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Abstract - We prove a relaxation theorem in BV for a non coercive functional with linear growth. No
continuity of the integrand with respect to the spatial variable is assumed.

1 Introduction

In this paper we study the relaxation in BV(2) of an integral functional of the type

/fxu , Vu(z))dz,

where u is a scalar function from W11(Q).
In recent years there has been a renewed interest in the L'-lower semicontinuity of such an integral
functional and of its BV counterpart

¢ ut(z)
= / f(z,u, Vu)dx—i—/ e <$7’177Du) d|DCul| +/ / f(x,s,1y)ds dHNfl(a;)
Q Q | Deul 7o \Ju- (@)

with the aim of lessening the regularity assumptions on the integrand f with respect to the spatial variable
x (see [20], [21], [9], [7], [8], [18]). Roughly speaking, one can show that the L!-lower semicontinuity still
holds if one replaces the classical continuity and coerciveness assumptions with the weak differentiability
of f with respect to . Therefore the results proved in the above papers suggest that a similar assumption
should be also enough to prove that the relaxation in BV of the functional F' is represented by F.



In this paper we prove that this representation formula actually holds (see Theorem 6.1) under the
assumption that for all (s,£) € IR x IRY the function f(-,s,¢) is weakly differentiable and coincides
HN~La.e. with its precise representative, i.e., it is HV!-a.e. approximately continuous in Q. Notice
that though the functional F' does not change its values if we modify f in a subset of zero Lebesgue
measure of 2, this modification may affect the values of 7 on BV (Q2). Therefore, if f is not assumed to
be HN~1-a.e. approximately continuous with respect to x, then it is not true in general that the relaxation
of F' is represented by F. On the other hand the approximate continuity alone is not enough to assure
the relaxation result, as shown in a counterexample given in [1]. In that paper the representation formula
proved here has been obtained in the particular case where the integrand admits a separate dependence
on the spatial and the gradient variables. In that case the authors prove the relaxation result by suitably
refining the techniques introduced in [6] through the use of a new Reshetnyak-type theorem which applies
only to measures which are gradients of BV-function, but does not require the continuity of the integrand.
Unfortunately, this technique does not work for a general integrand like the ones considered here.

Thus, we have to follow another approach to relaxation by using the blow-up technique introduced
by Fonseca and Miiller in [16] and [17] (see also [3] and [15]). However, in all these papers the use of this
technique relies strongly on the continuity of the integrand with respect to x, an assumption that here is
replaced by the HV1-a.e. approximate continuity.

This fact introduces some relevant difficulties and requires a delicate study of the approximate con-
tinuity of (N —1)-dimensional restrictions of BV-functions. Differently from the usual continuity, the
approximate continuity is not inherited by the sections of measurable functions. However, in the first
part of this paper we prove that given a HY ~!-almost everywhere approximately continuous BV-function,
its sections keep the same property, as long as we restrict them to a countably H ~!-rectifiable set whose
normal is “never” orthogonal to the hyperplane with respect to whom the sections are taken (see Theo-
rem 4.6). This theorem is the main tool needed for dealing with the jump part of the functional via the
blow-up technique. More precisely, given a jump point g of a BV-function u, we study the behaviour
of the integrand on the tangent hyperplane II to the jump set at xg. If the restriction of the integrand
to II is not approximately continuous, we have to approximate II with a sequence of “good” hyperplanes
(where the restriction of f is approximately continuous). In fact, in Proposition 6.5 we prove that this
property holds at HN~!-point z of the jump set of u.

The paper is organized as follows: Section 2 is devoted to notations; in Section 3 we recall some
properties of BV-functions and some results of geometric measure theory needed for the sequel. In
Section 4 we carry on a thorough analysis of the fine properties of the (N —1)-dimensional sections of
BV-functions. In Section 5 we set the problem and state some technical lemmas; moreover, we discuss
some properties of the recession function that do not follow from the corresponding ones of integrand
(see Example 5.3). Finally, in Section 6 we state and prove our main result, i.e. the relaxation theorem.

2 Notation

Throughout the paper, N > 2 is a fixed integer and the letter ¢ denotes a strictly positive constant, whose
value may vary from line to line. Given zg € RY and p > 0, B,(x0) denotes the ball in IRY centered in
xo with radius p, while $¥ 1 is the unit sphere of IRV,

Let Q be a bounded open set in IR™Y. We denote by A(Q) the family of all bounded open subsets A
of Q and by B(Q) the o-algebra of all Borel subsets B of Q. Moreover, M(Q;IR") is the space of the
IRV -valued Radon measures on €; in particular, M(Q) := M(Q;IR).



As usual, £V stands for the Lebesgue measure on IR™ and H¥ for the k-dimensional Hausdorff measure
on IRY. The Lebesgue measure of the unit ball in IR” is denoted by w ~» hence LN(B,(x0)) = wyp”.

Given a direction v € $V =1, every point z € IRY can be decomposed as = = (z-, z,), with z, = (z, v)v
and z7 =2 —x,. By 7, we denote the projection of IRY onto the plane through the origin orthogonal
to v and m, denotes the projection of IRY over the line through the origin in the direction v. We shall
often identify m | (RY) with RV~! and 7,(IRY) with IR, so that, for instance, the H"N~!-measure on
L (IRY) will be identified with £V~!. Finally, if E is a given subset of R", we set

v

B, ={z, em, (E): (zt,x,) € E} and E,, ={zy €n, (E): (zy,z,) € E}.

Similarly, if g : R™Y — IR is a given function, for every Tt € IRV~ we denote by gy the restriction
of the function g to IR; i.e., the function z, € R — g(x,x,); for every z, € IR, the restriction g, is
defined analogously.

When v = ey, we simply write 7wy _y, 7, (2',y), Ew, Ey, g2, gy, instead of Tels Moy (a:elN,xeN), EICLN,

EzeN ’ gxciN ) gxeN .

