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ABSTRACT. We perform a multiscale analysis for the elastic energy of a n-dimensional bilayer thin film of
thickness 2§ whose layers are connected through an e-periodically distributed contact zone. Describing
the contact zone as a union of (n — 1)-dimensional balls of radius r < & (the holes of the sieve) and
assuming that § < &, we show that the asymptotic memory of the sieve (as € — 0) is witnessed by the
presence of an extra interfacial energy term. Moreover we find three different limit behaviors (or regimes)
depending on the mutual vanishing rate of § and . We also give an explicit nonlinear capacitary-type
formula for the interfacial energy density in each regime.
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1. INTRODUCTION

For an ever increasing variety of applications, an interesting problem to be explored is to model the
debonding of a thin film from a substrate.

If we consider a stretched film bonded to an infinite rigid substrate, the elastic energy of this film
scales as its thickness. If the film debonds from the substrate, on one hand its elastic energy tends to
zero, while on the other hand this creates a new surface and then an interfacial energy independent of
the thickness.

In [6] Bhattacharya, Fonseca and Francfort examine, among other, the asymptotic behavior of a
bilayer thin film allowing for the possibility of a debonding at the interface, but penalizing it postulating
an interfacial energy which scales as the overall thickness of the film to some exponent. Thus the energy
they consider consists of the elastic energy of the two layers and the interfacial energy with penalized
debonding.

In this paper we deal with thin films connected by a hyperplane (sieve plane) through a periodically
distributed contact zone. Thus we see the debonding as the effect of the weak interaction of the two thin
films through this contact zone and we recover the interfacial energy term by a limit procedure.

Since we are mainly interested in describing the interaction phenomenon due to the presence of
the sieve, we make a simplification choosing two thin films having the same elastic properties (for a
generalization to the case of two different materials interacting, we refer the reader to [2]).

Consider a nonlinear elastic n-dimensional bilayer thin film of thickness 2§ with layers connected
through (n — 1)-dimensional balls B?~1(x%) centered in x5 := ie, i € Z"~! and with radius r > 0. Thus
the investigated elastic body occupies the reference configuration parametrized as

Qg)r = wP Uw™ U (we,, x {0})

where w is a bounded open subset of R"™} wt® = w x (0,4), w™° = w x (=6,0) and w., :=
Usezn— BP 1 (x§) Nw (see Figure 1).
In the nonlinear membrane theory setting the (scaled) elastic energy associated to the material mod-
elled by ng is given by
E W(Du) dz, (1.1)
0 Jos
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FIGURE 1. The domain Q‘;T.

where u : Q‘;T — R™ is the deformation field and W is the stored energy density.

The T'-convergence approach has been used successfully in recent years to rigorously obtain limit
models for various dimensional reductional problems (see for example [7, 12, 13, 23, 29]).

In this paper we study the multiscale asymptotic behavior of (1.1) via I'-convergence, as ¢, § and r
tend to zero, assuming that § = d(¢), r = r(e,d) and where W : R™*™ — [0, 4+00) is a Borel function
satisfying a growth condition of order p, with 1 < p < n — 1. The case p = n — 1 requires a further
appropriate analysis and it cannot be easily derived from p < n — 1 by slight changes. Unfortunately,
three dimensional linearized elasticity falls into this framework.

Since the sieve (w \ we ) x {0} is not a part of the domain Qf;,_, for any fixed €,d,r > 0 we have no
information on the admissible deformation across part of the mid-section w x {0}. This possible lack of
regularity might produce, in the limit, the above mentioned debonding and correspondingly an interfacial
energy depending on the jump of the limit deformation. Moreover, we expect that this interfacial energy
will depend on the scaling of the radius of the connecting zones with respect to the period of their
distribution and the thickness of the thin film.

The cases § = 1 and ¢ = ¢ have been studied by Ansini [2] who proved that, to recover a non trivial
limit model; i.e., to obtain a limit model remembering the presence of the sieve, the meaningful radius
(or critical size) of the contact zones must be of order e~ 1/("=P) and £/ ("=P) respectively. In fact
a different choice should lead in the limit to two decoupled problems (if r tends to zero faster than
the critical size) or to the same result that is obtained without the presence of connecting zones in the
mid-section (if r tends to zero more slowly than the critical size).

The proofs of the I'-convergence results in [2] (see Theorems 3.2 and 8.2 therein) are based on a
technical lemma ([2], Lemma 3.4) that allows to modify a sequence of deformations u. with equi-bounded
energy, on a suitable n-dimensional spherical annuli surrounding the balls B?~!(z¢) without essentially
changing their energies, and to study the behavior of the energies along the new modified sequence.
Both in the case § = 1 and § = & the I'-limits consist of three terms. The first two terms represent
the contribution of the new sequence far from the balls B?~!(z£); more precisely, they are the I-limits
of two problems defined separately on the upper and lower part (with respect to the ‘sieve plane’) of
the considered domain. The third term describes the contribution near the balls B?~!(x¢) through a
nonlinear capacitary-type formula that is the same for both § = 1 and § = . The equality of the two
formulas is due to the fact that the radii of the annuli suitably chosen to separate the two contributions
are less than ce, with ¢ an arbitrary small positive constant. In fact as a consequence, all constructions
can be performed in the interior of the domain, and the same procedure yielding the nonlinear capacitary-
type formula, applies for § = 1 and for § = € as well. The cases ¢ ~ § and € < ¢ can be treated in the
same way.
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This approach follows the method introduced by Ansini-Braides in [3, 4] where the asymptotic behavior
of periodically perforated nonlinear domains has been studied; in particular, Lemma 3.4 in [2] is a suitable
variant, for the sieve problem, of Lemma 3.1 in [3].

For other problems related to this subject, we refer the reader to Attouch-Damlamian-Murat-Picard
[21], [24], [25], Attouch-Picard [5], Conca [16, 17, 18], Del Vecchio [22] and Sanchez-Palencia [27, 26, 28],
among others.

In this paper we focus our attention on the case § = §(¢) < €. As in [2], we expect the existence
of a critical radius r = r(¢,0) < € for which the limit model is nontrivial but now we expect also to
find different limit regimes depending on the mutual vanishing rate of r and §. Moreover Lemma 3.4 in
[2] cannot be directly applied to our setting since the spherical annuli surrounding the connecting zones
Br~!(x5) as above, are well contained in a strip of thickness ce but not in Q2 . (§ < ¢). However, we are
able to modify Lemma 3.4 in [2] by considering, instead of spherical annuli, suitable cylindrical annuli of
thickness of order § (see Lemma 4.2 and Lemma 4.4).

As a consequence, also in this case the asymptotic analysis of (1.1) as €, § and r tend to zero can
be carried on studying separately the energy contributions far from and close to B"~!(z5); we get three
terms in the limit. The first two terms still describe the contribution ‘far’ from the connecting zones;
i.e., they are the I'-limits of the two dimensional reduction problems defined by

1 1
- W(Du) dz, 7/ W (Du) dzx ;
0 Jo+s 0 Jo-s

while the third term, arising in the limit from the energy contribution close to the connecting zones,
represents the asymptotic memory of the sieve: it is the above mentioned interfacial energy.

The main results of this paper are stated in Theorem 3.3 and Theorem 3.6. In Theorem 3.3 we
prove a I'-convergence result for the sequence of functionals (1.1) while in Theorem 3.6 we give an
explicit characterization of the interfacial energy term occurring in the I'-limit. More precisely, for every
sequence (g;) converging to zero, we set d§; := d(¢;), rj 1= r(g;,96;), ;== Qg_’ﬁj and

(%/ W(Du)dz if u € WHP(Q;; R™)
Filu)=q 7
+00 otherwise .

Up to subsequence we can define

0= jEI—Poo g—j and g¢(F):= jﬂr_&o rl QnW(rle).
where Q, W is the n-quasiconvexification of W.
If ¢ € (0, +00] and

n—1-—p
r.
0<R®:= lim L < o0,
Jj—+o0 Ej

then (F;) I'-converges to

FO(ut um) :/ QAW (Dyu™)dz, +/ Qn AW (Dou™) dzy + R® / e (ut —u”) d,
w w w
on WhP(w;R™) x WHP(w;R™) with respect to the convergence introduced in Definition 3.1, where
W(F) := inf{W(F|z) : z € R™}, Q, W is the (n — 1)-quasiconvexification of W and ¢ : R™ —
[0,400) is a locally Lipschitz continuous function for any £ € [0, +o00]. Similarly, if £ = 0 and
rP
0<R®:= lim 1 < 400,

Jj—+oo 5j 6?_1

then we still have I'-convergence, as above, to

FO @t u™) = / Qn AW (Dou™) dzq +/ Qn A W(Dou™)dxs + R(O)/ OO (ut —u7) dag
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on WHP(w; R™) x WP(w; R™).
For any ¢ € [0, +00], ©® is described by the following nonlinear capacitary-type formulas:
(1) if £ = 400, then

¢ (z) = inf {/ (Qn_lﬁ(DaG) + Qn_lg(Dag—)) dro: ¢t e WIP@R-T,R™),
Rn—1
C+ = C_ in B?il(o)v Dagi S Lp(Rn_l;RmX("_l)),
(C+ - Z) 7C7 6 Lp* (Rn17Rm)}7

where again, g(F) := inf{g(F|z) : z € R™} and Q,,_17 is the (n — 1)-quasiconvexification of g,

(2) if £ =0, then

eO(z) = inf { / g(D¢)dz : ¢ € WLP(R™\ C1,00;R™), D¢ € LP(R™ \ O o0 R™X™),
R™\C1,00
¢ —z € LP(0,400; LP (R"1;R™)) and ¢ € LP(—o0,0; LP (R"}; Rm))} ,

(3) if £ € (0,400), then
(z) = inf { / 9(DaCltDnC) da: ¢ € WP (R"™ x (=1,1)) \ Cp 00 R™),
Rr—1x(—1,1)
D¢ e LP(R™! x (=1,1);R™), ¢ —ze LP((0,1); LP (R"1; R™))
(e Lp((—l,O);L”*(R"‘l;Rm))}7
where C1 o0 == {(%a,0) € R" : 1 < |z}

Before giving a brief heuristic description of each regime, we want to point out that whatever the value
of ¢ is, the interfacial energy density ¢*) corresponds to a cohesive interface where the surface energy
increases continuously from zero with the jump in the deformation across the interface.

(1) The case £ = 400 corresponds to J; < r; < ¢;, thus we expect r; to depend only on ;. In
this case we have a separation of scales effect. We first consider r; and €; as ‘fixed” and let §; tend
to zero as if we were dealing with two pure dimensional reduction problems stated separately on the
upper and lower part (with respect to the sieve plane) of ;. Then this first limit procedure yields two
functionals being both a copy of the functional in [23]. Since the two corresponding limit deformations
uT and u~ must match inside each connecting zone, the above two terms are not completely decoupled.
We are then in a situation quite similar to that of [3, 4], except that here both periodically ‘perforated’
(n — 1)-dimensional bodies are linked each other through the ‘perforations’; i.e., through the holes of the
sieve and not through the sieve itself. Thus it is coherent to find a critical size of order e(»—1)/(n=1-p)
Moreover this strong separation between the phenomena of dimension reduction and ‘perforation’ leads
to anisotropy as it can be seen, for instance, also by an inspection of the proof of Lemma 6.2 which shows
that the extra interfacial energy term appears thanks to suitable dilatations having a different scaling in
the in-plane and transverse variables. Finally we note that the formula for ¢(°) is given in terms of a
‘Le Dret-Raoult type’ functional involving the limit of the right capacitary scaling (that is, involving the
function g).

(2) The case £ = 0 corresponds to r; < J; < ¢;. In this case we expect that the critical size r;

depends on both ¢; and ¢;. Indeed, as already pointed out, r; is of order 6;/(n_p)g("_l)/("_p). Note

that for §; = ; we recover e"/("=P) that is the critical size obtained in [2]; moreover ¢(®) turns out to
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coincide with the function ¢ in [2] (see Remark 7.13). Contrary to the previous case, now the isotropy is
preserved in fact here the dimensional reduction and ‘perforation’ processes are not completely decoupled:
the reduction parameter d; is forced between both parameters r; and €;. This can be seen also by noticing
that now the scaling leading to the interfacial energy is the same in every direction (see for instance the
proof of the I'-limsup inequality). Moreover now in ©(® the reduction procedure is not explicit but only
witnessed by the boundary conditions expressed only on the lateral part of the boundary of the considered
domain.

(3) The case ¢ € (0,+00) corresponds to r; ~ d; < ¢;. In this case the separation of scales effect does
not take place and the two previous scalings turn out to be equivalent (R(O) = ER("O)). Moreover we
find that the interfacial energy is continuous with respect to ¢ in the extreme regimes; i.e., R(Z)go(z)(z) —
R(®)p(®)(2) as £ — +oo and RODp®)(2) — RO (2) as £ — 0. Finally, as in the previous case, the
lateral boundary conditions are the only mean describing the dimensional reduction phenomenon in the
procedure leading to o).

