MINIMIZATION OF THE k-TH EIGENVALUE OF THE ROBIN-LAPLACIAN

WITH PERIMETER CONSTRAINT

SIMONE CITO AND ALESSANDRO GIACOMINI

ABSTRACT. In this paper we address the problem of the minimization of the k-th Robin eigen-
value \g g with parameter 8 > 0 among bounded open Lipschitz sets with prescribed perimeter.
The perimeter constraint allows us to naturally generalize the problem to a setting involving
more general admissible geometries made up of sets of finite perimeter with inner cracks, along
with a suitable generalization of the Robin-Laplacian operator with properties which look very
similar to those of the classical setting. Within this extended framework we establish existence
of minimizers, and prove that the associated eigenvalue coincides with the infimum of those
achieved by regular domains.
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1. INTRODUCTION
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Given  C RY open, bounded and with a Lipschitz boundary, A € R is said to be an eigenvalue
of the Laplace operator under Robin (or Fourier) boundary conditions with constant 8 > 0 if there

exists a nontrivial u € WH2(Q) such that

—Au=Au in Q
%4—611:0 on 012,
1
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which in the weak sense means

(1.1) Yo e Wh2(Q) - / Vu-Veode+ wpdHN "V =\ | updz.
Q a0 Q
Here v denotes the outer normal to 92, while H¥ ! stands for the Hausdorff (N — 1)-dimensional
measure on RY, which coincides with the usual area measure on regular hypersurfaces.
It is known that Q admits a positively diverging sequence of eigenvalues 0 < A1 5(2) <
A2,5(0) <o < Agp(Q) < -+ — +o0, which are given (counting multiplicity) by the min-max
formula

Vul? dz + ZAHN !
(1.2) Ak,g(£2) = min  max Jo [Vul*dz + 5 Jog u ,
' VES, uEV,u0 fQ u? dx

where S, denotes the family of vectorial subspaces of W2(Q) with dimension k. The quantity
appearing in (1.2) is the so called Rayleigh quotient Rg, and it involves a boundary term.

Shape optimization problems involving Robin eigenvalues have been widely studied in recent
years (see for example [20, Chapter 4] for an overview): the main difference with respect to the
much more studied problems involving Dirichlet eigenvalues is due to the fact that A g fails to
be monotone under inclusion and does not enjoy simple rescaling properties, essentially because
of the presence of the boundary integral in the Rayleigh quotient.

The minimization of the first eigenvalue under a measure constraint leads to the so called Faber-
Krahn inequality for the Robin-Laplacian: minimizers are balls, and this has been established only
quite recently by Bossel [2] in 1986 for two dimensional smooth domains, and by Daners [17] in
2006 for general N dimensional Lipschitz domains. In the case k = 2, Kennedy [22] proved that
optimal domains are the union of two congruent balls. For & > 3 the problem is open, and some
advances have been achieved by Bucur and the second author in [9] employing techniques from
free discontinuity problems which are described below.

In this paper we address the problem of minimizing Ay g under a perimeter constraint, namely
we study

(1.3) min { A 5(Q) : @ C R is a bounded Lipschitz domain with #"~1(9Q) = p}

where p > 0. The existence and regularity of minimizers for problem (1.3) in the class of convex
domains have been studied by the first author in [13]. Allowing more general geometries, existence
of minimizers is open as long as k > 2 (for £ = 1 minimizers are still balls). Our aim is to generalize
problem (1.3) to a larger class of geometries in order to gain existence of optimal domains. The
presence of the perimeter allows us to deal with the problem in a more geometrical way with
respect to [9], still employing free discontinuity arguments but in a much more simplified way
(also in the Dirichlet case, the perimeter has a “regularizing” effect on the problem: under a
measure constraint, existence is available within the class of quasi-open sets, and optimal domains
are known to be bounded and of finite perimeter (see [4]), while under a perimeter constraint
De Philippis and Velichkov [18] proved that optimal domains are open and with a fairly smooth
boundary).

The issue of minimizing Ay g for k > 3 under a measure constraint has been addressed by Bucur
and the second author in [9], by generalizing the free discontinuity approach developed in [3] and [7]
(see also [8] and [10]) to deal with the optimization of the first eigenvalue and associated variants
(for example the torsion of the domain, leading to the so called de Saint-Venant inequality).

Roughly speaking, in the case of the first eigenvalue, the free discontinuity approach can be
summarized as follows. One replaces the dependence on a domain 2 with the dependence on a
function u belonging to a suitable class of functions of bounded variation, whose support will be
identified with € and whose jump set will play the role of 9. The Rayleigh quotient gives rise to
a free discontinuity functional for u of the form

_ Jen VUl da+ 8 [, [ (w) + 77 (w)] dHY

(1.4) Ry(u) o ,
]RN
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where ~;(u) and v, (u) stands for the traces of u on both sides of its jump set J,,, with respect to a
given orientation. The minimization of A; 5(€2) is replaced by the minimization of Rg(u) under a
measure constraint for the support supp(u). Existence of minimizers follows by using compactness
and lower semicontinuity properties of free discontinuity functionals: the Faber-Krahn inequality
is established (and its validity extends to more general geometries) by showing that minimizers u
have support equal to a ball.

For higher order eigenvalues, the main idea of [9] is to reinterpret the min-max characterization
(1.2) in the free discontinuity setting, by replacing the k-dimensional subspaces V}, with vector
valued functions u whose components are linearly independent and belong again to a suitable
class of vector valued functions of bounded variation Fj. The problem is generalized to the
minimization of max Rg in Fj under a measure constraint, with Rg given in (1.4), and the max
being computed on the space generated by the components of the functions. The intuitive idea
behind the approach is that given a minimizer u, its support should provide the optimal domain €2,
the space generated by the components being the optimal subspace in the min-max characterization
(1.2). The generalized problem on Fj, can be seen as a relazation of the original one in the following
sense: the minimum value turns out to be the infimum of Ay 3 in the class of Lipschitz domains.
The same approach has been used by Nahon in [23] to deal with the minimization of more general
functionals whose prototype is Q — Ay g(2) + - -+ + A g(2) under a measure constraint: in this
case, the supports of minimizers turn out to be open sets with boundary of finite H~ ~!'-measure.

In the present paper, as mentioned above, we deal with the optimization problem (1.3) still
employing free discontinuity arguments as in [9], but the perimeter constraint permits us to re-
formulate the problem in a setting which retains a more geometrical flavor. This is because the
constraint suggests that the class of sets of finite perimeter, which enjoy strong compactness and
structural properties, should be naturally involved.

In Section 3 we generalize the Robin-Laplacian eigenvalue problem to geometries (2, "), where
Q0 C RY is a set of finite perimeter and finite volume, while I' C Q! is a (H~~!-countably)
rectifiable set with finite ¥ ~!-measure: here Q' stands for the family of points of density 1 for
Q. The idea behind the choice of these geometries is that open bounded domains are naturally
replaced by sets of finite perimeter. Moreover being interested in variational problems, letting
thus the domains vary, it is natural to keep into account possible “inner” boundaries, which may
arise as a degeneration of inner holes, or by a folding of outer boundaries: the rectifiable set T,
which can be seen as a crack inside €2, is introduced precisely for this purpose.

In order to extend the Robin-Laplacian boundary value problem to these irregular geometries,
we generalize some ideas introduced in [11] in the context of two dimensional open sets with
rectifiable topological boundary. In particular we replace the usual Sobolev space W12 with

e(Q,T) = {u € SBV(RY):u=0ae. in Q°,Vu c L*RY),J, CO*QUT up to

HN L negligible sets, and /

[fyl(u)2 + %(u)z} dHN T < —i—oo}7
o*QuI’

where 9*Q denotes the reduced boundary of 2, SBV(RY) is the space of special functions of
bounded variation in RY | and ~;(u), ¥, (u) stand for the traces of u from both sides of the rectfiable
set 0*QUT with respect to (any) given orientation (see Sections 2.2 and 2.3).

The weak formulation of (1.1) for the eigenvalue problem is generalized to (see Sections 3.2 and
3.3)

(15) Ve O(@,r) : / Vu-Veds + 4 / b)) Y = 5 / wpde.

We prove that ©(Q,T") can be endowed with a complete scalar product, which permits to deal
with (1.5) using classical arguments coming from the Hilbert space approach to boundary value
problems. In particular it is guaranteed the existence of a diverging sequence of eigenvalues
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Ak.5(€,T) which admit the min-max characterization (counting multiplicity)

~ [1vup s [ pu o) and
Aeg(Q,T) = Vcn(g%gm uGI{l/%){(O} Q2 9" QU
dim V=F / u? dzx
Q
Concerning the the perimeter constraint, we make use of the generalized perimeter

Per(,T) := Per(Q) + 2HN (D),

where Per(f2) stands for the usual perimeter of Q2. The definition of 16\6/7“(9, I') is again suggested
by the interpretation of the inner crack I' as degenerated holes or inwards folds of the outer
boundary, so that its contribution to the generalized perimeter is given naturally by twice its area
HN~1. Related notions of perimeter have been considered by Cerf in [12] in the study of the lower
semicontinuous envelope of the Hausdorff measure for the approximation by smooth sets, and by
Henrot and Zucco in [21] in relationship with the Minkowski content.

We reformulate problem (1.3) in the form

(1.6) min {XW(QJ) S (Q,T) € ARY), Per(Q,T) = p} .
Notice that for a regular bounded domain Q C RY, we have that (Q2,0) € A(RY) with
Me(,0) =i s()  and  Per(,0) = Per(Q) = HY1(0Q).

We thus see that (1.6) is a natural generalization of the original problem (1.3).

The main result of the paper (Theorem 4.3) is that problem (1.6) is well posed: in addition, the
minimal eigenvalue S\k, g is equal to the infimum of Ay g on regular domains, so that the generalized
problem (1.6) can be seen as a good relazation of the original one (1.3).