3 Basic properties of BV-functions and a coarea formula

Let u € L%OC(Q); we say that u has an approximate limit at x € Q if there exists z € IR such that

lim u(y) — z|dx =0,
e—0t Bs(w)’ ‘
where UCBe(x) stands for m / B.(x)- Let Su be the set of points where the previous property does

not hold, the so-called approzimate discontinuity set. Note that it is a Borel set. If x & S, z is uniquely
determined, it is called the approzimate limit of u at = and it is denoted by wu(z). We recall that
u:Q\ S, — R is a Borel function.

We say that u is approzimately continuous at x if z ¢ S, and u(x) = u(zx). Clearly, z is a point of
approximate continuity of v if and only if is a Lebesgue point of u and since £N-almost every x €  is
a Lebesgue point, £V(S,) = 0. Notice that in general the above definition of approximate continuity is
stronger than the usual one given by Federer (see [13]). However, if v € L{? (2) the two notions agree.

We say that zg € S, is an approzimate jump point of w if there exist a,b € R and v € $V~!, such
that a # b and

lim |u(z) — a|dz =0, lim lu(z) — bl dz =0,

=07 Bg’(:vogj) e—0T BZ (zo,v)

where B (xg,v) = z¢ + eBJ and Bf = {z € By(0) : (z,v) = 0}. The triplet (a,b,v), uniquely
determined by the previous definition up to a permutation of a,b and a change of sign of v, is denoted
by (ut(zo),u™ (20),vu(z0)). We adopt the convention that u*(zg) > u~(x¢). The set of approximate
jump points is denoted by J, and is a Borel set. The quantity u* — u~ is the jump of u across the
interface J, and v, is the direction of the jump.

The space BV(Q) is defined as the space of all functions u : @ — IR belonging to L'(2) whose
distributional gradient Du is an IR"-valued Radon measure (i.e., Du € M(£;IRY)) with total variation
| Du| bounded in 2. We indicate by D%u and D*®u the absolutely continuous and the singular part of the



measure Du with respect to the Lebesgue measure. We recall that D% and D®u are mutually singular,

moreover we can write
Du = D%u + D*u and D% = Vu LV,

where Vu is the Radon-Nikodym derivative of D*u with respect to the Lebesgue measure. In particular,
Déu = D+ (ut —u v, HY Y|,

and J, is a countably HN~'-rectifiable Borel set (see [2, Definition 2.57]) contained in S, such that
HN=1(S, \ J.) = 0. The remaining part Du is called the Cantor part of Du.

Remark 3.1 Since, for every u € BV(Q), J, is a countably H~¥~!-rectifiable set, hence o-finite with
respect to HV 1, it follows that the set

{vesh . HN Yz e J, : vi(z) = £1}) >0}
is at most countable.

Finally, we define the precise representative of a function u € BV(Q) as

u(x) if e\ S,
+ —

u*(z) = W if z € J,
0 ifxeS,\Jy.

Clearly, u* : Q — IR is a Borel function coinciding £V -almost everywhere with @ and w.

Let us recall that if S ¢ IRY is a countably HV~!l-rectifiable set, then for HN"'-a.e. x € S there
exists the approzimate tangent plane 75 to S at x (see [2, Theorem 2.83]). A unit vector orthogonal to
Wf is called an approzimate normal to S at x and denoted by Vs(ac). Notice that if S is the jump set J,
of some BV function u, then ([2, Theorem 3.59]) v”«(x) = +u,,(x) for HN"t-ae. x € J,.

Let 1 <k < N —1 be a given integer. By 7, y : RY — IR* we denote the projection of IRY over the first
k components. The formula (3.1) below is a consequence of the general coarea formula for rectifiable set

[2, Theorem 2.93] and will be used in the sequel. For the reader’s convenience we give an explicit proof.

Theorem 3.2 Let S be a countably HN'-rectifiable subset of RN and g : RY — [0, +o0] a Borel
function. Then, for any integer 1 <k < N —1,

(3.1) /Sg(x) Z (9 (), e)|? dHN1( /]det/ﬂl YdHN TR ().

i=k+1

Proof. From the coarea formula for rectifiable sets [2, Theorem 2.93] we have that

(3.2) /g(x)CkadHN L / dt/ ydHN 1 (),
S R¥ ﬂkN(t)ﬂS

where

CrLy = +/det(Ly o L%),

4



Ly 75 — IR” is the differential of 7N on S at o and L, is the adjoint of the linear map L.

Let us denote by {71, ...,7y_1} an orthonormal base for 73; thus, {71, ..., 7x_1,7°(2)} is an orthonormal
base for RY. Denoting by (a;;) the k x k matrix representlng the linear map L, o L}, with respect to the
standard base in IR¥, we get that

N—
aij:ZTh,el (Th, e;) foralli,j=1,...,k.
h=1
N-1
Writing, for all 4, j, e; = Z (Th, e)Th + (13 (2), e)v5 (x), we get
h=1

N-1

S.S

5@] €Z7ej § Thvez Thvej + v Vi
h=1

hence

aijzdij—yisyf forallz}j:l,...,k:.

CrL, = \/det(l—ﬂ®?7).
)

From this formula it follows that

where [ is the k x k identity matrix and 7 = (v{ (z),...,v; (z)). The assertion then follows if we show
that

N
(3.3) det(I-T@p)= > [,

i=k+1

To this aim, recalling that 7 A 7 = 0, we notice that

det(I —veUv) = <(61—Vfﬂ)/\.../\(ek—yfﬁ),el/\.../\ek>
= (el/\.../\ek,el/\.../\ek)—ZViS(el/\.../\ei_l/\ﬁ/\eﬂ_l/\.../\ek,el/\.../\ek)

k N
=1-) W= WP
i=1

i=k+1
Thus, the proof is complete. O

For a general survey on measures and BV-functions we refer to [13], [22], [19], [23], [12], [2].

4 Sections of BV-functions
In this section we state some fine properties of BV-functions, which will be needed in the sequel.