This paper is organized as follows: after recalling some useful notation in Section 2, we state the main
results, Theorem 3.3 and Theorem 3.6, in Section 3. Then, in Section 4 we list some auxiliary results
as rescaled Poincaré type inequalities and joining lemmas. Section 5 is devoted to give a preliminary
definition of the interfacial energy density as limit of minimum problems. In Section 6 we prove the
I-convergence result (Theorem 3.3). It is only in Section 7 that we compute the explicit expression of
the interfacial energy density for each regime (Theorem 3.6).

2. NOTATION

Given z € R”, we set © = (24, 2,) where z, := (21,...,2,—1) is the in-plane variable and D, :=

(6%1’ R %) (resp. D,,) the derivative with respect to x, (resp. x,).

The notation R™*"™ stands for the set of m x n real matrices. Given a matrix F' € R™*", we write

F = (F|F,) where F = (Fy,...,F,_1) and F; denotes the i-th column of F, 1 <i < nand F € R™*(=1),

The Lebesgue measure in R” will be denoted by £™ and the Hausdorff (n — 1)-dimensional measure
by H"~!. Let A be an open subset of R? (d =n — 1, d = n). If s € [1,+00], we use standard notation
for Lebesgue and Sobolev spaces L*(A; R™) and W1 (A; R™).

Let w be a bounded open subset of R*~! and I = (—1,1), we define  := w x I. In the sequel, we will
identify L®(w;R™) (resp. Wb (w;R™)) with the space of functions v € L*(Q;R™) (resp. W1#(Q;R™))
such that D,,v = 0 in the sense of distribution.

For every (a,b) C R with a < b and q1,q2 > 1, L% (a,b; L% (R(~1);R™)) is the space of measurable
m-vectorial functions ¢ such that

a1

/ (/ IC(xqs )| dxa) ” dx,, < +oo.
b \JRr-1

Let a € R"~! and p > 0, we denote by B;“l(a) the open ball of R"~! of center a and radius p and by
Q7 '(a) the open cube of R"~! with center a and length side p. We write B =" instead of B}~'(0) not
to overburden notation. Let zf = ie with i € Z" !, we set Q"' := Qr ! (af).

We define UT® := U x (0,a) and U~% := U x (—a,0) with U C R*""! and a > 0, while if @ = 1, then
Ut=U"and U~ =U"1.

We set C1 o0 = {(24,0) € R" : 1 < |z4|} and C1 v := {(24,0) € R? : 1 < |z,| < N} for every N > 1.

Let p > 1, we denote by Capp(Bffl; A) the p-capacity of B{“l with respect to A C R¢:

Cap, (B}~ '; A) = inf {/A | D[P da = o € WP (A) and ¢ = 1 on Bfl} :

The letter ¢ will stand for a generic strictly-positive constant which may vary from line to line and
expression to expression within the same formula.
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3. STATEMENTS OF THE MAIN RESULTS
Since we are going to work with varying domains, we have to precise the meaning of ‘converging sequences’.

Definition 3.1. Let Q; = w™ Uw™% U (wy, ., x {0}). Given a sequence (u;) C WHP(Q;;R™), we

define 0;(To,xn) = u;j(Ta,0;2,). We say that (u;) converges (resp. converges weakly) to (u™,u~) €
WP (w; R™) x WP (w; R™) if we have

ﬁj = |+ —utin LP(whR™)  (resp. weakly in WP (w; R™)),

a; = Ajle- —uin LP(wTR™) (resp. weakly in WhP(w™; R™)).

Similarly if we replace Q; by wtdi,
We say that the sequence (|Duj|P/d;) is equi-integrable on w*™% if (|(Daﬁj|%Dnﬁj)’p) is equi-
J

integrable on w*.

Remark 3.2. By virtue of Definition 3.1, a sequence (u;) C WhP(€Q;;R™) converges to (ut,u™) €
WP (w; R™) x WHP(w; R™) if and only if

i ) P g =
jgr_{looé—j /wiéj luj —u™|P de =0, (3.1)
NI
Dauj)(s—anuj

Note that Remark 3.2 is still valid if we consider the domain w™% U w™% in place of Q.
The main results of this paper are the following:

while (3.1) and

1 p
sup — |Du;|?P do = sup/ dx < 400 (3.2)
jeN 0j Jues JEN Ju

imply the weak convergence.

Theorem 3.3 (I'-convergence). Let 1 < p <n — 1. Let w be a bounded open subset of R"~! satisfying
H* 1 (Ow) = 0 and W : R™*™ — [0, 4+00) be a Borel function such that W (0) = 0 and satisfying a growth
condition of order p : there exists a constant 3 > 0 such that

|FIP—1<W(F)<B(|FIP+1), forevery F e R™™. (3.3)
Let (g5), (0;) and (r;) be sequences of strictly positive numbers converging to zero such that
5.
lim £ =0
Jj—+o0 €5
and set ,
¢:= lim 2
JJIJPOO (5]‘
If
n—1—p
®) im
te (0,+], and 0<RY:= lim —— < +o0
j——+oo 5?
or
ri P
(=0, and 0<RO .= lim — < +00,
j—too §j €]

then, up to an extraction, the sequence of functionals F; : LP(2;; R™) — [0, +00] defined by
1
5—/ W(Du)dz if u € WHP(Q;;R™),
Filu)=q 77
400 otherwise

I'-converges to

FO (utu™) = / QAW (Dou™) dzq +/ Qn AW (Dou™)dxy + R® / cp(l) (ut —u")dz,

w w w
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on WP (w; R™)x WP (w; R™) with respect to the convergence introduced in Definition 3.1, where W (F) :=
inf{W(F|z) : 2 € R™}, Q. W is the (n — 1)-quasiconvezification of W and ¢ : R™ — [0, 4+00) is a
locally Lipschitz continuous function for any £ € [0, +00].

Remark 3.4. Note that if £ € (0, +00] the only meaningful scaling for r; is that of order aﬁnfl)/(nflfp);

i.e., for both R® =0 and R® = 400 we loose the asymptotic memory of the sieve. In fact, if R =0,
we obtain two uncoupled problems in the limit, while if R®) = +oc0, limit deformations (ut,u™) with

finite energy are continuous across the mid-section (v = u~ in w) as in Le Dret-Raoult [23]. Similarly,
for £ = 0.

Remark 3.5. If £ € (0,+00) then

7_171710 ’I‘Tvlip
0<RO= lim - —— <400 ifand only if 0<R® = lim —— < 4oo;
jotoo e J—+o0 0, 2

hence, in this case the two meaningful scalings are equivalent.
The following result provides a characterization of the interfacial energy density o(*) for each £ € [0, +oc].

Theorem 3.6 (Representation formulas). Let p* = (n — 1)p/(n — 1 — p) be the Sobolev exponent in
dimension (n — 1). Then, upon extracting a subsequence, there exists the limit

g(F)i= lm QW F),

for all F € R™*™ where Q,W denotes the n-quasiconvexification of W, so that:
if £ € (0, +00),

“(z) = inf { / 9(Dag|tDnC) da : ¢ € Wi (R % 1)\ C oo; R™),
(R =1XI)\C1,00
D¢ e LP((R™ X I)\ Cpo0; R™*™), ¢ —2z € LP(0,1; LP (R" 1, R™))
(€ LP(—1,0; L7 (Rnl;Rm))};
if £ =400
p(2) = inf { / (Qu1F(DaCH) + Quor T(DaCT) ) dra : ¢= € WiT(RMHR™),
Rn—1
¢t=¢in BYT', DaC* € LPRMLR™TY),
(¢t —2),¢er” <R“—1;Rm>} 7

where g(F) = inf{g(F|z) : z € R™} and Q,,_17 is the (n — 1)-quasiconvexification of g;
if =0

e0(z) = inf{ / g(D¢)dz : ¢ € WigP(R™\ C1.00;R™), D¢ € LP(R™\ C o; R™X™),
R"\Clyoo

¢ —z e LP(0,400; LP (R, R™)), ¢ € LP(—00,0; L7 (R"—l;Rm))} ,

for all z € R™.

Remark 3.7. Without loss of generality we may assume that W is quasiconvex (upon first relaxing the
energy); hence, by (3.3), W satisfies the following p-Lipschitz condition (see e.g. [19]):

|W(F1)—W(F2)‘ SC(1+|F1|p_1+|F2|p_1)|F1—F2|, for all Fl, F2 ERmxn. (34)



8 N. ANSINI, J.-F. BABADJIAN & C. I. ZEPPIERI

4. PRELIMINARY RESULTS

4.1. Some rescaled Poincaré Inequalities. Since we deal with varying domains, depending on differ-
ent parameters, it is useful to note how the constant in Poincaré type inequalities rescale with respect to
such parameters.

Lemma 4.1. Let A be an open bounded and connected subset of R"~1 with Lipschitz boundary and let
A, = pA for p > 0.

(i) There exists a constant ¢ > 0 (depending only on (A, n,p)) such that for every p,d >0

T oaslPdr < P P gP p
/Aﬂ |u uApia\ dx_c/Aﬂ (PP | Doul? + 6P| Dpul?) de,

P P

for every u € Wl’p(A;E5; R™) where Upzxs = fyzs ude.
(ii) If B is an open and connected subset of A with Lipschitz boundary and B, := pB then there exists
a constant ¢ > 0 (depending only on (A, B,n,p)) such that for every p,é > 0

CTeaslPdr < p P sP p
/Af,t‘s |u “B}5| dzx < C/A}‘S (PP | Douu|? + 6P| Dpul?) dex,
Jor every u € WP(AX0:R™) where Upts = prﬂ udz.
Proof. Let us define v(zq4,x,) := u(prq, 6x,) then v € WHP(AT;R™). By a change of variable, we get

that EApis = T4+. Moreover, by the Poincaré Inequality, there exists a constant ¢ = ¢(A,n,p) > 0 such
that

u—u Pdxy = 6"_1/ v—14+Pd
A [ o= vasdy

cdp"_l/ | Dv|P dy
At

IN

c/ (pP|Doul? + 6P| Dyul?) dx
A:té

P

and it completes the proof of (i). Now, if B, C A,, we get that

Cas|P
/A,%é |u quia| dx

< o /A sl da 5 H T (A g — )

< ¢ lu—u is\pdx—i-cLl(A) lu — T 425 |P do + |u — Tps|P do
- AS Ap H"—1(B) B Ap B B,

< c/i (pP|Doul? + 0P| Dpul?) dx.
)

P

4.2. A joining lemma on varying domains. If not otherwise specified, in all what follows the con-
vergence of a sequence of functions has to be intended in the sense of Definition 3.1.

The following lemma, is the key tool in the proof of Theorem 3.3. It is a technical result which allows
to modify sequences of functions ‘near’ the sets Bﬁ?fl)(mfj ). Tt is very close in spirit to Lemma 3.4 in [2]
although now the geometry of the problem yields a different construction involving suitable cylindrical
(instead of spherical) annuli to surround the connecting zones.
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Lemma 4.2. Let (¢;), (§;) be sequences of strictly positive numbers converging to 0 and such that 6; < ;.
Let (uj) C WhP(wt% Uw™%;R™) be a sequence converging to (ut,u~) € WLP(w;R™) x WP (w;R™)
satisfying sup; Fj(u;j) < +oo; let k € N. Set p; = ve; with v <1/2 and

Zj={ieZ" " dist(a;,R" 1\ w) > ;).
For every i € Z;, there exists k; € {0,...,k — 1} such that having set

C; = {zq €w: 27Mp; <z — 2’| < 27Fip; ),

it
ulT = w; dx 4.1
5 g (1)
and 3
pz = 12_kipj’

there exists a sequence (w;) C WLP(wH% Uw™%;R™) weakly converging to (u*,u~) such that

w; =u; in (w\ U C’;)ﬂj, (4.2)

i€Z;
4 n— €i\\ £,
w; = uji on (8Bp} Yay?)) ™™ (4.3)
and satisfying
1
lim sup — ‘W(ij) — W(Du;)| da < <. (4.4)
j—too 05 Jutos k
Proof. For every j €N, i€ Z;, ke Nand h € {0,...,k — 1}, we define
C';’h ={zq €w: 27" p; <zg — 2P| <27p;},
L,hyt .
(uj™)™ = ]{C;’h)ﬂj uj do
and 3
pz’h = 127hpj. (4.5)

Let ¢ = qb;-’h € C?"(C’;’h; [0,1]) be a cut-off function such that ¢ =1 on 8B;_fh1(xfj) and |D,¢| < c/p;-’h.
In (C;’h)i‘sj, we set

wy" (@) = P(wa) (uf")* + (1= ¢(a))uy,
then

Pdx

IN

C/(ci,h)isj (|Do‘¢|p|uj B (u?h)i‘p - |Duj|p) du

J

g — (") P
c/ s %—HDuﬂp dx.
(Cim*o (p7 " )P

J

/ ‘Dwi,h
(C;,h)iéj J

IN

Applying Lemma 4.1 (i), with p = p;’h and A, = C';’h, we have that

‘/(Ci h)i5~ ‘Dw;,h Vdx
J

d; \?
< c/ |Dou,;|P + (ﬁ) | Dyw;|P dﬂc—l—c/ |Du;|P dx
(C;,h)iaj pj» (C;,h)iaj
< myke [ 1D, (16)
(C;,h)iéj
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FIGURE 2. The (n — 1)-dimensional annuli C} .

