 1 955 2 Gyl - Gl

s-zwv+wwﬂmwﬂw—a%
where we have used the fact that 0 < & < § and 0 < 2;73 < 1 whenever p € (1,2). Combining

both cases, taking into account the 1nequahtles T S e and (€] < (24 2) (|| —1-12), and

|€\+\£I
finally applying Lemma 6.7, we get
|G5(6) = G5(E)" < e[ +e7"e(d,p) M € — &
€11l + 1€D) ) i
S 51/‘5’]) + C<p7 Cl) 5) €7V<AE($7 ta 5) - As(x7 ta 5)76 - §> (635)

This proves the claimed inequality in the case [§] > €|. In the remaining case, i.e. |€] > |¢], by
interchanging the roles of £ and £ and replacing € with —5=5, We obtain from (6.35) that
20 v

v

|G5(§) - G5(5)|p < %% |€|p + Cg_y< 8(xat7€) - Aa(xvtag)vg - g)

g¥ - ~

= — (|G5< )| + 1 + 5)]) + Cg_V<A6<J},t,€) - As(xvt7€)7€ - 5)

22+(p 2)+

< 5 <|G5(£)| +1+ 6>p + 06_V<A5(I7t,f) - As(x7t7é)7§ - §>

+ S1Gs(€) — Go(d)P

< %(maxﬂf], 14+ 0})P 4+ Ce (A (x,t,8) — As(x,t,é),f _ §~>

- 51656 — Ga@)P-

Absorbing the last term on the right-hand side into the left-hand side, we obtain the desired
result. ]

6.3 A family of regularized parabolic problems

In this section, we let u be a weak solution of (6.1) and introduce an approximating problem
(P.), where € € (0, 3) is the approximation parameter. Denoting by u. the unique weak solution
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of this problem, we will prove the strong convergence Gs(Du.) — Gs(Du) in LP as € — 0. As
an easy consequence of this convergence, we then establish the uniqueness of weak solutions to
an initial-boundary value problem associated with (6.1).

To set up the approximating problem, for € € (0, %) we define the truncated vector-valued
function f. by

fi= max{—%,min{fi,%}}, ie{l,...,N}. (6.36)

Moreover, we consider a space-time cylinder Q' := Q' x I, where ' C €2 is a bounded domain
and [ := (t1,t5) C (0,T). In what follows, it will suffice to assume that f € L?(Q’,RY).

Definition 6.9. Let ¢ € (0,3) and u € C° ([t1, t2]; L? (2, RY)) N LP (ty, t; W' (2, RY)). In
this framework, we identify a function

u. € C% ([tr, ta); L (2, RY)) N LP (ty, to; WP (2, RY))

as a weak solution of the Cauchy-Dirichlet problem

{@ua —div[A.(z,t, Du.)] = f- in @', ()
Us = U on Opar @',
if and only if u. is a weak solution of (P.); and, moreover,
U € u+ LP (tl,tg; Wol’p (Q',RN))
and u.(-,t;) = u(-, ¢1) in the L-sense, that is
fm e, £) — 1) 2y = 0. (637

t\(t1

Remark 6.10. We know that the regularized parabolic system (P.); fulfills standard p-growth
conditions by virtue of (6.23) and Lemma 6.4. The existence of a unique weak solution to (P;)
can be inferred from the classic existence theory, cf. |69, Chapter 2, Theorem 1.2 and Remark
1.2|. By a difference quotient method, one can show that Du, is locally bounded and that w.
admits second weak spatial derivatives in L?  (see [38, Chapter 8]). For this to hold in the
subcritical case 1 < p < nz—fz, we additionally have to require that u. belongs to L7 (Q',RY)
for some r > 2 such that n(p —2) +rp > 0 (see again [38, Chapter 8|). Since, in the subcritical
case, we will always assume that u. € L. (Q',RY), the latter requirement is trivially fulfilled.
By virtue of what has just been said, we have the following result.

Theorem 6.11. Let p > 1 and let u. be the weak solution of (P.) with Q" = Qr(z0) € Qr.
Moreover, assume that u. satisfies the requirements of Remark 6.10 in the case 1 < p < nz—fg
Then

Du. € L}, (to — R? to; Wi (Br(zo), RV™)) N LS, (Qr(20), RN™) .

We now prove the following strong convergence result:

Lemma 6.12. Letp >1,0 >0, 0<e <min{i, (2)?'} and f € L*(Q x I,RY). Moreover,
let
u € C%([ty, ta]; L (U, RY)) N LP (t, to; WP (U, RY))
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be a weak solution of (6.1) and assume that
ue € C° ([t1,ta]; L? (U, RYN)) N LP (ty, to; WHP (U, RY))

is the unique energy solution of problem (P.). Then, there exists a constant C = 5(p,ﬁ,5) €
(0,min {1, (2)»=1}) such that for every e € (0,C), the estimate

sup | |ue —ul*(z,7)dr + / |Gs(Du.) — Gs(Du)|P dz

TelJoy Q' x1I

<Cem [ (max{Dul, 146} dz + Ol 12
'xI (UxDN{|f|> L}

holds for some positive constant C' = C(p, Cy,9). In particular, this estimate implies that

Gs(Du.) — Gs(Du)  strongly in LP(Q x [,R"™), as e—07.

Proof. We observe that (u. — u) € LP(I; Wy P(Q,RN)) by the lateral boundary condition.
Unfortunately, we cannot test systems (6.1) and (P.); with the function u. —u, since weak time

derivatives might not exist. Therefore, we resort to the equivalent Steklov average formulations
of (6.1) and (P.);, thus obtaining

/ (Or[ue — uln - ¢ + ([Ac(z,t, Du.) — Az, t, Du)lp, Do))dx = / [fe — fln - ¢dx (6.38)

Q' x{t} Q' x{t}

for every t € I = (t1,t,), for every h € (0,t, —t;) and every ¢ € Wy P(0,RN) N L2(Q,RY).
Then, for a fixed time slice Q' x {t} we can choose the function ¢(-,¢) defined by

@' (x,t) = [ul — u'lp(m, 1), ie{l,...,N}, (6.39)
as a test function in (6.38). For any fixed 7 € I, the term involving the time derivatives yields

1

/ Orlue — ulp - pdedt = —/ O |[ue — ulp|? dx dt
t1 Q 2 t1 Q/

1

1 ) ,
=3 Q/Hua—u]h(m)] do — o | lue = ul(x, t) dz - (6.40)

|
Q/
for every h € (0,7 —¢1). Now we pass to the limit as » — 0. Using Lemma 6.2 and taking
into account the growth conditions of A, and the fact that u. = u on ¥ x {¢;} in the L?-sense,
from (6.38) and (6.40) we obtain the following inequality

1
— | Jue —ul*(z,7)dx + / (Ac(z,t, Du.) — Ac(z,t, Du), Du. — Du) dx dt
2 o O (t1,7)
< / |A(x,t, Du) — A.(z,t, Du)||Du. —Du|dxdt—|—/ | fl|ue — u| dz dt
' x(t1,7) ' x(t,m)N{|f|>1}

for every 7 € I. Taking the supremum over 7 € I, we thus obtain

1
= sup/ lue — ul*(z, 7)dr + / (Ac(z,t, Du.) — A(z,t, Du), Du. — Du) dx dt
2 Tel / Q' xI
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< / |A(x,t, Du) — A.(z,t, Du)||Du. — Du| dz dt +/ | fl|ue — u| dz dt.
Q'xI (xDN{|f|>1}

We now apply Young’s inequality with exponents (2,2) to control the last integral as follows:

1
/ \llue — | dzdt < 1] fPdedt + — [ Ju—u? dedt
(@ xDN{|f1>1} @ xDN{|f1>1} A1 Jorr

IN

1
| \fIPdzdt + = sup [ |ue —ul*(z,7)dz.
(@xDN{If1>1} 4rerlo

Joining the two previous estimates, we get

1
- sup/ lue — u*(z, 7)dr + / (Ac(x,t, Du.) — Ac(x, t, Du), Du, — Du) dx dt
/ xT

4 Tel

< / Az, 1, Du) — A(z.t, Du)|| Du. — Dul dz dt + |1] 2 e dt.
U'xI (xDN{|f|>1}
(6.41)

In order to estimate the first integral on the right-hand side of (6.41), we now distinguish
whether or not p > 2. If p > 2, then we have

Ac(z,t, Du) = A(z,t, Du) + e(1+ | Dul?)*Z Du,

which implies

1
~sup [ |ue —ul*(z,7)dx + / (Ac(z,t, Du.) — Ac(x,t, Du), Du. — Du) dx dt

4 1o Q' xI

< g/ (14 | Dul®)’3* | Dul| Du. — Dul dz dt + |1 2 de dt.
Q'xI (@ xDN{|f|>1}

In what follows, we will denote by C' a general positive constant that only depends on p, C}
and 0. Using the previous estimate, Lemma 6.8 with v := m < % and Young’s inequality
with exponents (p, z%)’ we have

E sup [ |ue — ul*(x,7)dx + / |Gs(Du.) — Gs(Du)|P dz dt

4 Tel JQ/

V<1
< C’s”/ (max {|Dul, 1+ d})P dxdt + €V/ |Du. — DulP dx dt
s o<1
+ C|I| |f|? dx dt, (6.42)

@xDN{|f>2}

where we have also exploited the facts that e < e!™ and e!'7” < €, since 0 < ¢ < %
In the case 1 < p < 2, we need to use (6.17) and (6.18), which imply

’ast(xat’ |€|) — asF<x7tv |§|)|
iq
< g(2P O+ 1)|¢P

|Ac(a,t,6) — A, 1,€)| +e(1+ €))7 ¢

IN
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for every £ € R¥\ {0} and for almost every (z,t) € ' x I. Using the above estimate with
¢ = Du and arguing as in the case p > 2, we now obtain from (6.41) that

4 Tel

E sup/ lue — ul*(z,7) dv +/ |Gs(Du.) — Gs(Du)|P dz
' xI

< CEV/ (max {|Dul, 1 + 6} d= + 6”/ \Du. — Dul d=
Q' xI Q

I'xI

+ O |f|? dz (6.43)
(@ xDN{If1>1}

for any 0 < ¢ < min {2, ($)?~'}. Now, from the proof of [17, Lemma 2.3] we have that
§+2\"
\Du. — Dul? < (%) Gs(Du.) — Gs(Du)l?

if either |Du.| > 146 or |Du| > 1+ 4. Using this information to estimate the right-hand side
of both (6.42) and (6.43), for every p > 1 we get

1
- sup/ lu. — ul*(z,7) dv +/ |Gs(Du.) — Gs(Du)|P dz
4 rel / Q' xI

< Cs”/ (max {|Dul, 1+ 6})Pdz + 2P | x I|(1+§)?
VxI

y 5+ 2\? 9
+ v | —= |Gs(Du.) — Gs(Du)|Pdz + C|I| |f|7dz
0 OxI (@ xD)N{lf[>1}

d+2

§(2p+0)5”/ (max{]Du|,1+5})pdz+6”( : )p/QIXI\G(;(Dus)—G(;(Du)\pdz

Q' xI

+ || fI2 dz.
(@' xD)N{|fI>1}

At this point, notice that

§+2\"
g’ <%) N O as e \/0, (6.44)
since v := m > 0. Also, recall that ¢ is small enough to have 0 < & < min {3, (2)?~'}. From

this and from (6.44) it follows that there exists a constant C' = C(p, n, ) € (0, min {1, 1}
such that, for every ¢ € (0, 6’), we have

p
) -2
This allows to absorb the second term on the right-hand side of the last estimate into the
left-hand side, so that we finally obtain the desired conclusion. O]

We are now in a position to prove the uniqueness of weak solutions to the Cauchy-Dirichlet
problem

{atu —divA(z,t, Du) = f in Qr, (6.45)

u=gqg on Oparflr,
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where  is a bounded domain in R", g € C°([0,T]; L2(,RY)) N LP(0, T; W1P(Q,RY)) and
f e L?(Qp,RY).

Theorem 6.13. Let Q C R"™ be a bounded domain and let f € L*(Qp,RY). Then, the
Cauchy-Dirichlet problem (6.45) admits at most one weak solution.

Proof. Let u € C°([0,T]; L*(2,RY)) N LP(0, T; W1P(Q, RY)) be a weak solution of (6.45) and
let u. € CO[0,T7]; L2(,RN)) N LP(0,T; WH?(Q,RY)) be the unique weak solution to (P.)
with Q" := Q' x I = Qp. Then, by Lemma 6.12, for every § > 0 there exists a constant

C e (0,min {3, (2)P='}) such that for any € € (0,C) we have

sup /|u5 —ul*(z,7)dr < C’€2<ﬁﬁ+2>/ (max {|Dul, 1+ 6})P dz
Q Qp

7€ (0,T)

+ C’T/ \f|? dz (6.46)
Qpn{|f|> 1}

for some positive constant C' that is independent of . Notice that the right-hand side of (6.46)
converges to zero as ¢ — 0. Moreover, we have

/ lu. —ul*dz < T sup /|uE —ul*(x,7) dx. (6.47)
o )Ja

T€(0,T

Combining estimates (6.46) and (6.47), we infer that u. — u strongly in L?(Qp, RY) ase — 0.
This implies the uniqueness of the weak solutions to problem (6.45), by virtue of the uniqueness
of limits in Lebesgue spaces and the uniqueness of the energy solutions to problem (P.). O

6.4 Maximum principle for the homogeneous system

In this section, we establish a maximum principle for the weak solution of problem (P.)
in the case 1 < p < f—fz and f = 0. Let us note right away that the boundedness of wu.
assumed in Remark 6.10 is an immediate consequence of the maximum principle. Therefore,
this boundedness assumption is not restrictive whenever f = 0. Also observe that, for f = 0, we
have f. = 0 for every € € (0, 3) (by virtue of (6.36)). Keeping in mind the notation introduced
in Section 6.3, we now let

k= ||U||LOO(Q/><[) < 400

and denote by w the N-dimensional vector whose components are all equal to k. Notice that w
is a trivial solution of system (6.1) with f = 0. Moreover, one can easily check that, for every
i€{l,...,N} and for almost every t € I := (t1,t3), we have

(UZ(,t) - k)+ ; (uzs(at) + k), € W()LP(Q/)'
Now, for h € (0,t2 — t1) we define

@' (x,t) = [(ul — k) Ju(z,t), i€{l,...,N}. (6.48)
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Using the Steklov average formulations of (P.); and (6.1) with w instead of u, and arguing as
in the proof of Lemma 6.12 with (6.48) in place of (6.39), one can easily obtain

L\, 7) = w) P da + / (A(z,t, Du) — A.(x,t, Dw), D|(u. — w),]) dzdt = 0

2 Jo O x(t1,7)

for every 7 € I. Since A.(z,t,-) is a monotone vector field and Dw = A.(z,t, Dw) = 0, we can
omit the latter integral, thus obtaining

|(ue(2,7) —w)y[*dr = 0 for every 7 € I.
Q/

Therefore, for every i € {1,..., N} and every ¢ € (0, %), we have
u'(r,7) <k  for almost every (z,7) € Q" 1= x I.
Similarly, but using the function (u’ + k)_ instead of (u’ — k), in (6.48), we get
ul(x,7) > —k

for any i € {1,...,N}, for any € € (0,2) and for almost every (z,7) € @'. Thus, we can

2
conclude that

el @xny < VNE = VN |Jullpeoxn  foralle € (0,1).

