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ABSTRACT. In this paper we show the emergence of polycrystalline structures as a
result of elastic energy minimisation. For this purpose, we consider a well-known
variational model for two-dimensional systems of edge dislocations, within the
so-called core radius approach, and we derive the I'-limit of the elastic energy
functional as the lattice space tends to zero.

In the energy regime under investigation, the symmetric and skew part of the
strain become decoupled in the limit, the dislocation measure being the curl of
the skew part of the strain. The limit energy is given by the sum of a plastic
term, acting on the dislocation density, and an elastic term, which depends on
the symmetric strains. Minimisers under suitable boundary conditions are piece-
wise constant antisymmetric strain fields, representing in our model a polycrystal
whose grains are mutually rotated by infinitesimal angles.
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2 S. FANZON, M. PALOMBARO, AND M. PONSIGLIONE

FIGURE 1. Section of an iron-carbon alloy. The darker regions are single
crystal grains separated by grain boundaries represented by lighter lines

(source [20], licensed under CC BY-NC-SA 2.0 UK).

1. INTRODUCTION

Many solids in nature exhibit a polycrystalline structure. A single phase polycrys-
tal is formed by many individual crystal grains, having the same underlying periodic
atomic structure, but rotated with respect to each other. The region separating two
grains with different orientation is called grain boundary (Figure [1)). Since the grains
are mutually rotated, the periodic crystalline structure is disrupted at grain boundaries.
As a consequence, grain boundaries are regions where dislocations occur, inducing high
energy concentration. Polycrystalline structures, which a priori may seem energetically
not convenient, arise from the crystallisation of a melt. As the temperature decreases,
crystallisation starts from a number of points within the melt. These single grains grow
until they meet. Since their orientation is generally different, the grains are not able to
arrange in a single crystal and grain boundaries appear as local minimizers of the energy,
in fact as metastable configurations. After crystallisation a grain growth phase occurs,
and the solid tries to minimise the energy by reducing the boundary area. This process
happens by atomic diffusion, and it is thermally activated ([I2, Ch 5.7], [19]).

The aim of this paper is to describe, and to some extent to predict, polycrystalline
structures by variational principles. To this end, we first introduce a well-known varia-
tional semi-discrete model for edge dislocations. Then, we derive by ['-convergence, as
the lattice spacing tends to zero, a total energy functional depending on the strain and on
the dislocation density. Finally, we focus on the ground states of such energy, neglecting
the fundamental mechanisms driving the formation and evolution of grain boundaries.
The main feature of the model proposed in this paper is that grain boundaries and the
corresponding grain orientations are not introduced as internal variables of the energy; in
fact, they spontaneously arise as a result of the only energy minimisation under suitable
boundary conditions.

Let us introduce our model by first discussing the case of two dimensional small angle
tilt grain boundaries (abbreviated to SATGB). The atomic structure of SATGBs is well
understood ([12, Ch 3.4], [17]). Indeed the lattice mismatch between two grains mutually
tilted by a small angle 0 is accommodated by a single array of edge dislocations at the
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FIGURE 2. Left and Centre: schematic picture of a SATGB. Two grains
mutually rotated by an angle  are joined together. The lattice misfit (green
lines) is accommodated by an array of edge dislocations spaced 0 apart (red
dots) (pictures after [I6]). The blue lines show the rotation between the
grains. Right: High-resolution transmission electron microscopy image

of a SATGB in silicon (from [8, Section 7.2.2] with permission of the author).

grain boundary, evenly spaced at distance § &~ £/6, where ¢ represents the atomic lattice
spacing. Hence, the number of dislocations at a SATGB is of the order 6/¢ (Figure[2). The
elastic energy of a SATGB is given by the celebrated Read-Shockley formula introduced
in [17]

(1) Elastic Energy = Eqf(A + |log¥|),

where Ey and A are positive constants depending only on the material.

Recently in [14], starting from a nonlinear elastic energy, the authors proved compact-
ness properties and energy bounds in agreement with . In this paper we focus on lower
energy regimes, deriving by I'-convergence, as the lattice spacing ¢ — 0 and the number
of dislocations N, — 00, a certain limit energy functional F that can be regarded as
a linearised version of the Read-Shockley formula. We work in the setting of linearised
planar elasticity as introduced in [9] and in particular we require good separation of the
dislocation cores. Such good separation hypothesis will in turn imply that the number of
dislocations at grain boundaries is of the order

0
(2) N. < -

As a consequence, we cannot allow a number of dislocations sufficient to accommodate
small rotations 6 between grains, but rather we can have rotations by an infinitesimal
angle  ~ 0, that is, antisymmetric matrices. In this respect our analysis represents the
linearised counterpart of the Read-Shockley formula: grains are micro-rotated by infini-
tesimal angles and the corresponding ground states can be seen as linearised polycrystals,
whose energy is linear with respect to the number of dislocations at grain boundaries.
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FIGURE 3. Left: domain 2 x R with the edge dislocation (7, ). The green
plane represents the extra half-plane of atoms corresponding to ~. Right:
the section Q of the crystal, with the edge dislocation (z,&), z := vy N Q.

We now briefly introduce the setting of our problem following [9]. In linearised planar
elasticity, the reference configuration is a bounded domain  C R2, representing a
horizontal section of an infinite cylindrical crystal  x R. Following the semi-discrete
dislocation model (3], 6, 9]), dislocations are introduced as point defects of the strain
B: Q — M?>*2 where M?*? denotes the set of 2 x 2 real matrices. Specifically, a family of
straight dislocation lines {v;}}, orthogonal to the cross section Q is identified with the
points x; := 7; N ). We then require

M
(3) Curl 8= & s,
i=1

in the sense of distributions. Here & € R? is the Burgers vector associated to 7;, it
depends only on the underlying crystalline structure and not on the lattice spacing ¢.
(Since we are working in linearised elasticity the Burgers vector can be rescaled by e71.)
As & and ~; are orthogonal, (7;,&;) defines an edge dislocation (Figure [3). Denote by
W= Zi\il &0, the dislocation measure and by B,.(z) the ball of radius r > 0 centred at
x € R2. The linear elastic energy for the pair (i, 3) satisfying is defined as

(4) Bnd)i=3 [ €8:pds,
Qe (1)

where Q. () := Q ~ UM, B.(x;) and C is a fourth order stress tensor, which is assumed
to be positive definite on symmetric matrices. The energy induced by the dislocation
distribution p is obtained by minimising over the set of all strains satisfying .

Following [9], we make a technical hypothesis of good separation for the dislocation
cores, by introducing a small scale p. > ¢, called hard core radius: any cluster of disloca-
tions on a scale p. will be identified with a multiple dislocation & 6,,, where £ is the sum
of the Burgers vectors corresponding to the dislocations in the cluster. Specifically, we
will consider integer multiples of Burgers vectors and require that dislocation points are
separated by at least 2p..

We now want to examine how the energy in scales with €. The energy contribution
of a single dislocation core is of order |loge| (see Proposition . For a system of V.
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dislocations, with N. — oo as € — 0, the relevant energy regime is then
E. ~ N.|loge]|.

This scaling was already studied in [5] for N. < C, where the authors do not assume
any separation between the dislocation cores. The critical regime N, ~ |loge| has been
considered for Ginzburg Landau vortices in [I3] and for edge dislocations in [9], where
the authors, assuming that the dislocations are well separated, characterise the I'-limit of
“OEg—EEP. Recently the critical regime without good separation assumption was studied in
[10], where the author performs a I'-convergence analysis in the spirit of [5].