where by (4.5)

m;(k,7) = max{L (2k+1)p(§)p}

3"}/ Ej

and since §; < ¢;, m;j(k,v) — 1 as j — +oo. As

k—1
S [ 0w es [ (14D, do,
h=0"(C} J

n—1, €j\+s.

there exists k; € {0,...,k — 1} such that, having set C’; = C;’ki, we get

1
L asioaes g [ D

n—1, %j\td;
Bpj (g:ig )
Hence, if we define the sequence

i,ki s i\+6, ;
w; in (C})*% for i € Z;
wy =
Uj otherwise,

by the p-growth condition (3.3), (4.6), (4.7) and Remark 3.2 we have

L 1 ik _
(Sj/wi53|W(Dw])W(Du3)|dx - GZZ(SJ/(C‘)iJJ |W(Dw] )7W(DU1)|d(£
[ j j
c 1
< 7 my(k, —/ 1+ |Du;[?) dz
7 M ’V)iezzjéj ng—wwjj)ﬂj( |Du;[?)
< Sk, (1 ! Duj|P d
< g my(k) sup wﬂjl u;|P da
C
< pmik),
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which concludes the proof of (4.4). Note that, by construction, (w;) satisfies (4.2) and (4.3) and it
converges weakly to (ut,u™). In fact,

7/ —u:‘:\l"dx = —Z/ )ié (17¢)uj7ui‘17d$

S

+p
+— U — U dx
6] /iéj\ C’) | ] |

€Z;

< —/ |u fui\pda:Jr Z/ vfu§i|pd:17,

zeZ

while by Lemma 4.1 (i) applied with p = p;'» and since §; < €5, p§ <¢j, we get
1 |w-—uj[|palx<£ |u-—ui|pdm—|—ce ! |Du-|pdm (4.8)
0j Juroi =05 Jorn 75 S '

Moreover by (4.6) we have
1 c
= 1P < |p
5; /wiéj |Dw,|P dx < 5 /wiéj |Du;|P dz. (4.9)

j
Hence (4.8), (4.9), the convergence of (u;) towards (u¥,u™), sup; 5~ [ +s; [Du;|P dz < 400 together with

Remark 3.2 imply the weak convergence of (w;) towards (ut,u™). O

Remark 4.3. Note that to prove Lemma 4.2 we essentially use that p; < €;/2 (but not necessarily equal
to ve;) and lim;_, 4o (0;/p;) = 0. Hence, Lemma 4.2 is still true if we replace the assumptions §; < ¢;
and p; = ~ve; by p; < ¢;/2 and lim;_, 1 (d;/p;) = 0.

Since we will apply Lemma 4.2 when p; = ve; (v < 1/2) and §; < ¢, we prefer to prove it directly
under these assumptions.

If the sequence (|Du;[P/d;) is equi-integrable on w®% (see Definition 3.1), then we do not have to
choose for every ¢ € Z; a suitable annulus C’; but we may consider the same radius independently of ¢ as
the following lemma shows.

Lemma 4.4. Let (u;), (g;), (6;), (pj) and Z; be as in Lemma 4.2 and suppose that (|Du;|?/d;) is
equi-integrable on w*% . Set

i 2 j 4 it
C; = {xa Ew:gp; < |za — ;7] < 3pj} and  uj = f(c@)i% uj dx

or every i € Z;. Then, there exists a sequence (w;) C WHP(wt% U w™%;R™) weakly converging to
J j
(ut,u™) such that

w; =uj in (w\ U C;)ﬂj, (4.10)

i€Z;
_ it n—1/,5;\\ %
wj =u; on (aBp], (z;7)) (4.11)
and
1
limsup—/ |W(Dw;) — W(Du;)|dz < o(1) as ~v—0F. (4.12)
Jj—+oo 6j Wt

Moreover, the sequence (|Dw;|P/d;) is equi-integrable on w®% .

Proof. Let ¢ = ¢ € C2°(Ci;[0,1]) be a cut-off function such that ¢ = 1 on 9By~ (277) and [Dad| < ¢/p;.
In (C})*%, we define
w = p(za)ui" + (1= d(za))u;.



12 N. ANSINI, J.-F. BABADJIAN & C. I. ZEPPIERI

Then, reasoning as in the proof of Lemma 4.2, we have that

/ W(Dw Ydx < c/ (14 |Duj|P) dz
(CH*% (CH*%
Hence, if we define

wh in (CHF% for i € Zj,

u; otherwise,
w; satisfies (4.10) and (4.11). Moreover,

1 i
7/ |W Dwj;) — Duj)| dr < EZZ: %/(C?)iéj |W(ij) - W(Duj)’ dz
1
< ey + (1+ [Du;[?) dze
i€z, % (B, (a )nw)

Since #(Z;) < c¢/e}™ ! we get that

H“( U (B e mw)) < eyt

€2

and by the equi-integrability of (|Du;[?/d;) we obtain (4.12). Finally, the weak convergence of (w;)
can be proved as in Lemma 4.2 while the equi-integrability of (|Dw,|?/d;) is just a consequence of the
definition of (wy). O

5. A PRELIMINARY ANALYSIS OF THE ENERGY CONTRIBUTION ‘CLOSE’ TO THE CONNECTING ZONES

For later references, in the following section we study the asymptotic behavior of a sequence of functions
which will turn out to represent the energy contribution ‘close’ to the connecting zones. The results listed
in this section will be applied in Section 6 to prove the I'-convergence of (F;) as well as in Section 7 to
compute the explicit formula for ¢().

Before starting, let us recall that we consider the domain Q; = w™ Uw™% U (wy, ., x {0}) where

Wrje; = Usegn B~ Y(z7?) Nw. Our I'-convergence analysis deals with the case where the thickness d;
of §2; is much smaller than the period of distribution of the connecting zones ¢;; i.e.,
5
lim £ =0.
j—too g;

Moreover, we can exclude that r; > ¢;/2 otherwise the zones may overlap. More precisely, we assume
that r; < ¢;; i.e.,
r
lim L =0. (5.1)
Jj—-+oo 6j
This choice will be justify a posteriori since (5.1) will be the only admissible assumption to get a non
trivial I'-convergence result (see Remark 3.4).
Finally, it remains to fix the behavior of r; with respect to d;. Let us define
r
¢:= lim 2L
j——+oo 5]
This yields to consider all the possible scenarii, namely to distinguish between the cases: ¢ finite, infinite
or zero.

For any fixed ¢ € [0,400], we consider the sequence of functions (4,0%) defined in (5.2) and (5.13).
Propositions 5.1 and 5.2 establish the existence of the function ¢(*) as the (locally uniform) limit of (cpffi)

as j — 400 and v — 01 while Proposition 5.3 will allow us to prove that o) is actually the interfacial
energy density in F() (see e.g. Proposition 6.2).
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BYY <1

| S G,

FIGURE 3. The domain (B,(ﬁvzl) x I)\ C1n; -

5.1. The case ¢ € (0,+00]. Setting N; = ¢;/r;, we define the space

X)(2) = {C € W ((BIR! X )\ CriynyiR™) 5 ¢ = 2 on (OBIR)*, ¢ =0 on (9B},

where I = (—1,1) and we consider the following minimum problem
90(7@2(2’) := inf / W (rj_lDadéj_anC) dr: (e X](2),. (5.2)
(B::N; XI)\CI,’YNJ'

©

~j) as j — +oo and v — 0F.

In the next proposition we study the behavior of (¢

Proposition 5.1. Let £ € (0, +occ]. If

n—1-—p
0<R®:= lim L — < +o0 (5.3)
j—too gl
J

then,
(i) there exists a constant ¢ > 0 (independent of j and 7y) such that

¢ ne
0<¢5(2) e (sl +9"7)
forallze R™, j €N and v > 0;
(i) there exists a constant ¢ > 0 (independent of j and «y) such that

108 (2) — oL (w)] < ]z —w| (YPV@=D/P T oty gt (5.4)
for every z,w e R™, j € N and v > 0;

%)
3

converges locally uniformly on R™ to cpge) as

(iii) for every fixed v > 0, up to subsequences, ¢
j — +o0 and
1047 (2) = o) (w)| < ez = w| (" TDETDP 4 2P 4 fw]P ) (5.5)
for every z,w € R™ ;
(iv) up to subsequences, <p»(f) converges locally uniformly on R™, as v — 0%, to a continuous function
0 R™ — [0, +00) satisfying
0<¢O(z) <z, 019 (2) = o ()] < ez = w| (|27~ + |w]”~) (5.6)
for every z,w € R™.

Proof. Fix v > 0, then yN; > 2 for j large enough.
(i) According to the p-growth condition (3.3),

Tj

67»L_1
0< (=) < (cmz) + By ) , (5.7)
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. Ty
C’Y,j(z) ;= inf / (Dac (;Dnc>
(BN} <IN\Cao, j

Since C,,;(#) is invariant by rotations, reasoning as in [2] Section 4.1, we can consider the minimization
problem with respect to a particular class of scalar test functions as follows

Cal®d) / Yp w)
El (BIR X D\C1 d;

1 =1 on (aBTYLX,jl)+ and ¢ = 0 on (332&})}

where

P
dr: (€ X](z)} :

p
dw : € WH((BIy) x D\ C1aw,),

(b2

IN

" { [ Dt P4 1Dt Py (07 1) 67 e WHBR))

YN

and T =1 in B?l}. (5.8)

Let 1/)%[ be the unique minimizer of the strictly convex minimization problem (5.8). It turns out that
1/)2i :=1— 7 is also a minimizer. Thus by uniqueness, wli = 1/)2i and in particular, 1/11i =1/2in B}
Hence,

IA

Cyi(2) < e inf { /B (1D P 4 [ Dot ) daa ¢ (67 1), 9T € WP (B,

YN,

and T =9y~ = % in B{L—l}

1
= 2|z|Pinf { /B Dot dao : o € Wy (BYy!) and o = 5 in B?‘l}
YN
2P P pn— . pn—
= oqinf . |DatpP dag i € WyP(BIg!) and ¢ = 1in By~

TN

|2|P —1. pn—1
= 2p_1Capp(B{L ;B,;Nj). (5.9)

Since

jEToo Cap, (B Bf;{,jl) = Cap, (BY H R < +oo;

hence, by (5.3), (5.7) and (5.9) we conclude the proof of (i).

(ii) For every 1 > 0, there exists ¢, ; € X (z) such that

_ — 4
/(Bnl e PPW (17 Doy 187 Dy g) dr < 1 (2) + 1. (5.10)
vN; % 1N

We want to modify (, ; in order to get an admissible test function for w(e)-(w). More precisely, we just

V.
have to modify (, ; on a neighborhood of (8B2]§j1)+ to change the boundary condition z into w. To this

aim we introduce a cut-off function § € C*(R"~1;[0,1]), independent of x,,, such that
1 if z,€ B,

0(za) = and |Dy0| <c.
0 if z,¢ By *
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Hence, we define ¢, j € X} (w) as follows

) Gy + (1= 0(za))(w—2) in (Biy)"
Gri = 1 1
Gy in (Bly;)” U (B x{0}).

By (5.10), since ¢, ; = (. in (B,YN )~, we have that

¢
o) — o8 (2)
-1 e
< rf/ - (W(rj D,¢,,
(B’YNJ' XI)\CI,"/NJ'

= P /(Bnl)+ (W(Tj_lDag%jlaj_ang’y,j) ~ W'D
YN

5;1Dn<~%j) - W(Tleacv,jwlenC%j)) de +1n

5;11)”4%]})) dz +7.

By (3.4) and Hélder’s Inequality, we obtain that

¢ l
P (w) — o (2) =1

1 Tj Pt ST L = Pt
< C/ Tf + ’( aC’y,j 5 nC’y,]) +‘<Da§y,j (;DnCV7j>
(B;l];jlﬁ j J
x (Daévj D C’Y]‘ (Dn C’YJ nC%j))’ dx
1 T .
<<f +2\< s c) D8P fw = 27 | Db o — 2| d
(B;LX;;)* J
<

c\z—w|p/ |Da9|pdxa+cr§-’fl|z—w|/ | D0 dz,
n—1 Bn];l

T
‘ < OCC’)’,J 5] 7L<"/7]>

Since yN; > 2 and Supp(f) C B5~! we obtain that

¢
oY (w) — ! (2)

p—1

+2¢]e — w] | Dbl oty
J

Lo ((Brgtysmmn)

p—1
_ T
< |z —w| |z—w\p*1+r§ 1+H( an‘ nC'yj> + 7. (5.11)
d; Lp ((Bf;J;;)Jr;Ran)
By the p-growth condition (3.3), (5.10) and (i), we have that
p
r;
( aCy.j 5. ’rLC"{,]) dz
(BIn )+ J
< 1§ W (1} ' DaGy 185 DGy j) dae + 1) H'H(BIyT)
(B
n—1
‘ n-1 Ej
< SDEY)](Z) +n+cy 1#71,17
J
en~t
< el AT A+ e (5.12)
r

Hence, by (5.11), (5.12) and (5.3) we have that

@) = () < elz —wl (|~ jwP ™t 4 rf T NED P e/
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L B e [ ny’]l\gn x I

Cl:’YNJ

FIGURE 4. The domain (BS}V;I) x I;)\ C1 4N, -

and (5.4) follows by the arbitrariness of 7.

