SINGULAR ORTHOTROPIC FUNCTIONALS
WITH NONSTANDARD GROWTH CONDITIONS

PIERRE BOUSQUET, LORENZO BRASCO, AND CHIARA LEONE

ABSTRACT. We pursue the study of a model convex functional with orthotropic structure and
nonstandard growth conditions, this time focusing on the sub-quadratic case. We prove that
bounded local minimizers are locally Lipschitz. No restrictions on the ratio between the highest
and the lowest growth rates are needed. The result holds also in presence of a non-autonomous
lower order term, under sharp integrability assumptions. Finally, we prove higher differentiability
of bounded local minimizers as well.
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1. INTRODUCTION

1.1. Overview. In this paper we expand on the gradient regularity theory for minimizers of func-
tionals from the Calculus of Variations, having an orthotropic structure, in the nonstandard growth
case. This may be seen as a follow up of our previous papers [9] and [12].
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Specifically, for an open set @ C RY and a set of exponents 1 < p; < --- < py, we take the
anisotropic Sobolev space Wi)’cp(Q), defined by

loc

WiP(Q) = {u € Lhe(Q) © uy, € L(Q), i = 1,0+ N }.

1
loc

Y1
Fo(u, ) = —/ Ug,
)= [

In the superquadratic case, i.e. for

Given a function f € Li (), we consider the following functional

Pidy — /Q fudz, for u € W,-P(Q) N L2 (Q) and Q' € Q.

2<p < <pny <00,

and for f = 0, it has been recently proved in [9] that any local minimizer U € W,-P(Q) 0 L>(9) is
such that

Py

—2 1,2 .
T U, e W 2(Q), fori=1,...,N.

loc

VU € L2 (Q,RY) and U,

The main goal of this paper is to address the same kind of regularity issues, again for bounded local
minimizers, this time in the subquadratic case

I<pr<---<pnv<2

However, we will obtain some regularity results which actually hold in the full range 1 < p; < --- <
pN < 00, see the next section for more details.
We recall that u € I/Vlicp (Q) N L () is a local minimizer of §p in Q if

loc

Sp(u, Q) < Fplp, ), for every ¢ —u € Wy P(Q') N L=(Q') and every Q' € Q.
Here we denote by W, P (') the completion of C§°(€') with respect to the norm
N
p e CgO(Q’) — Z ||9090L LPi(Q)-
i=1

By convexity of §,, we have that u is a local minimizer if and only if it is a local weak solution in
WEP(Q) N L (Q) of the quasilinear equation

loc loc
N
- § (‘uxz
=1

This can be seen as a particular instance of elliptic equation in the wide context of Musielak-Orlicz
spaces, see [18] for a comprehensive study on the subject.

We emphasize the fact that in this paper we just consider bounded minimizers u. As a conse-
quence, we discard a priori all the counterexamples to regularity arising in the literature related
to nonstandard growth variational problems, see [38, 40, 51]. For completeness, we mention that
the boundedness of minimizers in this setting has already been extensively studied, see [37] for the
homogeneous case f = 0 and [20, 21] for the non-homogeneous one, see also [25, 26, 27, 28, 44].
Moreover, we ignore the problem of the existence of a minimizer in WP, for which we would also
need to assume that f belongs to a suitable dual Sobolev space. Here instead, we assume a priori
to have a bounded minimizer U and focus on identifying sharp conditions on the function f needed
to obtain its Lipschitz continuity and higher differentiability.

The main feature of all our regularity results will be that we do not need to impose any restriction
on the ratio py /p:1.

pi—2 qu-,) =, in Q.

i
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We refer the reader to our previous papers [9, 11, 12] for an introduction to the realm of gradient
regularity for minimizers of orthotropic functionals (see also [29] for an approach based on viscosity
methods). We just recall here that already for the standard growth case p;1 = py = p, the
superquadratic case p > 2 is much more involved than the case of the model functional

L(u; Q') = / |Vu|P dz, for u € W.P(Q) and Q' € 9,
Q/

as far as the regularity of the gradient of local minimizers is concerned. On the other hand, the
subquadratic case 1 < p < 2 is simpler, in a sense: the Lipschitz continuity for minimizers of
orthotropic functionals is a consequence of a general result due to Fonseca and Fusco [36, Theorem
2.2], as observed in the introductions of [11] and [12].

In particular, it seems natural to try to adapt the techniques used in [36] since they allow to
establish the Lipschitz regularity for the subquadratic case when p; = py = p < 2. However,
we stress that in the case p; # py, our functional pertains to the class of variational problems
with nonstandard growth conditions, following the terminology of Marcellini in [49, 50]. Then it
couples in a nontrivial way the difficulties coming from the two situations: orthotropic structure
and nonstandard growth conditions. Thus, even if our proof of the Lipschitz regularity is inspired
from [36, Theorem 2.2], nontrivial adaptations and intermediate results will be needed.

Finally, it is worth recalling that, in spite of a large number of papers and contributions on
anisotropic problems (including for example [5, 7, 15, 17, 34, 35, 41, 42, 43, 53, 57]), a complete
gradient regularity theory is still missing, even for the case of orthotropic structures. Moreover, we
recall that the basic regularity for local minimizers of §p (i.e. C%* estimates, Harnack inequalities,
and an extension of the De Giorgi’s regularity theory) is still not fully understood, see however
[1, 3] and [48] for some results.

1.2. Main results. Our first result is an higher integrability statement, which is valid without any
restriction on the exponents p;. As we will see in a while, this will be instrumental to the two main
regularity results of this paper. In what follows, we use the notation

Al
(1.1) Go(Vu) = <Zpuxi m—1> +1,
JF

i=1 1"

where (-); stands for the positive part. This function naturally arises from the principal part
of §p. It encodes in a natural way the full summability informations for each component of the
gradient. A similar idea has been considered for example in the papers [2, 23, 24], dealing with the
so-called double phase problems.

Proposition 1.1 (Higher integrability: general growth). Let 1 < p; < -+ < py < oo and let
feLl.(Q), for somey > 2. Then for every local minimizer U € Wﬁ)cp(ﬂ) N L2 (), we have

loc loc
Go(VU) € L] (D).
Moreover, for every ball Br(xg) € Q2 such that Byr(zo) € Q, as well, we have

Bg(mo) BR(ﬂCo)

for two constants 'y, Ty > 0 which depend only on

N, pny p1s Vs By | fllov (Ban(zo)) and |U|| Lo (B g (20))-
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Theorem L (Lipschitz regularity: subquadratic growth). Let 1 < p; < --- < py < 2 and let
[ € LL.(Q), for some v > N. Then every local minimizer U € Wlicp(Q) N L2 (Q) is locally
Lipschitz continuous. Moreover, for every ball Br(xzg) € Q such that Bygr(zg) € 2, we have

N~

1 ”’N Xy
||g0(VU)HL°°(BR/4(m0)) <C R% (Fl + 1 /BR(:cO) gO(VU) d.i?) + Hf”L’v(BR(a;O))

X 1Go(VU)l L1 (B (a0)) -
for some C = C(N,pn,p1,7) > 0 and for the same constants I'1, T2 as in (1.2).

Observe that the assumption v > N is sharp (in the scale of Lebesgue spaces) to obtain the
Lipschitz continuity of U. Actually, this is already true when p; = --- = py = 2. It is a remarkable
fact that, even in the orthotropic case with nonstandard growth conditions, this universal assump-
tion on f still leads to Lipschitz continuity. We refer the reader to [4] for a wide class of variational
problems (not including orthotropic structures, however) where this same condition is known to
guarantee Lipschitz continuity of local minimizers.

Theorem S (Sobolev regularity: subquadratic growth). Let 1 < p; <--- <pn <2 and let

1+ 2
(1.3) f € Lloc (Q)'
Then for every local minimizer U € W,2P(Q) N L. (Q) we have
W, = Uy, | "7 Uy, € Wh3(Q), fori=1,...,N,
and
U, € WLP(Q), fori=1,...,N.

Moreover, for every ball Br(xg) € Q2 such that Bir(xo) € Q, we have for everyi=1,..., N

N 2 C 2 _1 1+-2
E dr < — | I'1+ 1T Go(VU)dx | + C RP |f|" "7 da,
i=1 B%(IO) R Br(zo) Br(zo)

and

VW;

IVUz,

2
L2 Bnyateo) BY) S - Uil (3 wopy IV WVill 2B a0 2,

for some C' = C(N,pn,p1) > 0 and for the same constants T'1, Ty as in (1.2), corresponding to the
choice v = (p1 +2)/p1-

1.3. Comparison with known results. In the homogeneous case f = 0, Proposition 1.1 can be
obtained as a consequence of [46, Lemma 4.2]. In the superquadratic case p; > 2 and still for f =0,
an alternate proof can also be found in [9, Proposition 6.1]. We present here a new proof that takes
into account the presence of the forcing term f. Our argument is certainly more elementary than
the one in [9], and arguably more natural in our setting than the one in [46], in the sense that it
strongly relies on some tools that will be repeatedly used in the proofs of the other main results,
see the next section for further comments.

Theorem L is the counterpart for the subquadratic case of our previous result [9, Theorem 1.1], which
deals with the superquadratic case. We shall explain in the next section why the two situations
require different arguments. We point out that experts in the field may recognize Theorem L (and
[9, Theorem 1.1], as well) as a particular case of the main result in [46], at least in the homogeneous
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case f = 0. However, it turns out that the proof [46, Proposition 2.1] is affected by a crucial flaw,
we refer the reader to [9, Remark 1.4] for a detailed discussion on this delicate point. In any case,
it is fair to admit that some other parts of Lieberman’s paper [46] have been an important source
of inspiration for the proof of Proposition 1.1.

In [33, Corollary 3.4], the authors prove the local Lipschitz continuity of local minimizers (not a
priori bounded) of the following functional

Y1 2N
2\ Pi
(1.4) Zpi/(lﬂuM )Fde,  for < S<py <2

Observe that such a functional has an orthotropic structure, with nonstandard subquadratic growth
conditions, exactly as our §,. However, it should be noticed that the functional (1.4) is neither
degenerate mor singular: this is the crucial difference with our case. Indeed, the Hessian of the
function

Al |
:E —(1422)7, for z = (z1,...,2n) €RY,
— Di
=1
satisfies

(p1 — 1)1+ [z < (D*G(z)¢€,€) < [¢]%, for z,& € RV,
This property fails to be satisfied by our functional, where the integrand is given by

N

(1.5) G(z) = Z l|zi|p’i7 for z € RV,
—1 Pi
=1

Even worse, in contrast with the general framework of [33], in our situation there is no continuous
functions hy, he : [0, 4+00) — [0, +00) such that

ha(l2]) [€1* < (D?G(2)€,€) < ha(|2]) €, for z,¢ € RY,
even for large values of z. Indeed, D?G(z) is given by the diagonal matrix
(p1 — 1) 2112
D*G(z) = )
(pyv = 1) [an [P =2
and each entry on the diagonal blows-up as the corresponding component of z vanishes.

