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INTRODUCTION

The purpose of this paper is to generalize a recent result [10], concerning the quasistatic
evolution of cracks in finite elasticity, in order to cover the case of boundary conditions and
external forces which are not smooth in time or space.

Preprint SISSA 51/2009/M (September 2009).
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The physics of the problem relies on GRIFFITH’s principle [19] that the propagation of

a crack is the result of the competition between the elastic energy released when the crack

opens and the energy spent to produce new crack. The elastic body is represented by a

bounded open set 2 C R™ and the state of the system is described by a pair of variables

(u,T), where u is the deformation of 0 and T is the crack. The internal energy is defined
as

EM(u,T) :== W(u) + K(T), (0.1)

where KC(T') is the energy dissipated to open the crack T' and W(u) = [, W(Vu(z))dz is
the elastic energy stored in the body under the deformation w; it depends on the strain
Vu, according to the hypothesis of hyperelasticity. The body is subject to external forces,
dependent on the time instant ¢ € [0, 1], with potential £*(¢,u). Hence the total energy is

Et,u,T) := EM(u,T) — E(t,u). (0.2)

Moreover, a time-dependent boundary condition u = (¢) can be imposed on a part of 9).

The variational model, developed by FRANCFORT-MARIGO [15], is based on a process
of time discretization which gives rise to some incremental problems, solved through global
minimization. In particular, the crack path need not be prescribed a priori, but it is deter-
mined by the energy criterion. For an account of the results obtained on this argument we
refer to [5].

In the first existence theorems in the literature, € is contained in R?, the crack T is
supposed to be a closed set, and the deformation u is represented by a Sobolev function
on the domain Q\I': this was studied by DAL MASO-TOADER [12] and CHAMBOLLE [7].
Instead, in the formulation of FRANCFORT-LARSEN [14], the functional setting for the de-
formation is the space of special functions of bounded variation SBV (), while the crack
is a rectifiable set containing the jump S(u): this allows them to consider the case of ar-
bitrary space dimension. All these results were obtained in the case of linearized elasticity,
when W(A) = |A — I|*. They were generalized by DAL MASO-FRANCFORT-TOADER in [9],
where the energy density W is only assumed to be a quasiconvex function with a condition
of polynomial growth of the type c¢|A|" < W (A) < C|A|” (here, ¢,C >0, and p > 1).

The usual hypothesis in finite elasticity is that the strain energy diverges as the determi-
nant of the deformation gradient vanishes:

W(u) = +oco if detVu <0 and W(u) — +oo if detVu — 0T . (0.3)

This ensures the “physical” feature that the deformations with finite energy preserve orien-
tation, i.e.,

det Vu(z) >0 for a.e. z € Q. (0.4)

Unfortunately, (0.3) is incompatible with polynomial growth, which is a basic tool in the
above mentioned articles for proving semicontinuity and controlling energy from above. The
previous results were extended in [10] under some general assumptions compatible with finite
elasticity, introduced in BALL [4], FRANCFORT-MIELKE [16], and FUsCcO-LEONE-MARCH-
VERDE [17].

In [10], we work in spaces of SBV functions, thanks to the hypothesis that the body
Q is confined in a compact set K C R™ where all the deformations take place. We prove
the existence of quasistatic evolutions ¢ — (u(t),I'(¢)) minimizing (0.2) and satisfying an
energy-dissipation balance law, which states that the time derivative of the internal energy
Emt(u(t),T'(t)) equals the power of the external forces £°'(t,u(t)). These are the two
fundamental properties of the variational approach to rate-independent processes introduced



QUASISTATIC CRACK GROWTH WITH LIPSCHITZ DATA 3

by MIELKE (see [21] and the references therein). Moreover, a strong non-interpenetration
requirement, called Ciarlet-Necas condition [8], can be imposed on the solutions, which not
only preserve orientation as in (0.4), but are globally invertible, too; this property was
studied in the SBV context by GIACOMINI-PONSIGLIONE [18].

The key point for the energy estimates is replacing polynomial controls by a bound from
above which is compatible with (0.3): namely, we suppose that for every A € GL

|ATDAW (A)| < ey (W(A) + ), (0.5)

where ¢}, > 0 and cj, > 0 are two constants. The multiplicative stress estimate (0.5) is
well studied in mechanics [4]; in order to exploit it, we use a method introduced in [16] and

manipulate the solutions in a multiplicative way. More precisely, we look for minimizers to
(0.2) of the form
u=1(t)oz, (0.6)

where 2z coincides with the identity function on the Dirichlet part of 9. This can be done
provided that the boundary datum (t) is extended to a function defined on the whole set
K (which contains ) and is a diffeomorphism of K onto itself.

Following [16], in [10] we suppose that both (¢)(z) and its spatial gradient Vi (t)(x) are
of class C! in (t,z), and the same for the spatial inverse ¢(t) := 1(¢)~1. These hypotheses,
which were made for the sake of simplicity, are not satisfactory for two reasons:

e the spatial smoothness is a strong requirement (whilst the solutions are only SBV);
e the class of data is not invariant under Lipschitz time reparametrizations.
In the present paper, we assume that 1, ¢ € W1°°([0, 1]; W1>°(K; K)), which implies they
are Lipschitz in both variables, but not necessarily C! (see Section 1.7 for the detailed
definition of this space). Hence, we consider a wider class of data, which is invariant under
Lipschitz reparametrizations of time: this is important from the point of view of rate-
independent processes.

Due to the lack of regularity, the chain rule is nontrivial when deriving (0.6): indeed,
if z is SBV it may happen that the counterimage through z of the set of points of non-
differentiability of (t) is a set of positive measure. This does not occur in our case because
det Vz is a.e. positive, as well as det Vu (see Remark 1.4 and Lemma 2.1 for the details).
Notice that this property follows from (0.4) and does not require global invertibility.

Following [9], in this work we introduce also volume and surface forces (£°** in (0.2)),
which were not present in [10]. As we employ the multiplicative splitting (0.6), the minimal
hypotheses on the external forces are strictly related with those on the boundary data. The
assumptions we make here (see Section 1.6) are compatible with Lipschitz reparametrizations
of time; moreover, they hold in the case of dead loads (Example 1.12).

The multiplicative splitting method leads us to an alternative formulation of the prob-
lem, where the time-dependence of the boundary conditions is transferred to the volume
energy terms (see Section 2.2). As in [10], we are interested in incrementally-approximable
quasistatic evolutions (Definition 3.3). The proof of global minimality and energy balance
(Theorem 3.5) requires some remarks about the consequences of (0.5), stated in Section 2.3,
and some results concerning the approximation of Lebesgue integrals with Riemann sums
(Lemmas 3.8 and 3.9).

The structure of the article is the following. In Section 1 we introduce the hypotheses on
the geometry of the body, on the strain energy, on the external forces, and on the prescribed
deformations. In Section 2 we present the multiplicative splitting method and the auxiliary
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formulation with time-independent boundary data, with the properties of the energy terms
after the change of variables (0.6). Section 3 is devoted to the definition of quasistatic
evolution and to the proof of the main results.

1. SETTING OF THE PROBLEM

1.1. Notation. Throughout the paper, n > 2 is fixed; the symbol - stands for the Euclidean
scalar product on R™ and |-| for the corresponding norm. The nxn real matrices are
denoted by M"*™ | the ones with positive determinant by GL;, and the rotation matrices
by SO, ; I is the identity matrix. The space M"™*" is endowed with the scalar product
A:B :=tr (AB"); we denote by |-| the corresponding norm. Given A € M"*™, we define
adj; A as the vector composed of the minors of A of order j.

We call modulus of continuity a nondecreasing function w: [0,1] — [0,400), such that
w(h) — 0 as h — 0.

Henceforth, £" is the Lebesgue measure in R™, while H"~! is the (n — 1)-dimensional
Hausdorff measure. The expression almost everywhere (a.e.) refers to L£™ unless otherwise
specified. Given two sets A and B in R", we say that A C B when H"~}(A\B) = 0 and
that A = B when H" }(AA B) =0, where AA B := (A\B)U (B\A).

We refer to [2] for all the following definitions. For a bounded open set U C R™ and
m > 1, BV(U;R™) is the space of functions of bounded variation and SBV (U;R™) the
subspace of special functions of bounded variation. The symbol Du stands for the gradient
of u, |Dul (U) for its total variation, Vu for its absolutely continuous part, and DIu for its
gump part. We denote the jump set of u by S(u) and its unit normal vector field by v, .
For p > 1, we consider the subspace

SBVP(U;]Rm) = {u S SBV(U,RT") Yu e LP(U;Man)} 7

endowed with the norm

1
P
lullspvewmm) == /U lu| do + </U [Vu|? dx) + |Du| (U).

In SBVP(U;R™) we provide the following notion of weak* convergence.

Definition 1.1. A sequence wuy, converges to u weakly* in SBVP(U;R™) if
ug,u € SBVP(U; R™);

up — U in measure;

||uk||LOQ(U;Rm) is bounded uniformly with respect to k;

Vug — Vu weakly in LP(U; M™*™);

H"~1(S(ug)) is bounded uniformly with respect to k.