By (ii) and Ascoli-Arzela’s Theorem we have that, up to subsequences, <p(£) converges uniformly on

V5J
compact sets of R™ to go(f) as j — +o00. Moreover, passing to the limit in (5.4) as j — 400 we get

[ () = ()] < ez = wl (Jo] 7 + ™ 44 DEDP),

Hence, we can apply again Ascoli-Arzela’s Theorem to conclude that, up to subsequences, cp(f) converges

uniformly on compact sets of R™ to () as v — 0. In particular, ¢(©) : R™ — [0, +00) is a continuous
function and
0<“(2) <clef?, P (2) = ()| < e (|27~ + |w]P 1) |2 = wl

for every z,w € R™. O

5.2. The case ¢ = 0. In this case we expect that the energy contribution due to the presence of the sieve

is obtained studying the behavior, as j — +oo and v — 07, of the sequence (wEYO;) defined as follows

(0) 9 . P -1 -1 ¥
oy (z) = —Linf / 2 W (r; " DaClo; "DypC)dx: ¢ € X[ (2)
7. r; { (B3 XI\Ca ) J ( J J ) J

y—1
oy XI\C1an;

= inf {/( W (D) dx: (€ Y](z)} (5.13)
where I; := (—d;/r;,0;/r;) and
V() = {C e WH((BIRE X L)\ CioniR™) o ¢ =z on (9BIRH) /),
¢=0on (33;3;_})%51/”)}.

Note that in this case we are interested in the limit behavior of a sequence that is obtained from the one
corresponding to ¢ € (0, 4+o0] multiplying it by d;/r; (see (5.13) and recall (5.2)). Let us try to motivate
this choice.

Let ¢ € (0,+00), then starting from (5.2) by a change of variable it is immediate to check that

0 [ P -1 ¥
. i (z) = = inf / rPW(r: D) dx: Ce€Y(2)y. (5.14)
I 9 { BNy !

Now assuming that lim; o 75 "/(J; 5?71) < 400 (or equivalently that lim;_, r;»kl*p/sg‘fl < +00;

see Remark 3.5) we know that the sequence ((p,(fz) converges to £ $), for some ¢*), locally uniformly

in R™, as j — +o0o0 and v — 0" (Proposition 5.1). Then if £ € (0, 4+00), studying the limit behavior of
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(5.13) is perfectly equivalent to study the limit behavior of (5.2). While if £ = lim; . 7;/d; =0, (5.14)
suggests that, to recover nontrivial information in the limit, we have to study the asymptotic behavior
of the sequence obtained from (5.14) dividing it by r;/d;, that is to study the asymptotic behavior of the
sequence given by (5.13).

Following the line of the proof of Proposition 5.1, we want to establish an analogous result for the

sequence (cp(voi)

Proposition 5.2. Let { =0. If
n—p
0< R® = JJim 5T, < +00 (5.15)
then,
(i) there exists a constant ¢ > 0 (independent of j and 7v) such that

0< o) <e(loP +97Y)

forallze R™, 5 € N and~v > 0;
(ii) there exists a constant ¢ > 0 (independent of j and ~y) such that

0 (2) = O (w)] < ]z —w] (Y TDED/P gpn=t ety e (5.16)

for every z,w € R™, j € N and v > 0;

(0)

© converges locally uniformly in R™ to ¢y as

(ii) for every fived v > 0, up to subsequences, ¢. ;

j — 400, and

[60(2) — e )] < ez — wl (5" EDP 4 o 4 ) (5.17)

for every z,w € R™;

(iv) up to subsequences, cp(VO) converges locally uniformly in R™, as v — 07, to a continuous function

O R™ — [0, 400) satisfying
0<¢@(z) <elzf?, 00 (2) = @ ()| < ¢z = w| (2P + [w]P") (5.18)
for every z,w € R™.

Proof. Fix v > 0, then yN; > 2 and d;/r; > 2 for j large enough.
(i) According to the p-growth condition (3.3),

§ien !
0<% <p (cw»(z) + 2R (BT T ) , (5.19)
where

Cﬁ,’j(z):inf{/ |DCIP du CEY](Z)}
(BIN) X I)\C1yw;

Arguing similarly than in the proof of Proposition 5.1, we can rewrite

Cy,i(2)

|2|P

= inf / |Dy|Pdx = € Wl’p((B;’K,jl x I;)\ C14n;),
(BN X I)\C1

Y =Ton (OBI)T® /™) 4 =0 on (aBgNj)@f/m}. (5.20)

Let 11 be the unique minimizer of the strictly convex minimization problem (5.20). It turns out that
Vo (T, xpn) := 1 — Y1(xq, —x,) is also a minimizer. Thus by uniqueness, ¥; = 19 and in particular,
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Y1 =19 = 1/2 on B} x {0}. Thus
Cyi(z) = 2[z|"inf / |Dy|Pda s p € WHP((BIH) /i)y,
(B;l};;)Jr(fsj/T‘j) J

1
1 =0 on (03771]:,]_1)“5?/”) and ¢ = 5 on Bt x {0}}

|2[”

_ : Dy Lp((gn=1y+(;/r;)
5T 1nf{/(B:;})+(6j/rj) |Dp|Pdz: e WHP((BYy,)) )s

1 =0 on (832&})"'(57'/”) and ¢y =1 on B} ! x {0}}

|21
o

IN

Cap, (BY ™Y By, x 1) (5.21)

Since
41111 Capp(Bf_l;Bf;R,jl x I;) = Capp(Bf_l;R") < +00;

J—To0

hence, by (5.15), (5.19) and (5.21) we conclude the proof of (i).

(ii) We can proceed as in the proof of Proposition 5.1 (ii) using a different cut-off function also
depending on z,. Namely, let § € C2°(R™; [0, 1]) be such that

1 if (za,2n) € BP ' x (—1,1),
(e, Tn) = and |Dé| <ec.
0 if (Ta,r,) & By ' x(-2,2)

Hence, if ¢, ; € Y]W(z) is a sequence which ‘almost attains’ the infimum value apg?;’ we define 57,3‘ € Y](w)
as follows

G+ (1= 0(@))(w —2) in (Bly))*0/),
Gy = _ (s .
Gy m ((BI;N]. )~y U (BT < {0}).
By (5.15) we conclude the proof of (ii) reasoning as in the proof of Proposition 5.1 (ii).
The proof of (iii) and (iv) follows the line of the proof of (iii) and (iv) in Proposition 5.1. O

Now we are able to describe the energy contribution close to the connecting zones as 7 — 400 and
v — 0T,
Proposition 5.3 (Discrete approximation of the interfacial energy). Let (u;) C WP (€;; R™)NL>®(Q,; R™)
be a sequence converging to (ut,u”) € WhP(w;R™) x WHP(w;R™) such that sup; Fj(u;) < 400 and
satisfying sup;cy ||u;l| oo (o, mm) < +00. Let (u;i) be as in (4.1). If

PP
Le (0,400] and 0< RY = lim Jn_l < 400
Jj—+o0 €;
or
ri P
(=0 and 0<R® = lim Jn71<+oo
j—eo gje]
then
Jim timsup [[3760)08% — 15 gy — o0 a0 dn =0, (5.22)

1€Z;

for every £ € [0, +00].
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Proof.  Since sup;en [|w | L (o, rm) < 400 by Propositions 5.1 or 5.2 we have that

) ¢ i _
fim sup / ‘ Z P =i xgpo — @ (u — )| de
J—Too Jw €3
. l i— i+
< limsup / Z P50t ) = ot )|yt d
J—T00
+lim sup/ ‘ Z go(z)(u;"‘ - u;_)xanl — Ot — uf)‘ dz,
Jj—4oo Jw!! . e
< ) + lim sup/‘ <p(4) — U ) xon-1 — O (ut — u*)’ dz,,
j——+oo Z J Q,;ﬁgj “

as v — 07. By (5.6) or (5.18) and Hoélder’s Inequality we have that

lim su /‘ Ot — i Yy one1 — B (ut —u~ ’dxa
p " Z ()O ( 9 7 )XQLE; 30 ( )

j—+o0

i€Z;
= timsup 3 [ 0 ) Ot - u)]da
J=+e ez, Q” !
. . 1/p
< climsup Z / —uT P+ fuyT —uT [P dxa) .

J=too i€Z;

Hence, it remains to prove that

lim sup Z / lut — uéi|p dzo, =0. (5.23)
J—rtoo i€ an,;Jl
By Lemma 4.1 (ii) applied with p =¢;, B, = C’; and A, = :‘E_Jl and since J; < €5, we have
/ lut — u§i|p dr, < < (/ lu; — uF|P d Jr/ luj — u§i|p dx)
Q! ‘ 05 N @r o+ @™ '
) g )
cell
< i/ lu; — uE|Pdx + —J/ |Du;|P da (5.24)
6] (Q;L,;jl)isj 6] (Q;’;;jl)i(;j
for all ¢ € Z;; hence, summing up on i € Z;, we find
o N cel
Z/ j— g |pdsr:a§—/ j—urPde+ —L |Du;|P da
n-1 6 wEds

i€Z;

then passing to the limit as j — +oo by the convergence of (u;) towards (u*,u™) and sup; Fj(u;) < +oc
we get (5.23) and then (5.22). O

6. I'-CONVERGENCE RESULT

6.1. The liminf inequality. Let (u;) C W1P(Q;;R™) N L>(Q;;R™) be a sequence converging to
(ut,u™) € WhP(w,R™) x WP (w,R™) such that sup;cy [|[u; ]| L= (o, mm) < +00 and

liminf 7 (u;) < +o0.
j—Foo
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By Lemma 4.2, for every fixed k € N, there exists a sequence (w;) C WHP(;; R™) N L>(Q;; R™) weakly
converging to (ut,u™) satisfying (4.2), (4.3) and such that

11m+1nf— </ W (Du,) dm—l—/ W (Du;) dm)
Jj——+oo 0
hmjnf— (/ W (Dw;) dx—i—/ W (Dw;) da:)
Jj—-+o0 0,

1
lim inf — / W(Dw;)dz + / W(Dw;) dx
g=teo 05 \Jw\By)+es (\E;) ™%

+11m1nf—_ (/ W (Duw;) dx—i—/ W (Dw;) dz ) - % (6.1)

7—>+oo

v
w\m

v

where Ej := ;e B;}E_l(aj?).

We first consider the energy contribution ‘far’ from the connecting zones. In this case, we suitably
modify the sequence (w;) in order to get a constant inside each half cylinder B(?fl)(xfj )%, Then, we
Pj

apply the classical result of dimensional reduction proved in [23] to w™ and w ™% separately.

Proposition 6.1. We have

1
lim inf — / ) W(ij)dx—i—/ W (Duw;) dx
i=tee 05 \ J(w\my)+es (W\E;) ™%
2/ (Qn1W(Dou™t) + QnaW(Dgu™)) daq.

Proof. We define

w; in (w\ Ej)*
YT W i By (@ Eﬂ)ﬂf if i € Z;. (6.2)

Then (v;) C WHP(Q,; R™) converges weakly to (u*,u™). In fact,

1
sup — |va| dx < sup —

5 (5 |Duj|p dx < 4o0. (6.3)
JEN JEN

Moreover, since p} < p; < €;/2, then B" Yz57) € QUC!; hence,

zs’

_uE P de < _ TP _ i Ep
/wﬁj lv; — u™| dx_/(w\Ej)ﬂ lw; — u™| derZ/ - (Ol

1€

and, by (5.24), we obtain that

1 1 .
5j/iaj [ —wFPde < (%/iéj |w; _“ipdx—i-éj/iaj lu; — uF [P da
1
teej oy |Duj\p d. (6.4)
j

Passing to the limit as j — 400 in (6.4), by (6.3) and Remark 3.2 we get that (v;) converges weakly to
(ut,u™).
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Since W(0) = 0, by (6.2) and [23] Theorem 2, we have

1
lim inf — / W (Duw;)dz + / W (Duw,) da
i=+00 05 \ S\ Byt (W\E;)~%

1
— liminf — / W(va)der/  W(Dv;) da
g=F00 05\ J @\ Byt (W\E;)~%

1
= liminf — (/M_ W(Dv;)dx + /75- W (Dwv,) da:)

j—+o0 (5j

Y

/ QAW (Dou™)dxy + / Qn AW (Dou™) dzy -
O

Now let us deal with the contribution ‘near’ the connecting zones. We always work under the assump-
tion

T‘(_nflfp)
(e (0,400] and 0<R® = lim L < oo,
Jj—+o0 €;
or
(n—p)
(=0 and 0<R® = lim -2 — < +00.
Jj—+o0 (5]‘6?

In the following proposition we suitably modify (w;) in each surrounding cylinder in order to get an
admissible test function for the minimum problem (5.2) or (5.13).