Lemma 4.1 Let g: Q — IR be a Borel function. Assume that g € LL () and set

G* = {(x/,y) e\ Sy: lim l9(2',y) — g" (2, y)| d2’ = O} ,
=0T JQ (@ )

where Q' (z',¢) =2’ +eQ’ and Q' = (—1/2,1/2)N~L. Then G* is a Borel set.



Proof. Notice that G* = G1 NG9, where

G := {(x’,y) € Q\ Sy : there exists z € R such that lim lg(2',y) — z|dz’ = 0}
e=0"JQ/(a' )

and
Gy = {(x',y) €Q\S,: lim 9(<',y)dz’ = g*(m’,y)} -

=0T JQ ()
We claim that G is a Borel set. In fact, consider a dense sequence {¢;} C IR and, for every i, j € IN, set

1
Gij:{(l‘/a’y)GQ:limsup][ l9(z',y) — qi d21<7.}.
Q'(z',e) J

e—0t

It is not difficult to check that if » : RY — IR is Borel function, then also (z’,y) — fQ,(m, 6)h(,z’, y)dz' is
a Borel function for any € > 0. From this fact we get immediately that each G;; is a Borel set, and since

G= UGy,

j=1i=1

our claim follows. On the other hand, since for any ¢ > 0 the function (2/,y) — fQ,(m, o g(Z',y)dz' is
Borel, we easily get that also G2 is a Borel set. This concludes the proof. O

Lemma 4.2 ([2, Theorem 3.108]) Let g € BV(Q) be a given function. Then, for LN~ -almost every
x' € my_1 (), the function g, belongs to BV(Q,,). Moreover J, = (J,), and (g*),(y) = (9,,)"(y) for
every y € Qur \ (Jy), In particular, if (Jy),, = 0, then (g*),,(y) = (9,,)*(y) for every y € Qu and both

functions (g*),, and (g,.)* are continuous in .

Lemma 4.3 Let g € BV(Q) be a given function. Then, for L -almost every y € m,(2), the function g,
belongs to BV ().

Proof. If N = 2, the property follows by Lemma 4.2. If N > 2, the property can be easily obtained
following the proof of [2, Theorem 3.103]. m

In the next two lemmas we assume N > 2. For every x = (2/,y) € RV, we set
N N-2
$; = (a;l, ey L1, Ty e e .CL‘N_l) eR

and write, for the sake of simplicity, * = (z;, &}, y). Moreover, if E is a given set, with E;., we denote

E L, with v = e;; a similar notation will be used also for functions.

/
Y

T

Lemma 4.4 Let g € BV(Q) be a given function. Then there exists a set Ng C IR with L(Ng) = 0 with
the following property: for everyy € R\ Ny, g, € BV(Qy) and, for everyi=1,...,N —1, there exists a
set NW C RN=2 with LN=2(NW) = 0 such that, for every &, € RN"2\ N we have that iy € BV(Q41)
and

(4'1) (Sgy)fc; = ‘]gh,

(4.2) [(gy)*]fc; (z;) = (gi;y)*(l“i) for every z; € Qg1 \ Jgﬂy .

k3



Proof. For the sake of simplicity, assume Q = IRY. By Lemma 4.3 there exists Ny C IR with £'(Ng) =0

such that for every y € IR\ Ny we have that gy € BV (RN, Jy, is a countably HN~2_rectifiable set

and HN_Q(Sgy \ Jg,) = 0. Moreover, by Theorem 3.2, we have that, for every i =1,...,N —1,
0= [ elan = [ RS, ) di
Sgy\J IRN,Q Yy Yy i

so that there exists a set Ni¥ ¢ RN~2 with £V~2(NI¥) = 0, such that for every &} € RN"2\ N/ we
have (S, \ J,, )5 = 0 ie.,

Moreover, by Lemma 4.2 applied to g,, we have that for every y € IR\ Ny and for every i =1,..., N —1,

there exists a set Ni¥ ¢ RV =2 with LV"2(N3¥) = 0, such that for every &, € IRV "2\ N2 we have that
Yary € BV (IR) and

(4.4) (Joy)sr =g, -
(4.5) [(9y)" 15 (i) = (931,))" (:) for every z; € IR \ Jg@/.y '

Finally, for every y € IR\ Ny and for every i = 1,...,N — 1, set N¥ = Nliy U Néy c RY2, so that
LN=2(NW) = 0 and for every 2/ € RY"2\ N% we have that (4.3), (4.4) and (4.5) hold. Hence the
assertion follows. O

Lemma 4.5 Let g € BV(Q) be a function which is approzimately continuous in HY 1 -almost every point
of Q. Then there exists a set Mo C IR with L*(My) = 0 with the following property: for everyy € IR\ My,
gy € BV(Qy) and, for everyi=1,...,N — 1, there exists a set M"Y C RN"2 with LN=2(M™¥) = 0 such
that, for every @ € RN"2\ M%¥ we have that 9sy € BV(Q4,) and

(4.6) Jy, = (Sg)igy = (Jg)igy =0,

iiy
(4.7) (927,)" (2:) = (g1, 1) for every z; € Qu,

and both functions are continuous.

Proof. As before, we assume for simplicity Q = IRY. By assumption we have that H¥~1(S,) = 0, thus
from Theorem 3.2 we get that for every t =1,...,N —1

0= / (05, )| dHN T = HO((S,)sr,) di} dy.
S, RN ‘

Therefore there exists Mj € RN~ with LV~1(M]) = 0, such that for every (#},y) € RNt \ Mj we

have (S);,, = 0. Set

My ={y € R: LN 72((M]),) >0 for at least one index i =1,...,N —1}.

Then, by Fubini’s theorem

0= £V (i) = /IR £N-2(M),) dy



so that LVN72((M?),) = 0 for a.e. y € R; i.e. LY(M;) = 0. Moreover, for every y € IR\ M; and every
@t € RN72\ (M}),, recalling that (Jg)i;y - (Sg)j;y we have

By Lemma 4.2 we have that for every i = 1,..., N —1, there exists a set M} ¢ RV ~! with £N~1(M3) = 0,
such that for every (i},y) € RN ™1\ Mj we have that 93, € BV(IR) and

(4.9) Joy, = Jg)ary
(4.10) (97)ary (i) = (951,)" (2:) for every z; € R\ (Jg) 4, -

Set
My ={y € R: LN72((M3),) >0 for at least one index i =1,...,N —1}.

