A SHARP QUANTITATIVE ALEXANDROV INEQUALITY AND
APPLICATIONS TO VOLUME PRESERVING
GEOMETRIC FLOWS IN 3D

VESA JULIN, MASSIMILIANO MORINI, FRANCESCA ORONZIO, AND EMANUELE SPADARO

ABSTRACT. We study the asymptotic behavior of the volume preserving mean curvature and
the Mullins-Sekerka flat flow in three dimensional space. Motivated by this we establish a 3D
sharp quantitative version of the Alexandrov inequality for C%-regular sets with a perimeter
bound.

1. INTRODUCTION

In this paper we continue our study on the long-time behavior of globally well-defined weak
solutions of two physically relevant volume preserving geometric flows in three dimensions:
the volume preserving mean curvature and the Mullins-Sekerka flat flow. Our starting point
is the work [24], which implies the qualitative convergence of the volume preserving mean
curvature flat flow in R? to a union of disjoint balls, up to translation of the components.
In our previous work [23] on the two-dimensional case, we observe that the full quantitative
convergence is related to a sharp quantitative version of the Alexandrov theorem, which is a
purely geometric inequality. In [23] we prove a sharp quantitative Alexandrov theorem and
show that it not only implies the full convergence of both the area preserving mean curvature
and the Mullins-Sekerka flat flow, but also gives the exponential rate of convergence, in the
planar case. Our main results in this paper are the three dimensional counterpart of both
this inequality and its consequences for the asymptotics of the aforementioned geometric flat

flows.

1.1. Quantitative Alexandrov inequality. We denote by Hr the mean curvature of the
hypersurface OF (with the sign convention that Hg > 0 if E is convex, see the next section
for details), P(E) for the perimeter and set
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Here is our first main results.

Theorem 1.1. For every &y > 0 there exists C = C(dg) > 0 such that for every C?*-regular
set E C R3 with

|E| = |B1| and P(E)<4rv/2 -4 (1.1)
1
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it holds

Moreover, there exists 51 > 0 such that, if in addition OE € C* and ||Hg — IZIEHB(&E) <41,
then OF is diffeomorphic to the standard sphere S?.

Let us make some comments on the result. The inequality (1.2) is a Lojasiewicz—Simon
inequality for the perimeter functional with optimal exponent 2: indeed, (1.2) bounds the
perimeter with the sharp power of the L?-norm of its first variation, which is the mean-
curvature. We also call (1.2) a quantitative Alexandrov inequality because when the right
hand side is zero, i.e., when OF has constant mean curvature, then P(F) < P(B;), which by
the isoperimetric inequality means that E is the ball. This is the famous Alexandrov theorem
and (1.2) is a sharp quantitative version of it, in the sense that the exponent two on the right
hand side is optimal. Indeed, (1.2) is false for any exponent higher than two, see [23, Remark
2.2].

There has been an increasing interest on generalizations and quantifications of the Alexan-
drov theorem in recent years. We refer to [8] for an overview of this challenging problem,
and mention the works [13, 14, 15] on the characterization of critical sets of the isoperimetric
problem and [9, 10, 29] on quantification of the Alexandrov theorem. The main issue in the
problem in Theorem 1.1 is that we do not have any a priori estimates, such as curvature
bounds, for the set E other than the perimeter bound in (1.1), which prevents the bubbling
phenomenon. Moreover, we measure the distance of the mean curvature to a constant with
respect to L2-norm, which in three dimension is not enough to apply Allard regularity theo-
rem to deduce a priori regularity estimates for the set £. This makes the problem much more
challenging than the two dimensional case. However, the inequality (1.2) is suitable for the
study of the geometric equations, which was our main motivation to consider the problem in
the first place.

We note that the right hand side (1.2) in R? is special, since it is scaling invariant. The
novelty of the paper is that we prove the inequality (1.2) by means of results from conformal ge-
ometry, by transforming the problem into a minimization problem involving Canham-Helfrich
energy functional. Indeed, using the estimates from [24] we are able to restate the problem
using parametizations by weak immersions from S? to R? which allow us to use the results
[45, 46, 53] to obtain the existence and regularity of the minimizer of an auxiliary problem
(see Proposition 4.1). We then derive uniform regularity estimates which enable us to prove
(1.2).

The closest result to Theorem 1.1 in the literature is the quantitative Willmore inequal-
ity due to Roger-Schéiztle [55], which roughly states that for E as in Theorem 1.1 and OF
diffeomorphic to the sphere it holds

P(E) — P(B1) < C(|Hg| 72 (o) — 167). (1.3)
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However, the inequality (1.2) is stronger than (1.3) (in the sense that (1.2) implies (1.3)) and
(1.3) is not enough for the applications to geometric flows. Moreover, the proof of (1.3) is
completely different to (1.2), as it relies on the quantitative result on nearly umbilical sets
due to De Lellis-Miiller [11].

1.2. Application I: volume preserving MCF. As we already mentioned, our main mo-
tivation to prove Theorem 1.1 is to study the asymptotic behavior of volume preserving
geometric flows. We begin with the volume preserving mean curvature flow and recall that a
smooth flow of sets (Ey).ejo,r) C R3, for some T > 0, is a solution to the volume preserving

mean curvature flow if it satisfies
Vi = —Hg, + Hp, on 0F; C R?, (1.4)

where V; denotes the outer normal velocity. Such a geometric flow has been proposed in the
physical literature as a model for coarsening phenomena. We refer to [7, 48, 61, 62] for an
introduction to the physical background. For us the most important feature is that (1.4)
can be seen as a gradient flow of the perimeter with respect to a suitable (formal) L2-type
Riemannian structure and it preserves the volume.

In general smooth solutions of (1.4) may develop singularities in finite time and therefore
we need a suitable notion of weak solution which is defined for all times. The main difference
between (1.4) and the mean curvature flows is that (1.4) is non-local and does not satisfy
the comparison principle, and therefore it is not clear how to define a level set solution to it.
A well established choice for a weak solution of (1.4) is the minimizing movement approach
proposed for the mean curvature flow independently by Almgren, Taylor and Wang [3] and by
Luckhaus and Sturzenhecker [39], and adapted to the volume constrained case in [49]. Here
we use the definition from [22] as it simplifies the analysis. We recall that the minimizing
movement method is based on the gradient flow structure of the flow. To be more precise, one
uses implicit time-discretization and recursive minimization of a suitable incremental problem
to construct a discrete-in-time approximation of a solution to the equation (1.4) and defines
any of its cluster points, as the time step converges to zero, as a flat flow solution of (1.4). For
the precise definition see Section 5. By the results in [3, 39, 49] the flat flow, starting from any
bounded set of finite perimeter, always exists and is Hélder continuous in the L'-topology.
Moreover by the result in [25] it coincides with the unique smooth solution as long as the latter
exists. For other possible notions of weak solutions we refer to [26] for a viscosity solution
for star-shaped sets, and the gradient flow calibration in [34]. We also mention the recent
works on the phase-field approximation to (1.4) via the Allen-Cahn equation, which converges
to a Brakke-type solution of (1.4) [59, 60], to a distributional solution if the convergence is
assumed to be strong in BV by [35], and the consistency is proven in [28].

Since the flat flow is defined globally in time we may study its asymptotics. Apart from
our previous work [23] that we already mentioned, the long-time convergence results in the
literature are confined to the case when the classical solution is defined for all times, e.g.,
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when the initial set is convex [19], or when the initial set is close to the ball [16] or to a
general local minimum in the case of a flat torus [50, 12]. The starting point of our analysis
is the result by first author and Niinikoski [24] on the qualitative asymptotic convergence of
(1.4), which is stated as follows:

Given any volume preserving flat flow {E(t)}i>0 in R3 starting from a bounded set of finite
perimeter E(0) C R® with volume |E(0)| = v, there exist N € N and time-dependent points

z1(t),...,an(t) €R®,  |ai(t) —x; (1) > 2r Vi#j, (1.5)

such that setting r = (4?:]’\,)1/3 and F(t) = Ufil B, (x;(t)) we have that
sup  dist(z,0F(t)) - 0 as t — oc. (1.6)
z€E(t)AF(t)

We remark that it is possible that the flow converges to a union of tangent balls [17], but
it is expected that this happens only in special cases, and that generically the limiting set
is a unique ball. Based on this, we show that if in the above theorem, the set F(t) is just
one ball, or if the balls have positive distance to each other, then we may upgrade the above
convergence result to a full quantitative exponential convergence to a union of (independent
of time) balls. In both cases, the crucial estimate is given by Theorem 1.1. We prove the

following result.

Theorem 1.2. Let {E(t)}i>0, N € N and the points z1(t), ..., zn(t) in R3 be as (1.5) above
and assume in addition that there exists 61 > 0 and Ty such that

|zi(t) —x;(t)| > 2r+01  forall t > Ty (1.7)

for i # j. Then the sets E(t) converge exponentially fast to F' = Ufil By (z;), for some
z1,...,xn € R® with |x; — xj| > 2r, i # j. To be more precise, we have
sup dist(z, OF) + |P(E(t)) — Ndnr?| < Ce
z€E(t)AF

for a constant C > 1.

In particular, if the set F'(t) in (1.6) is just one ball, then by Theorem 1.2 we have the
full convergence of the flow. For example, if the initial set satisfies the condition (1.1), i.e.,
|E(0)| = |B1] and P(E(0)) < 47 /2 — &, or if there is T > 0 such that E(t) satisfies the
condition (1.1) for all ¢ > 7', then the flow converges exponentially fast to a ball. We recall
that we do not need any assumptions on the regularity, other than E(0) being set of finite
perimeter, or topological assumptions on the initial set.

1.3. Application II: Mullins-Sekerka. The second geometric evolution equation that we
consider, is the two-phase Mullins-Sekerka. We will define the flow in the three dimensional
flat torus of side length R, and assume R large, instead of considering a bounded domain to
avoid boundary effects. Note also that the two-phase flow is not well defined in the whole
space R3. We choose the side length to be large with respect to the volume of the set, to rule
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out other possible limit sets than union of balls. We note that the isoperimetric problem for
a general volume in the flat torus is a well-known open problem. The Mullins-Sekerka is then
given by the dynamics

Vi = [Oyugy)] on OE(t)
Aupp =0 in T\ OE(t) (1.8)
ugy = Hpy on 0E(1),

where [0, upg ;)] denotes the jump of the normal.

Similar to (1.4), also the Mullins-Sekerka is a non-local, volume preserving mean curvature
flow. It can also be seen as a gradient flow of the surface area but this time with respect to
a suitable H~3-Riemannian structure. It can be seen as a quasistatic variant of the Stefan
problem [38] and as a singular limit of the Cahn-Hilliard equation, see [2, 51]. For a more
comprehensive introduction we refer to [23] and the reference therein.

There is no result similar to (1.6) for the Mullins-Sekerka in the literature. Therefore we
need first to prove similar qualitative convergence for (1.8), and after that we may prove
the exponential convergence similar to Theorem 1.2. Here is our result for the asymptotical
behavior of (1.8).