Proposition 6.2. Let ¢ € [0,4+00]. Then

l_iminfl (/ . W(ij)dw/%_ W(ij)d:c) > R“)/ OO (ut —uT)dag + o(1),
E]. 7 E]. J w

Jj—-+oo (S]

as v — 0F.

&

Proof. Let £ € (0,+00], the case £ = 0 can be treated similarly. Let i € Z; and N; = -£. Since pé- < g4,

we can define e 4 5 T — N
wi(z;" 475 Yo, 05 Yn) — uj m( X )\ Lpt/r;

py/7;
p i+t i in (B"=1\ gn—1 +
G = (uj U ) m ( YN p;'./rj)
: n—1 n—1\—
0 n (B'YNj Bpj./rj) ,

where N; = ¢;/r;. Then (} € lep((BZ;;,jl x 1)\ Cyynys R™), ¢ = (ufF —ul™) on (OB;’]T,;)+ and ¢} =0
on (GB,’;LX,:)*. Since W (0) = 0, changing variable, by (5.2) we get
1
— / W(Dw]—)dm—i—/ W (Dw;) dx
B
Pi

. 1, Eiv_6;
63 B:@ (x,7)7%
J

= /(BM )+W(rj1Da§j|5j1DnC}> dy—&-/(Bn.l . W (17 Dag}l8; " Duc} ) dy

i [
P55 p5/T;

n—1 —1 ] s—1 3
= g W(r. Dol Dnc) dy
J /(B;’;,Jl AD\C1 oy, J 319 J

—1— V4 i i—
i ! pgo;z-(uj*' —uj ). (6.5)

v
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Summing up in (6.5), for i € Z;, we get that

1
(57- (/E.Hj W(Dw;) dx + -/15ij W (Dw;) dm)

1
= ) = / W(ij)dx+/ W (Dw;) dx
7 0 \ Uiyt BT (a7) %
J P P
n 1-p

2 " o Z(p“/d ZEH lwvj - ._)' (66)

1€Z; J i€Z;

Passing to the limit as j — +o0o0 we get, by (5.3) and Proposition 5.3, that

hm_inf— </ W (Dw,) dI+/ W(Dw,) dx )
j—+oo 6

> RO [ O ) da,
+R™ lim 1nf/ (Z (p(g) — 'U,;_)XQ@—I — O (ut - uf)) dre
j—4o0 w iz, i€
= R® / O (ut —u)dag + o(1),
as v — 0%, which completes the proof. O

We now prove the liminf inequality for any arbitrary converging sequence.

Lemma 6.3. Let ¢ € [0,+00]. For every sequence (u;) converging to (u*,u™) we have
hmﬁnf}" (uj) > /Qn_1W(Dau+)d:ca+/ Qn A W(Dou™) dzg
J—T00 w w
+R® / O (ut —u7)dz, .

Proof. Let (uj) — (u™,u™) be such that liminf,_, ;. F;(u;) < +0o. Reasoning as in [2] Proposition
5.2, by [11] Lemma 3.5, upon passing to a subsequence, for every M > 0 and 1 > 0, we have the existence
of Ry > M and of a Lipschitz function ®,; € C}(R™;R™) with Lip(®,,) = 1 such that

z if |z| < R,

CI)]V[(Z) =
0 if |Z| > 2Ry
and
1_im+inf}"j(uj) > 1_im+inf.7-'j(<I>M(uj)) —n. (6.7)
j——+oo j——+oco

Note that (®ar(u;)) C WHP(Qz;R™) N L®(Q;5R™), supjey | Par ()] Lo (q,mm) < Rar and it converges
0 (Pp(ut),®pr(u)) as j — +oo. Hence, if we apply (6.1), Propositions 6.1 and 6.2 to (®(u;)) in
place of (u;), letting v — 0 and k — +oo, we get that

liminf F;(®pr(uj)) > /Qn71W(Da@M(U+))d$a+/Qn71W(Da<I>M(U7))dxa

j—too
+R® / OO (@ (ut) — Bpr(u”)) dag. (6.8)

Moreover ® s (u®) — u* weakly in WP (w; R™) as M — +oo; hence, by (6.7), (6.8), the lower semicon-
tinuity of [ Qn_1W(Dgu)dzs with respect to the weak WP (w; R™)-convergence, and (5.6) we have
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that
lim inf F; (u;)
Jj—-+oo
> / Qn AW (Dou™) dzg +/ Qn AW (Dou™) dzo + R(E)/ <p(e)(u+ —u )dxe —1n, (6.9)
and by the arbitrariness of 7, the thesis. O

6.2. The limsup inequality. For every (ut,u~) € WHP(w,R™) x WhP(w,R™) the limsup inequality
is obtained by suitably modifying the recovery sequences (uji) for the I'-limits of

i/ W(Du)dz and i/ W (Du) dz.
6j wtdi (5j w %

Lemma 6.4. Let ¢ € [0,+00] and let w be an open bounded subset of R~ such that H" 1(0w) = 0.
Then, for all (u™,u™) € WHP(w,R™) x WhP(w,R™) and for all n > 0 there exists a sequence (i) C
WhP(Q;; R™) converging to (u™,u™) such that

limsup F;(@;) < /Qn,1W(Dau+)daﬁa+/ QA W(Dou™) dzg

+RW / e (ut —u")dzy + nROH Y (w).

Proof. The proof of the limsup is divided into three steps. We first construct a sequence (@) C
WhP(Q;; R™) that we expect to be a recovery sequence. In the second step we prove that (;) con-
verges to (ut,u™). Finally, we prove that it satisfies the limsup inequality. We first deal with the case
¢ € (0,400].

Step 1: Definition of a recovery sequence. Let u™ € W1P(w;R™) N L>®(w;R™). According
0 [23] Theorem 2 and [8] Theorem 1.1, there exist two sequences (uji) C WHP(w®%;R™) such that

u;t — u*, the sequences of gradients (|Du;-t\p /d;) are equi-integrable on w*°% | respectively, and
. 1 + T +
jilinoo 5 /wi“j W(Duj)dx = ~/<.u Qn_1W(Dou™) dz, . (6.10)

Moreover, using a truncation argument (as in [3] Lemma 6.1, Step 2) we may assume without loss of
generality that
£
sup ||u; ||Loo(wi5j;Rm) < 4o00.
JjeN

Let u; := u;rwaj +uj X, € WLP(wHi Uw=%;R™) and let (w;) be the sequence obtained from (u;)
as in Lemma 4.4, then sup,cy ||wj||Loo(wiaj gmy < F00.

We first define (@;) ‘far’ from the connecting zones; i.e.,

+4;
i = w; in (w\ U B:}j_l(:vf-’)> ’ (6.11)
ieZmn—1
?j)ié

Then we pass to define (%;) on each ng__l(xl

iezr! \ Zj. _ _
If i € Zj, by (5.2), for every 1) > 0 there exists ¢} ; € X;(ufr —uj~ ) such that

i making a distinction between the indices ¢ € Z; and

- i - i L) (i i—
/ . W (1) Dal 1071 Dadl ) da < @l (uft = ul™) 4. (6.12)
(BZ:N; XI)\C1 4N,
Then, we define
_ 4 , _
= <“T“T“T “Z”) tul in BN, i€z, (6.13)
J J

?j))i5j'

In particular, u; = uéi = w; on (3B;}j’1(zl
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Let us now deal with the contact zones not well contained in w; i.e., with the indices ¢ ¢ Z;. For
fixed v > 0 and j large enough we have that YN; > 2. Let ¢ € W'?(By';[0,1]) be such that 1) = 1 on
OBy~ ! and ¢ = 0 in B} ! and define

0 in (ng,jl)—
w'y,j(x) = 1/)(1'04) in (Bn_l)Jr
1 in (Biy \ Byt

Then ,,; € WHP((Biy! x 1)\ Ciyn;5[0,1]), 45, = 1 on (aB;L];j) and v,,; = 0 on (9BIy!)"
Let wji = wj X +s;, we extend both of them to the whole w x (—d;,d;) by reflection; i.e., we define
(To, —p) for z € wT% and ﬁ)ji(:z) = w;t(x) for z € w*%. Hence, we define

To —x . To —2
i = Sl ) 1— Y e A o 6.14
Uj =y < v 5, > w; + (L ( r; 5; ) w; ( )

in (B g 17) (=0;,6,;))N<Y; and for i € Z"~1\ Z;. In particular, we have that #; = w; on (8B:}j_1(:tfj)><
( 8;,0;)) N€Yy; thus (4;) C WHP(Q;;R™).

dzji(:ca,xn) = w;t

Step 2: The sequence (u;) weakly converges to (u™,u™). Let us check (3.1) and (3.2). We will
only treat the upper cylinder w9, the lower part being analogous. First

—/ u; —ut P d

= = |lwh —ut P dz
d; /w\siez’ﬂ_l B,Li1(xf_j))+sj J
To —T T P
SR el At i _ ot
= Z/ e ,J< — ,5,)+uj ut| dx
zGZ ) J J
To — T, Ty O
+57 Z 1, i\ T%; wV,j ria[;i (’LUJ _wj)+wj — U dx
i sezniz, ! (@nBi @) i i
< / |w; —u+|pdx+cZ/ jut —ut|P dag
5 25 S
P> G (5 - -«
= /) = (W = x
d; ez, JBp @) T ri 0 J J
i€z; v Prj i
c ~—
5 / S oy (5P |05+ [uTP) da. (6.15)
wn iezn—1\z; p] Ha,?)

Since lim;_, ;o H" ! (wﬁ Uiezn-1\z, By, Yoy )) =0 and sup;cy H’LU;‘:”LOQ(wiJJ gy < +00, we have that

c
Jim < / ([P [T + [t P) de = 0. (6.16)
j—+oo 6_] Wﬁsiezn—l\zj B;,lj_l(w:j) +6; J J
Moreover, reasoning as in the proof of Proposition 5.3 (see inequality (5.24)), we have that
i — ,L+ p =
Jim > /B ) wH P e, =0, (6.17)
1€

and, by the convergence w; — (ut,u™), it remains only to prove that

€5
. i Lo — ;" Tn it i—
llinoo(; Z/l 3y, J( - ’5.)_(uj —uj)
J B ) j j

ZGZ

p

dz=0. (6.18)
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In fact, changing variable, we get that

1
57]‘ Z /B".—l(;j)”j

€j
i Lo — ;" Tp it i—
¥ <Tj '3, = (u5" —uy7)
1€

- [ e G P

n—1
1€Z; ’YN )+

and by, Poincaré’s Inequality

/anl ‘C'Yj(xa’xn) - (u§+ o uéi)’pdma < C(F)/Nj)p/B |Da (.’L‘a7.’lﬁn)| dz

YN 'yNJ

for a.e. x, € (0,1). Hence, by the p-growth condition (3.3) and (6.12) if we integrate with respect to x,,
and sum up in ¢ € Z;, we get that

€; D
¢ Lo — ;" Tn it i—
72/711 +8; J( i ?5)_(1’1’] _u‘]) du
1€Z; B (z ]) T J
n 1 P )
ST [
i€Z;
-1 P i |7 i P
< VN / (Dacm .D”C%J) dzx
i1€Z; iy 1)+ 5]
< e TNy Y (wm —u) T B
iEZj
Tr}flfp o ) . 61}71
< enPel jgﬂ—l Z et o (ult —ulT) + (7} +eynt rnj_l_p> H N w)].  (6.19)
j i€Z; j

By Proposition 5.3 and (5.3), passing to the limit as j — +oo in (6.19), we get (6.18).
It remains to prove that (3.2) holds. In fact,

1
- = P
5 [a+5-7 |Du;|P dx

1 / 4
- L IDwEPd
5 S s @y
5 (172u (o 2 s D (2o 22) )
— r. |, = R |, = T
d; Siezj By (2t o Tabyg T 5; /1% nby,j r; 5;
7
+— |Du,;|?P dx . (6.20)
0 Sieznil\zj Bl (27w +5, j
It can be easily shown that
1/ (_1 S (T — T Tp\| g o—x7 Tn P
= 7 DaC (B 2 o D (B 2 )| de
03 )3, o e INY T g %
T 1=p ’ . rn_l_p
(Z gn1 cpgg uéf)) +H" N (w) (njnifl +7”_1) ; (6.21)
o

i€Z; J
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while,

1 _
(Sj/s . |Da;|P dx

ng* B (fo )Nw

iezn—1\z;
1 / To — 2 Tp\|P o
s e Dathy g (2250 200 (o 1+ | 1)
Z‘eZnZI\Zj (Tﬁ(sj (B,’,lj_l(wjj)ﬂw)Jr‘sj " ] 5]' ( J J )
+i/ (|Dwf P+ |Dw; ) dx
5 S anars ;
1 1
< e > (n p/ |Datpl? dza + 5 |Dw} [P de
iezn—1\z, By~ i J(BE (@5 )nw)
1 —
+5 . |ij P d
0, By (@7 )Nw) %
PP 1
s ¢ Z (Jnl H Y Z;l)‘f‘; o i5‘|ijﬂ-t|pdgz:
iezn-1\z; \ J i J(Bp @) nw)
1 —
5. |Dw; [Pdz | . (6.22)
05 J (B @) nw) %

Note that the previous sum can be computed over all i € Z"~1\ Z; such that Qz;l Nw # 0. Let

/. n—1
wJ T U Qi’gj ’

i€Zn—1\Z;, Qz;jl Nw#(

then

> HHQPCY) = M (W)) — HY T (0w) = 0. (6.23)

i,Ej
i€zZn—1\2;, Q;j;_lm;e@

Moreover, by Lemma 4.4 we have that sup, 5% [=s; |iji\p dx < +00; hence, by Proposition 5.3, (5.3),
(6.20), (6.21) and (6.22) we get (3.2).