6.5 Weak differentiability

Here we derive some higher differentiability results that will be useful in the sequel. These
results involve the spatial gradient of the weak solution to problem (P.) with Q' = Qr(z0) € Q.
To begin with, for each v > 0 and a > 0 we consider the function

P, (w) == w(a+w)" 2, w > 0. (6.49)
For this function, one can easily check that
@ (w) < 2(y + Dw(a+w)? (6.50)
from which we can immediately deduce
W, (w) < 27+ 1)0y 0 (w) (6.51)

and
1
P (w) < (20)"(y+1)  for every w € (0,a).

Using these results, we obtain the following lemma.
Lemma 6.14. Letp > 1, € € (0, %), v >0 and a > 0. Moreover, assume that

u. € C%([to — R*, to]; L* (Br(wo), RY)) N LP (tg — R? to; WP (Bg(z0),R"Y))
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is the unique energy solution of problem (P.) with Q' = Qr(zy) := Br(zo) X (to — R%,ty) € Q7.
Then
(I)%a((’Duffl o CL>+) S Ll200 (t() - R27 lo; WLZ (BR<:CO>>) .

loc

In the case 1 < p < f—fz we additionally assume that u. € L52, (QR(zO),]RN).
Proof. Notice that for m € R* the function

(b’Y:avm(w) = mln {(D’Yza(w)7 m}7 w > 07

2n

n+2)’ we

is Lipschitz continuous. By Theorem 6.11 (see also Remark 6.10 for the case 1 < p <
have that
Du, € L%oc(to - R27 to; mlof<BR<x0)7 RN”))

Then, by virtue of the chain rule in Sobolev spaces, we obtain

D, om((|Due| — a)y) € Li,.(to — R, to; W2 (Br(o)))

loc
along with

D?u, - Du,
D(‘I’v,a,m((|DUa| - a)+)) = (I)/y,a,m((|Du€’ —a)y) W Lia<|Duc) <m} -

Theorem 6.11 also tells us that Du. € L. (Qr(z2), R¥™). This implies that for every compact

loc
subset K of Qr(z) there exists a positive number m = mg such that

@sam(([Duc] —a)s) = @ o((IDu —a)y) i X.

This is sufficient to prove the assertion. Moreover, we have
D(®yo((|Duc| = a)y)) = @ ((|Duc| — a)+)

Now we focus on the map
(z,t) € Qp — A(z,t, Duc(z,t)) € RN™,
Using the notation (1.1), we prove the following result:

Lemma 6.15. Letp>1,6>0 and 0 <e < min{3, (2)*~'}. Moreover, assume that
Ue € CO ([to - RQ,to}; L2 (BR([E()),RN)) NnL? (to - RQ,to; Wl’p (BR(QZ()),RN>)

is the unique energy solution of problem (P.) with Q' = Qgr(z0) := Bgr(wo) X (to — R, ty) € Q.
Then
A(-, Du.) € L}, (to — R? to; W2 (Br(xo), RN™)) .

loc

In the case 1 < p < f—fz we additionally assume that u. € L2, (QR(ZO),]RN).

Proof. Integrating by parts, for 0 < o < 1, for every ¢ € C§°(Qr(20)) and every i € {1,...,n},
we obtain

/ A(a,t,(Du.),)Dipdz — — / (Du A (., (Du),) 6 d
Qr(20) Qr(z0)
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_/Q ( )(DéAa)(f,t, (Dua)g) ‘Di(Dua)g¢dZ, (652)

where, in the last two lines, we have used the notation (1.1). In order to pass to the limit
as o \( 0 under the integral signs, we need to estimate the above integrands. From (6.21) it
follows that

[Ac(@,t, (Du)y)| [Dig] < e(1+|(Due)y*) = | Dig) (6.53)

for some positive constant ¢ = ¢(p, Cy,€). As for the first integrand on the right-hand side of
(6.52), thanks to (6.22) we get

|(Dy A (@, L, (Due),)| ] < 2P K (1+ |(Due)o )P~ 4). (6.54)
Moreover, by Lemma 6.5, we obtain
[(DeAo)(,t, (Due),) - Di(Du)y| 6] < O (1+ [(Dus)gl?) "= [D(ue),l 4], (6.55)

where C' = C(p,Cy,e) > 0. Now we use a well-known result on the convergence of mollified
functions to deduce that

(Dug), — Du. in L2 (to — R to; W (Br(zo), RN™) N LP(Qr(2), RY™), as o — 0%,

loc

Combining this with estimates (6.53)—(6.55) and applying the Generalized Lebesgue’s Domi-
nated Convergence Theorem (see [81, page 92, Theorem 17]) to both sides of (6.52), we find
that

/ A (x,t, Du.)Dipdz = —/ (D, A)(x,t, Du.) pdz
QRr(20) QRr(zo0)

- / (DeAc)(x,t, Du,) - D;Du. ¢ dz (6.56)
Qr(z0)

for every ¢ € C§°(Qr(20)) and every i € {1,...,n}. This implies the assertion. In addition,
from (6.56) we obtain that

D;A.(x,t, Du.) = (Dy;Ac)(x, t, Dus )+ (DeA: ) (x, t, Du.)- D;Du.  for every i € {1,...,n}. O

For further needs, we now introduce the auxiliary function Hy : RM* — R* defined by

Hy(€) := max {1+ \,|¢]},

where A > 0 is a parameter. For this function we record the following result, whose proof is
omitted, since it is similar to that of Lemma 6.14.

Lemma 6.16. Let p > 1, € € (0, %) and A > 0. Moreover, assume that
Ue € CO ([to - RQ,to}; L2 (BR(.CE()),RN)) NnL? (to - RQ,tO; Wl’p (BR($0),RN>)

is the unique energy solution of problem (P.) with Q' = Qgr(z0) := Br(zo) X (to — R%,ty) € Q.
Then N
Ha(Du.) € L}, (to — R, to; W2 (Br(0))) -

loc
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In the case 1 < p < =% + we additionally assume that u. € L33, (Qr(z), RY).

2

6.6 Local boundedness of Du.: quantitative estimates

As before, we denote by u a weak solution of (6.1) and we let u. be the unique weak solution
of the regularized problem (P.) with Q" = Qgr(20) := Br(xg) x (to — R?,to) € Qp. Our aim in
this section is to establish local L> estimates for Du. with constants independent of €. We will
achieve this result by using the Moser iteration technique, which is based on a Caccioppoli-type
inequality. This inequality will be derived in Subsection 6.6.1, by testing the weak formulation
of system (P.); with a suitable admissible function. The groundwork for doing this has been
laid in Section 6.5.

To move forward, we now fix § > 0 and v > 0. Moreover, to shorten our notation we set

a:zl—i—g : b:=1+§,

and we drop the subscript € for the weak solution u. and the subscripts v, a for the function
P, , defined in (6.49). Therefore, from now on we will simply write u and & in place of u. and
®., , respectively, unless otherwise stated. To simplify our notation even more, we additionally
introduce the function P : Qgr(29) — Ry defined by

= (|Du| — a)+
and its “mollified” version
Pyi=(Dul—a)y,  o>0. (6.57)

using the notation (1.1) on the right-hand side of (6.57), while, on the left-hand side, an
intentional abuse of the same notation has been made. By the elementary properties of Sobolev
functions, the weak spatial gradient of P is given by

B D?*u - Du

DP = — 5= Lupu=a)- (6.58)

6.6.1 Step 1: Caccioppoli-type inequality

In order to establish the Caccioppoli-type inequality that we need, we now test the weak
formulation of (P.); with the function D;¢,, where

Qgg = ng’,g = Diug'cD(Pg)¢: 1€ {1,...,%},

and ¥ € W, (Qr(2)) is a non-negative cut-off function that will be specified later. We thus
obtain

[ 3 (D) DAt D0 D)+ (1), Di) 2 =0 (639

Rzozl
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At this stage, we fix z; = (x1,t1) € Qr(20) and r € (0, 1) such that Q,(z1) € Qr(29). Moreover,
we choose 1(z, £) = x((w (B (x) with x,w € W2(R, [0, 1)), x(t1) = 0, dx < 0, w(ty 1) =
0, w > 0 and n € C°(B,(x1),[0,1]). With such a choice of ¢ and integrating by parts, for
the term involving the time derivative we get

n

1
Jop = / > " 0i(Djuy) - Dyu, (P da dt = 3 / 0| Duy|* ®(P,)y da dt
Qr(20) ;—1 QRr(20)

1 |Du9|2
— §/QR(ZO) Oy [/0 O((vw — a)de] Wdxdt
1 |D“9|2 9 9
- /Q » | e - @) dwo () deds

‘Du9|2
- /Q - /0 ((vw — a)4) dw x(t)w(t)Ow(t)n*(z) dx dt. (6.60)

Now, for v > 0 we estimate the inner integral from above and below as follows:

‘DU‘Q‘Q |DUQ|2 _ | D]
/ B((v/i0 — a) ) dw / (Vo — )2 w T dw = 2/ (w = a)?. wdw
0 a a

2

2

|DU9| 2 ~
< 2/a w ™t dw - Lpu,|>a) = m |Dug|7+2 L{puy>ay < m (Hg(D“g))WH
and
|Du9|2 | D 9 1 | Duy| (U) _ (l)Q 1
/0 O((Vw —a)y) dw:2/ (w—a)Lw ™ dw > Q/b Tw'y+ dw - L{pu,| > v}
(52 ¢ 52

(| Duo| "™ = 072 Lyypuy > 5y = (|Dup ™ = 07%2)

> - -
T 202 (v +2) 202 (v +2)

Recalling that 0;x < 0, d,w > 0 and y,w > 0, and plugging the two previous inequalities into
(6.60), we obtain

52
Yoo 2 = a9 /Q ( )<|D“a|7+2 — ), O (D ()P (x) da dt
2 -
= 573 ), AeDu) ™ (o)’ (@) do .

Inserting this into (6.59) and letting o \, 0 yields the following inequality
Jo+h+ L+ I+ D+ I+ T+ + s+ Jy <0, (6.61)

where the terms Jy—Jy are defined by

52
402 (y + 2)
2 - +2
- Hs (Du))” own*dz,
—— Qr(zﬂ( 5(Du))" xw dwn? dz

Jo = / (‘Du|7+2 . bv+2)+ atX w2772 dz
Qr(21)
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A.(x,t, Du)(D*u, D*u) ®(P)v dz,

'_.K4
i
—

Qr(21)
N n

/ YD > (DgAdx,t, Du)DiDy’, Dyu DP) ' (P dz,

(21 =1 ]:1 :1

3

Jo

Js 1= / A.(z,t, Du)(D*u, Du® Dn) ®(P)xw?ndz,
Qr(zl)

Jy = / Zf D>u®(P)ip dz,

J5:/ > f-- Dud'(P)DiPy dz,
Qr(21) 75

n

Jg 1= 2/ Z fe - Diu ®(P)xw?nDindz,
QT(Zl) =1

=]

n

J7 ;:/ > ([Ds,Ac] (2, t, Du), D;Duy ®(P)ip dz,

1) =1
n

Js ::/421 ;< (D, A.](2,t, Du), Dau DP) @' (P)i) dz,

Jg = 2/ Z ([Dq, Al (z,t, Du), DnDsu) ®(P)xw’n dz.

r(Zl) i=1

For convenience of notation, we now use the abbreviations @, = @Q,(z1) and B, = B,(x1). In
what follows, we will estimate each of the last nine terms above. We first prove that J; is
non-negative, thus we can drop it in the following. We limit ourselves to dealing with the case
p > 2, since for 1 < p < 2 the same result follows in a similar way. For p > 2 we have

DyliAty(ot.)] = Dy | 2EELE ¢ e 1) e
= (w + €(|£|2 + 1)p22)5mk (5@‘

+ (|§| assF(x’t7 |§|) B 3SF(:L‘,t, |§|)
45

where 0,,,;, and dy; denote the Kronecker delta. Using the above equality and the expression for
D|Dul, we then obtain

- 2e(Er )T )gkam,

<D§f; A.(z,t, Du)D; Dyu? , Dyu DP)

D

I
M:
WE

(A (z,t, Du)|D; Dy’ Dut Dy, | Dul

&
m=1 (=1
"o (0,F(x,t,|Dul)
> ([ +e(|Dul* +1) % | DiDyu Do’ D,y Dl
| Dul
m=1 (=1
n N
|Du| 055 F(x,t, | Dul) — 0sF(x,t, | Dul) ) p=id

+ Z( Duff +(p—2)e(|Dul* +1) = )

m=1 (=1
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- Dyu? Dyyu’ DiDyu? Diu® D,y | Dul
p—2
= (0, F(SC t,|Dul) + e(|Dul* + 1) * |Du|) |D|Dul|?
| Du| Oss F'(x, t, | Du|) — OsF(x,t,|Dul|)
DM

2
m=1 (=1 ’D’LL‘

- Dpu’ Diu® D,,| Du| D;| Dl (6.62)

+ (p — 2)e(|Dul* + 1)17;4|Du|>-

almost everywhere in the set @, N {|Du| > a}. Now, the Cauchy-Schwarz inequality implies
that

n N
> > Dyu D’ Dy Du| Di|Du| < |Dul® |D|Dul|*.
m=1 (=1
Combining this with the fact that 0, F (z,t,|Dul|), Oss F'(x,t,|Du|) > 0, from (6.62) we infer that

<D§iAE(:c, t, Du)D;Dyw’, Dyu DP)

OsF (x,t,|Dul) -
| Dul?

