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Abstract

Following the random approach of [1], we define a Lax—Oleinik formula adapted to evolutive weakly
coupled systems of Hamilton—Jacobi equations. It is reminiscent of the corresponding scalar for-
mula, with the relevant difference that it has a stochastic character since it involves, loosely speak-
ing, random switchings between the various associated Lagrangians. We prove that the related
value functions are viscosity solutions to the system, and establish existence of minimal random
curves under fairly general hypotheses. Adding Tonelli like assumptions on the Hamiltonians,
we show differentiability properties of such minimizers, and existence of adjoint random curves.
Minimizers and adjoint curves are trajectories of a twisted generalized Hamiltonian dynamics.

En s’inspirant de l’approche aléatoire de [1], nous définissons une formule de Lax—Oleinik
adaptée aux systemes faiblement couplés d’équations d’Hamilton—Jacobi d’évolution. Elle rap-
pelle la formule correspondante dans le cas scalaire, a la différence notable pres qu’elle présente
des aspects stochastiques. En effet, elle fait intervenir des sauts aléatoires entre les différents La-
grangiens en jeu. Nous prouvons que les fonctions valeur obtenues sont des solutions de viscosité
du systeme et nous établissons 'existence de courbes aléatoires minimisantes sous des hypotheses
assez générales. Sous des hypotheses a la Tonelli sur les Hamiltoniens, nous obtenons des propriétés
de différentiabilité de ces minimiseurs, ainsi que l’existence de courbes aléatoires adjointes. Les
courbes minimisantes et leur adjointes sont des trajectoires de dynamiques Hamiltoniennes tordues
généralisées.

Keywords: weakly coupled systems of Hamilton—-Jacobi equations, viscosity solutions, weak
KAM Theory
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Introduction

The aim of the paper is to define a Lax—Oleinik formula adapted to evolutive weakly coupled
Hamilton—Jacobi systems and study its main properties. The system can be written as

Owui + Hi(x, Dyu;) + (Bu(tmc))i =0 in (0, +00) x RY (1)

for i € {1,...,m}, where u = (ug, -+ ,uy) is the unknown function, and the H; are unrelated
Hamiltonians satisfying rather standard conditions, see Section 2. The hypotheses taken on the
coupling matrix B = (b;;) correspond to suitable monotonicity properties of the equations with
respect to the entries u;, see Remark 2.1. They are complemented by a degeneracy condition
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requiring all the rows of B to sum to 0, yielding that —B is the generator of a semigroup of
stochastic matrices.

It is worth pointing out the relevance of such a formula in the case of a single equation. Besides
providing a variational way to represent viscosity solutions of related evolutionary or stationary
equations, it enters crucially into play in a variety of theoretical constructions and problems. Just
to give some examples of its range of application, we mention that the Weak KAM Theory, as
developed by Fathi [2], is founded on the Lax—Oleinik formula. Bernard’s construction of regular
subsolutions relies on a perturbation of a suitable initial datum via alternate application of the
two conjugate Lax—Oleinik semigroups [3]. The variational representation formulae for solutions
of Hamilton—-Jacobi equations was exploited as a key tool to establish several asymptotic results,
such as homogenization in random media [4, 5], large—time behavior of solutions [6, 7, 8], selection
principles in the ergodic approximation of the Hamilton—Jacobi equation [9].

A dynamical interpretation of the system setting is illuminating and provides some insight on
our method. At least when the H; satisfy Tonelli like regularity assumptions, the m Hamiltonian
dynamics related to the H; can be viewed as possible evolutions of a system, with coupling term
providing random switching criteria. Randomness being governed by the continuous-time Markov
chain with —B as transition matrix. In this context, the adapted Lax—Oleinik formula is devised
to define the associated expectation semigroup.

The pattern can be thought as a nonlinear version of the so—called random evolution, a topic
initiated by Reuben Hersh at the end of the sixties and pursued by several authors as Griego and
Pinsky, see [10, 11]. The theory provides a mathematical frame to models where evolving systems
modify the mode of motion because of random changes in the environment.

Mostly using a pure PDE approach, weakly coupled systems have been recently widely investi-
gated, in the stationary as well as in the time—dependent version. The main purpose being to find
parallels, under the aforementioned degeneracy assumption on the coupling matrix, with Weak
KAM theory for scalar Eikonal equations.