Theorem 1.3. Fiz v,M > 0. Then there exists Ry > 1, depending on v and M, with the
following property: Let {E(t)}+>0 be a flat flow for (1.8) in T3, R > Ry, starting from a
set of finite perimeter E(0) C T% with volume |E(0)] = v and P(E(0)) < M. There exist
N eN an]\cfl time-dependent points z1(t),...,zn(t) in T% such that setting r = (%)1/3 and
F(t) = ULy Br(xi(t)) it holds |x;(t) — xj(t)| > 2r, i # j,

|[E(t)AF(t)] -0 as t — oc.
Assume in addition that there exists 61 > 0 and Ty such that
|zi(t) —a;(t)| > 2r4+ 01  forall t > Ty

for i # j. Then, the sets E(t) converge exponentially fast to a (independent of time) union

of balls
N
F = U B,(x;), where |x; —xz;| >2r i#j.
i=1
Precisely, there exists a constant C > 1 such that

Ql=

|E(t)AF| + |P(E(t)) — N4nr?| < Ce™

As in the two-dimensional case, in addition to Theorem 1.1 we need also the density
estimates due to Schéztle [57] in order to prove a quantitative Alexandrov theorem in terms
of the potential ug), see Proposition 6.3. We remark that we expect the convergence in
Theorem 1.3 to hold also with respect to the Hausdorff distance, as is the case in Theorem 1.2.
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2. NOTATION AND PRELIMINARIES

We begin with the notation related to the Euclidian space. We denote the open ball with
radius 7 centered at x by B,(r) and by B, if it is centered at the origin. For X € C*(U;R"),
U C R" open, we denote its differential by DX and the divergence by divX = Tr(DX).
Similarly for a real valued function u € C?(U) we denote the gradient by Du, the Hessian by
D?u and the Laplacian by Au. We point out that we will use the symbol V for the covariant
derivative on a manifold, which we will introduce shortly. However, with a slight abuse of
notation we will still use the symbols A and ”div” for the Laplace-Beltrami operator and the
divergence on a manifold respectively. The use will be clear from the context.

Given a set E C R", we define the distance function dist(-, E) : R™ — [0,400), as usual
dist(z, E) = inf,cp | — y|, and the signed distance function dg : R* — R as

dp(x) = dist(x, F) — dist(x,R" \ E) . (2.1)

Then clearly it holds dist(-,0E) = |dg|. For any Lebesgue measurable set £ C R" we denote
by |E| its Lebesgue measure and define the perimeter of E in an open set U C R" as

P(E,U) = sup{/ divX dz : X € C3(U,R") with || X||z~ < 1}. (2.2)
E

We write P(E) = P(E,R"™) and if P(E) < 400, we say that F is a set of finite perimeter.
In this case, the reduced boundary of E is denoted by 0*F, and the unit outer normal
to E by vg. Then, P(E,U) = H" 1(0*ENU) for any open set U. For a given vector field
X € CYHR";R") we define its tangential differential on F by VorX = DX —(DXvg)®vg and
tangential divergence as div! X = Tr(VyX). If E is C%-regular, i.e., 9F is C*-hypersurface,
we define the mean curvature Hg as the sum of the principal curvatures and denote the second
fundamental form by Ag. We use the orientation such that Hg is nonnegative for convex
sets. The divergence theorem extends to vector fields X € C'(R",R") as

/ divTXd”H"l:/ Hp(X -vg)dH" !,
OF OF

where - is the inner product in R™. Recall that Hz denotes the integral average of the mean
curvature, ie. ([, HpdH" ')/P(E). This notation is related to sets in R". We will also
need notation related to more general Riemann manifolds and introduce the notation related
to this.

2.1. Smooth immersions. Let X be a 2-dimensional, connected (unless otherwise specified),
smooth manifold and consider a smooth immersion f : ¥ — R3. In this work, we will call
f (X) immersed surface and “smooth” always means of class C°°. In such a setting, ¥ is
naturally endowed with a Riemannian metric, which is g = f:k grs3, given in local coordinates
as gij = Oy f - Oyi f The metric g can then be extended to tensors via the formula

Q(T, S) = Gi1s1 - - gikskgjlzl L. glelT?l---Z:kssl...sk

J1-J1 T RL2 )
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where (¢ is the inverse matrix (g;;). We note that in the above and throughout the paper
we adopt the Einstein summation convention. The norm of a tensor T is then defined as
|T| = /g(T,T) and it satisfies the following useful properties

(S, T)| < |S] [T 1S+ T| < [S|+ T T+ S| < CIT||S]. (2.3)

Here T % S is a tensor formed by a linear combination of new tensors, each obtained by
contracting some indices of the tensors T and S with the metric and/or its inverse, and the
constant C' depends only on the algebraic “structure” of T x S.

One may define uniquely the area (or canonical) measure o on ¥ by imposing in any chart
(U, ¢) that o(B) = | o(B) v/det gij o' dz. The measure o is then a complete, regular Radon
measure.

We denote by V the Levi-Civita connection of (3, g). We may extend V uniquely to every
bundle of tensors (by defining it in a natural way on C°°(X) and by imposing the Leibniz rule
and the commutativity with any contraction). In local coordinates it is given by

i1.. 1r k 01l z1 A Z lqtl-lg—1lige1...ir
(VXT) =X [ le Js Zrkjp Ji--Jp—1ljpy1.. js+ r TJl Js J

where Christoffel symbols Ffj are expressed in terms of the coefficients of the metric g as

kil
g
I = 5 (0yigij + 043 git — Oy Gij) -
We will write V™T for the m-th iterated covariant derivative of T' and the formula for the

interchange of covariant derivatives, which involves the Riemann tensor, is

r
2ty X2t de 21 g Mig 11...0g—1lig41..0r
\Y Tabh Js \ Tbajl Js ZRabJng JieJp—1ljpt1.. js+ZR“bmlg le Js )
q=1
(2.4)
where we recall
Riji = (aw — Ol + T35 — Fikﬂ?)gmz-

Finally, the (rough) Laplacian AT of a tensor T is defined as g V2T};.

Let f : ¥ — R3 be a smooth immersion of a generic connected smooth 2-manifold X. Since
d ﬁ, : T,3 — R3 is an injective linear map, we identify 7, with the linear subspace d f,;(T )
of R?, for all p € %, and by virtue of this identification, at every point p € ¥ we can define up
to a sign a unit normal vector v(p). Let us observe that if ¥ is closed and f is also injective,
then the unit normal vector v(p) can be chosen so that it depends globally in a C*°-way on
the point p. Indeed, if ¥ is closed and ]F is also injective, then f is an embedding and f (%)
admits a unique smooth structure making it into an embedded surface of R? with the property
that f is a diffeomorphism onto its image. Hence, ¢ : f (¥) — R3 is a smooth embedding,
the cited smooth structure on f (3) is determined by the smooth atlas formed by the charts
(f(U), ¢of_1), where (U, ¢) is any chart of ¥, and in this case, the tangent spaces Tf(p)f(z)
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and 7T,% are identified with the same linear subspace of R3. Then, by the theorem of Jordan-
Brouwer [5, Proposition 12.2], R3\ f (3) has two connected components and one of them is
a compact smooth 3-dimensional submanifold of R? with boundary f (X). Accordingly, there
exists v : f (¥) — R3 global unit normal smooth vector field pointing outward, as well as
N : f (¥) — R3 global unit normal smooth vector field pointing inward, N = —v. Thus,
v="ro f and N =No f will be the outward-pointing and inward-pointing global unit normal
smooth vector field of X, respectively. Therefore, X is orientable. In fact, the theorem of
Jordan-Brouwer and relative consequences are in general true for every closed, connected,
embedded smooth surface ¥ of R3. The surface ¥ is orientable, since an orientation of ¥,
which will be considered from now on, is determined by the charts (U, ¢ = (z',2%)) of & for

which

\ Oyt X 02 8x1"(/; X 8:521/; B
T 190 x0T 2.5
* 7 a5 01" T Tonir ol — @naap 2

Land N : ¥ — R3 is global unit normal smooth vector field

for every p € U, where 1) = @~
pointing inward, by noting that the Jacobian determinant of the transition maps between of
two charts of ¥, which satisfy the identity (2.5), is positive. In the case ¥ = f(%), then we
obtain the existence of an atlas A = {(Ui, 0; = (!, a:2))},~61 of ¥ such that both

_ 61_'0 —1 32_‘0 —1 81_’ 82_’
Ny = N-  — w1 (f 0wy ) X B2 (f wz)(%(p))_ 1f X Op2 f

o) ’aml(fo 901_1) X 8x2(fo (pz_l)| - ‘axlfx amzﬂ

for all p € U; and every ¢ € I, and the Jacobian determinants of all its transition maps are

(), (2:6)

positive, hence ¥ is orientable and its orientation is that one given by the atlas A.

Let j? : ¥ — R3 be a smooth immersion of a connected, 2-dimensional, smooth manifold .
As in the case of sets, we may define the second fundamental form and the mean curvature
also in this case. However, we prefer to keep the notation from differential geometry as it
is standard in this context. For a choice of the smooth unit normal vector field v around a
point p € ¥, the (scalar) second fundamental form at p is the symmetric bilinear form on 7,%
defined as

Ap(v,w) =V,v-w=N-V,w, (2.7)

for all v,w € T,¥, where N = —v and V is the Levi-Civita connection of (R3, ggs). Then
we have the (scalar) mean curvature at p, Hy, which is the trace of A, with respect g, (that
is H, = Ap(e1,e1) + Ap(ez, e2), for any orthonormal basis {ej, ez} of T,X), the vector mean
curvature at p, ﬁp = H,N = —H,v, the traceless part i&p of A,, given by Ap =A,—(H,/2)gp,
and the Weingarten operator at p, which is the linear map W, : 7,22 — T,,% defined through
gp(Wp(v),w) = Ap(v,w) for all v,w € T,X. The eigenvalues ky < ks of W), are the principal
curvatures at p, and we have the following identities: |A|? = k3 + k3; L&|2 = (kg — k1)?/2;
H = ki + ko; K¢ = k1ko. Here, K is the Gaussian curvature, which is equal to the half of
the scalar curvature of (3, g). Notice that locally, we may always choose v to be smooth.
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The Riemann tensor, the Ricci tensor and the scalar curvature can be expressed via the
second fundamental form as follows

Rijr = AiAji — AuAji,
Rici; = g™ Rigje = HAyj — Ag"™ Ay
Sc = ginicij = H2 - ’A‘Q

A consequence of this link between the Riemann tensor and the second fundamental form
and of the formula for the interchange of the covariant derivatives (2.4) is the useful equality

VAH = AVH + A * A  VH. (2.8)

The symmetry properties of the covariant derivative of A, given by the Codazzi equations
VA = VA, = VA, imply VH = divA = 2divA, which in turn yield the inequalities

H|2 < 2|A]2, IVH|? < 2|VA2 < 12|VA]?, IVZH|? < 2|V2A[% < 12| V242
(2.9)
and the well-known Simons’ identity

AA;; = V2H;; + HA g Ay — |APA. (2.10)

The Willmore energy of a smooth immersion f .Y — R3, for a generic connected, closed,
smooth 2-manifold ¥, is given by

W(f) = i/XJHQ do . (2.11)

The most important property of this functional is its invariance under conformal diffeomor-
phisms of R3, recalling that a smooth immersion f : (M, g) — (N, h) between two Riemannian
manifolds (M, g) and (N,h) is said to be conformal if f*h = e?*g for some A € C>(M).
More precisely, W(® o f) = W(f), where ® is any combination of a translation of R3
given by = +— = + z for a fixed zg € R3, a dilation of R? defined as = ~ ax for some
a > 0, and a spherical inversion R? with center p ¢ f (X) and radius r > 0 described as
z — r2(z — p)/|z — p|2. In the case that @ is a spherical inversion with center p € f(X), we
have W(®o f) = W(f) —4r #f(p), where #(-) is the cardinality of (-), [4]. As a consequence,
we get the Li-Yau inequality [37], that is W( _> > AntfL(p) for all p € f| (X). In particular
if f is not an embedding, then W(f) > 8.