Our analysis focusses on the energy regime corresponding to

1
|loge| < N, < -

(see Section [2] for the precise assumptions on N.). We will see that such energy regime
will account for grain boundaries that are mutually rotated by infinitesimal angles 6 ~ 0.
To be more specific, one can split the contribution of E. into

E.(p, B) = EX™*(u, B) + EX (1, B)

where E5 is the self-energy concentrated in the hard core region U;B,_(x;) while Etr
is the interaction energy computed outside the hard core region. In Theorem [£.2] we will
prove that the I'-limit as € — 0 of the rescaled functionals E., with respect to the strains
and the dislocation measures, is of the form

1 d
(5) f(u,S,A)z—/(CS:de—i—/g&(—M) d|p| .
2 Jg Q d|p|

The first term of F comes from the interaction energy. It represents the elastic energy of
the symmetric field S, which is the weak limit of the symmetric part of the strains rescaled
by /Nc|loge|. Instead, the antisymmetric part of the strain, rescaled by N., weakly
converges to an antisymmetric field A. Therefore, since N, > |log ¢|, the symmetric part
of the strain is of lower order with respect to the antisymmetric part. The second term
of F is the plastic energy, where the density ¢ is positively 1-homogeneous and it can be
defined as the relaxation of a cell-problem formula (see Proposition . The measure g
in is the weak-* limit of the dislocation measures rescaled by V.. Notice that A and
come from the same rescaling N., whereas the symmetric part S is of lower order, namely
/N:|logel|. As a consequence, the compatibility condition (3)) passes to the limit as

CurlA=p.

This implies that the elastic and plastic terms in F are decoupled. Indeed this is the main
difference to the energy regime N. = |loge| studied in [9]. Specifically, the macroscopic
energy derived in [9] has the same structure as F, but S, A and p live on the same scale
|log e|. Therefore, the contributions of the elastic and plastic energy are coupled by the
relation o = Curl 5, where § = S + A represents the whole macroscopic strain.

In the second part of the paper we focus on the study of the I'-limit F. Precisely, we
impose soft boundary conditions and compute (Theorem [5.1)) the corresponding I'-limit,
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which is given by

(6) fg“(u,S,A)—%/S]CSIdeJr/(zw(%) il + [ olloa—4)-0) ds,

for suitable antisymmetric boundary values g4. By imposing piecewise constant boundary
conditions g4 and by reducing the problem to a minimisation problem in BV, we show
that F94 is minimised by strains that are locally constant and take values in the set of
antisymmetric matrices (Theorem . More specifically, a minimiser is given by

k
@ A=Y A,
=1

where {Q;}¥_, is a Caccioppoli partition of Q2 and A; are constant antisymmetric matrices.
In this context the sets €2; represent the grains of the polycrystal, while the corresponding
A; represent their orientation. We call such configurations linearised polycrystals. Such
definition is motivated by the fact that antisymmetric matrices can be considered as
infinitesimal rotations, being the linearisation about the identity of the set of rotations.
The linear energy corresponding to A in can be interpreted as a linearised version of
the Read-Shockley formula in ().

The paper is organised as follows. In Section [2] we introduce the rigorous mathematical
setting of the problem. In Section [3|we recall some results from [9], which will be useful for
the I'-convergence analysis of the rescaled energy F.. The main I'-convergence result will
be proved in Section 4] In Section |5| we will include Dirichlet type boundary conditions
to the I'-convergence analysis performed in the previous section, obtaining the functional
F94 in @ Finally, in Section @ we will show that the plastic part of F94 is minimised
by linearised polycrystals, by prescribing piece-wise constant boundary conditions on the
antisymmetric part of the limit strain.

2. SETTING OF THE PROBLEM

Let Q C R? be a bounded open domain with Lipschitz boundary, representing a hori-
zontal section of an infinite cylindrical crystal €2 x R. Define the class of Burgers vectors

as S := {b1,...,bs}. We will assume that S contains at least two linearly independent
vectors so that Spang & = R2. We then define the set of slip directions
S := Span; S,

that coincides with the set of Burgers vectors for multiple dislocations. An edge dislocation
is identified with a point z € € and a vector £ € S. Let € > 0 be a parameter representing
the interatomic distance of the crystal and denote by { N.} C N the number of dislocations
present in the crystal at the scale e. We will work in the supercritical regime

(8) Ne > |logel,

in which the interaction energy is dominant with respect to the self energy. As in [9], we
assume good separation between dislocations by introducing a hard core radius p. — 0
satisfying

(1) lim._, pe/e® = +oo for every fixed 0 < s < 1,
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(ii) lim. 0 N.p? =0.
Condition (i) implies that the hard core region contains almost all the self energy (see
Proposition , while (ii) guarantees that the area of the hard core region tends to zero
Conditions (i), (ii), (8)) are compatible if
pe=e®, N =0

for some positive ¢(g) converging to zero slowly enough (for instance such that t(¢)|log e| <«
log(|loge|)). The class of admissible dislocations is defined by

M
AD.(Q) = {,LL EM(QR?) : pu= Z&(Sx“ MeN,§es,
i=1

B, (x;) CQ, |z; — x| > 2p., for every i and j # k} ,

Where M(€2;R?) denotes the space of R? valued Radon measures on €. For r > 0 and
=M &6, € AD.(Q) define

Qr(p) :==Q\ Uz‘]\ilBr("Ei) .
The class of admissible strains associated to = Y"1, &d,, € AD.(Q) is given by

AS. (1) ::{5 € L2(Q:M>?): B=01in Q\ Qu(), Curl f=0in Q. (),

(9)
/ ﬁ-tds:&,/ BSkewdxzo,foreveryizl,...,M}.
0Be (zi) Qe (1)

The first condition in @D is not restrictive, and it is introduced so that the strains are
defined on the common domain €2, instead of Q.(x). The second and third conditions
replace . The identity Curl 8 = 0 is intended in the sense of distributions, with

(10) Curl 8 := (01812 — 02311, 01822 — 02321) -

The integrand (- ¢ is intended in the sense of traces, since f € H(Curl, Q.(p)) (see [4
Page 204]), and ¢ is the unit tangent vector to 0B.(z;), obtained by t := Jv, where

(1) 1= (1),

and v is the outer normal to B.(x). Finally £V := (F — FT)/2. The last condition in
@D is not restrictive and will guarantee the uniqueness of the minimising strain.
The linear elastic energy associated to an admissible pair (u, 5) with p € AD.(£2) and

g € AS:(n) is defined by

(12) Eu(u, ) = Wwwzﬁwmw,

Qe (1)

where

1
W(F) := §CF: F
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is the strain energy density and C is the elasticity tensor satisfying
(13) cHEY™2 < W(F) < | F™? for every F € M**?,
for some given constant ¢ > 0. We remark that is equivalent to

1 1
(14) SCF: F = SCFY™: o,

since the elasticity tensor satisfies the symmetry properties C;ji; = Cprij = Cijie = Cjin
(see [2]). Notice that for any fixed u € AD.(2) the energy E.(u, ) admits a unique
minimiser, due to the last condition in @D As already discussed in the introduction,
the relevant scaling for the asymptotic study of E. is given by N.|loge|. Therefore we
introduce the scaled energy functional defined on the space M(Q;R?) x L?(Q; M**?) as

1 .
(15)  Fulu,B) = { Nofloge] o) Hn€APLQ), FEASL),

+00 otherwise.