1.2. The geometry of the body. As in [10], we will consider the deformations of an
elastic body, whose reference configuration is the closure Q of a bounded open set  C R™.
We suppose that Q C K, i.e., the body is confined in a container K, the closure of a
bounded open set. The body has a brittle part Qp, the closure of an open subset Qp of .
We fix an open set Qp with Q C Qp C K: the set Qp\Q is an unbreakable body, whose
deformation is known, in contact with Q. We will assume that K, Qp, Q, and Qp have
Lipschitz boundaries. The Dirichlet part of the boundary of 2 is OpQ := I N Qp, while
On§Y := OO\OpQ is the Neumann part. Moreover, a surface force is acting on a closed set
050 C On). We need a technical requirement:

ﬁBﬁapr:@ and 530859:6; (1.1)
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this means that Q\Qp is a layer of unbreakable material where the surface deformations
are impressed. We refer to [10] for further comments.

1.3. Admissible cracks and deformations. The state of the system is described by a
pair of variables (u,I'), where u is the deformation of the domain and I' is its fracture.
More precisely, the admissible cracks of £ are given by

R := {I': countably (H"~!,n — 1)-rectifiable, I C Q5 NQp, H*" 1) < +oo}, (1.2)

while the deformations of Qp are represented by functions in SBV (Qp; K), which is defined
as the set of functions u € SBV(Qp;R™) such that u(xr) € K for a.e. x € Qp. The
deformation and the crack are related by the inclusion S(u) C T.

Furthermore, we require a condition of non-interpenetration of matter in the sense of
Ciarlet-Necas [8]; the definition was proposed in [18].

Definition 1.2. A function v € SBV ({2p; K) satisfies the Ciarlet-Necas non-interpenetra-
tion condition if the following hold:

(CN1) u preserves orientation, i.e., for a.e. x € Qp, det Vu(z) > 0;
(CN2) w is a.e.-injective, i.e., there exists a set N C Qp, with L"(N) = 0, such that u is
injective on Qp\N.

In the following remarks we state some consequences of (CN1), which will be fundamental
in the sequel.

Remark 1.3. Arguing as in [18], one can see that, if v € SBV(Qp; K) satisfies (CN1),
then for any E C Qp

/|detVu| da:z/ m(a,y, F)dy, (1.3)
E n

where
m(a,y, F) = card{z € E: a(z) =y},

while @ is a representative of u which coincides with the approximate limit of u on the set
of points of approximate differentiability and is zero elsewhere.

Remark 1.4. Tt is possible to prove that, if u satisfies (CN1) and L™(F) = 0, then
L"(u"1(F)) = 0 (independently on the choice of the representative of u).

Indeed, by (CN1) and (1.3) with E = a~}(F), we get L"(a"}(F)) = 0 (u is the rep-
resentative of u introduced in the previous remark). If @ is another representative of w,
@~ 1(F) differs from u~!(F) by a set of null measure, so L™ (@~ !(F)) =0, too.

Remark 1.5. Every function u satisfying (CN1) has the following property: given a mea-
surable set M, the preimage u~1(M) is measurable.

Indeed, we can write M = B U M, with B Borel and My negligible; then, u~1(B) is
measurable and, by Remark 1.4, u=*(Mp) has null measure. This implies that u=1(M) =
u~Y(B)Uu"t(Mp) is measurable.

The prescribed deformation of Qp\Q is given by a function v € WH1(Qp\Q; K). The
Dirichlet condition takes the form u = v a.e. in Qp\Q; on Ipf) the equality u = v is
satisfied in the sense of traces, because by (1.1) u is of class W' in the neighbourhood
Qp\Qp of IpQ (recall that S(u) C T'). We refer to [10] for further comments.
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The admissible deformations, corresponding to a crack I' € R and a Dirichlet datum
v € WHH(Qp\Q; K), are

AD(4,T) := {u € SBV(Qp; K): u satisfies (CN1), (CN2),

ulg,\g =, and S(u) c F} .

At each time t € [0,1], given ¢ and T' we are looking for deformations v € AD(y,T")
minimizing the total energy

(1.4)

E(t,u,T) := &t u) + K(I), (1.5)
with
Nt u) == W(u) — G(t,u) — S(t,u), (1.6)

where W represents the bulk energy, K is the energy spent to produce the crack, G is the
potential of the volume forces, and S is the potential of the surface forces. Their properties
are stated in the following sections.

1.4. Bulk energy. We quote from [10] the hypotheses on the bulk energy, which were
presented in [4], [16], and [17]. They are compatible with the setting of finite elasticity, in
particular with the case of Ogden materials (see [10, Example 1.8]).

The bulk energy on Q of any deformation u € SBV (Qp; K) is

W(u) :z/QW(x,Vu(x))dx, (1.7)

where W: Q x M"*"™ — [0, +00] satisfies the following properties:

(WO0) Frame indifference: for every (x, A) € Q x M"*" W (x,QA) = W(x, A) for every
Q € SOn;

(W1) Polyconvexity: there exists a function W: QxR — [0, +00] such that x +— W(x,f)
is L™-measurable on 2 for every £ € R, £ — W(x,f) is continuous and convex
on R7 for every z € Q, and W (z, A) = W (x, M(A)) for every (z, A) € Q x M"X"|
where M (A) := (adj; 4,...,adj,,A) is the vector (of dimension 7: =71 + -+ 7,)
composed of all minors of A;

(W2) Finiteness and regularity: for every x € Q we have W(z, A) < +oo if and only if

A € GL} ; moreover, A — W(z, A) is of class C! on GL}.

Furthermore, we require that there exist a function c?/V € L}|r (2), some constants cjy, > 0,
B% >0, Biy,...,0% > 0, and some exponents pi,pa,...,Pn, such that for every x € Q
the following hold:
(W3) Bound at identity: we have W(z,I) < 9, (x);
(W4) Lower growth condition: for every A € M"*" W(x, A) > Z?:l By |adjjA|pj - B9,
with p1 > 2, p; > py = S5
(W5) Multiplicative stress estimate: for every A € GL;}

for j=2,...,n—1, and p, > 1;

| AT DAW (2, A)| < ey (W (2, A) + (@) 5

(W6) Continuity of Kirchhoff stress: for every € > 0 there exists 0 > 0, independent of
x, such that for every A € GL} and B € GL; with |[B—1|<§

|DAW (z, BA) (BA)" — DaW (2, A) AT | < e (W(z, A) + ¢y (2)) .

Henceforth, we will set p := p;.
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Remark 1.6. If a deformation v € SBV (Qp; K) is such that W(u) < 400, then by (W2) u
preserves orientation as in (CN1); moreover, by (W4) u belongs to the space SBVP(Qp; K).
Hypotheses (W1) and (W4) guarantee the semicontinuity of W with respect to the weak*
convergence in SBVP?(Qp; K), thanks to [17, Theorem 3.5]; see also [10, Theorem 3.1].
Properties (W5) and (W6) will be used for the proof of the global stability and of the
energy balance. Notice that (W6) can be avoided in the case of a pure Neumann problem
(or in the case of a Dirichlet problem with time-independent boundary conditions): see [11]
for the details.

1.5. The crack energy and the o”-convergence. In this section, we define the energy
spent to produce a crack and highlight its semicontinuity properties. Beforehand, we give a
notion of convergence in the set of admissible cracks, introduced in [9].

Definition 1.7. A sequence I'y, oP -converges to T if Ty, T C Qp, H" }(T'x) is bounded
uniformly with respect to k, and the following conditions are satisfied:

e if u; converges weakly* to u in SBVP(Qp) and S(u;) C I'y, for some sequence
kj — oo, then S(u) C T';

e there exist a function u € SBVP(Qlp) and a sequence uy converging to u weakly*
in SBVP(Qp) such that S(u) =T and S(uy) C 'y for every k.

According to Griffith’s theory [19], we assume that the energy spent to produce the crack
I' € R is given by

K(T) = /F/i(x,up(x)) dH" (z), (1.8)

where vr is a unit normal vector field on I and «: (ﬁ BNQp)xR™ — R is a locally bounded
Borel function. We suppose that

(K1) for every € > 0 there exists an open set A of 1-capacity Ci(A) < e such that
x +— r(z,v) is lower semicontinuous on (Qp NQp)\A for every v € R™,

(K2) v+ r(x,v) is a norm on R™ for every x € Qp N Qp,

(K3) 1 |v| < K(x,v) < kaly| for every (z,v) € (Qp NQp) x R,

for some constants k1 > 0 and ko > 0. As a consequence, we have
k1 H"HT) < K(T) < ko HH(T). (1.9)

To simplify the exposition of auxiliary results, we extend x to Qp xR™ by setting k(z,v) :=
ko V| if » € Qp\Qp, and we define K(T') by (1.8) for every countably (H"~!,n — 1)-
rectifiable subset T' of R™.

The crack energy is lower semicontinuous with respect to the oP-convergence: this fact
can be deduced by [1, Theorem 3.3], adapting the result as in [9, Theorems 2.8 and 4.3].

Theorem 1.8 (SEMICONTINUITY). Let x satisfy (K1-3), let Ty, Ty, and T be countably
(H" Y, n — 1)- rectifiable subsets of Qp with H"*(Ly) < 400, and let E be an H" !-
measurable set with H" 1 (E) < +oo. If Ty oP -converges to T, then

/ k(z,v) dH" ! (z) < liminf w(x, vg) dH™(z) (1.10)
(TUTo)\E k—oco  J(r,uro\E

where v and vy are unit normal vector fields on T'UTg and 'y UTy, respectively.