The infimum of W( f) among all smooth immersions f : ¥ — R3, where ¥ is a connected,
closed, smooth 2-manifold, belongs to [4m,8) if all 2-manifolds ¥ are orientable. More
precisely, for each nonnegative integer g, setting

By := inf {W(

—

) ; f : ¥ — R? is a smooth immersion with ¥ a 2-dimensional,

connected, closed, orientable, smooth manifold of genus g},
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it turns out 47 < By < 87 and each infimum [, is attained by a smooth embedding F:%—
R3, [63, 36, 58, 4]. The equality B¢ = 4m holds if and only if g = 0 and F is a round sphere,
that is, X is topologically a sphere and F embeds ¥ as a round 2-sphere of R3. Similarly,
By > 272 for any g > 1 and the equality holds if and only if g = 1 and (7 !o ﬁ)(E) is the

Clifford torus S'; x S!, , up to conformal diffeomorphisms of S, [41], where S denotes the
V2 V2
sphere of radius 7 and center the origin of R"*! and 7 is a generic stereographic projection

of S3. For completeness, we mention that there exists the limit of the By’s for g — +oo and
it holds that limg_, 1 By = 87, [31].

2.2. Embedded surfaces and Riemann surfaces. Given a closed connected embedded
smooth surface ¥ C R3, the inclusion 7’ : ¥ — R? is a smooth immersion. Thus, the above
is applicable, recovering in this way the classic theory of the embedded surfaces of R3. In
particular, ¥ is a Riemannian surface where the metric g is the (natural) one induced by
the Euclidian metric, it is orientable with orientation fixed through (2.5), and the second
fundamental form A, the mean curvature H, the traceless part A of A can be globally defined
in a smooth way on it. In the case that the surface is the boundary of a set F, i.e. ¥ = 0F,
we use the notation Hg, Ag, etc., while if we are interested only on the surface, we write
Hsy, Ay etc..

Since X is a closed connected orientable smooth 2-manifold, it is diffeomorphic either to a
sphere or to a connected sum of tori, [6, 42]. If it is diffeomorphic to a sphere, we say that
it has genus 0, while if it is diffeomorphic to the connected sum of n tori, we say that it has
genus n. It follows then from Gauss-Bonnet theorem (see for instance [52]) that

/ K dH? = 27x(%) = 47 (1 — genus(%)). (2.12)
)

Another important property for the surface ¥ is the existence of an atlas {(U s (g, vj)) Yies,
compatible with the fixed orientation, such that all local coordinates (u;,v;) are isothermal

for the Riemannian metric g, i.e.
g = e*N (du; ® duj + dvj ® dvy),

with A\; € C*°(Uj;). Moreover, the family {(U;, uj+iv;)},cs defines a one-dimensional complex
structure on X, since all its transition maps and their inverses are holomorphic, and the
Riemann surface S so obtained, that is the one-dimensional complex manifold determined
by this complex structure, is said to be induced by the Riemmanian oriented surface (3, g).
If S and S’ are Riemann surfaces induced by the Riemmanian oriented surfaces (3, g) and
(3, ¢') respectively, then f : (2,9) — (¥',¢’) is a smooth orientation-preserving conformal
diffeomorphism if and only if f : S — S’ is biholomorhic, that is f is holomorphic with
its inverse. This is still true if (X, g), as well as (X', ¢’), is a generic 2-dimensional oriented
Riemannian smooth manifold, therefore, conformal Riemannian metrics determine the same

complex structure in 2-dimensional oriented smooth manifolds, where we recall that two
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Riemannian metrics h,h’ on a same smooth manifold M are conformal if there exists A\ €
C>®(M) such that h' = e?>*h. More precisely, in the case of 2-dimensional oriented smooth
manifolds, the concepts of structure complex and of conformal structure (that is a conformal
equivalence class of Riemannian metrics) are equivalent.

Above we introduced the notion of Riemann surface and that one of Riemann surface in-
duced by a 2-dimensional Riemmanian oriented smooth manifold because we want to apply a
known corollary of the Uniformization Theorem, which provides a classification up to biholo-
morphic maps of all connected Riemann surfaces, to the Riemann surfaces induced by closed
connected embedded smooth surfaces of R? with genus 0. This corollary states that every
closed connected Riemann surface of genus zero is biholomorphic equivalent to the Riemann
sphere, that is S?> C R? endowed with the complex structure induced by the Riemmanian ori-
ented surface (S?, gs2 = "*gps) whose orientation is given once again through (2.5). Here, the
expression “biholomorphic equivalent” means that there exists a biholomorphic map between
the considered Riemann surfaces. We refer the reader to [20, 21] for a detailed treatment of
these topics.

Arguing as in the proof [33, Proposition 3.1] and using both the above cited corollary and

[57, Theorem 5.1], we obtain the following useful result.

Proposition 2.1. For every §; € (0,87), there exists a positive constant C' = C(d1) with the
following property. Let ¥ C R3 be a closed connected embedded smooth surface of genus 0
with H*(X) = 47 and

145|725 < 87— 61
The Riemmanian surface ¥ is oriented with orientation given through (2.5). Then there is
a smooth conformal orientation-preserving diffeomorphism f : S* — ¥ with pull-back metric
g = [*gs = e*gs> having

[l oo (s2) < C.

In the following we will also need the Michael-Simon inequality, [44], that states the exis-
tence of constant C' > 0 such that

Julla) < C [ 90|+ Hywl a2 (2.13)
by
for every w € C*(X) and for all closed connected embedded smooth surfaces ¥ of R3.

2.3. Weak immersions of the sphere S?, convergence results and spheres min-
imising the Canham-Helfrich energy. Let us consider the Riemmanian oriented surface
(S?, gs2) with orientation given through (2.5). The default metric on the sphere S? will always
be the canonical one gge, therefore, if not mentioned otherwise, the quantities considered on
the sphere S? are all refereed to the standard metric gg.

A map f € W22(S2,R3) N WLo(S2, R3) is called a weak immersion if the following condi-
tions are satisfied.
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(i) There exists C' > 1 such that

C™lgs2(p) (v,v) < g(p)(v,v) < Cgs2(p)(v,v),

for every v € T,,S? and almost every p € S?, where g is the L>-metric on S? associated
with f given almost everywhere by ¢(0,i,0,) = Oy f o f in local coordinates.
Similarly to the smooth case, the metric g induces a Radon measure o, on S?, called
area measure.

(1) The Gauss map N, or N Iz defined almost everywhere in any positive local chart of S?
through the formula (2.6), belongs to W12(S? R3). Observe that N € W2(S? R3) if

/ |dN|§ dog < 400,
S2

where |[dN|2 = g* ¢/ (0, N - 8,5 f) (84N - 8,1 f) in local coordinates.
We denote by £ the class of the weak immersions f :S? = R3 of S? into R3.

Amap f € Wheo(S2 R3) is (weakly) conformal if g defined as before can be written almost
everywhere as e g2 for some u € L°°(S?) called conformal factor. In this case, the equalities
O f - 02 f = 0 and |8,1 f] = |0,2f] hold almost everywhere for every conformal local chart
of S?. Finally, we recall that for every weak immersion f : S — R3, there always exists a
bilipschitz homeomorphism ¢ of S? such that fo ¢ belongs to W22(S?2, R3) N Whe°(S2 R3),
f o ¢ is weakly conformal and Nzo¢p =Nz, [18, 53].

Given a weak immersion f : §? — R3, one may define the second fundamental form A,
the (scalar) mean curvature H, the vector mean curvature H and the Gaussian curvature K¢

almost everywhere in the same way as with smooth immersions.

Proposition 2.2. ([53, pp. 81-83]) Let fl,fé,--- € & be a sequence of conformal weak
immersions of the 2-sphere S* into R3. We assume that there exist a radius R and constant
C > 1 such that

FL(S?) € Bp(0) gl sy < C /S H2 doy < C

for all k € N, where the uy’s, the or’s and the Hy’s are the conformal factors, the area mea-
sures and the mean curvatures corresponding to the f;; ’s, respectively.
Then, by possibly passing to a sub-sequence, there ezists a map foo € W22(S2, R3)NW L(S2, R3)

such that it is weakly conformal and
log(|V fi]) = log(|Vfal) in L®(S?) (2.14)
Fie = foo in W22(S?, R%). (2.15)

We are interested in functionals involving the mean curvature, the area and the (algebraic)

volume. Therefore we need to study their behavior under the convergence given by (2.14)
and (2.15).
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Proposition 2.3. ([53, Lemma 5.2] and [46, Lemma 3.1]) Let f1, fa,--- € £ be a sequence
of conformal weak immersions of the 2-sphere S? into R3, 01,09, ... the corresponding area
measures on S?, and N1, Na, ... the corresponding Gauss maps. We assume that

sup \de\f]kdagk < 400

keN J§2
and there exists a weakly conformal map fos € W22(S2,R3) N WL0(S2,R3) such that (2.14)
and (2.15). Then, foo € &, i.e., it is weak immersion and, by possibly passing to a sub-

sequence, it holds

li dop, = | dowe 2.16
k:—l>r—&r-100 s2 ok /82 ? ( )
lim [ N fdog :/ Nao « foo d0so (2.17)

k—+oo Js2 S2
lim deak:/ Hy dos (2.18)

k—+oo Jg2 S2
/ H2, dos, < liminf / H? doy,, (2.19)

S2 k—+oco Jg2
2 DI 2

/S N2, dose < limind /S AN, dor. (2.20)

Another ingredient for the proof of Theorem 1.1 is a compactness result for weak immersions
of the 2-sphere. In order to state it, we need to introduce some definitions. For any weak
immersion f € &, we define Canham-Helfrich energy as

Heo(f) = i/y(ﬂ — ¢p)? doy, (2.21)

where ¢p is a given real constant. Observe that if ¢y = 0, the Canham—Helfrich energy of f

coincides with Willmore energy W(f), which is defined by the formula (2.11), exactly as with
smooth immersions. Finally, we define by

A(ﬁ:/SQdUg and V(*):—1 N - fdo, (2.22)

the area and the (algebraic) volume of f In the case that f is a smooth embedding and N is

the inner unit normal, V(f) coincides with the enclosed volume, by the divergence theorem
(see [56] for instance). The previously mentioned compactness result is the following.

Theorem 2.4. [46] Let co € R and let Ay, Vy be positive real numbers which satisfy the
isoperimetric inequality 367rV02 < Ag. Consider the problem

=

inf He,(f) (%)

F€EAy, vy
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—

where Eag,vy = {fE € : -A(JF) = Ao and V(f) = W}. If there exists a minimizing sequence
{fi}ren of the problem (x) having

sup W(fx) < 8, (2.23)
keN

then the infimum is attained by a smooth embedding f: S? — R3.

One may obtain Theorem 2.4 from [46, Theorem 1.7] since the assumption (2.23) on the
low Willmore energy prevents the bubbling phenomenon and the presence of branch points.
However, for the reader’s convenience we give here a more direct argument, but using the
results from [45, 46, 53], that leads to Theorem 2.4.

Proof. First of all, note that without loss of generality, we may assume that each f;; is also
weakly conformal (otherwise, one may replace f;; with f,; o ¢ for an appropriate bilipschitz
homeomorphism ¢y, of S?, see above). Then, for every k € N, we have by the Gauss-Bonnet

theorem for conformal weak immersion that
/ [dNy|?, doy, < 4W(fi) < 327 (2.24)
SZ

We note that the Gauss—Bonnet theorem for conformal weak immersions is a consequence
of the extension of Liouville’s equation to the conformal weak immersions, [53, pp. 96].
Moreover, arguing as in [58, Lemma 1.1] we have the following inequalities

VA/(8T) < \JA)/W(fi) < diam(fi(§%)) < O\ A(f) W(fi) < CV/BrAg, (2.25)

for some constant C' > 0 independent of k. Indeed for every f € &, the push forward measure

= ﬁ(ag) defines a 2-dimensional integral varifold in R3, given by the pair (f(S?), 4(f(z))),

with square integrable generalized mean curvature H,,, defined almost everywhere as

Ho)= = 3 Hpl)  if (7)) >0
yef (@)
and 0 otherwise. Another consequence of this fact is
W(f) > 4r lim “(L(f)) (2.26)
p—0F Uy
for every z € f(S?), which in turn yields W(f) > 47. We will refer to the above limit as
density of f at z. (See [30, Section 2.2] for this last part.)