N
> Dy’ Do’ Dy | Du| Dy| Dul > 0

m=1 (=1

> 05F (x,t,|Dul) [ D|Du||* —

almost everywhere in @, N {|Du| > a}. Furthermore, we obviously have
(DgiAg(x,t, Du)D; Dy, Dju DP) =0 when |[Du| < a.

Thus, taking into account that 1 > 0 and ®'(w) = (a + w)?3w(yw + 2a) > 0 for every w > 0,
we arrive at the desired conclusion, that is Jy; > 0.

We now deal with the terms J; and J5. We let 0 < ¢ < min {3, (2)?"'}. By Lemma 6.4, we
have 1

Ju > — [ |Du|P7?|D*ul® ®(P)v dz. (6.63)
€2 JQ,

Using the Cauchy-Schwarz inequality together with Young’s inequality and again Lemma 6.4,
we get

5| < 2 / A (z, £, Du) (D%, Du ® Dn)| (P)yw?n d
QT

< 2| Az, t, Du)(D?*u, D?u)\/A.(x,t, Du)(Du ® Dn, Du® Dn) ®(P)xw’ndz
Qr

1
< §J1+2/ A.(x,t, Du)(Du ® Dn, Du® Dn) ®(P)xw? dz

T

1
< §J1 + 202/ | Dul? ®(P)xw? Dn|* dz, (6.64)

where ¢y = co(p, C1,0) > 1.

Now we estimate the terms containing f.. To this end, we will use that |f.| < |f|. Let us
first consider Js. Applying Young’s inequality with exponents (2,2) and using the definitions
of P, ® and H;, we find that

sl < 2 /Q 11 Du|®(P)xe?n| Dy d=



134 Gradient bounds for strongly singular or degenerate parabolic systems

< [ 1fPIDulePydz + [ |Dule(P) Dol iz
Qr

[

< [ 1fRE(Du) g dz + / Dup ®(P)xw?| Dy d=. (6.65)
Qr Qr

We now deal with the terms J; and J; at the same time. Using equality (6.58), the fact that
|Du| < 2P on the set Q, N {|Du| > 2a} and inequality (6.51) with w = P, we get

i 45| < n /Q I D?u|®(PYp dz + / (1| Dul @ (P) [ Dl d=

Qrn{|Du| > 2a}

T / 1| Dul® (P) | Dl d
QrN{a<|Du|<2a}

<sn(y+1) [ 1F0(P)DAulvdz + | 1IDul' (PPl d=
Qr QrN{a<|Du|<2a} ( )
6.66

At this point, we apply Young’s inequality with £ > 0 and exponents (2, 2) to control the first
term on the right-hand side of (6.66). In the case p > 2, we obtain

5y + 1) /Q 12(P)| D2l d

25n%(y + 1)?
4K
25m%(y +1)?
4K

IN

/{/ ®(P)|D*ul*pdz + . IfI?®(P)ydz

IN

(Du))"p dz

N[>

; / B(P)|D*ulb d= + P

25n%(y + 1)?

< n/ ®(P)|D*u*| DulP~*) dz +
Qr 4k

[FP(As(Du)™ ' do. (6.67)
Qr
If, on the other hand, 1 < p < 2, then we have

Sn(y + 1) /Q 19 (P)| Duly) d=
25n2(y + 1)?
4K

2 2
25”(4& | £12(Hs (D))" 4 dz, (6.68)
K Qr

< ,i/ B(P)|D2ul2| DulP~2 dz + F2B(P) | Dul*" d
QT QT

< K/ ®(P)|D*ul?| DulP~%y dz +

where, in the last line, we have used that ®(P) =0 in Q, N {|Du| < a}, while ®(P)|Dul*? <
|Dul"*! < (Hs(Du))"*! in Q. N {|Du| > a}. Now we estimate the second integral on the
right-hand side of (6.66). Using Young’s inequality with exponents (2,2) as well as inequalities
(6.50) and (6.51) with w = P, for every ( > 0 we obtain

/ (1| Dul® (P Duly) d
QrN{a<|Du|<2a}

3 1
:/ {!fPIDu!” LH} | [‘Du!”!muy?ﬂ " o(P)pdz
QrN{a<|Du|<2a} P+ C v+ 1
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K
< — |DulP~?| D*ul*(P + ¢)®'(P)y dz
2(y+1) /Qm{a<|pu|<2a}

v+1 (P
L1 #eur T g
2K QrN{a<|Du|<2a} +<

< /-@/ | Du|P~2| D*ul* ®(P)y dz
Qrn{a<|Du|<2a}

+ K( | DulP~2| D*u|?| Du|" dz
QrN{a<|Du|<2a}
1 2
e FPIDu* | Dul =2y d
QrN{a<|Du|<2a}

K

< H/ | DulP~2| D*ul® ®(P) dz + (2a)"kC | DulP~2| D*ul? dz
Qr QrN{a<|Du|<2a}
v+ 1)

Lot / (A (Du)) e .
K Qr-N{a<|Du|<2a}

where the last inequality is due to the fact that |Du|*"?|Du["=? = [Du["*|Du|'~? < |Du[7*' <
(Hs(Du))"™! for every p > 1 on the set Q, N {a < |Du| < 2a}. We now recall that, by virtue

of Theorem 6.11, we have
| D*ul?| Dul"™* € Lio(Qr(20))-

Therefore, letting ¢ \, 0 in the preceding inequality, we get

/ 1| Dul®(P)| D?uly d=
QrN{a<|Du|<2a}

1 2
<k | |DufP?|D*ul*®(P)dz + o+

/ FP(Fs(Dw)y g . (6.69)
Qr K Q-n{a<|Du|<2a}

At this point, joining estimates (6.66)—(6.69), we obtain

[Jal +1Js] < H(nﬂ)/ O(P)|D*ul*| DulP~*y dz
8n? 1)2 N
+ m \f\z(Hg(Du))Vﬂw dz. (6.70)
K
Qr
We now turn our attention to J7 and Jy. Using (6.22) and Young’s inequality, we find

| < 222K, / Dl D] (P d=
Qr

167 K2n?

o / |DulP &(P) dz. (6.71)

T

< /1/ | DulP~2|D*ul* ®(P)y dz +
Qr
Similarly, we have
il < 27 Kn [ |Dul|Dyfe(P)xnd:
Qr

< 222K [ |Dulf ®(P)¢dz + 2% *n / | Dul?| Dy|* ®(P)xw?® dz. (6.72)
Qr @r
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Finally we estimate Jg. Using estimate (6.22) and equality (6.58), we obtain
|Jg| < 22p2Kn/ |DulP|DP|®'(P)y dz < 22p2Kn/ | Dul?| D*u|®' (P)v d=
Qr Qr
= 2%72Kn / | Dul?| D*u|®' (P)v dz
QrN{a<|Dul<2a}
+ 2%72Kn / | Dul?| D*u|®'(P)v dz. (6.73)
QrN{|Du| >2a}

Now we deal with the second integral on the right-hand side of (6.73). Using the fact that
|Du| < 2P in Q,N{|Du| > 2a}, the inequality (6.51) with w = P as well as Young’s inequality,
we get

222 Kn / | Dul?| D*u|®'(P)v dz
QrN{|Du| > 2a}

< 22p—1Kn/ | Du|P~ | D*u|P &' (P)i dz
Q@r0{|Du| > 20}

< 2%(y + 1)Kn / | DulP~| D2u| (P d=
QrN{|Du| >2a}
167 (v + 1)2K%n?
< ﬁ/ | DulP~2| D2ul? (P) dz + (72) n / | Dul? ®(P)y dz
Qr K i
167(y + 1)2K2n?
< 5/ | Du|P~2| D*ul® ®(P)y dz + WZ) n / | Du|" P dz. (6.74)
Q- R Q-

We now estimate the first term on the right-hand side of (6.73) by resorting to the same
procedure leading to (6.69). Thus, for every o > 0 we have

272K / | DulP| D*u|®' (P)v dz
QrN{a<|Du|<2a}

1 1
- / [24p_4K Dt 11 ] | {|Du|f”‘2|02u|2 EEol o pypds
Q-n{a<|Du|<2a} P+o v +1

K
< |\ Duf~2| D2uf2(P + )& (P} d-
2(7 + 1) /C‘Qrﬂ{a<Du<2a}

167 1) K?n? O'(P
+ (’Y + ) n / |Du‘p+2 ( ) wdz
32K QrN{a<|Du|<2a} P+o

< /—c/ | DulP~2| D*ul® ®(P) dz + (Qa)v/w/ | DulP~2|D*ul? dz
Qr Qr

167 (y + 1)2K2n2
+
4k

/ | Du|"*P4 dz.

Letting o N\, 0 in the last inequality, we then obtain

222 Kn / | Du|P| D*u|®' (P)) dz
QrN{a<|Du|<2a}

16P(y + 1)2K*n?
4k

<k / D=2 D22 &(P) d= + / | Dl de. (6.75)
Qr Qr
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At this point, combining estimates (6.73)—(6.75), we find

16p(7+ 1)2K%n?

| < 2% / D=2 D?ul? &(P) d= + / Du["Ppdz. (6.76)
QT

Now, observe that from inequality (6.61) it follows that
Jo+ Jv < 5|+ [ Ja] + |Js] + [Js| + | 7] + [ Js] + [ o], (6.77)

since Jo > 0. Plugging estimates (6.63)—(6.65), (6.70)—(6.72) and (6.76) into (6.77) and

choosing xk = m, we arrive at
ey [ (D - ot g [ Dup P a(Ppa
Wy +2) Jo, 0" FOXETEE T gy o, ! :
< 1] [ Do) ioult + pufrei) iz + [ PR v
QT Q’V‘
9 .
+ PO . (Hg(Du))VJr2 Yw O n? dz, (6.78)

where ¢ = ¢(n, p,0,Cy, K) > 1.
At this stage, we perform a particular choice of the function y. For a fixed time 7 € (t;—r% ;)
and ¥ € (0,t; — 7), we define the Lipschitz continuous function x by

1 ift <,
X(t):=q1-57 ifr<t<7+7,
0 itt>714+9.

Therefore, we have
1 T+9
—/ (|Dul"? — 072), Oyx wn?dz = 3 / / (|Du|"? — 712 | w?n? da dt,
Qr(21) T r(21)
which converges for almost every 7 € (t; — 72, t1) to
/ (|Du|"™ =) win?de as 9 \(0.
By (x1)x{r}
Hence, letting ¥ N\, 0 and taking the supremum over 7 € (¢; — 72, t;), estimate (6.78) turns into

52 / 1
———————  sup Du"™ — 0", win?dr + —/ Du|P72| D*u|* ®(P)w?n?® dz
4b2<’y+2) Te(ti—-r%t1) J B X{T}<| | >+ 402 QT‘ ’ | ’ ( )
< c(y+ 1)2/ [[DulP ®(P)w?| Dn|* + | Du|"** w’n?] dz
QT
/ (Ha(Du))7+2w8wn dz + c(y+1) / | F12(Hs(Du)) "+ w?n? dz

T

< ety + 17 [ (Ao (WH|Daf + ) ds
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+/ (Hé(Du))’Y+2watwn2dz + C(’Y—l—l)Q |f|2(|:|5(Du))7+1 277 ds.
" ’ QT‘

In summary, we have so far obtained the following result.

Proposition 6.17. Letp >1,7v>0,0>0,b=14+0 and 0 <e < min{%, (g)p_l}. Moreover,
assume that

u. € C°([to — R?, to]; L* (Br(wo), RY)) N LP (tg — R? to; W'? (Bg(z0),RY))

is the unique energy solution of problem (P.) with Q' = Qr(20) € Qr and u a weak solution of
(6.1), satisfying the additional assumption of Remark 6.10 if 1 < p < TL2_—‘,7—12 Then, for any para-
bolic cylinder Q,(z1) € Qr(zo) with r € (0,1) and any cut-off functions n € C§(B,(z1), [0, 1])

and w € WH*°(R, [0,1]) satisfying w(t; — r?) = 0 and w > 0, the estimate

52 / 2 2y 2 2
—————  sup (|Du|"* — b772) L w?n® da
A2 (v +2) re@m-r2n) Br(z1)x{7} )

1

+ — | Du.|P~2| D?u.|* ®(P)w?n* dz

de2 Jo, ()

1P [ DU D+ )

r(21)
—i—/ (Hs (Duo)) 2 wdwn?dz + c(y + 1)2/ |fI2(Hs(Du)) ' dz - (6.79)
Qv'(zl)
holds true for some constants co = ca(p, C1,90) > 1 and ¢ = ¢(n,p,d,Cy, K) > 1.

[S])

Qr(z1)

In what follows, we will write again v and ® in place of u. and ®,, respectively, unless
otherwise specified. First, we estimate the second integral on the left-hand side of (6.79) from
below. To this end, we note that

~ Ftp rtp2 Diuw/ D(Dyu?
D [(Hé(DU)) 2 } 2 (H5 (Du)) ZZ Dul )]1{|Du|>1+6}-
=1 j=1

From this identity, we infer
2 2
. 0+ p)
- 4
2
. 0+ p)
4

D |(Rs(Du)) ] (Fs (D)) ™72 [ D2u* Uy » 19y

| Du"*P~* | D*u)? | Dul® L pu| > 148y

L () +0)”
52

(v +p)*(1+0)?
52

IA

| Du|"tP~* P? | D?y?