Existence of optimal configurations is established by applying the direct method of the Calculus
of Variations. A delicate point is given by the compactness of a minimizing sequence (2,,,1',), in
particular on the side of the inner cracks I';, (compactness for €2,,, at least locally, is guaranteed by
the properties of the perimeter). In this direction we employ a notion of variational convergence
for rectifiable sets, called o2-convergence (see Section 2.4), introduced by Dal Maso, Francfort
and Toader in [16] to study existence of crack evolutions in finite elasticity. It is a notion of
convergence which enjoys good compactness and lower semicontinuity properties, and turns out
to be very natural in our context: it plays essentially the same role of the Hausdorff convergence
for compact connected cracks with finite ! length in dimension two, providing a generalization
of Gélab semicontinuity theorem of the length to higher dimensions.

On the basis of Theorem, 4.3 we can establish existence of minimizers for functionals involving
only some eigenvalues (see Theorem 4.5), whose prototype is (Q,T) — 5\1,5 (Q,1T)+-- '+5\k,5(ﬂ, I)
or more generally (Q,T) — [5\11’7&((2,1“) +--+ S\Zﬁ(QJ‘)]l/p with p > 1.

The paper is organized as follows. In Section 2 we fix the notation and recall the main defini-
tions and properties concerning sets of finite perimeter, special functions of bounded variation, and
the variational o2-convergence for rectifiable sets. In Section 3 we define the family of admissible
configurations (2,T') € A(RY), and generalize the Robin-Laplacian boundary value problem to
those geometries, defining in particular the generalized eigenvalues 5\k7 3(€2,T). The main results of
the paper are stated in Section 4. Section 5 collects some technical compactness, lower semiconti-
nuity and approximation properties concerning the admissible configurations and their associated
functional spaces. The proof of the main results is given in Section 6.

2. NOTATION AND PRELIMINARIES

2.1. Basic notation. If E C RY, we will denote with |E| its N-dimensional Lebesgue measure,
and by HVN~1(E) its (N — 1)-dimensional Hausdorff measure: we refer to [19, Chapter 2] for a
precise definition, recalling that for sufficiently regular sets H¥ ! coincides with the usual area
measure. Moreover, we denote by E° the complementary set of F/, and by 1g its characteristic
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function, i.e., 1g(z) =1 if x € E, 1g(x) = 0 otherwise. Finally, for ¢ € [0,1] we will write E* for
the points of density ¢ for E (see [1, Definition 3.60]).

If A C RY is open and 1 < p < 400, we denote by LP(A) the usual space of p-summable
functions on A with norm indicated by ||-||,. W*?2(A) will stand for the Sobolev space of functions
in L2(A) whose derivatives up to order k in the sense of distributions belongs to L?(A). Finally
My(A4;RYN) will denote the space of R¥-valued Radon measures on A, which can be identified
with the dual of RV -valued continuous functions on A vanishing at the boundary. We will denote
by | - | its total variation.

We say that I' C RN ig HN _1—countably rectifiable if

r=NulJI
ieN
where HY~1(N) = 0 and I'; C M; are Borel sets, where M; is a C'-hypersurface of RY. It is not
restrictive to assume that the sets I'; are mutually disjoint. In the rest of the paper, we will write

simply rectifiable in place of HN—1_countably rectifiable. If I';, Ty are rectifiable, we will write
[y Chy if HYN YTy \T2) =0, and Ty = T if HY1((T1 \T2) U (T2 \T4)) =0.

2.2. Functions of bounded variation. Let A C RY be an open set. We say that u € BV (A)
if u € L1(A) and its derivative in the sense of distributions is a finite Radon measure on A4, i.e.,
Du € My(A;RY). BV(A) is called the space of functions of bounded variation on A. BV (A)
is a Banach space under the norm |[ul gy (a) := [ullz1a) + [ Dul| pq, (a;rv). We call [Dul(A) =
| Dul| pq, (a;mvy the total variation of u. We refer the reader to [1] for an exhaustive treatment of
the space BV.

If u € BV(A), then the measure Du can be decomposed canonically (and uniquely) as

Du = D% + DIy + D.

The measure D*u is the absolutely continuous part (with respect to the Lebesgue measure) of the
derivative: the associated density is denoted by Vu € L'(A4;RY). The measure D7u is the jump
part of the derivative and it turns out that

Diu=(ut —u") @v, HN 1| J,.

Here J, is the jump set of u, v, is the normal to .J,,, while u* are the upper and lower approximate
limits at . It turns out that J, is a rectifiable set: if we choose the orientation given by a normal
vector field v,, we have HV l-a.e.

Wt =y () and  um =)

where 7, (u) and ~;(u) are the right and left traces of u on the rectifiable set .J,,, associated to the
orientation given by v,. Finally D¢u is called the Cantor part of the derivative, and it vanishes
on sets which are o-finite with respect to H¥ 1. Clearly D/u + DCu is the singular part D*u of
Du with respect to £V.

The space SBV(A) of Special Functions of Bounded Variation on A is defined as

SBV(A) :={ue€ BV(A) : D°u =0},

i.e., it is composed of those functions of bounded variation with vanishing Cantor part.
The following result is contained in [15, Theorem 3.1 and Remark 3.2] and provides a very
important tool to approximate our relaxed configurations via smooth sets.

Theorem 2.1. Let Q C RN be open and bounded with Lipschitz boundary, and let ¢ > 1. Let
u € SBV(Q) N L>®(Q) be such that Vu € LY (Q;RN) and HN1(J,) < +oo. There exists (un)n
such that the following items hold true for every n € N.
(1) Ju, is polyhedral in Q, i.e., HN =1 ((Jy, \Ju, )NQ) = 0, and J,,, NSY is given by intersection
with Q of the union of a finite number of (N — 1)-dimensional simplezes.
(i) u, € Wk(Q\ J,, ) for every k > 1.
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(iii) It holds
up —u  strongly in L'(Q),
Vu, — Vu  strongly in LI(Q;RY),
and

lim sup/ oz, v, v, vy, JdHN T < / oz, v, v, vy,) dHN !
ij nA

n—+00 JyNA

for any open set A CC Q and every upper continuous function ¢ : Q@ x R x R x SV=1 —
[0, +o0o[ such that o(x,a,b,v) = p(x,b,a,—v). If ¢ is locally bounded near the boundary,
i€, HMSUP(4, a0 b o) (zabw) P(Tns ns bns Vi) dHN =1 < 400 where z,, € Q and x € IR,
then we can choose A C (.

2.3. Sets of finite perimeter. Given £ C R measurable and A C RY open, we say that F
has finite perimeter in A (or simply has finite perimeter if A = RY) if

Per(E; A) :=sup {/ div(p)dr : ¢ € C°(A;RY), [|¢]loo < 1} < 4o00.
E

If |E| < +00, then E has finite perimeter if and only if 1z € BV (RY). It turns out that
Dlg =vgHV Y 0*E,  Per(E;RYN)=HN"10"E),

where the rectifiable set 9*F is called the reduced boundary of E, and vg is the associated inner
approximate normal (see [1, Section 3.5]). It turns out that 0*E C OFE, but the topological
boundary can in general be much larger than the reduced one.

The next proposition is the collection of two approximation results proved in [14], and will
prove particularly useful for our problem.

Proposition 2.2 (Interior approximation via smooth sets). Let u be a Radon measure on
RN such that up << HN=! and let E C RY be a bounded set of finite perimeter. Let uy, := 1p*p.,,
where py is a regularizing kernel, and let A := {ur > t}. Then for a.e. t € (0,1), Agy is a
smooth set and, for a.e. t € (1/2,1), the sequence (Ay ), provides an interior approzimation of
E, ie.,

lim |p|(Ax:AEY) =0

k——+oo
and
lim HY"1(0A,: \ EY) =0.
k— o0

2.4. A variational convergence for rectifiable sets. We recall the notion of o2-convergence
for rectifiable sets introduced in [16] to deal with problems in fracture mechanics. It is a varia-
tional notion of convergence for rectifiable sets which enjoy compactness and lower semicontinuity
properties under uniform bound for the associated #~ ~! measure, which are very similar to that
enjoyed by connected closed sets in R? with respect to Hausdorff convergence in view of Golib
semicontinuity theorem. The definition is based on the use of the space SBV. Recall the notation
Iy § I'; and I'; = I'y which denote inclusion and equality up to HY ~Inegligible sets.

Definition 2.3 (0%-convergence). Let D C RN be open and bounded, and let ¥,,,% C D be
rectifiable sets such that HN=1(%,), HN"1(X) < C for some C > 0. We say that

Yp—= X in the sense of o2-convergence

if the following two conditions are satisfied.
(a) Ifu; € SBV(D) with J, c Y, for some sequence nj — 400, and u € SBV (D) are such
that |ujloo, lullee < C,
u; = u strongly in L'(D)
and
Vu; = Vu weakly in L?(D;RY),

then J, é X,
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(b) There exist a function u € SBV (D) with Vu € L*(D;RY) and a sequence u,, € SBV (D)
with |[ulloo; [[tn]lee < C,

Up —> U strongly in L'(D)

and
Vu, = Vu weakly in L?(D;RY),

such that J, =X and J,,, cy, for every n € N.

Remark 2.4. Condition (a) guarantees that ¥ contains the jump sets of functions which are
suitable limits of functions jumping on ¥,,. Condition (b) ensures that 3 is the smallest set which
enjoys this property. The notion of convergence introduced in [16] can indeed be generalized to
an exponent p €]1,4+oo[: we will use only the case p = 2.

The following result compactness and lower semicontinuity result holds true, and will be fun-
damental for our analysis.

Theorem 2.5 (Compactness and lower semicontinuity for o2-convergence). Let D C RY
be open and bounded. For every sequence ¥, C D of rectifiable sets such that HN~1(%,) < C,
there exist a rectifiable set ¥ C D and a subsequence ¥, such that

Yp, =X in the sense of o>-convergence.

Moreover we have
HNL(®) < liminf HY1(2,,).
n—-+oo
3. ADMISSIBLE GEOMETRIES AND THE ASSOCIATED GENERALIZATION OF THE
ROBIN-LAPLACIAN

In this section we introduce the class A(R”) of admissible geometries, and extend to this setting
the Robin-Laplacian boundary value problem.

3.1. Admissible geometries. The precise definition of the class of admissible geometries we
consider is the following. Recall that Q! stands for the set of points of density one for €.

Definition 3.1 (Admissible geometries). We say that the couple (Q,T') is an admissible ge-
ometry, and we write (Q,T) € ARYN), if Q C RV is a set of finite perimeter with |Q| < +o0, and
I C Q! is a rectifiable set with HN~1(T) < +o0.