Applying then [45, Lemma 4.1] with a diagonal argument, we obtain, by possibly passing
to a sub-sequence, that for every k there exists a smooth conformal orientation-preserving
diffeomorphism ¢, of S? such that, for the reparametrized immersion F, = f,; o ¢ € € and
for the new conformal factor A\ = %log (%|Vﬁk|2) the following holds: there exists a finite
set of points {aj,...,ay} C S? such that for any compact subset K of S?\ {a1,...,an}
there exists a constant Cx depending on the compact K and on the bounds of the areas
and energies of the fi’s such that [|Ag|| (k) < Ck. Moreover, since the diameters of the
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images of our immersions are bounded uniformly, see (2.25), then by possibly translating the
sets we may assume that the Fy(S?)’s are contained in the ball Bz(0). Then, in any compact
subset of S?\ {ay,...,ax} the assumptions of Proposition 2.2 are satisfied, therefore using the
argument from [53, pp. 81-83] together with a standard diagonal argument we deduce that
there exists a map Fao : S\ {al, ...,an} — R? such that F. € VVZQOE(S2 \{a1,...,an},R3N
W2 (S2\ {ai,...,an},R3), Fy is weakly conformal,

log(|VFk|) = log(|VFx|) in Lis.(S*\ {ax,...,an})
Fy, — Fy in W2*(S?\ {ai,...,an},R?).

loc

Moreover, the equalities and inequalities of Proposition 2.3, i.e. (2.16)—(2.20), are true re-
placing S? with §2\ U " B:(aj), for any € > 0. Joining all this information with the fact that
the Fk s have the same area and are contained in the same ball, one may also deduce that
F., extends to a (weakly conformal) map in W12(S2, R3), as well as Nog and e2*~H2_ extend
to a map in WH2(S? R3) and in L?(S?) respectively, and that

F, X F. in L®(S? and F, —~Fy, in W"“2(S?R?),

see [53, pp. 89-90]. From [53, Lemma 6.2] and [27, Section 4.2.3] it follows then that Fi,
belongs to W1°°(S? R3), which in turn implies that Fo e W?22($?,R3), and that for each a;
there exists a positive integer n; such that the singularity can be removed if n; = 1, and the
density of F at Fy (a;) is always bigger or equal to n;. Therefore, being

dmn; < W(Fy) < hmian(Fk) < 8,

one obtains that ﬁoo €.
It remains to show that

Moo (Foo) < inf  Hey (F) A(F) = Ag V(Fy) = Vo (2.27)
f€€aq.v,
in order to deduce that Fo is a minimizer of the problem (%). In particular, F., then satisfies
Euler-Lagrange equation associated with the Canham-Helfrich energy in a weak sense and,
as a consequence, it is smooth by following the proof of [46, Theorem 4.3].
Notice that in order to have (2.27), it is enough to show
lim hmlnf.A(Fk |B.(a;)) = 0,

e—0t k—+o0

for each a;. Again this is a consequence of the fact that sup,cy W(ﬁ k) < 8. Indeed, we argue
by contradiction and assume there exists jo € {1, ..., N} for which hm hm inf .A(Fk | B.(aj,) )

Vv

0. Then by [27, Lemma 4.4] lim hm mf W(F k| B (aj, )) > A However, thls is impossible as

e—0t

87 > lim liminf (w(ﬁk 0¥ Bafay)) + W(Fy [s2\uY, B (ay) )) > dr 4+ W(Fy) > 8.

e—0t k—+o0
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Finally, since F:X) is a smooth conformal map, it is, in particular, a smooth immersion. The
fact that Foo is injective, hence a smooth embedding, follows from (2.26) since the density of
F.o at z, for any = € F5o(S?), coincides with #(F!(z)), and W(Fy) < 8. O

3. CONSEQUENCES OF THE NON-SHARP QUANTITATIVE ALEXANDROV THEOREM [24]
Let us begin by restating [24, Theorem 1.2] in a slightly different way.

Theorem 3.1. Let E C R? be C%-regular set such that P(E) < Cy and |E| = |By|. There are
constants q € (0,1],C > 1 and 7 > 0, depending only on Cy, such that z'f||HE—I:IEHL2(8E) <7
then C~' < Hg < C and there are points x1,...,xN with |z; — xj| > 2p for i # j, where
p=2H"", such that for F = UN, B,(x;) it holds

1 ol
xES}ElEF‘dF| +|P(E) — 4nN 3| < C|[Hp — Hp|| 72 o

Indeed, Theorem 3.1 follows from [24, Theorem 1.2], since the volume constraint |E| = | B |
implies
N = 79 < C(Co) e — HelLagy

Theorem 3.1 implies the following non-sharp version of Theorem 1.1.

(3.1)

Corollary 3.2. There exists 19 € (0,1) such that for every C?*-regular set E C R? which

satisfies (1.1) and HHE - I:IEHLQ(aE) < 79 it holds

|I:IE—2| + sup ||$—$0|—1}—|—‘P(E)—P(Bl)‘ SOHHE_I:IEH(]L2(8E (32)

)
x€EAB (z0) )

where q € (0,1] and C > 0 are constants depending only on &y and ¢ € R3.

Proof. Theorem 3.1 and the condition (1.1) yield
47N3 < P(E) + Crd < 475/2 + C1d — 6,

for a number N € N. When 7y is small enough the above implies N < 2 and thus N = 1.
The inequality (3.1) implies the rest of the statement. O

In turn, Corollary 3.2 allows us to establish the following powerful result, which contains
information on the topology of the sets.

Corollary 3.3. There exists 19 € (0,1) such that, for every C*®-reqular set E C R3 which
satisfies (1.1) and HHE — I:IEHLQ(aE) < 79, the boundary OFE of E is a closed connected
embedded smooth surface of R® with genus 0, which admits a smooth conformal orientation-
preserving diffeomorphism f : S* — OF and the conformal factor u € C*®(S?), defined by
f*9or = e*gs2, satisfies

lull e ey < . (33)
where C is a positive constant depending only on dg. Here, the fixed orientation of OF is that

one given through (2.5).
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Observe that E is connected as a consequence of the connectedness of OF.

Proof. By Corollary 3.2, we have for p = ZHE1 that
/aE H%, dH? — 167 = /aE HZ dH? — Hy, P(E) + H, (P(E) — P(B)) + 47 Hy, (1 — p?)

< C|Hg - <Crf, (3.4)

HEH%%@E)
where C' > 0 is a constant depending only on Jg. Choosing then 7y > 0 small enough, the
boundary OF of E is connected and of genus zero due to the properties of the Willmore
functional discussed at the end of Subsection 2.1. Now we use Gauss-Bonnet theorem (2.12),
the fact that the genus of OF is zero and the estimate (3.4) in order to write

. 1 1
/ Ap|*dH? = / H%Ed%2—2/ K$dH? = / H% dH? — 47x(OF)
OF 2 JoE oF 2 Jor

< C|Hp — Hg|jap < O, (3.5)

where C' > 0 is always a constant depending only on dy. Recall that AE denotes the traceless
part of the second fundamental form and Kg the Gaussian curvature of OF, defined in Subsec-
tion 2.1. Therefore, by decreasing 79 > 0 if necessary, we may assume that ||.&EH%2(3 By < 2T
This allows us to apply Proposition 2.1 to the set F' = aF such that P(F) = 4m, as the
dilatation invariance yields [} \AF\Q dH? = [, ]&E|2 dH?. Hence, there exist a universal
constant C' > 0 and a smooth conformal orientation-preserving diffeomorphism f : S? — 0F
such that

Ju + log || o (s2) < C, (3.6)
where f*gop = €%gs2. We obtain the estimate (3.3) from the conditions in (1.1). O

4. PROOF OF THEOREM 1.1

We will prove Theorem 1.1 with a variational argument by converting the inequality into
a minimization problem. The core of the paper is to prove the following result, which then
implies Theorem 1.1 by a rather straightforward argument.

Proposition 4.1. There exists € = £(dp) € (0,1) such that for all € € (0,€) the functional
J.(E) = / Hg — Hg|? dH? — ¢ P(E) (5 %)
OF

is minimized by the unit ball By in the class of C?-reqular sets E C R which satisfy (1.1),
i.e., |E| = |B1| and P(E) < 4m</2 — dy.

Proof. Let us divide the proof in two steps.

Step 1: There exists € € (0,1) such that for alle € (0,€), the functional J. admits a smooth
minimizer F' = F(e) in the class of the considered sets. We begin by choosing a minimizing
sequence (E,,), of C%regular sets which satisfy (1.1) and converges to the infimum value of

J.. By an approximation argument, we may assume that the minimizing sequence (E,),
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is smooth, i.e., OF, are C*°-surfaces. We may also assume small oscillation of the mean
curvature:

= 2

HHEn - HEnHLQ(BEn)

Indeed, we may always assume the minimizing sequence to have smaller energy than the ball,

ie., J:(En) < Jo(Bi). Therefore, by the perimeter bound in (1.1), it holds

< 8me. (4.1)

/ Hg, — Hp, |>dH? < e (P(E,) — P(By)) < 47V/2¢ < 8né.
OEn,

As important consequences of (4.1) when £ is small enough, we have by Corollary 3.2 and its
consequences (3.4)-(3.5) that

Bl—CEq/Q (:En) C En C B1+C§‘Z/2 (:Cn) (42)
Hp, — 2| <Ce? (4.3)
0< P(E,) — P(By) <Cé&3 (4.4)
/ H3, dH? — 167 <C&2 (4.5)
OEn,
/ Ap, |2dH? < Ce3. (4.6)
OE,

Since the problem is translation invariant, we may assume that each x,, is the origin. Further-
more, again for £ small enough, Corollary 3.3 guarantees the existence of a uniform constant
C and a smooth conformal orientation-preserving diffeomorphism f,; :S§? = OE, C R3 such
that
[tnll Lo (s2) < C, (4.7)

where u,, € C*(S?) is given by ﬁ" gor, = €*"gsa. We recall that as usual, the fixed orientation
of OF,, is that one given through (2.5).

At this point, we observe that by the above results we may write the energy J.(E,) using
the parametric approach constructed in Subsection 2.5 and have

TB) = [ (g~ oy, () = 1) (49)

and V(f,) = |Bi|, where A(-) and V(-) are the area and the (algebraic) volume, defined
n (2.22). These equalities follow from the fact that given any positive chart (U, ) of S?, then
( ﬁL(U)7 po f_;; 1) is a positive chart of OE,,. Indeed, in such local charts, one can check

—

Oy = Opifal oy 957" (a) = gf;f(ﬁl(q)) det(g0"")(q) = \/det (gl (fa ' (0))
NOEn(q) = NI (£, (q)) AT (q) = ALy (M) Hop,(¢) =Hf - (f ().

Joining all, one gets the equality (4.8), while the identity V( ﬁl) = | B| follows by also applying
the divergence theorem.

Therefore the sequence of the smooth conformal immersions ﬁl of the 2-sphere S? into R3
satisfy the assumptions of Proposition 2.2 and by (2.24) also the assumptions of Proposition
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2.3. Thus, by possibly passing to a converging sub-sequence, we deduce that at the limit
there exists a conformal weak immersion f_;O € & of the 2-sphere S? into R3 such that the
equalities and inequalities (2.16)—(2.20) are true.