As for Theorem S, we observe that this may be seen as a generalization of the following classical
result for the p—Laplacian: for 1 < p < 2, any local weak solution u € VVl(laf(Q) of

—div(|Vu[P~?Vu) = f, in Q,
belongs to I/Vlif (), provided f € LIOC(Q) (see for example [31]). The reader may notice that for
p1 = pn = p our assumption (1.3) boils down to

fe Ll (), for v > 1+2‘
p

Since for 1 < p < 2 we have 14 2/p < p/, this is a weaker requirement when compared with the
classical result recalled above. This is not surprising, since we are now assuming that u is a priori
bounded. Such an assumption is responsible for this new feature. In the standard growth case, this
has been recently observed in [22, Theorem 1.2].
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Higher differentiability of local minimizers is a well-studied problem: for the specific case of
orthotropic functionals with subquadratic nonstandard growth, some prior results can be found for
example in [5, Theorem 3], [6, Corollary 1] and [17, Theorem 2].

Finally, in the superquadratic case p; > 2, as already recalled the counterpart of Theorem S has
been obtained in [9, Corollary 7.1], for f = 0. In the case of a right-hand side f # 0, some results
have been obtained in [14, Theorem 1.1] and [53, Corollary 2] (see also [55, Proposition 3.11] for
an approach based on convex duality, leading to global estimates on the torus).

Remark 1.2 (On the C! regularity). In dimension N = 2, the C! regularity of a Lipschitz local
minimizer essentially follows from [30, Theorem 1.1], both in the cases ps < 2 and p; > 2, provided
that f = 0. This assertion is detailed in [8], where the “mixed” case p; < 2 < py is considered,
as well. For a slightly different approach, see [47] when p; > 2 and [54] when p; = pa < 2: these
references still deal with the case f = 0. In the non-homogenous case, the strategy followed in [10]
(and originally written for p; = ps and f = 0) could be adapted to more general situations, provided
f satisfies suitable differentiability and summability conditions. In any case, the C' regularity of
local minimizers when N > 3 is entirely open, even for p; = py and f = 0.

1.4. Structure of the proofs. The proofs of Proposition 1.1, Theorem L and Theorem S are
based on a classical three steps strategy. We first approximate our local minimizer U € VVlicp Q)N
L2 (2) by a sequence of minimizers {u®}.s¢ of regularized functionals §p . having good smoothing
properties. We next obtain uniform a priori estimates on these minimizers. Finally, we pass to the

limit in order to transfer these a priori bounds to U.

The first step is usually quite easy, it is sufficient to perturb the initial functional by adding some
uniformly convex e—perturbation and possibly smooth out the coefficients, for example by replacing
f with its mollifcation f€. This regularization strategy allows to avoid the usual difference quotient
method, and the technicalities that go with its use in the nonstandard growth setting. However,
here we face a first difficulty: remember that we are not assuming f to be in the correct dual Sobolev
space. This also entails that we do not have a good a priori L™ estimate at our disposal. Thus,
such an approximation has to be handled with great care. We circumvent this technical difficulty,
by adding a nonlinear lower term in the regularized functional, which forces the minimizers u® to
be bounded, with a uniform L>° bound which only depends on the local L* norm of U (see Lemma
2.4). This is a technical aspect of the proof, which we believe to have its own interest. We note
that this approach has features in common with [16].

The core of the matter is next to establish the a priori estimates for the gradient of u®, the minimizer
of the regularized functional §p .. As for the estimates leading to Proposition 1.1 and Theorem L,
these are achieved by means of Moser—type schemes: a slow one and a fast one, respectively.

The cornerstone of these schemes is a Caccioppoli inequality for power functions of the gradients
(see Proposition 3.1). In a simplified way, for every v > 0 this reads as

(1.6) ﬁ N

where G is the same function as in (1.5). Here, for simplicity, we put f = 0 and write u in place of
u®.

Observe that on the left-hand side of (1.6) we have a weighted gradient of a power of G(Vu):
the weights |u,,|Pi~2 are the typical feature of degenerate/singular orthotropic functionals. The
main difficulty in getting regularity results out of this estimate is precisely due to their presence.

2
dr < (a+ 1)2/G(vu)°‘“*m dz,

(6vw™),
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In contrast with the Caccioppoli inequality previously obtained in [9, Lemma 3.1] to handle the
superquadratic case p; > 2, now these weights do not pop-up on the right-hand side. This is a
crucial ingredient of the estimate: indeed, no control from above would be possible on |u,,|Pi=2 if
pi < 2.

Not surprisingly, the proof of (1.6) relies on the differentiated Euler-Lagrange equation, which
is nothing but the equation solved by the components of Vu®. In a nutshell, the idea to reach
such an estimate not containing the nasty weights |u,,|P*~2 on the right-hand side, is that of using
an integration by parts trick: this permits to trade the presence of the term D?G, with the more
tractable one DG. This idea is certainly not new in the context of singular variational problems:
it goes back at least to [52], and has then become standard in the field.

However, as natural as this idea may appear, its technical implementation in our context needs
some efforts: in particular, a careful choice of the test functions for the differentiated equation has
to be done. Such a choice must reflect the algebraic structure of the operator, in a sense. Without
entering too much into the details, we refer to the proof of Proposition 3.1 below. The choice of the
correct test functions here has been suggested to us by [46], even if our choice seems to be simpler
and more natural.

The Caccioppoli inequality (1.6) is first used in the proof of the higher integrability result of
Proposition 1.1. More specifically, it permits to obtain a self-improving estimate of the type

(1.7) /G(Vu)ﬁJrl dr < |jul|? - B2 /G(VU)BH*% dz.

This is the slow Moser’s iteration scheme we were referring to above: by iterating (1.7) a finite
number of times, we can conclude that G(Vu) (and thus Vu itself) can be estimated in L9, for
every finite ¢ > 1. Observe that the additive integrability gain at each step and the presence of the
factor 42 on the right-hand side make the previous scheme not suitable for being iterated infinitely
many times. This explains why we cannot reach the limiting case Vu € L* with this approach.

Estimates like (1.7) are quite typical in the Regularity Theory, both in the contexts of standard
and nonstandard growth problems (among others, see for example [32, Proposition 3.1] and [19,
Theorem 3], respectively). Usually, they are obtained by coupling an integration by parts, with a
Caccioppoli inequality for the gradient, like the one (1.6) at our disposal. The L* bound on the
solution is used to treat the solution itself as a constant in the estimates.

We stress here that in this part of the proofs we do not need the restriction py < 2. Thus, in
particular we can extend and simplify the higher integrability result we previously obtained! in [9,
Proposition 4.3].

With the aid of (1.7), in the case py < 2 we can transpose to our situation the typical absorption
trick which lies at the basis of the Lipschitz estimate for the standard p—Laplacian (see for exam-
ple [32, Section 3]). Up to some nontrivial technical issues, this consists in observing that when
G(Vu) > 1, we have

p1—2

Jug, [P 7% 2 G(Vu) 7, since p; — 2 <0,

IThere is however a subtle detail here: the result in [9] was obtained through a complicate self-improving iterative
scheme (inspired from that of [7, Theorem 1.1]), which was not of Moser—type. Actually, this was much more
sophisticated and could be roughly described as follows: improvement of integrability of N — 1 components of the
gradient entails that the missing one improves its integrability as well.
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and thus

(1.8) i/wT : dxzi/‘(G(VU)af_;l)x 2

The weights |u,,|Pi~2? have then been absorbed into a suitable power function of the gradient. In
this sense, in the case py < 2, the presence of the weights |u,,|Pi~2 on the left-hand side of (1.7)
helps, more than it hurts.

At this point, by joining (1.8) and (1.7), the orthotropic nature of the problem completely dis-
appears and we simply fall into the realm of nonstandard growth problems. A standard application
of the Sobolev inequality makes then possible to launch a standard Moser’s iterative scheme (i.e. a
fast one, with a multiplicative gain of integrability at each step). This permits to reach an L>° — L4
estimate on G(Vu), after infinitely many iterations. This is not the end of the story. Indeed, we
still have to pay attention to a detail which is quite typical of the nonstandard growth case: the
exponent ¢ in this a priori estimate could be too large. However, this preliminary estimate can be
“rectified” by combining the higher integrability result of Proposition 1.1 together with an inter-
polation trick which decreases the initial integrability requirement on G(Vu). We then finally get
a L — L' estimate on G(Vu), as desired.

pi—2

dzx.

(G(Vu) = )

X4

In contrast to Proposition 1.1 and Theorem L, the proof of Theorem S does not rely on the Cac-
cioppoli inequality of Proposition 3.1. The proof follows the same idea as in the case of the result
for the familiar p—Laplacian, for the case 1 < p < 2: we test the differentiated equation with the
gradient itself u,, and perform an integration by parts as in Naumann’s trick [52]. Again, this
permits to avoid using the undesired upper bound on the Hessian D?G. In order to conclude, one
has to control from above terms of the form

pi—1

Observe that for every k # i, the two terms are completely decoupled. However, when p; < 2, we
can simply estimate this term from above by Young’s inequality
2(pi—1)

Uz |u$i|pi_1 S |u$k|pk_2 |uwk:vk|2 + ‘u$k|2_pk |tz

The first term is absorbed on the left-hand side, while the second term can be estimated from
above by means of an integrability estimate (here we rely again on the information provided by
Proposition 1.1). This explains why we require py < 2 in the statement of Theorem S.