This stream of research was initiated in [12], where the authors studied homogenization & la
Lions—Papanicolaou—Varadhan [13], and pursued in [14] with the proof of time convergence results
for solutions of evolutive problems, under hypotheses close to [15]. Other outputs in this vein can
be found in a series of works including [16, 17]. The links with weak KAM theory were further
made precise by two of the authors of the present paper (AD and MZ) in [18] where, among other
things, an appropriate notion of Aubry set for systems was given and some relevant properties
of it were generalized from the scalar case. This study partially relies on the properties of the
semigroup associated to the evolutive system (1), but, due to the inability to provide a variational
representation for it, such properties are established purely by means of PDE tools and viscosity
solution techniques. Weak KAM Theory relies instead on the intertwining of PDE techniques,
variational arguments and ideas borrowed from dynamical systems via Lax—Oleinik formula.

A dynamical and variational point of view of the matter, integrating the PDE methods, was
brought in by the third author (AS) with collaborators in [1, 19]. This angle allowed detecting the
stochastic character of the problem, displayed by the random switching nature of the dynamics re-
lated to systems. This approach led to the definition of an adapted random action functional, which
constitutes a key tool of our analysis as well. Representation formulae for viscosity (sub)solutions
to stationary systems and a cycle characterization for the Aubry set were derived.

A key output of the present paper is to provide another piece of the dictionary between Weak
KAM Theory and weakly coupled systems of Hamilton—Jacobi equations. The study herein carried
on is to be regarded as a step forward in the direction of a deeper understanding of the phenomena
taking place at the critical level of the stationary version of (1). In this line of research, further
issues to be addressed certainly include an investigation on the dynamical and geometric properties
of the Aubry set and on the differentiability properties of critical subsolutions on this set, as well
as an extension to systems of the theory of minimizing Mather measures. The variational formulae
provided in this paper seem to be the right tools for this kind of analysis.



Presentation of the main results

All the results can be localized by classical arguments of finite speed of propagation. Therefore,
we have preferred to state them in the Euclidean space RY, keeping in mind that they remain valid
on any manifold.

The Lax—Oleinik formula for systems is obtained in the form of infima of expectations, where
the infimum is over a suitable class of random curves. The admissible random curves for this
procedure are defined in Section 4. The nonlinear character of the setting makes the structure
of the formula more involved than in the original linear random evolution models. In this case,
in fact, the expectation semigroup is simply obtained via concatenation on any sample path of
the deterministic semigroups related to the switching operators plus averaging. The nonlinearity
brings in a sense a commutation problem between infimum and expectation. In this framework,
we study viscosity solutions of the evolutive system by means of an adapted non—smooth version
of 1t6 formula for Lipschitz—continuous functions, see Theorem 4.7.

Due to its random character, the representation formula we obtain is painful to handle directly.
It is not easy to show for instance that it defines a semigroup of operators on suitable functional
spaces or that the associated value functions are continuous or even semicontinuous in (¢,z). For
this reason, we resort to a rather indirect approach putting it in relation to the system via a
sub—optimality principle and showing first that the value function, for a suitable initial datum,
is a viscosity subsolution to the system in the discontinuous sense, see Section 5. The procedure
is not new, but the vectorial character of the problem and the random setting add a number of
additional difficulties. The implementation therefore requires some new tools and ideas.

Under mild regularity conditions on the initial datum, we moreover prove in Section 6 the
existence of minimizing random curves, namely curves realizing the infimum in the Lax-Oleinik
formula. This is somehow surprising since in general the presence of expectation operators makes
such an output quite difficult to obtain. Our strategy is composed of two steps. We first untangle
the randomness and tackle the optimization problem on any sample path, obtaining in this way,
in general, multiple deterministic minimizers, and then build the sought random minimizer by
performing a measurable selection.

We get in Section 7 more information on the regularity of minimizers assuming Tonelli like
conditions on the H;. Given any such minimal random curve, we prove, for almost all fixed
sample path, differentiability in any bounded interval up to a finite number of points. We derive
differentiability of the solution of the system on such curves plus existence of an adjoint random
curve. Minimizers and adjoint curves are governed by a twisted generalized Hamiltonian dynamics.
As extra consequence, we recover from the scalar case regularizing properties of the action of the
associated semigroup on bounded Lipschitz—continuous initial data.

To complete the outline of the paper, we further point out that Section 1 contains preliminary
material plus notations and terminology, Section 2 collects some basic facts and definitions on
systems, and Appendix Appendix A is devoted to the proofs of some needed results for both
systems and time—dependent equations.

Most of the content of Sections 3 and 4 is not new and will sound familiar to readers with some
background in Probability. However, we have decided to include this material in the paper, to
make the presentation self-contained and palatable to PDE oriented people. In this perspective
technicalities and advanced probabilistic notions have been avoided as much as possible.