8 GIULIANO LAZZARONI

1.6. Forces. The body is subjected to a conservative volume force, depending on time, with
potential G: [0,1] x 2 x K — R. We suppose that, for every t € [0,1], (z,y) — G(¢, z,y)
is L™(§2)-measurable in = and continuous in ¥, so that we can define the work of the body
force under any deformation u € L*(Q; K)

G(t,u) :z/QG(t,x,u(x))dx. (1.11)

As for the regularity in time and space, following [9] we prefer to prescribe hypotheses on
the functional G rather than on the integrand G. We assume that there is an exponent
g > 1 such that:

(G1) there is a constant ¢g > 0 such that, for every ¢t € [0,1], every u € L*°(); K), and
every v,w € L>(Q;R™) such that u+ v,u+ w,u+v+w € L®(Q; K), we have
G(t,u)| < ca,
1G(t, uv) — G(t, )] < e [0l Loz
G(t, utvtw) — G(t, utv) — G(t, utw) + G(¢,u)| < g [|vll paorn) [0l Larn)

(G2) there is a function ag € L1 ([0,1]) such that for every t1,t; € [0,1] with ¢ < ¢,
and every u € L>®(; K)

1G(t2, 1) — G(tr, u) S/zac(s)ds;

t1

(G3) there is a function bg € Li_([O7 1]) such that for every ti,ta € [0,1] with ¢; < t3
and every uy,us € L>®(Q; K)

ta
|g(t27u1) - g(tla ul) - g(tQ; U,Q) + g(t17u2)| < / bG(S) ds ||U1 - u2||Lq(Q;]R") .

t1
Thanks to (G2), the function ¢ — G(t,u) is absolutely continuous on [0,1] for every u €
L*(; K), so that D;G(t,u) is defined L£!-a.e.; hence, (G3) is equivalent to requiring that
for every ui,us € L®(Q; K)

ID:G(t, u1) — DG (t, u2)| < ba(t) ||ur — U;Q”LQ(Q;RW‘) for Ll—ae. te [0,1],

where b (t) denotes the approximate limit of b at the Lebesgue points. Analogously, (G1)
provides estimates on D, G and Dig , if they exist.

We impose also a boundary force, with potential S: [0,1] x 9sQ x K — R (H"!-
measurable in the second variable and continuous in the third), so that the work of the
surface force for a deformation u € L'(9sQ; K) is

S(t,u) = S(t,z,u(z)) dH" " (z). (1.12)
D5
We impose these conditions on S:

(S1) there is a constant c¢g > 0 such that, for every t € [0,1], every u € L*(9s$); K),
and every v, w € L*(9s; R™) such that u+v,u+w,u+v+w € L>®(0sQ; K), we
have

IS, u)| < cs,
IS(t, utv) = S(t,u)| < cs ”U”LQ({)SQ;Rn) )
IS(t, utvtw) — St utv) — S(t, utw) + S(t,u)| < es vl papsarn) Wl La@s0rn) 3
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(S2) there is a function ag € L}F([O, 1]) such that for every t;,ta € [0,1] with ¢; < t3
and every u € L>®(0s8); K)

|S(t2, u) = S(t1, u)| < /12 as(s)ds;

t1
(S3) there is a function bg € L} ([0,1]) such that for every tq,t2 € [0,1] with ¢; < to
and every uj,us € L®(0sQ; K)

ta

|S(t2,u1) - S(tl,ul) - S(tQ,U,Q) + S(tl,UQ)| < bs(S) ds ||U,1 - U;Q”Lq(aSQ;Rn) .
t1

Also in this case, the function t — S(t,u) is absolutely continuous on [0, 1] for every
u € L™(059Q; K), and the time derivative exists £!-a.e.

Notice that, if u € AD(¢,T) for some ¢ € Wh1(Qp\Q; K) and some T' € R, since by
(1.1) u is of class W1 in the neighbourhood Qp\Qp of 952, one can define its trace on

0s2. Moreover, by the confinement condition, the trace takes values in K, so that S(t,u)
is well defined.

Remark 1.9. In the case of a pure Neumann problem (or in the case of a Dirichlet problem
with time-independent boundary conditions), the last estimates of (G1) and of (S1) can be
avoided: see Section 2.4 for the details.

Remark 1.10. If (G1-3) and (S1-3) are satisfied for an exponent ¢, then they hold even
substituting g with any r > ¢. So, the bigger is the exponent, the weaker are the assump-
tions.
Remark 1.11. Properties (G1-3) are satisfied if we assume the following requirements on
the integrand G(t,z,y):

e there exists a nonnegative function af € L'(2) such that for every (t,z,y) €
[0,1] x 2 x K

G(t,z,y)| < ag(@);

there exists a nonnegative function o € LQ%(Q) such that for every (¢,z,y) €
[0,1] x Q@ x K and every y’ € R™ such that y+y’ € K

Gtz y+y') — Gt,2,y)| < o () |y] ;

e there exists a nonnegative function o, € LQ%(Q) such that for every (¢,z,y) €
[0,1] x © x K and every y',y"” € R™ such that y+y/,y+y" € K

|Gt z,y+y'+y") — Gt,z,y+y) — G(t, z,y+y") + G(t,z,y)| < () Y[ |¥"]

there exists a nonnegative function af, € L'([0,1];L'(Q2)) such that for every
(z,y) € Q@ x K and every ti,ts € [0,1] with ¢; <t

Gtz 2,y) — G(tr, z,y)| < / ol (1)) dt

t1

there exists a nonnegative function o, € L*([0, 1];L<1%1(Q)) such that for every
(z,y) € Q x K, every t1,ta € [0,1] with t; < 2, and every 3y’ € R™ such that
y+y € K

to
|G(ta, x,y+y') — G(tr, z,y+y") — G(ta, z,y) + G(t1, z,y)| < Iy'I/ ag(t)(x)dt.
t1

Analogous hypotheses can be made on S(¢,z,y).
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Example 1.12. The properties we assumed are compatible with the case of dead loads,
where the density of the forces per unit volume in the reference configuration does not de-
pend on the deformation. Let r > 1; if g(¢,-) € L"(;R™) and s(t,-) € L"(0sQ;R™) are
the densities of the body and surface force at time ¢, we set G(t,z,y) := g(t,x) -y and
S(t,x,y) :=s(t,z) y. If we suppose that ¢t — ¢(t,-) and ¢ — s(¢,-) are absolutely contin-
uous into L"(;R™) and L"(9sQ); R™), respectively, then (G1-3) and (S1-3) are satisfied
with g =71 := =~

r—

Ju

Remark 1.13. We have seen that, by (G2), for every u € L*(Q; K) there is an L!-
negligible set N, such that D;G(t,u) exists for ¢t ¢ N,. We would like to redefine this
derivative in such a way that the exceptional set does not depend on wu.

Fix a countable set D, dense in L>°(§2; K) with respect to the norm of LI(Q2;R™). Let
Np = (UueD Nu) U Ng, where Ng is an L£'-negligible set such that each ¢ ¢ Ng is a
Lebesgue point for the function bg of (G3). For v € D, define

Dtg(t,u) if ¢ ¢ ND,

Prattw) = {o ifteN
D-

By (G3), we have for every uj,us € D and every ¢
IDiG(t, u1) = DyG(t, uz)| < ba(t) [lur — ull o) -

Then we can extend D;G(¢,-) to a L9(2; R™)-Lipschitz function on L>®(; K).
Let u € L*°(§2; K) and uy, € D such that uy converges to w in LI(;R™). If t ¢ N,UNp,
we have by (G3)

ID:G(t,w) = DyG (¢, up)| < ba(t) [lu = ukl|Laupn) -

so that, passing to the limit as k — oo, we get Dy G(¢,u) = D:G(¢,u). We have proven that
for every t € [0,1] there exists a L?(Q2; R™)-Lipschitz function D} G(¢,-) such that for every
u € L*(; K) we have D;G(t,u) = D;G(t,u) for L'-a.e. t € [0,1].

Arguing in the same way, we can find a function D;S(t,-) with analogous properties. In
the following integral formulas, we will identify D:G(t, ) and D:S(t,-) with DyG(t,-) and
DyS(t,-), respectively.

1.7. Prescribed deformations. At every time ¢ € [0,1] we prescribe the deformation
of Qp\Q, requiring that u(x) = ¥(t,x) for a.e. € Qp\Q. As in [10], we suppose that
x — Y(t,x) is defined for every x € K, takes values in K, and has an inverse function
on K, denoted by y +— ¢(t,y). This determines two functions

Y, ¢: [0,1] x K — K,
satisfying, for every (¢,z) € [0,1] x K,
(BC1) Y(t, ot ) =2 = ¢(t,¥(t, 2)).