1.5. Plan of the paper. In Section 2, we present the approximation scheme and some basic
material used all along the paper. Section 3 contains the crucial Caccioppoli-type inequality for
the gradient (Proposition 3.1). The latter is exploited in Section 4 to perform the slow Moser
iteration leading to the higher integrability estimate needed in Proposition 1.1. The Lipschitz
bound related to Theorem L is proved in Section 5, while Section 6 is devoted to the proof of the
higher differentiability estimates corresponding to Theorem S. Then, in Section 7, we eventually
prove our three main results by passing to the limit in the approximation scheme. Finally, for
completeness, we include in Appendix A the proof of a maximum principle ensuring the uniform
boundedness of the approximating sequence.
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2. PRELIMINARIES
In this section, we fix
1<pr <pp <+ <py <00

2.1. Some auxiliary functions. For every ¢ = 1,..., N and ¢ > 0, we define

1 i
(2.1) gie(t) = —(e+ t2)%, for every t € R.

7

Lemma 2.1 (Sub-quadratic case). Let 1 < p; < 2. Then for every t € R, we have

(2.2) (pi— 1) (e +12)"7 < gl (t) < (e + 1),
1/ »
(2.3) gie(t) < - (% 4 gl (1),
.
(2.4) 19O < P 61 (0) 93 0)

Proof. The second derivative of g; . is given by

Pi—2 pi—4

Gty =(E+)"T + (i —2) (e +t1)"T 2= (e +17)

pi—2

(1+(p1'2)5ft2>.

In particular, by using that p; — 2 < 0, we easily get (2.2).
We also observe that

1 1 pie 1 pi= T gt
gy = Lttt = L)y P or Leqpyrtpc s (0l

i Di Di Di Di

Pqi
2

which proves (2.3).
Finally, (2.4) follows by writing

Pi—2 P4 Pi—2

(c+)" T 2 < (e +2)"7 (c+1)7,

19 (O = (e +1%)

and then using the definition of g; . and the lower bound in (2.2). O

Lemma 2.2 (Super-quadratic case). Let p; > 2. Then for every t € R, we have

pi—2 pi—2
)

(2.5) (e+t*)7 <g/.(t)<(pi—1)(e+1t°) 7

pPi—2
2

(2.6) 9ie(t) <

(=% +g.001),

4

(2.7) 19 (O < pi g7 (t) 9 ().
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Proof. The proofs of (2.5) and (2.7) are similar to those of (2.2) and (2.4) respectively and we omit
them. In order to prove (2.6), we use the convexity of the map 7+ |7|P/2. This implies

(2.8) gie(t)= = (e +t)7 < o is pi> |

1 P 3 ( Pi
Y23 Y23

[tPe = [t 2 < (e 4 £2) 7T ()t
By combining the last two inequalities, we get (2.6). |

We then observe that

We also define the function

N
(2.9) Ge(z) = Zgi,s(zz

which will play a crucial role in our estimates. The next result holds without any restriction on p;.

1 L

—E—I—Z 2,
1 Di

an

Lemma 2.3. For every z = (z1,...,2y) € RN and everyi=1,...,N, we have
pN—1 =1
(2.10) 19, (20)] < PN Ge(2)'F

Proof. By recalling the definition of both g; . and G., we have

pi—1

pP; P
i pi—1 pi—1

pi—1 -
|g;,5(zi)| < (5+ |Zz|2) 2 (pz gzs Zz pl (Zpk gks Zk ) Sprl GE(Z) Pio.

By using that py > 1 and that p; < py, we can estimate the last term from above as claimed. [

2.2. Regularized problems. We will use an approximation scheme which is similar to that al-
ready used in our previous papers, starting from [11, Section 2]. We want to consider local mini-
mizers of the following convex integral functional

N
1
o)=Y [ o

The function f is assumed to belong to L{ (€2). In the rest of the paper, we fiz U € VVI})CP(Q) N
L2 () a bounded local minimizer of §p. We also fix a ball

B & suchthat 2B & as well
Here by A B we denote the ball concentric with B, scaled by a factor A > 0. We set
di f B
co = min {1, PEREE L

For every 0 < & < o, we denote by g the usual Friedrichs mollifier, supported in a ball of radius
¢ centered at the origin. For every x € B, we then define

Uf(z) = U * g () and fe(x) = f x o0 ().

Pidy —/ fudz, uwe WEP(Q)NLE.(Q), U eq.
Q/

loc

Finally, we set
M = ||UHLoo(QB),
and take (¢ to be a C'*° function of one variable, such that

N con | M, ift>M+e,
<(¢°) <1  and C(t)—{_M, ift<—M—¢,
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and such that
lir% 1€5 = Cllem) =0, where ((t) = max { min{t, M }, fM}, for t € R.
e—

By recalling the definition (2.1) of g; ., we then define the regularized functional

N
%Awm=;;LmAwJM—AJ%ﬂwM.

Lemma 2.4 (Existence and regularity of a minimum for §p ). For every 0 < e < gq, the problem

(2.11) min {SRE(U;B) cv—U*® € Wol’p(B)},

admits a solution u, which belongs to C°>°(B). Moreover, for every 0 < & < &g, we have
[u]lLo(B) < M +e.

Proof. We first show that we can apply [56, Theorem 9.2] and get existence of a solution to

(2.12) min {gw(u; B) :v-Ue W&"’O(B)} .

For this, we check the required assumptions. We first claim that for every z,& € RY

Ve := min {pl — 1,5pN2_2} >0,

. p1—2 1
T.—mm{O, 5 }> 3"

N N
STz € > min{p; — 1,1} (e +22) "7 €2,
=1

=1

N
(2.13) Y ool(z) & Zve (L )P, with
i=1

From (2.2) and (2.5) we get

Then we observe that if p; < 2, then p; < 2 and we can write:

D,

i—2
min{p; — 1,1} (e +27) 7 > (p1 — 1) (1 + |2*)
If instead p; > 2, then

p1—2
2

=(p1—1) (1+ 2"

Pi— PN —2 PN—2
2

min{p; — 1,1} (¢ + z7) = > > .
Thus, in both cases, (2.13) holds.
As for the lower order term, observe that the smooth function h®(x,u) := f¢(x) (¢(u) verifies
Oh®
Oou
Finally, the uniform convexity of B and the smoothness of U® entail that the latter satisfies the
bounded slope condition.

Then [56, Theorem 9.2] yields the existence of a solution to (2.12). Since all the data are
smooth, [56, Theorem 9.3] implies that u® € C°°(B). We claim that u® is a solution of (2.11), as
well. Indeed, by using [13, Theorem 1.1], for every v € U + WO1 "P(B) we can infer the existence of
{vF}ren C US + Wy >°(B) converging to v in W1 (B) and such that

N N

lim /gi,E vf, dxr = /gi,6 Vg, ) dT.
jin 3 [ ocityir =3 [ oo

=1

(L+ =)

(z,u) =0, for every (z,u) € B x (R\ (M — &, M +¢)).
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By the dominated convergence theorem and the uniform boundedness of (¢, we also have

lim / e de :/ fF¢ () de
k—o0 B B
This proves that there is no Lavrentiev phenomenon for §p ¢, that is

Sp.e(u’; B) = m}noo Spe = inlf Sp.e-
Us+ W2 > (B) Us+W2P(B)

Thus, we get that u® solves (2.11), as well. Finally, the claimed L* estimate readily follows from
Lemma A.1 in the Appendix. (|

The smooth minimizer u® satisfies the Euler-Lagrange equation

(2.14) Z/glE =) Pu, dr = /f8 %) (uf) pdu, for every ¢ € Wy 'P(B).

For every k = 1,..., N, one can insert test functions of the form ¢,,, with ¢ € C? compactly
supported in B. By integrating by parts, we then get the equation for the partial derivatives of u®

(2.15) Z/gm ug ) Ug, 4, Pa; dx:/(fs (¢ (us))rkgpdx7 for every k=1,... N.

As usual, by a density argument, the equation can be tested by any ¢ € Wol’p(B).

The first ingredient of our recipe is a simple a priori estimate, which is essentially the same as
in [9, Lemma 2.1]: the only difference is the presence of the non-autonomous and nonlinear term
£ ¢ (v), together with a slight modification of the function g; ..

Lemma 2.5 (Basic energy estimate). For every 0 < € < gq, the following uniform estimate holds

N 1 N 1

. . P1
> [ wepas<o (E | Wl da e +f||L1<QB>),
i=1 1" i—1 Dt

for some C = C(N,B,p, M) > 0.

Proof. By testing the minimality of u® against U¢, we obtain

Z/gza dx<2/gm Uy [ () - ) ds

The convexity of the function g; . allows to apply Jensen’s inequality in connection with the fact
that U® is defined by a convolution. This gives

/gzs(U )dx</gi,s(Uzi)*Qssz/ gi,s(Uri)dI-
B 2B

By using also that g; (t) > |t

N

1
>
- Pi /B

Pi /p; and the 1—Lipschitz character of (¢, we get

N
JPeda < Z/ U)ot [ 171107 o] de
i— 2B B

< Z/ 61 (Us) 4z + ot | 1223,
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where C)y is a positive constant which only depends on M. We finally rely on (2.8) when p; > 2
or the subadditivity of ¢ — |¢|® when p; < 2 to obtain

Pi—2

max{l,Q 2 } o
——= (e + |t

(2.16) gie(t) <

pi
p; )
This concludes the proof. O

In view of our goal, we need a convergence result for the minimizers {u®}o<.<c,. This is the
content of the next lemma, which is an extension of [9, Lemma 2.2].

Lemma 2.6 (Convergence to a minimizer). With the same notation as above, we have

N

=1

for every 1 < g < .

Proof. The proof goes as in [9, Lemma 2.2]. We repeat the argument, since this gives us the occasion
to fix some missing details in [9]. By using the uniform estimate of Lemma 2.5 and the definition of
Ue, we get that {u® — U®}g<c<e, is a bounded family in Wol’p(B). Thanks to Lemma 2.4, we also
have that {u® — U®}o<e<e, is a bounded family in L>°(B). From these two facts, we can infer the
existence of an infinitesimal sequence {e }ren C (0, 0] such that {u — Uk }1cn converges weakly
in Wy'P(B) and almost everywhere to a function ¢ € W, "®(B) N L>(B), in the sense that

lim [ (u —U®*)pdx = / ppdr, for every ¢ € L'(B),
k—o0 B B
and
lim [ (u® —Usk)wigodsc:/ ¢z, pdz, for every o € L¥{(B),i=1,...,N.
k—o0 B B

By recalling that U®* has been constructed by convolution, we also have that it converges strongly
in WP(B) and almost everywhere to U. This permits to conclude that {u* },ey converges weakly
and almost everywhere to u := ¢ + U. We need to prove that actually v = U. With this aim, we
test the minimality of each u®* against the function U%*. Thus, by lower semicontinuity of the LP:
norms, we can infer

1
i—1 Pi /B

Pi dz

N
: .. 1
Pi dx < liminf Z — / |ug”
k—o0 = pi JB '

N
1
<liminf Y = [ gio (uh)d
"R S /Bg“’“(u“) !