As before, Fubini’s theorem implies that £!(M) = 0. Thus for any y € IR\ My and any &} € RN 2\ (M3),
we obtain that (4.9) and (4.10) hold. Finally, set My = M; UM, C IR and M% = (M?), U (M3),, so that
L1 (My) = 0 and, for every y € R\ My, LY~2(M¥) = 0. Moreover, for every y € IR\ My, by (4.8), (4.9)
and (4.10) we have

0= (Sg)i;y = (Jg)ge;y = Jg@;y )

(9*)@;3,(%‘) = (gigy)*(%) for every z; € IR
and by Lemma 4.2 both functions are continuous. O

Next theorem state that given a H™~'-a.e. approximately continuous BV function g, its (N —1)-
dimensional sections are still HN"1-a.e. approximately continuous along a countably H¥~l-rectifiable
set whose normals are “never” orthogonal to the direction in which the sections are taken.

Theorem 4.6 Let g € BV(Q) be a function which is approzimately continuous in HN"1- almost every
point of 2. Set

=0T JQ (')

G = {(af’,y) €Q\Sy: lim (2, y) — g(2',y)| dz’ = 0} :

Let S C Q be a countably HN"'-rectifiable set such that HN"1({z € S : v5(z) = +eny}) = 0. Then
HNL(S\ G) = 0.

Proof. Again, we assume for simplicity that Q = R".

Since g is approximately continuous H¥ ~!-a.e., the thesis will be achieved if we prove that HV ~1(S\G*) =
0, where G* is the set defined in Lemma 4.1. To this aim, let us first assume that N > 2.

Following the notation used in Lemma 4.4 and Lemma 4.5 let us take y € IR\ (No U My) and for every
i=1,...,N—1,& ¢ RVN"2\ (N% U MW). Then by (4.1) and (4.6) we obtain

(Sg)gz;y = (Sgy)gz; =0

so that, for every z; € IR we have that z; & (Sg)sry, (e, v = (2;,2},y) € Sg) and z; & (Sg,)a: (Le.,
x' = (x;,25) € Sy,). Hence, x is a point of approximate continuity for g and 2’ is a point of approximate
continuity for g,. Moreover by (4.2) and (4.7) it follows that (g,)*(2) = (9%)ary(2:) = g*(2), i.e.

lim, l9(z"y) — g"(z)]dz" = lim 9(2",y) — (g4)" (2")|d2" =0,
=0t JQ (o ) =0t JQ/(a' c)



which implies that z € G*; i.e., x; € G;,y. In particular we obtain that, for every y € IR\ (Ny U Mp),
every i=1,...,N — 1 and every ¥} € RV=2\ (N%¥ U MW)

By Theorem 3.2 and (4.11) we obtain

N—
HN—Q((S\G*)y) = Z/S\G*) Sy ,€i) |2 dHN2 < Z/ Sy 6i>|dHN72

i=1 Y (S\G*)y

N—
— * O * ~
_§: A (CAYeRY §:: S\ G i =0,

which implies HY=2((S\ G*)y) = 0 for every y € IR\ (Ny U Mp). Finally, using again Theorem 3.2, we

obtain
/ V1= (S, en)2dHN ! :/ HYT2((S\ G*),) dy =
S\G* R

Therefore, taking into account the assumption made on S, we have HV~1(S\ G*) = 0.
If N =2, we apply the coarea formula (3.1) again, thus getting

/ 5, elantt = [ H(S\6),)dy =0,
S\G* R

where the last equality holds since H!(S,) = 0 implies (J,), = 0 for £!-almost every y € m1(2) and, by
Lemma 4.2, (g%),(z) = (g,)*(z) for all z € O, and for £L'-almost every y € 71(€2). Hence, the assertion
follows. =

Remark 4.7 Clearly, Theorem 4.6 still holds if we replace ey by a generic direction v. More precisely,
given any direction v € $V 7!, set

G, ={z= (x,f,xl,) e\ Sy: lim \g(zVL,:U,,) — g(au,f,acl,)]d,zyL =0;,
e=0TJ Qi (z,¢)

where Qi (2,¢) =7, (x +€Qy), Qv = Ry,(—1/2,1/2)N and R, denotes a rotation such that R, ey = v.
Then HN=1(S\ G,) = 0 for every countably H¥~!-rectifiable subset S of Q, such that HN~1({z € S :
v¥(z) = +v}) = 0.

5 Setting of the problem

Let f:Q xR x RY — IR be a Borel function satisfying the following conditions:
( (1) f(,5,6) € WHH(Q), for every (s,€) € R x RY;

(i) f(-,5,€) is approximately continuous H™!-a.e. in Q, for every (s,£) € R x RV ;
(5.1)
for every bounded set B C IR x IRY there exists a constant L(B) such that

(444) /ﬂ‘vzﬂ(% s,§) de < L(B)  V(s,€) € B.




Remark 5.1 Notice that assumption (ii) of (5.1) seems redundant, since every W'!-function admits
a HN"l-a.e approximately continuous representative. Moreover, the functional in (5.5) is clearly not
affected by the choice of the representative. However, functional (5.6) does depend on the particular
representative chosen. Therefore, the representation formula provided by Theorem 6.1 below does not
hold if we take a representative of f not satisfying (ii).

We will assume that

(5.2) f(z,s,-) is convex for every (z,s) € Q x R;

(5.3) 1f(z,5,6) — flx,50,6)| < A1+ |€])]s — so| for every (z,5,&), (z,50,&) € A xR x RV ;

(5.4) 0< flx,s,6) <AL+]E]) for every (z,5,€) € A x R x RY,

for some positive A. From (5.2) and (5.4), it follows that f is Lipschitz continuous in the last variable,

uniformly with respect to (z, s).
For every A € A(Q) and every u € BV(Q), we define

z,u,Vu) dx if u 1,1
55 e /Af(, V) d fue WhL(Q)
+oo

if u € BV(Q)\ Whi(Q).