Remark 3.2. From a geometrical point of view, we think (,T) € A(RY) as the set 2 with an
“inner” crack I': the domain is thus given essentially by the possibly irregular set Q\T. If Q@ ¢ RV
is Lipschitz, then (Q,0) € A(RN).

In order to give a meaning to the Robin boundary value problem for the Laplacian on an
admissible geometry (2,T"), and to define the associated eigenvalues, we need to define a functional
space which can replace the Sobolev space W2 on the (possibly irregular) set Q \ T

Remark 3.3. Given a rectifiable set K C RY with HY1(K) < +o0, by definition, we may write

o0
K=NulJK,
i=0
where HV~1(N) = 0, while for every i € N the Borel sets K; are subsets of a C! -manifold M, of
dimension N — 1, and K; N K; = () for i # j.

It is not restrictive, up to reducing M;, to assume that M; is orientable with associated normal
vector filed v, and that two continuous trace operators from BV (RY) to L'(M;), the “left” and
“right” traces, are defined. For every u € BV (RY), let us denote by ~}(u),~:(u) the “left” and
“right” traces of u on K, using the orientation associated to v;. By general theory of BV functions
it is known that

DulK = S i (w) — i (@l K

%
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We define global “left” and “right” traces on the full K by setting

() :=Zﬁ(v) and  r(v) :=Zvi(v)-

The functional space we are looking for is the following.

Definition 3.4 (Admissible functions). Let (2,T) € ARYN). We set

o(Q,T) := {u € SBVRM) :u =0 a.e. in Q°,Vu e L*RY),J, CHQUT

o [ B0 20] a0 < v
o*QuUI’

where v;(u),v-(u) are the left and right traces of u on 9*QUT defined according to Remark 3.3.

Remark 3.5. Notice that if € RY is open, bounded and with a Lipschitz boundary, (€, 0) €
ARY) and ©(€,0) is simply given by the extension to zero outside  of the functions in the
Sobolev space W12(Q).

The following lemma holds true.
Lemma 3.6. Let (Q,T) € ARY) and u € O(Q,T). Then u € L?(2) with
lullc20) < C (IVull L2y + (W)l 2@-0ur) + e (W)l 220-0ur)) -
where C' = C(N,|Q]).
Proof. Clearly the space ©(£2,T") is closed under truncation. For every n € N let us consider
Uy = max{min{u, n}, —n} € O(Q,T).

By the chain rule in BV (see [1, Theorem 3.96]) we get u2 € BV (RY) with

V(un)? =2u,Vu,  and  p(up) = vy (un)?.

Using the embedding of BV (RY) into L%(RN) and since u is supported in Q we can write
employing also the Cauchy inequality

72y < IQII/NIIUZIILNg(RN) < CN[QI7D(uy)|(RY)

< onjQlt (2 [ lunlVaass [ Flm(ui)—%(ui)ldHN_l)
*QU

1 _
< *HUHH%?(Q) +C / |Vun\2dx+/ [’Yl(un)2+'7r(un)2] dHN !
2 Q o*QuUI’

1 —
< il +0 ([ 19uPaot [ pp +a2wlans ).
Q o*QuUr
where C' depends on || but not on n. The conclusion follows by letting n — +oo. 0

Remark 3.7. The computations of the previous proof shows that indeed u € L%(Q) with

(3.1) [l 22, @ = C (IVaullp2@e~y + (@)l L2 @-qury + 17 (u)l L2 (6+ur)) -

By generalizing to A(R”Y) the approach developed in [11] concerning open bounded sets with
rectifiable topological boundary in dimension two, we can endow the space ©(2,T") with a scalar
product which turns it into a Hilbert space, a variant of which can be used to generalize the Robin
boundary value problem. For every u,v € ©(,T") let us set

(3.2) (u,v)e@r) = /QVU'VU dfC'i‘/a (v (v (v) + e (u)yr(v) dHY

*QUT
The following property holds true.
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Proposition 3.8 (Hilbert space structure). Let (Q,T) € ARY). The space ©(Q,T) is a
Hilbert space with respect to the scalar product (3.2). Moreover the embedding ©(Q,T) < L?()
1§ compact.

Proof. In view of Lemma 3.6, we need simply to check the completeness of the scalar product. Let
(un)nen be a Cauchy sequence in ©(,T') with respect to the scalar product (3.2). Taking into
account Lemma 3.6, there exist ® € L2(RY;RY), u € L2(RY), a1, ay € L2(0*Q UT) such that
® =u=0a.e. onQ°
Up —> U strongly in L*(R™),
Vu, — & strongly in L*(RY;RY),
Ve (Un) = ay)r strongly in L*(0*QUT).

It is readily seen, thanks to Ambrosio’s theorem (see [1, Theorem 4.7]), that u € SBV (RY) with
® = Vu and J, C 0*QUT. Moreover, we have that (u,)nen is a Cauchy sequence in BV (R™V):
indeed thanks to Lemma 3.6 we may write

l|tn — um”BV(RN)
< ||Vun - vum”Ll(RN;]RN) +~/d [l'yl(un - um)' + |'Vr(un - UM)H dHN T+ ||Un — UmHLl(Q)
9* QUT
< C [IVun = V| 2@y vy + [17(un — wm)llz20+0ur)

+H’7r(un - um)”Lz(B*QUF] Yz — 0.
Thanks to the continuity of the (locally defined) trace operators v;/, with respect to the BV norm,
we infer that
Qe = Yyr(u).

We conclude that v € ©(Q,T') and that u,, — u with respect to the scalar product (3.2).

Let us check the compact embedding into L?(£2). Let (uy, )nen be a bounded sequence in ©(£2, T).
In view of (3.1), we have that (u,)nen is bounded in L%(Q) Since (un)nen is bounded also
in BV (R"), and supported in € which has finite measure, up to a subsequence we have that u,
converges to some u strongly in L'(2). From the previous bounds, we have that u € L%(Q)
and by interpolation that the convergence is strong in L?(f2), so that the conclusion follows. [

Remark 3.9 (Independence on the orientation). Notice that the space ©(Q,T') and its
associated Hilbert structure given by the scalar product (3.2) are intrinsically defined, i.e., they
do not depend on the decomposition and on the orientation of 9*Q U T used to define the trace
operators 7;, v, according to Remark 3.3. Indeed, in view of the general theory for BV functions
(see [1, Theorem 3.77]), traces admit an a.e. pointwise characterization as Lebesgue values on
semiballs (the direction being that of the chosen normal): as a consequence, every choice for the
decomposition or the orientation will cause simply a possible switch between v;(u) and 7,-(u) (so
that the condition defining ©(£2,I') remains the same), but will pair 7;,.(u) with the corresponding
Y1/r(v), leaving the scalar product unchanged.

3.2. Generalization of the Robin-Laplacian boundary value problem. Let us fix § > 0
and let (,T) € ARY). Given f € L?(Q) we say that u € ©(£,T") is the solution of the Robin-
Laplacian boundary value problem on (Q,T") with coefficient

—Au=f in Q\T

%Jrﬁu:() on 0*QUT
if
(3.3) Yo e ©(Q,T) : ag(u,v) = / fodz,

Q

where ag(u,v) is the bilinear form

ag(u,v) == (Vu, V)2 qrny + B(1(w), 71(v)) 29+ aury + By (), ¥ (v)) L2(a+qur) -
Thanks to the results of Section 3.1, the following proposition holds true.
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Proposition 3.10 (Existence and uniqueness of a solution). Let (Q,T) € ARY). Then for
every f € L?(2) there exists one and only one solution in ©(Q,T') to problem (3.3). Moreover the
resolvent operator from L?(Q) into ©(Q,T) is compact.

Proof. Existence and uniqueness follow by Lax-Milgram theorem. Concerning the compactness of
the resolvent operator, let (f,,)nen be a bounded sequence in L?(Q2), and let u,, € ©(2,T) be the
solution associated to f,,. Up to a subsequence we may assume

fn—f weakly in L?(Q)

and

Up — U weakly in ©(Q,T).
We immediately infer that u is the solution associated to the right hand side f. Moreover, thanks
to the compact embedding in L?(£2) given by Proposition 3.8 we have

Up — U strongly in L?(€2).
We can thus write

ag(Un, Up) = / frttn dx — / fudz = ag(u,u)
Q Q

which yields the strong convergence in ©(,T") of u,, to u, so that the proof is concluded. O

3.3. Eigenvalues of the generalized Robin-Laplacian. Using the weak formulation of the
Robin-Laplacian, we can immediately define eigenvalues and eigenfunctions: we say that A is an
eigenvalue with associated eigenfunction v € ©(,T") if u # 0 and

Yo e ©(Q,T) : ag(u,v) = 5\/ uvdz.
Q
In view of the Hilbert space structure of the generalized boundary value problem (3.3), and of the
properties of the associated resolvent operator (see Proposition 3.10), we deduce the existence of
a sequence of eigenvalues A g(2,I') — 400 which can be characterized (taking multiplicity into
account) through the min-max formula

3.4 Mes(Q,T) = mi R
( ) k’B( ’ ) E.C%E/{Iir’gver{l/é\t?o} B(U)’

where Rg(v) is the Rayleigh quotient

[ Vel does [ pRe) 3] and
(3.5) Rg(v) := =2 gL
/ v? dx
Q
It turns out that the space which provides the minimum in (3.4) is given by Vj, := span{uy, ..., u},

where for j < k the function u; is a L2-normalized eigenfunction associated to A; (€2, T).
Remark 3.11. Notice that, if O C R¥ is a Lipschitz domain
M5 (92) = Ae,p(92,0).

Moreover if uy,...,u;, € WH2(Q) are the first & Robin eigenfunctions on €, then wy, ..., ug, ex-
tended by zero outside 2, belong to ©(, #) and provide the first k-eigenfunction of the generalized
formulation.