(2.18) N

lim Zi /Bg@gk (U;f) dr — /B fen (C€k (UeF) — ¢o* (uak)) dx

k—o00 4
=1

Mo
- U,.
;pi/B| !

Observe that for the convergence of the lower order term, we used that f¢* converges strongly in
LY(B), that U®* and u* are equibounded in L*°(B) and converge almost everywhere to U and u

IN

Py /B £ (C(U) = ¢(u)) de.
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respectively and that (°* converges uniformly to the Lipschitz function {. This shows that

N N
— umipid:rf/ fl(u)dx < —/ U,
;pi/B ' 'o% @) ;pi B| '

The L*°-boundedness of u* proved in Lemma 2.4, gives that |u| =gy < M. A similar estimate
holds for U by assumption. Since ((t) = ¢ for every t € [-M, M], one gets

Fp(u; B) < Fp(U; B).

pidx—/ﬂ/fg(U)dx.

By the strict convexity of the functional §p, the minimizer must be unique and thus we get v = U,
as desired.
In order to prove (2.17), we can adapt the argument of [9, Lemma 2.2]. By (2.18) we get

N

N
1 1 .
2.19 lim ) — / usH " dr =) — / U, P da.
( ) k%ooiz:;pi B| i ;pi B| $1|
For every i = 1,..., N, we rely on the lower semicontinuity of the LPi norm to get

Dpi d.’E,

liminf/ |u§’“ bi da?Z/ |Uz,
k—o0 B N B

In connection with (2.19), this implies that

. -
Jim [ s
The convergence of the norms, in conjunction with the weak convergence, permits to infer that
(u3r )ren converges to Uy, in LPi(B) for every i = 1,..., N (see for example [45, Theorem 2.11]).
Moreover, since {u®* }ren is bounded by M and converges almost everywhere in B to U, the
dominated convergence theorem implies that (u®*)gen converges to U in L?(B) for every 1 < g < oo.
Finally, we observe that we can repeat this argument with any subsequence of the original family
{uf}e>0. Thus the above limit holds true for the whole family {u®}o<e<e, instead of {u* }ren and
(2.17) follows. O

P da :/ Uy, |P* da.
B

The following technical result is classical in the Regularity Theory. This is taken from [39,
Lemma 6.1] and we state it here for the reader’s convenience.

Lemma 2.7. Let 0 < r < R and let Z : [r, R] — [0,00) be a bounded function. Assume that for
r<s<t< R we have

A B
(E—s)m ' {=s)p

with A,B,C >0, ag > By >0 and 0 <9 < 1. Then we have

20 < (e w03 (o * s+

where X\ is any number such that 930 <A< 1

Z(s) <

-+ CH+DZ(),
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3. CACCIOPPOLI-TYPE INEQUALITIES FOR THE GRADIENT

Throughout this section, we assume that 1 < p; < --- < py, without any further restriction. In
what follows, we will use the function

(3.1) G.(z) = ((Gg(z) -1+ 1), for every z € RY,

where G, is the same function as in (2.9).

Proposition 3.1 (Caccioppoli inequality for power functions of the gradient). Let 1 < p; < ps <
- < pn < 00. For every a > 0 and every non-negative n € C3(B), we have

2
n? dx

Z/gw

(3:2) <Cla+1 /g I (Il + 0 |D%)) da

(719°%),

+C(at1)? / 1F2[2 G (Vuf)® 2 dar,

for some C = C(N,p1,pn) > 0.
Proof. We are going to use a trick based on integration by parts, taken from [52, Theorem 1] (see

also [36]). This permits to circumvent the use of the upper bound on the Hessian of the function
G.. We start by fixing k € {1,..., N} and inserting in (2.15) the test function

p = F(G=(Vu)) gi o (uz, ) 0P,

where F' is a non-negative Lipschitz continuous monotone non-decreasing function, that will be
specified later on. This is a feasible test function, thanks to the regularity of u®. Thus we get

Z [ 05 (FGTN) it

X4

+Z / 0L (5 )5, o, F(Go(Vu)) (gh,.05,)) P da

i

=_92 Z/gze a;kzb F(GE(VUE))gk,E(U;k)UUm dx
+ / (2 (6 (4))ay F(Ge(V0E)) gl (5, ) 1 d.

We observe that

gg,,a (uil) 'Ufi-k x; = (gg’e (ui7)> o
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Then by integrating by parts on the right-hand side® of (3.3), we obtain

Z/gzs ug, ) U, ., ( (GE(VUE)))M gfm(u;k)n2 dx
N
Z / g1 (us)us, o, F(Ge(Vuf)) (92,5(U§k))$i772dx

N
_ Z/gw o) (FGAV)  gh (s, ) e, da

Tk

(3.4)
N
#2) / 0 (5,) F(Co(V00)) (gh(5,)) i, da
Tk
023" [ a5 PGTHN g (05,) e 1+ 10 ,)
i=1
+/(fE(CE)’(uE))zk F(Go(Vu?)) g o (ug, ) n* da.
This is valid for every k =1,..., N, we then take the sum over k.

On the left-hand side, the first term then becomes

> [ o) i (FGV)) | gholus,) o do

i,k=1 !
N

= 3 [letuz) (FG(9uD), (one0,)), nde
7,,1’:?[71 .

=3 [ ) (Fee(vu)) (ngsw%)) 7’ do
i=1 © o \k=1 z;

N
=3 [t ) Gy (6w | pa
i=1 ¢
For the second term of the left-hand side in (3.4), we observe that
N
> [ o) e, PGV (6h005,)) o da
ik=1

2This is the trick in [52] (and [36]) mentioned above.
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and this is non-negative, since each gy is convex and F' > 0. We thus obtain

N 2
> [ g FG(vu)) ‘(C’?(W))z. 7’ do
i=1 ‘
N
b 30 [ ) iy P PGV g, ) o
ik=1

g1 () (F(G(Tu) gh o5, ) nms, da

/
N
+2 Y [ 605 FGT00) (sh.08,) | e, do
/

N
£y / (F(C) (%) )y F(Go(V0)) g (5, ) 0 .

By (2.14), the second term of the right-hand side can be written as

N
(3:6) 23" [ gl PGLTU)) £4(C) () i, d

g;,s (U;,) F(G:(Vu©)) gl/e,e (u;k) (Mg, Nzi + NN, 2),) dx

17

By an integration by parts and (2.14) again, the last term on the right-hand side of (3.5) is equal

to

N
= [P @) (FGATHD) gkl ds
k=1 Tk
+/|fE(C€)'(uE)|2F(Gg(Vue))Ude

N
-2 Z/fE(CE)’(uE)F(GE(VUE))QLE(U;)W% dz.
k=1
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We observe that the third term in the above sum is equal to the quantity in (3.6). Hence, (3.5) is

equivalent to

2
n* dx

L+, _Z [t Fiewe) |(e.m0)

Tq

N
S / G0 S, o P F(Go(Vu)) gl (S, ) P da

ik=1

N
=2 3" [ ghuw) (FGTa)) | dhelus,) i do

ik=1 T

3.7 a
0 Y [ G0 PG £ () e d
i=1

N
+2 ) /9§7a(u;)F(Ga(W€))9ks( ) Mo Ny + 00, 2,,) da

i,k=1
N
> / 1Y () ( (D) ol
/|f€ ¢)'( F(Go(Vue))nPde =: 2T3 + 4 Fy + 2Ty + Fo + Fa.

We first estimate Z3: by Young’s inequality, we have for every 7 > 0

T3] < / Z (Z gt 15, |> ) ‘(GE(VUE))MQL,s(Uik)

) n|Vn|dx

si/( 1956 (u |> F/(Ge(Vu?)) éw Vil
N 2

+§ / > F(G(Vu)) ‘(Ge(ws))xk g (us, ) n? dx
k=1

IN

’ v (ofa0,)) .
> F'(Go(Vuf)) 27 |Vn|2dx+§zl.

= gp(ug,)

1 N
o | (Zm;,g(u;)
i=1

By taking 7 = 1/2, we can absorb the term Z; on the right-hand side and obtain from (3.7)

’ v (gho(u5))
> F/(G(Vu?)) Z<g’“’ ) Vil da

— gy e(ug,)

N
1
yam [ (Sl
(38) 2 -

+4F +2714 + Fo + F3.
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The term

IS / 0L () (G (V) gln (4, ) (o s + 17701 20)

i,k=1

is easier to handle: we simply have

N
i< [ (Z 9700
i=1

In conclusion, from (3.8) we get

2
) F(G-(Vu)) (|90 + 1 |D*]) do

N N ( ))2
7,497, <4 / <§j|g;,s<u;>|> Fi(G.(vu) [ 3 g’” |V
=1

(3.9)

N 2
+8F +4 / (Z |gg,€(u;i)|> F(G.(Vue)) (|vn|2 +7 |D277|) dz + 2 Fs + 2 F;.
i=1
We now treat the three terms containing f¢: we start from
N
=3 [ ) PGV £ @) i, o
i=1
N
S/Z|9§,5(U§i)|F(Ga(VUE))Ifs(Cs)’(us)\nlvnlda?
i=1
1 al i 1
<5/ (Z g;,€<u;>> F(G(Vu) (Vo da+ 5 [ 1767 () F(GL(Tu)) P da
i=1

The last term coincides with %]-"3 while the first term is bounded from above (up to a multiplicative
constant) by the third term on the right-hand side of (3.9) . Using also that ||(¢%)|| @) < 1, we
thus get from (3.9)

2
L [ (gk,g(ua)) ,
2L <t [ (Sl FGava) | S LE | (e
=1

k=1 gk‘,e(“’wk)
(3.10) N
+38 g7 o (u5,)
[(Zw

+6 / |f¢1? F(Go(Vuf)) n? da 4 2 Fo.