Using the notation from Section 2.3, we then have

inf J.(E) = lim J.(E,) = lim J.(fy) > Jg(f;o)z/ (Hoo — Hoo)? dooe — e A(fao)
SQ

ECR3 n—-+oo n—-+o0o
satisfies (1.1)
and V(fao) = |Bi1]. The map fao € £ is then the bridge between the two variational problems
by virtue of the following crucial chain of inequalities,

inf  J.(E) > Jo(fao) > 4<4 inf HHOO(E)> — eAs, (4.9)
satisﬁ%éRél 1) he€a00, Voo

where Ao iA(fw), Voo = V(foo) and Ea_ v, = {f € € : A(f) = A and V(f) = Vo)
Here, Hg__(h) is the Canham-Helfrich energy of the weak immersion h € £, defined in (2.21)
with ¢y = Hoo. Therefore, next we show that the assumptions of Proposition 2.4 are satisfied.

We begin by observing that joining the limit information (2.16)—(2.19) with the inequalities
(4.1), (4.3), (4.4) we know that the estimates

0< A—4n < Ce2  and  |[Hy —2| < Cé2 (4.10)

hold with the same uniform constant C' > 0 of (4.3)-(4.4), and
/ (Hoo — Hoo)? dooo < 87€. (4.11)
S2

The first consequence of (4.10) is that the positive constants A, Voo satisfy the isoperimetric
inequality 367V2 < A3, as Voo = |By|. Let ﬁl, EQ, -+ € £ be a minimizing sequence for the
problem infﬁesA v Hﬁw(ﬁ), 01,02, ... the corresponding area measures, and Hy, Hs, ... the

associated mean curvatures. By Minkowski inequality
I Hall 22,5 < IHn — Hoollz2(s2,5) + Hooll 282, 5,) = 1Hn — Hooll12(s2,5,) + Hoo VAo

Since foo € Ea .., We may assume that Hgm(ﬁn) <Hpm_, (fao) for all n € N. Therefore by
(4.10) and (4.11) it holds

IH, | 22,5, < [ Hoo — Hooll2(s2, 000y + HooVAse < V8TE + (2 + CE% )y A + CF3.

As a consequence, for & > 0 sufficiently small, the minimizing sequence of the ﬁn’s satisfies
the condition (2.23) (recall that W(h,) = HHnH%Q(S2 ~ )/4). Thus, applying Theorem 2.4, the

infimum of the problem infj fa v Hi, (i_i) is attained by a smooth embedding h : S? — R3.
Therefore, as explained in Subsection 2.1, A(S?) is the C™°-boundary of a smooth bounded
set I/ C R3, and it also holds P(F) = Aw, |F| = |B1| and

1

Hy_(h) = i /aF(HF — Hoo )2 dH2.
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The conclusion then follows by observing that

inf J.(E) > 4( inf Hg (ﬁ)) —eAs
ECR? he€an vee
satisfies (1.1) ’

> / (Hp — Hoo)2 dH? — cP(F)
OF

v

/ (Hp — Hp)? dH? — cP(F)
OF

> inf J.(E).
R3

~ EC
satisfies (1.1)
Hence, F is a smooth minimizer of the functional J. in the class of C?-regular sets £ C R?
which satisfy (1.1).

Step 2: For each € € (0,£), possibly choosing a smaller € > 0, every smooth minimizer
F = F(e) of the functional J. is the unit ball, i.e. up to a translation it holds F' = Bj.

Since F'is a smooth minimizer of the functional J; it satisfies the associated Euler-Lagrange
equation

— AHp = |Ap[>(Hp — Hp) (HF—HF)QHF+§HF+A on OF (4.12)

1
2
in the classical sense, where A is the Lagrange multiplier due to the volume constraint. The
derivation of (4.12) is standard and thus we omit it. Next we prove uniform regularity
estimates for F' using the priori bounds and the Euler-Lagrange equation (4.12). In the
following C' will denote a constant which is independent of € € (0,¢&) and may vary from a
line to line.

We begin by noticing that F' also satisfies (for same reason of the E,,’s) the estimates (4.1)
and (4.2)-(4.6). In order to estimate the Lagrange multiplier A\, we integrate (4.12) over OF,
use |, or AHF dH? = 0 and the Young’s inequality. From the estimates on the perimeter and
on the integral average of the mean curvature it follows then that

INP(F) < c/ (1+|Ap)?)dH? < c/ (1+ |Ap|Y) dH?,
OF oF

which yields
A< O+ AR o) (4.13)

as P(F) > 4m. We continue by multiplying the Euler-Lagrange equation (4.12) by Hp and
integrating by parts. After estimating the right hand side similarly to before, we then obtain

IVHE 220 < OO+ AR Laop) + N PE) HE < OO+ [Aplbapr).  (414)

where the last inequality follows from (4.3) and (4.13). We then recall the Simon’s identity
(2.10). We muplity (2.10) by Ar and integrate by parts,

IVAE 7200 < IVHEI 20p) + CIIAF]4or)-
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Hence, we have by the two above
I - 4
||VAF||%2(8F) < C(l + HAFH%H@F)) < C(l + HAF - §HF9HL4(8F))' (4‘15)

Notice that in these last two passages we used classical properties on the norm of tensors,
see (2.3). We proceed by using the Michael-Simon inequality (2.13) with the function u =
|Ap — 3 Hp g|?. We then have by Cauchy-Schwarz and by (4.15) that

1 2 1_ 1. )
HAFQHFQH4SC/6F|VAFHAF2HF9|+|HF|’AF2Hpg| dH2
1 . L . L
gc/a VARIAR = 5 B gl + [He = Hel|Ap = 5 B g+ HelAr = 5 Hegl a3
F

1= _ 1 1 -
< C(HVAFH? |Ar — 5 Hpg||, + [Hp — Hpll2 [|[Ar — *HFQHE +||Ap— < HF gH;)

[ S TV O W )

Since the estimates (4.1) and (4.6) imply

IN

_ 1 - _ o q
IHp = Hrll 200+ ||AF - 3 Hr 9]l p29m) < C(IHp = Hellp2om) + [ Ar || 205 < CE2,

when & > 0 is chosen small enough, we may absorb the term with L*-norm on the right hand
side with the that one on left hand side and as a consequence, we get

15 g
|Ap = 5 Brglfaor < Ce2. (4.16)
Therefore using (2.9), (4.3), and (4.16) the above implies
1~ 4
IHrlZs0r) < CIAFILa@or) < CUIAF = 5 Hr gll140p) + HpP(F)) < C. (4.17)
(OF) (OF) 2 (OF)

The inequality (4.17) and the perimeter bound imply that we may use the interpolation
inequalities from [40, Section 6] on OF. First, by [40, Proposition 6.2], we have

max [Hp — Hp| < C(|VHE|sor) + [He = el Lsom)) (4.18)

To estimate the right hand side we apply [40, Proposition 6.5] and obtain
IVHE] scor) < CIHE = Hellan o IHr — Hrl Lagor: (4.19)
[ — Arllaom < ClHF - BrllZ s [Hr - Brllpn. (4.20)

Note that the constants in (4.18), (4.19) and (4.20) are uniform, in particular, independent
of €. Using (4.13), (4.14) and (4.17) we have

A <C (4.21)
IVHE| 729 < C. (4.22)

Therefore, in order to prove
IHr — Hellw22(9r) < C, (4.23)
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we need a uniformly bound for ||v2HF||L2(6F)-
To this aim, we proceed in the spirit of [32, Lemma 2.5]. We multiply (2.8) by VHp and
integrate by parts to have

/ |v2HFy2ddH2=/ (AHp)?dH?+ | Ap s Ap+ VHp « VHp dH>.
oF OF OF

Then, by (2.3), arguing as in (4.15) and using (4.16) we have

/ IV2HE|? d dH? g/ (AHF)2d7-l2+C/ |Ap|? |VHE|? dH?
OF oF oF
1 -
< /@F(AHF)2 M+ C(1+ |Ap = 5 Hr gl Laor IVHF [ Laor) (4.29)

< / (AHp)?dH? + C(1 + &2 IVHEZ1(or))-
oF

We use again the Euler-Lagrange equation (4.12) together with the inequalities (4.3), (4.21)
and (2.9) and apply the Young’s inequality and obtain

(AHF)Q < 0(1 + |AF|6) on OF.
This and (4.4) yield
/ (AHp P dH? < 01 +/ A r[® dH?). (4.25)
oF oF

We apply [40, Proposition 6.1] with p = 1 to the function |Ar|® and use Holder’s inequality
to have

3
(/ \AF\6dH2> gC(/ yAFPyVAFde?+/ [Ap[* an?)
oF OF oF

3
< C(IAFIZsom) IV AR 200m) + AR s o))

Therefore, the inequality

IVAFL20r) < C, (4.26)
which is a consequence of (4.15) with (4.16), along with (4.17) implies |’AFH%6(3F) < C.
Hence, we obtain
/8 (AHp)? dH? < C. (4.27)
F

We apply [40, Proposition 6.1] to the function /|VHpg|* + 2, send 6 — 0 and by the
Young’s inequality with (4.22) we have

IVHE o < CUVPHE |2 o, + I VHE 22 0p) < C(L+ IV HE s o)
which together with (4.24) and (4.27) yields
IV?HEll20r) < C(1+22 |V*He | 120m)) -

Therefore, when & is small enough we obtain ||V?Hp| 129y < C. In conclusion, the estimate
(4.23) holds.
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We use (4.1), (4.19), (4.20) and (4.23) to obtain

1

1 _
HVHF”L‘l(aF) < Ces and ||HF - HF||L4(8F) < Cex .
By (4.18) this implies
_ 1
Hp —Hp| < Ces. 4.28
r%%x\ F r| < Ces (4.28)
Let us write (4.28) in a slightly different way. We define
) _ 2P(F)
R
and notice that by (4.3), (4.4) and |F| = |By] it holds

Hp — Ce? <2 <HY < Hp + Céz.
Therefore we have by (4.28) that
Hp — HY| < CZ2. (4.29)

This in turn implies

< Ce1. (4.30)
CO(OF)

Seme(F) = HEQ _ 1’

Notice that the quantity demc(+) is scaling invariant, while H% is not. Therefore, scaling F’
such that Hg = 2 and possibly choosing a smaller £ > 0, the assumptions of [29, Theorem 1.8]
are satisfied by F = aF, where o = P(F)/P(B1). Accordingly, by the proof of [29, Theorem
1.8] and the arguments in [47], there exists w € C1!(S?) such that, up to translation, it holds
bar(F) = 0 and OF = {(1 + @(x))z : = € S?} with [|@]|c1(g2) < C deme(F). Thus,

1 _
OF = {(1 +w(z))z : z € S?} with w(z) = {(1 _ a) MJ}?
a
and
[wllersey < 1= al +[Jw]crge) < CE9,
for some ¢ € (0,1), by using (4.4) and its consequence a~! < 1. We may now use the

quantitative Alexandrov theorem from [47] for nearly spherical sets, by possibly decreasing
€ > 0, which implies

P(F) = P(B1) < Cllwlfisge) < ClHp — He|72(9p)-

Thus, we have obtained P(F') — P(B;) < C1|Hp — I:IF”2L2(8F) for a uniform constant C; > 0.
Therefore, when & < 1/C1, it holds

Je(F) = |Hp — Hp|[729p) — P(F) > —eP(B1) = J:(B1)

and the equality is true only when F' is the ball. By the minimality of F' we have equality in
the above and thus F' is the ball. O

We are now ready to prove Theorem 1.1, which follows easily from Proposition 4.1 as we
will see below.
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Proof of Theorem 1.1. Let & > 0 be from Proposition 4.1 and fix ¢ € (0,8). For every C2-
regular E C R? satisfying the conditions (1.1), by Proposition 4.1, we know that J.(E) >
J:(B1), which implies

P(E) - P(By) < e [Hg — Hp2a 0

The rest of the statement of Theorem 1.1 follows from Corollary 3.3. U

Remark 4.2. By a simple scaling argument we have the statement of Theorem 1.1 for sets
with generic volume |E| = v. Indeed, fit v > 0 and denote the radius p with |B,| = v. By
Theorem 1.1 for every dg > 0 there exists C(5g) > 0 such that for every C2%-regular set E C R?
with |E| = |B,| and P(E) < (47/2 — &9)p? it holds

|P(B) = 4mp?| < Cp? |Hp — Hel[12 o) (4.31)

5. APPLICATION TO VOLUME PRESERVING CURVATURE FLOW

We begin this section by proving the following consequence of Theorem 1.1.