In the present work we weaken the hypotheses on the prescribed deformations made
n [10]. As for the space dependence, we assume that, for every ¢t € [0,1], ¥(t) := (¢, )
and ¢(t) := ¢(t,-) are Lipschitz functions of K in itself. To be more precise, consider
the Sobolev space leoo(fo( ; K); since 0K is Lipschitz, by standard results every function
v E leo"(f( ; K) admits a Lipschitz continuous representative o. We extend each function
¥ to K and, with a slight abuse of notation, denote by W1°°(K; K) the space of all such
extensions ¥, endowed with the complete norm [|v|y 1.0 (g, ¢y = Supg |v] + supg [Vl
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As for the time dependence, we require that

(BC2) ¢ e Whe([0,1]; Whe(K; K))
and
(BC3) ¢ € WH([0,1; WH>(K; K)),

where W1°°([0,1]; Wh°(K; K)) denotes the Sobolev functions valued in W1 (K; K).
By definition, this means that v, ¢ € CY([0,1]; W1°°(K; K)) and there exist two functions
h, ¢ € L*([0,1]; WE°(K; K)) such that for every t € [0, 1]

vl = 00)+ [ 0)ds and o) = 00+ [ d5)ds, (1.13)

where the integrals are defined in the sense of Bochner, with respect to the topology of
W1o°(K; K). In particular, the Jacobian matrices Vi, V¢, sz}, and Vqlb are defined a.e.
in K. For an overview about the spaces of Sobolev functions valued in a Banach space, we
refer to [6, Appendix].

Remark 1.14. In particular, these hypotheses imply that there exists [ > 0 such that for
every t,t1,t2 € [0,1]

[(t1) = ()l () < Ultr —t2| 5 [|6(t1) = @)l e (i, 50) < Ut —t2] , (1.15)
so t — 9(t) and t — ¢(t) are Lipschitz functions of [0,1] in W (K;K). Since the

difference quotients are bounded by a constant depending on the maximum of the derivatives
and on the measure of the domain, we can choose [ so that

[t y1) — ot y2)| < Ulyr — vl (1.16)

[(@(t1) — ¥(t2))(y1) — (P(t1) — (t2))(y2)l < Ut — taf [y1 — y2 (1.17)

for every t,t1,t2 € [0,1] and every y1,y2 € K. Moreover, employing in (1.13) the Lebesgue

Differentiation Theorem [13, Theorem III.12.8], one gets the uniform convergence of the

difference quotients to the derivative: for £L!-a.e. t € [0, 1], there is a modulus of continuity
wy: [0,1] — [0, +00) such that

Yt +h) — (1)

h

—¢(t)H < wi(h) (1.18)
Wb (K;K)

for every h € [0,1]. It is not restrictive to assume that w;(h) is uniformly bounded in both
t and h: indeed, we can define

P+ 1) — ()

wi(h) := sup o

h'<h

~ i)

Wheo(K;K)

Since W1°(K; K) is not separable, (1.18) may not be implied by the Lipschitz property
(1.15): for more details, see [3, Chapter II, Section 2, Lemma 1, and Section 3, Example I
and Example 1.17 below.

We need also a uniform bound on the energy of the prescribed deformation: we suppose
that there exists M such that for every ¢ € [0, 1]

(BC4) W(h(t)) < M.
Fixed t, (BC4) and (W2) give
det Vip(t,z) > 0 for a.e. x € K, (1.19)
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so that 9(t), being injective, satisfies the Ciarlet-Necas condition; as S(¥(t)) = @, this
implies that 1(t) € AD(¢(t),T") for every I' € R.

Remark 1.15. In these hypotheses, it is possible to find a negligible set N, C K con-
taining 0K, independent of ¢, such that, for every t € [0,1] and every x ¢ Ny, ¥(t,-) is
differentiable at « and det Vi (t,z) > 0.

Indeed, let D be a countable dense subset of [0,1]; by (1.19) there is a set Ny C K of
null measure containing JK such that, when ¢ € D, ¢(¢,-) is differentiable in Q\N, and
det Vy(t,z) > 0 if x ¢ Ny. Given ty € [0,1], let ¢ € D such that ¢, — to; let xg ¢ Ny.
Since t(ty) is differentiable at xo and converges to 9 (tg) strongly in WHo(K; K), (o)
is also differentiable at x¢ and Vi (tx, zo) — Vio(tg, xo): this is guaranteed by Lemma 1.16,
as stated below.

By convergence, we have det Vi) (to, o) > 0; we are left to show that det Vi)(to, o) # 0.
Suppose by contradiction that det Vi)(tg,xo) = 0; then, there is a vector £ such that
Vip(to,xz0)€§ = 0. Take h # 0 so small that xg + h§ € K; let yo := 9(to,x0) and
yn = W¥(to, o + h&). By the hypothesis on £, we have, as h — 0,

lyn — yol _ [¥(to, 2o + hE) — Y(to, 20)|
|9(to, yn) — é(to, yo)| |hl ’
which is forbidden by the Lipschitz property of ¢(to).

To conclude, we must only prove the following lemma.

Lemma 1.16. Let vy be a sequence converging to v strongly in W1>°(K; K). Let xq € K
be such that vy is differentiable at xo for every k. Then, v is differentiable at xo and
Vi (zo) — Vo(zo).

Proof. Fixed € > 0, we have for every k and j large enough
(v = ;) (@) = (vk = vj)(20)| < €|z — o] (1.20)
for every z € K; indeed, by convergence in W1*°(K; K), the function vy — v; is Lipschitz
with vanishing constant. Passing to the limit as * — xg, we get |Vui(zo) — Vv, (20)| < €;
then there exists Ag € M™*™ such that, as k — oo, Vug(zg) — Ag. We deduce from (1.20)
that for every € > 0 there is k such that
V() — vk(zo) — Vug(zo)(z —20)  v(@) —v(@0) — Ao(2 — m0)
|z — @0 |z — @0

<e

for every x € K. By differentiability, for every k, there is § > 0 such that for |x — x| < ¢

vk (%) — vk (o) — Vug(2o)(z — zo)|
|z — xo]

<e.

Hence, v is differentiable at xy with differential Ag. ([

Example 1.17. We conclude the discussion about W1> spaces by showing an example
(in dimension n = 1) of Lipschitz function from [0,1] into W°°([0,1]), which does not
belong to the space W1°°([0,1]; W>°([0,1])). Let ¢(t,z) := 3|z —t|°sgn(z — t) and
consider the partial derivative D, (¢,z) = |z — t|. Fixed ¢ € [0,1], the difference quotients
+(Dgtp(t + h,z) — Dytp(t,x)) are continuous in z and uniformly bounded with respect
to h; moreover, as h — 0 they converge to 1jg4) — 14, 1) strongly in L"([0,1]) for every
r < +o0o. Nevertheless, being the limit discontinuous in z, the convergence cannot be
uniform. Therefore, 1 satisfies (1.15), whilst (1.18) does not hold. Notice that also the
property of Remark 1.15 is not satisfied in this example.
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1.8. Minimum energy configurations. Following [15], we consider evolutions of min-
imum energy configurations for £: given ¢ € W1>°([0,1]; WL >°(K; K)), at each time
t € [0,1] we look for solutions (u(t),I'(t)), with I'(t) € R and u(t) € AD(¢(t),I'(t)), such
that the unilateral minimality condition holds:

E(t,u(t),D(t)) < E(t,u,T) (1.21)

for every T' € R, with I'(¢) C T, and every u € AD(¢)(t),T).
Hence, fixed t € [0,1] and given an initial datum T’y € R, we consider the minimum
problem

min {E(t,u,T): T €R, [y C T, ue AD(¢(t),T)} . (1.22)

The next theorem ensures that there exists at least a solution; for the proof, we refer to [10,
Theorem 2.2].

Theorem 1.18 (MINIMIZATION OF THE TOTAL ENERGY). Let € be the energy defined in
(1.5) and (1.6), where W satisfies (W0-6), G satisfies (G1-3), S satisfies (S1-3), and K
satisfies (K1-3). Consider the prescribed deformations defined in (BC1-4). Then, for every
t €10,1] and Ty € R, the minimum problem (1.22) has a solution.

2. THE AUXILIARY FORMULATION

Following [10, 16], we study the properties of the system described in the previous section,
through a change of variables. Then, we are led to consider an auxiliary problem with time-
independent prescribed deformations and time-dependent bulk energy. In this section, we
pass to this auxiliary formulation via the so-called multiplicative splitting method and state
the properties of the new energy terms.

2.1. The multiplicative splitting method. The formulation with time-independent pre-
scribed deformations is obtained using the method of multiplicative splitting introduced
in [16], which will allow us to employ the multiplicative estimates (W5) and (W6).

Given ¢ € W1°([0,1]; WL>°(K; K)) and T' € R, we look for a solution u € AD(¢(¢),T)
to (1.22) of the form u = ¢(t) o z, with z € SBV(Qp;K). This request implies z €
AD(I,T), where I denotes the identical deformation on Qp. In order to express Vu in
terms of ¥(t) and z, we have to check the chain rule for these functions, exploiting the
non-interpenetration property of the solutions.

Lemma 2.1. Let v e WhH(K;K) and 2 € SBV(Qp; K). Assume that L™"(z71(F)) =0
whenever L*(F) =0. Then u:=voz € SBV(Qp; K) and Vu(z) = Vu(z(x)) Vz(x) for
a.e. t €Qp.