) F(G=(Vu)) (|90 + 5 |D*|) do
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The last term F5 contains second order derivatives of u that should be absorbed on the left-hand
side. We proceed similarly as for Z3 and estimate it as follows

Tk

N
-3 / P ) (F(G(V)) ol ) de

N 2
+g Z u®)) ‘(Gs(vuf)Lk gr (S )0 da
k=1
2
_ 1 a 12 1/ e (g;c,a(ufck))
~9r k_1/|f | F(GE(VU ))m’r] dr + 211

thanks to Young’s inequality. Here as always 7 > 0 is arbitrary. By inserting this estimate in (3.10)
and choosing 7 = 1/2, we obtain

N
Iy +47, <38 / (Z 195 < (u5,)
i=1

N
+16 | (Z 9005
i=1

2
-1-12/|f5|2 (Vu®) ndm+42/|f5|2 8))(gk/f(z‘ik)))772d:1c.

2
) F(Go(Vu)) (190 + 1 D) da

We observe that if we set

(3.11) 0 = max {p Pk

by (2.4) or (2.7), we have

N / uE 2 N
(3.12) Z(‘q’“( ) < 3 bhanalus,) TGV



SINGULAR ORTHOTROPIC FUNCTIONALS 21

Thus we have obtained

N
Il+422§86/<z gza xl
3.13
) +10 [ (Dg;ﬁ(u;i)
i=1

+12 /|f€|2F(GE(Vu€))n2 dx+43/|f6|2F’(GE(VUE))GE(VUE)nQd;ﬂ.

> F'(G.(Vuf)) G(Vuf) |Vn|? dx

) F(G.(Vu®)) (IVnf* +n[Dn]) de

We now use Lemma 2.3 to estimate from above the right-hand side. Thus, from (3.13), we get

Il+412<85< v > /(ZG (V) 5 )2 F'(G.(Vuf)) Ge(Vu®) V|2 da

(3.14) 16 (Pzva )2/<ZG (Vus) 5 ) F(G.(Vu)) <|V77|2+77|D277|> dz

+123/\f5|2 F(GE(VUE))+F’(GE(VUE))GE(VUE)} n? de.

By recalling the definition (3.1) of G., we observe that G.(Vu®) > G.(Vu®) and G.(Vu®) > 1. Thus
in particular, we get

N pi—1 pPN—1

N Go(Vu) T < NG(Vuf) N

i=1
and from (3.14), we obtain

Il+4l'2<8(5( ) /QEVU

(3.15) +16 (NppN 1) /gs vu©)?

+123/|f5\2 [F(G.(Vu%) + F/(Co(V) Ge(Vu)| o

F'(G(Vuf)) [V do

U F(Go(Vu)) (190l + 91D ) de

In order to conclude, we now make the choice
Fit)=(t-1)4+1), with o > 0.

We observe that
2 2

)

(3.16) ‘ (Qe(VuE))

thanks to the definition of G..
It follows that

< ‘(GE(VuED

Z; Z;

2
>« gs(vue)a—l

2 2

_ 4
 (a+1)2

)

FG(ve) |(6.(ve0)

(-(vu))

(9:(vu)%")




22 BOUSQUET, BRASCO, AND LEONE

and thus

n? dx

I, = Z / 0E) F(Gvi)) | (67))
22/ ’ ’gewu) 7).

i

2
n*dx.

From (3.15) we get
a+122/ ‘gavu)2>xi
(3.17) C(a+1) /Qs DR (IWI2 +77|D277|)

+Clat1) / F52 G (V)™ 2 dar,

2
n?de + 471,

for some C = C(N,p1,pn) > 0. We are only left with estimating Z, from below: recall that we
have

i 1

gza Ll J,k.Ll| gE(VU )agge( )772 dﬂ?

ﬁMz ]TMZ

/ gl (S ) i, o 2 F(Ge(Vu®)) gl (5, ) o d

7, 1

We now observe that by (3.16) and through some lengthy though elementary computations, we get
2 2
1

1
S 16 (Vo)

= 1o G (Ve G (Vu® )

‘ (G-(vu)

’(%(W)%)

2

We then apply (2.4) or (2.7) on the last term, so to get
2 N
= 16.(Var)
where J, is the same quantity defined in (3.11). We further observe that

gk,s(ufck) < Ge(vue) <
ge(vua) o gg(VuE) -

(otvayt) | < Zakgkg ) e (05, [
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This discussion leads us to

! s, |

By inserting this inequality in Zy, we get

%%Z/gze x; gE vu) ;
2
- a—|—1 No Z/ ‘ Ge(Vu)F )z

Finally, we can use this estimate in (3.17), so as to get the desired conclusion for av > 0. The limit
case a = 0 can now be simply obtained by taking the limit o goes to 0 in the previously obtained
estimate, since the relevant constant remains bounded. O

Zg ) g, -

2

(gg(VuE)%)m n? dx

n*dx.

Proposition 3.2 (Slow Moser’s iteration). Let 1 < p; <py <--- < py < 00. For every 9 > 2/ply
and every non-negative function n € C3(B), we have

/ge (Vus)? 7w dx<—/n dz + C (|07 |3 ) ° /98 (V) (IVnl? + 5 |D%|) dx
(3.18)

+C7 97 ||u €||Loo(3) /|f€ P+ 2 da,
for some C = C(N,p1,pn) > 0.
Proof. We start by taking 8 > 1 and writing

/QE(VU‘S)B'*'1 n?dr = /QE(VU‘E)B (Ge(Vus) = 1) + 1) n’da

N
< /QE(VuE)B n? dx—l—/gg(VuE)ﬁ ng,g(uik)n2 dx.
k=1

We observe that if we set

—2 _ PN —2
Jk:max{, 2 } and 0 = max ak—max{l2 2 },

k=1,....N

using (2.3) or (2.6) on the second integral, we get

N
/g (Vus)Ptt 2dm</g (Vuf) QClgc—l—/Qg(Vu‘s)Bzjak8
k=1

Pk
N / £
I (ug,)
+/g5(Vu€)ﬁ Zakwuxk n*dx.
b1 Pk

By recalling that g; ()t > 0 and using that 0 < e <1, we get

PE
2

n? dx

/gg(Vug)’B‘H n?de < /gg(VUE)B n? dx—i—EpE /gS(VuE)ﬁ n? dx
1

_ N
g
o /ga(Vue)ﬁ D Ghe(ug,) ug, n* de.
k=1
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In the last term, using the product rule and equation (2.14), we obtain

/g (Vus)PH1 2da;<<1—|—0> /Q (Vuf) dw——Z/ QE Vu®) gfc,a(uik)ufn2dx

:C k

27
205 [ GV gz, ) o e d
L
+Z / G (V) f2(C5) (uf) ul op? da.

By using that u¢ is bounded and that 0 < (¢¢)’ < 1, we get

/QE(VUE B+1 2dl‘<(1+o'> /g vu) 772d$
T ||uf|| (B . _
T Z/ (), | hetssn i

27 ||[u®|| o0
i lu]lL (B)
D1

— 1>
L Tl ) ]L'LW(B) /Qg(Vuf)ﬁ |51 n? da.
1

(3.19) N
> [ GeTu) g 0 d
k=1

Now, (2.10) together with the fact that G. > G. and G. > 1 entail

27 |[u]| L~ (B)
D1

N
> / Go (Vi) |gha (05, ) 1 1y |

€
720||u Iz s Np pN /ga (Vu® )ﬁ+1 g n|Vn|dx

1 py—1\ 2 0'HU€||L°° ,6’+1——
<T/g (Vus)P 2 de + = <NprN ) < ) /g N |Vn)? da,

where in the last inequality we applied Young’s inequality. By choosing 7 = 1/2, we can absorb
the term containing G.(Vu®)?+! and get from (3.19)

/Q (Vu©) A+l 2dm<<1+) /ge (Vu®)

Tl
”Z/\gsw \gkg Dl do

py—1 £ o
+2 <N NPN ) <O’ HU ||L ) /g —% |V77|2dx

UHU ||L°° /g vu ﬁ|fs|n dr.

(3.20)
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For the second term on the right-hand side, we use Young’s inequality: for every 7 > 0,

ey / \ 6. (V) \gz,ngglﬁdw
_ w5 zNjﬁ /g (V)P
b1 k=1 )
o||uf||Loo<B>>2 g N/ -
< (2% llL=(B) \ P~ G.(Vus)P~2
= ( P1 27 ; v
2
(o)
+ 5 Z/GE V) (7" de
_2 <U|UEI|L°°(B) / (0vur)%)
T p1 E k

T N e\ 8 (gk,g(uwk)) 2
+ 5 ;/gs(vu ) /" n dz.

gk7g(uik)

2

We also notice that by (3.12) we have

Thus from (3.20), we get

/ga (Vu©) A+l 2da:<<1+) /g (Vus)P n? dx

o2 (T Z / (7))

)
+%/QE(V1LE)§H n* dx

py—1 2 £
o2 () (W)’ [,

— 1>
V) 1'9'“‘“3) /gg(vuf)ﬁ 2|72 da.
1

(6-(vu)

(6:(vu))

ke (U

2

zp

| n?da

gks( )77 dx

g o(us, ) n* d

2

i e (

ug, )1’ da

1—-2 9
N V| d
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By choosing 7 = 1/(20), we can absorb again the term containing G.(Vuf)?*! on the right-hand

side and obtain

/QE Vu®) B+l 2dx<<1+) /g Vu®)

— 2
+43 <Ju ﬂfw(3)> Z/‘(%(Vue)g)u‘ gk < (ug,) P da

pNy—1\ 2 O’HU€||LOC ,6’+1——
+2 <NpN”” ) < ) /Q o [ V? da

— 1|,
" [ HU ||L (B) /ge(vus)ﬁ |f€|n2 dx.