1. Preliminaries

With the symbols N and R, we will refer to the sets of positive integer numbers and nonnegative
real numbers, respectively. Given k € N, we denote by £* the Lebesgue measure in R*. Given
E C R*, we say that a property holds almost everywhere (a.e. for short) in E if it holds up to a
subset of E with vanishing £¥ measure. We say that E has full measure if L¥(R* \ E) = 0. We
write (-, -) for the scalar product in R*. We will denote by E the closure of E. We will denote by
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B,(z) and B, the open Euclidean ball of radius r > 0 centered at x € R* and 0, respectively. By
the term curve, we mean throughout the paper a locally absolutely continuous curve.

Let E be a Borel subset E of RF. Given a measurable function g : £ — R, we will denote by
llgll Lo (&) the usual L>-norm of g. When g is vector-valued, i.e. g: E — R?, we will write

lgllzee(z) = g?gd“giHLoo(E)-
The above notation will be mostly used in the case when either E = [0,T] x RY or E = RY. In
the latter case, we will often write ||g||o in place of ||g]| e &~)-

We will denote by (BUC(RN ))m the space of bounded uniformly continuous functions u =
(U1, .., up)T from RY to R™ (where the upper-script symbol T stands for the transpose). A
function u : RY — R™ will be termed Lipschitz continuous if each of its components is x-Lipschitz
continuous, for some k > 0. Such a constant x will be called a Lipschitz constant for u. The
space of all such functions will be denoted by (Lip(RN ))m Analogously, for every fixed T' > 0,
we will denote by (BUC([0,7] x RV))™ and (Lip([0,T] x RV))™ the space of bounded uniformly
continuous functions and Lipschitz continuous functions from (0,7’) x RY to R™, respectively.

We will denote by 1 = (1,---,1)T the vector of R™ with all components equal to 1. We
consider the following partial relations between elements a,b € R™: a < b (respectively, a < b)
if a; < b; (resp., <) for every i € {1,...,m}. Given two functions u,v : RV — R™, we will write

u < vin RY (respectively, <) to mean that u(z) < v(z) (resp., u(z) < v(z)) for every z € RV,

Given n subsets A; of R¥ and n scalars \;, i = 1,--- ,n, we define
n
Z)\iAi: {J):Z/\i,yi ‘yiEAi for any ’L} (1.2)
i=1 i

We give some definitions and results of set—valued analysis we will need in what follows, the
material is taken from [20]. Let X, Y be Polish spaces, namely complete, separable metric spaces,
endowed with the Borel o—algebras Fx, Fy. We denote by Z a map from X to the compact
(nonempty) subsets of Y. Given E C Y, we set

ZHE)={r e X | Z(z)NE # 0}.

Definition 1.1. The set-valued map Z is said upper semicontinuous if Z~1(E) is closed for any
closed subset E of Y; Z is said measurable if Z=Y(E) € Fx for any closed (or alternatively open)
subset E of Y.

The next selection result is a simplified version, adapted to our needs, of Theorem II1.8 in [20].

Theorem 1.2. If the compact—valued map Z is measurable then it admits a measurable selection,
namely there exists a measurable function f : X — Y with f(z) € Z(z) for any x and f~(Fy) C
Fx.

Given a locally Lipschitz continuous function u : R — R and 2 € R* we define the Clarke
generalized gradient at x as

0%u(x) = co{p € R¥ | p = lim Du(z,,), ©, — =}

where co stands for the convex envelope and the approximating sequences x, are made up by
differentiability points of u. Recall that the function u is differentiable in a set of full £¥ measure
thanks to the Rademacher Theorem. We record for later use



Proposition 1.3. Given a locally Lipschitz continuous function u : R¥ — R, the map x +— 0%u(z)
is convexr compact valued and upper semicontinuous.

Even if the following statement is well known, we provide a proof for reader’s convenience.

Lemma 1.4. Letu:RF — R, n: Ry — R* be a locally Lipschitz continuous function and a locally
absolutely continuous curve, respectively. Let s > 0 be such that t — u(n(t)) and t — n(t) are both
differentiable at s. Then

Cu(®)] = {pils)) for some p e Du(n(s)).

t=s

Proof. The function u o7, obtained as composition of u and 7, is clearly locally absolutely contin-
uous. We start from the relation

= max{(p,q) | p € Iu(x)} (1.3)

which holds true for any =, ¢ in R¥, see [21, pp. 195-196 and 208]. If s satisfies the assumptions
then

u(n(s+h)) —u(n(s
Gl = Jim, (e + 1) (o)
and
iy 200+ ) —u(n(s) + hi(s))
h—0 h =

which implies

d _u(n(s) + hals)) — u(n(s))
o)
and taking into account (1.3) we get
Su(nv)] < max{(p.i(s) | p € 0Cu(@)). (1.4

We further have

ey = h
and consequently
Cum)y > —max{(p. (i) |p e Culx)} (15)

= min {{p,n(s)) | p € 0%u(x)}.