<n | DulP~2 ®(P) | D?ul?, (6.80)

where, in the second to last line, we have used the fact that

2(1+49) 2(1+9)

Plypy>1+6y < 5 P.

|Dul Lpy> 115y = (P+1+43) Ly > 148y <
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Using estimate (6.80) in combination with Young’s inequality, we then obtain

2

2
2

D [n(fs(Du)) ¥ || < 2(As(Du)** [Dnf? + 2|D | (As(Dw) "]

< 2(As(Du)y 7 (Daf? + 20 T bz ap) Dt

from which we deduce

(52 "~ vip] |2
D[ f,(D 7] 2
16n(’y+p)26202‘ n(Hs(Du)) “
52 N 1
< Hs(Du))"™ |Dn|? w? + — |DulP~2 ®(P) | D?ul? w’n?. 6.81
< e P(Dw) 7Dy & o DuPt o(P) DAl ety (681)

Now we consider the case 1 < p < 2" . This implies

4
7+?§’y+2 p<~v+1<~v+p. (6.82)

Our goal now is to reduce the exponent of Izlg (Du) in the second integral on the right-hand
side of (6.79). To this end, we observe that

o
Qr(z1)

< 2a2/ (As(Du)) wdwn?dz + 2/ (Hs (D))" P?wdwn?dz
Qr(z) ° Q ’

r (Zl)

(Du))"*? w dwn® dz

N[

< 2a2/ (FAs(Du)) wdwn? dz + 2/ | Du|"P%w 0w n? dz. (6.83)
Qr(zl) Qr(zl)

In addition, for |Du| > a we have

ZZD [ | Du|""2D;u? P*n?] = |Du|"P*p? + |Du|"~ QPQnQZZuJ D/

=1 j=1 =1 j=1
Dyu* D;D £
+ (v — 2)|Du|"~ 3P27]QZZUJDU3 —kuD KU
i,k=1j=1 | U|
+ 2 |Du|"2Pn? uJDu]—
%> D

n N
+2|Du|""?P%p Z Z uw! Diu? Dyn.

i=1 j=1

Using the above identity to estimate the last integral of (6.83) and taking into account that
n € C°(B,(x1)) and w is independent of the z-variable, we obtain

/ |Dul"P? wdwn*dz < ||U||L00(QT(Z1))/ | Du|""2| D*u|P? w O,wn? dz
Qr(21) Q@r(21)
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+ |")/ — 2‘ ||u||Loo(QT(zl))/ ( )|DU‘7_2|D2U’P2Q}8)€W 772 dz
Qr(z1

+ 2 ||U||L00(QT(21))/ |Du|7_1|D2u|Pw Own*dz

Qr(z1

2l | IDUPTPradwn Dyl d:

QT(Zl)

< (74 5)[ull =, o) / DUl | D2l P Do d

Qr(21)

+ 2 ||U||L°°(Qr(z1))/ | Du|"w dwn | Dn| dz. (6.84)

r(zl)

Joining estimates (6.83) and (6.84) and applying Young’s inequality, we then have
/ (Hs (D)) 2w duwn? dz
Qr(21) 2

<2 [ (D) wownt s+ Al | IDUT e Bn Dl d:
Qr Z1 Q

r(zl)

+10(y + ].)HUHLOO(QT(ZI)) / |Du|7_1|D2u|Pw Opw 772 dz

QT(Zl)

= 2a2/ (Hs(Dw)) wdwn? dz + 4 ||u||L°o(Q7-(Z1))/ | Du|"w dwn |Dn| dz
Qr(#1)

Qr(21)

y+2—p

+1O(’Y+1>HUHL°"(QT(21))/( )(IDu\ 2 0w n)(|Du| "= |D?u|| Du| ™= Pun) dz
Qr(z1

< 2a2/ (FAs(Du)) wdwn?® dz + 4||U||L00(QT(ZI))/ | Du|"™w Oy n | Dn| dz
QT(Zl) Q

r(21)

ey + 12 [[ull oo / |Dul 2 (B d

Qr(21

1
+ — ]Du|p’2]D2u|2<I>(P) wn?dz.
8¢2 Jq,(21)

Now we notice that a® < b(Hs(Du))?, |Du[*! < (Hs(Du))"*? and |Du[+2P < (Hs(Du))rtP

(by virtue of (6.82)). Using this information and Young’s inequality, from the previous estimate
we deduce

/Q ( )(Hg(Du))7+2 w O n® dz

<o [ (D) 00w + Alulimoay [ (Fa(Du) 7 w0wn|Dal s
Qr(z1)

Qr(z1)
Qr zZ1
1
+ — | DulP~%| D*ul* ®(P) w*n*dz
8¢2 JQ, (1)

< 2b/ (I:|5(Du))7+p [w 3tW7]2 +w? |D77|2] dz
Qr(z1)
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+ c(y+ 1) ”uH%m(Qr(m)/Q ( )(|:|5(Du))7+10(8tw)2772 dz
r(Z1

1
+ — | DulP~2| D*u|* ®(P) w*n*dz. (6.85)
8¢2 J (=)
At this point, in order to deal jointly with the cases where p is greater or less than the critical
exponent 2f2, we introduce a new exponent p, defined as follows:

: 2
p itl<p<:=5,

p:=<2 1fn+2<p<2 (6.86)

p if p> 2.

Combining (6.79) and (6.85), in the case 1 < p < f—f:z we obtain the following inequality

5?2 /
- sup (|Du|7+2 — b7+2)+ w27]2 dI
46*(7 + 2) 7 e (ty—r2.t1) J By (@1)x{r)

1
+ — | Du|P~2| D?ul* ®(P) w?n*dz
8¢z Ju(an)

< oy +1)? / (Fs(Du))™ [P Dy f? + w0 B 12 + (]2 oy (Br)? + ) 1] =
Qr(z1)
ey 41y / FP(Fs(Dw)) ™+ W d. (6.87)
Qr(zl)

For convenience of notation, we now use the indicator function

1 ifl<p< =
1 + ni3
( "+2]<p) { 0 otherwise,

to indicate that the terms multiplied by it need to be taken into account only in the subcritical
case 1 < p < =% Integrating (6.81) over @,(21) and combining the resulting inequality with

(6.87) in the case 1 <p< 2]:2, after some algebraic manipulation, for every p > 1 we get the
following estimate:

Proposition 6.18 (Caccioppoli-type inequality). Letp>1,~v>0,6>0,b=1+4 and
0 <e<min{, ($)P"'}. Moreover, let p be defined as in (6.86) and assume that

u. € C%([to — R*, to]; L* (Br(xo), RY)) N LP (tg — R* to; W' (Bg(z0),RY))

is the unique energy solution of problem (P.) with Q' = Qr(z0) € Qr and u a weak solution of
(6.1), satisfying the additional assumption of Remark 6.10 if 1 < p < n2—f2 Then, for any para-
bolic cylinder Q,(z1) € Qr(zo) with r € (0,1) and any cut-off functions n € C§(B,(z1), [0, 1])

and w € WH°(R, [0,1]) satisfying w(t; — r?) = 0 and w > 0, the estimate

2

_|_
yep w?dz

——=  sup / (|Du "2 — b72), w?n® do + /
2 rew-rin) JBia)xin) EN)

< k(v +P)4/ ( )(IZL;(DUE))”" [wW?|Dn* + wown® + w’n’] dz
Qr Z1

Dn(Fs(Du.)) ]
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Tk +p)! / (RSP
Qr Z1

+ ]l(Ln%](p) E(y+p)? ||Us||ioo(Qr(z1)) / (|:|5(Du6))v+p (Ow)?n* dz

Qr Zl)

holds true for some constant k > 1 depending on n, p, 6, Cy and K.

6.6.2 Step 2: reverse Holder-type inequality

In this subsection, we shall use the estimate from Proposition 6.18 to derive a reverse Holder-
type inequality, which will in turn be employed to start the Moser iteration procedure. With
this aim in mind, in what follows we keep the assumptions, notations and cylinders used for
the proof of Proposition 6.18.

Let us start with the case p > =%. Applying Holder’s inequality with exponents (%, %)
and the Sobolev embedding theorem on the time slices B' := B,(z1) x {t} for almost every

t € (t; —r%ty), we obtain

21+2)

][ W2 (FAg(Du)y et T
Bt

< () [ f t [n(FIa(Du))%”]i%x]T [ 7@ P (Aa(Du)) T da 2

| IS |

S

< Csr [ | D [n(As(Du)) T’}\%?dm]{]{Btn%m(m))%?wwx} , (6.88)

where C's = Cg(N,n,p) > 1. Now, using the definitions of Hs and b, the properties of w and 7,
and applying Proposition 6.18, we can estimate the second mean value on the right-hand side
of (6.88) as follows:

][ n? [As(Du(z, )] 2 wde < LZ) sup / (Hs(Du))" 2 w?n? da
Bt Br(z1)x{1}

r TE (t177'2,t1)
¢(n)

= —=  sup / (0772 4 (|Du|"*? — 072), ] w?n? da
By (z1)x{1}

rh TE(tl —r2 t1)

+ ~
gl p> [m / FP(Rs(Du) ™ w? dz|
Qr(z1)

where ¢ = ¢é(n, p,0,C1, K) > 1 and
I, .= p*? |spt 7| —|—/ (|:|(;(Du))7er [wQ(]Dn\Q + 1) + wOw 772] dz.
Qr(z1)

Inserting the preceding inequality into (6.88), integrating with respect to time over (t; — 2, ;)
and using Proposition 6.18 again, we obtain

2(w+2)

I, = ][ WAt Pt 7 (Fs(Du)) P+ dz
Qr(z1)
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Cy(y+p)ita - ta
R [I ¥ ( /Q ( )IfIQ(H(s(DU))”“w%QdZ) C (639)
n r(%Z1

where Cy = Cyo(N,n,n,p,0,Cy, K) > 1. For a fixed p > 0 that will be chosen later, we now
split the cylinder @,(z;) as follows

={zeQ(2): [fIP<exp (') —e}U{z € Qu(z1) : |[fI? > exp (u~") —e} = E,UE,
so that
| R0y de = [ OO0 s R0 i
Qr(z1) 1o ER
= JIO + Jll- (690)

From the definition of E}, it immediately follows that

1 ~ 1 -
Jip < exp <—>/ (Hs(Du))"tt w?n*dz < exp (—)/ (Hs(Du))"** w?n*dz.  (6.91)
VARANEY K/ JQr(=1)
In order to deal with the term .J;;, we first observe that

2a 2a_ 2a_ 2a_
log? (e + |f[?) < logi (e + [f])?) = 2772 logi¥2 (e + |f]) (6.92)

and

Ar+2) (6.93)

2
(v+1) (1+5> <7v+p+

Using (6.92) and (6.93), Holder’s inequality, the definition of Eﬁ and the assumption |f| €
L2 10g® Lioe(Qr), we obtain

Jin = / |fI? logf%:2 (e + |f]*) log~ 7%2732(6 + |f|2)(|:|(;(Du))7Jrl wn? dz
o

< 2+/ £ loge2 (e + | £1) log™ 772 (e + | £7) (Fs(Du)) ™+ wn? dz
E2

n

32552/
5
[/

n

2

"2 log® (e + IfI)dZ] -

n+2
log™ % (e | )(As( D)) 00U 2) w28y 3 dJ

_ n
n+2
2a

= - +p+ 202 o4l 94 d
< 2 ZE HfHLn+210g L(Qr(z1)) B2 /E2(|"|6(Du))7 P nn "dZ]

n

2(’Y+2) 24+ 4

n+2
2a  2a 4
S 2ﬁ+2 ﬂﬁ+2 ||f||%’ﬁ+2 loga L(Qr(zl)) /(Q ( )(H(S(DU))’Y'HD'F w n n2+ n dZ] ) (694)
rlZ1

where 6 = 6(n) > 0. Joining (6.89) — (6.91) and (6.94), after some algebraic manipulation we
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arrive at
C 7+p4+% 20, 0(7+2) exp( (14‘ )) 142
I, < 5 ( QJ) P20 Fl e g ooy B2 n e (6.95)
ra r r

where C3 = C5(N,n,n,a,p,d,Cy, K) > 1.
At this point, we consider estimate (6.89) in the case || f||pa+210ge £(Q,(2)) = 0 and the above
inequality if || f|| a+210g £(Q, (1)) > 0. In the latter case, choosing p such that

Cs(v+p)4+ﬁ 2ot _ 1
e e ruey = 3
from (6.95) we obtain
6 27 43 1+ 2
I, < Ci(y+p)'" " exp <C5 (y+p) o )If”, (6.96)

where the constants on the right-hand side are of the type

C o(n+2) n—mn
= avn  and Cs = C“f”L"+210g L@ )" (6.97)

for some constant C' = C(N,n,n,«a,p,d,C1, K) > 1. Moreover, from (6.89) it immediately
follows that inequality (6.96) holds true also when || f]|La+210g0 (@, (21)) = 0-
Let us now consider the case 1 < p < -=&. Arguing exactly as above, this time we arrive at

I, < Cy(y+p)*'* 7 exp (Cs (7+p)2ﬁ53> {b”” |spt 7]

1+2
T /Q I e e A O L

where the constants Cy and Cs are of the same type as in (6.97).
In summary, we have obtained the following result:

Proposition 6.19 (Reverse Holder-type inequality). Under the assumptions of Proposi-
tion 6.18, for any parabolic cylinder Q,(z1) € Qr(20) with r € (0,1) and any cut-off functions
n € C(B,(21),]0,1]) and w € WH=(R, [0,1]) satisfying w(t; —r?) =0 as well as dw > 0, the

estimate

2(v+2)

F o a5 o
Qr(z1)

2743
C AN Zrs 109 2oy (Y HP) ]

< Cly+p)tHe exp

n—n

T «

. b'y+2
: {72][ (Hs(Due)) ¥ [w?(IDn]? + 0°) + w Own?] dz + — |spt 7|
Qr(z1)

1+2

n

10,200 (p) ey ey 7 f (Fis(Du.)) " (8w dz] (6.98)

Qr(zl)
holds true for some constants C' = C(N,n,n,a,p,0,C1, K) > 1 and © = ©(n,a) > 0.
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6.6.3 Step 3: the iteration for p > n+2

Thanks to Proposition 6.19, we can now start the Moser iteration procedure. Once again,
we shall keep both the assumptions and the notations used in Propositions 6.18 and 6 19 At
this step, we assume that p > -=&. By virtue of (6.3) and (6.4), this implies that p > -=%. We
define by induction a sequence {’Yk}keNo by setting 7o = 0 and

1+ 2) )y +2—2+4p if 2L <p<2
i = ( 3)7’” " P b ,keN.
(1—1—5)%714-5 1fp22
Notice that v > 0 for every k € N, since p > =%, Furthermore, this sequence diverges to +o0
as k — oo and by induction we have
n(2— k i
-] {1+ 2) 1] i 2 <p<2
Y = i ) ke N0~
2[(1+3)" -1 if p > 2
In addition, one can easily check that
2(ve + 2 2n
%+p+%=%+l+p vV k € Ny, TR (6.99)

Now, for k € Ny and s € (0,1) we set

1—
Ty = sr+ (2—;)7’, By := By, (x1) and Q= Q. (21) = Bp x (th — 711, t1)

2

and choose cut-off functions 7, € Cg°(By, [0,1]) such that n, = 1 on Byyy and |Dn| < 2k+)r
and wyp € Wh((t; — rZ,t1),[0,1]) such that wi(t;y —ry) = 0, wp = 1 on (1 — rp,,t1) and