Proposition 5.1. Assume that there are balls B,(x1),...,By(xN) which are quantitatively
disjoint in the sense that |x; — xj| > 2r 4+ 61 with i # j for some 61 > 0 such that their union
F =UN, B,(:) has the measure |F| = |By|. Then there is eg = £0(d1, M) > 0 such that for
all C?-regular sets E C R3 with |E| = |B1|, P(E) < M and |EAF| < g it holds

1 _
P(E) —47N5 < C|Hp — Hp |22 0m),
for a constant C' that depends on M and 61 > 0.
Proof. We note that we may assume that [|[Hg — Hg||12(9p) < €1, for small e; > 0, since

otherwise the claim is trivially true for C' > M/e;. Then by Theorem 3.1 and (3.1) there
exists a union of disjoint equisize balls, denote it by F, such that |F| = |B;| and

sup |dg|+ |P(E) — P(F)| < Cef.
zeEAF
By the assumption |EFAF| < ey, where F' = Uzj\il By (x;) with |z; — zj| > 2r + 6y for i # j,
the sets F' and F must both have N many balls with the same radius  and we have

sup |dp|+ |P(E) — 47N | < Cey, (5.1)
reEAF

when €7 is chosen small. Note that r = N =3 and N is bounded by the perimeter bound on
E. From the above we deduce that there are disjoint sets E1, ..., En such that F = Uf\;l E;
and By_ce,(zi) C E; C Byyce,(i). Let us choose for every i radius 7; such that |E;| = |B,,|.
Then r — Ceg < 1; < r 4+ Ceg and by the isoperimetric inequality

P(E;) > 4nr? > 4n(r — Cg)* > ATN~3 — Ceo.
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On the other hand by (5.1) it holds
N 1
P(E)=> P(E;) <4nN3 + Cel.
=1

Therefore it holds |P(E;) — 4mr?| < Cgq for all i = 1,..., N and (4.31) implies
P(E;) —4mr} < C|Hp, — HEll7295,) < ClHE, — Hell729m,)-

Summing over ¢ yields

N N
P(E)—4r ) 1} <C) |Hg, —Hgl720p = ClHe — Hel72p)-
=1 =1

Recall that the radii r; are such that YN |B,,| = |B|, i.e., Y)Y, 73 = 1. Therefore it holds

i=1"1

N N % N % )
Ar >y r} <dm <Z rf) <Z 1) = 47 N3
=1 =1 =1

which implies the claim. ]

In this section we will show how the sharp quantitative Alexandrov theorem, i.e., Theorem
1.1, implies the convergence of the flat flow for the volume preserving mean curvature flow
(1.4). We begin by recalling the definition of the flat flow. This was first given in [49],
following the associated scheme proposed in [3, 39], but here we use the variant given in
[22] since it simplifies the forthcoming analysis. We refer to [49, 47, 22] for a more detailed
introduction.

We fix the time step h > 0, and given a bounded set of finite perimeter E with |E| = v €
(0, 400), we consider the minimization problem

min{P(F)—i—lll/FdEdm: |F| :v} (5.2)

and note that the minimizer exists but might not be unique. Here dr denotes the signed
distance function as defined in (2.1). We define the dissipation of a set F' with respect to a
set I/ as

D(F,E) := / dist(x,OF) dx (5.3)
FAE
and observe that we may write the minimization problem (5.2) as
1
min {P(F) + > D(F.E): |F| = u}. (5.4)

We note that by a simple scaling argument we may reduce to the case v = | By| by changing
the value of h.

Let F(0) C R3 then be a bounded set of finite perimeter with |E(0)| = |B;| and which coin-
cides with its Lebesgue representative. We construct the discrete-in-time evolution {E,gh)} kEN
by recursion in such a way that E(0) = E and assuming that E,ih) is defined we set E,(Jfl to
be a minimizer of (5.2) with £ = Elgh). Notice that by standard regularity theory 8E,gh) is
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C%% regular (for all a € (0,1)) and therefore in (5.4) we use this exact representative in order
to compute dist(-, 8E,ih)). We define the approzimate volume preserving flat flow { E™ (t) Yo
by setting

EM)y=E"  for t € [kh, (k+ 1)h).
Let us then recall some basic a priori estimates for the approximative flat flow {E( () }+>0-
Using the minimality of E,g’fl and comparing its energy (5.2) against the previous set E,(Ch),
we obtain the following important estimate for all £ =0,1,...

h 1 h h h
P(E) + 5 DB ) < PED). (5.5)

In view that 8E,(J_L~_)1 is C*%regular (for all a € (0, 1)), it satisfies the Euler-Lagrange equation

4o (h) (h)
W B, + AN on 0E,/, (5.6)

in the classical sense, where /\,(:21 is the Lagrange multiplier due to the volume penalization.

It follows from the argument in the proof of [49, Lemma 3.6] or [22, Lemma 4.2], that

2 2 (h)  pa(h)
/8 oy L0 < oDl 1) (5.7)
k+1

k

for some universal constant C' > 0. By summing (5.5) from k£ = 0 to k — oo, and using (5.6)
and (5.7), we obtain the dissipation inequality

/ / (Hpn (i — Hpan )2 dH2dt < CP(E(0)). (5.8)
h JOEWM) (1)

Note also that (5.5) implies that t — P(E")(t)) is non-increasing. We now recall the definition
of flat flow.

Definition 5.2. A flat flow solution of (1.4) is any family of sets { E(t)}+>0 which is a cluster
point Of {E(h) (t)}tZ(); i.e.,

EM)(t)y — E(t) as h, =0 in L' for almost every t > 0.

By [22, Theorem 1] there exists a flat flow starting from E(0).
We are interested in the long time behavior of the flow. To this aim we recall the following
elementary algebraic lemma from [23].

Lemma 5.3. Let K € N and {ay}req1,.. k) be a sequence of non-negative numbers. Assume
that there exists C' > 1 such that

K
Zak; < Ca;
k=i

for every i € {1,...,K}. Then,
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for every i € {1,..., K — 1}, where S := Zszl ag.

The following lemma is a particular case of the well-known fact that C?-sets are A-
minimizers of the perimeter (see e.g. [1, Lemma 4.1]).

Lemma 5.4. Let N € N and B,(x1), ..., Br(xn) be disjoint balls in R™, with |x;—x;| > 2r+01
for i # j, and denote F = UZ]\LI B, (z;). Then there exists a constant A > 0, which depends
on r,n, N and d1, such that for every set of finite perimeter E C R™ it holds

P(F) < P(E) + A|EAF|.

Proof of Theorem 1.2. Let {E"(t)};>0 an approximate flat flow converging to {E()};>0
and let N, r > 0, and z;(t), i = 1,..., N, be as in the statement. By rescaling we may assume
that |E(0)| = |B1|. Set

falt) = P(E")(1)).
By (5.5) the f,’s are monotone non-increasing functions which are bounded by P(E(0)).
Therefore, by Helly’s Selection Theorem, up to passing to a further sub-sequence (not re-

labeled), we may assume that the functions f,’s converge pointwise to some non-increasing
function f : [0,+00) — R. Note that it follows from (1.6) and Lemma 5.4 that

lim foo(t) > A7N3.

t—00
We need to distinguish two cases.
Case 1. We first assume that
foo(t) > 4TN3  for all ¢ € [0, +00). (5.9)

We obsere that by using the argument in [24], i.e., using the estimates (4.23) and (4.25)
in the proof of [24, Theorem 1.1], we have that for every ¢ > 0 there exists 7. > 1 with the
following property: for every T' > T there exists hy = ho(e,T’) > 0 such that for 0 < h,, < hg
and t € (1., T) there exist points :nlh")(t), e :Bg\},l")(t) satisfying

(a) |2z (t) — 2" (1) > 2 and 2" (t) — (1) as hy — 0,
(b) sup dist(-, 0F ") (t)) < e, where we have set Fn)(¢ U B, ( (h”)
E(hn) () AF(hn) (1)
Recall now that |E(")()AE(:)| — 0 uniformly in (7%, T), as E"n)(.) and E() are Holder
continuous [49, 24, 22|, and recall that (1.6) holds. Hence by choosing T larger and hg
smaller, we may also ensure (by triangular inequality) that F()(¢) is uniformly (Ce)-close
to F(t) in (1., T) with respect to the L'-distance, and thus with respect to the Hausdorff

distance up to change the constant C, which is always independent both of n and T'. Hence,
by choosing ¢ sufficiently small and recalling (1.7), we may assume that in fact

5
") (8) — 2" ()] > 2r + 5 for0<hy<hyandte (T.,T),
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We may thus use Lemma 5.1 to deduce that
l —
P(E(hn)(t)) —4nN3s < CHHE(hn)(t) - HE(hn>(t)||%2(8E(hn)(t))7 (5-10)

for a constant that depends on P(FE(0)) and ¢;.

We proceed by proving that the E(t) converges in L!-sense. The argument is now similar
to that of [23, Theorem 1.2] but some modifications are needed. In what follows C' will denote
a positive constant independent both of n and 7', which may change from line to line and
also within the same display.

Let T > T; be as above. Then, by (5.9) and the definition of f it follows that

P(EM)(t)) > 4xN3  for all t € [0, T]

and for 0 < h,, < hg (by taking ho > 0 smaller if needed). In turn (for the same n’s), by
iterated use of (5.5) and then by (5.10) we deduce for all t € (T; + hy, T — hy,)

hi S pEln) By < P(EM(1) — P(E@)(T)) < P(EU)(1)) — 4nN's

< ClHpom ) — Hpom )1 725

where |a| denotes the integer part of a > 0.
We proceed by using the Euler-Lagrange equation (5.6) and the estimate (5.7) to get

= 2
HHE(hn)(t) - HE(hn)(t)HLz < ||HE(hn)(t) L t JHL2
5.11)
C oy (hn) (i) (
= @Hd];(hn)(t,hn)HLQ(aE(hn)(t)) S F%D(ELﬁJ’ELﬁJ—l)'

The two previous displays yield

L -1
1 X (hn) olha)y — C R (b)) C () )
hnkLZtJ DByt Bi) < =5 DIELE) Bty ) < 9 DI B )
=[z=]-1

with C’ > 0 independent of T" and n. Denoting aj = %D(Egj_’a), E,E:h”)) and recalling that

LthJ 1
Z D(E!), ")) < P(EP)(T.)) < P(E(0))
L <]

we may use Lemma 5.3 to deduce

p e NIREY
— 3 DB EM) < PBO) (1‘07> <Ce Y (512)
" k=1t

for all t € (T. + hy, T — hy) and 0 < hy, < hg.
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By [49, Proposition 3.4] it holds

hon hn ha)y , C hn
B AR < CLPEL) + 7B, BM)

for all | < 5+/hy,. Therefore, by the inequality above, by P( I(c+1)) < P(E(0)) and by (5.12)

for every t,s, with T, + h,, <t <s<t+1<7T — hy,, we have that

L )-1
|Et) () AED)(5)] < Z ‘E(hn)AE(hn)’

k+1
k=|7-]
k=|5-]
< g Chy —tjc

hn 1

for all | < %\/hn and 0 < h,, < hg. In particular, choosing [ = hne_t/QC,, we have
|EC) () AEM=) (5)| < Ce 2",
Passing to the limit as h,, — 0, we get
|[E)AE(s)| < Ce 2 forall . <t<s<t+1<T. (5.14)