3. PRELIMINARIES

In the present section we recall some results and notation from [9], which will be needed
in the I'-convergence analysis.

3.1. Cell formula for the self-energy. In this section we rigorously define the density
function ¢: R? — [0, +00) appearing in the I-limit F introduced in (). Following [9]
Section 4], for every £ € R? and 0 < 71 < 73, we define the space

9By,

A8y ry(€) = {ﬁ € L*(By, \ By;;M**?) : Curl 8 =0, Betds = g} :

where B, is the ball of radius 7 centred at the origin. Let C. := B; \ B., with 0 < e < 1,
and introduce 1. : R? — R through the cell problem

(16) 08 = e min{ [ W@ e Asu©)

" loge]

The existence of the minimum in is a consequence of the classical Korn inequality

and of (14). The following result holds (see |9, Corollary 6]).

Proposition 3.1. Let € > 0 and 1. defined as in . Then for every & € R? we have
lim . (&) = ¥(£),
e—0

where ¢ : R? — [0, 00) is defined by
1 = lim ——

(17) (€)= tim o [ WA(©) s
and Bo(€): R? — M?*2 s q distributional solution to

DivCpy(§) =0 in R?,
Curl By(€) = €6y in R2.
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Moreover, there exists a constant ¢ > 0 such that, for every & € R?,
(18) cTHEP <€) < cléf.

We now want to formalize that the self-energy 1(€) is indeed concentrated in the hard-
core region B, \ B. of the dislocation £ dy. To this end, define the maps ., .: R* — R

_ 1 _ .
(19) (€)= o min { [ W s Ass,pm} ,
(20)
ds(g) = “O—;dmin {/B,,E\BE W(B)dz: e AS.,.(§), B-t= B -t on 0B, U 8Bp5} ,

for ¢ € R2, where (3 € AS. . (€) in is a given strain such that

(21) b)) < k18

]

for some positive constant K. By , it is immediate to see that problems — are
well posed. The following result holds (see [9, Remark 7, Proposition §]).

Proposition 3.2. We have ¥.(€) = 1.(£)(1 + o(€)) and 1.(€) = ¥.(€)(1 + o(e)), with
o(e) = 0 as € — 0 uniformly with respect to & € R%. In particular

lim ¢-(€) = lim 0.(6) = (&)
pointwise, where 1 is the self-energy defined in (17)).
Now, we can define the density p: R? — [0, +00) as the relaxation of the self-energy 1,

N N
(22) p(€) = inf {Z M(E): Y Ml =6 N EN, A >0, & € S} .
k=1 k=1

The properties of ¢ are summarised in the following proposition.

Proposition 3.3. The function ¢ defined in 18 convex and positively 1-homogeneous.
Moreover there exists a constant ¢ > 0 such that

e < p(€) < el
for every € € R2. In particular, the infimum in 18 actually a minimum.

3.2. Korn type inequality. Next we recall the generalised Korn inequality proved in
[9, Theorem 11].

Theorem 3.4. There exists a constant C' > 0, depending only on ), with the following
property: for every B € L'(Q; M?*?) with Curl 8 € M(Q;R?) we have

[1s-apar<c ( [+ cmmmf) ,
Q Q

where A is the constant 2 x 2 antisymmetric matriz defined by A = ﬁ fQ Bskew dy.
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3.3. Remarks on the distributional Curl. Here we recall some facts on the distribu-
tional Curl of admissible strains (see [9, Remark 1]). Let u € AD.(Q), p = S, &6,
and § € AS.(u). Recalling , we can define the scalar distribution curl 3;) as

(23) (curl By, ) /ﬁ( - JVpde, for ¢eCr(),

where J is as in (1I)) and j;) denotes the i-th row of 5. If 3 € L*(Q;RR?), then
implies that curl ;) is well defined also for ¢ € H}(Q) and acts continuously on it, i.e.,
Curl 8 € H'(;R?) for every 8 € AS. (i), where H~(Q;R?) is the dual of H}(Q;R?).
Notice that the circulation condition

/ B-tds=¢;, forevery i=1,..., M,
OB (x;)

can be written as
@M@@:/ww,
Q
for every ¢ € C°(Q) N HY(Q) such that ¢ = ¢; in B.(x;) for all x; € supp p.

4. '-CONVERGENCE ANALYSIS

In this section we will study, by means of I'-convergence, the behaviour as ¢ — 0 of
the functionals F.: M(Q;R?) x L*(2; M?**?) — R defined in ([15)), in the energy regime
N. > |loge|. In Theorem [4.2] we will prove that the I-limit for the sequence F. is given
by F: (M(Q;R?) N HH(Q;R?)) x L2(Q;M2%2) x L2(Q;M2*2) — R defined as

sym skew

du
W d d if CurlA =
(24) Flu, S, A) : / “/ (dr |> 3 Curl A=

otherwise ,

where ¢ is the energy density introduced in . Here ngxrﬁ and M2 denote the space
of 2 x 2 symmetric and antisymmetric matrices, respectively. In the next definition we

introduce the topology under which the I'-convergence result holds.

Definition 4.1. We say that the family (also referred to as sequence in the following)
(e, B.) € M(;R?) x L*(Q; M?*?) is converging to a triplet (u,S, A) € M(Q;R?) x
L2(Q; M2X2) x L2(Q; MZX2) if

Sym skew

(25) Ee sy i M(Q;RY),

Sym skew

/Ne|loge| N.
Theorem 4.2. The following I'-convergence result holds true.
(i) (Compactness) Let €, — 0 and assume that (y,, 3,) € M(Q;R?) x L*(Q; M?*?) is
such that sup,, Fe, (tin, Bn) < E, for some positive constant E. Then there exists

(1, S, A) € (M(;R?) N H L R?)) x L2 M2X2) x L2(Q; M2X2 ),

Sym skew

— A weakly in  L*(€; M**?).
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with Curl A = u, such that up to subsequences (not relabelled), (un, 5,) converges

to (i, S, A) in the sense of Definition[{.1]
(11) (P-convergence) As ¢ — 0 the functionals F. defined in I'-converge with
respect to the convergence of Deﬁm’tion to the functional F defined in ([24]).

Remark 4.3. Since A is antisymmetric, there exist u € L?(Q) such that

0 wu
o ()
Notice that Curl A = Du. Therefore, Curl A € M(Q;R?) implies that u € BV () and

curl 4 = 0. In particular, curl Curl A = 0. We also notice that, since the gradient of any
vector-field is curl-free, it follows that any symmetric strain £ satisfies curl Curl € = 0,
giving back the well-known Saint-Venant compatibility condition in defect-free linearized
elasticity.

4.1. Compactness and ['-liminf inequality. In this section we prove the compactness
and I-liminf statements in Theorem [1.2] The proofs are similar to those in [9, Thm 12,
therefore we will only recall the main strategy and highlight the differences, which are
due to the fact that in our setting 8™ and 555V live on different scales.

Proof of compactness. Let (fin, 3,) € M(;R?) x L%(Q; M?*?) be such that,
(28) sup Fe, (fin, Bn) < C.