Step 3: The sequence (u;) is a recovery sequence. We now prove the limsup inequality.

limsup/ﬂ‘ W (Du;) dx

j——+oo

1
= limsup — / W(Dﬂ-)der/ W(Da;) dx
j—4oo (Sj ( (“-’\Sieznfl B:f'j_l(ﬂi?))iéj J S Bﬂ_l(mfj)iéj J

i€z; Prj

+/ s Mlqigww%mg~ (6.24)
wn iezn—1\z; By, (z,7)
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We deal with the first term in (6.24). The definition of @; (6.11), Lemma 4.4 and (6.10), yield

1
lim sup —/ _ W (D1u;) dz
i—to0 0 J(\S s By @)
1
= limsup—/ W (Dw,) dx
Jj—+o0o 0 w\ iczn— 1B,’f] 1(xf'j))i5j !
1
< I — !
< liriligf 5. /wﬂj W(Duj )dx + o(1)
— / Qn 1W(DouF) dzy + o(1), (6.25)

as v — 0T. For every i € Z;, by (6.13) and (6.12) we get that

1
1 / W(Da,) dx + / W (Day) da
0 \ By @iyt B )
n—1 —1 ) —1 i
. W (17 DoCl |07 DCl ) da
J /(B“?xl)\cl . ( J 73193 %.7)

n—1— 4 i—
T (et =) )

hence, by (5.3) and Proposition 5.3 we get

IN

1
lim sup — / W (Duj) dx + /S W (Duy) dx
j—+oo 0j ez, BE M) iez, B @)
< 6 / <p(z)(u+ —u")dre + R H" (w)n
+lim sup/ (f)J —u )xgr-1 — o (ut - Uf)‘ dxa
j—+oo Jw i€Z; Rt
= RO / O (ut —u)drg + RO H N (w)n+0(1), (6.26)

+5;

as v — 07. Finally, for i ¢ Z;, by the p-growth condition (3.3) and (6.22), we obtain
iezn—1\z; B;Ljil(mjj)m“’

1 /

5\ /s
ﬁ/ (1+ |Day|P) de
05 \ Sy @)nw)

iezn-1\z; 7

cH"_l( U By~ Yws )ﬂw)

1€Zm =\ Z;

n—1—p
T 1
+e E 1 __ H”fl(Q?—.lﬂ-*/ |Dw [P dzx
<€" 1 R O AP R

i€z =1\ Z; J
1 _
+—/ |Dw; [P dx | .
0j J (B (27w %

IN

IN

Since

lim H"—1< U B,’}j_l(xfj)ﬂw>:0,

j—Foo
iezZn—1\2;
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by (5.3), the equi-integrability of (|iji|p/5j) on wt% and (6.23), we deduce

1
lim sup —/
j—+oo 51 wﬂS

Gathering (6.24)-(6.27) and passing to the limit as v — 0% we get the limsup inequality for every
ut € WHP(w; R™) N L2 (w; R™).

ey s, W(Du;)dz =0. (6.27)
iezn—1\z; Bo; "(2;7)

We remove the boundedness assumption simply noting that any arbitrary WP (w; R™) function can
approximated by a sequence of functions belonging to WP (w; R™) N L>°(w; R™), with respect to the
strong W1P(w; R™)-convergence. Then, by the lower semicontinuity of the I-limsup and the continuity
of

(vt v7) / Q1 W(Dyv") dzq —|—/ QAW (Dov™ ) dwg + R(z)/ <,0(Z)(v"r —v7)dz,

w

with respect to the strong WP (w; R™)-convergence we get the thesis for £ € (0, +o0].

If £ = 0, we can follow the line of the previous case with slight changes. Let us start by dealing with
Step 1. First, we have to notice that for the definition of (u;) in B! (x;7)*%, for i € Z;, we have to
consider, for any n > 0, a function ¢, ; € Yj'Y (2) such that

/ W (17 DGy ) de < 00 (z) +
(Bn;fl xIi)\C1,4N

hence,
U(Ta, xn) = (5 ( _' / ) in ng_l(mfj)i5-7 , forieZ;.
Ty

While for the definition of (&;) in B" Ya5))*%, for i € Z"~1\ Z;, we have to introduce a suitable
function v, ; different from the one used in (6. 14) In fact, for a fixed v > 0 and j large enough we
can always assume that yN; > 2 and §;/r; > 2. Let ¢ € WHP(BJ~! x (0,2); [0, 1]) such that ¢ = 0 on
B! x {0} and ¢ = 1 on By~ x (0,2). We then define

0 in (B%jl)f(éj/w)
Uy(2) = (@) in (B;7)*
1 in (B! })Hé /m3) \ (By~1)+2

The functions 1., ; belong to Wl’p((B;‘;,jl x I;) \ C1n;310,1]) and satisfy 1), ; = 1 on (8321?,],1)‘*‘(@/”)
and ¢, ; =0 in (B,?ZQ;)*(‘;J'/”). Hence, we define

€j €j
To — T Tn - Lo — T, Tn -
Uj =15 ) Wi+ | 1=y ) w;
J J
5 Tj Tj T

in (B” Yz )x (=05, ))OQj and for i € Z"~ 1\ Z;. In particular, we have that 4; = w; on (3ngfl(xf")><
(—=9;,6; )) nQ;.
Taking into account the definition of (@;) we can proceed as in Steps 2 and 3 also for £ = 0. O

7. REPRESENTATION FORMULA FOR THE INTERFACIAL ENERGY DENSITY

This section is devoted to describe explicitly the interfacial energy density ¢(© for ¢ € [0, +0c]. As in [2],
we expect to find a capacitary type formula for each regime ¢ € (0, +00), £ = +00 and £ = 0.

(0)7 as j — +oo and v — 0" where for

We recall that () is the pointwise limit of the sequence (30%1

¢ € (0,400

anC)> dr: C(C¢€ X](z)},

() : P -1 T
¢,(2) = inf / T.W(r» (D(—
7 { (Bﬁ;}xl)\cl,wj ! ! : 0
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while for £ =0,
gagog(z) = inf {/ r W(rj_lDQ) dz: C(C¢€ Y?(z)}
( :ﬁ;XIj)\Cl,ij

(see Section 5). The main difficulty occurring in the description of () is due to the fact that the above
minimum problems are stated on (increasingly) varying domains. This do not permit, for example, to
deal with a direct I'-convergence approach in order to apply the classical result on the convergence of
associated minimum problems. Thus the proof of the representation formula will be performed in three
main steps: we first prove an auxiliary I'-convergence result for a suitable sequence of energies stated on
a fixed domain, then we describe the functional space occurring in the limit capacitary formula, finally,
we prove that ¢(© is described by a representation formula of capacitary-type.

We introduce some convenient notation for the sequel. Let g; : R™*™ — [0, +00) be the sequence of
functions given by
g;i(F) =17 W(r;lF)
for every F' € R™*™. By (3.3) and (3.4) it follows that
|F|P — 7% < g;(F) < B(r} +|F[F), forall F € R™*" (7.1)
and the following p-Lipschitz condition holds:
lg; (F1) — g;(F2)] < 0(7’?71 + PP 4 | RPY | F - Fy|,  forall Fy, Fy € R™™

Then, according to Ascoli-Arzela’s Theorem, up to subsequences, g; converges locally uniformly in R™*™
to a function g satisfying:
|F|P < g(F) <B|FP, forall FeR™" (7.2)
and
lg(F1) — g(F)| < c(|Fy [Pt + |y~ Y)|Fy — Fy|, for all Fy, F, € R™*™, (7.3)

7.1. The case { € (0,+00). We define
Xn(z) = {CeW (B x D\ CLwiR™) s (=2 on (0B
and ¢ =0 on (8B]T\Lfl)_}
for N > 1 and I = (—1,1). We recall the following I-convergence result.

Proposition 7.1. Let

-
¢= lim -2 € (0, ,
5, € (0F00)

then the sequence of functionals G;e) cLP((BY ' x I)\ C1 n; R™) — [0, +0c], defined by

/ _— gj (DaC
G(Z)(g) — (B 'xI)\Ci N

400 otherwise ,

?mc) dr if ¢ € Xn(2)
J

T'-converges, with respect to the LP-convergence, to

[ aDadlD)ds i CE X
G(f)(o — (By " xD\Cin

+00 otherwise .

Proof. Since £ = lim;_,1(r;/d;) € (0,400), by the locally uniform convergence of g; to g we have
that the sequence of quasiconvex functions F +— g;(F|(r;/8;)F,) pointwise converges to F — g(F|(F,).
Hence the conclusion comes from [10] Propositions 12.8 and 11.7. O
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Remark 7.2. We denote by p* the Sobolev exponent in dimension (n — 1) i.e.
T n—1-p

We recall that if (a,b) C R, the space LP(a,b; LP" (R"~';R™)) is a reflexive and separable Banach space
(see e.g. [1] or [30]). Hence, by the Banach-Alaoglu-Bourbaki Theorem, any bounded sequence admits a
weakly converging subsequence.

Proposition 7.3 (Limit space). Let

n—1-—p
. r.
(= lim 2 e(0,400), O0<RO= lim ~ —— <400 (7.4)
j—+oo 5]- j—+oo 5?
and let (¢y;) € X](z) such that, for every fized v > 0,

T
sup/ g; (Da(%j #Dngw») dr <c. (7.5)

jEN (Bj;;xl)\cl,wj j

Then, there exists a sequence fj € I/Vli’f((]R"_l X I)\ C1 00;R™) such that

Cj = C’y,j m (BTYLJ;} X I) \ CL’YNJ

and such that, up to subsequences, it converges weakly to ¢ in VVli,’f((Rn_l x I\ C1,00;R™). Moreover,
the function ( satisfies the following properties

D¢ € LP((R*! x 1)\ C o0; R™*™),
¢—2z€LP0,1; L7 (R*HR™)), (7.6)

¢ € LP(=1,0; LV (R*~H;R™)) .
Proof. By (7.1), (7.4) and (7.5) we deduce that, for every fixed vy > 0,

, P
sup/ )(DaC%j LanC%J’) dr <c. (7.7)
jEN (B;L];;xl)\cl,wj 0;
We define
z in (R"1\ B$§3)+,
G=9 Gu i By x D\ Cian;,
0 in (RI\BIGHT
hence,
éj(‘yxn) —ze WHP(R"LR™) for ae. x, € (0,1)
and

G xn) € WHP(RMLR™) for ae. @, € (—1,0).
Moreover by (7.7) we get that

~ T ~ p T p
/ ’(Dagj‘ﬁDng)‘ dz :/ - ’(Dagm‘g%Dngw)) dz < c. (7.8)
(R*"=1xI)\C1, 00 J (BZ:NJ_ xI)\Cl,WNj J

Since p < n — 1, according to the Sobolev Inequality (see e.g. [1]), there exists a constant ¢ = ¢(n,p) > 0
(independent of z,,) such that

- . p/p” -
</ |Cj(zaa$n) - Z|p dxa) <c / |Da<j(mouxn)|p dze (7'9)
Rn—1 Rn—1
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for a.e. z, € (0,1), and

N . p/p” ~
</ 1 G (@as zn)|? dma) <ec / |DoCi(za, zn)|P dza (7.10)
Rn— Rn—1

for a.e. x, € (—1,0). If we integrate (7.9) and (7.10) with respect to z,, by (7.8) and Remark 7.2, we
get that there exist ¢; € LP(0,1; LP (R*';R™)) and ¢, € LP(—1,0; L? (R*';R™)) such that, up to
subsequences,

(—2—¢ in LP(0,1; L (R* 1 R™)),

G — G in LP(—1,0; L (R"1;R™)),

D(; — D¢ in LP((R™1)+H; R™*7),
D(; — D¢ in  LP((R"1)=;R™*™).

In particular, we have that

GGtz i Wl(RHHR™),
=G in WP((R™H)7;R™).

Then, since (; + 2z = (3 on B?’_l in the sense of traces, we can define

c-:{ G+z i (RP)T
' G in (R"Y)~uU (By' x {0}),

and it satisfies (7.6). O

Now we are able to describe the interfacial energy density ¢©) as the following nonlinear capacitary
formula.

Proposition 7.4 (Representation formula). We have
0O (z) = inf {/ 9(DatDyC) da - ¢ € WEP(R™™! x 1)\ C100; R™),
(R =1XI)\C1,00
D¢ € LP((R™Y x )\ Cpo0; R™*™), ¢ — 2z € LP(0,1; LP" (R"™};R™))
and ¢ € LP(—1,0; LP" (R"%; Rm))}

for every z € R™.