Our aim is to prove an integral representation theorem for the relaxation F of F, with respect to the L!-
topology. We recall that the relaxation of F' is the greatest lower semicontinuous functional not greater
than F; i.e.,

F(u,Q) := inf{liminf F(u,,Q) : u, € WHY(Q), u, — uin L*(Q)} .

n—-+oo

Among the main properties of the relaxation, we recall the following ones:

(i) for every A € A(Q), F(-, A) is lower semicontinuous with respect to the L!-topology;

(ii) for every A € A(Q), F(-, A) is local; i.e., for every u,v € BV(Q), with u = v on A, F(u, A) = F(v, A);
(iii) for every u € BV(), F(u,-) is a o-additive measure on B(12).

For other properties of the relaxation we refer to [10], [11], [4], [5].

We set, for every A € A(Q2) and every u € BV (Q),

_ Dc ut(z)
(5.6) F(u,A) = /Af(x,u, Vu)dw—i—//‘fo‘)(x,u, |Dcz>d]Dcu\+/JumA</u($) [(x, s,v0) ds) dHN 1 (z),

where f*:Q x R x RY — R is the so-called recession function of f, defined by

(5.7) £, 5,6) = tE—ripoo f(ﬂc,:,tf) ~ sup f(z,s,t) ; f(z,s,0) .

Notice that assumptions (5.2) and (5.4) imply that the limit in (5.7) exists for every (z, s,&) € QxR xRN

(since the function ¢ — w is increasing). Moreover, the function f* is convex and positively

homogeneous of degree one in the last variable and, as a consequence of definition (5.7), we have that

f(z,s,0)

(5.8) f(x7s7 tf) t

; forallt > 0.

< f7(x,8,8) +

10



Notice also that f*° is a Borel function in Q x IR x IRYY. Thus, the functional F in (5.6) is well defined.
By the assumptions made on f, it follows that

(5.9)  0< f>®(x,s,8) < A for every (z,s,£) € @ x R x RV,

(5.10) |f>(z,s,&) — (2, 80,€)| < Al€]|s — so| for every (z,s,£), (x,50,§) € 2 x R x RN,

In the sequel, we will assume also that f°(-,s, &) is in BV(Q) for every (s,£) € R x IRY, that for every
bounded Borel set B C IR x IRY there exists a constant L(B) such that

(5.11) | Dy f(+,8,6)(Q) < L(B) for all (s,§) € B,

and that, for any (s,¢) € R x RY,

(5.12) (-, s,€) is approximately continuous for H¥ ~!-a.e. x € Q.

Remark 5.2 Note that (5.11), (5.12) trivially follow from (5.1) when f(z, s, -) is positively 1-homogeneous
(since in this case f*° coincides with f) and when f(x,s,§) = a(x, s)b(§) or f(x,s,£) = a(x)b(s,§) (since

in this case the dependence on z is not involved in the limit (5.7)). However, in general, property (5.12)
is not a consequence of (5.1)-(5.4), as the following example shows.

Example 5.3 Let f:(—1,1) x R — [0, 400) be a function defined by

(5 1 1
“lel - — if >
2 3 1
f(z,8) = zl¢| +Z€ if 0<z<—,
2 "ol g
g|g| it x<0,

if € # 0 and f(x,0) = 0 for every x € (—1,1). It is easy to check that f is a Lipschitz function with
respect to x satisfying (5.1)-(5.4). Nevertheless, condition (5.12) does not hold, since

5
Sl it @0,
P8 =9 5

The following proposition shows that, under further assumptions on f, the recession function f*°
necessarily satisfies (5.11) and (5.12).

Proposition 5.4 Let f : QxR xRY — IR be a function satisfying (5.1), (5.2) and (5.4). Assume that
(1) fe(-,8,€) is weakly differentiable in Q0 for all (s,€&) and that

/ |V fe(z,s,&)de < co for all (s,€) €e R x RN,
Q

11



(ii) for every (xo,s) € Q x R and for every e > 0 there exist 6 > 0 and L > 0 such that

Fe(esg - 120 < (14 L020E)

for any x € Q, with |z — zo| <6, any € € RN and any t > L.
Then f satisfies conditions (5.11) and (5.12).

Proof. Fix s € R and ¢ € C3(2,IRY) and set 15(¢) = [o(Vaf(2,5,£), p(z))dz. From assumption (i)
we get easily that |Vib,(€)| < coll@lle for all (s,€) € IR x IRY. Hence 1), is Lipschitz continuous and
Lip(¢s) < ¢ol|¢||co- Therefore, from (5.4) and (5.1), we get that for all (s, &)

/foo(x,s,é)divcp(x)dx = lim / Wdivcp(x)dx: lim <M
Q Q

h—o00 h—oo Jq h
. 1
= lim —

h—o0 Qh

() dx
(Vaf(z,5,h8) = Vaf(x,5,0), 0(x)) dr < collplloolé]

and from this inequality we get at once that f*°(-,s,£) € BV(Q) and | D, f*(-,s,£)[(Q) < colé].

Fix (5,£) € R x RY. Recalling that f(-,5,£) € WH(Q), from (5.1) we get that there exists a set N,
with HN “}(Ns¢) = 0, such that for any h € IN the function f(-,s, h€) is approximately continuous in
Q\ Ng¢. Let us fix g € Q\ Ng¢ and € > 0 and let 6 and L be the quantities provided by the assumption
(ii). Then for any p € (0,0) and h > LV1 we get, recalling also (5.4),

Foo s~ s Olde< g 15k~ fla s kOl dn 251+ A+ [ED)
Bp(xo)

Bp(xo)

Thus, letting first p — 0 and then ¢ — 0 in the inequality above, we get that f°°(-, s, &) is approximately
continuous at zg. Hence, the assertion follows. O

Lemma 5.5 Assume that f, f* : Q x R x R — R satisfy (5.2)-(5.4) and (5.12). Then, there exists
No C Q (indipendent of (s,€)), with HN~1(No) = 0, such that

(5.13) lim ( )!fm(yvs,ﬁ)—fm(x,s,f)!dyzo

e—0t /B
for every (s,£) € R x RY and every x € '\ No.