On the right-hand side, we now use the Caccioppoli inequality (3.2) with « = — 1> 0, so to get

2
Z/gka ‘ Ge(Vu©)= )xk n*dx < C B? /gg(Vus)ﬁHfm (\VU|2 +77|D277|) dx

+062 /|f€|2g€(vua)[3—1n2dx,

for some C = C(N,p1,pn) > 0. This finally gives

/ge(Vu A+l 2daz<0/g (Vuf)? n? da
+ C e ) 5 / G- (V)15 (U + 5 |D?[) da
O iy B [ 1 G o e
+C i) [ G(Tu) £ da

for some C = C(N,p1,pn) > 0. On the first term on the right-hand side, we can use Young’s

inequality

B+1
) < BH1 2 2
C/gs(Vu dm_75+1/g5 (Vu) dx+75(ﬂ+l)/n dz

By choosing 7 = 1/2, we can re-absorb the term G.(Vu)?*1. This gives
y g , I3 g
26 OB+
[3+1 2d 2 d
/gg ES /" !
_ 2
O gy 5 [ Gu(TueY 5 (90 4 1D do
FC Iy [ 15 P G(Tu) i

+C e / G.(Vus)? | £ d.
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We proceed in a similar way for the two terms containing f¢. By using Young’s inequality with
exponents

B+1 B+1 B+1
-1 2 ° 5 b

respectively, we get

C 16212 3 57 / o2 Go(us) 1 d$+CHU€||Lw(3) / G- (V)P |f*| 7P da

/3+1
ﬁ+1 /ge *da

B+1

27— 2 C us B+1 B+1 eBJrl 24
+WH ||Loo(3)5 /|f\

C(; 1 ‘ e||/5’+1 /|f6|[3+1
+

By choosing 7 = 1/8, we can absorb again the terms containing the power 8 + 1 of G.(Vu®). This
finally leads to the estimate (3.18), up to renaming ¢ = 8+1—2/py. This concludes the proof. O

+

4. UNIFORM HIGHER INTEGRABILITY

In this section, we establish a higher integrability estimate for Vu®, which will eventually lead to
the result of Proposition 1.1. We assume throughout the section that 1 < p; < --- < py, without
any further restriction. Up to some technical facts, the proof of the next result is simply based on
iterating the estimate of Proposition 3.2, starting from

2
DN
However, some care is required in order to get an a priori estimate only depending on the L' norm
of G.: observe indeed that 9 > 1 in the case py > 2. For this purpose, we further need an
interpolation trick.

Proposition 4.1. Let 1 < p; < py < --- < py < oo. Then for every pair of concentric balls
B, €@ Br € B and every v > 2, we have

/ Go(Vus)"dax <T1 4Ty G.(Vu®) dx
B.

Br

for two constants I'1,T'y > 0 depending on
N7 PN, P1, 7, R7 R - Ty HfE”L'Y(BR) and Hus”Loo(B)
Proof. We take v > 2 and define the sequence of exponents

2 2 2 2 2
§0:f7 791‘+1:19i+7:f+(7;+1)7:2+i7, for ¢ € N.
Pn PN Py PN PN
We set
(4.1) iozmax{ieN:z'g%N(y—z)}.
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This in particular implies that

Vig+1 < 7 < Digt2-
We now need to distinguish various cases, according to the values of py and ~y, allowing to iteratively
refine estimate (3.18).

Case A.l. Here we assume that

(4.2) py <2 and pév (
This is the simplest case: we get the estimate by iterating Proposition 3.2 with exponents ¥ = 9,
and a suitable sequence of shrinking balls.

More precisely, we fix B, and Bpg as in the statement and define the sequence of decreasing radii

vy—2)eN.

R—
rn=R—i—— 4 fori=0,...,ip+ 1.
ZO + 1
Accordingly, we take a cut-off function n; € CZ(B,.) for i =0, ... i, such that
C (ip + 1)?
OSm<L m=tonBu. Vel < Rk
By applying (3.18) with ¢ = 9;, n = 1, and using the properties of the cut-off function, we get
v C’ﬂ C 9?2 (ip + 1)?
[ gwuy S Wl [ 67"
BM‘+1
9 :
+ O O 7 /;,|ffﬂ+ldx

i

for a constant C = C(N, p1,pn) > 0. By using Holder’s inequality on the right-hand side, we also

get
B

Tid1

Cvi C9? (ip+1)* | .
ﬁ [|u ||L°°(B) / Ge(Vur )

Dit1
Yit1
€||L;(B) (/}:Eg fs’Yd$>
R

Starting from ¢ = 0 and iterating (4.3) from 0 to ig, we get

(4.3)

+CV

2
(4.4) / G-(Vus)Potidz < M+ Dy | Go(Vu)™~ da,
B, Br

where we set for notational simplicity for every natural number 0 < k < ig

_ [C(zo—i—l) e 2 :|iok+1 ﬁ@?
(R*T) L*>(B) P i

o C92 (ig + 1
b= 1] (io +1)?

(R*’I’) || EHLOC(B)

i=k

M= §:(

with the notational agreement that D; ; = 1. Their precise expression is not very important, but
we point out that Dy and M depend only on

while

1919

9;
2 ) 1l 50 “)th

Napvalv"YaRvR_T’Hf&HL"’(BR) and ||u8||L°°(B)'
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Thanks to the assumption (4.2) and recalling that G. > 1, we get
2
Gigr1 = and G.(Vuf) "~ dx < G.(Vu©) dx,
Br Br
thus the desired conclusion follows from (4.4).

Case A.2. Here we assume that

pv<2  and  BX(y-2)gN.

In light of the second assumption, we have
191'0+1 <7< 19i0+27

where i is the index defined in (4.1). Thus in this case, we need an extra step of the iteration, by
suitably adapting the choice of the exponent ¥. We take B, € B, € Br where

R+
0= 2 9
and define the sequence of decreasing radii
R—
r=R—i——2  fori=0,....0+1.
10 + 1

We take a cut-off function n; € CZ(B,,) for i =0, ..., i, such that

C (io + 1)2
— 2 2
OSnZS17 77z=10n BT¢+17 ‘an| +|D 771|SW
By proceeding as above, we now get
2
(4.5) / gE(VuE)ﬁiOJr1 dx < M + Dy G- (Vu®)*~N du.
B, Br

The last term can be estimated from above, by using again that 2/p/y < 1. However, in order to
reach the desired exponent v> 6;,11, we need to apply (3.18) once more. We take a cut-off function
n € C§(B,) such that

C
0<n<1, n=1on B, Vil + |D*n] < ——5.
(e—r)
By applying (3.18) with?
2
P=~v—-—,
PN

and the cut-off function above, we get

/QE(VuE)'de§C|BR\+C||u5||2Loo(B)/ 0. (Vus) ™75 da
B, B,
O ey [ 15T da
Br

30bserve that such a choice is feasible, since
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On the right hand side, the term containing G.(Vu®) is under control, since by construction

2 2
7 o < Vig42 — on Vigt1-

Thus we have

/ QE(VuE)Wfﬁ dx S/ G- (Vuf)io+ dg,
B, B,

and the last term can be estimated by (4.5).

Case B. Here we assume that py > 2. The proof goes exactly as before, so, for every r < R with
Bpr € B we certainly have

[ ameyarsrien [ vt
B,

BRyr
2

but now the major difference is that we need to estimate the integral on the right hand side. Indeed,
in this case 2/pfy > 1 and we can not directly assure that this term is bounded, uniformly in .
We need to use an interpolation trick to get a reverse L%?~x — L' estimate on G.(Vu<). We denote
0= (R+1)/2 and we observe that

2
1< — <2,
Py
thus by interpolation in Lebesgue spaces, we get for every o < s <t < R

PN —2

(16) [ oot < ([ o9 dx) (] auwwra) ™

The L? norm on the right-hand side can in turn be estimated by means of (3.18), observing that

2 2
PN PN

By taking ¢ = 2/p/y and a cut-off function n € C3(B;) such that

C
0<n<l,  n=loenB, |Vi+ID%l< r=rw

we thus get from (3.18)

/ G(Vuf)? dr < C'|Br| + ——5 [u° |7~ (5 / Ge(Vu® )pN dx

C
T
FOW gy [ 17

c
< C|BR| + — ( 5)? HU’EHLOO(B / G.(Vu® )PN dx

;
+O1Bal (o ) ([ 1717 a)
Br
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for C = C(N,p1,pn) > 0. We insert the above inequality into (4.6) and use the subadditivity of
7+ 7PN =2)/PN to get

/ G-(Vuf) ™~ da < </ QE(VuE)d:r> o (C|BR\)7P§§
B, By

)™ (C K o\
" (/B Ge(Vu )df”) ((t_s) lu ||2L°°(B)> ( | Ge(Vue)T™ dx)

PN —2

+( B gE(VUE)dm) (C1Bal" (1l 1)) ™

For the second term on the right-hand side, we apply Young’s inequality with conjugate exponents
pn/2 and pn/(py —2). We get

G(Vuf) "~ dr < ( gE(W)dx) ™ (BRI
Br

B

2 C =
+ — G.(Vu®) dzx < w2 o )

PN B E( ) (t— 8)2 || HL (B)

-2 2
+ B G.(Vu®)"n dx
PN B:
2 pN—2

€ PN -2 € € 2\ »
([ awiman)™ (1B (el 1 o))
R

We now use Lemma 2.7 with the choices

PN —2
2

2 —2 2 . .
26)= [ G(vury R dr,  9=P"2 A= [ GV )de (CluBegs)
B, PN PN JBg

aosz_2a BZO)

and

PN—2 _2 e e 2 pJZ\JJ72
(1B + (C 1Bl (1 llimey 151 )?) ]

C= < G:(Vu©) dx) w
Br

in order to absorb the penultimate integral. This permits to conclude that

/ G-(Vus)"~ do < C ( QE(VuE)da:> ™ (C|Br)
B, Br

PN —2
2

~ 2 1
c-~-_ - . &) d C 6200
+ 0 s [, (V) (C o i)

PN —2
PN

~ € PN -2 € € 2
20 ([ amrae)™ (1B (el 1o m0)°)
R

This gives the claimed L2/?~ — L' estimate on G:(Vu®). The desired conclusion now easily follows.
We leave the details to the reader. |
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Remark 4.2 (Quality of the constants). For future references, it is important to notice that the
two constants I'y and I's in the previous statement are uniformly bounded from above, whenever
there exists a constant C > 1 such that

”.fE”L’Y(BR) =+ ||u€||Loo(B) < C, for every 0 < € < gg,
and
R > L
—-r>—.
- C
On the contrary, we see from the proof above that
lim I'; = +o0, fori=1,2.
y—00

5. UNIFORM LIPSCHITZ BOUND
We now establish a local L*° estimate for Vu®: this time, this will lead to Theorem L.

Proposition 5.1. Let 1 <p; < --- <pny <2 and 0 < e < gg. Then for every pair of concentric
balls B, € B € B, R < 1, and every ¢ > N, we have

T (o)

for some C = C(N,pn,p1,q) > 0.