0 < O, < % Note that this is possible since

5 o 3(1—s)%r* (1 —s)sr? - (1—s)2r?
Tk = Thy1 = 92k+2 ok 92k+2

Using equality (6.99) and replacing -, n and w with 7y, m and wy respectively, from (6.98) we
obtain the following recursive reverse Hélder-type inequality

fﬁ (wrmi) > % (As(Duc)) e+ 9 dz
Qr(z1)
s

CHfHLn+210g L(Qr(21)) (7k+p> * ]

I3
n

< Clye+p)' 7 exp

n—mn

T «

1+ 2

n

pret2 .
T el o @ Dw) RO ) O] 2]
Qr(21)
(6.100)




146 Gradient bounds for strongly singular or degenerate parabolic systems

which holds for any k& € No. Exploiting the properties of 7, and wy as well as the definitions of
e, Qk, b, Hy and p, for every k € Ny we obtain that

Im+2 1 o2 4k T
|Spt77k| S ’I"n?“’% . b dz S m . (1—’—(5) dz
k K
4k n+2 n, p, 5) .
=T _S)(z i fg (Hs(Du. )™ d2 (6.101)
k

and

r? ][ (|:|(5(Du€))7’“er [w,%(|D77k|2 + 107 + wi, Oy, 77,3] dz
Qr(z1)

k+4 ,.n+2
455y

< o 1, (u(Du) =t (6.102)

where, in the last line, we have used the fact that

) ) ) 22k+4 4k+3
wi(|1Dme|™ + i) < (s 1< e (6.103)
In addition, one can easily deduce that
. n+2
][ (As(Du.)y i +P dz < +2][ () & (Fis(Du)es 9 (6.104)
Qk+1 /r.k—l-l Q'r(zl)

for any k£ € Ny. Joining estimates (6.100)—(6.102) and (6.104), and using the fact that r, =
2rpe1 — s < 21,1 and rp < r for every k € Ny, we find

2n+3

C ”f||Ln+2 log® L(Qr(21)) ('Yk: +p) o

—n

T «

][ (As(Duo)) 1P dz < C(y +p)' ™+ exp
Qg 41

[V

- [(14_—) ]{)kmawumw dz} - (6.105)

>

for any k € Ny, where C = C(N,n,n,a,p,d,C1, K) > 1 and © = ©(n,a) > 0. To shorten our
notation, we now set

M, = f (B (Du)) ¥ dz, ke N, (6.106)
Qg
C n—n
=g o= OlflBe gy ™™™ (6107

so that the last inequality turns into

[ 2 2043 1+2
My < Cs(7k+p)4+ﬁ4k(1+ﬁ)exp (Cr(% +p) e )Mk; "

for k € Ny. Iterating the above estimate, we obtain

k-1 )

6 142 243\ 11+ %) 14 2k

My < T |estrs + o) % 40+ Dexp (e + ) )| My
=0
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for any k € N. This inequality can be rewritten as follows:

2\k—1—j5
1+ 2) Ioaxr 2k

1 k—1 N
M < ] [es + ) F 00 D exp (e, +0) )| T 2y (6.208)
=0

Next, we observe that

(1+%)k 2n
~ if = 2
o+t ez 2 P=
lim ——™— = lim X
k—oo Y + P k—00 (1+2) i p > 2
p+2[(1+2) —1] -
S 2 <2
- {‘1*—”@—17) ' (6.109)
5 lfp > 9
so that
(1+2)k N 1
lim M, *™ = [][ (Hs(Dug))Pdz| (6.110)
k—o0 Qr(zl)
where

(6.111)

CJerER g 2 <)
v 2 1fp22.

One can easily check that p — ¢ > 0 and ¢ < p whenever p > =% +2 Using this information and
the fact that ¢, > 1, we can apply inequality (6.29) to obtain the following estimate:

k-1 (1+2)"7
[[es ™" < (6.112)
j=0

Similarly, by inequality (6.30) we get

[[+# 7% <25 (6.113)

J=0

Now we use that 1 < v; +p < p( 2)J for any j € Ny to estimate the following product by
means of (6.29) and (6.30):

2\k—J

k-1 0+ j 4(1+H+P -— (7 +2)
o7 2(A+2) @
H [(’}/j +p)4+%] M < H { ( ) :| <p ¢ (n — > . (6.114)
n

J=0 J=0

It remains to estimate the product involving the exponential terms with inequality (6.29).
Recalling that 2253 < 1, we obtain

(1 n %>k717j

B k—1 j 28 + 3
A 2 Y t+P

T
—
A
=
+
o

<
Il

o
.
Il

o
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A k—1 2n+3
2443 [T+ 2 (n+2)
p= ( - ) WIS o\ B8 | (6.115)
n (n+2)'~ — (n) a

Combining estimates (6.112)—(6.115) and recalling the definitions of ¢ and ¢, in (6.107), from
(6.108) we obtain that

< exp
%er

(1+3)"
M, (6.116)

||f||L"+2 logaL Qr(z1)) . (1 + %)
reat e+ P

1 C
Mk’Yk+P S —M . eXp
(1—s)~

for any £ € N, with ¢ = ¢(N,n,n,a,p,d,C1, K) > 0. Since the constant ¢ is independent of
k € N, recalling (6.106), (6.109), (6.110) and (6.111), and passing to the limit as k& — oo in
both sides of (6.116), we arrive at

- el Zsz toge 100 (o - E
ess sup Hs(Du.) < ;W exp L *?fﬁ L(Qr(#1)) {][ (Hs(Du,))® d,z} ., (6.117)
er(zl) (1 — S)T TT Qr(zl)

due to the fact that r, N\, sr and 7 " o0 as k — oco. At this stage we need to separate the
cases—<p<2andp>2
Let us first assume that ==& < p < 2. In this case we have

M and — > 1.

=2> =2 —
p p; ® 5 27—

From Theorem 6.11 we know that Hs(Du.) € L. (Qr(z)). Therefore, from (6.117) we deduce

ess sup Hs(Du,)

er(zl)
¢ ¢ | flIZs log® L(Qr(21)) ) e N P ¢

< " exp ess sup (Fs(Du.)) 7 (Fis(Du.)yP dz

(1 — S) [ oo Qr(z1) Qr(z1)

1
< = ess sup Hs(Du.)

2 Q=)

CHfHQn og™ P ~ (ﬁ+g)—2ﬁ
n c _— exp L Hii L(Qr(21)) [f (Hg(Dug))p dz] ! 7
(1 — s)m T Qr(21)

where, in the second to last line, we have applied Young’s inequality with exponents
(ﬁ, ﬁ). Note that the preceding inequality holds for any s € (0,1). Hence, we can
absorb the essential supremum on the right-hand side using Lemma 1.10 with py = sr and

p1 = r. This yields

ess sup Hg(Du.)
QsT(Zl)

c NN e e s . S
< exp( LI log” L(@r(1) {]{2 ( )<H5<Dua>>pdz
r(21

(1— s)it2 -2 ra

for a positive constant ¢ depending on N,n,n,a,p,d, C; and K, but not on €.
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Finally, when p > 2, inequality (6.117) reads as

~ C ||f||@ﬁ og® z " %
€SS sup Hg(DUE) < ;W €xXp L +2»,11_gﬁ Her =) {][ (H5<Du€))p dz :
Qsr(21) (1—s)2 roa Qr(21)

We have thus proved the following result, which ensures the desired local L*°-bound of Du,. for
all p > - +2

Theorem 6.20. Letp > §>0and0<e<min{, (3)P~'}. Moreover, assume that

+2,
Ue € CO ([to - RQ,to}; L2 (BR([E()),RN)) N L? (to - RQ,to; Wl’p (BR(QZ()),RN>)

is the unique energy solution of problem (P.) with Q' = Qr(20) € Qr and u a weak solution of
(6.1). Then, for any parabolic cylinder Q,(z1) € Qr(zo) with r € (0,1) and any s € (0,1), we
have

) ||f|| n 0! ~ K
ess sup Hs(Du,) < ;n exp st gnL(Q 1) {][ (Hs(Du.))Pdz|  (6.118)
Qsr(21) (1—s)"* ra Qr(z1)

for some positive constants ¢ = ¢(N,n,n,«, p,0,Cy, K) and © = O(n,a), and for

p(A+2)—2a

P t2) =20 <p<?

k= 2 ws <P (6.119)
2 zfp22.

6.6.4 Step 4: the iteration for 1 < p < and f =0

—|—2

We now start the iteration procedure for 1 < p < -=%, keeping both the assumptions and

the notations used in Propositions 6.18 and 6.19. Note that by the choice of § in (6.4), the
2n

condition 1 < p < =% implies that n > 3, and therefore 7= = n. We will however restrict

ourselves to the case f = 0 and u € L®(Qg(2), R"). We again define by induction a sequence
{’ylc}kENo by Settlng Yo = O and

2 2
%5:(14'5)% 1+—p k € N.

This sequence diverges to 400 as k — oo and, by induction, we have

2 k
<1+—> —1], ke N,
n
2(ve +2)

2n
Yo + P+ —————= > VYe+1 TP ‘v’kENg,Vp€<1, ] (6.120)
n n -+ 2

Ve =P

Moreover, one can easily check that

Now, for k € Ny and s € (0,1), we define 7y, By, Qi and the cut-off functions n; and wy, as in
Section 6.6.3. Using inequality (6.120) and replacing -, n and w with v, m and wy, respectively,
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from (6.98) we obtain the following recursive reverse Hélder-type inequality

]é ( )(wknk)”i (As(Du)) 1 %7 d2
r{%1

pret2

6
< C( +p)4+"[ |Spt 7%

rn

1+2

+ TQ ][Q ( )(H5(Du6))7k+p |:(an1€|2 + 771%) (.UZ + Wk atwk 77]3; + ||Ue||%oo(Qr(zl))(ath)2 77]%:| dz ,
r(21

which holds for any &£ € Ny. Exploiting the properties of 7, and wy as well as the definition of
Qy, for every k € Ny we get

7"2][ ( )(IZI(;(DuE))V’“+p[(|an|2 + 13t) Wi + Wk Ok M + ||u€‘|%°°(QT(zl))(atwk)2 ) dz
Qr Z1

(2hA3 pirk2 ||u5||%°°(Q( D) ~
— k|4 = rE)) Hs(Du)) P d
= (1 _ S>2 ynt+2 (1 — 8)2 2 ]ék( 5( u )) Z,

where, in the last line, we have used (6.103). Combining the two previous inequalities with
(6.101) and (6.104), and using the fact that ry < 27,1 and ry < r for every k € Ny, we find

f (As(Duo)) ™ +7dz < Ol +p)*+ 4
kg1

‘ 16" 14 HUfH%"O(Qr(zl)) ][ (H (Du ))Wﬁ_pdz 1+2
(1-s)2 1—s2r2 ) Joo 07

for any k € Ny, where C = C(N,n,a,p,d,Cy, K) > 1. To shorten our notation, we now set

1+2
— 1 ] HUEH%/OO(QT(ZI)) ' 6.121
YT T Ta ez ' o120

Thus, recalling the definition (6.106), the preceding inequality turns into

6 2y 14
M1 < ce(y+p)ttn 16k(1+")Mk

E2IN]

for £ > 0. Note that the constant ¢, depends on € and r through the quotient

”“ff”%oo(car(zl))
r2 '

Iterating the above estimate, we obtain
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for any k € N. This inequality can be rewritten as follows:

K (+2) 7 (+3)

M < [Ce(7j+p)4+%16j(l+%)] My T (6.122)

|
—

Next, we observe that

k k
+ 2 142 1
lim (L+3) = lim (1+2) p = —, (6.123)
so that
(o) ;
lim M, ™™ = {][ (Hs(Du.))? dz} : (6.124)
k—oo Qr(zl)
Since c. > 1, we can apply inequality (6.29) to obtain the following estimate:
el ()
[Me ™ < (6.125)
7=0
Similarly, by inequality (6.30) we get
1+ 2
H 16J < 2" (6.126)

Now we use that 1 < v; +p = p( 2)7 for any j € Ny to estimate the following product by
means of (6.29) and (6.30):

k—j
k—1— 2
b1 (1+ ) J E1 +a n(n+2)

H[(er)‘”g} W <H[(”+2)] R <”22> T (6.127)

=0

<
Il

o
<.

Combining estimates (6.125)—(6.127) and recalling the definition of ¢. in (6.121), from (6.122)

we obtain that s .
w2 S (1+3)

for any k£ € N, with ¢ = ¢(N,n,a,p,0,C1, K) > 0. Since the constant ¢ is independent of
k € N, recalling (6.106), (6.123) and (6.124), and passing to the limit as & — oo in both sides
of (6.128), we arrive at

_1 c
Y+
M, < —

(1—s)"

n+2

2p »

V (As(Du )P dz| ,  (6.129)
Qr(zl)

" c el e, 21y
ess sup Hs(Du.) < — |1+ .
er(zl) : (]_ — 8) ;2 (1 - 8)2 /r2

due to the fact that r, \, sr and 7, 0o as k — 0o. Notice that the right-hand side of (6.129)
depends on ||u.|| (g, (z))- However, since we are assuming that f = 0 and u € L*(Qgr(z0), RY),
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we can use the result from Section 6.4, thus obtaining

n+2
2p

] (1 + Nl nen) i :
ess sup Hs(Du.) < ¢ (QR(HO:Q) [][ (Hs(Du.))Pdz| .
Qsr(21) [(1—s)2r] 7 Qr(21)

In conclusion, we have so far proved the following theorem, which ensures the desired local

L>*-bound of Du, when 1 < p < 2% f =0 and u € L®(Qr(20),R").

Theorem 6.21. Let 1 < p < f—&, f=0,0>0and 0 < e < min{%,(%)p_l}. Moreover,
assume that

u. € C°([to — R?, to]; L*(Br(zo), RY)) N LP (tg — R? to; WP (Bg(z0),RY))

is the unique energy solution of problem (P.) with Q' = Qgr(z0) € Q7 and u € L=(Qr(20), RY)
a weak solution of (6.1). Then, for any parabolic cylinder Q,(z1) € Qr(zo0) with r € (0,1) and
any s € (0,1), we have

n+2

2p

3 (1 + Hu||2L°°(QR(ZO))> - v
ess supHs(Du.) < ¢ — ][ (Hs(Du.))? dz (6.130)
Qsr(21) [(1—s)2r] 7 Qr(21)

|=

for some positive constant ¢ = c¢(N,n,a,p,d,Cy, K).