Since T > T is arbitrary, we conclude that E(t) converges exponentially fast to a set of finite
perimeter F in L', which by our assumptions is necessarily of the form

N
F = U By(x;), with |z; — x| > 2r + 61 for i # j. (5.15)

Let us also observe that for ¢t € (1. + hy,, T — hy,) and 0 < h,, < hy we have

T—hy, L) =1
/th HHE(hn>(s) HE(hn) S)HLz (DB (s)) ds < - ; hn, HHE(;L,L) HE](C;j_nl)HiQ(aEl(m))
ol (5.16)
C’ Ll -1 ,
<S5 pe 5 < cee

k=[]
where in the second inequality we argued as in (5.11), while in the last we used (5.12).
For the same ¢t > T, + 1 and 0 < h,, < hy we deduce from (5.16) and from the mean value
theorem that there exists t, € [t — e~*/2%" #] such that

[ 2 _ C/
HHE(hn)(tn) - HE(hn)(tn)HLQ(aE(hn)(tn)) <Ce t/2 .
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By Theorem 3.1 and (3.1) we deduce that E("»)(t,,) is close to a set F(hn) (¢,)) := UZ L Br(z (h")( tn)),
for suitable mgh")(tn) € R3, not only in L!-sense but also

sup dist(-, 0F ") (t,)) + P(EP) () — 4T N3 < Ce /4", (5.17)
x€En) (t,)AF(hn) (t,,)
Since t, < t we have P(E(")(t,)) > P(E(")(t)) and thus (5.17) holds a fortiori with

P(E")(t,)) replaced by P(E("=)(t)). Therefore sending h, — 0, we deduce by the lower
semicontinuity of the perimeter that

P(E(t)) — 4TN3 < Ce /40", (5.18)
On the other hand, by Lemma 5.4 we have
ArrN3 = P(F) < P(E(t)) + A|E(t)AF) (5.19)

with F' given by (5.15). Recalling that |E(t)AF| — 0 exponentially fast, (5.18) and (5.19)
yield the exponential convergence of P(E(t)) to Ndnr? as t — +oo.

We now turn to the Hausdorff convergence. Notice that inequality (5.17) is true for ¢,
possibly with a worse exponential rate, by applying [24, Lemma 4.3], and observe that passing
to the limit in (5.17) (up to a t-dependent further sub-sequence, if needed) yields

sup  dist(-, 0F(t)) < Ce /2" (5.20)

E(t)AF(t)
where F(t) := Uf\il B,(xi(t)) for suitable z;(t) € R3. Recalling that |E(t)AF| — 0 expo-
nentially fast as ¢ — 400, we deduce that also F(t) converges to F' exponentially fast (with

respect to the L!-distance and hence the Hausdorff distance) and thus (5.20) holds also with
F(t) replaced by F, possibly with a worse exponential rate.

Case 2. Assume that here exists ¢ > 0 such that foo(t) = 47N 5 for every t > t. In this case
we will show that for large times E(t) coincides with F'. The argument is identical to that of
[23, Theorem 1.2-Case 2| but reproduce it for the reader’s convenience.

By monotonicity of the functions f,’s, we have that for every T > t, {f,} converges
uniformly to foo = 47N 5 in [t,T]. In particular, using that

- D(E,i’fl),E(h” ) < falkhn) = ful(k+ 1)hy),

we deduce for every t € [t,T — hy)

EaR
Z hy ' D(E") (h"))<fn<LhtJ n)—fn(Lthhn> —by—0  ashy — 0.

n n
k=l
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Arguing as in (5.13), for every t <t < s < T — h,, we get

s—t C B I
—P(EO)+7 > DELEM).
n e

|Et) () AEM) (5)| < CI

t

7l

for all [ < %\/hn. Choosing ¢ = /b, h,, we conclude that
|EM) () AEM) (5)| < C\/bn(s — t)P(E(0)) + Cv/b, — 0,

that is E(t) = E(s) for every t <t < s < T. By the arbitrariness of 7' > ¢ and recalling that
by assumption E(t) converges to a disjoint union of balls up to translations, we necessarily
have E(t) = F for all t > ¢, with F as in (5.15). O

6. THE ASYMPTOTICS OF THE 3D MULLINS-SEKERKA FLOW

Let us first construct a flat flow solution for the Mullins-Sekerka flow (1.8) in the three-
dimensional flat torus T%, = R3/(RZ?) with R > 1. The construction in the case of a bounded
domain is due to Luckhaus and Sturzenhecker [39], while the two dimensional flat torus T? is
considered in [23]. The construction in T% is essentially the same as in the two-dimensional
case but we repeat it for the reader’s convenience. First, the perimeter of E in the flat torus
T%, is defined as

Py (E) = sup{/ divX dz: X € CHT%,R?), | X||1= < 1}.
E

Here X € CY(T%,R?) means that the Z3-periodic extension of X to R3 is continuously
differentiable. For a given set of finite perimeter E C T%, with |E| = v, we consider the
minimization problem

h

min{PT%(F)—l—Q/TS IDUpp|?de:  with |F| = |E| :v}, (6.1)
R

where the function Urp g € H 1 (']I‘:ISDL) is the solution of

1
— AUrg = 7 (XF — XE) (6.2)

with zero average. We note first that by a simple scaling argument we may reduce to the case
v = |By| by changing the values of R and h. As proven in [39, 54| there exists a minimizer for
(6.1), but it might not be unique. Concerning the regularity of the minimizers, we may argue
as in [23] to deduce that the minimizing set F is C®%*regular and satisfies the associated
Euler-Lagrange equation

Upp=—-Hp+ A on OF

in the classical sense, where A is the Lagrange multiplier due to the volume constraint.
We denote
D(F,E) := / |DUpg|* de, (6.3)
T3

R
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where Up g is defined in (6.2). We define the H'-norm of a function f on the torus T% by
duality as

I£l-scsgy = s { [ oo s 1Dgllay <1}
R
Then, by (6.2) and by integration by parts we have
IxF = xEl5-1 03y < W2 1D Upglj2em ) = h* D(F, E). (6.4)

We fix the time step i > 0, the initial set E(0) C T% and let Egh) be a minimizer of (6.1)
with E(0) = E. We construct the discrete-in-time evolution (E,gh)) ken as before by induction
such that, assuming that E,gh) is defined, we set E,(Ql to be a minimizer of (6.1) with F = E,(Ch)
and denote the associated potential for short by U, ,gfr)l, which is the solution of

m _ 1

- AUkJrl =7 <XE](€Z)1 - XEl(ch)) (6.5)

with zero average. The Euler-Lagrange equation now reads as

(h) _ (h) (h)
Upir = _HEngl + A1 on OE; /. (6.6)
Using the minimality of E,gj_)l and comparing its energy against the previous set E(h), we
obtain
h h h h h

Py (B + 5B BY) < Py (BY), (6.7)

where CD(E,(QP E,ih)) is defined in (6.3).
As before we define the approximative flat flow {E(")(t)}4>¢ by setting

EW@)y=E" and UMW) =0" for t € [kh, (k + 1)h)

and we call a flat flow solution of (1.8) any cluster point { E(t)}¢>o of {E" (t)}4>0 as h — 0,
ie.,

E") () — E(t) in L' for almost every ¢t >0 and for some h, — 0.

Arguing exactly as in [54, Proposition 3.1] we may conclude that there exists a flat flow
solution of (1.8) starting from FE(0) such that PT%(E(t)) < PT%(E(O)), |E(t)] = |E(0)| for
every t > 0 and {E(t) }+>0 satisfies the equation (1.8) in a weak sense. Moreover the estimate
(6.7) implies the dissipation inequality, which states that for all 75 > T} it holds

1 [Teth ) 9 (h) (h)
3 ), IDUO Ny i < Py (EY) — Pry (B (63
Also the limit U™ (t) — U(t), up to a sub-sequence, exists for almost every t.

We state the following continuity result for the flat flow. The proof can be traced from

[39], but we sketch it for the reader’s convenience.



QUANTITATIVE ALEXANDROV AND APPLICATIONS 33

Lemma 6.1. Let {E™(t)};>0 be an approzimative flat flow solution of (1.8) starting from
a set of finite perimeter E(0) C T% with volume |E(0)| = v and perimeter Prs (E(0)) < M.
Then for allt > s > 2h with h <t — s <1 it holds

IEMW#)AEM (s)] < C(t — s)3,
where the constant depends on v and M.

Proof. Let us fix s,t as in the assumptions and let U™ (s) and U™(t) be the potentials
associated with the sets E(")(s) and E™(t). We use (6.4) and (6.8) for the approximative
flat flow to deduce

t+h
HXE<h)(t) - XE(M(S)HH—l(’JT%) < / , EHXE(h)(T-‘rh) - XE(h)(T)”H—l(T%) dr

NI

t+h 1
2
= </S—h 72 X0 (rm) = X0 (7) 112 dT> Vi—s

1
oo 2
<2 (/ 1D U(h)(t)H%Q(T%) dT) Vi—s
h

<2, /2PT:;,%(E(0))\/§.

By [39, Lemma 3.1] the following interpolation inequality holds for ¢ € BV(T%) and all
pE (07 PO) c
HSOHLl(’]I‘%) < p(HDQOHLl(’]I‘%) +c)+ z‘|90HH*1(’]I‘§%)' (6.9)

We use (6.9) with ¢ = Xpgm ) — Xp (s and have by the above and by PT%(E(h) (1)) <
Prps (E(0)) for all t>0

C
|EW()AED (s)| < p(Pys (B(0) + ¢) + ;HXE(h)(t) — Xew ()l H-1(13)
C

< p(Prs (E(0)) +¢) + P 2Pps (E(0)) vVt —s.

The claim follows by choosing p = po(t — s)i. O

To proceed, we need the following density estimate which is similar to [23, Proposition
4.1] and [57, Lemma 2.1].

Lemma 6.2. Let E C T%, with R > 1, be a set of class C3, with |E| = v and PT:;,%(E) <M,
and let ug € CH(T%) be a function with zero average such that HDUEHLQ(T%) < M and

Hg = —ug+ X on OE  for some X € R. (6.10)
Then for all p € (0,1) it holds

1 H2OENB,(x))

— < P <C 6.11

s rtlec (6:11)
where the constant C > 1 depends only on v and M.
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Proof. We note that by (6.10) for every X € C!(T%;R3) it holds
/ divl X dH? = / div((—ug + \)X) dz. (6.12)
OE E

Therefore the statement follows from [57, Lemma 2.1] once we bound the Lagrange multiplier
A € R. The challenge is that we need to bound A such that the bound is independent of R.
To this aim we obtain by [24, Proposition 2.3], or [47, Lemma 2.1], that there is a radius
r € (0,1) depending on v, M, and points z1,z2 € T% such that |z1 — 22| > 4r and
1
|EN Bp(x1)| > §\BT\ and |E N B(x2)| < 0| By, (6.13)

where 0 > 0 is a small number which choice will be clear later. Let 7. be the standard
convolution kernel and choose f; = XBs, ja(21) * Te and fo = 27XB%(902) * 1. for € = 7, and let
¢ € C>(T%) be the solution of
AC=fi—fa (6.14)
in T?j{ with zero average.
Let us show that
HDCHL?(T%) <G, (6.15)

for a constant C, which is independent of R. To this aim we multiply (6.14) by (, integrate
by parts and recall the homogeneous Poincaré inequality in three-dimension

[ull po(rs)y < CllDul|p2(ps,),
which holds for all u with zero average for a uniform constant C, and deduce
IDC0 iy == [, AcCdo == [ (i~ p)¢do
9 T3 T3
R R
<|fi = foll

L%(T%)HCHLG(T%) < C||DC||L2(T%),

where the constant depends on v and M. Hence we have (6.15).
Let us fix # € T%. By standard estimates for the Poisson equation it holds for a € (0, 1)

ID*Cllca(B1(2)) < CUIDC L2(By()) + 11 = fallcaBaa)):
where the constant depends only on a. Since x is arbitrary, the bound (6.15) implies
2

We proceed by multiplying the equation (6.10) by D( - vg, where vg is the outer unit
normal of E, use the divergence theorem and have

\/ (—up+X) (D¢ vg) dH?| = \/ Hp(D¢vp) dH?| = }/ div' D¢ dH?| SCHDzéllLooPT;(E)-
OF OF OF
On the other hand it holds
|A|\/ (DC-VE)dHQ\:\)\H/Agdx\:\)\u/fl—fgda;|.
OF E E
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It follows from the choice of the points z1 and x9 in (6.13) that fE fi1— fodx > ¢y > 0, for ¢y
depending on v and M, when ¢ is small enough. Therefore we need yet to show

\/8E up(D( - vp)dH?| < C (6.17)

in order to have the uniform bound |\ < C.
We use the divergence theorem (for E and T% \ E ) and have

1
|/ up(DC - vg) dH?| < 2/ lug||AC| + |Dug|| D¢ da.
OE TS,
By the assumption HDUEHL?(’JT%) < M and by (6.15) we have

[, 1DuslDC] do < 1Dl eg 1 DG ey < C:

R
On the other hand, by the equation (6.14) and by the homogeneous Poincaré inequality it
holds

< CllDupl| 23 < C.