N
a—

N

N 9q
+ IIfEIEq(NBR)] 1G=(Vu)ll 11 () »

[1Ge(Vus) | Lo,y < C

Proof. We will use a Moser’s iteration scheme, in order to get the claimed estimate. By (2.2), for
every i = 1,..., N we have

Pi—2

7 5 e 2y B2 e Pi
gre(us) = (i = 1) (e 4+ us, )T = (0 = 1) (pi gie ()
p;—2 p;—2

> (= 1) (P Ge(V) ™ 2 (0= 1) (i Ge(Ve))

thanks to the fact that p; < 2, for every i = 1,..., N. We can further estimate the last term from
below as follows

P1—2

p1=2 1
gie(us,) > (p1— 1) (pn) 71 Ge(Vu©) 71 .
By using this lower bound in (3.2), we get

N
£ plpif IS (YTH
;/QE(Vu ) ‘(gg(vu ) )

(5.1) <Cla+ 1)2/g€(wf)a+2*% (192 +n|D%n|) da

2
n? dx

+C(at1)? / F22 G (Vul)® 2 dar,

for some C' = C(N,p1,pn) > 0. With simple algebraic manipulations, for every o > 0 we have
2
p1—2 a+1
| (o.o00°%)

A

a+2 1

2
(omr#4),

-(%7) (Ml_ Ly

2 D1

Y

(Gwey s 4)
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Thus from (5.1) we obtain

/‘V (V) 32‘ﬁ)‘ P dz < C (o /QE ) (19 + g |D%)) de
1 Cat1)? / 12 G (V)™ P d,
for some C = C(N,p1,pn) > 0. By adding on both sides the term

[ (G975 1wl a,

and using again that G. > 1, we then obtain from (5.2)
at2 1 2 ato— 2
o (e Py < clas7 o575 (s i)
+C(a+1)> / |£512 G (V)™ n? da,

possibly for a different constant C = C (N, p1,pn) > 0. Let us suppose for simplicity that N > 3.
The case N = 2 can be treated with minor modifications. On the left-hand side of (5.3), we then
use Sobolev’s inequality in W12(RY). This gives

(5.4) (/ (gs(vus)%?_ﬁ”)y dx)

2
2%

C(a+1) /GE D (IVn\2+n|D277I)

2/|f€\QQE(VUE) 772d$

with some new constant C' = C(N,p1,py) > 0. We choose 5 € CZ(Bg) to be a cut-off function
such that
C

0<n<1 v
" (R—r)?

— — )

n=1on B,, |V77\2 + \D277| <

Thus we obtain from (5.4)

D) ) <o 0D’ eyt 7k
( /B T (gg(vu) ) daz) EoP / G.(V da
+0(a+1)2/ F5[2 G. (Vi)™ da.
Br

We now take an exponent ¢ > N. By Holder’s inequality on the last term, we deduce that

2
2

(/ (ga(ws)w‘pﬁ)ydmyg R /gg )T da
B,

+C a4+ D15l e (/B G- (Vus)* 72 dm>

(5.5) a2

q

Before proceeding further, we rely on Holder’s inequality to get

G.(Vur) "N dm<( ge(VuS)angdm) " ( QE(VuE)szdxy

Br Br Br
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Moreover, by recalling that G. > 1, we have

q
—2

gg(VuE)aq%a < (gs(vue)a+27%) q

By using these two facts in (5.5), we obtain

‘m

E3

< Qg(Vu5)<°‘+2_%) = dm) <C(a+1)2
B,

|

1

(5.6) X m

( QE(VUE)’”de> +||fs|2Lq(BR)‘|
Br

([ ow ) )

We now set

so that from (5.6), we get

(/ gg(wa)“?ed@m < (C62)7
B,

b
(R—r)?

q=2
q0

X < G.(Vus)l7 dx)
Br

We define the sequence of exponents through the following recursive relation

2*
0o = 1, 0i+1q32:?0i’ for i € N;
that is?,
2% g —2 2* g —2\"" ,
Oip1=|——1|0;,=| =—— , f N.
o (2 q ) (2 q ) e
We also define the classical sequence of shrinking radii
R—
rp =14+ 2ir7 for i € N.

With this notation, from (5.7) we get

2

C

ng(vu )HLﬁ 0341 < m

(BTH,l) -

x (4 07)7%

|G= (V)

||Lq%29i(37‘i) °

40bserve that
2q
2% (¢—2)

and the latter holds true, in view of our assumption.

<1 <= q> N,

( G.(Vus)?n dw) +C ||f€||%q(BR)‘|
Br

% e112
+1£ N 2emr)

|
S

=
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By starting from ¢ = 0 and iterating (5.8) n times, we get

2 >
C -4 q i=0 °
Vus)|| e  a— Vu)*n d Clfelz.

(5.9) 19:VeN gtz s, ) < | TR=7p2 ( p, Y x) O

n

N
I 16.0, 1, -

i=0
By observing that

n

nh_)rréo 1_[(4Z 93)% =:Cn 4 < +00,

i=0

and _
. 2q N ¢g-2
1 1 ) =i =
ninéoze ;(2*@—2)) 2 g-N’

if we take the limit as n goes to oo in (5.9), we end up with

) 2 ¥z

i q
€ - <C €\ p/, d € 2q
1907 1w < € | g ([, 909wy ae) 1 (Bm]
X [1Ge(Vus)l[ | o,

LT (Bg)’

for some C'= C(N, p1,pn,q) > 0. The previous estimate holds for every » < R such that Bp € B.
Thus, we can now use a standard interpolation trick to rectify it and replace the L9/(2=2) norm on
the right-hand side by the L! norm.

This goes as follows: we first observe that

2 a—=2

16 (VU 5 s < (1900 ) (1G: (VeI )
Then by using Young’s inequality with exponents ¢/2 and ¢/(q — 2), we get

N _q
2 g—N

-2 g
1G= (V)| (B,) < qT Ca-—z

1 4 @ .
W < gg(Vus)PN dx) + ||f ||%Q(BR)]

X NG (V)| L1 () + 1Ge (VUi ) oo () -

We now take s, such that r < s <t < R. The previous estimate is valid by replacing r with s and
R with t. Thus, with some simple algebraic manipulations, we get

q N
. q—2 Cuz 1 + -~
1G (VS )z 5.) < ¢ A [(t )k ( B Ge(Vur) v dﬂf) +||f€||L‘1(BR‘|
2(N—q) — S)a- R

X NGe(Vui )l pa ) + - IIQE(W Moz,
By relying once again on Lemma 2.7, from the last estimate we get
1

N
m < B gg(Vua)m dx) + ||fs||LQ(BR ‘| ||g6(qu)HL1(BR) .
—7T)a- R

G- (V)| oo 5,y < C
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By finally using that
_q
G.(Vu®) "N < G (Vu),
we eventually conclude the proof. O
6. UNIFORM HIGHER DIFFERENTIABILITY

At last, we prove a Sobolev—type regularity result for (some nonlinear function of) Vu®, which
eventually will permit to establish Theorem S.

Proposition 6.1. Let 1 <p1 <---<pny <2. ForO<e<egyandi=1,...,N, we set

6.1) Vie = Vie(ul),  with Vi(t / o) dr.

Then for every non-negative n € CZ(B) and every v > 2, we have®

Z/’vvm

e <0 [ 6wy ) (199 4 D) do

+C </QE(VUE)2171PIWW—2 772dx> ’ (/|f5|7772dx)w,
for some C = C(N,pn,p1) > 0.

Proof. We start by fixing k € {1,..., N} and inserting in the differentiated equation (2.15) the test
function ¢ = ug, n?. Thus we get

z/gw mwczraz/gw L) U, 0, 0,
+ / (F2(C) (%) )y 5, 1 .

For the first term of the right-hand side, we use the same trick as in the proof of Proposition 3.1:
we observe that

(6.2)

gie(ug, ) ug, o, = (9ic(u3,)),
and then integrate by parts. We integrate by parts the term (f€ ((¢)" (u®))q,, as well. This yields

Z / Ao WFnde—zZ / 0o (E,) (U5, M) — / FECEY () (0, 1) da

/ wkwk< Zgza Uy, 777711 fe(cs)/(us) ’172> dx
/ (Zgzs 2:) My My + 0Ny ) — NNy, f° (€)' (u E)) dx.

5When v = 2, the last term is simply
—P1

CliG=n IIL”1 £l 7 2-
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By Young’s inequality and the fact that 0 < ({¢)’ < 1, we can estimate the first term of the
right-hand side as follows:

1
/ U, 0, (2 > gh () nne, — £5(C7) (u E)n2> do < 5 /gé’,s(u;)l O
1 N
R Tl O
G (ug,) (Zl B

We use (2.2) to estimate 1/g; . on the right-hand side. On account of this inequality, we get

1
/ Uz oy < Zgza ug,) NN, — fs(Cs)’(us)n2> de < 5 /QZ,E(Uik)Iuwwk\Qnde

N

2
4 E 2*2Pk . .
A /(€+ (uz,)?) (ZIQQ,A%)I) Vol + [P0 | da.

i=1

2
) IVal® + 5120 | da.

Inserting the above inequality into (6.3) and absorbing the Hessian term of the right-hand side into
the left-hand side, one gets

Z/gze Uy, xkac|2n2dx
8 2ori al ’
pk_l/(€+(u;)2) : (ZIQQ,AUL)) IVl + 1f5Pn? | da
=1
/ (ng z0) Moy Ny + N0, 2,) — nnxkff(ca)’(uf)> dz.

We now estimate the last term as follows:

‘/uik <ng ) (Mg Moy + M Mw; 2i) — N0y, fE(CE)’(uE)> dx

N
< [ 15t nlvaldo+ [ s, 1)) (190 + 01D da.
=1

Observe that we used again that 0 < (¢%)’ < 1. We apply Young’s inequality on the last term to
obtain

/|uwk\2|gm g

2
) (192 +n D)) do
i=1

45 [l e (190 + 01D da

(|Vn|2+n|D277|> dr < = /Iu,;kIQ Pr (Zwm ug,)

By further using that p; < 2, we have

g, 7P < e+ (W5,)) 2 = p" gre(ug,) e
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It follows from the above inequality and (6.4) that

Z/gzs ug,)

2
) Val* + 15 n* | da

N
2—py
U, o207 dr < C /gk,e(u;) 7 (Z |95 < (uz.,)
i=1

+C [ fuz, e (190 +n|D*l) do+-C [ 1,117 01Vl dz,

for some C = C(p1,pn) > 0. Then take the sum over k =1,..., N. This gives

Z / g1’ (us,)
N
(6.5) <C/nga ug, ) = (;Wé,s(uii)

) IVuS, > n? dz

2
> V> + 120 | da

N
v [ Zlus w (1ol nl0Pnl) des € [ 31, 1150 9l da.
k=1

By Lemma 2.3, we have

Zlgm s

Moreover, by the definitions of gy, G., and G, it is easily seen that

pN PN

ZG (Vu©) e < Npy™ QE(Vu)PIJ.