Proof. We define
PO (z) = inf / 9(DuatDyC) da - ¢ € WEP((R™™! x 1)\ O s R™),
(R =1XI)\C1,00
D¢ e LP((R™! % 1)\ Cyo; R™™™), ¢ — 2 € LP(0, 1; LY (R™™1; R™))

and ¢ € LP(—1,0; L* (R”‘l;Rm))},

we want to prove that ¢ (z) = (9 (z) for every z € R™. For every fixed 7 > 0, by definition of gpg)](z)
(see (5.2)), there exists (, ; € X} (z) such that

/ 9 <DaC~y,j
(B:Xr]l XI)\CL»\,NJ.

y
UDu,s ) de < A ()
J
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By Proposition 5.1(i) we have that (7.5) is fulfilled, then by Propositions 7.3 and 7.1 we get

0

vi(z)+m > liminf

j——+o0 /(B:;;xl)\Cl,’yNj
> liminf/ g;j (Dagj’TanQ:J) dz
I=Fee J(BRT X D\C1 v 9;

> / (Dol 0D, C) di
(B~ 'xI)\C1,n

lim

~ |7 ~
9 (Dacj](;Dn@-) da
J

with ¢ € WI})’C’)((R"’l x I)\ C1,00; R™) satisfying (7.6). Note that for every fixed v > 0 and j large enough
we can always assume that vIV; > N for some fixed IV > 2. Hence, passing to the limit as N — +oo and
~v — 0T, we obtain

oD (2) +1 > / 9(DalltD,C) da > O (2) (7.11)
(R”*lxl)\cl’(x,

and by the arbitrariness of 1 we get the first inequality.

We now prove the converse inequality. For every fixed n > 0 there exists { € VVlicp (R x 1)\
C1 00; R™) satisfying (7.6) such that

/ 9(DaCltDC) da < O (2) + 1. (7.12)
(Rn—1 XI)\CLOQ

Let N > 2, for every fixed v > 0 and j large enough we have that yN; > N. We consider a cut-off
function Oy € C°(By 5[0, 1]) such that §y = 1 in By, [Dabn| < ¢/N and we define
On(za)C+ (1= On(za))z in (By DY,
(N =
On(2a)C in (By )T U(BT x {0})

so that {y € Xn(z). By Proposition 7.1, there exists a sequence (CJN) C Xn(2) strongly converging to
(n in LP((By%~t x I)\ Oy n;R™) such that

/ 9(Dalr|EDnCx) dz = lim 6 (Dac¥|ZDuc ) dx  (713)
(B;\L,ile)\CLN 5]

J=+0 J(BR X I\Ci N

Let us define ¢, ; € X/ (z) as
s o (BIE\ B
Crji=14 Y in (BY'xI)\Ciy,
0 in (Bjy \By )"
Consequently, ¢, ; is an admissible test function for (5.2) and since g;(0) = 0 we get that

L T
ERIONE- 95 (Dan,j‘gj_DnCv,j) dz
J

/(3ij XI)\CLA,NJ.

S| r
-/ 9;(Dach
(B 'xD\Ci,n

i e
5j Dacl) da.
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Passing to the limit as j — 400, using (7.13) and the p-growth condition (7.2) satisfied by g, we obtain

lim %U < /Wl 9(Daln|[tDn(N) da
(B NC1,N

j—+o0
/ 9(DoC¢D,C) dx + c/ | D¢ |P da
(BR s XD\C1,n/2 (B "\BRoT

N/2 N/2

+e / |DCy P da. (7.14)
Bn I\B

N/2)7

IN

Let us examine the contribution of the gradient in (7.14),

/ | D¢ |P dm+/ | D¢ |P dx
(BR '\B

N/2) (B Nﬁl\BN/z )~

<e / (IDabxPIC — 27 + |DCPP) da
(B \Bj bt

te / (1D PICP + | DCPP) da
(B \B

n—1y_
N/2
<c </
(Rn=1\B 1)+
(]
Np ( (Bn I\B

|D¢|P dx + /
Since p* > p we can apply Holder Inequality with ¢ = p*/p obtaining

( n— 1\B
C
=/ ot | P
NP\ \mr (B \Bj7d)-

N/2

=¢ /o1 (/B ~1\B7) Ll dxa)
(

/

|DCJ? dw)

N/2)

|<—z|Pda;+/ |§|”dx> . (7.15)
(erfl\anl),

N/2 ks N/2

*

p/p

. p/p"
\/;n 1 B~ 1 |C|p dxa) dwn

N/2

<c /01(/]1%1\)9711 I

N/2

p/p”
) dzp. (7.16)

0
+c / (/
—1 Rn*1\3}721

Hence by (7.6), (7.15) and (7.16) we have that, for every fixed v > 0,

lim |D¢NIPdz =0
N—+o00 (B" I\BN/Q)
which thanks to (7.12) and (7.14) implies that

lim o{(2) <O (2) +n.

j—+oo

Then we get the converse inequality by letting v — 0% and by the arbitrariness of 1. O

7.2. The case ¢ = +o0. In this case the study leading to the representation formula for ¢(°°) involves
a dimensional reduction problem stated on a varying domain. As before, we start proving some I'-
convergence results (see Propositions 7.5 and 7.7) for suitable sequences of functionals stated on fixed
domains. This will allow as to apply some well-known I'-convergence and integral representation theorems
due to Le Dret-Raoult [23] and Braides-Fonseca-Francfort [13] respectively.
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Let G5 : LP((By")%;R™) — [0, 400] be defined by

Ty g [ CeWhr((By R
gj <D(xc anC) dr if { _ n—1\4+
G;F(C) _ /(B;zv,l)+ J; ¢(=zon (0By ")
400 otherwise
and .
r; . (e Wl’p((BKf )7 R™)
g; (DaC (;Dng) dov if { (=0 n—1y—
=(¢) = B Y- j =0on (0By )
G, (¢) (Bx ) !
+00 otherwise.
Proposition 7.5. Let
. Ty
(= lim L =+4c0,
j——+oo 5]'

then, the sequences of functionals (G]i) I'-converge, with respect to the LP-convergence, to
[ QuraDug)dna i ¢~z e Win(By R
GHQ) = § 7B

400 otherwise

and

G=(¢) =
400 otherwise ,
respectively, where G(F) = inf{g(F|F,) : F, € R™} for every F € R™*(n=1),

Proof. We prove the I'-convergence result only for (G;), the other one being analogous. According to

[13] Theorem 2.5 and Lemma 2.6 there exists a continuous function § : R™*(®=1) — [0, 4-00) such that,
up to subsequence, (G;‘) T'-converges to

/ g(DaC) dzs if C —z € Wol*p(B;\l]—l;Rm)
GHe) =
+0oo otherwise .

Hence, it remains to show that § = Q,,_1 g. By [13] Lemma 2.6, it is enough to consider W1 ?-functions
without boundary condition; hence, it will suffice to deal with affine functions. Let ((z4) := F - 4, by
[13] Theorem 2.5, there exists a sequence ((;) € WHP((By 1)*;R™) (the so-called recovery sequence)
converging to ¢ in LP((By ')*;R™), such that

§(F)en =GH(¢) = lim 9 <Dagj’gi[)ngj> dx (7.17)
J

It Jipy T+

where cy = H" ' (B% ). Moreover, by [8] Theorem 1.1, we can assume, without loss of generality, that
the sequence (| (DaCj %Dan) |p) is equi-integrable. By (7.17) and (7.1), we have that
J

sup /
jeN J(B

hence, for every fixed M > 0, if we define

= {eemnr: |(pg

T P
D -‘JD - ‘ dz < c;
P ( OcC_] 5]' an) r=cC

;’?Dncj(w)’ < M} :
J
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we get that £"((By )" \Aéw) < ¢/MP for some constant ¢ > 0 independent of j and M. Fix M > 0,
by (7.17), we have

d(F)cn > limsup /AM 9j (DQCJ‘(S D CJ) (7.18)

j—too

Moreover, for all z € Aﬁ” ,

( 2G5 (2)

2D, ) - (Dagi)

[ b (psl0) (]
AM J

< ey sup |gi(F) —g(F)l.
|F|<M

Hence, by the local uniform convergence of g; to g, we have that

i A _ 1"p ¢ —
[, (0 (2cf0) o () o

d(F) cn > limsup /AM g (Dagj‘é D QJ) (7.19)

j—+oo

PG ))\ < sup lg;(F) - g(F)].
|FI<M

Dngj> da

and then,

By (7.18), we get

Note that, since £"((By )" \A;VI) — 0 as M — 400, by the p-growth condition (7.2) and the equi-
integrability assumption, we find

1imsup/ ( an
j—+too (BZ’I)Jr\AM

Consequently, (7.19) and (7.20) imply that

G(F)en > limsup/ g (DaCj il
' (B L+ %

Jj—-+oo

nCJ> dr=o(l), as M — +oo. (7.20)

Dn<j> da. (7.21)

Finally, from [23] Theorem 2, we know that

lim inf <D (a‘TJ Dan> dv > Qn, 19(F)cen;
j——+oo (Bn—l)Jr

hence, by (7.21) we obtain that §(F) > Q,,_1 g(F).
We now prove the converse inequality. By [23] Theorem 2, there exists a sequence ((;) belonging to
WhP((By 1)+ R™) and converging to ¢ in LP((B% *)*;R™) such that

Dan> dz . (7.22)

Jj—-+oo

_ ) r
Qn19(F)ey = lim g <DaCj 3
(BE)*

Without loss of generality, we can still assume that the sequence (| (DaCj|%Dan) |p) is equi-integrable.
J
Thus arguing as above, from (7.22) we deduce

T T
0,1 G(F) en > limsup / ( ag]’ JDngj) da . (7.23)
iy

j—+oo

Now, by [13] Theorem 2.5, we have that

hmmf/ g; (Da(j eran) dr > §(F) e
=0 Syt 0;

hence, Q,,_1 g(F) > §(F), which concludes the proof. O
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Remark 7.6. By [23] Theorem 2, for every ¢ € WP (BK,_l;Rm) the recovery sequence is given by
(i (Tas ) = ((x0) + (6;/7}) 20 bj(24) for a suitable sequence of functions (b;) C C°(By';R™). Note
that by definition ((;) keeps the boundary conditions of (. Reasoning as in the proof of Proposition 7.5
we can observed that (¢;) is also a recovery sequence for (G;) (see e.g. (7.23)). The same remark holds

for (G;)

Proposition 7.7. Let

(= lim 2= +o00,
j—+o0 6]‘
then the sequence of functionals G(OO) LP(BY ' < I)\ Cy v R™) — [0, +00] defined by

X
Lyei 5 (Dac|Dic) dr ifcexn()
60 = { Joramens”

+o00 otherwise
T'-converges, with respect to the LP-convergence, to
/ Qu 1G(DaC)dr  if ¢ € Xn(2) and DyC =0
G (¢) 1= JER
400 otherwise.

Proof. The liminf inequality is a straightforward consequence of Proposition 7.5.

Dealing with the limsup inequality, let us consider ( € Xy(z) with D,{ = 0. We denote by (* €
WP (B1(0);R™) the restriction of ¢ to (By ')t and (B '), respectively. By Proposition 7.5 and
Remark 7.6, there exist two sequences (Cji) C WhP((BY1)*;R™) such that

¢H— ¢t in (B ) R™),  (F=zon (0B )T

(7.24)
(; — ¢ in LP((BY )73R™), ¢ =0on (9By 1)~
and
hm 9j (Da<+‘ J Dnc+> = / anl ?(Dac+) dxoz
J—+oo (Bz—l)_*_ 5 ]71}—1
lim 9j <DQCJ_ TanC{) de = / 9n-19(Da() dzq - (7.25)
imtee J(Brt)- 0; B

Moreover, since ( € WHP((By! x I)\ Oy n;R™), by Remark 7.6, (C+) and (¢; ) have the same trace on
B! x {0}; hence, C;r =(; =(on B! x {0}. Then we can define

Gf in (By Y,
G=4 ¢ on By x{o0},

G o By
with {; € WHP((By ' x I)\ Cy n;R™). In particular, by (7.24) we have that {; € Xn(z) and {; — ¢ in
LP((B% ' x I)\ C1,n;R™). Finally, by (7.25) , we have

lim G (EJ) = lim gj (DaCj TanCj) dx
j—+oo J=toe J(Br X I\Ch n 16
= / Qn—lg(DaCJr)dzoe""/ Qn—lg(Daci)d'rOé
B;I\}71 B;‘\Lr—l

- / Qu_17(Dal) da
(BY ' xI)\C1,n
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which completes the proof of the lim sup inequality. O

Proposition 7.8 (Limit space). Let

n—1—p
. r.
= limr—jz—i-oo, 0< R™) = lim L <+o0
and let ¢, ; € X]'Y(z) such that, for every fized v > 0,
Sup/ 9i (DOéC%j’QDnC'y,j) dr <c. (7.26)
JENJ(BI I D\Cy o, 9;

Then, there exists a sequence C; € W-P((R"™1 x I)\ C1.00; R™) such that

loc

G =G i (BIy) x D)\ Cign,

and such that, up to subsequences, it converges weakly to ¢t in Wfli’f((]R”_l)“‘;Rm) and to (T in
Wl’p((R”_l)_;Rm). Moreover, the functions (* satisfy the following properties

loc
¢t e WP (R"LR™),
(t=¢ in BT,

Daci c L;D(Rn—l;Rmx(n—l))7

(¢t —2) and (€ L (R* L, R™).