Proof. The proof is obtained by modifying the one of [2, Theorem 3.99]. By [2, Theo-
rem 3.101] we get that u = voz € SBV (Qp; K) and Diu = (v(zF)—v(27))@v, H* 1L S(2).
It is possible to approximate v by mollification with a sequence vy ; let uy := v 0 z. By [2,
Theorem 3.96] we have Vuy = Vug(2) Vz and Diug = (v (21) —vp(27)) @ v, HP 1L S(2).
As uy converges to u uniformly and |Dug| (Q2p) is equibounded, we get that Duy converges
to Du weakly* in the sense of measures. As D7uy converges to D/u strongly, Vuy con-
verges to Vu weakly * in the sense of measures. In order to see the convergence of Vug(z),
let F be the set of the points which are not Lebesgue for Vv. As Vuy converges to Vv
pointwise on Qp\F and L"(z71(F)) = 0, we obtain that Vug(z) converges to Vu(z) a.e.
in Qp. The conclusion follows from the Dominated Convergence Theorem. t
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Thanks to the non-interpenetration property (see Remark 1.4), we get from the previous
lemma Vu(x) = Vy(t, z(x)) Vz(x) for a.e. z € Qp.

Recall that, by Remark 1.15, there is a negligible set Ny containing 0K such that, for
every t € [0,1], 9(t,-) is differentiable in K\Ny, with det Vi(¢t,y) > 0 at every y ¢ Ny.
This leads us to define the auxiliary volume energy density imposing the chain rule where
Vi(t,y) exists:

Wz, Vip(t,y) A) if Ny,
Vi) { W@ V(0 4) Ty g N o)
W(z, A) ifye Ny.
We consider the integral functional, defined for z € AD(I,T),
V(t, z) :z/V(t,x,z(x),Vz(x))da:. (2.2)
Q

Notice that, in order to study V(¢, z), we are free to choose any value for V (¢, z,y, A) when
y € Ny, because z7'(Ny) has null measure. For u = (t) o 2 we have

W(u) =V(t,¢(t) ou), V(t,2) =W(W(t)oz).

As for the external forces, we set

Finally, we define

Felt,z) == V(t,z) — L(t,z) = T(t, 2),
F(t,z,T) = FUt,2) + KT). (2.6)

Hence,
581(1?, u) = ]—'EI(t, o(t) ou), .7-'81(1?, z) = 581(1?, Y(t) o z). (2.7)

The properties of the auxiliary bulk energy and of the new force terms are stated in
axiomatic form in the following sections.

2.2. Formulation with time-independent prescribed deformations. The previous
discussion leads us to introduce a class of functions V: [0,1] x © x K x M"*" — [0, +00]
satisfying the following requirements:

(V1) Measurability: for every (t,A) € [0,1] x M™*™ the function (z,y) — V (¢, z,y, A) is

L"(Q) ® L™(K)-measurable on Q x K, and for every (z,y) €  x K the function
(t,A) — V(t,z,y, A) is continuous on [0, 1] x M"™*".

(V2) Finiteness: for every (t,z,y) € [0,1] x Q@ x K we have V(t,z,y,A) < +oo if and

only if A€ GL;.

Thanks to Remark 1.5, property (V1) ensures, for every z € AD(I,T"), the measurability
of V(t,z,2(x), Vz(x)); hence, V(t,z) is well defined by (2.2). We require the following
properties on this integral functional:

(V3) Bound at identity: there is a constant M > 0 such that V(¢,I) < M for every

t €10,1];
(V4) Semicontinuity and coercivity: if z, converges to z weakly* in SBVP(Qp; K) and
tr — t, then
V(t, z) < likrrigng(tk, 2K);
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moreover, there exist some constants (3, ..., 3% > 0 such that, for every ¢ € [0,1]
and every z € AD(I,T),

V(t,Z) Z Zﬂ{/ ||a‘djjvu||ijpj(QD;]RTj) - 6?/ )
j=1

p1
p1—1

where p1 > 2, p; > p} =
of adj;Vu.

Furthermore, we assume that there exist a constant vy € (0,1), a function ¢, € L% (Q)

for j=2,...,n—1, p, > 1, and 7; is the dimension

and a constant cl, > 0, such that:

(V5) Multiplicative stress estimate: for every (t,x,y, A) € [0,1] x Q2 x K X GL; and every
B e GLY with |B - I| < yv,

V(t,2,y,AB) + ¢y (z) < ey (V(t, 2,9, 4) + &4 (@)

(V6) Estimate on time increments: for every (t1,z,y,A) € [0,1] x Q@ x K x GL; and
every tg € [0,1] such that [t; — to| < v,

V(tr, 2y, 4) = V2, 2,9, A)| < ey (V(tr, 2,9, A) + ) () [t — 12| ;

(VT) Estimate on the convergence of time increments: there exists an L!-negligible set
N such that for ¢t ¢ N the partial time derivative D;V (¢, z,y, A) is defined for every
(r,A) € @ x GL} and a.e. y € K, and we have for every h > 0 with ¢t +h € [0,1]
that

Vitthzy A —-V(tx,y, A

h
where wy: [0,1] — [0,400) is a modulus of continuity, depending only on ¢, with
t — we(h) in L>=(]0,1]) for every h € [0, 1];

(V8) Estimate on spatial increments: for every (t,z,y,A) € [0,1] x Q x K x GL;} and

every y' € K,

V(t,a,y' A) + ) (2) < ey (V(E2,,A) + Y (2)).-

DV (t,z,y,A) F <wi(h) (V(t, 2, y,A) + C?/({E)) )

Remark 2.2. Let z € SBV(Qp; K); suppose that V(tg,z) < +oo for some ¢y € [0,1].
Then V(t,z) < +oo for every ¢ € [0,1]: indeed, by (V6)

V(t,x,2(x), Va(z)) + ¥ (2) < (e + D(V(to, 2, 2(2), Va(z)) + ) (2)) -

Using again (V6), one sees that ¢t — V(t,z) is Lipschitz, with constant depending on
V(to, z). Hence, it has a derivative D;V(+, 2) € L°°([0,1]), defined £!-a.e. in [0,1]. Also t —
V(t,z,z(x), Vz(x)) is Lipschitz, so it is derivable £!-a.e.; more precisely, by (V7) and by Re-
mark 1.4, we find for each ¢t ¢ N a set Ny, of null measure such that D;V (¢, z, z(x), Vz(z))
exists for every x ¢ Ny ..

We are going to establish a representation formula for D;V(-,z). Let us extend t +—
V(t,z,z(x), Vz(x)) to [0,400) by setting its value to be V(1,z,z(z), Vz(x)) for t > 1.
Consider the function
DIV (t,2) = liminf Vit+ %, x,2(x),Vz(z)) = V(t,z, z(x), Vz(x))

k—oo

)

ta
V(tg,Z)—V(tl,Z):// DiV(t,x)dtdz.
QJtq
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Finally, exchanging the order of integration, we obtain for £!-a.e. t € [0,1]
DV(t,z) = / DiV(t,x)dx.
Q

Given t ¢ N, we have DfV(t,x) = D;V(t,x, z(x), Vz(x)) in Q\N;,: integrating (V7) we

deduce that

V(t+h,z)—V(tz)
h

DV(t,2) F < wi(h) (V(t,z) + HCQ/HLl(Q)) :

In particular, this shows that the partial time derivative D,V(-,z) is defined out of an
L' -negligible set independent of z.

In the following section we prove that the auxiliary energy introduced in Section 2.1
satisfies the axioms stated above.

2.3. Proof of the properties of the auxiliary energy. In this section we prove that
the volume energy V., obtained from W and 1 through the change of variable described in
(2.1), satisfies the properties (V1-8) stated above.

We start with some consequences of hypothesis (W5).

Proposition 2.3. Let W(x,A) be a Carathéodory function satisfying (W2) and (W5).
Then there exists a constant v € (0,1) (depending only on n) such that, for every (x,A) €
QO x GL} and every B € M"*™ with |B — I| < ~y, we have B € GL; and

W(x, AB) + &% (z) <

r - (W@, 4) + cy (@) - (2.8)

n—
If W satisfies also (W0), then for every (z,A) € Q x GL;
|DAW (z, A) AT | < ¢y (W (z, A) + ¢y (2)) . (2.9)

If W satisfies (2.9), there exists a constant, still denoted «v, such that, for every A € GL;
and every B € M"*™ with |B — I| <y, we have B € GL; and

W (z, BA) + % (z) < % (W (x, A) + & () (2.10)
and
2
|DaW (z, BA) AT| < n”_ - ek (W (z, A) + &y (z)) . (2.11)
Proof. Argue as in [4, Section 2.4]. O

The Kirchhoff tensor DaW (x, A) AT appearing in (2.9) is related with the “multiplicative
increments” of type W(z, BA) — W(x, A), because

DaW (z, A) AT : (B —I) = daW(x, A)[BA — A].
This suggests to write (2.9) without using derivatives.