Then 1, := Y1 §n,i0z,, € AD,, (Q). First we show that, for sufficiently large n,

(29)

ia<c,

for some constant C' > 0. Since the function y — ﬁn(xm + y) belongs to AS., ,.. (&n.i),
by and a change of variable we obtain
1 -

(/Bn ¢ n g?’b’l 9
NE”‘ log €n| Z /Bﬂsn (%n,i)\Ber, (%n,:) En Z )

where 1), is defined in . Let ¢ be the self—energy in and set ¢ 1= 5 mlnm 1¥(8).
Notice that ¢ > 0, by (18] . By Proposition 2L . — p01ntw1se as € — 0 therefore for
sufficiently large n, we have 1/15 (f) > ¢ for every £ € R? with |£| = 1. Hence,

&ni c
Iwan( )zN

since the vectors &, ; are bounded away from zero. By combining the above estimates, we

obtain and (25).
Compactness for g™ /\/N., |loge,| in L?(Q;M?*?) readily follows from (28)), (12),
, since

(30) CN. logz,] 2 CE., () 2 C [ 53" da.
Q

C > F.,(tn, Bn) >

,|2

(gn,z) =
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We will now prove compactness for 555V /N,, in L?(Q;M?*?). Since the bounds (29)-
hold, the idea is to apply the generalised Korn inequality of Theorem to obtain
a uniform upper bound for g%V /N, in L?(Q; M?*2). In principle, in order to do that,
we need to control |Curl 5,|(2) in terms of |u,|(2). However, instead of controlling
| Curl 5,](€2), following [9], it is possible to make use of the circulation condition for £,
and of the classical Korn inequality to define new strains 3,: Q — M?*2 such that

osym |2 d C sym |2 d
(32) AL e < [ 1,
(33) | Curl 5,|(2) = || (€2) -

Now we apply the generalised Korn inequality of Theorem to B, and obtain
/ 1By — A2 dx < C (/ 6™ 2 doy + (|Mn|(Q))2> < C(N.,|loge,| + N2) <CNZ |
Q Q

where A,, = ﬁ Jo pekew e M2X2 " and the last two inequalities follow from [32), (30),

skew?

, . Now recall that by hypothesis the average of 5, is a symmetric matrix and
Bn=01in Q\ Q., (1,). Therefore, by also recalling (31)), we have

/ Iﬂnl%lxs/ |ﬂn—f~1n|2dl‘§/|5~n—fln|2dx§Oan.
Q (/’L’ﬂ) Qan(lln Q

The above estimate yields the desired compactness property for 555V /N_ in L?(); M>*2),
since also holds.

Finally we show that CurlA = p. Let ¢ € C}(R) and ¢, € H}(Q) be a sequence
converging to ¢ uniformly and strongly in H} (), and such that ¢, = ¢(z,;) in Be, (),
for every x,; in supp pi,,. By the remarks in Section [3.3] we then have

1 1 1
ndp, = —(Curl 8,, o) = — Vo, dx .
Nsn/gz¢ u N5n< url B, ¢n) Ngn/gﬁ on d
Hence, by invoking , , , we can pass to the limit in the above identity to obtain
Curl A = u. Moreover, since A € L*(Q; M?*?), by definition y = Curl A € H~1(Q; R?).
O

Proof of T-liminf inequality. Let u. € AD.(Q), B. € AS.(u.) and (u, S, A) be as in the
hypothesis of Theorem [£.2] We have to show that

En

(34) lim iélf]-"a(ug, Be) > F(p, S, A).
E—r
To show ([34)), we follow [9], and decompose the energy in
1 / 1
— [ W(B)dr = ——— W(B.)de + ————— W(B.) dx .
Nc|loge| Jq (5e) Nclloge| Ja,_ (u) (8e) Nellogel Jova,. (u) (65e)

We then study the two contributions separately. Recall that p. = Z?ifl §e,i0z. ;- By

hypothesis p. /N, X 1. Hence | te| (£2)/Ne is uniformly bounded and M. < C'N. for some
uniform constant C' > 0. Moreover N_p? — 0 by hypothesis, therefore Xq, — 1 strongly
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in L'(Q2). By hypothesis 5™ /y/N.|loge| — S. Hence also f2™Xq,_/+1/N:|loge| — S.

By invoking and the weak lower semicontinuity of the energy, we get

(35) Hen—>10n N |10g€| /PE(ME

Let us consider the second integral in the energy decomposition. By Proposition [3.2]

55dx>/w

1

(36) —
[log el Java,. (ue)

M
W(B:) da > Y (i) = (1+ofe Zwsm ,
i=1

where o(e) — 0 as ¢ — 0. By the properties of ¢ (Proposition [3. Reshetnyak’s lower
semicontinuity Theorem ([, Theorem 2.38|), and the assumption p. /N i, we obtain

M. M,
P P B du
il A il RS haladl
6) 3 () 2 gt D el = [ o (k)
From (35)), (36]), (37), and from the energy decomposition, we infer ([34). O

4.2. T-limsup inequality. In this section we prove the I'-limsup inequality of Theorem
Even though the strategy of the proof is similar [9, Thm 12|, in our case we need
finer estimates, due to the fact that S and A live on different scales. Before proceeding
with the proof, we need the following technical lemma to construct the recovery sequence
for the measure p. Let us first introduce some notation. For a sequence of atomic vector
valued measures of the form v, := 25\451 Qe i0,., and a sequence r. — 0, we define the
corresponding diffused measures

M,
1 £
(38) e = _QE:aE,iHQLBTE(%i), pre = § e H' L OB, (z.,) .
mwr
€ =1

27?7“5 :
Z:

For x.; € supp v, define the functions K=" KO‘E " By (w.;) — M**? as

67,7

SrQe 1 NP 1 —_ )
(39) K7 (2)=—0a,;0J(r—z.,), K ;' (x):=—0;0]——=

&t 2772 ot 2r 7 |z — xei]?’

where J is the counter-clockwise rotation of 7/2. Finally define K»=, K¥ : Q — M2*?2 as

(40) KVE = ZK%ZXBTE (ze,i) » KVE = ZKQHXBTE (@eys)

It is easy to show that
(41) Curl K = o/ — 9/, Curl K = v, — i/

e -

The following easy lemma will be used in some density argument in the construction
of the recovery sequence.
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FIGURE 4. Approximating p = £ dx with the 2r.-periodic atomic measure
ne. The red dots represent Dirac masses {d,_, in the support of 7..

Lemma 4.4. Let n € N, and set

(42)
M n2\;

S, =1¢&:= Z)‘k&f with M € N, &, € S, \x > 0 such that z; == =2 €N forall j ;.
o= 2 M

The union of such sets is dense in R2.
Lemma 4.5. Let conditions (i), (ii) and of Section[q hold true. Then we have:
(A) Let n € N, £ € S, defined as in and let = Edx. Set A = 224:1 Ak

r. = —2\/}\7&. Then, there exists a sequence 1. = 224:1 &k, with nf = l]\i{ 4]
such that n. € AD.(Q), and

Te s

k
(43) Mixkda: in M(QR), £ A4 in MERY),
N. N.
nLe nC
(44) % - <2
NE H*l(Q;R2) Ng

for some constant C independent of n, where the measure 1. is defined according
to (B3).
(B) Let i, r. as in (A), let g € C°(Q;R?) and set o := g(z)dw. Then, there exists a
sequence 1. satisfying all the properties in (A) and a sequence o. = Z{fl Ce10y, ;5
with (.; € S, such that supp(o.)N supp(n:) = 0, n. + 0. € AD(2) and
UE 0-5

V/Ne|log e \/ N:| loge|

where the measures 2= are defined according to (38).