Proof. From (5.12), we get that (5.13) holds for every (s,&) € R x RY and every = € Q\ Ny¢, with
HNfl(st) = 0. Now, let g = {(sx, &)} be a countable dense set in IR x RY and set Ny = Uk Nsy 6 -
Clearly, HN=1(Ny) = 0 and (5.13) holds for every € Q\ Ny and every (s, &) € Yo. Therefore,
observing that (5.9) implies that £ — f°(x, s, &) is Lipschitz continuous with a constant not depending
on (z,s), and recalling (5.10), it follows that (5.13) actually holds for every (s,&) € IR x RY and every
x € \ Np. O

Lemma 5.6 Let f, f* satisfy the same assumptions as in Lemma 5.5 and (5.11). Then, for every
v € SN there exists N, C 7,1 (Q) (indipendent of s), with HNY(N,) = 0, such that the function
x, — f(zk, x,,5,v) is continuous for every x- € 7,1 (Q2)\ N, and every s € R.

12



Proof. By Lemma 4.2, it follows that for every (s,v) € IR x $¥~! there exists a set N, C 7,1 (€2), with
HNfl(NSJ,) = 0, such that for every x> € T, (€2)\ Ns,, the function z, — f>(zt, x,, s,v) is continuous
in Q.. Now, let ¥g = {s;} a countable dense set in IR and set N, = [J; Ny, . Clearly, HY-Y(N,) =0
and, for every z; € w , () \ N, and every s;, € X, the function z, — f*(z;,2,, s, v) is continuous in
;1. By using (5.10) as in the previous proof, it follows that the function z, — f°(zt, z,,s,v) actually

is continuous in €21, for every s € R and every T} € w1 (Q2)\ Ny O

Lemma 5.7 Let f, f* be as in Lemma 5.6. Let Dy = {v;} be a countable sequence of directions in gV-L,
There exists a set G C Q such that, for every s € IR and every v; € Dy, each point x = (:Uf;j,x,,j) eg
is a point of approzimate continuity for f(-,s,v;) and the function f(-,x,,,s,v;) is approvimately
continuous at xiﬂ € Qxyj. Moreover, HN=Y(S\ G) = 0 for any countably HN~-rectifiable set S C Q such
that

HN1{z €S : vi(2) =+v;}) =0 for all v; € Dy .

Proof. For every v; € Dy and every s € IR, set

Gly = o = o) €ONNo: lim 172y, = Sl 5005) 2 = 03,
l/j b
where Qf;j(x, ) = m,1(Qu,;(x,¢)) and Ny is the set given by Lemma 5.5. By Remark 4.7, it follows that
J
’HN_I(S\GIS,],) = 0. We consider the set G° = [1; G} ; then, for every s € IR, HN1(S\ G*) = 0. Now, let
{sr} be a countable dense subset of IR and, for every k € IN, G% be the corresponding set, constructed

as above. Finally, set G =, G**. Clearly, HN~1(S\ G) = 0. Moreover, as a consequence (5.10) and the
density of {s;}, we have that, for every v; € Dy and every = € G,

. L € N
51—1>I(r)1+ Q#.(x,a)‘foo<zl/j’m”j’s’ Vj) - foo(xl’j’xyj’s’yj)‘ dz'/j =0
j

for every s € IR. O

6 Main result

As we pointed out in the introduction, it has been already proven, for istance in [6], [14] and [15], under
more regularity assumptions on the integrand function f, that the functional defined in (5.6) provides a
“natural” extension of the functional (5.5) from WhH(Q) to BV(Q). In the next theorem we state that
the same result still holds under the weaker assumptions on f considered here.

Theorem 6.1 Assume that f : Q x R x RN — IR is a Borel function satisfying (5.1)~(5.4). Let
F :BV(Q) x A(Q) — [0,+00] be the functional defined in (5.5) and F be the relaxation of F. Assume
also that (5.11) and (5.12) hold. Then, F(u,-) is the trace of a finite Radon measure on A(S)), and

o ¢ ut ()
F(u,A) = /Af(a;,u, Vu) da;—i—/Afoo (m,ﬂ, |11;CZ|> d|DCu| _,_/J B (/_( | £z, 5, ) ds) dHNq(x)

for every A € A(Q2) and every u € BV(Q).
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We start by observing that under the assumptions of Theorem 6.1 above it is well known that for any
u € BV(Q) the function F(u, ) is the trace of a finite Radon measure on A(f2) and that for all A € A(Q)

0 < F(u,A) < c(LN(A) + |Du|(A)).

Hence, to prove Theorem 6.1 we have to establish the two inequalities

(7) F(u,A) < F(u, A) for all A € A(Q?) and u € BV(Q)),

(44) F(u, A) > F(u, A) for all A € A(Q2) and uw € BV(Q).

The first one is an immediate consequence of next theorem which, in turn, follows from a more general
lower semicontinuity result [7, Theorem 1.1].

Theorem 6.2 Assume that f : Q@ x R x RN — [0, +00) is a locally bounded Borel function, satisfying
(5.1)-(5.3). Then, for every A € A(Q) the functional F(-,A) : BV(Q) — [0,400) defined in (5.6) is

lower semicontinuous with respect to the L'-topology.

Inequality (ii) is established in the next theorem.

Theorem 6.3 Assume that f: Q x R x RY — IR is a Borel function satisfying (5.2)—(5.4), (5.11) and
(5.12). Then, for every A € A(Q) and every u € BV(Q), F(u, A) > F(u, A).