Bearing in mind that 9%u(n(s)) is convex, we directly deduce the assertion from (1.4) and (1.5). O

We write down, in view of future use, a version of the Denjoy—Young—Saks Theorem, see [22,
pp. 17-19]. A definition is preliminarily needed: for a real valued function f, the upper right and
lower right Dini derivative at a point s are given, respectively, by
f(s+h) = £(5) f(s+h) = f(s)

lim su , lim inf
h;)0+p h h—0t h



Theorem 1.5. Let [ be a real valued function defined on an interval. Then outside a set of
vanishing L' measure the following condition holds true: if f is not differentiable at s then one of
the two right Dini derivatives must be infinite.

As at a point s where f admits a right derivative, both right Dini derivatives are finite (and
equal), an immediate corollary is:

Corollary 1.6. Let f be a real valued function defined on an interval. If f is right differentiable
a.e. then it is differentiable a.e.

2. Weakly coupled systems

We consider the evolutionary weakly coupled system

Oyu; + Hi(z, Dyu;y) + (Bu(t,z)), =0 in (0,400) x RN i e{1,...,m}, (HIS)
where we have denoted by u(t, ) = (ui(t, ), ..., un(t, x))T the vector—valued unknown function.
We assume the Hamiltonians H; to satisfy, for ¢ € {1,...,m}

(H1) H; € UC(RY x Bg) for every R > 0;
(H2) pw~— Hi(z,p) is convex on R¥ for any z € RY;

(H3)  there exist two superlinear functions «, 5 : Ry — R such that

a(lp)) < Hi(z,p) < B(p|) for every (x,p) € RY x RV,

By superlinear we mean that

lim M: lim An)

_— +OO
h—+oo h h—+oco h

It is easily seen that the continuity modulus of H; in RY x By and the functions «, 8 can be
chosen independently of i € {1,...,m}.
We define the Fenchel transform L; : RN x RN — R of H; via

Li(x,q) == SelgN{mq) — Hi(x,p)}- (2.1)

The function L; is called the Lagrangian associated with the Hamiltonian H; and satisfies properties
analogous to (H1)—(H3).
The coupling matriz B = (b;;) has dimensions m x m and satisfies

(B) b;; <0 forj#i, > b =0 for every i € {1,...,m}.

We will denote by (Bul(t, x))l the i—th component of the vector Bu(t, ), i.e.

(Bu(t,z)), = Z biju;(t, ).



Remark 2.1. The weakly coupled system (HJS) is a particular type of monotone system, i.e. a
system of the form G; (t,x,ul (x),... ,um(x),Dwui) = 0 in RY for every i € {1,...,m}, where
suitable monotonicity conditions with respect to the u;—variables are assumed on the functions G;,
see [12, 23, 24, 25, 26]. In the case under investigation, the conditions assumed on the coupling
matrix imply, in particular, that each function G; is non—decreasing in u;, and non—increasing in
uj for j # 1, for every i € {1,...,m}.

Given a function u on (0,+00) x RN, we will call subtangent (respectively, supertangent) of
u at (to,z0) € (0,+00) x RN a function ¢ of class C' in a neighborhood of (to,zo) such that
u — ¢ has a local minimum (resp., maximum) at xg. The differentials of subtangents (resp. su-
pertangents) (@qﬁ(to,a:o),Dx(b(to,xo)) make up the subdifferential (resp. superdifferential) of u
at (to, o), denoted D~ u(to, zo) (resp. DV u(to,zo)). The function ¢ will be furthermore termed
strict subtangent (resp., strict supertangent) if u — ¢ has a strict local minimum (resp., maximum)
at (t07 LC()).

Given a function u : Ry x RV — R™ locally bounded from above (resp. from below), we define
its upper semicontinuous envelope u* (resp. lower semicontinuous envelope u,) as follows:

ul(t,x) := limsup u,(s,y) for every (t,z) € Ry x RN and i € {1,...,m},
(s,9)—(¢,2)

(resp. iy (t,z) == (slir)n_jgfm) ui(s,y) for every (t,2) € Ry x RN and i € {1,...,m}).