(45) S oin M(Q;R?), — o in HY(Q;R?),

In particular there exists a constant C' > 0 such that

(46) H. < Cy/N|loge|, M, < CN.,
where M, == Y"1 MP.

Proof. Step 1. Proof of (A), the case M =1 and p = £ dx with £ € S.
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We cover R? with squares of side length 2r.. Divide each of them in four squares of side
length 7., and plug a mass £ d,_, at the centre of one of such r.-squares, obtaining in this
way a measure v, on R? which is 2r. periodic. We notice that we leave some free space
just in order to accomplish also point (B). Then we define 7. as the restriction of v. on all
the 2r.-squares contained in ) (see Figure {4)). Notice that n. € AD.(Q) since r. > 2p.,
by condition (ii) in Section Also, the density of N%ﬁgf — i has zero average on each
2r.-square, so that it converges to zero weakly in L?(Q; R?) and is verified.

Let v, : R? — R? be the 2r.-periodic solution to Av, = L,}gs — p. By construction it

Ne
is easy to see that
(47) H Lo < vl <C H Lo Lo <C
—V.° =l < | VellHrr2) S O, —nS — —=v.S° < COre.
Ne H=1(Q) e ) New NS H=1(2R?) )

These last estimates clearly imply .
Step 2. Proof of (A), the general case £ € S,,.

Cover R? with squares of side length 2nr., and divide each of them in four squares of side
length nr.. As in Step 1, pick one of these nr.-squares in all 2nr.-squares in a periodic
manner. Finally, divide each of these selected nr.-squares in n? squares of side length 7.
Now, plug at the centres of each of these n? squares a mass & 0., with 1 <k < M, in
such a way that the resulting measure v, is 2nr.-periodic, and on each 2nr.-square there
are exactly z, masses with weight &, where z; is defined in . Then, defining 7. as the
restriction of v. on the union of all 2nr.-squares contained in 2, and arguing as in the
proof of Step 1, we have that holds true, while holds true with C' replaced by
nC', so that follows.

Step 3. Proof of (B).

We have at disposal C'N. squares of side length nr., left free from the constructions in
Step 2. Clearly, we can plug masses with weights in S at the centre of ¢y/N.|loge| of
such free squares, in such a way that holds true. O

We are now ready to prove the I'-limsup inequality of Theorem [4.2
Proof of T'-limsup inequality of Theorem[4.3. Let
(1, S, A) € (M(Q;R?) N HHQ;R?)) x LAH(Q;M2X2) x LA(Q;M22)

Sym skew

with Curl A = u. We will construct a recovery sequence in three steps.

Step 1. The case u = & dr with S € C1(Q; M2x2).

Sym

In this step we assume that p := &dx, A € L*(Q;M%2) with CurlA = g and S €

skew

C*(Q; M2%2). We will construct a recovery sequence u. € AD.(Q), B € AS.(u.), such

Sym

that (ue, B:) converges to (u, S, A) in the sense of Definition [4.1| and

(48) limsupm/QW(ﬂs)dx < /Q(W(S)%—go(f))da:.

e—0
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By Proposition , there exist \p > 0, & € S, M € N, such that £ = 2114‘;4:1 A€, and

(49) P(&) =) Mt(&),

where ¢ is the self-energy defined in (22)). By standard density arguments in I'-convergence,
we will assume without loss of generality that £ € 5, is as in for some n € N.

Set 0 := Curl S. Since S € C'(Q; M2%2), then o = g(z) dx for some continuous function
g: Q= R% Letn. == 30 eila.,, Oc 1= S e (.40, and 7. := C'/y/N. be the sequences
given by Lemmal[4.5] (B). Set p. :=n.+o0.. By (43), and the hypothesis N, > |loge|,
[t is a recovery sequence for f.

Let 7j7=, 7=, 67¢, 67 be defined according to (38). Notice that Kfil € AS. . (&) and it

g€ 17¢e 17¢

satisfies . Therefore, by Proposition there exist strains fla,i such that
(i) f{ls,i € -A‘Sc:,ps (fs,i)a
(i) A -t =K' -t on 9B.(2.,) UDB,.(a...),
and
1

|loge| JB,, (2c.)\B.(a...)

Now extend A.; to be K55 in B, (2.,) \ By.(2.,) and zero in Q\ (B, (z.;) \ Bo(z.;)).
Set

(50) W (A.;) de = (&) (1 + o(e)).

H. M
(51) S, = Z Kgsl XBra (Ye.i)\Be (ye i) > A, = Z Asﬂ' .
=1 =1

Hence, recalling definition (38)) we have
(52) Curl S. = =67 + 65, Curl A, = —ij’= 477
Define Q. := J Vu,, R, := J Vv, where u,, v. solve
(53) {Auazégf—\/ma in | {Avgzﬁgf—Na,u in
32 =Cue on 0%; 5= =Clpe on 0f),
where the constants C,, ., C, . are satisfy the compatibility condition

/ Cueds = [ = —+/N|loge|dx, / Cpeds = / nee — Nopdx.
o0 0 o) Q

In this way,
(54) CurlQ. =6l — v/ N.|logel o, Curl R. =n* — N.p.

Notice that by construction m(\CuA +|Cyc|) = 0 as € = 0. Therefore, using also

, and standard elliptic estimates, we have

VNfloge[ 7 /N.[loge]

(55) in  L*(Q; M**?).
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Also notice that
Q- + R.

v/ Ne|log el

We can now define the candidate recovery sequence as

(56) t—0 in H Y200 R?) N LY(0Q;R?).

(57) pe = -+ 0y Bei= (S + A) Xou)
where

(58) S.:=+/N.[loge| S+ 5. — K% + Q. ,
(59) A.:=N.A+A — K™ +R..

By definition and , , , it is immediate to check that
CurlS; =07, CurlA.=17. in Q.
Recalling that pu. = n. + 0., we deduce that
Curlle =S+ =4 in Q, Curl B L Q. (pe) = 0.

Moreover, the circulation condition faBg(x) Be - tds = p.(x) is satisfied for every point

x € supp p.. Hence B € AS:(ue).
In order for (u., 5.) to be the desired recovery sequence, we need to prove that

Sym
(60) _m g weakly in  L?(Q; M?*?)
/Ne|log e
ﬁskew
(61) -~ A weakly in  L*(Q; M**?),
(62) ti i [ Wia)do = [ 07(8) + o9 s

In view of —, in order to prove , we have to show that

A

A.

(63) —— 0 in L*(Q;M*?%),
/N: |log €|

S Ke- K7

(64) > —0 in L*Q;M**?) .
VN [loge|” /N.[loge|” /N [loge]
We have
Al / 2

el dx R

(65) /QPE(HE) N5| 10g€| N |10g€| Z Bre (%e,i)\Bpe (<,i)

M_(logr. —log pe) <C log r. — log p.

<C
- N.|loge| - |log

— 0,
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as € — 0, where the last inequality follows from . Moreover, by , , , ,
and the definition of p¥ given by Lemma we have

M,
) 1 A I R
lim m/ W(A.)dx = ll_fj[l)ﬁs E (&) (1 +0(e))

—hm—Zm )1+ ofe |Q|ngk e,
Q
From ([13), (65), we conclude that A./\/N.|loge| is bounded in L?(Q; M?*?) and its

energy is concentrated in the hard core region. We easily deduce that holds true.
We pass to the proof of . One can readily see that

Foe|2 C Me 4 M,
idwﬁ—zj/ |z —2.Pdr=C ——"— =0
o Ne|loge] N.|loge| = 2 Jp, (a..) N.|logel

as € — 0, by (46)). The statement for K 7= can be proved in a similar way. Finally, since
H. < N. by (46) and , we have

1S |2 H_.(logr. —loge)
————dx
QN6|]'Og€| B Ne|log5|
which concludes the proof of (64)).