6.7 Proof of Theorem 6.1

We are now in a position to prove Theorem 6.1. In fact, using the strong LP-convergence of
Gs(Du.) to Gs(Du) established in Lemma 6.12 as well as the results from Theorems 6.20 and
6.21, we will now show that estimates (6.118) and (6.130) also hold true with the weak solution
u of (6.1) in place of u.. From this the desired local L*>-bounds of Du will immediately follow.
Therefore, in the next proof we will use the same assumptions and notations of Theorems 6.20
and 6.21.

Proof of Theorem 6.1. By virtue of Lemma 6.12, we have that Gs(Du.) — Gs(Du) strongly
in LP(Qr(z), RM") as € \, 0. Thus we conclude that there exists a sequence {¢;} ey such that:
e 0<¢g; <min{3,(2)P~'} for every j € Nand g; \, 0 as j = +oo;
o |Gs(Duc,(z,t))| — |Gs(Du(x,t))| almost everywhere in Qr(z) € Qr as j — +o0.

Ifp> nz—fQ, then, using the definition of Gs and Theorem 6.20, we have for almost every

Z € Qg (21) that

|Du(2)] < 14§+ |Gs(Du(2))] < lim |:|5(Du€j(§)) < limsup esssup |:|5(Du€j)

J—0 .7_>OO er (21)

1152 1oge G
< limsup ;M - exp (c L +21n%ﬁL(Qr(z1)) [][ (1 +6+ |G5(Duaj)|)p dz
Qr(z1)

j—00 (1 — S)T roa
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f n+2 o z %
_ c XD || HL +2] g L(Qr( 1)) {][ (1 +5+ |G5(Du)|)pdz}
(1 —3s)= Qr(z1)

f n+2 o P r
_ ;M exp ( | HL +2] g L(Qr( 1)) |:][ (max {|Dul, 1+ 6} dz} :
Qr(21)

(1—s)=

where k is defined by (6.119), ¢ is a positive constant depending only on N, n, n, «, p, §, C}
and K, and © = ©(n,a) > 0. We now choose § = 1. Since the above inequality holds for
almost every Z € Q4-(z1), we immediately obtain

ess sup |Du| < ess sup Hy(Du)

er(zl) QST(Zl)
C 1152 v0ge £, (- x
<Y _.xplc L +2lz%ﬁL(Qr( 1)) {][ (|Du| +1)Pdz| < +o0,
(1 — S) K ra Qr(zl)

where C' = C(N,n,n,a,p,Cy, K) > 0.
Finally, let us consider the case 1 < p < n2f2, f=0and u € L®(Qgr(2), RY). Arguing as
above, but this time using Theorem 6.21 instead of Theorem 6.20, we get

ess sup | Du| < ess sup Hy (Du)

er(zl) er(zl)
< - 1
1 ) o)) :
<C ( R(;)Z) {][ (|Du| + 1)Pdz| < +4o0.
[(1—s)2r] > Qr(21)

This concludes the proof. O
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Chapter 7

A physics-informed deep learning approach
for solving strongly degenerate parabolic
problems

In this chapter, we will show how to exploit a novel Artificial Intelligence (AI) methodology,
known as Physics-Informed Neural Networks (PINNs), to predict solutions to Cauchy-Dirichlet
problems of the type

{ By — div ((\Du| —1), %) =f inQp=0Qx(0,T), (1)

U= w on Oparflr,

where 2 is a bounded connected open subset of R" (2 < n < 3) with Lipschitz boundary, f
and w are given real-valued functions defined over 2 x [0, 7] and 9,,, Q7 respectively, while Du
denotes the spatial gradient of an unknown solution v : Q x [0,7) — R.

As for the methodology proposed here, the PINNs predict the solution to a PDE under
prescribed initial-boundary conditions by training a neural network to minimize a cost function,
called loss function, which penalizes some suitable terms on a set of admissible functions u. For
more information, we refer the interested reader to [34] (see also Section 7.2 below).

The PINN-based approach we are about to present was introduced in [8|. There, we were
the first to evaluate the effectiveness of the PINN framework in solving strongly degenerate
parabolic problems of the type (7.1).

This chapter is organized as follows. Section 7.1 is devoted to the preliminaries: we provide
information on the solutions to problem (7.1), drawing on the results in Chapter 4. In Section
7.2, we describe the PINN methodology on which our predictive model is based. Section 7.3
presents the results that were obtained. Finally, in Section 7.4 we provide the conclusions of
our study.

7.1 Definitions and preliminary results

Let us start with a simple observation. Taking v = A = 1 into (1.6), we obtain the function

155
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— 1) & if e R\ {0
0 if £=0.
Now let f € L}, (Qr). Then, setting p = 2 in Definition 1.9, we get the following definition.

loc

Definition 7.1. A function
u e C°((0,7); L*(Q)) N L* (0, T; WH*(Q))

is a weak solution of equation (7.1); if and only if the condition

/Q (u-0pp — (H(Du), D)) dz = — fodz (7.3)

Qp
is satisfied for all ¢ € C5°(Qr).
At this point, we are ready to give the definition of weak solution to problem (7.1).
Definition 7.2. Let w € C° ([0, T); L*(Q2)) N L* (0, T; W2(Q)). We identify a function
u € C°([0,T); L*(Q2)) N L* (0, T; WH2(2))
as a weak solution of the Cauchy-Dirichlet problem (7.1) if and only if (7.3) holds and, moreover,
u € w4+ L*(0,T; WOM(Q))
and u(-,0) = w(-,0) in the L%*-sense, that is,

th{% lu(-,t) —w(-,0)||z2(0) = 0. (7.4)
Therefore, the initial condition u = w on © x {0} has to be understood in the usual L?-sense
(7.4), while the condition v = w on the lateral boundary 02 x (0,7") has to be meant in the
sense of traces, i.e.

(u—w) (- t) € Wy ()
for almost every t € (0,7).

Now, taking p = 2 and A = 1 in Theorem 4.1, we immediately obtain the following spatial
Sobolev regularity result.

Theorem 7.3. Letn > 2, 2;:44 <g<ooand f € L0, T; WH(Q)). Moreover, assume that
we C%((0,7); L*(Q)) N L (0,T; WH(Q))
is a weak solution of equation (7.1);. Then

H(Du) € Ly, (0,T; W2 (Q,R")),

loc

where the function H is defined by (7.2). Furthermore, the estimate

C
[ 1DHDWP L < ¢ (107 any + 1D ) + 7 (10400 + 1)
Qp2(20)
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holds true for any parabolic cylinder Q,(z) C Qr(20) C Qr,(20) € Qr and a positive constant
¢ depending at most on n, q and Ry.

From Theorem 7.3 one can easily deduce that any weak solution u of (7.1); admits a weak

time derivative u;, which belongs to the local Lebesgue space L?;icn @ q}(QT). In fact, it is enough

to argue as in the proof of Theorem 4.2, from which we derive the next result.

Theorem 7.4. Under the assumptions of Theorem 7.3, the time derivative of the solution
exists in the weak sense and satisfies

O € LI (Qy).

loc

Furthermore, the estimate

1
min {2, ¢}

min {2,
[ty g < el flem@ny + ¢ (IDF i@y + 1D iy
Qp/Q(zo)

1
2

-

c 5 2
+ E (HDul‘Lz(QRO) + 1)

holds true for any parabolic cylinder Q,(z) C Qr(z0) C Qr,(20) € Qr and a positive constant
¢ depending on n, q and Ry.

Now, let the assumptions of Theorem 7.3 be in force. For ¢ € [0, 1] and a couple of standard,
non-negative, radially symmetric mollifiers ¢; € C§°(B1(0)) and ¢ € C5°((—1,1)), we define
the function f; as in (4.13), where f is meant to be extended by zero outside 27. Observe that
fo=f and f. € C(Qy) for every ¢ € (0, 1].

Next, we consider a domain in space-time denoted by €] , := Q' x (t1, %), where Q' C Q) is
a bounded domain with smooth boundary and (¢;,t2) C (0,7'). In the sequel, we will need the
following definitions.

Definition 7.5. Let ¢ € (0,1]. A function
u. € C°((t1,t2); L* () N L? (t1, t; WH(Q))
is a weak solution of the equation
Oyue — div (H(Due) + € Du.) = fo in Q)

if and only if, for any test function ¢ € C§°(€] ,), the following integral identity holds:

/ (ue - Opp — (H(Du,) 4+ € Du., D)) dz = — fepdz. (7.5)
Q

! /
1,2 2

Definition 7.6. Let ¢ € (0,1] and

u € CO ([tl, tg], L2<Q/>) N L2 (tl, tg, W1’2(Q/)) .
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We identify a function
u. € C° ([t1,ta]; L*(Q)) ML (ty, to; WH3(Q))

as a weak solution of the Cauchy-Dirichlet problem

{ Opue — div (H(Du.) + e Du) = . in Q,, (7.6)

U = U on Jparf2] o,
if and only if (7.5) holds and, moreover,
ue € u+ L* (ty,ta; Wy (D)),

uc(+,t1) = u(-,t;) in the usual L%-sense and the condition u. = u on the lateral boundary
OY x (t1,t2) holds in the sense of traces, i.e.

(ue =) (-, 1) € W ()
for almost every t € (t1,1s).

Due to the strong degeneracy of equation (7.1)1, in order to prove Theorems 7.3 and 7.4, we
had to resort to the family of approximating parabolic problems (7.6) (cf. Chapter 4). These
problems exhibit a milder degeneracy than (7.1) and the advantage of considering them stems
from the fact that the existence of a unique energy solution u. satisfying the requirements of
Definition 7.6 is ensured by the classic existence theory for parabolic equations (see Remark
4.11).

Moreover, if Q) , = Qg,(20) := Bry(w0) X (to — R§,to) € Qr, then, from (4.53) and (4.55)
with p =2 and A = 1, we can easily deduce

sup ||u6<7t) - u('7t)||%2(BRO(;tO)) — 0 as e — 0+7 (77)
t€ (to — R2,t0)

that is,
ue —u in L®(tg — RS, to; L*(Br,(70))) ase — 0%,

Hence, we can conclude that there exists a sequence {¢;};ey such that:

o 0<eg;j <1forevery j € Nande; N\, 0 monotonically as j — +00;

o u. (x,t) — u(x,t) almost everywhere in Qg,(2) as j — +oo0.

7.2 Physics-informed methodology

PINNs are a type of SciML approach used in neural networks to solve PDEs. Unlike tra-
ditional neural networks, PINNs incorporate physics constraints into the model, resulting in
predicted outcomes that adhere more closely to the natural laws governing the specific problem
being addressed. The general form of the problem involves a PDE along with initial and/or
boundary conditions.
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In particular, we consider a (well-posed) problem of the type

1) if (x,t) € Qpr :=Q x (0,7), (7.8)
) lf (X, t) c 8parQT, '
where €2 is a bounded domain in R", F denotes a nonlinear differential operator, v is a parameter
associated with the physics of the problem, B is an operator defining arbitrary initial-boundary
conditions, the functions f and w represent the problem data, while u(x, t) denotes the unknown
solution.

The objective of PINNs is to predict the solution to (7.8) by training the neural network
to minimize a cost function. The neural network’s architecture used for PINNs is typically a
FeedForward fully-connected Neural Network (FF-DNN), also known as Multi-Layer Perceptron
(MLP). In an FF-DNN;, information flows only forward direction, in the sense that the neural
network does not form a loop. Furthermore, all neurons are interconnected. Once the number
N of hidden layers has been chosen, for any ¢ € {1,..., N} and set z = (x,t) we define

Li(zi—1) := Wizi—1 + by,

where W; is the weights matrix of the links between the layers i — 1 and ¢, while b; corresponds
to the biases vector. Then, a generic layer of the neural network is defined by

hi(zi—i; Wi ;) = ¢i(li(zi-1)), 1 €{l,...,N},

for some nonlinear activation function ;. The output of the FF-DNN, denoted by tgy(z), can
be expressed as a composition of these layers by

iig(z) = (TyopoTn_10---0pol1)(a),

where 6 represents the set of hyperparameters of the neural network and the activation function
¢ is assumed to be the same for all layers. To solve the differential problem (7.8) using PINNs,
the exact solution is approximated by finding an optimal set 6* of neural network hyperpara-
meters that minimizes a loss function £. This function consists of two components: the former,
denoted by L4, is related to the differential equation, while the latter, here denoted by L4, is
connected to the initial-boundary conditions (see Fig. 7.1). In particular, the loss function can
be defined as follows:

L= wg/g [F(u(z),y) — f]*dz + wg/a . [B(u(z)) — w]? dH",

N J/ N _
-~

~
ZLg‘ ::L'B

where ws and wg represent the weights that are usually applied to balance the importance of
each component. Hence, we can write

0% := argmin L£(0).
0
The aim of this approach is to approximate the solution of the PDE satisfying the initial-
boundary conditions. This is known in the literature as the direct problem, which is the only
one we will address here.
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| Automatic differentiation |

Loss function

|
|
|
|
L= w;/QT[]:(u(z),y) — f]?dz + wB/a [B(u(z)) — w)* dH" |
|
|
|
|

parQT

=LF =:Lg

0" := arg min, £(6) Optimization

Figure 7.1: Overall structure of the proposed methodology. An FF-DNN serves as the neural
network’s architecture. Automatic differentiation is employed to calculate the loss terms asso-
ciated with the model’s dynamics. The loss function comprises two components: the physics
loss, represented by L4, and the boundary loss denoted by £5. During the optimization phase,
the objective is to minimize the loss function with respect to the set of hyperparameters 6.

7.3 Numerical results

In this section we evaluate the accuracy and effectiveness of our predictive method, by testing
it with five problems of the type (7.1) whose exact solutions are known. For each problem,
we will denote the ezact solution by u, and the predicted (or approzimate) solution by .
Sometimes, by abuse of language, for a given time ¢t > 0 we will refer to the partial maps u(-,t)
and u(-,t) as the exact solution and the predicted (or approximate) solution, respectively.
The meaning will be clear from the context every time. We will deal with each test problem
separately, so that no confusion can arise. In the first three problems, 2 will be a bounded
domain of R?, while, in the last two problems, 2 will denote the open unit sphere of R? centered
at the origin.

In addition, for each of the test problems, we employed the same neural network architecture.
This consists of four layers, each with 20 neurons. We utilized the hyperbolic tangent function
as an activation function for both the input layer and the hidden layers, while a linear function
served as an activation function for the output layer.