Proposition 2.4. Let W(z, A) be a Carathéodory function satisfying (W2) and (2.9). Then

n2

[W(w, BA) = W(z, A)| < —— cly (W (z, 4) + cfy () | B~ 1] (2.12)

for every (x,A) € Qx GL} and every B € GL} with |B — I| <+, where v is the constant
introduced in the previous proposition.
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Proof. Fixed (z,A) and B as in the statement, define for A € [0, 1] the function w(X) :=
W (x,(1—A)A+XBA), whose derivative is w'(A\) = DaW (z, (1 —A\)A+ A BA) AT : (B-1).
We have W (z, BA)—W (z,A) = fol w'(A)dA. By (2.11), we get |w'(N)] < ”Ti ey (W (x, A)+

& (z)) |B — I, so we conclude. O

In the next proposition, we present an estimate where multipliers need not to be near I.

Proposition 2.5. Let W(z, A) be a Carathéodory function satisfying (WO0), (W2), and
(2.9). Then for every M > 0 there exists cpr > 0 such that

W(z, BA) + ¢y (z) < cpr(W(z, A) + ¢y (2)) (2.13)
for every (z,A) € Q x GL;} and every B € GL;} with |B| <M and |B~'| < M.
Proof. Let A, B, and M be as in the statement. Consider a decomposition B = QC' with
Q € SO, and C symmetric and positive definite (take C' := VBTB). We can find an
integer N such that

}C% — I} <;

here, N depends only on the constant v of Proposition 2.3 and on M, which controls |B|
and |B*1|. We can apply (W0) and (2.10) to get

n

N
) (W (2, 4) + &y (2))

This concludes the proof. O

W (x, BA) + ¢}y (z) = W(x, (C%)NA) +(2) < (n— 1

Now we are ready to show the passage between the two formulations presented above.
We will use the following fact.

Remark 2.6. By (2.9) we get for every (z,4) € Q x GL} and every B € GL;

|DAW (z, BA) A™| < cjy (W (z, BA) + ¢y (z)) |[B™| . (2.14)
Proposition 2.7. If (W0-6) and (BC1-4) hold, then the functional V defined in (2.1)
satisfies properties (V1-8).

Proof. Properties (V1-3) are given by (W1-3). After a change of variables, one sees that
(V4) is a consequence of (W1) and (W4), thanks to the lower semicontinuity of W (see
Remark 1.6).

In what follows, we will take ¢}, := ¢}y, ¢, > —, and vy <y, where 7 is the constant

introduced in Proposition 2.3. Then (V5) is implied by (2.8), because
W (e, Vib(t,y)AB) + ey (@) < —— (W (2, Vib(t.9)A) + () -
In order to see (V6), take vy < [~2v, where [ is the constant appearing in Remark 1.14.
By (1.14) and (1.15), for a.e. y € K we have
if |t — t2] < v . Hence, we can apply (2.12) to get for every A € GL;}
2
n
W Vo2, 5)A) = W (o, T(t2, 9)A)| £ = ey (W, Vol )A) + ey (@) | = ta]

then (V6) follows for ¢}, large enough.

The partial derivative of V with respect to ¢ exists everywhere ¢ is defined. By (2.1),
property (V7) is trivially satisfied when y € N, where Ny, is the negligible subset of K de-
fined in Remark 1.15. If y ¢ Ny, we have D,V (¢, z,y, A) = DaW (z, Vo) (t,y)A) AT : Vab(t, y)
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where the derivatives exist. Given h > 0 small enough, using the Mean Value Theorem we
can find a convex combination By, of Vi(t + h,y) and Vi (t,y) such that

(Vp(t + h)A) = W(VY(HA) ’
h

v, Vel h) - wm‘

DAW (Vap(t) A) AT - Vo (t) — v

DAW (Vip(t)A) AT : Vijp(t) — DaW (B A) -

< [DaW (V1) A) A™| |V (t) -

Vot +h) - V¢(t)}
h

+ [DAW (Vip(t)A) AT — DAW (B, A) A" |

V(t+ h) — V() }
N .

Here and henceforth, we omit the arguments = and y when they are obvious; it is understood
that By, is invertible for A small. Consider the first summand of the last expression; using
(2.14) and (1.14) in the first factor and (1.18) in the second, we get

Vit +h) = V()

[DAW (Ve (1) A) AT] [V4)(1) -

‘ < ey e (W)W (V) A) + ).

where w; is the modulus of continuity defined in Remark 1.14. As for the second summand,
we can use (1.15) to control the last factor; the remaining part is
|DAW (ByA) AT — DAW (V) (t, ) A) A” |
< [DaW (B, A") (B A')T — DaW (A') A | | B + [DaW (A) A || By = Vo(t, v (t,y))] .
where B} := B, V(t,¢(t,y)) and A" := Vi)(t,y)A. The first term is estimated by (W6),
since |B,:1| is bounded by (1.14); as for the second one, we use (2.9), recalling that, if h

is small enough, By, is uniformly near to Vi (t,y), being a convex combination of Vi (t,y)
and V¢(t + h,y). Hence, there is a modulus of continuity w: [0,1] — [0, 400) such that

[DAW (BrA) AT — DaW (Vi (t,y)A) AT | < w(h) (W(VY(t)A) + ) ;

notice that, by (1.14) and (2.13), w is bounded. This concludes the proof of (V7) in the
case of ¢t + h; the case of t — h is analogous.

Finally, (V8) follows from (2.13), because V(¢,-) and V¢(¢,-) are uniformly bounded
in W (K; K) by (1.14). O

2.4. Properties of the force terms. The volume forces in the new formulation are given
by a functional L(t,z), defined in [0, 1] x AD(I,T’), where I" € R. We assume that there is
an exponent g > 1 such that the following hold:

(L1) there is a constant ¢y, > 0 such that for every ¢ € [0,1] and every z,z1,22 €
L>(Q; K)
£t 2)[ < cw,s
|L(t, 21) — L(t, 22)| < crllz1 = 22l po(mny 3

(L2) there is a function az € L1 ([0,1]) such that for every t1,t2 € [0,1] with #; < ¢
and every z € L*(Q; K)

L(ta, 2) — L(tr, 2)] < / " an(s)ds:

t1
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(L3) there is a function by € Li([O, 1]) such that for every ti,ty € [0,1] with t; < to
and every zq,z2 € L*(Q; K)

to
|[L(t2, 21) = L(t1, 21) — L(t2, 22) + L(t1, 22)| < / br(s)ds ||z — 22| o(oymn) -
ty

As for the surface forces, they are given by a functional 7 (t,z), defined in [0,1] x
AD(I,T'). We suppose:
(T1) there is a constant ¢y > 0 such that for every ¢ € [0,1] and every z,21,22 €
L>*(0s9); K)

(%) <er,
T(t21) = T(t )] < ex |21 — 22l oo

(T2) there is a function ap € L ([0,1]) such that for every t1,to € [0,1] with ¢; < t3
and every z € L*(0s€); K)

|T(t2,z)—T(t1,z)|S/ZaT(s)ds;

t1
(T3) there is a function by € L% ([0,1]) such that for every ti,t € [0,1] with ¢; < ¢
and every 21,29 € L>®(0sQ; K)

to
T (t2,21) = T (t1,21) = T (t2, 22) + T (£, 22)| < / br(s)ds[lz1 — 22/l Laos0imny -

ty
Thanks to (L2) and (T2), given any z € AD(I,T") the functions t — L(¢,z) and t —
T (t,z) are absolutely continuous on [0,1], so that D;L(t,2) and D,7(t,z) exist Ll-a.e.
Arguing as in Remark 1.13, we may define for every ¢ € [0,1] some L?(€);R™)-Lipschitz
functions D} L(t, ) and D7 (¢,-), such that for every z € AD(I,T') we have D} L(t,u) =
D:L(t,u) and D;T(t,u) = DT (t,u) for L'-ae. t € [0,1]. We identify D,L(t,) with
DiL(t,-) and D47 (t,-) with Dy7 (¢,-); we set also

D FU(t, 2) == D V(t, 2) — Dy L(t, 2) — DT (1, 2). (2.15)
We will use in particular these consequences of (L1-3) and (T1-3) for z,z, € AD(I,T)
such that z; — z in measure:
ittty —t, L(tk, zx) — L(t,2) and T (tg, zx) — T (1,2); (2.16)
for Ll-a.e. t, DiL(t, 2,) — DyL(t,z) and DT (t, z1,) — DT (¢, 2) . (2.17)
Finally, we prove that (L1-3) and (T1-3) are satisfied when £ and 7 are given by (2.3)
and (2.4).

Proposition 2.8. If (G1-3), (S1-3), and (BC1-4) hold, then the functionals L and T
defined in (2.3) and (2.4) satisfy properties (L1-3) and (T1-3).

Proof. We show (L1-3); the proof of (T1-3) is analogous.

Property (L1) comes immediately from (G1), taking c¢;, := cq(1 V1), where [ is the
constant of Remark 1.14.

Henceforth, we write ¢y := ¥(t1) and 9 := ¥ (t2). As for (L2), by (G1), (G2), and
(1.15) we have

[L(ta, 2) = L(t1, 2)] < |G (b2, P102) — G(tr, 102)| + |G (1, 102) — G(t1, P202))]

ta .
§/ ag(s)ds+1lcg L™(Q)4 (t2 —t1),

t1
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so we define ar(s) :=ag(s) +lca C”(Q)% .
To prove (L3), adding and subtracting we obtain

|L(t2,21) — L(t1,21) — L(t2, 22) + L(t1, 22)]
<|G(t2,¢1021) — G(t1,Y1021) — G(t2, P1022) + G(t1,1022)]
+1G(ta, P2021) — G(t2,Y1021) — G(t2,P2022) + G(t2, 91020 .