We are left to prove (62)). By the symmetries of the elasticity tensor C (see (14)) and
definition (57)), we have

e A€ f{as €
AUCON WS+ 5 - = + & +
N.|loge| V/Nelloge|  y/N:|loge| +/N.|loge]
A, K R.
+ - + :
\/N€|log8| \/N€]10g8| \/Ns|log€\

From and , we get

A
lim /W Ddr=lim [ W8+ ——ee | du
e—0 NN, |log€| h —0 /g ( /N€|log5|)
By recalling , , and by Holder inequality we deduce ([62)).
Step 2. The case u = 3.1, Xo,& dx and S € O (Q; M2%2).

sym

In this step we assume that S € C'(Q;M2%2) and A € L2(;M%2) with pu := Curl A

Sym skew
locally constant, i.e., yu = ZZL:I Xo,& dz, with & € R? and with €; C Q that are Lip-
schitz pairwise disjoint domains such that |\ UX Q| = 0. We will construct the re-
covery sequence by combining the previous step with classical localisation arguments of
['-convergence.
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Let Sp == SLQ, A = ALQ, w = pLQ = {dx. Denote by (fue, fie) the
recovery sequence for (1, S;, A;) given by Step 1. We can now define u. € M(Q;R?) and
Be: Q — M?*? as

L L
65 = Z Xﬂl 6l,5 y  MHe 1= Z Hie -
=1 =1

By construction p. € AD.(Q)) and f. satisfies the circulation condition on every 0B.(z.),
with z. € supp .. Also notice that on each set §2; belonging to the partition of €2, we
have

Curl 5. L Q(pe) = 0.

However Curl 8. could concentrate on the intersection region between two elements of the
partition {€;}%,. To overcome this problem, it is sufficient to notice that by construction

§§:6M—¢KEQHS—MA¢
= v/ Ne|loge|
:i Qe+ Ry » 7
— ||/ Ne| log e H12 (00 R?)
where ()., R;. are defined according to (53|), with 2 replaced by €;. Therefore by ,
Curl 8. L Q. (11.)
/Ne|loge|

Hence we can add a vanishing perturbation to 8. (on the scale y/N.|loge|), in order to
obtain the desired recovery sequence in AS.(j.).

Curl 8. L Q. (s1.)

v/ Ne| log el

H-1(;R2) ! H~1/2(0Q;R2)

— 0 strongly in  H '(;R?).

Step 3. The general case.

Let (u, S, A) be in the domain of the I'-limit F. In view of Step 2 and by standard density
arguments of I'-convergence, it is sufficient to find sequences (i, Sy, Ay,) such that p, is
locally constant as in Step 2,

(67) S, € CHE,M22) | A, € LA (Q;ME2), with Curl A, = iy,

sym skew

and such that
(68) Su— S, A, — Ain L*(M¥?), = pin M(OR?),  [n|(Q2) = |1|(€2),

where S and A are the symmetric and antisymmetric part of 3, respectively. In fact , we
have to show that implies

(69) lim F(un, Bn) = F(u, S, A).

n—oo

Since S,, — S strongly in L?*(Q2; M?*?), then

lim [ W(S,) d:zc:/W(S) dx .
Q

n—oo QO
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Also, |pa|(€2) = |p|(€2) implies

: dpin, dp
lim 90( )dunz/w(—>du,
2 o2\ ) M= S g )

by Reshetnyak’s Theorem ([I, Theorem 2.39])), so that is proved.
Let us then proceed to the construction of the sequences S,, A, and u, satisfying
properties (67)-(68). Clearly, we can approximate S in L*(;MZ2x2) with a sequence

. sym
Sn € CHQ;MZ2). Then, by Remark (4.3)), writing A as in (27) we have that v is in
BV (Q) N L*(Q). Therefore, by standard density results in BV we can find a sequence of

piece-wise affine functions u,, with
u, — u in L*(Q), Du,, = Du = p, | Duy|(2) — |Dul|(2) = |p|(£2).

Setting p, := Du, and A, as in (27)) with u replaced by u,, it is readily seen that p, is
piece-wise constant, and that (67]) and holds true, and this concludes the proof of
the I'-limsup inequality. U

Remark 4.6. Recalling and inspecting the density arguments in Step 3 above, we
notice that we can provide a recovery sequence (. for the limit strain 5 = S + A such
that

(70) ff— t— A-tin HY2(0Q; R?) N LY(0Q; R?).

5. RELAXED DIRICHLET-TYPE BOUNDARY CONDITIONS

The aim of this section is to add a Dirichlet type boundary condition to the I'-
convergence statement of Theorem (.2l Fix a boundary condition

(71) ga € L*(Q;ME2) : Curlga € H 1 R?) N M(;R?).

skew

The rescaled energy functionals F94: M(; R?)x L?(2; M?*?) — R, taking into account
the boundary conditions, are defined by

(72) P ) = i )+ [ o((a= 7)) as

if p e AD.(Q), B € AS.(u), and +oo otherwise, while the candidate I'-limit is the
functional

(73)  Foa: (H QR N M(QR?) x LA(QM22) x LA M%) - R,

Sym skew

with
W) P ) [ Wi [ (%) il + [ elloa—2)-0)ds,

if Curl A = p and F94(u, S, A) := oo otherwise. Here ds coincides with H! L9, while ¢ is
the unit tangent to 02 defined as the 7/2 counter-clockwise rotation of the outer normal
v to ). The boundary term appearing in the definition of F94 and F94 are intended in
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the sense of traces of BV functions (see [I]). Indeed, since A and g4 are antisymmetric,
there exist u,a € L*() such that

0 wu 0 a
AZ(-U 0)7 gA:(—U, 0)7

Notice that Curl A = Du and Curlgs = Da in the sense of distributions. Therefore,
as already observed in Remark , conditions Curl A, Curlg4 € M(;R?) imply that
a,u € BV(Q). Hence a and u admit traces on 99 that belong to L'(9; R?). By noting
that
| oelaa=a-nds= [ olw-ap)as.
o9 o9
where v is the inner normal to €2, we conclude that the definition of F94 is well-posed, as
well as the definition of F74.
We are now ready to state the I'-convergence result with boundary conditions.

Theorem 5.1. The following I'-convergence statement holds with respect to the conver-

gence of Definition [4.1].
(i) (Compactness) Let €, — 0 and assume that (pi,, Bn) € M(2;R?) x L?(Q; M?*?)
is such that sup,, F24(jin, Bn) < C, for some C' > 0. Then there exists

(1, S, A) € (HH(Q;R?) N M(;R?)) x L2(Q;M2%2) x L*(Q; M222)

Sym skew

with Curl A = u, such that up to subsequences (not relabelled), (pn, 5,) converges

to (i, S, A) in the sense of Definition[{.1]
(ii) (I'-convergence) As e — 0 the energy functionals F94 defined in (72) I'-converge
with respect to the convergence of Definition to F94 defined in (|74)).

The compactness statement readily follows from the compactness of Theorem [1.2] since
F4(u, B) > F-(u, B). Let us proceed with the proof of the I'-convergence result.