Lastly, to train the neural network, we conducted 80,000 epochs with a learning rate (Ir) of
3 x 1073 and employed the Adaptive Moment Estimation (ADAM) optimizer. The decision
to set the Ir to the constant value 3 x 1073 was based on the observation that this specific
hyperparameter led to the optimal convergence of our method. Experimentation with Ir set to
1 x 107! highlighted the network’s inability to achieve convergence, while using an Ir of 1 x 107>
allowed the method to converge, albeit requiring a significantly higher number of epochs. The
latter scenario, while ensuring convergence, proved to be less computationally efficient.

The experiments were performed on a NVIDIA GeForce RTX 3080 GPU with AMD Ryzen
9 5950X 16-Core Processor and 128 GB of RAM.
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7.3.1 First test problem

The first test problem that we consider is

v — div <(|Dv| —1), “fg—|> —1 inQp,
v(z,y,0) = 5(a* +°) if (z,y) € Q, (1)
v(z,y,t) =13+t if (z,y) € 02 Nt (0,T),

where
Q={(r,y) eR*: 2* +y* < 1}.

The exact solution of this problem is given by

1
u(,y,t) = 5@ +y°) +t.

Therefore, for any fixed time ¢t > 0 the graph of the function wu(-,t) is an elliptic paraboloid.
As time goes on, this paraboloid slides along an oriented vertical axis at a constant velocity,
without deformation, since du = 1 over Qp (see Fig. 7.2).

To train the neural network, in each experiment we have initially used 441 points to suitably
discretize the domain 2 and its boundary 02, and 21 equispaced points in the time interval
[0,7]. Once the network has been trained, we have made a prediction of the solution to
problem (P1) at different times t (Fig. 7.2).

Figure 7.2: Plots of the exact solution to problem (P1) (above) and the predicted solution
u(-,t) (below) for t =0 (left), t = 2.5 (center) and ¢ = 4.5 (right).
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What has been verified is that the plot of the predicted solution u(-,¢) has precisely the
same shape and geometric properties as the graph of the exact solution u(-,t), for both short
and long times t. Moreover, the time evolution of the approximate solution @ exactly mirrors
the behavior described for the known solution u. A further interesting aspect that can be
noticed is that the level curves of the approximate solution 4(-,t) overlap almost perfectly
those of u(-,t), provided that t is not very large (see Fig. 7.3).

1.00 T 105 1.00
0.75 / 0.90 0.75
0.50 0.50

> 000 > 0.00

T 11.10
r10.95
It 10.80
1 10.65
—t 10.50
-0.25 -0.25

—t10.35

-0.50 =0.50 T 10.20

-0.75 o1 -ors

-1.00

.0 = 0.00 =1.00
-1.00 -0.75 -0.50 -0.25 0.00 025 050 075 100
x

' et -1.00 — —
-1.00 -0.75 -0.50 -0.25 0.00 025 050 075 100 -1.00 -0.75 -0.50 -0.25 0.00 0.25 050 0.75 1.00
x x

Figure 7.3: Superposition of the level curves of the exact solution u(-,¢) and the predicted
solution 4(+,t) for ¢ = 0 (left), t = 5 (center) and ¢ = 10 (right). The contour lines corresponding
to the same level are almost indistinguishable for any fixed t € [0, 10].

We have also noted that, at time ¢t = 0, the approximate solution is basically equal to zero
in a very tiny region around the origin (0,0) of the zy-plane. This means that the said region
is composed of “numerical zeros” of the solution predicted at time ¢ = 0, while we know that
u(z,y,0) = 0 if and only if (z,y) = (0,0). However, this discrepancy is actually negligible,
since the order of magnitude of u(z,y,0) is not greater than 10~¢ within the above region.

To assess the accuracy of our predictive method and the numerical convergence of the
solution u toward u in a more quantitative way, we now look at the time behavior of the
L*-error ||a(-,t) — u(-, t)||2() by considering the natural quantities

E(T) = sup [la(,t) = u(-,t)||72(0 (7.9)
te (0,T)
and
E(T
&ra(T) := (T) — (7.10)
sup [Ju(-, )2
te (0,7)

Passing from Cartesian to polar coordinates, one can easily find that

1 ’ t 1
2 _ 2 2 _ 2
Dl ‘//[E“”’ +y )+t] dedy = 7 (t *5*@)7
Q

and therefore

B 12 &(T)
Eral(T) = (1272 46T +1)
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During our numerical experiments, we have estimated both £(T") and €,(T") for
T € {1, 10, 100, 200, 300, 400, 500}.

The results that we have obtained are shown in Table 7.1. The estimates of £(1) and £(10)
are equal to 2.24 x 107° and 4.30 x 10~* respectively, which is very satisfactory, especially
considering that the order of magnitude of &, (1) and &,.(10) is equal to 107°.

Final time T | Estimate of £(T) | Estimate of &, (T)

1 2.24 x 107 4.50 x 1076

10 4.30 x 1074 1.30 x 1076
100 1.87 x 1071 5.92 x 1076
200 2.05 x 1071 1.63 x 107
300 2.45 x 1071 8.65 x 107
400 2.47 x 1071 491 x 1077
500 2.80 x 107! 3.56 x 1077

Table 7.1: Estimates of £(T") and &,(T") for T' € {1, 10, 100, 200, 300, 400, 500}.

In order to get more accurate estimates for larger values of T, for every fixed T > 100 we
have used 2.1 x T equispaced points (instead of the initial 21) to discretize the time interval
[0,7]. By doing so, we have observed that the variation of the estimate of (7" displays a
monotonically increasing behavior, in accordance with the definition (7.9). However, even for
100 < T < 500, the order of magnitude of &, (7T") remains not greater than 107°. Therefore,
for this first test problem, we can conclude that our predictive method is indeed very accurate
and efficient, on both a short and long time scale.

Now, for 0 < € < 1 we consider the problem

e —div (H(Dv.) +eDv.) =1 in Q5 1= Q' X (t1, 1),
ve(m,y,t) = 5 (@ + %) + 0 if (n,y) €Y, (7.11)
ve(z,y,t) = 5( if (z,y) € OV At e (t,ta),

which is nothing but the approximating problem (7.6) associated with (P1). In what
follows, we will denote the exact solution of (7.11) by w,., while its predicted solution will be
denoted by ..

Throughout our tests, for 107 < & < 1073, for ' = Q and for (t1,t3) = (0,7), we have
observed that the plots of the predicted solution 1. (-, ¢) and the exact solution u(-, ) share the
same configurations and geometric peculiarities, on both a short and long time scale (see, e.g.
Fig. 7.4). Furthermore, we have seen that the evolution over time of . reflects the behavior
depicted for the solution u quite faithfully.

In addition, the contour lines of (-, ¢) perfectly overlap those of u(:,t), at least for not very
long times ¢ (see Fig. 7.5).
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Figure 7.4: Plots of the approximate solution 4. (-, t) for e = 1072 (above) and ¢ = 107 (below),
at times t = 0 (left), t = 5 (center) and ¢ = 10 (right). Here ' = Q and [t1, 2] = [0, 10].
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Figure 7.5: Superposition of the level curves of the exact solution u(-,¢) and the predicted
solution . (-, t) for e = 1072 (above) and ¢ = 1079 (below), at times ¢ = 0 (left), ¢ = 5 (center)
and ¢t = 10 (right). Here Q' = Q and [t1,t5] = [0,10]. For every € € [107%,1073], the contour
lines of the approximate solution 4. (-, t) perfectly overlap those of u(-,t) for any fixed ¢ € [0, 10].
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Let us now assume that

9/172 = Q%(Zo) = B%<O) X (2,2),

where zp = (0,2) = (0,0,2). Then, the limit in (7.7) suggests that 4. should numerically
converge to u as € \, 0. To obtain a numerical evidence of such convergence, we have chosen

7

Q/ = Bl/Q(O) and (tl,tQ) = (Z’

2)

into (7.11) and examined the time behavior of the L*-error ||t.(-,t) —u(-, t)|| 12, by evaluating
the quantities

Eoi= sup [lie(,t) = u, )32, 000
te(%,2)

and
E.

ANE '
t:é};) Hu( ) )HLQ(Bl/Q(O))

Erel = Erel(g) =

Switching from Cartesian to polar coordinates, one can easily compute

2
t 1
2
e )HLzBl/QO) // [ 2?4y +t] drdy = 4<t +8+@)

B1(0)

from which it immediately follows that

768 F.
8177

Erel =

In the testing phase, we have estimated both E. and E,.; for
ec {107,107, ... 1071, 1}.

Table 7.2 shows the results obtained and reveals that the predicted solution u. converges to u
as ¢ tends to zero, although not very quickly. In fact, the estimates of E. and E,(¢) approach
zero with a convergence rate much lower than that of . Furthermore, they seem to start
decreasing monotonically, i.e. without oscillations, for e < 10719,
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€ Estimate of E. | Estimate of F,

1 5.816 x 10~* 1.74 x 1074
101 1.658 x 10~ 4.96 x 1076
1072 2.485 x 107° 7.44 x 1076
1073 0.280 x 1076 2.78 x 1076
1074 5.331 x 1076 1.60 x 106
107° 9.681 x 1076 2.90 x 1076
106 7175 x 1076 215 x 1076
1077 2.027 x 1076 6.06 x 1077
108 8.205 x 1076 2.45 x 1076
1079 3.749 x 1076 1.12x 1076
10-19 4.254 x 1076 1.27 x 1076
10711 3.611 x 1076 1.08 x 107
10712 2.769 x 1076 828 x 1077
10713 2.399 x 10°© 718 x 107
10~14 2.017 x 1076 6.03 x 1077
10~ 1.649 x 1076 4.94 x 1077

Table 7.2: Estimates of E. and E,(g) for e € {10715, 107", ..., 107, 1}.

7.3.2 Second test problem

Let a > 0. As a second test problem, we consider

O — div <(]DU]—1) D”) =f inQr,

+ Dul
v(z,y,0) =0 if (z,9) € Q, (P2)
v(x,y,t) =t if (z,y) € 02 ANte (0,T),
where Q = {(x,y) € R? : 22 + y* < 1} again and
i ) (22 + y?)° if 2at (22 + y?)* "2 < 1,
xayat = el a— 1 ; a—1
(22 + y?)* — 4ot (2? + y*)* 1 + Wy if 2at (22 +y?)* 2 > 1.

The exact solution of problem (P2) is given by
u(@,y,t) = ua(w,y,t) = t(a® +y°)"

At any fixed time t > 0, the shape and geometric properties of the graph of w(-,t) strongly
depend on the value of the parameter .

If = %, then the graph of u(-,t) is a cone whose vertex coincides with the origin (0,0,0) at
any given positive time t. As time goes on, the cone in question gets narrower and narrower
around the vertical axis. In this case, the plot of the approximate solution 4(-,t) has the same
form as the graph of the exact solution wu(-,t) for both short and long times ¢ > 0, except near
the origin, where the tip of the cone appears to have been smoothed out (see Fig. 7.6, center).
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However, this is not a surprise at all, since we already know that for ¢ > 0 the function
(2,y) € Qs (22 +17)2

is not differentiable at the center (0,0) of €.

~

Figure 7.6: Plots of the exact solution (above) and the predicted solution (below) to problem
(P2) at time t = 4.5 for a = 0.3 (left), o = 0.5 (center) and o = 1.3 (right).

When 0 < a < %, the graph of w(-,t) is cusp-shaped for any fixed time ¢t > 0, the origin
now being a cusp for all positive times. In this case, a loss on convexity occurs, which is also
observed in the plot of the predicted solution (-, t) for all times t > 0 (see, e.g. Fig. 7.6, left).

Lastly, when o > % the graph of wu(-,¢) is no longer cusp-shaped and becomes increasingly
narrow around the vertical axis as ¢ increases. Furthermore, for any fixed t > 0 the exact
solution u(-,t) is convex again and its graph gets flatter and flatter near the origin when
a >>1 (see Fig. 7.7).

In all three of the above cases, we have noticed that the plot of u(-,t) is basically identical
in its shape and geometry to the graph of the exact solution u(-,t), for both short and long
periods t.

Moreover, also for problem (P2) we have verified that the time evolution of the predicted
solution faithfully reflects the trend described for the exact solution in all three previous cases.
Therefore, we may conclude that a = I represents a critical value for the global behavior of

2
both the exact and the predicted solution.
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Figure 7.7: Plots of the exact solution to problem (P2) (above) and the predicted solution
u(-,t) (below) for a = 5, at times ¢t = 0.5 (left), ¢ = 5 (center) and ¢ = 10 (right).

Later, we have examined the contour lines of ,/(-,t) for a € {0.3,0.5,1.3,5} and for not
very large times t > 0. For every fixed o € {0.3,0.5,1.3}, the level curves of ,(+,t) overlap
quite well those of u,/(+,t), with some small differences between one case and the other. More
precisely, for each o € {0.5,1.3} the contour lines corresponding to the same level are almost
indistinguishable, at least for not very long times ¢ (see, for example, Fig. 7.8, where t = 0.5).

For a = 5 and t > 0, we have also noted that the approximate solution is essentially equal to
zero in a fairly large region X around the origin (0, 0) of the xy-plane (see Fig. 7.9). As already
said for problem (P1), this means that such region consists of numerical zeros of us(-,t), while
for t > 0 we know that us(z,y,t) = 0 if and only if (z,y) = (0,0). However, this discrepancy
is reasonably small for short times, since the order of magnitude of us(x,y,t) does not exceed
10~2 within X, for 0 < ¢ < 10.
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1.2
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Figure 7.8: Superposition of the level curves of the exact solution u,(-,t) and the predicted
solution 4,(+,t) at time ¢t = 0.5, for a = 0.3 (left), a = 0.5 (center) and o = 1.3 (right).
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Figure 7.9: Level curves of the exact solution u,(-,t) (above) and the predicted solution (-, )
(below) for v = 5, at times t = 0.5 (left) and ¢ = 1 (right).