The first summand is controlled by lf:f ba(s)ds |21 — 22/ pe(qrn) thanks to (G3) and
(1.16). As for the second summand, we get from (G1), (1.16), and (1.15)

|G (t2, 1021 + 2022 — P1022) — G(t2,¥1021) — G(t2, ¥2022) + G(t2,9h1022)]
<Pealts —t1) |21 — 22|l La(arny -
What remains is estimated with (G1) and (1.17):
|G(t2, 1021 + thaozy — th1022) — G(t2,92021)| < leg(te — 1) |21 — 22/l po(qrny -
Then, we conclude taking b, (s) :=lbg(s) +lcg + 1% ca. O

Remark 2.9. The time derivatives of the energies considered above have L£!'-a.e. the fol-
lowing form:

DV, 2) = /QDAW(Q:, V((t) 0 2)): V (4(2) 0 2) da,
DiL(t, 2) = LDyG(t,x,w(t)oz)-(W)oz) dz + D,G(t, (1) 0 2) |

DiT(t2) = [ DSt w(t) 02)- ((t)0 ) AW (@) + DiS(E, b0 0 2).
0sQ
For u = 9(t) o z, we define the power of the external forces

Pt,u) = /QDAW(a:, Vu): V(¢(t) o ¢(t) ou) dx
- /QDyG(t,x,u) . (w(t) o @(t) ou) dx

= [ DSt (6(0) 0 0(t) 0 w) A )
05
so that the time derivative of the total energy takes the form

D, FeU(t, ¢(t) ou) = P(t, u) — DiG (¢, u) — DpS(t, u) .

These formulas allow us to pass from the problem with fixed boundary data to the original
one (see [10, Sections 2.4 and 7]).

3. QUASISTATIC EVOLUTION

The goal of this work is studying quasistatic evolutions: namely, motions which at each
time minimize the total energy and satisfy an energy-dissipation balance law. We quote
from [10] the definition of incrementally-approzimable quasistatic evolution; in Theorems 3.4
and 3.5 we present the existence result and the properties of global stability and energy
balance, in the weak hypotheses presented in Section 1.

Throughout the section, we adopt the formulation with time-independent boundary condi-
tions, introduced in Section 2. All definitions and theorems presented here can be formulated
in the framework with time-dependent boundary data (see Section 1), using Remark 2.9; for
the details we refer to [10, Sections 2.4 and 7).
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3.1. Definitions and properties. We fix an initial condition (ug,g), which is supposed
to be a minimum energy configuration at time 0, i.e., I'g € R, ug € AD(I,T), and
F(0,u0,Tp) < F(0,u,T) (3.1)

for every T' € R with T'g C T and every u € AD(I,T).
Consider a time discretization, i.e., a sequence of subdivisions {t}€
[0,1], with

}ogigk of the interval

0 _ 41 k=1 _ 4k : i i1
O=t, <ty <--- <7 <t;=1 and kllngo 11;1&)1(752—752 )=0. (3.2)

For a given subdivision, we define a corresponding incremental approximate solution.

Definition 3.1. Fix k € N. An incremental approzimate solution for F corresponding to
the time subdivision {t};}0<i<k with initial datum (ug, o) is a function ¢ — (ug(t), Tk (t)),
such that

(a) (uk(0),I'%(0)) = (uo,T'o);

(b) uk(t) = ux(tl) and Ty (t) = Tk (th) for t € [t};,t?jl) and ¢ =0,...,k—1;

(c) fori=1,....k, (u(t}),I'(t})) is a solution of

min {F(t},u,[): T € R, I T, ue AD(I,T)}. (3.3)

If (ug,T'y) satisfies the previous definition, by the minimality and by (V3) we have
F(t,ug(t),Tr(t)) < 4+oo for every t, hence uy € SBVP(Qp; K) by (V4). The existence
of incremental approximate solutions is guaranteed by the following theorem, which is the
counterpart of Theorem 1.18; for the proof, we refer to [10, Theorem 2.10].

Theorem 3.2 (MINIMIZATION OF THE TOTAL ENERGY). Let F be the energy defined in
(2.1)-(2.6), where V satisfies (V1-8), L satisfies (L1-3), T satisfies (T1-3), and K satis-
fies (K1-3). Then, for every t € [0,1] and Ty € R, the minimum problem

min {F(t,u,f‘): FreR, IZyCT, ue AD(I,F)} (3.4)
has a solution.

To find an incrementally-approximable quasistatic evolution, we take a sequence of in-
cremental approximate solutions and pass to the limit as the time step vanishes. In the
passage to the limit, we use the weak* convergence in SBV?(Qp; K) for the deformations
(see Section 1.1) and the oP-convergence for the cracks (see Section 1.5).

Definition 3.3. A function ¢ — (u(t),I'(t)) from [0,1] in SBVP?(Qp; K) x R is an incre-
mentally-approzimable quasistatic evolution of minimum energy configurations with initial
datum (ug, o), if there exist an increasing set function ¢ — I'*(¢) € R, a time discretization
{t}'C } 0<i<k’ and a corresponding sequence of incremental approximate solutions (u(t), 'y (t))
with the same initial datum, such that for every t € [0, 1]

(a) T'k(t) oP-converges to I'*(¢) and T'(t) = I™*(t) UT;

(b) there is a subsequence wuy,(t), depending on ¢, such that wug,(t) — u(t) weakly* in

SBV?(Qp; K); moreover, for L-a.e. t € [0,1], klim Or, (t) = limsup O (t), where
L — 00 :

k—o0

O (t) := Dy Fo (¢, un(t)). (3.5)

We state the existence result for measurable incrementally-approximable quasistatic evo-
lutions; the proof can be done as in [10, Theorem 2.13, Theorem 6.1, and Corollary 6.2],
with minor modifications due to the presence of the forces.
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Theorem 3.4 (EXISTENCE OF QUASISTATIC EVOLUTIONS). Let F be the energy defined
n (2.1)-(2.6), where V satisfies (V1-8), L satisfies (L1-3), T satisfies (T1-3), and K
satisfies (K1-3). Let (uo,I'g) be a minimum energy configuration at time 0 as in (3.1).
Then there exists an incrementally-approximable quasistatic evolution t — (u(t),T(t)) with
initial datum (ug,To), such that the function t — u(t) is strongly measurable, regarded as
a function from [0,1] into SBVP(Qp;R™).

The main result of this work is the proof of the following properties, which characterize
quasistatic evolutions as rate-independent processes (see [21] and the references therein). We
refer to [10, Remark 2.16] for further comments on the energy balance rule.

Theorem 3.5 (PROPERTIES OF QUASISTATIC EVOLUTIONS). For every incrementally-ap-
prozimable quasistatic evolution (u(t),T(t)), the following hold:
(1) Global stability: for every t € [0,1] the pair (u(t),I'(t)) is a minimum energy
configuration at time t, i.e., I'(t) € R, u(t) € AD(I,T'(t)), and

F(t,u(t), () < F(t,v,T) (3.6)

for every T' € R, with T'(t) C T, and every v € AD(I,T);
(2) Energy balance: the function F(t) := F(t,u(t),I'(t)) is absolutely continuous on
[0,1] and its time derivative satisfies

E(t) = DyF(t, u(t)) for L-a.e. t €[0,1]. (3.7)

In the next section we provide the proof of Theorem 3.5, which is based on the arguments
of [9] and [10].

3.2. Proof of Theorem 3.5. Let (u(t),I'(¢)) be an incrementally-approximable quasistatic
evolution. Then there exist an increasing set function ¢t — I'*(¢) € R, a time discretiza-
tion {t}C} 0<i<h such that (3.2) holds, and a sequence of incremental approximate solutions
(uk(t), Tk (t)) with the same initial datum (ug, o), which fulfil properties (a) and (b) of Def-
inition 3.3. Let 0k (t) be as in (3.5); set 71 (¢) := ti and Fy(t,-) := F(ti, ) for t € [t};,tfjl).

Global stability. The proof of (1) can be done as in [10, Section 4], with obvious adaptations
to treat the case where volume and surface forces are added. The properties of V' presented
before are sufficient to repeat the procedure of [10]; in particular, the properties of [10,
Remark 2.8] used in the Crack Transfer Lemma [10, Lemma 4.1] can be substituted by the
weaker ones (V6) and (V8) stated here.