Proof of T'-limsup inequality of Theorem [5.1 Let (u, S, A) be given in the domain of the
[-limit F94. We will construct a recovery sequence in two steps, relying on Theorem

Step 1. Approximation of the boundary values.

For § > 0 fixed, set ws := {z € Q : dist(x, Q) > ¢}, so that ws CC 2, and assume with-
out loss of generality that w; is Lipschitz. Define S5 € L?(£2; M2X2) and A5 € L?(£; MZX2)

sym skew
as
Ay = A ?n Ws , S, = S %nw(;,
ga in Q\ ws, 0 in Q\ws.

Further, let us € M(Q;R?) be such that
ps = plws + Curlga L (Q\ ws) + (ga — A) -t H' L dws .

Notice that
Curl As = s and s € H (S R?),



22 S. FANZON, M. PALOMBARO, AND M. PONSIGLIONE
therefore (us, S5, As) belongs to the domain of the functional F. Also note that
Ss =9, A; — A in L2<Q;M2X2) ,

i S in MR, [usl(Q) — mr<ﬂ>+/m|<gA—A> t]ds,

(75)

as 0 — 0. Therefore, by Reshetnyak’s Theorem (see [I, Theorem 2.39]), we have
(76) lim F (5, S5, As) = F24 (1, 5, A) .
%

It will now be sufficient to construct dislocation measures pi5. and strains 5. such that
(Wse, Bse) converges to (s, Ss, As) in the sense of Definition and that

liE)I})FgA(ME,av/B(S,a) = F<M5a S(SvA(s) .

By taking a diagonal sequence (us, «, B5..) and using , , the thesis will follow.

Step 2. Recovery sequence for strains satisfying the boundary condition.

Let us now proceed to construct the sequence (ug, 3j7) as stated in the previous step.

From Theorem , there exist a sequence (y5., 05.) converging to (i, S, A) in the sense
of Definition [.1], and such that

(77) ll_lg(l) fe(ﬂ&,su 65,5) = ./—"(,U,, S? A) .

Moreover (see Remark , we can assume that . satisfies , from which easily
follows.
0

Proof of T-liminf inequality of Theorem[5.1. Let (i, S, A) be in the domain of the I'-limit
F94.  Assume that (u.,.) converges to (u,S,A) in the sense of Definition By
combining an extension argument with the ['-liminf inequality in Theorem we will
show that

F (. S, A) < lim inf F24 (ee, Be)
E—

Fix § > 0 and define Us := {x € R? : dist(z,Q) < §}. By standard reflexion arguments

one can extend ga to ga € L?(Us; MA<2), in such a way that fi4 := Curl ga is a measure

on Uy satistying |f14](0€2) = 0. Recall the functions S. defined in the proof of compactness
in Section (with &, replaced by ¢), and set

B L B&‘ in Q, B— A in Q,
*T I N.ga in Us\Q, " )ga in Us\ Q.

By construction we have % — B in L}(Uy), so that

_— CurlB€ x
ILLE T ]\]’E

p4 ((ga— A) - YH' L OQ + Curl g4 L (Us \ Q)
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Recalling , and ( @, we conclude

/ Ne |log5 /
. B-
gty o () e+ ﬁ((%—ﬁ) ) as
d,ug N dCUI‘lgA -
> [ W(S da:—{—hmmf/ ( ~ )d - —/ <—~)d Curl
/ (5) Us d| | e U(;\Q(p d| Curl g4 | Gal

> [ WS+ [ o (d‘f ‘)dm|+/mso<<gA—A>-t>ds=f;’A<u75,A>.
O

hm 1nf FI4 (e, Be) > hm mf (BE™) d

6. LINEARISED POLYCRYSTALS AS MINIMISERS OF THE ['-LIMIT

Let Q C R? be a bounded domain with Lipschitz continuous boundary. Let k € N be
fixed and let {U;}¥_, be a Caccioppoli partition of Q (see [I, Section 4.4]). Moreover fix

my,...,mg € Ry with m; < m;;q, and define the piece-wise constant function a € BV ()
as
k
(78) a:= ZmiXUi :
i=1

In particular, implies that a € L>°(Q2) and Da € M(2;R?). We can now define the
piece-wise constant boundary condition g4 € L®(€; M22) as

skew
0 a
(79) gA = (—CL 0> .

Notice that g4 € L?(;M%<2 ) and Curl g4 = Da, hence Curl g4 € H1(; R?)NM(Q; R?).

skew

In this way g4 is an admissible boundary condition for F94, as required in .

We wish to minimise the I'-limit with boundary condition g4 prescribed by —
. Since the elastic energy and plastic energy are decoupled in F94, and there is no
boundary condition fixed on the elastic part of the strain S, we have

inf 794 (Curl A, S, A) = inf F94(Curl A,0, A) .
Therefore it is sufficient to study

inf{/gp(CurlA) +/ 0((ga —A)-t)ds: Aec L*(; Mgkxe%v)
(80) Q o0
CurlA € H Y R?*) N M(Q;Rz)} ,

where ¢: R? — [0, 00) is the density defined in (22)), and

(81) Lot = [ ¢ (djl“‘) |
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is the anisotropic ¢-total variation for a measure p € M(£2;R?). Note that is well-
posed, since ¢ satisfies the properties given in Proposition [3.3]
For A € L?(;MZ%%2), we have that

skew

(82) A= (_Ou g‘) ,

for some u € L*(Q). Moreover Curl A = Du, therefore condition Curl A € M(;R?)
implies v € BV(Q). We claim that is equivalent to the following minimisation
problem

(83) inf {/QQO(DU) + /BQ o((u—a)v)ds: uc BV(Q)} |

Indeed, we already showed that if A is a competitor for (80f), then the function u, given
by , belongs to BV (), and it is a competitor for Conversely, assume that
u € BV(12) and define A through (82). Since u € BV((2), then Curl A = Du € M(€; R?).
Moreover, recall that the immersion BV (Q) < L?*(Q) is continuous, therefore u € L*(Q),
which implies A € L?(Q; M?*?), so that Curl A € H~(2;R?). This shows that and

are equivalent.

The main result of this section states that, given the piece-wise constant boundary
condition a defined in , there exists a piece-wise constant minimiser @ to . In our
model the function @ corresponds to a linearised polycrystal.

Theorem 6.1. There exists a locally constant minimiser & € BV (Q) to (83)), i.e.,

k
=1

where {Q;}¥_, is a Caccioppoli partition of Q, and the values m; are the ones of .

The proof of this theorem relies on the anisotropic coarea formula. For the readers
convenience we briefly recall it here. For E C ) of finite perimeter, the anisotropic
p-perimeter of F in € is defined as

Per,(E, Q) = /Q S(DXp) .

Since ¢ satisfies the properties of Proposition [3.3] the anisotropic coarea formula holds
true for every u € BV (2):

(84) /ng(Du) = /_OO Per,(E;, Q) dt,

(e 9]

where E; is the level set E, := {x € Q: u(z) > t}, defined for every t € R.

Proof of Theorem [6.1].

Step 1. Equivalent minimisation problem.
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We start by rewriting as a boundary value problem in BV. Let ' = {x €
R?: dist(z,Q) < 1}, so that Q cC . Consider a piece-wise constant extension
a € BV(Y) of the function a € BV (Q) defined in (78], that is,

k
a = g m; XU{?
i=1

where {U/}¥_, is a Caccioppoli partition of (', agreeing with {U;}*_, on Q. This is possible
since the extension can be chosen such that |Da|(02) = 0, that is, we are not creating
any jump on 0f2. Consider the new minimisation problem

(85) [ = inf {/ o(Du) : u € BV(), u=aae. inQ\ Q} .