Proof. We can reason as in Proposition 7.3 using the fact that, by (7.26),

- 0i\P
/(\Rnl):t ‘Dn<]|p dx S ¢ (Tij) ;

J

hence, in the limit we have that D, ¢ = 0 a.e. in (R"~1)*. O

Proposition 7.9 (Representation formula). We have
9> (z) = inf { /RTH (20 1G(DaCt) + Q1 G(DaC 7)) dag = CF € WEP(R,R™),
C+ = (:_ mn B{l_l, Daci c LP(Rn—l;Rmx(n—l))’
(T —2)and ¢ € o (R”—l;Rm)}

for every z € R™.

Proof. Reasoning as in the proof of Proposition 7.4, by Propositions 7.7 and 7.8 we get the representation
formula for (). O

7.3. The case ¢ = 0. We first recall the following I'-convergence result.

Proposition 7.10. The sequence of functionals Ggo) : LP((BY ' x (=N, N)) \ C1 n;R™) — [0, +0oc],
defined by

/ g9;(D¢)dx  if ¢ € WHP((BR™H x (=N, N))\ C1n; R™),
Ggo)(g) — (BR™ "X (=N,N)\C1,n

400 otherwise ,
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I'-converges, with respect to the LP-convergence, to

/ g(DQ)dx ifC e Wl’p((B}{,’1 X (=N,N))\ C1,n;R™),
G(O)(C) — (B 'x(=N,N)\C1,n
400 otherwise .

Proof. The result is an immediate consequence of the pointwise convergence of the sequence of quasiconvex
functions g; towards g together with Proposition 12.8 in [10]. O

Proposition 7.11 (Limit space). Let

riP

(= lim 2 =0, 0<R®= lim -1 <+ (7.27)
j—+oo 0j j—toe gf 70,

and let ¢y ; € Yﬁ (2) such that, for every fixed v > 0,

sup 9;(D¢y,5)dz < c. (7.28)

JeN /(\B::N;XIJ')\CL’YNJ‘

Then, there exists a sequence j € WLP(R™ \ Oy o0; R™) such that

loc

G=Ga in (Bl <L)\ Cian,

and such that, up to subsequences, it converges weakly to ( in WI})’S(R” \ C1,00;R™).  Moreover, the
function C satisfies the following properties

D¢ € LP(R™ \ C} o3 R™X™),
¢ —z € LP(0,4o00; L7 (R*1; R™)), (7.29)

¢ € LP(—00,0; LP" (R"~1;R™))..
Proof. By (7.28), (7.1) and (7.27), we deduce that, for every fixed v > 0,

sup

/ DGy 517 da < c. (7.30)
jEN (B;’;;xfj)\cl,wj

Let us first extend (, ; by reflection
Cy.j (xa,Qi—j - mn) if z, € B;L]QJI and x,, € (8;/1;,20;/r;),
Cri(r) =19 Gi(@) if e (Biy xj)\Ciyn,, (7.31)

Cy,j (ma, —2% - xn> if x4 € Bf;;,]l and x, € (—20;/r;,—d;/r;)

and then, we extend it by (26;/r;)-periodicity in the , direction. The resulting sequence, still denoted
by (,,;, is defined in (B;‘X,]l X ]R) \ C1,,n;. Hence, we define on R" \ C o,

P in - (R"1\ BJy!) x (0, +00),
(@) = Ctv,j(x) in (B:J:fjl X R) \ C1n; (7.32)

0 in (R"1\ BIy') x (=00,0).
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Let us now introduce the cut-off functions ¢; € C°((—26;/r;,26;/r;);[0,1]) such that ¢;(z,) = 1 if
|zn| < 0;/15, ¢j(zn) =0if |2,| > 20;/r; and |D,¢;| < c(r;/d;). Then, we introduce our last sequence,
¢J(xn)€](xa7xn) + (1 - Qsj(xn))z if (l‘a,l‘n) e R"! x (07 —|—OO),

Cj(xom xn) = _
¢j($n)Cj(xaawn) if (xmxn) e R ! x (—O0,0).
Note that
Cj = C’Y,j in (B;l;/vjl X IJ) \ Cl,'yNj . (733)
Moreover, by (7.30)-(7.33) we have that
sup/ |D.Cj|P dx < ¢, (7.34)
JjEN R?\C1,00

while, for every (a,b) C R, with a < b, we have

|DnilPdz < e, (7.35)

/(]R"l % (@,5))\C1,00

for j large enough and ¢ independent of (a, b). Reasoning as in Proposition 7.3, with (0, +00) and (—oco, 0)
in place of (0,1) and (—1,0), respectively, we can conclude that there exist ¢; € LP(0, +00; LP (R*~1; R™))
and ¢y € LP(—o00,0; LP" (R"~1;R™)) such that, up to subsequences,

(G—z—C in LP(0,+00; L7 (R";R™))

and
{—C in LP(—00,0;LF (R"HR™)).
Moreover, by (7.34) and (7.35), we have that, up to subsequences, (; converges weakly to ¢ in Wlf)’f(R”\
C1.00;R™) where
[ G+z in R x(0,400)
<= { G in (R" ! x (—00,0))U(B ! x{0}).

In particular, for any compact set K C R" \ C1, o, we have that
/ |DCIP da < lim inf/ |D|P da < e
K J=too Ji

for some constant ¢ independent of K; hence, we get that D¢ € LP(R™ \ C4 o0; R™*™) which concludes
the description of the limit function (. O

Proposition 7.12 (Representation formula). We have
eO(z) = inf { / g(DQ)dz : ¢ € WLP(R™\ C1,00;R™), D¢ € LP(R™ \ Cf o3 R™™),
R\ C1,00

¢ —z € LP(0,400; L7 (R" L R™)) and ¢ € LP(—o0,0; LP (R"‘l;Rm))}

for every z € R™.

Proof. We define
PpO(z) = inf{/ g(D¢)dx = ¢ € WEP(R™\ O} oo; R™), D¢ € LP(R™\ O o; R™™),
R \C1,00
¢ —z e LP(0,400; LP (R™ 1 R™)) and ¢ € LP(—o0, 0; L (R”_l;Rm))}

and let us prove that (9 (2) = (0 (2) for every z € R™.
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By definition of cp,(f; (see (5.13)), for every fixed n > 0, there exists (, ; € Y}'(2) such that
/ 9;(DGy ) de < ©13(2) + 1 (7.36)
(BYn; *1)\C1an;

hence, by Proposition 5.2 (i), (7.28) is satisfied. Then by Propositions 7.10 and 7.11 we get that

lim cpf/(g(z)+n > liminf

_ j 9;(D¢;) da
j—+oo J—oo /(B;'J;;xlj)\cl,wj ! ’

> liminf / 9;(D(;) da
i=Fe0 J(BR < (=N,N))\C1,w

> / 9(DC) da (7.37)
(BE 'x(~N.N)\Crn

for some fixed N > 1, where ( satisfies (7.29). Thus, passing to the limit in (7.37) as N — 400, v — 0%
and n — 07, it follows that

PO(z) > / g(DO) di > 9O (2).
R”\C1,00

Let us prove the converse inequality. For any fixed 7 > 0, let ¢ € WbP(R™ \ Cy oo; R™) be as in (7.29)
and satisfying

/ 9(D¢) dz < O (2) + 1. (7.38)
R?\C1,00

For every j € N and v > 0, we consider a cut-off function 6., ; € C° (B,:L];jl; [0,1]) such that 6, ; =1 in

B?y_l\}j)/zv |Dab.j| < ¢/yN;j and we define ¢, ; € Y]'(2) by

0y(xa)C+ (1 =04 ;(zq))z in (B;’];jl)'*'(%/rj)
e ~ —1y=(6 -1
0,5 (za )¢ in (B:Nj )= @i/m) U (B % {0}).

Consequently, ¢, ; is an admissible test function for (5.13) and we get that
) < (D¢ ;) d
‘Py,j(z) > 9;(D¢y ;) dz.
(BN XIj)\C1yn;

The same kind of computations as those already employed in the proof of Lemma 7.4 now with g; in
place of g and with other obvious replacements (see (7.14)-(7.16)) gives

lim w(voz(z) < lim sup/ g;(D¢)dx 4+ o(1), as y—0".
j—too T j—+oo (B;L];jlxlj)\cl,wj
On the other hand, Fatou’s Lemma and (7.1) imply
limsup/ 9;(D¢) dx < / g(D¢)dx + o(1), as y— 0T,
j—+oo (B;L];jlxzj)\cle R™\C1, 00

Hence by (7.38), passing to the limit as v — 07, we get that

e0(2) <P O(z) +1

and by the arbitrariness of 7, the thesis. O
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Remark 7.13. As already recalled, in [2] it is proved that if 6; = 1 or §; = ¢, then the critical size
r; of the contact zones is of order 65-"71)/ (n=p) oy E?/ (n=p ), respectively; moreover, the interfacial energy

density is described by the following formula
o(z) = mf{/ g(D¢)dzx: ¢ € WEP(R™\ Oy oo; R™)
R”\C1,00
(- ze WHRLR™), (€ WHPRLR™) )

where R} = R""! x (0,400), R” = R""! x (—00,0) (see [2] Section 7, the case p = ¢, with p., = r;,
W, =U,=W,W,=0,=gand R? _UB! ' (0) =R"\ C1 ).
We want to point out that from the analysis we carried on in the case £ = 0 and in particular from
n—p
r.
0< RO = lim
Jj—+oo 5]‘6

n—1
J
we recovered both the critical sizes founded in [2] and correspondent to the two cases §; =1 and §; = ¢;.
Moreover we want to show that ¢ = ¢(®). We have to check only the inequality ¢ < (9, the other
one being obvious.
For any fixed n > 0 let ¢ € W,-P(R™ \ C}.00; R™) be such that ¢ — z € LP(0, 4o0; LP" (R"~1;R™)),

loc

¢ € LP(—00,0; LP" (R*1;R™)), D¢ € LP(R™ \ C} o0; R™*™) and
/ g(D¢)dz < O (2) + 1. (7.39)
R"\Clﬁoo

For every N > 2 we denote by By the n-dimensional ball of radius N centered in zero and by Bf, the set
of the points z € By such that £z, > 0; we consider a cut-off function Oy € C°(By; [0, 1]) such that
On = 1in Byys, |DOn| < ¢/N and we define

OnN((—2)+2 in Bf,

N
I

OnC in By U(By ' x{0})

so that ( € WLP(By \ C1 n;R™), ( = 2z on 9B}, and { = 0 on dB},. Hence,

[ awa— | o(DG)do+ [ 9(DC) da
Bn\C1,N Bn/2\C1,n/2 (BN\Bn/2)\C1,~

in particular, by (7.2), we have

/ oDOds < p([ powplc—apdes [ DowPICPds
(BN\Bn,2)\C1,n BY\BY 5 By\By s
+/ |DCJ? de)
(BN\Bn/2)\C1,~
c
< = _ P p
< ol e [ ara)

N/2 By N/2

+/ |DCJP de .
(R™\Bn,2)\C1,00

Since ¢ —z € LP(0, +00; LP" (R"~1;R™)), ¢ € LP(—00,0; LF" (R"~1;R™)) and D¢ € LP(R™\ C 003 R™X™),
we can easily conclude that

lim g(DC¢)dz =0. (7.40)
N—+oo (BN\Bn/2)\C1,N



42 N. ANSINI, J.-F. BABADJIAN & C. I. ZEPPIERI
Hence, by (7.40), we deduce

O = [ gz [ 9(DC) da
R\ C1,00 Bn/2\C1,n/2

= [ aDGdz o)
Bn\Ch1,N

> inf{/ . g(D¢)dx: C € Wl’p(BN \ C1,.n;R™)
BNy \C1,N

(=2zo0ndBf, (=0on aB;,} +o(1)

as N — +oo. Finally, passing to the limit as N — +o0, by the arbitrariness of 1, we get (0 > ¢.

Note that the proof of the explicit formula for ¢ in [2] relies on the fact that J; is of order €, or bigger
than it, while in Proposition 7.11 and Proposition 7.12 we have to take into account that §; < ;. This
is the reason why our proof is different from the one of [2] even if, at the end, the two representation
formulas turn out to coincide.

8. CONCLUSIONS

Our paper deals with the characterization of the effective energy of weakly connected thin structures
through a periodically distributed contact zone. We highlight the presence of three different regimes
(depending on the mutual rate of convergence of the radii of the connecting zones and the thickness of
the domain) and for each of them we derive the limit energy by a I'-convergence procedure. For each
regime an interfacial energy term, depending on the jump of the deformation at the interface, appears in
the limit representing the asymptotic memory of the sieve. We completely describe the interfacial energy
densities by nonlinear capacitary type formulas.
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