To evaluate in a more quantitative manner the accuracy of our method in solving problem
(P2) and the numerical convergence of the solution @ toward u, we may now consider again the
quantities (7.9) and (7.10). Passing from Cartesian to polar coordinates, we find

2 _ 2 2 . 2\2 owt?
[ta (- D) l|z2) = ¢ //(UC +y ) dedy = a1
Q
so that we now have
E(T) 200+ 1
Erat(T) = - sup  ||a (-, 1) — ua (-, )2 .
D) = e Tl = 77 S (8 = el Ol

te (0,T)

During the experimental phase, we have estimated &(7") and &,¢(7T) for a € {0.3,0.5,1.3,5}
and T € {1,10,20,40,100}. The results that we have obtained are reported in Tables 7.3—7.6
and show that, for any fixed value of «, the estimate of £(T') follows an increasing trend, as
prescribed by (7.9). Furthermore, by analyzing the orders of magnitude of £(T") and &,.(7T), we
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may affirm that our approach provides very accurate predictions, on both a short and long-term

scale.
| a=0.3 |
Final time T | Estimate of £(T) | Estimate of &, (T)

1 2.42 x 107° 1.23 x 107°

10 4.23 x 1074 2.15 x 107°

20 2.20 x 107° 2.80 x 107°

40 1.48 x 1072 4.71 x 107
100 2.54 x 1071 1.29 x 107°

Table 7.3: Estimates of E(T") and &,(T') for « = 0.3 and T' € {1, 10, 20, 40, 100}.

| a=0.5 |
Final time T | Estimate of £(T) | Estimate of &, (T)
1 2.81 x 107 1.79 x 107°
10 3.41 x 1074 2.17 x 107
20 1.26 x 1073 2.01 x 107
40 9.41 x 1072 3.74 x 107
100 2.25 x 1071 1.43 x 107°

Table 7.4: Estimates of (T") and &,(T") for « = 0.5 and T" € {1, 10, 20, 40, 100}.

| a=13 |
Final time T | Estimate of £(T) | Estimate of &,..,(T)
1 2.85 x 107° 3.27 x 107
10 1.76 x 1074 2.02 x 1076
20 1.26 x 1073 3.61 x 1076
40 1.51 x 1073 1.08 x 1076
100 1.36 x 1072 1.56 x 10~

Table 7.5: Estimates of (T") and &,(T") for « = 1.3 and T" € {1, 10, 20, 40, 100}.

| a=5 |
Final time T | Estimate of £(T) | Estimate of &,.(T)
1 4.09 x 10~* 1.43 x 1073
10 1.01 x 1073 3.53 x 107°
20 1.19 x 107! 1.04 x 1073
40 7.51 x 101 1.64 x 1073
100 8.78 x 107! 3.07 x 1074

Table 7.6: Estimates of &(T') and &,(T) for « =5 and T € {1, 10, 20, 40, 100}.
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7.3.3 Third test problem

We shall now consider the problem

O — div ((\DU\ —1)4 Ig_zl> =1 in Qrp,
v(x,y,0) = g(z,y) if (z,y) € Q, (P3)
v(w,y,t) = h(z,y,t) if (z,y) €9Q Nt e (0,7),

where ) = (—1,1) x (=1, 1),

1 if —1<2z<0AN-1<y<I1,
9(z,y) = .
l—2 f0<z<1A-1<y<l1,
and
1+1¢ if —1<z<0Ay=—1,
1+¢ if —1<z<0Ay=1,
1+t ifr=—-1A-1<y<lI,
t fr=1A-1<y<I,
l—z+4+t f0<z<1 ANy=—1,
l—xz+t f0<z<1Ay=1

h(z,y,t) ==

\

The exact solution of this problem is given by

14+t if —1<z<0AN-1<y<l1
ML%Q—{ - 1 == == (7.12)

)l 1-—z+t fO0<z<1A-1<y<l.

Therefore, for any fixed time ¢t > 0, the graph of the function wu(-,t) is given by the
union of the horizontal region

and the sliding plane
o ={(r,y,1—2x+t): 0<2x <1, -1<y<1}.

Let us denote by G, := H, UJ; the graph of u(-,t). Then, as time goes by, the set G, slides
along a vertical axis with a constant velocity and no deformation, since du = 1 over Qp (see
Fig. 7.10, above).
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Figure 7.10: Plots of the exact solution to problem (P3) (above) and the predicted solution
u(-,t) (below) for t = 0 (left), t = 0.5 (center) and ¢ = 1 (right).

The plot of the approximate solution 4(-,¢) roughly resembles that of u(-,t) for both short
and long times ¢t > 0, except near the joining line J; N J;, where the graph of the solution
appears to have been slightly smoothed (see Fig. 7.10, below). However, this is not surprising
at all, since we already know that, for any fixed ¢ > 0, the function u(-,¢) : © — R defined by
(7.12) is not differentiable at any point of the open segment Sy := {(z,y) € @ : x = 0}. This
fact also has repercussions in the comparison between the level curves of wu(-,¢) and a(-,1),
whose superposition is far from being perfect on approaching the segment Sy from the right,
i.e. for x > 0 (see Fig. 7.11).

Furthermore, we have also observed that the evolution of @ over time accurately reflects the
evolution of the set G; described above.

= 0.00- = 0004 =t 105 = 000 —+ 150
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x * x

Figure 7.11: Superposition of the level curves of the exact solution wu(-,t) and the predicted
solution (-, t) for t = 0 (left), t = 0.5 (center) and ¢ = 1 (right).

In order to assess in a more quantitative way the accuracy of our method in solving (P3) and
the distance between the solutions u and @, we resort again to the quantities defined in (7.9)
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and (7.10). Through an easy calculation, we get

8
[u(-, )72 = 417 + 61+ 3

so that we now have

E(T) 3 ,

(C_:re T) = — su U .,t —u ,7t ) ) 713

l( ) sup ||u('7t)||%2(9) 1272 + 18T + 8 te(OI,)T) H ( ) ( )HL () ( )
te (0,T)

Proceeding as for the previous problems, we have estimated &(7") and &, (T") for
T € {1,10, 100, 200, 300}.

Table 7.7 contains the results obtained and reveals that the estimate of €(7) exhibits again
an increasing behavior, as expected from (7.9). Furthermore, from this table, it seems
that the asymptotic trend of the estimate of &,,(7) may encounter a sort of plateau at
T = 100, after which convergence sensibly slows down. We do not know whether this is a
typical behavior, since we cannot draw information from (7.13) in this sense. In fact, from
the definition of €,.(7) it is not possible to predict what the combined effect of £(7T") and

sup ||u(-,t)\|%2(m is, since &, (T) is the ratio of two functions which are both increasing
te (0,T)
with respect to T" and we cannot determine a priori the growth rate of €(T"). Nevertheless, by
carefully examining the orders of magnitude of both £(7T) and &,(7'), we can conclude that

our method produces accurate results also in this case, in both short and long-term predictions.

Final time T | Estimate of £(T) | Estimate of &, (T)
1 1.67 x 107! 1.32 x 1072
10 1.69 x 107! 3.65 x 1074
100 3.72 x 1071 9.16 x 10°°
200 6.92 x 107! 4.29 x 107°
300 7.21 x 1071 1.99 x 107°

Table 7.7: Estimates of £(T") and &,(T") for T' € {1, 10, 100, 200, 300}.

7.3.4 Fourth test problem
We now consider the problem
Bv — div ((|DU| 1), ﬁ;—o —1  inQp,

U(x7y72a0> = %(12 +y2 + ZQ) if (Iay72> S ﬁ) ({‘])4)
v(x,y,z,t):%+t if (z,y,2) €0Q ANte (0,T),
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where Q = {(z,y,2) € R®: 22 + y* + 2% < 1}. This problem is the three-dimensional version of
problem (P1) and its exact solution is given by

1
u(z,y, z,t) = 5(352 +y* 4+ 2%+t

To evaluate the accuracy of our method in solving problem (P4) and the distance between
the predicted solution 4 and the exact solution u, we confined ourselves to considering the
quantities (7.9) and (7.10). Passing from Cartesian to spherical coordinates, one can easily
find that

2 Lo o o ? 4, 4 1
“u('ﬂt)HL?(Q) = —(x°+y*+2°)+t| dedydz = 7w | =t"+-t+ -,
2 3 507
Q

and therefore

Srel(T> =

E(T) — sup (-, t) — (- 1)|

pr— u .’ _ .7 .
ts%pT)||u(~,t)||%2(Q) 7 (140T? + 84T +15) e om) L2@)
S El

Proceeding as for problem (P1), we have estimated both £(T) and &, (T") for
T € {1, 10,20, 30,40, 50, 100}.

The data that we have obtained are reported in Table 7.8 and show that the estimate of £(T)
is monotonically increasing, in agreement with the definition (7.9). From Table 7.8 it also
emerges that the trend of the estimate of €,.(7) has a sort of plateau between T" = 30 and
T = 40, after which there is a slight rise. In this regard, the same considerations made for
Table 7.7 apply. However, for every T' < 100 the order of magnitude of €,.(7") is not greater
than 107°. Therefore, we may affirm that our predictive method is very accurate and efficient
in this case, on both a short and long time scale.

Final time T | Estimate of £(T) | Estimate of &, (T)

1 6.59 x 10~* 9.21 x 107°

10 1.21 x 1073 2.73 x 1076

20 1.73 x 1073 1.00 x 1076

30 2.90 x 1073 7.54 x 1077

40 6.13 x 1073 9.02 x 1077

50 4.89 x 1072 4.61 x 1076
100 1.44 x 1071 3.42 x 1076

Table 7.8: Estimates of E(T") and &,(T") for T' € {1, 10, 20, 30, 40, 50, 100}.
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7.3.5 Fifth test problem

Let a > 0 and w = 2a(2a + 1). The last problem that we consider is

v — div ((\Du\ —1), uf;—‘> —f i Qp,
v(z,y,2,0) =0 if (z,y,2) €9, (P5)
v(x,y,2,t) =t if (z,y,2) € 0 A L€ (0,T),

where Q = {(z,y,2) € R®: 22 + y> + 22 < 1} and

(22 + y* + 2% if 20t (22 + Y% + 222"z < 1,
/ (22 +y? + 22) 2 (22 + ¢ + 2% — wi) + ——— ijHQ if 2at (2% + 42+ 22)* "z > 1.

g b

In order to assess the accuracy of our method in solving (P5) and the distance between the
approximate solution @ and the exact solution u, we again limited ourselves to estimating the
quantities defined in (7.9) and (7.10). Switching from Cartesian to spherical coordinates, we
can easily obtain

A7 t?
lta (- Dl = £ /[/ (@ 47 + 2P ddyds =
Q

a+3°

This yields

Proceeding as for problem (P2), we have estimated £(T") and &,¢(T) for a € {0.3,0.5,1.3,5}
and T € {1, 10, 20,40, 100}. The results that have been obtained are shown in Tables 7.9—7.12
and reveal that, for any fixed value of «, the estimate of (7" is again monotonically increasing,
as expected from (7.9). Nevertheless, by carefully analyzing the orders of magnitude of both
E(T) and &,¢(T), we can deduce that our method provides accurate solutions also in this case,
in both short and long-term predictions.

| a=0.3 |
Final time T | Estimate of £(T) | Estimate of &,..,(T)
1 1.27 x 107° 4.25 x 107°
10 6.93 x 1074 2.31 x 107°
20 4.64 x 1073 3.88 x 1076
40 2.37 x 1072 4.95 x 107°
100 2.58 x 107! 8.63 x 107°

Table 7.9: Estimates of E(T") and &,¢(T") for « = 0.3 and T" € {1, 10, 20, 40, 100}.
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| a=0.5 |
Final time T | Estimate of £(T) | Estimate of &,..,(T)
1 1.02 x 107 4.05 x 107°
10 4.60 x 1074 1.83 x 107°
20 2.25 x 1073 2.24 x 107
40 3.44 x 1072 8.54 x 107°
100 4.47 x 1071 1.78 x 10°

Table 7.10: Estimates of (T") and &,(T") for « = 0.5 and T' € {1, 10, 20, 40, 100}.

| a=13 |
Final time T | Estimate of £(T) | Estimate of &, (T)
1 3.21 x 107° 2.09 x 107°
10 9.83 x 10~* 6.42 x 1076
20 9.73 x 1073 1.59 x 10~
40 2.61 x 1072 1.06 x 10~°
100 1.56 x 10! 1.02 x 10~°

Table 7.11: Estimates of E(T') and &,(T) for a = 1.3 and T € {1, 10, 20, 40, 100}.

| a=5 |
Final time T | Estimate of £(T) | Estimate of &, (T)
1 9.72 x 10~* 1.78 x 1073
10 1.19 x 1073 2.19 x 107°
20 3.61 x 1072 1.65 x 10~*
40 2.45 x 1071 2.80 x 1074
100 6.83 x 107! 1.25 x 10~

Table 7.12: Estimates of E(T') and &,(T) for « =5 and T € {1, 10, 20,40, 100}.

7.4 Conclusions

In this chapter, we have explored the ability of PINNs to accurately predict the solutions
of some strongly degenerate parabolic problems arising in gas filtration through porous media.
Since there are no general methods for finding analytical solutions to such problems, it is
essential to use efficient and accurate numerical methods. One of the prevalent methods for
addressing these problems is the Finite Difference Method (FDM), wherein PDEs are discretized
into a system of algebraic equations to be solved numerically. However, the FDM requires the
discretization of the domain into a grid of cells or nodes, which can become computationally
expensive for large and intricate systems. Although the primary objective of our investigation is
not to prove the effectiveness of a PINN compared to a classical numerical method, we engaged
in a comparison with the FDM. As established in the literature, for problems characterized by a
less complex domain, the FDM typically exhibits a higher level of accuracy compared to PINNs.
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Nevertheless, in our study, the advantage of using a PINN lies in the ability to test the model
on various presented problems (varying the initial/boundary functions and the a parameter),
once it has been trained. Additionally, the FDM can be utilized as a benchmark in cases where
the solution to the problem is unknown, ensuring a fair comparison under equivalent accuracy
conditions.

For the test problems discussed here, whose exact solutions are known, we have compared the
plots of the predicted solutions with those of the analytical solutions. Moreover, to evaluate the
accuracy of our predictive method in a purely quantitative way, we have also analyzed the error
trends over time. The proposed approach provides accurate results in line with expectations,
at least in short-term predictions. However, some issues remain open, such as how to obtain
fully reliable plots for the predicted solution when the exact (unknown) one is not differentiable
somewhere, and how to reduce or eliminate some slight discrepancies between the contour lines
of the predicted solution and those of the analytical solution in the case n = 2.

To the best of our knowledge, our study is the first to demonstrate the effectiveness of the
PINN framework in solving strongly degenerate parabolic problems with asymptotic structure
of Laplacian type.
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