Following [15, Proof of Theorem 1.3}, we fix u € BV(Q2) and consider the Radon-Nikodym derivatives of
F(u, -) with respect to the Lebesgue measure £V, to the total variation of the Cantor measure |Du| and
to the Hausdorff measure HV 1 | Su, respectively. In order to obtain Theorem 6.3, we will prove that

dF(u,
(L) dgj\} )(1’0) < f(zo, u(wo), V(o)) for £"-almost every 2o € 2,
dF (u, - - De
(@) d!lgz‘i’u)(iﬁo) < f= <x0,u($0)7 ’DCZ‘(%)) for | D¢ul-almost every zp € €2,
dF(U, ) +(IO)
(J) —=—(zq) < / (o, 8, vy (x0)) ds for HN~1_almost every xg € Jy .
dHN 1|_=]u u~ (x0)

Inequality (L) is proven in [15, Theorem 1.3, part (i)], under the only assumptions (5.2)—(5.4), hence, we
have to prove (C) and (J). To this purpose let us define the following coercive functional associated to F'
by setting

Fi(u, A) := F(u, A) + |Dul(A).

Proposition 6.4 Assume that f : Q x R x RY — IR is a Borel function satisfying (5.2)-(5.4) and
(5.12). Then, (C) holds; i.e., for every u € BV(Q),

dF(u,")

©) d|D¢u|

DC
(o) < f° <$07ﬂ($0)7 |DCZ|($O)> for | D¢ul-almost every xo € Q.

14



Proof. By Lemma 3.9 of [3] for |Dul-almost every zo € €2, there exists a double indexed sequence
{tk uF} such that, for every k € IN,

(6.1) th — 400, eth - 0%, WF - u(zg) ase— 0t
dF1(u,-) df(u )
Bt 2 Sl V) — 1
. . inf{Fl(vﬂ Qllj({ﬂo,z’;‘)) CAS BV(Q (.Z'(), )>7U|8Qk(z’o,a) = ulac + <t§y,x - x0>}
= lim limsup NN v ,
k—+o0o ._ o+ k IS t’;
dD¢
where v = d\TC:(CEO)’ lv| =1, and Q%(wxo,¢) := zo + £QF, with
(6.2) QF = Ry<(—k/2,k/2)N‘1 x (—1/2, 1/2)) :

and R, denotes a rotation such that R,eny = v. Fix zg €  so that all the limits above exist and are
finite. Moreover, since by Lemma 5.5 there exists Ny C 2, with HY~1(Ng) = 0 (hence, |Du|(No) = 0),
so that f°(-, s,¢) is approximately continuous at xq for every (s,¢) € R x IR, we may assume with no
loss of generality that xg € 2\ Ny. Then, taking into account (5.8), (5.4) and (6.1), we have

dF(u,-)
’ 1 < liminfli
dDeu] 70+ =l

1
WF 1(uf + (thv, @ — wo), Qp(w0,€))

tk _ tk
Sliminflimsup][ faug + ¢ EV];x Z0): V) dr +1
Qb (x0.¢) te

h—+o0 o+

f($7u§+<tlgy7x_$0>a0>
th

< hmlnfhmsup][ <f°°(x,ul;+<t§1/,x—xo),1/) + >d$—|—1
Qb (x0¢)

k—+oo o0+

<hm1nfhmsup][ ez, ubf + (tFv, z — xo),v) do + 1,
QE(zo,¢)

k—+oo o0+

which implies

dF(u,-) -
d|Deu| (w0) < lklglig llizgp]ék(m )f (2, uf + (tv, @ — xo), v) da

Hence, in order to conclude, it is enough to prove that for all k € IN
(6.3) limsup][ (w4 (v, 2 — x0),v) de < £ (20, U(x0), V).
e—0t JQk(zo,e)

By (5.10), the approximate continuity of the function f*°(-,u(zg),v) in zo € Q and (6.1), it follows that
for every k € IN

limsup][ foo(x,u];+<tlgy,x—:no>,y) dx
Qk(zUv )

e—0t

< lim sup][ [z, u(zg), v) de + lim sup][ Aub + (tFv, 2 — x0) — U(xo)| da
Qk(z()us) Qk(z(h )

e—0t e—0t+

< 1% (w0, W(x0), v) + Alimsup [\u )+t dx]
Qk(x()v )

e—0t

< (o, i(wo), v) + Alimsup [Juf — (o) + etk (N= 1R + 1| = (a0, i(0), v)

e—0t
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Thus (6.3) is proved. Hence, the assertion follows. O

Proposition 6.5 Let f satisfy the assumptions of Theorem 6.3. Then,

(. - (o)
(6.4) M(wo) < /u(xo) (o, s, V(o)) ds

for every u € BV(Q) and for HN " -almost every xq € J,,.

Proof. Let u € BV(Q). We will prove that for HV ~l-a.e. 2o € J,

dF (u, ) _ F(u, By(0)) /“WO)
-~ 7 =1 <
aHN17, ) = I N T (B ao)) = - (@)
By Remark 3.1 the set ®,, defined by

b, ={resV 1 HN " {z € Jy : vu(z) = 1)) > 0},

foo(x()v S, Vu(x())) ds.

is at most countable. Given a countable dense subset Dy of directions in $V ! \ ®,, we apply Lemma
5.7, with S = J,. Thus, there exists a set G C €, such that, for every s € IR and every v € Dy,
if z = (x},2,) € G, then (-, s,v) is approximately continuous at z, f>®(-,z,,s,v) is approximately
continuous at ;- and HV~(J, \ G) = 0.