Remark 3.12 (Faber-Krahn inequality). For every (Q,T') € A(RY), the following generalized
Faber-Krahn inequality holds true:

(3.6) As(B) < A p(Q,T),

where B is a ball such that |B| = [Q|. In other words, balls are optimal domains for A; 5 under a
volume constraint. Indeed if u € O(£,T) is the first eigenfunction of (2,T"), then we can assume
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u > 0 so that u € SBV/2(RN) according to the notation introduced in [3] (i.e., u? € SBV(RY)).
Then

S VUl de + B [y qur i () + 42 (w)] dHN !

o Jou?dx
- Jan [VulPdz + 8 [ 7 (u) + 47 (w)] dHN !
= Jpn u? da

the last inequality following from [3, Theorem 3], so that (3.6) holds true.

A1p(,T) = Rg(u)

> )\1,5<B)7

Remark 3.13 (Scaling property and monotonicity under dilations). The standard scaling
property for Ay g extends readily to Ay g: for ¢ > 0 we have

- 1 -
)\kﬁ(tQ, tF) = ﬁAk,tﬁ(Qv F).
In particular, we have that
Mg (B 1T) < A p(Q,T)
for every t > 1: we will refer to this inequality as the monotonicity under dilation of S\kﬁ 8-

Remark 3.14 (Spectrum of a disjoint union). Let (21,I'1), (Q2,12) € A(RY) with QI NQL =
0 and 2}, Q) lying at positive distance. Then, using the weak equation for the eigenfunctions, it
is readily seen that the spectrum of (€2 U9, I’y UT'3) is the union of the spectra of (£21,1'1) and
(Q2,T2). In particular we have the standard formula

S\k’ﬁ(Ql U QQ,Fl U FQ) = min max {S\iﬁﬁ(ﬂl,l—‘l),S\k,i’g(Q%Fg)} s

where we assume g 5(92;,T;) := 0.

The abstract Hilbert space formulation of the problem yields the generalization to the present
setting of the classical result on the boundedness of eigenfunctions.

Theorem 3.15 (Boundedness of the eigenfunctions). Let (Q,T) € ARYN), and let A > 0 be
an eigenvalue for (3.3). Then, there exists a positive constant C, depending only on N, |Q| and
B3, such that for every (L*-normalized) eigenfunction u for X it holds

(3.7) lulloe < CAN.
Proof. Let u be an eigenfunction for \, i.e., u # 0 and
(3.8) Yo e ©(Q,T) : ag(u,v) = S\(U7U)L2(Q).
For every 0 < h < ||u]|so, the function
up = (u—h)y — (u+h)- € (QT)

is not identically null. Using uj as a test in equation (3.8) we get
/ Vu - Vuy, dz + 6/ [y (w)yi (un) + v (w)yr (up)] dHN = = 5\/ wup, de.
Q =QUT Q
Since uy, is supported in Ay, := {|Ju| > h} and Vu, = Vu on A; one gets

[ 1V o+ 5 () = B) + 90 )~ ] !
Q (o*Qur)N{u>h}

+
™

/ [y (uw)yi(u + h) + v (W) vy (u+ B)] dHN
(9*QUD)N{u<—h}

:5\/ u(ufh)derS\/ u(u+ h) dz.
{u>h} {u<—h}
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Consequently, we obtain

/ VunPdr+ 8 [ bR un) A2 (un)] dHN
Q o*QuUI’

Sj\/uid:ﬂ—&-ﬂh/ lup| dz
Q Q

- A
gx/uidsw— /uida:+h2\Ah|
Q 2 0

_ 3
25‘2

In view of Holder inequality and of Remark 3.7 we get

(3.9)

u} dx +h27|Ah|

1
llunllzz) < [lunll | Ap|2¥

LN ()
(3.10)

<o [/ V[ de + 8 hf(umﬂf(uh)]dw-l} A,
Q

a*Qur
so that plugging the estimate in (3.9),

(3.11) / |Vup|? de + 8 [Ye(un)? + 7 (up)) dHN
Q o*QuUI’

3\ , A
< 7012 |:/ \Vuh|2 dx + 3 [*yl(uh)Q —l—’yf(uh)] dHN_1:| |Ah|W —+ h2§‘Ah|
Q

Here C; depends on N, |Q] and 3.
Let us consider hg > 0 such that

cl< /u|dw> :%.

If |lulloo < ho, then (3.7) immediately follows. Let us thus assume that ||uljcc > ho. Then for

ho < h < ||ullc We have
1
|Ap| < E/Q|u\dx

so that in view of the choice of hg the first term in the right hand side of (3.11) can be absorbed
by the left hand side leading to

o*Qull

(3.12) / Vun|? dz + 8 e(un)? + 7 (un)2] HN -1 < B23[ A,
Q o*Qurll

In view of (3.10) we get

lunllza) < CahV/A AR E4 3,
so that by applying Holder inequality we deduce the key estimate
(3.13) lunllzr @) < CahV/ XAy [H 55,
By setting

— [ unldo = funl o,
Q
one has ¢'(h) = —|Ap| for a.e. h > 0 and (3.13) becomes
h) < CihV/A(=g () ¥,

so that

1 = "(h
—— <—-(Oh \f)\)% L)l
pi g(n) 7
This last inequality shows that |Ju]|s < +o00. Indeed, if this is not the case, integrating from hg
to +00, we have that the left hand side diverges, but the right hand side converges.



MINIMIZATION OF THE ROBIN EIGENVALUES WITH PERIMETER CONSTRAINT 13

Integrating from hg to ||u|l we deduce

_1 _ 1 = _1
[l — b < (Cy v/ A) T || 75

from which inequality (3.7) follows. The proof is thus concluded. O

4. THE MAIN RESULTS

Being interested in a perimeter constraint for our optimization problem, we need to generalize
the notion of perimeter to admissible configurations in A(RY).

Definition 4.1 (Generalized perimeter). For every (Q,T) € A(RY) we set
Per(Q,T) := Per(Q) + 21N ~1(I),
where Per(§) denotes the usual perimeter of 0 in RY.

Remark 4.2. The definition of the generalized perimeter for the configuration (2,T") is based on
the idea that the inner crack I' is seen as a degenerated hole or a degenerated inner fold of the
outer boundary, so that its contribution to the perimeter is given by twice its surface HN~1(I).

The first main result of the paper is the following.
Theorem 4.3. Let p > 0. The problem
(4.1) min {XW(Q, I):(Q,T) € ARY) with Per(Q,T) = p}
is well posed. Moreover every minimizer (2, T') is such that Q is bounded and
(4.2) M p(T) =inf{\x 5(A) : AC RN is a bounded Lipschitz open set with Per(A) = p}.

Remark 4.4 (The case k = 1). For k = 1, thanks to the Faber-Krahn type inequality (3.6) and
to the monotonicity of the eigenvalues under dilations, it is readily seen that the only minimizers
of both problems are the couples (B, )), where B are balls.

Thanks to Theorem 4.3, we can handle more general problems involving several eigenvalues at
the same time. Let £ € N, £ > 1 and f :]0, +00[*—]0, +o0o|[ be a Lipschitz continuous function such
that the following items hold true.

(f1) f(y) = +o0 as [y| = +00;
(f2) There exists C' > 0 such that for every y = (y1,...,%),9¥ = (¥},...,y,) €]0,+oc[ with
y; >y, for every i = 1,...,¢ it holds

fy) > f)+Cly—v|.

A typical example for f is given by f(y) := y1 + -+ y¢ or more generally f(y) := (y]+--- +yf)%
with p > 1.
Given ki,...,k € N\ {0} let us set

FQ.T) 1= f (Mo p(@T), o A s(2.1)).
The following result holds true.
Theorem 4.5. Let p > 0, and let f 3]0, +o0o[*—]0, +-00] satisfy (f1) and (f2). Then the problem
(4.3) min {F(Q,r) L (Q,T) € ARY) with Per(Q,T) = p}
is well posed. Moreover every minimizer (Q,T") is such that Q is bounded and
(4.4) F(Q,T) = inf{F(A,0) : AcCRY is a bounded Lipschitz open set with Per(A) = p}.

Remark 4.6 (Penalization of the perimeter). We can also treat the problem where the
perimeter is involved as a penalization term, i.e.,

(4.5) min {F(Q, T) + APer(Q,T) : (Q,T) € A(RN)} :

where A > 0. Also problem (4.5) is well posed, every minimizer is bounded, and the minimum
value is given by the infimum of the values achieved on Lipschitz regular sets (see Remark 6.4).
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Remark 4.7. In the case 8 < 0, eigenvalues for regular domains are still well defined, and
the interesting associated variational problem is their maximization, both for the perimeter and
the measure constraint. As highlighted in [5, 6], the problem can be framed within the class of
measurable sets of finite perimeter, without taking into account inner cracks. The reason of that
is the negative sign of the surface energies: roughly speaking, one can take the eigenfunctions for
a couple (Q, D) as test functions for (2, T'), obtaining a lower value of the functional and so a worse
competitor for the associated maximization.

5. COMPACTNESS, LOWER SEMICONTINUITY AND APPROXIMATION RESULTS

In this section we collect some technical results which are fundamental for our analysis: in
particular we are interested in compactness properties of admissible configurations, lower semi-
continuity results for the associated eigenvalues, and their approximation through regular sets.

5.1. Compactness and lower semicontinuity properties. The following result holds true.
Theorem 5.1 (Compactness and lower semicontinuity). Let (Q,,T,) € ARY) be such that
(5.1) Per(Q,,Tn) < C

for some positive constant C' > 0 independent of n. Assume that

(5.2) la, — lg strongly in L*(RN)

for some set of finite perimeter Q C RN .
Then there exists I C RN rectifiable such that (Q,T) € ARYN) and the following items hold
true.

(i) We have
(5.3) Per(Q,T) < lim inf Per(Q,,T).
(ii) If u, € ©(Q,,Ty,) with
(5.4) [ wwPdes [ b)) Y <
Qn o*QuUl,

then there exists u € ©(Q,T') such that, up to subsequences,
up, — u  strongly in L*(RY),

Vu, = Vu weakly in L*(RY;RY),

and

(5-5) / 7 (w) + 7 ()] dHY 7 < lim inf/ 07 (un) + 7 (wn)] RN
o*Qur 9*Q,UT,,

n—-4oo

Proof. We will make use of the notion of o2-convergence of rectifiable sets introduced in [16] (see
Section 2.4).
From

Per(Qn) + 2HN_1(Fn) = %(anrn) S Cu

and Theorem 2.5, employing also a diagonal argument, we deduce that there exists a rectifiable
set K C RY such that, up to a subsequence (not relabelled), for every D C RY open and bounded
we have

0, ul,)ND = KnND in the sense of o®-convergence.