N 2—pp 2—pq
3 ghe(uS,) P < CG(VT) T,

N N N

1
> s P <> pr gre(u5,) < CG(Vul) and > g, | < CG(Vuf),
k=1 k=1

k=1

where all the constants depend only on N, p; and py. From (6.5), we get

Z/gw ) [Vug, 1?0 da
<C /ge 1+2 ) |Vn|? de + C /QE Vu® ) |fE|2772 dz
+c [ovw) (IVn|2+77|D277I) do+C [ GV} |f7| 9|V dz,

for some C = C(N, p1,pn) > 0. Since

1 1
1<1+2 (—) and Ge(Vu®) > 1
P1 PN



SINGULAR ORTHOTROPIC FUNCTIONALS 39

the third term can be absorbed in the first one, up to increasing C' if necessary:

Z/gm o

(6.6) <C /Qs 1+2 ) <|Vq7\2+n|D277|) dr +C /gs (Vu) 7 |2 de

) IVuS, > n? dz

+C [ G.(Tu) |||Vl da.
In the last term, we write
G- (V)77 |f2| 0| V| = (G-(Vu) V) (G-(Vu)7i* | £ )
and use Young’s inequality:

/ G (V) |£5] 0|Vl de < / G.(Vuf) |Vinf? da + / G (V) E L | f 2 P de

< [ouwury? Gia) (190 4 D%l o+ [ G.(9u) 5 77 o o

where in the last line, we have used again that G. > 1. Inserting this estimate in (6.6), we obtain

Z/gw (us,)

<c /gs 2 G (19 4 0%} de + © /ge (V) 7 |22 o da
On the left-hand side, we use the definition (6.1) of V; . which gives that
(VViel* = gilc (uz,) [V, |

This yields the desired conclusion when the exponent « in the statement of Proposition 6.1 is equal
to 2. When v > 2, we only need to apply the Holder inequality to the last term of the right-hand
side with the exponents /(v — 2) and 7/2. The proof is complete. O

=P da

7. PROOFS OF THE MAIN RESULTS

We finally establish the three results presented in the Introduction by relying on the relevant a
priori estimates that we have obtained in the previous sections. We thus fix a ball Byr(zo) € Q as
in the statements of Proposition 1.1, Theorem L and Theorem S: we are going to use the results of
the previous sections, with the choice B = By g(xp).

We will use the functions Gy and G., defined by (1.1) and (3.1). Moreover, we will omit to
indicate the centers of the balls, which will always be z.

7.1. Proof of Proposition 1.1. In this section, we assume that 1 < p; < -+ < py < oo and
fe LlOC(Q) for some v > 2. We consider the ball B € B. Then for every 0 < € < gg,
1/l LRy < I fllr@B)-

Using also that ||u®| gy < M+1, Proposition 4.1 and Remark 4.2 imply that for every 0 < e < g¢
we have

(7.1) Ge(Vu) dx <T1 4Ty G:(Vu©) dx
BE Br
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for two constants I'y, 'y > 0 which do not depend on &, but only on

N7 PN, P1, 7, R7 ||f||L'V(QB) and M = ||U||L°°(QB)'
In particular, by using that®

(7.2) Go(2) <G.(2) <C (5%1 + go(z)) , for every z € R,

for some C = C(N,pn,p1) > 0, we can infer

QO(VUE)"’ dxr S Fl + CPQ /

Br

(5%1 + go(wf)) dx

=
In view of Lemma 2.6, there exists an infinitesimal sequence {ex }xen such that
(u®*, Vu®*) converges to (U, VU) a.e. in B.
We then take the limit on both sides of the estimate above and use Fatou’s lemma on the left. We

get

(7.3) Go(VU)" de < Ty + CT liminf / Go(Vu*) d

BR
By Lemma 2.6, the functions u5, converge to U,, in LPi(B). Hence, the continuity of the map
v € LPi(B) + |v|Pi € L'(B) implies that
. . -
(74) lim Go(Vu) — Go(VU) |1, = 0.
By using this result in (7.3), we obtain

QO(VUW dr <T1+CTy go(VU) dx
Bg Br

This concludes the proof, up to renaming the constant I's.

7.2. Proof of Theorem L. In this section, we assume that 1 < p; <--- <py <2and f € L] (Q)
for some v > N. In particular, v > 2 and thus we can rely on Proposmon 4.1.
We introduce the ball B € B as before. By Proposition 5.1 applied with Br,, and Bg/s, for
every € € (0,ep), we have
N
=N
4

19- (Vi) | e ) < C (R) [ avuyan) I G | 19T e
E R

for some C'= C(N,pn,p1,7) > 0. On the right-hand side, we can apply (7.1), in order to estimate
the term containing G2. This yields

3 4 % € ’Y]j € £
1.9 =gy < | () (P [ Guwaan) s ImR)] 19- (T4 )| g -
R

We now take the same infinitesimal sequence {ej}ren as in the proof of Proposition 1.1. By using
again (7.2), the lower semicontinuity of the L> norm with respect to almost everywhere convergence,

6The upper bound simply follows from (2.16), with standard algebraic manipulations.
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the property (7.4) and the fact that f* is defined from f by convolution with a smooth kernel, the
limit as k goes to oo gives

N~ N
4\ N =N
6T~y <€ | () (P72 [ Gavoyas)” +||fm(BR)] 1G0(VD) s s
4 R

possibly for a different C = C(N, px,p1,7) > 0. This completes the proof.

7.3. Proof of Theorem S. We assume that 1 < p; < --- < py < 2 and f (1.3). We set for
notational simplicity

2
y=1+—.
p1
Consider the ball Br € B and let nn € C§°(Bpr/2) be such that

Co
n=1lon Bz, 0<n<1 and |V77|2—|—|D277|<R27
for some Cjy which depends only on N. The choice of v entails the following estimates

1 1 2 —
Hz(_)q ad  2TPLT
P11 PN proY—2

Then, as a consequence of (6.2), we have

) /
i=1"BEr

where we also used that G. > 1, by deﬁnition. We now rely again on (7.1), to estimate the terms
containing G2. This estimate and Young’s inequality with exponents v/2 and ~/(y — 2) give

N
(7.5) ; /B \

possibly for a different constant C' = C(N,pn,p1) > 0. From this estimate, we deduce that the
family VYV . is uniformly bounded in L?*(Bp/4). Moreover, by (2.2) we have

(7.6) gI() < (e + )T <

Thus, by recalling the definition of V; ., we get

9 2
[ ompae= [ mesras (2) [ e
Bp Bp Di Br

and the latter is uniformly bounded, thanks to Lemma 2.5.

Thus, by taking the same infinitesimal sequence {ey};>1 as in the proof of Proposition 1.1,
we have obtained that {Vi., }ren is a bounded sequence in W'?(Bg/s). By appealing to the
Rellich-Kondrasov Theorem, we can infer its convergence to a function V; € W2?(Bpg/4), weakly in
w2 (Brya) and strongly in L2(BR/4) (up to a subsequence). By the lower semicontinuity of the
L? norm, (7.2) and (7.4), we obtain from (7.5) that

Z/R

~=2

C
*dr < = gE(Vu‘SW doe +C G. (V) da 150 ()
Br

1,€

1,€

C
dx < R2 (F1 + 12 Ge(Vu® )dx) +OR HfE”LV(BR

Br

for ¢ # 0.

Pidy,

<F1 + T Go(VU) dx) +CR 7217 5

Br
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possibly for a different C' = C(N,py,p1) > 0. We claim that for every 1 < ¢ < N and for almost
every ¥ € Bpr/y, we have

(7.7) Vi) = 5 Vi =1 |Us, ()| P22 U, (a).

Indeed, let us take z € Bp/4 such that u3* converges to U,, and such that |U,(x)| < +o0o. Observe
that the collection of these points has full measure in Br/4. We then set

M;(z) = sup |uzk(z)|,
keN "

which is finite, by construction. Then, for every k > 0 we have

2 p;—2 2 Pi—2
Viee () = /o0 T|U ()] 7 Ui, (@) = [Vieu (055 (0) = - V/pi = 1|02, (@) T U (2)
uSk (x)
<[ (Vo) - Vo= D) ar
2 pi— Pi=
oV T @) w3t ) U, ()] T U ()]
M;(x)
<[ e - Vo = ar
2 i i
+ 2 T ) it () — 02 ] U, (0]

Thanks to (7.6) one can apply the dominated convergence to conclude that the first term in the
right-hand side converges to 0 when k goes to 4+o00. By also using that ug*(x) converges to Uy, (z),
we finally get (7.7).
By using the Chain Rule in Sobolev spaces, we also obtain that U,, € W'?i(Bp,4) and satisfies
the estimate claimed in the statement of Theorem S. The proof is complete.
APPENDIX A. A WEAK MAXIMUM PRINCIPLE

Let G : RY — [0, +00) be a convex function such that G(z) > G(0) for every z € RV \ {0}. Let
¢ : R — R be a Lipschitz function, with the following property: there exists M > 0 such that

M, ift> M,
C“):{ M, ift< M.

Given a ball BC RY, f € LY(B) and U € W41(B) N L>(B) such that
ULy < M and / G(VU)dzx < 400,
B
we consider the functional

F(v) = /B [G(Vv) + f((v)} dx, for every v € U + W, ' (B).

Lemma A.1. Ifu is a minimum of F, then |lu|ppy < M.

Proof. We want to test the minimality of v against the truncated function

v := max{—M, min{u, M}}.
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By construction, we still have v € U + VVO1 ’1(B) and by minimality of u, we get
F(u) < F(v).
By the properties of , we have

Fo= [ [emurrcw]des [ cOder [ geander [ foea
{lu|<M} {lul>M} {u>M} {u<—M}

Hence, using that ¢(u) = ((M) when v > M and ((u) = ((—M) when u < —M, by comparing the

last two displays we get

/ G(Vu)dx < / G(0)dx that is / [G(Vu) — G(0)]dz < 0.
{lu|>} {lul>2} {lul>M}

Thanks to the properties of G, we deduce that Vu = 0 almost everywhere on the set {|u| > M}.
It follows that Vu = Vv almost everywhere and since v = v = U on 0B, this implies that © = v
almost everywhere in B. In particular, |u| < M almost everywhere in B. O
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