By Theorem 3.7 of [3], for HN~!-almost every x¢ € J, NG we have

dFi(u,-) (20) = dF(u,-)
dHN=T[J, Y T aHN-T,

inf{F1(v,Q,(x0,¢)) : v€BV(Q,(xg,¢)), V[0Q, (wo.c) = wy }
€N71 y

(6.5) (z0) + |u™(z0) — u™ (z0)]

= lim sup
e—07t

where v = v, (20), Qu(x0,€) = 29 +Q,, Q, is defined as in (6.2) with £ = 1, and w, is the jump function
which takes the value u™(zo) if (x — zo,v) > 0 and u™(z0) if (x — 2, v) < 0. Let {v;} be a sequence of
directions contained in Dy converging to v. Let us fix 6 > 0; then Q, (0,1 —9) C Q,; C Q,(0,1 + ) for
every j sufficiently large.
Let ¢ € C3°(Qu(0;1 + J)) be a cut-off function such that ¢(z) = 1 in Q,(0;1 — 2§), ¢(x) = 0 on
Qu(0;1+6)\ Q,(0;1 —0) and |[V¢| < ¢/d. For every € > 0, set ¢p-(z) = ¢(*=™), so that [Vo.| < c/ed
and, for every j € IN sufficiently large, set we .., (z) = ¢<(x)w,, () +(1—¢-(x))w,(x), where w,, is defined
as w,, with v replaced by v;. We note that Wevw; satisfies the boundary condition We v, | 0Qu (x0,e) = W,
so that, by (6.5), we obtain

dFl(U,') F(wEJ/,Vj’QV(xO?E)) i |Dw5,V,Vj|(QV(’1"07€))] .

(6.6) (z9) < limsup

dHN-T], " N1 eN-1

Clearly, for every € > 0 and j € IN sufficiently large,

|Dwe,u,yj ‘ (Qu(l‘m 8))
eN-1

(6.7)

> EN% [/Qu xo,a)‘v@"ww — wy| dz + ’Dij‘(QV(:UO?g)) + [Dw, [(Qu (o, €) \ Qu(wo, (1 - 25)5))]
[u*(z0) — u” (20|
(v, )]

+ _ —
< %{5 [wy,; — wy|dz + [u (o) = u”(wo)| +cd < Esin(fy?) +
€ Qu(

+ch.
20,€) (v, v5)| 6
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Moreover, let us approximate the jump function we ., by means of a sequence of Whl-functions, given

by u{ 1/1/]( x) = ¢€(x)u?,uj (.Z') +(1- ¢a(37))“?,u(x)a where

u™t (o) if e/2n < (x — zo, V) ,
ug () =< (ut(xo) — u_(xo))g@ -z, V) + u” (o) —;—u(xg) if —e/2n < (z —xo,v) <e/2n,
u” (z0) if (x — xo,v) < —¢/2n

and v, is defined similarly by replacing v with v;. Clearly, ([u, ,, —We v, [|L1(Q. (x0.c)) — 0 aSn — +00,
hence, usmg the lower semicontinuity of F, (5.4), (5.8), it follows

F(wsuujaQu(l'Oye)) 1
1) < n n
EN_l lﬁgligof EN 1 /C;V(xo7a)f($7uavyvyj’qu?’/?Vj)dw

1
< liminf —— / f(@,ul,, ,Vu”l,.)da:+c/ |Voe|lul ,—ul, |dx
nboo €N [ Qulwoc-20) Y Qeoe) "

ve | (619usy | + (1 = 9V, | +1)d
Qv (20,6)\Qu (z0,(1—-20)¢)

< lim inf][ ef(w,ug,,, Vul, Jdz + < 5 sm(uyj) +cd
v (CC(),&‘)

n—-4o0o

(6.8)

n—-—+o00

gliminf]é ( )[foo( Wy EVUL,) + e f (i, 0)] di 4 sin(ET) + b
"j x(o,E

< lim inf [Pz, eVug, ) de + Ae + <

lim inf UL sm(w/j) + co
Quj(IO’E)

4]

< (ut(20)—u (z0)) lim inf][
Qi (wo,e)

n—-+o00

(z0)v, +e/2n
n / foo( xl,],us v (), v5) dz,, dx,J;.
€ (zo),,j —e/2n ! !

+Ae + g sin(vvj) + ¢,

where QL (xo,e) = L(Qy] (zo,€)). We note that the function ug,,, actually depends only on zy,, so

that, by the change of variable s = ug,, (zy;), we obtain

L (s) = 3 . u* (w9) +u” (20)
Ty = Pre(8) = S ) — um @) 2

) + (ZUO)Z/J'

and pnc(s) — (z0)y;, when n — 400; so that, by dominated convergence theorem and Lemma 5.6, we
have
(Io)uj +e/2n

(6.9) (ut(z0) —u (x ))hmsuphmlnf]él( )[n/( il s Ty s Ty UL, (.Q?yj),l/j)d.%'yj] d:vlfj
v Zo,

et Mmoot € xO)Vj —€/2n
*(zo0)
= lim sup lim 1nf][ / (@), pne(s), s,v4) ds| do)
e—0t MO JQL (woe) [ Ju~ (wo) ! !
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ut(zo)
glimsup][ / lim f>(x lfj,pnys(s),s,yj)ds d$lfj
Qz, (z0.e)

0+ u=(z0) n——+0o00
ut (z0)
< limsup][ / (it o+ (0)y;, 8,v5) ds | d by
e—0+ l%ju(a:ma) u~ (z0) !

ut (o) ut (z0)
:/ lim ][ foo( (xo),, , S, V])dac,J;_ d5:/ [ (zo,s,v5)ds,
u=(wo) [5207JQ (a0.0) ! u™ (xo)

where the last equality is due to the approximate continuity at (zq);: v, of f°(, (o), s,v5), for every
s € R. By (6.5), (6.6), (6.7), (6.8) and (6.9), we obtain, letting ¢ — 0%,

w* (o) NN
(o)l o) (o)l < [ f ) ds - Ssin(o) + e 1Lt (20
u= (o) 0 (v, v5)]

dF (u,-)
dHN-1[ ],

Now, taking into account the Lipschitz continuity of f°° with respect to the last variable and letting first
j — oo and then § — 0% we get

u™ (zo0)

M(wo) + [ut (o) — u™ (wo)| < /u(xo) F (2o, 5, vu(w0)) ds + [u™ (x0) — u (w0)] .

Hence, the assertion follows. O
We are now in position to give the proof of Theorem 6.1.

Proof of Theorem 6.1. Taking into account Theorem 6.2, [15, Theorem 1.3, part (i)] and Propositions
6.4, 6.5, we obtain the assertion for any function u € BV(Q2) and any A € A(2). O
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