Since Jig, . p C (0, UT,)N D and Vl1g Ap = Vlgap = 0, in view of (5.2) and of property (a)
in Definition 2.3 of o2-convergence, we deduce that

QNDCKND.
Since D is arbitrary, we infer 9*Q C K. Let now decompose K as

K=(KnQ)uoQu(KnQh)



MINIMIZATION OF THE ROBIN EIGENVALUES WITH PERIMETER CONSTRAINT 15

and let us set
I':=KnQ,
so that (,T) € A(RY).

We divide the proof in several steps.

Step 1. We claim that for every D C R¥ open and bounded, there exist v,v, € SBV(D)
with [|v]|eos [[nllec < C, v = v, = 0 a.e. outside Q and Q,, respectively, Vv, Vv, € L?(D;RY),
Jy =@ Qul)ynD, J, C(0*Q, UT,)N D, such that

v, — v strongly in L*(D),
and
Vv, = Vv weakly in L?(D;RY).

By definition of o-2-convergence there exist w, w,, € SBV (D) with ||w]|ec, [|wn||e < C, Juw = KND,
Jw, C (0*Q, UT,) N D, such that

Wy, — W strongly in L'(D)
and
Vw, = Vw weakly in L?(D;RY).

The first convergence is indeed also a convergence in L?(D) in view of the uniform bound on the
L*-norms. For € > 0 let us set

v:=(w+e)lanp and Up = (wp, + €)1q, nD-
Clearly we have
I'NDC Jyig.p C(0*QUT)ND
and so, for a.e. € > 0 we deduce (see Remark 5.2)
Jo = Jwignp Udignp = (07QUT) N D.
Since
Js, € (0", UT,) N D,

v, — v strongly in L?(D) and Vuv,, — Vv weakly in L?(D;R"), we get that the claim follows by
choosing ¢ outside a negligible set.

Step 2. Let us check item (i). Let D C R™ be open and bounded and let £ > 0. Let us consider
the functions on D

P :=1g +ev and Yne = lq, + vy,
where v, v, are the functions given by Step 1. For a.e. € > 0 we have that
Jy. = Jig Uy = (0*QUD)ND  and  Jy, . =Ji, UJ,, C(0°Q,UL,)ND.
Since
Yne — . strongly in L*(D)
and
Vipn e — Vi weakly in L*(D;RY),
lower semicontinuity in SBV entails
/J [ (o) + 77 (o) dHY T < liminf/J 7 (¥ne) + 97 (Une)] dHY
v "

n—-+oo
€ n,e
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Taking into account bound (5.1), for a.e. € > 0 small enough we deduce

HN1O° QN D)+ 2HN YT N D) - Cs < / W2(6e) + 2 ()] dHY !

JI/)E
< lim inf V7 (Wone) + 77 ()] dHN
n—-+oo an,s
< lim inf [HN 10", N D) + 2HN (T, N D)] + Ce
n— o0

< liminf Per(Q,,T,) + Ce,

n——+00

so item (i) follows by letting ¢ — 0% and D invade the whole RY.

Step 3. Let us come to item (ii). Since
HN () < HNTHO"Q, UT,) < Per(2,,T,) < C,
the uniform bound on the Robin energy (5.4) and the convergence (5.2) yield

|Duy |(RY) = / Vitn| da + /J 0 (tn) — e ()] AHN

Un,

< ([ Vunll 2 @) 2] /2 +/ (17 ()] + e (un ) [] AR

Up,

_ 1
< HV%||L2(JR1V)|Qn|1/2 + 1Y (u,) + 2

5/ ulu)? )

Un,

<G
for some C7 > 0 independent of n. Taking into account Remark 3.7, we deduce that there exists
u € BV(RY) with
(5.6) u=0 a.e. in °.
and
Up = U strongly in L*(RY).

Let us fix D C RY open and bounded. In view of Ambrosio’s theorem we infer that u € SBV (D)

with
Vu, = Vu weakly in L*(D;RY).

Let us consider for every M > 0 the truncated functions

Up, v = max{min{u,, M}, —M} and ups := max{min{u, M}, —M}

Clearly
Up, M — UM strongly in L?(D),
and
Vun m — Vuy weakly in L?(D;RY).
Since Jy,, C K, N D, from the properties of o2-convergence and since uy; = 0 a.e. on Q°N D

we infer J,,, C (9*QUT)N D.
In view of the arbitrariness of M and D we conclude that

(5.7) u € SBV(RY)

with

(5.8) Vu, = Vu  weakly in L*(RY;RY).
and

(5.9) J, CO*QUT.

Let us check (5.5). For every € > 0 let us set

Wy = Uy + EV, and w = u+ €v,
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where v,,, v are given by Step 1. For a.e. € > 0 we have
Jo =Juses = JuUJ, = (0*QUT)ND  and  Jy, = Ju,1ev, C (0°Q, UT,) N D.
By lower semicontinuity in SBV we may write

./ h%ul+sv>+w&uw+sw]dHN-l=1/ () + 2 ()] AHN
(9*QUT)ND

w

n—-+oo

< lim inf/ [V (wn) + 2 (wn)] dHN 1
J

wn

< lim inf/ (V2 (tn + €vn) + Y2 (un + vp)] dHN L.
(0*Q,UT,)ND

n—-+4o0o
Since the functions v, v, are uniformly bounded in L*°(D), and in view of the perimeter bound

(5.1), we get by letting e — 07, and since D is arbitrary

610) [ )+ 2] MY < limint 72 () + 72 ()] AHN 1 < C
o*QuUI’

n=+00 Jo, Ul

Thanks to (5.7), (5.6), (5.9), (5.8), and (5.10), we conclude that u € ©(2,T), so that item (ii) is
proved.
O

Remark 5.2. In the previous proof we used the following result: if D C RY is open and u,v €
SBV (D) with HN=Y(J,), HN"1(J,) < +oo, then for a.e. € >0 Jyiep = J, U J,. For a proof of
this fact we refer to [9, Remark 3.13].

A key result for our analysis is the following lower semicontinuity result for S\k, p along converging
configurations according to Theorem 5.1.

Theorem 5.3 (Lower semicontinuity of A ). Let (Q,,T,) € ARYN) converge to (Q,T) €
A(RYN) in the sense of Theorem 5.1. Then

Ak,ﬂ(Qa F) < lﬁglfg )\k,ﬂ (an Fn)'

Proof. Let us assume S‘k,ﬁ (Q,,T,) < C and let us consider
Vi i=span{un 1,...,Unk} C O(Q,, )
such that .
)\k,,@(Qn; Fn) = I’I‘l/aXRg.

Without loss of generality we can consider the u, ; to form a L?-orthonormal family. Then we get
forj=1,...,k

[ szt [ ) + o) M <
Qp 0*Q, Uy,

By Theorem 5.1 we deduce that there exists u; € ©(Q,I') such that
U ; — uj strongly in L*(RY)

Vu, ; — Vu; weakly in L?(RY;RY)

with
/ [ (ug) + 77 (uy)] dHN T < liminf/ (77 (un,g) + 77 ()] dHY L
&*QuT n=+00 Joxq, T,
Clearly {u; : j =1,...,k} forms an orthonormal family in L?, so that V := span{ui,...,u} is

a k-dimensional subspace of ©(£2,I'). Using again Theorem 5.1, for every a; € R we have

Rg Zajuj < 1imninf Rg Z ajtn; | < linhinf max Rg = limninf S\kﬁ(Qn,Fn)
J J "
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which entails 5 5
Ak, (8, )< m‘?xRﬁ < lim inf )\k,ﬁ(Qm Ty,

and the conclusion follows.
O

5.2. Approximation through regular domains. The following result concerns the approxi-
mation of bounded configurations in A(RY) through regular domains.

Theorem 5.4. Let (U, T) € A(RY) such that Q is bounded. Then, there exists a sequence of
bounded regular open sets (Qp)nen such that

lim sup Ak,ﬂ(ﬂn) < S\k,B(Qa F)

n—-+o0o
and .
lim sup HV ~1(09,,) < Per(Q,T).
n—-+oo
Proof. Let uq,...,ux be the first k eigenfunctions of (£2,I"). It is not restrictive to assume I' =

J(uy,....up): indeed, by employing the min-max characterization of S\kﬂ we have
Mes (@ Ty ) < max  Rg =X p(Q,T).
span{uy,...,ur }

We divide the proof in several steps.

Step 1: Approximation from inside. Let us approximate £ with smooth sets “from inside”
using Proposition 2.2 with the choice p := HN 1| (9*QUT). We find 2,, C RY smooth open set
such that
|9, AQ| — 0, Per(,) — Per(f),
with
HY L 0*QNnQ,) =0,  HYTU(T\Q,) —0,  HY99,\ Q') —o0.
If D is open and bounded such that 2 CC D, we can assume that also €2,, CC D.
If we set
r,:=TNQY,)U@0nNnQ,),
then clearly (2,,T,,) € ARY) with

(5.11) lim Per(Q,,Ty) = Per(Q,T).
n—-+0oo
We claim that
(5.12) limsup Mg 5(Qn, Tn) < A(Q,T).
n—-+o0o

In order to prove this, we first show that (2,T") is the limit configuration of the sequence (2,,,T;,)
according to Theorem 5.1 and that, in addition, if u € ©(Q,T) N L>®(RY), then
Uy = ulq, € @(Qn,Fn)

with
(5.13) lim [V (un) + 7 (un)] dHY 7 = / [V () + 72 (w)] dHN

n=+oe Jo=, uT, =QuUl
Indeed, let (2, K) be a limit configuration of (£2,,,T',) up to a subsequence. Since u,, — u strongly
in L2(RY) and satisfies the bound (5.4), we infer that J, C K. By choosing u equal to the
eigenfunctions uq,...,u; of (Q,T'), and since we are assuming that T' is the union of the their
jump sets, we deduce I' C K. From