Fixed t € [0, 1], by Definition 3.3 there is a subsequence uy, (t) converging to u(t) weakly
in SBVP(Qp; K). Arguing as in [10, Remark 4.4], one can see that

V(k; (t), ur, () — V(t,u(t)). (3.8)

Discrete energy inequality. Let now (uf,T'%) = (ug(ty),Tx(t})). Taking (u,T) = (I,T%i 1)
in (3.3), we get Fel(tt,ul) < Fel(ti, I). Hence by (V3), (L1), and (T1)

Flty,uj,) < M+ e +er, (3.9)

*

so that HVU};HM(QD;MWTL) is bounded uniformly in & and ¢ by coercivity. As uf;l €

AD(I,Ti7), by (3.3) we have F(th,ui,T%) < F(ti,ui ', Ti ). By (V6), (3.9), (12), and
(T2), the function ¢+ F°(¢,ul ') is absolutely continuous; therefore,

o L th :
Pt ™) =7 i) = [ e ar.

i—1
k
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Summing up, we obtain for every t € [0, 1] the discrete energy inequality

T (t)
]—'k(t,uk(t),l“k(t)) < f(O,U(),F()) + A Ok(s) ds. (3.10)

By (V6), (3.9), (1.2), (T2), and (3.10), Fy(¢t, ur(t),Tx(t)) is bounded uniformly with respect
to k and t. The nonnegativity of V', (L1), (T1), and (1.9) give a bound also on H" (T (t)),
uniform in £ and ¢.

Energy inequality. By Theorem 1.8 we have for every ¢ € [0, 1]

K(T(t)) = K(T*(t) UTy) < likm inf K(Tx(t) UTy) = likm inf K(Tx(t)); (3.11)
moreover, Fatou’s lemma implies that the function
Ooo(t) := limsup 0(%) (3.12)
k—o0
belongs to L'([0,1]) and
T (t) t
limsup/ Or(s)ds < / Oso(s)ds. (3.13)
k—oo 0 0
Fixed s € [0, 1], by Definition 3.3 there is a subsequence (ug;(s),I'x,(s)) such that
u, (s) = u(s) weakly ™ in SBV?(Qp; K) (3.14)
and
Oo(s) = klim Or, (s). (3.15)

By (3.8), (V6), and (2.16) we have
V(s,ug;(s)) — V(s,u(s)), L(s,ux;(s)) — L(s,u(s)), T(s,un,;(s)) — T(s,u(s)). (3.16)
In order to pass to the limit as k; — oo in (3.10), we employ Lemma 3.7, which is based

on the following consequence of (V7).

Remark 3.6. From Remark 2.2 we deduce that for every s € [0,1] and M > 0 there exists

a modulus of continuity w?: [0,1] — [0,+00), with s — wM(h) in L>([0,1]) for every

h € [0,1], such that

V(s =+ h,v) —V(s,v)
h

for every v € SBVP(Qp; K) such that V(0,v) < M and every h > 0 with s+ h € [0,1],

provided that D;V(s,v) is defined.

DiV(s,v) ¥ < w(h) (3.17)

Lemma 3.7. Let V: [0,1] x SBVP(Qp; K) — [0, +00] be lower semicontinuous with respect
to the weak™ convergence in SBVP(Qp; K) and satisfying (3.17). Let u; be a sequence
converging to us, weakly* in SBVP(Qp; K); fix s € [0,1] where DV (s, ui) and DyV(s, too)
are defined. Assume that V(s,uj) — V(s,us) < +00. Then DV(s,u;) — DiV(s, too) .

Proof. This lemma was shown in [16, Proposition 3.3]; from that proof, it is clear that w;
need not be uniform with respect to ¢. ([l

Applying Lemma 3.7, from (3.14) and (3.16) we deduce that for £1-a.e. s € [0,1]
D¢ V(s,ux,(s)) — D¢V(s,u(s)) .

The convergence of the derivatives of the force terms is given by (2.17). Hence, by (2.5),
(3.5), and (3.15), we conclude that for £L'-a.e. s € [0,1]

Ooo(s) = Dy F (5, u(s)). (3.18)
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By (3.8), (2.16), and (3.11) we have
F(t,u(t), (1)) < 1ijniglf Fiey (tug; (8), Ty, (¢)) < limsup F (¢, ug(t), Ui (1)) -

k—o0

From (3.10), (3.12), (3.13), and (3.18) we obtain

¢
lim sup Fi (¢, ur(t), Tk (t)) < F(0,up, o) —|—/ D, Fe! (s, u(s))ds.
0

k—o0
Then we get the energy inequality

Ftut), T() < F(0, u0, To) + /0 D F (s, u(s)) ds (3.19)

Finally, comparing (u(t),I'(t)) with (I,T'(¢)), by (3.6), (V3), (V4), (L1), and (T1), we
find a constant C' > 0 such that

V(t,u) <O, IVu®)lpogppnsny < C HTH(S(u(t) <C (3.20)
uniformly in ¢.

Approximation with Riemann sums. For the next point, we will use the approximation of
Lebesgue integrals with suitable Riemann sums [20]. Let C; a countable subset of L (Q; K),
dense for the norm of LI(Q2;R™), and Cs a countable subset of L>°(9sQ); K), dense for the
norm of LI(9s€;R™). By [9, Lemma 4.12 and Remark 4.13], we can find a sequence of
subdivisions {S?C}O<i<ik satisfying:

0 1 i —1 " . i i—1
0=s, <sp<---<sF <sF=t, kl;r{:olgli%)gk(s%—sz )=0, (3.21)

lim Z/H [br(s},) —br(s)| ds =0, (3.22)
i=1 "5k

k—o0 4

ik st 4
lim Z /ii1 |br(s},) —br(s)| ds =0, (3.23)
i=1" %

k—o00 4
i sk
: el i 7 el
klgr;o;/szl D F (s}, u(sy)) — DeFel (s, u(s))| ds =0, (3.24)
i sk ]
klim Z / ) |D¢L(s},,v) — DiL(s,v)| ds =0 for every v € Cy, (3.25)
=Y sk
ik sl 4
klim Z/ ‘DtT(s}’C, v) — D7 (s, v)| ds =0 for every v € Cs, (3.26)
—00 i—1
i=1 k

i Si.
klin;o Z /’:1 wgc () - w¢ (#)‘ ds =0 for every m € N, (3.27)
— Jsi

=1

where w¢ is defined in Remark 3.6 and C is the constant of (3.20). In the previous formulas
it is understood that all time derivatives are well defined at S;C . We can deduce the following
lemma.

Lemma 3.8. In the previous assumptions,

k—o00 4

lim Z /i_1 D¢V (s}, u(sy)) — DeV(s,u(s)))| ds =0. (3.28)
i=1" 5k
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Proof. Fixed m € N, we have max; (s} —s} ') < 1/m for k large. Comparing the derivatives
with the difference quotients and employing twice (3.17), we get

/:kl |DtV(s};,u(s};)) — DtV(s,u(s};))‘ ds < /

Sk S

for every s € [s;!, st). We deduce that

Jim Z/;l ID V(s u(sk) — DeV(s, u(sl))| ds

k—o00 4

<am 3 [ o6 (e ] as <2 [ o8 ()

where in the last estimate we used (3.27). Passing to the limit as m — oo, we conclude by
dominated convergence, thanks to the uniform bound on w¢. O

As for the approximation of the force terms, we follow [9, Lemma 5.7].

Lemma 3.9. In the previous assumptions,

klggoz/g% ‘Dtﬁ stou(sh)) — DeL(s, u(st) ‘ ds =0, (3.29)
klgroloz:/g% DT sy, u(s))) — DT (s, u(sy))| ds = 0. (3.30)

Proof. Consider the set H of all functions v € SBV?(Q2p; K) such that [[Vv| g, amxn) <
C and H" }(S(v)) < C, where C is the constant appearing in (3.20). By the SBV
Compactness Theorem [2, Theorem 4.8], H is compact in L% (€; K) with respect to the
norm of L(Q;R™). Fix € > 0; there exists a finite number of functions vy,...,v, € C;
such that for every v € H there exists j with [[v — v}, g < €. By (L3), we have

ID.L(s,v) — DyL(s,v5)| < ebr(s)
for L!-a.e. s € [0,1] (including the points s ). Then,

Z sup /_kl |Dt£(8};,v) — Dt[,(s,v)| ds

1= 1v€H
<ZZ/% |DiL(s}, v;) — DeL(s,v; |ds+sZ/ [br(sg) +br(s)] ds.
j=11:=1

First we pass to the limsup as k — oo, then we let € — 0; recalling (3.22) and (3.25) we
find that the left hand side in the previous expression is vanishing. Hence, (3.29) follows.
The proof of (3.30) is analogous. O

Summing up (3.24), (3.28), (3.29), and (3.30), we obtain

ik
lim Dt]-'d (s,u( D; .7-'el (s, u( ds=0. 3.31
2 ). | 5i)) - (3.31)

k—o0
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Energy equality. The converse of (3.19) is a consequence of the stability property, via a
discretization argument.

For i = 1,...,0, (u(si '), T(si ")) and (u(si),T(sk)) are competitors in (3.6): as
u(st) € AD(I,T(si)) and T(s ') C T'(si), we get

Flsi uls(7).T(s71) < Pl ulsh) Ts1)

Arguing as in the proof of the discrete energy inequality, by (3.20), (V6), (L2), and (T2) we
obtain

Flsi s T(600) = Flskeulsi).T61) — [ D (svu(sh)) ds.

Summing up,

F(t,u(t),T(t)) > F(0,ug,To) + E / D, Fe(s,u(st))ds.
im1 sk
By (3.19) and (3.31) we have

F(tu(t), (1)) = F(0, up, T) + /0 Dy F (s, u(s)) ds

which implies (2). The proof of Theorem 3.5 is concluded. O
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