Finding a solution to (85]) is equivalent to finding a solution to . Indeed, if u € BV ()
is such that v = a in '\ 2 then

(86) Du=DulQ+ u®—a)vH'LOQ+ Dal(2\Q),

where u'?,a®? € LY(09) are the traces of u and a on 9. Notice that we can use a® in

because the extension @ is such that |Da|(99) = 0, hence we have a, = az, = a*
H" l-a.e. in OQ.

Step 2. Existence of a minimiser for (85)).
Let u; € BV () be a minimising sequence for (87), that is u; = @ a.e. on €'\ Q and
(87) lim [ ¢(Du;)=1.

J]—00 Q/
By standard truncation arguments we can assume that ||u || < max;|m;|. In particular,
from (87), we deduce that sup; lujll gy < 00. By compactness in BV, there exists

@i € BV(Q) such that, up to subsequences, u; — @ in L'(®') and Du; — Di weakly in
M(Y;R?). Since u; = a a.e. on '\ ©Q, the strong convergence in L' implies that (up to
subsequences) u; — @ a.e. in (¥, so that @ = a a.e. in '\ Q. From Reshetnyak’s lower
semicontinuity Theorem we conclude that

[ oo <timint [ p(Duy) =1,

Jj—o0
so that @ is a minimiser for (85]).

Step 3. Existence of a piece-wise constant minimiser for .

Let u be a minimiser for . By a standard truncation argument we can assume that
m; < u < my a.e. on 2. Formula then reads

M1
(88) / (Du) Z/ Per,(E,, Q) dt,
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where Fy = {x € Q:u(z) > t} for t € R. By the mean value theorem, for every
i=1,...,k—1, there exists t; € (m;,m;;1) such that

mit1
(89) / Per¢(Et, Q/) dt Z (miJrl — m,) Perw(Eti, Q/) .
We define the piece-wise constant function
w(x) =my ifwve By, |, \E,,

fori=1,...,k, where we have set E;, := 2’ and we notice that E;, = () set theoretically.
Since the sets E; have finite perimeter in ', we have that @ € BV(Q'). Moreover, by
construction, & = @ on Q' \ €, so that u is a piece-wise constant competitor for . It is
immediate to compute that

e

-1
Du = (mi+1 — ml) VEt,L- Hl I_a*_E’tZ s

=1

so that

o

-1

oo =3 —m) [ ot

<.

(90)

E
—_

(mi+1 — ml) Perw(Eti, Q/) .
i=1

By minimality of u and — we conclude that @ is a locally constant minimiser for
(85). Hence alg, is a locally constant minimiser for (83)). O

7. CONCLUSIONS AND PERSPECTIVES

The aim of this paper is to describe polycrystalline structures from a variational point
of view. Grain boundaries and the corresponding grain orientations are not introduced
as internal variables of the energy, but they spontaneously arise as a result of energy
minimisation, under suitable boundary conditions.

We work under the hypothesis of linear planar elasticity as in [9], with the reference
configuration Q C R? representing a section of an infinite cylindrical crystal. The elastic
energy functional depends on the lattice spacing € of the crystal and we allow N. edge
dislocations in the reference configuration, with N. — oo as ¢ — 0. Each dislocation
contributes by a factor |loge| to the elastic energy, so that the natural rescaling for the
energy functional is V;|loge|. We work in the energy regime

1
\log5|<<N€<<g,

which accounts for grain boundaries that are mutually rotated by an infinitesimal angle
0 ~ 0. After rescaling the elastic energy of such system of dislocations and sending the
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lattice spacing ¢ to zero, in Theorem we derive by ['-convergence a macroscopic energy
functional of the form

1 d
f(u,S,A):§/QCS:de+/Qg0<WZ|> d|pl,

where C is the linear elasticity tensor and ¢ is a positively 1-homogeneous density func-
tion, defined through a suitable cell-problem. The elastic energy is computed on S, that
represents the elastic part of the macroscopic strain. The plastic energy depends only on
the dislocation measure u, which is coupled to the plastic part A of the macroscopic strain
through the relation g = Curl A. As a consequence, p is a curl-free vector Radon measure.
The contributions of elastic energy and plastic energy are decoupled in the I'-limit F, due
to the fact that S and A live on different scales: y/N.|loge| and N, respectively.

Once the I'-limit F is obtained, we impose a piece-wise constant Dirichlet boundary
condition on A, and minimise F under such constraint. In Theorem we prove that F
admits piece-wise constant minimisers of the form

k
A=>"A;xq,,
i=1

where the A;’s are antisymmetric matrices and {€2;} is a Caccioppoli partition of (.
We interpret A as a linearised polycrystal, with €2; representing a single grain having
orientation A;. This interpretation is motivated by the fact that antisymmetric matrices
can be considered as infinitesimal rotations. The (linear) energy corresponding to A can
be seen as a linearised version of the Read-Shockley formula for small angle tilt grain
boundaries, i.e.,

(91) E=FE0(1+|logh|),

where Ey > 0 is a constant depending only on the material and 6 is the angle formed
by two grains. Indeed, the Read-Shockley formula is obtained in [I7] by computing the
elastic energy for an evenly spaced array of 1/e dislocations at the grain boundaries.
Our energy regime accounts only for N, < 1/e dislocations, therefore we do not have
enough dislocations to create true rotations between grains. Nevertheless we still observe
polycrystalline structures, but the rotation angles between grains are infinitesimal.

Recently Lauteri and Luckhaus [I4] proved some compactness properties and energy
bounds in agreement with the Read-Shockley formula. It would be desirable to understand
if our I'-limit can be deduced from their model as the angle  between grains tends to zero.
Moreover, it would be interesting to push our I'-convergence analysis to energy regimes
of order M, corresponding to N, ~ % In this regime true rotations should emerge
and the Read-Shockley formula could be possibly derived by I'-convergence. At present,
our technical assumption on good separation between dislocations is not compatible with
such an energy regime.

Another natural question is whether the minimiser A is unique, or at least if all the
minimisers are piece-wise constant. We suspect that, by enforcing piece-wise constant
boundary conditions, generically all minimisers are piece-wise constant.
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A further problem is to deduce our I'-limit F by starting from a nonlinear energy
computed on small deformations v = = + cu, in the energy regime N. > |loge|. A
similar analysis was already performed in [15] (see also [I8] [I1]), where the authors derive
the I'-limit obtained in [9] starting from a nonlinear energy, under the assumption that
N =~ |loge|. Tt seems possible to adapt the techniques used in [I5] to our case. This
problem is currently under investigation by the authors.

Finally, a further step forward in our analysis is the following: in this paper the forma-
tion of polycrystalline structures is driven by relaxed boundary conditions, as usual for
minimisation problems in BV spaces. It would be interesting to deal with true boundary
conditions, which we expect to lead to the same I'-limit F'94 defined in . Moreover, it
would be interesting to replace boundary conditions by forcing terms. For instance, bulk
forces in competition with surface energies at grain boundaries should result in polycrys-
tals exhibiting some intrinsic length scale. This is the case of semi-coherent interfaces,
separated by periodic nets of dislocations (see [7]).
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