Per(), K) < liminf Per(Q,,T,) = Per(,T),

n—-+oo

we get K =T'. The lower semicontinuity (5.5) entails

(5.14) /8 () () Y < g 2 (1) + 72 ()] dHN Y,

n=+o0 JoxQ, U,
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while the same argument applied to the function

w:=/(Jufloe +1)? — u?lg

yields
(o + 12Per(@1) = [ () +92(w) Y
o*QuUI
< liminf [(unm +1)2Per(Q,,T,,) — / V2 () + 72 ()] dHN 1
n—+oo 8*Q,UT,

so that the convergence of the perimeter (5.11) entails
fimsup [ P 2] MY < [ ) 2] dr
n—+oo Jo*Q,ul, oQur
which together with (5.14) yields (5.13).
Let us come to claim (5.12) concerning the eigenvalues. Recall that

S\kvg(Q,F) = Ir‘l/aXRﬁ = Rg(uk),

where Ry, is the Rayleigh quotient (3.5) and V}, is the space generated by the first k eigenfunctions
ut, ..., up. We deduce that u;,, == u;lg, € O(Q,,Ty) fori=1,... &, with

(5.15) Uiy — Ui strongly in L*(R™),
(5.16) Vi p, = Vu,; strongly in L*(R™;RY),
and for every aq,...,ar € R

5.17 lim 72 ;Ui n Jr’yf a;l;.n, dHN 1
( ) n—-+4o00 29,,UT,, [ ! (; ’ > ; ’

L () e () s

The convergence of the surface energies follows from (5.13) since the eigenfunctions are in L>°. If
we set

Vit = span{ui n, ..., Uk.n}s
we get that V' C ©(Q,,T,) is k-dimensional for n large and

lim sup max Rg < max Rg.
n—-+oo an Vi

Indeed we can assume

max Rg = Rg <Z aiﬁnui,n>
k i

for some a;, — a; with |(a1,...,ax)] = 1. Then (5.15), (5.16) and (5.17) together with the
uniform bound in L™ and the fact HV~1(0Q, UT,,) < C imply that

Rg (Z ai,nui,n> — Rg (Z aiui> < n%/ax Rg.

We can thus write

limsup A (Q2y,I'n) < limsup max Rg < max Rg = M\ (1),
k

n—-+oo n—+oo Vy

and claim (5.12) follows.

Step 2. In view of Step 1, it is not restrictive to assume Q C RY open with smooth boundary.
We apply Theorem 2.1 to approximate the vector valued function on €2

w:i= (uy,...,uy) € SBV(LRY) N L2(Q;RY),
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where wui,...,u, are the first k eigenfunctions of (Q,I'). There exists v = (v],...,vp) C
L2(Q;RY) with [|v"]|co < ||u]lee such that

v"™ = u  strongly in L?(Q;R"),

(5.18) Vo™ — Vu  strongly in L?(€; R¥V),
Jyn polyhedral in Q
o™ € W (Q\ Tpn; RY) for every m > 1,
and, for any upper semicontinuous function ¢ : @ x RY x RY x S¥=1 — [0, +00[ locally bounded
near the boundary and any open set A C Q

(5.19) limsup / o, (™), 3 ("), v, ) dHY T < / o, (), e (w), vg,) dHV Y,
n—+oo JJ,nNA J,NA

Since the edges of (N — 1)-dimensional simplexes have two capacity zero, we can assume that Jy,»
is composed of a finite family of disjoint simplexes compactly contained in €.
Notice that (choose ¢ = 1)

(5.20) limsup HY =1 (Tpn) < HY () = HYY(D).

n—-+00
Moreover
[Dv™[(2) — [Dul|()

This follows from (5.18) and (5.19) with the choice ¢(x,a,b,v) = |a — bl and A = Q. As a
consequence we obtain the convergence of the associated traces on 0f), since the trace operator is
continuous under strong L' convergence together with the convergence of the total variation (it is
the so called strict convergence in BV): the convergence of the traces holds also in L? in view of
the uniform bound on ||v"||c.

By choosing ¢(z,a,b,v) = |a - al? + |a - b|*> where a € R*, and using the convergence of the
traces on 92 we may write

lim sup/ VP (v} 4 -+ 4 apvl) + Y2 (v} 4 -+ 4 agol)] dHN !
AU yn

< / [’7[2(051'“1 + -+ akuk) + 'y?(alul + .4 akuk)] C”_[N—l7
onur

the inequality being uniform in « for |a| = 1: this is due to the uniform bound in L*® for v™
together with (5.20). L
In view of the geometric structure of J,» we can write

T =4
k

where (A%);cy is a decreasing sequence of smooth open set compactly contained in © with

lim HYNYOAF) = 2NN (T,).
k— oo

In view of the regularity of v" outside J,», by using a diagonal argument we find k& = k,, such that

n

(5.21) lim sup/ V(v + -+ agop) dHN T
dQUAALT

< / [Vlz(alul + -+ akuk) + 'y?(alul 4+ 4 akuk)] ClfHN—l7
oQuI

the inequality being uniform in o € RY with |a| = 1, and

limsup HY "1 (9AR) < 2limsup HY 1 (Tpn) = 2HEL(TD).

n—-+oo n—-+oo

By considering the smooth set ,, := Q\ A** we have
lim sup HN~1(09,,) = HY~1(09) + limsup HV 1 (9 AE) < HV=1(99) + 211 (T) = Per(Q,T).

n—-+oo
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Then in view of (5.21), by using the same arguments of Step 1 we infer that

lim sup A 5(Q2,) < A g(Q,T)

n—-+4o0o
and the proof is concluded. O
Remark 5.5. Notice that the previous construction shows that indeed

lim sup )\hﬁ(Qn) S Xh,ﬁ(ﬂ, F)

n—-+oo

for every 1 < h < k, as the function u involved in Step 2 is such that its components (u1, ..., u)
are the first k eigenfunctions of (Q2,T).

6. PROOF OF THE MAIN RESULTS
In this section we provide the proof of the main results of the paper.

6.1. Proof of Theorem 4.3. Let us start with the following general inequality, which is based
on a cutting argument used in [9, Theorem 4.6],

Lemma 6.1. Let (,T) € ARY), and fort € R

Q :=Qn{r <t}, and  Ty:=Qn{z <t}.
Then for a.e. t large enough we have
(6.1) S\k}B(Qtart) < 5"9,3(0’ F) + CHN_l(Q N {1‘1 = t}),

where C' > 0 is independent of t.

Proof. We can assume |\ ;| > 0 for every ¢t € R, i.e., {2 is unbounded in the positive x; direction.
Let ug,...,u; € O(,T) be the first k eigenfunctions of (,T"), which we can assume to form
a L%-orthonormal basis. For every ¢ € R, we define the functions u;; € ©(Q4;,T;) by setting, for
each j=1,...,k
Ujt i = Ujliz, <oy
The functions u;; are linearly independent for ¢ sufficiently large. Let us consider the coefficients

01ty ... ,05 € R with Z?Zl ozit = 1. such that the function
k
Up =y ajus,
j=1
realizes the maximum of the Rayleigh quotient Rg on span{us ..., uxt}. We get
/ |VU,|* dx + U2 dHN—!
Q 9*Q, Uy

j\k”@(QtaFt) <
/ UZ dx
Q

/ VU |* dx + B Uz dHN 1
t
Qe 9* Uy

1-— / UZ da
Q\Q

in view of the L2-orthonormality of w1, ..., u;. Moreover since

k
U? dx <2 / u?dx — 0
/Q\Qt ‘ ; o

as t — 400, we can assume that for ¢ sufficiently large
1

—§1+2/ UZ dr < 2.
1—/ U? dx N
Q\ Q¢
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We thus obtain the following estimates

Uf dHN‘1>

9*Q,UT,

< <1+2/ U? dx) : (XM(Q,F) —/ VU dx
Q\Q, Q\Q,

- 5/ UZdHN ™t + 8 Uz dHN !
(o*QuUIN{z1 >t} {z1=t}

< Aes(OT) + 28 5(T) /
Q

(6.2) Aps(Qu,Ty) < <1+2/ dex)( \VUL? dz + B
Q\Q, Q

U? d:r/f/ |VU,|? dz — Uz dHN !
\ Q2 Q\ Q¢ (o*Qur)N{z; >t}
+ 28 U2 dHN
{z1=t}

Let us consider the restrictions of the functions wq,...,ux to 2\ Q; and let us reflect them
across the hyperplane {z; = t}. We obtain the functions w;; € ©(A, K;), where A; is obtained
by symmetrizing Q \ {z; < ¢}, while K; is obtained by symmetrizing I' \ {z; < t}. Setting
W, = Z?:l a;1wj ¢, in view of the Faber-Krahn inequality (3.6) we may write

/ VW, | dz + B8 W2 dHN !
Ay 9* A UK,

Ap(B() <
W2 dx
Ay

2/ |VU|? dx + 283 U2 dHN 1
Q\ Q¢ (o*Qur)N{z; >t}

2 / U? dx
Q\Q;

/ |VU|? dx + UZdnN—!
Q\Q (o*Qur)N{zi >t}

/ UZ dx
O\

where B(t) is the ball of RY such that |B(t)| = |A:] = 2|Q\ €|, so that

/ VU, | dx +
Q\Q

)

UZdHN 1 > ALB(B(t))/ U? da.

(o*Qu)N{z1 >t} Q\Q
Then, looking at the estimate
zﬂw(g,r)/ UZ dx — / |VU,|? dx — B Uz dHN !
O\ Q¢ Q\ Q¢ (o*Qur)n{z; >t}

< 2R D) (B [ UFda,
Q\Q:
we deduce that the right hand side is strictly negative for ¢ large enough (since the quantity
A1,3(B(t)) diverges as the measure of B(t) goes to zero). In conclusion, coming back to (6.2), we
obtain

Mes(Q,Te) < X p(Q,T) + 28 Uz danN
{z1=t}
and claim (6.1) follows since U; is bounded in L by a constant independent of t (as the eigen-
functions u; are bounded in L*). O

We can now state the following boundedness property for configurations which are minimizers
of the problem.
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Proposition 6.2 (Boundedness of minimizers). Let (Q,T) € ARYN) be a minimizer for
Problem (4.1). Then Q is bounded.