[, 1uslladide < usl sy 1 = fol

TR
Hence we have (6.17) and the claim follows. O

Since we have the density estimates we may use the trace theorem due to Meyers-Ziemer
[43]. Indeed it follows from [43, Theorem 4.7] that if E is as in the statement of Lemma 6.2,
and hence satisfies (6.11), then for every ¢ € C(T%) it holds

|| ed] < il (6.18)

with C’ depending on M and R. The following proposition then follows from Theorem 3.1
and Lemma 5.1.

Proposition 6.3. Let E C T% be C3-reqular set such that |E| = |By|, PT%(E) < M and let
up € C1(T%,) be a function with zero average which satisfies
Hg=—ug+X on OFE for some A € R.
Then there exist ¢ € (0,1) and Ry = Ro(M) > 1 such that when R > Ry, there are disjoint
balls By(z1), ..., Br(zn) with r = N~3 such that for F = Ulj\il By (z;) it holds
[EAF|+|P(E) —47N3| < C|| D qy )
L%(T%)
where C' > 1 depends on M and R.

If in addition the balls B.(x1),...,B.(xN) are quantitatively disjoint in the sense that
|x; — xj| > 2r 4+ 61 with i # j for some 61 > 0, then there is € = (61, M) > 0 such that if
|[EAF| < e, where F' = U,fil B, (z;), then the estimate improves as

1
P(E) —4nN3s < CHDuEHiQ(TgR),

for a constant C' that depends on M, R and d; > 0.
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Proof. In order to prove the first inequality we may assume that ||Dug|| (13, < €1, where
€1 > 0 is a small number which choice will be clear later, since otherwise the claim is trivially
true when we choose F' = B; and the constant C' large enough. Let us begin by proving that
every component of the boundary OF are quantitatively bounded. To be more precise if 3/
is a component of JF then we claim that it holds

diam(X') < C (6.19)
for a constant that is independent of R. Indeed, this follows from the density estimate (6.11)
by the following well-known argument. We can choose points z1,...,25, € X’ such that
3 <|a; — x| for i # j and ko > diam(¥'). Then by the perimeter bound and (6.11) it holds
ko - diam(X)
16C — 16C

M>HA(2) > ZHQ (&N Bi()) =
i=1
and (6.19) follows. Thanks to the diameter bound (6.19) we may use the results from the
previous sections when we choose Ry large enough, i.e., Ry > 2C > 2diam(X).
We use (6.18) for ¢ = u% and obtain

HUEH%Q((?E) < HuQEHWl»l(’]I‘%) < C/HDUEH;(T%)a

where the last inequality follows from Poincaré inequality. The assumption Hg = —ug + A
on OF yields

s = Al2s(0m) < IHe = MBaop) = lusl3som < CIDusag, (620

Since ||DuE||L2(T3§) < ey, then it holds |Hp — Hgl| 2(9p) < 7, where 7 > 0 is from Theorem
3.1, when ¢; is small enough. Then Theorem 3.1 with (3.1) implies
wESEEF |dp| + Pz (E) — 47TN3] < C|Hg — HE||L2 om) < C,HDUEH%Q(T%)’ (6.21)
where F'is as in the statement. Hence we have the first claim.
In order to prove the second claim we again notice that we may assume || Dug|| ;2 (13) < €1
The claim then follows from (6.19), (6.20) and from Proposition 5.1. O

We are now ready the prove Theorem 1.3. Since the argument for the first statement is
similar to [24, Theorem 1.1] (see also [17]), while the second stamen follows from a similar
argument as in the proof of Theorem 1.2, we only give the outline of the proof.

Proof of Theorem 1.3. Let { E")(t)};50 be an approximative flat flow converging to { E(t) }¢>0-
As we discussed above, we may assume that |E(0)| = |B1].

Let us consider the first claim. We begin by using the dissipation inequality (6.8) for
T, = 1> — h, where [ = 1,2,... and obtain by the mean value theorem a sequence of times

P 12, (1 +1)?] such that

1 Prs (Ey)

2
DUDTN am < 2 [ IDUD @2, g, dt < 2T
VINLX(TS) = 1 /., L2(T%) 7 = 1 )
l
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Denote the associated sets by Eh EM) (Th) Then by Proposition 6.3 we find an index [,
which is independent of h, such that for every [ > [y there is Nlh € N such that for the union

1

h
of disjoint balls with radius ryj, = (N}) "5, Fj* = N, By, (21), it holds
|EMAFP| + |P(EM) — 4n(NM)s| < C178. (6.22)

1)) < P(E™ (Tlh)), also the number of the balls
Nlh is decreasing for [ > ly. Therefore, by passing to the converging sub-sequence (hy,), we

Since the perimeter is decreasing P(E( (T}

obtain that the limit sequence {N;};>;,, where Nlh" — N, is also monotone and thus it has a
limit N = lim;_, NV; and there is 1 > [y such that N; = N for all [ > [;. But since Nlh" — N
and Nlh" are also monotone, we deduce that for every L > [y it holds

N/™ =N  forall ; <I<L (6.23)

when h,, is small, depending on L.
We obtain from (6.22) and (6.23) that

|P(El"™) —4xN3|<CI™%  forall , <I<L

when h,, is small. But again since t — P(E(")(t)) is monotone, we deduce that for every
e > 0 there is T, > 1, independent of h,, such that for all ¢t € (T, — 1,T) where T' > 2T} is
arbitrary it holds

|P(E")(8)) — 47 N3 | < ¢, (6.24)

when h,, < ho(e,T"). Using this together with the dissipation inequality (6.8) we deduce
1 [T N )
Q/TS DU (1) s dt < 2e.

Let us denote I = {t € (T.,T) : |D U(h”)(t)H;(T%) > \/e}. Then by the above it holds
|17 < 4,/2. Moreover by Proposition 6.3 we obtain that for all t € (TE,T) \ I there is a

union of N-many disjoint balls with radius r = N~ 5, F (hn) (£) = Uz 1 By ( "(t)) such that
B0 (1) AF 0 (1)] < Ot

We use the Hélder continuity [E")(£)AE"=)(s)| < Ot — 5]1, for s+h <t <1 from Lemma
6.1 and the fact that the above holds for all ¢ € (T.,T)\ I" with |I'| < 4,/¢ to deduce that
for all t € (T.,T) it holds
|EC) () AR ()| < CeF, (6.25)

where F(hn) (1) = Ufil Br(x?” (t)) for r = N~3. The convergence |E(t)AF(t)| — 0 ast — oo
follows by passing (6.25) to the limit h,, — 0 and recalling that 7" is arbitrary.

We proceed to prove the second claim. We assume still that { £ (¢)},>¢ is an approximate
flat flow converging to {E(t)}+>0 and let N, r > 0, and x;(t), ¢ = 1,..., N, be as in the
statement. As in the proof of Theorem 1.2 we set
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and observe that the f,,’s are bounded monotone non-increasing functions. Therefore the
functions f,’s converge pointwise to some non-increasing function foo : [0,4+00) — R. It
follows from (6.24) that lim_,~ foo(t) = 47N 3. Again we distinguish two cases.
Case 1. Assume first foo(t) > A7N'3 for all t € [0, +00).

We recall that it follows from (6.25) that for any ¢ > 0 there is 7. > 1 such that for all
t € (T;,T) it holds

B0 () AFP) ()] < Cet,

1

when h,, is small. Here F()(t) = U | Br(z"(t)) for r = N75 and |:L‘f"()—:v "(t)| > 2r.
We use that fact that |E")(.)AE(-)| — 0 uniformly in [T, T] to obtain

|E()AF(t)| < Ce¥ forall t € (T2, T),

where F(t) = Ufil B, (%;(t)). The assumption |E(t)AF(t)] — 0 as t — oo for F(t) =
Uij\il By(x;(t)) with |z;(t) — x;(t)| > 2r + d; implies that, by possibly enlarging 7, we have

|[Et)()AF(t)| < Ce¥ for all t € (T2, T) (6.26)
when h,, is small. We may thus use the second inequality in Proposition 6.3 to deduce

1
P(E")(#)) —47N3 < C||D U(hn)(t)H%Q(T?z)

for all t € (T, T). We then use the assumption foo(t) > 47 N3 for all for all t € [0, +00) to
deduce that it holds

0.< P(E")(#)) —4nNs < CIID U (0)|[3 03 (6.27)

for all t € (1%, T), when hy, is small.
We proceed by choosing k > L}%J +1and ky = L%J —1. We use (6.7) iteratively and then
(6.27) to obtain

kp—1
hn hn hn hn hn 1
Z & Ez(+1 s B ))SPT%(EI(C )>_PT%(E£T))SPT%(EIE )y — 47 N5

< CIDUL™ 2oy = CDE, BM)),

where the equality follows from the definition (6.3) of the dissipation (-, ). We now argue
precisely as in the proof of [23, Theorem 1.3] (which in turn is similar to the argument in the
proof of Theorem 1.2) and deduce that for every ¢t € (T, + hy,, T — hy,) it holds

E

e Y DB EM) < Cee
i= (7]
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for a constants C, C’, depending on M, d; and R. Then, by (6.4) and by the above inequality
we have that for T, + h, < s <t <s+1<T — h,, it holds

Lrz]
IX Bt () = XBtw (o) | H-1(12) < Z X ) = X it -1 (n,)
i= (7= 41

L

T

1
2 2
> HXElghm B XEl(THH_l(T%))
+1

hL
E B, p))

n LT

<Ce" 20’

| N

when h,, is small. Using (6.9) with ¢ = XEn) (1) — XE(n) (5) a0d p = e~ 3¢, we obtain by the
above that

B0 (HAE®) (5)] < C e,

by possible increasing C. Passing h,, — 0 yields |E(t)AE(s)| < Ce % for T. <s<t<
s+ 1 < T. Since T was arbitrary we deduce that E(t) converges exponentially fast to a set
F which by (6.26) is of the form F = JY, B,(z;) with |z; — x| > 2r 4 4y, i.e.,

|E(t)AF| < Ce i,
for C', which depends on E(0) and ¢;. The convergence of the perimeters
|P(E(t)) — 4nN3| < Ce ¢

follows from the same argument as in the proof of Theorem 1.2.
Case 2. There exists ¢ > 0 such foo(t) = ATNs for all t € [t,+00). In this case we argue
exactly as in Theorem 1.2 to infer that E(t) = F for every ¢ > t. O
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