Proof. Let (2,T') be a minimizer for (4.1) and let us suppose that 2 is unbounded. It is not
restrictive to assume, up to translations and rotations, that 2 is unbounded in the positive direction
xX.
Let us set
Q=N {z <t}, and Iy =0n{z <t}.
Clearly (¢, T;) € A(RY), and by projection on the hyperplane z; = t we get
Per(Qy,Ty) < Per(Q,T).

We divide the proof in two steps.

Step 1. We claim that for a.e. ¢ large enough
(6.3) HNLO"(Q\ Q) < CLHN Y QN {z =t)),

where C is independent of t.
Indeed, letting

_1
n(t) := (W) o >1
Per(94,T;)
and considering the dilated couple (€, T;) € ARY) with
Q= n(t)Qy, and T, == n(t)Ty,
the optimality of (Q,T) and the admissibility of (€, T) for Problem (4.1) yield
1 1 -

MOE Men)8(Q26, ) < @)‘k,,@(Qt, ry),

where we used the rescaling property of Remark 3.13. Since for a.e. t € R
Per(€,Ty) = Per(Q,T) — HN 1 ((0*QUT) N {zy > t}) + N1 (N {a1 = 1)),
by the very definition of 7(t) we get

(6.4) Mep(T) < App(Q, Ty) =

N—-1 * i N—-1 _ ﬁ
n(t) = 1+’H ((3QUF)0{£1V>t}) HYH QN {z, =t}) .
Per(Qt,Ft)
Since by projection on the hyperplane xy =t
HN (0 QUT) N {zy > 1)) > HY L0 QN {z, > t}) > HYHQN {z, =t}),

we deduce
HY=Y (@ QUD) Nz, > t}) —HYN Y QN {z; =1}) =0

as t — +o0. Hence we get for a.e. t large enough
(6.5) nt) > 1+ Cy (KN (0" QUD) N {zy > t}) —HV (N {21 = 1t}))
for some positive constant Co independent of ¢. In view of estimates (6.4) and (6.1) we thus get

BN T) < M2 T) < M s (2, T) + CHY 1 Q0 = 1)
so that using (6.5) we infer

HN Y@ QuUD) N {zy > t}) —HY Y QN {z =t}) < CsHY N QN {z = t})

for a suitable C3 > 0 independent of ¢, which readily implies claim (6.3).

Step 2. In view of (6.3), using the isoperimetric inequality we get for a.e. ¢ large enough

0\ ™ < CHY QN {2 =t}),
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for some C; > 0 independent of ¢t. By setting g(t) := |Q\ | we get for a.e. ¢ that HVN~1(QN{z; =
t}) = —¢'(t) and thus (recall that we are assuming by contradiction g(t) # 0 for ¢ sufficiently large)

g'(t) 1
N—1 < —=

gty = = Cu
But then if ¢y is sufficiently large

—+o0 /
t
—Ng(to)™ :/ SUACRP—
to g
which is a contradiction. O
We are now in a position to prove Theorem 4.3.

Proof of Theorem 4.3. Using the monotonicity under dilations of Remark 3.13, problem (4.1) is
equivalent to

(6.6) min {XW(Q,F) L (Q,T) € ARY) with Per(Q,T) < p} .

If minimizers (2, T") exist, then clearly ]3:3/7’(9, I') = p, while Q is bounded according to Proposition
6.2. Finally, property (4.2) follows from Theorem 5.4.

Let us proceed, as usual for these optimization problems, by induction on k£ € N. For k = 1,
according to Remark 4.4, minimizers are balls of perimeter p.

Let us now assume that a minimizer exists for every j < k. Let (©,,,), be a minimizing
sequence for problem (6.6). We can assume up to a subsequence

lim |Q,]=m, with0<m < +o0.
n——+oo

Indeed, thanks to the isoperimetric inequality we have the upper bound
Q.| "~ < CPer(Q) < CPer(Q,,Ty) < Cp.
On the other hand, if |€,,| vanishes, we would obtain thanks to the Faber-Krahn inequality (3.6)
Nes(Qn.Tn) > A1p(,Tn) > A1 p(Br) — +00,

where B, is the ball having the same measure of ),,, against the fact that (Q,,T,) is a minimizing
sequence.

Let us apply a concentration-compactness argument to the sequence (1, )nen. For every r > 0
let us consider the monotone increasing functions a, : [0, +00[— [0, +00]

an(r) := sup |Q, NQ.-(v)],

yERN
where Q,(y) is the cube centered at y with side . Up to a subsequence, in view of Helly’s theorem,
we may assume that
ap =« pointwise on [0, +-00[
for a suitable monotone increasing function « : [0, +o00[— [0, +o0[.
The following situations may occur.
(a) Vanishing: im,_, 1o a(r) = 0;
(b) Dichotomy: lim,_, 4o a(r) = & €]0, m][;
(¢) Compactness: lim,_, oo a(r) = m.

Let us deal with the three cases separately.

Step 1: Vanishing cannot occur. Indeed, if it was the case, one would have for every r > 0

(6.7) sup 120 0 Qu(y)] = 0.
yERN
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Let ug,, be a L2-normalized k-th eigenfunction of (£2,,,T,). Since

/]RN |vuk,n‘2 dx JF/J ['le(uk,n) + 'Yg(uk,n)] dHN !

Un,k

< / Vgon|? do + / 2 (i) + 72 ()] dHY ™ = Aes (2, T) < C,
Qn o, Ul

in view of [3, Lemma 4] applied to both the negative and positive parts of ug,, there exists
yn € RN such that

1 N
|Qn N Ql(yn)| 2 |Supp(uk,n) N Ql(yn)| Z C;\/ <M) > Oa
against (6.7).

Step 2: Compactness. If compactness occurs, there exists a set of finite perimeter Q ¢ RN
such that

la, — 1o strongly in L*(R™).
Let T be given by Theorem 5.1, so that (,T) € A(RY) with

Per(,T) < liminf Per(Q,,T,) <p

and, according to Theorem 5.3,
/\k,@(Q, F) S lim inf /\k,ﬂ(Q'm Fn)

n—-+oo

We infer that (£2,T") is a minimizer for problem (6.6).

Step 3: Dichotomy. Let dichotomy occur. Then there exists & €]0, m[ such that the following
assertion holds true: we can find z, € RY and 0 < 7, < R,,, R, — 7, — 00, such that setting

Q1 :=Q, N B, (T,), Ipi:=T,NB, (z,)

and
Qp2 = O \ Bg, (z,), I'po =T\ Bg,(z),
we have
[Qna] =&l =0, [|Qn2| = (m—a)| =0,
with

HNY(Q, NOB,, (x,)) = 0, HNY(Q, NOBg, (x,)) = 0.
Notice that

(6.8) Per(Qn,Ty) > Per(Q,1,Tn1) + Per(Q2,Tno) — 5
with €, — 0. Up to a subsequence we may assume
(69) ﬁ\/eT(Qn,l,Fn’l) — p1 > 0 and %‘(sz,rn’g) — P2 > 0

with p1 +p2 <p.

Now, by testing the Rayleigh quotient for €2, ; U €, 2 on the eigenfunctions of §2,,, taking
into account their uniform boundedness in L* given by Theorem 3.15 and Remark 3.14 which
characterizes the spectrum of Q1 U Q2 we get

S‘k,B(Qna Fn) > S\k,B(Qn,l U Qn,27 Fn,l U Fn,2) - 5n

(6.10) =, nin_max {)\i,B(Qn,ly Cin1)s Me—i (22, Fn,2)} — 0n

1=0,...,
= Inax {S\E,IB(Qn,lv Fn,l); 5‘]97{’5(971,2; Fn,2)} - 5n;

where §,, — 0 and 4 is independent of n (up to subsequences).
We point out that ¢ < k. Otherwise we would have

S\k,ﬁ(QnaFn) > 5\k,ﬁ(Qn,lvrn,l) - 671
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and, in view of (6.8) and (6.9) ,
Per(2,1, 1)) + & < Per(Q,Tn),

for some € > 0: this contradicts the fact that (2,,,) is a minimizing sequence in view of the
monotonicity under dilations.

Let (21,T) and (922, T'5) be minimizing couples for problem (6.6) relative to 5\; 5 with perimeter
constraint p; and ;\k_;ﬂ with perimeter constraint ps respectively, whose existence is guaranteed
by our induction assumption. We claim that

(6.11) Xi,5(Q0,T1) < Lim inf X5 (21, Tnn)
and
(6.12) Mi—ip(Q2,T2) < limn inf Me—ip(Qn2,Tn).

Since 1, Q5 are bounded sets by Proposition 6.2, we can assume that they are at positive distance.
Let us set

Q:=0Q, U and I':=T7UTls.
Clearly (,T) € ARY) with
Per(Q,T) = Per(Q,T1) + Per(Q2,T2) = p1 +p2 < p,
while thanks to Remark 3.14
M (2.1 < max {3 501, T1), Xyi (92,T2) }

We infer that (€2, T) is an admissible couple for the minimization of Ay s and, taking into account
(6.10) and claims (6.11), (6.12) we have

M5 (92,T) < max {S‘E,ﬁ(lerl)v Aei (D, Fz)}
< liminf (max {X;vﬁ(gn,lyrn,l)v S\k—i,ﬁ(Qn,QaFnﬂ)})

n—-+oo

< lim inf S\k,ﬁ(an Ly).

n—-+oo

We conclude that (£2,T") is a minimizer for Problem (6.6).

In order to conclude, we need to check claims (6.11) and (6.12). Let us prove the first one, the
other being similar.

If Per(Qy,1,0n1) < p1, there is nothing to prove in view of the minimality of Q7. On the other
hand, if %“(thfn,l) > p1, by (6.9) there exists €, > 0, €, — 0, such that %(thfn,l) =
p1 + €. Let us define the quantity

1
N-1
tn::< P1 > <1
p1+5n

Qn,l = thn,la Fn,l = tnFn,L
Clearly %‘(Qn,l, f‘nl)) = py, so that
(6.13) Nis(,T1) < X.5(Qn1,Tnn)

and the sets

thanks the minimality of (21,T1). On the other hand, in view of the scaling property given by
Remark 3.13 it holds

- - - 1~ 1

(614) )\Eﬁ(ﬂn,lyrn,l) = ﬁAf)tnﬁ(Qn,lyrnJ) < 2 S\Z’ﬂ(Qn,laFn,l)-

Putting together (6.13) and (6.14) and observing that ¢, — 1 we finally get (6.11). O
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6.2. Proof of Theorem 4.5. In this section we provide the proof of Theorem 4.5. To this
aim, we adapt to our context an induction argument applied, for instance, in [18, 23]. Using the
monotonicity under dilations of Remark 3.13, problem (4.3) is equivalent to

(6.15) min {F(Q,r) L (Q,T) € ARY) with Per(Q,T) < p} .

It is convenient to frame (6.15) within a larger class of problems.
Let us fix 0 < kpo < kpand 0 < 93 <7y < --- < Ve and let kg1 := k¢ — kg 2. For every
(,T) € A(RY), let us consider the ordered ky-tuple
/u'(Qv F) = (5‘1713(97 F)a ceey 5"%175(97 F)v AT 77kz,2)ord

(in the case kg2 = 0, we mean that no +y is involved, so that u(Q2,T) = (5\1,5(9, r),..., /N\kewg(Q, r)).
If we set

Fy (D) = f (o, (1), o, (2,T)),
then problem (6.15) is a particular case of the following one:

(6.16) min {FV(Q, I): (Q,T) € ARY) with Per(Q,T) < p} .

Considering the more general problem (6.16) makes it easier to formulate the induction scheme
needed to prove existence: more precisely, the dichotomy case for problem (4.3) forces to consider
problems of the form (6.16).

The following result holds true.

Theorem 6.3. Problem (6.16) admits a bounded minimizer.

Notice that in principle not every minimizer is bounded: this is because some coefficients are
"frozen” and set equal to 1, ...,Vk,, (think of F(Q,T) = Az 5(€2,T') and fix 71 < min{Ag (2, T) :
Per(Q,T) < p}).

Proof. Let us divide the proof in two steps.
Step 1. Let us prove that if problem (6.16) admits a minimizer (Q,T') € A(RY), then it admits

also a bounded minimizer.
For ¢t € R let us set

Q=N {z <t} and Iy:=Tn{x; <t}

We will show that either (€, T) is bounded in the positive direction x1, or (¢, T';) is a minimizer
for some t large enough: iterating the argument with the negative x;-direction, and repeating the
considerations for the other directions, the result follows.

Let us assume that €2 is unbounded in the positive x; direction. Letting

_1
n(t) := (W) o > 1
Per(Q,Ty)
and considering the dilated couple (€, T;) € ARY) with
Q= n(t)Qy, and T, == n(t)Ty,
the optimality of (,T) and the admissibility of (Q¢,T;) for Problem (6.16) yield
(6.17) E(QT) < (0, T)).

Since A (Q,T¢) — Anp(Q,T) for every h > 1 and 5(t) — 1 as t — +0o, we can assume that
there exists to > 0 such that for every ¢ > ¢y there exist indexes k € {1,...,ke}, ¢ € {1,..., ke1},
and a constant § > 0 such that

(6.18) [1(2, D)k < [(Q, Tl = X526, Te) < Nisp(Q,Te) < [(2,D)]in = 6,

where we mean [1u(Q, T)]k, 11 := [14(Q, )]k, + 1 for k = k. Indeed, if this is not the case (Q,T';)
would be a minimizer bounded in the positive direction ;. Let E} ; be the set of those t satisfying
(6.18): the sets Ej ; cover [t, +oo[ and are in a finite number.
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From (6.17) we infer
Fy(Q4,Tt) — Fy (4, Ty) < Fy(Q,Ty) — F(Q,T).
In view of Lemma 6.1, and of the monotonicity and Lipschitz continuity of f, we have
F (Q,Ty) — B, (Q,T) < CyHN N QN {21 = t})

for some C; > 0 independent of t. Moreover, if ¢t € Ej, ; the Lipschitz estimate from below given
by property (f2) and (6.18) entail

F’Y(Qtu Ft) - F"/(Qh ft) Z C[S\’L,ﬁ(Qtv Ft) - S\’i,ﬁ(Qt7 ft)]7
so that we get thanks to Remark 3.13

;\img(Qth) < S\i,ﬁ(ﬂta ft) + OQHN_I(Q n {:E1 < t})

1 -
< %Ai,ﬁ(ghrt) + CQHNil(Q N {931 < t}),
where Cy := C;C~1. Since S\i’g(Qt,Ft) > (3 on [tg,+oof for every i = 1,..., kg1, we conclude
easily that for a.e. ¢ € [tg, +oo] the following inequality is satisfied

HNLO"(Q\ Q) < CaHN L QN {z, =t)).

where C4 > 0. Following the arguments of Step 2 in the proof of Lemma 6.1, we infer that € is
bounded in the positive direction x1, a contradiction, and the step is concluded.

Step 2. Let us prove existence of bounded minimizers proceeding by induction on the order k;
of the highest eigenvalue involved.

For k;, = 1, since f is increasing and taking into account Remark 4.4, minimizers are balls of
perimeter p. Let us now assume that a bounded minimizer exists for functionals with k; < k, and
let us prove it for ky < k + 1.

Let (©,,T,)nen be a minimizing sequence for problem (6.16). We can assume that

Per(Qn,,T,) = P,
where p > 0 is the minimal value which can be achieved in the limit by the generalized perimeters
of a minimizing sequence. The fact that p > 0 is due to the fact that otherwise we would have
|2,| = 0, and then F.(Q,,T,,) — 400 thanks to property (f1). We can assume moreover
lim [Q,|=m, with0<m < +oo.

n—-+oo

Let us apply, as in the proof of Theorem 4.3, a concentration-compactness argument to the
sequence (g, )nen. The vanishing case, as above, cannot occur. If compactness holds true, thanks
to the monotonicity of the function f we obtain the existence of a minimizer (Q2,T) € A(RM): in
view of Step 1, we can assume that it is also bounded.

In order to get the conclusion, we need thus to deal with the dichotomy case. Following the
arguments in the proof of Theorem 4.3, and using the Lipschitz continuity of f, we come up easily
with a minimizing sequence of the form

(Qn,l U Qn,Qa Fn,l U Fn,Z)nENa
where 2, 1 and Q,, 2 are well separated with
%“(Qn,l,rn,l) =p and %"(Qn,Qarn,Q) = pa,
D1,D2 > 0 and p1 + p2 = p. We know that the spectrum of (2,1 U, 2T, 1 U, o) is given by the
union of those of (,,1,I'y,1) and (2,1, 2) by the formula

Meg(Qn1UQpo, T 1 UT,0) = min max {;\i,ﬁ(Qn,ly '), S\k—i,ﬂ(Qn,%rnQ)} .

1=0,...,
We observe that the eigenvalues appearing in the computation of F.,(Qp1 U Q2,11 Ul 2)
involve both (Q,1,T, 1) and (€, 2,T', 2): otherwise, if for example only those of (€, 1,T',1) were
involved, then (Q, 1, 1) would be a minimizing sequence with a perimeter below the minimal
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threshold p, which is impossible. As a consequence, up to a subsequence, we may assume that the
computation F,(Qp 1 U Qy 2,T5 1 ULy, 2) involves the ordered kg-tuple

({S‘i,B(Qn,lvFn,l)}izl,...,kilv{;\j,B(Qn,ZaFnQ)}j:l k2 A=t k)

k2
where kj , k7, > 0 are independent of n with kj, + k7, = ke1.
Thanks to assumption (f1), we can assume that

)\i,,B(Qn,th,l) — 51’ >0 and )\j’ﬁ(ﬂm%rn’g) — N > 0

for every i =1,...,k;y and j=1,...,k7 ;.
Let (A*,I'*) be a bounded minimizer of the functional

under the perimeter constraint ps, where
0F == S\iﬁ(A*,I‘*).

The existence of (A*,T'*) and (B*, K*) is guaranteed by the induction step. It turns out that we
can put the two configurations at a positive distance in order to create (A*UB*, T*UK*) € A(RY)
with generalized perimeter equal to p. We get easily that (A* U B*, T U K*) is a minimizer of the
problem. Indeed using the Lipschitz continuity of f

lim inf F'y(Qna Fn) = lim inf F’y<Qn,1 @] Qn,27 Fn,l @] Fmg)

n—-+oo n—-+o0o

= lim inf f(({j‘l(Qn,lv Fn,l)}’ {5‘1(97L,2a Fn,2)}7 {’Yh})ord)

n—-+oo

= lim inf FOEA( R0, To )} s A D) = F{87 Y s} L))
= timinf £(({07}, {3602 Tn2) 1 {0 1))
> f((PAis (A% T Ay s (B K} A7) = By (A" U B*, T  UK™),
the last inequality coming from the monotonicity of f and the fact that, as ordered ky-tuples,

({Aes(A"UB* T* UK bemr ks {0 =1, ke )

O
We are now ready to prove Theorem 4.5.

Proof of Theorem 4.5. The existence of bounded minimizers follow from the more general re-
sult given by Theorem 6.3. The density issue concerning Lipschitz domains follows from the
monotonicity of f together with Theorem 5.4 and Remark 5.5.

In order to conclude, we need to show that every minimizer (2,T") is bounded. Indeed, following
the arguments of Step 1 in the proof of Theorem 6.3, since no 7 is involved, the strict monotonicity
of f entails that the key inequality (6.18) is always satisfied, which yields the boundedness of Q. O

Remark 6.4. The result for the perimeter penalized version of the problem given in Remark 4.6
follows easily by slightly modifying the arguments of the proof of Theorem 6.3 and dealing with

(Q,T) — F,(Q,T) + APer(,T).
Boundedness of every minimizer follows from the fact that minimality entails
A [Per(,T) = Per(Q,T4)| < F(Q4,Ty) = F(,T) < CHY Y@ {1 = 1})

which yields
HNLO"(Q\ Q) < CLHYN Y QN {z, =t})
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for a.e. t large enough, from which boundedness follows.

As far as existence is concerned, only the dichotomy case needs some small modifications:
in particular the configurations (A*,T*) and (B*, K*) constructed by considering the associated
problems with fized perimeters p; and ps are still sufficient to get the conclusion.
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