Definition 2.2. We will say that u : (0, +00) x RN — R™ locally bounded from above is a viscosity
subsolution of (HJS) if
pt + Hi(z,ps) + (Bu*(t,x))i <0

for every (t,z,i) € (0,+00) x RN x {1,...,m}, (ps,pz) € DV ul(t,x).
We will say that u : (0, +00) xRN — R™ locally bounded from below is a viscosity supersolution
of (HIS) if
pe + Hi(z,pe) + (Bu(t,z)), >0

fOT every (t,l‘,i) € (Oa +OO) X RN X {la cee 7m}7 (ptvpx) € Diui*(ta 'T)
We will say that a locally bounded function u is a viscosity solution if it is both a sub and a
supersolution.

In the sequel, solutions, subsolutions and supersolutions will be always meant in the viscosity
sense, hence the adjective viscosity will be omitted.

Due to the continuity and convexity properties of the Hamiltonians H;, we have:

Proposition 2.3. Let u be locally Lipschitz in (0,4+00) x RN, The following properties are equiv-
alent

(i) u is a (viscosity) subsolution of (HJS);

(i) u is an almost everywhere subsolution, i.e. for anyi € {1,...,m}

Oui(t, z) + Hi(w, Dyu;(t, @) + (Bu(t,z)), <0 for a.e. (t,z) € (0,+00) x RY;

(iii) u is a Clarke subsolution, i.e.
r—+ H; (amp) + (Bu(t,x))i <0 for every (r,p) € 0%u;(t,x),

for every (t,z,i) € (0,+00) x RN x {1,...,m}.

The following holds:



Theorem 2.4. Let u’ € (BUC(RN))™. There ezists a unique solution u(t,z) of (HIS) in
(0, +00) x RN agreeing with u® at t = 0, which belongs to (BUC([0,T] x RN))m for any T > 0. If
u® is furthermore assumed Lipschitz continuous, then, for every T > 0, u € (Lip([(), T] x ]RN))m,
with Lipschitz constant solely depending on Hq,...,H,, and B, on ||u0||Loo(RN), HDuOHLm(RN),
and on T

The uniqueness of the solutions provided by the previous theorem is in fact a consequence of
the following comparison principle:

Proposition 2.5. Let v, w : [0,+00) x RN — R™ be an upper semicontinuous subsolution and
a lower semicontinuous supersolution of (HIS), respectively. Let us assume that v and w are
bounded in [0,T] x RN, for every T > 0, and that either v(0,-) or w(0,-) are in BUC(RY). Then

vi(t, ) —w;(t, x) < max sup (vi(0, ) — w;(0,-))

<i<m pN
for all (t,x) € [0,+00) x RN andi € {1,...,m}.

The above stated results are, essentially, a consequence of what is proved in [12], see Appendix
Appendix A for more details.

3. Random frame

3.1. Definitions and terminology

In this subsection we make precise the random frame in which our analysis takes place. This
is basically a way of introducing the Markov chain generated by —B.

Following the constructive approach of [1], we take as sample space the space of paths

w:Ry = {1,...,m}

that are right—continuous and possess left—hand limits, denoted by §2. These are known in literature
as cadlag paths, a French acronym for continu & droite, limite a gauche.

We refer the reader to the magnificent book of Billingsley [27] for a detailed treatment of the
topics. By cadlag property and the fact that the range of w € (2 is finite, the points of discontinuity
of any such path are isolated and consequently finite in compact intervals of Ry and countable
(possibly finite) in the whole of Ry. We call them jump times of w.

The space 2 is endowed with a distance, named after Skorohod, see [27], which turns it into
a Polish space. We denote by F the corresponding Borel o—algebra and, for every ¢ > 0, by

m 2 Q — {1,...,m} the map that evaluates each w at t, i.e. m(w) = w(t) for every w € Q. It is
known that F is the minimal o-algebra that makes all the functions m; measurable, i.e. 7, '(i) € F
for every i € {1,...,m} and ¢ > 0. In other terms, the family C of cylinders

C(tl,"' Jtei iy, ,ik) Z{WEQ |w(t1) :il,...,w(tk) Zik},

with 0 < ¢ < tg < -+ < tg, i1,...,0k € {1,...,m} and k € N, generates F. Given ¢ > 0, the
o—algebra generated by the cylinders of C enjoying the additional property that ¢; < ¢, is denoted
by F;. Then {]-"t}t>0 is a filtration of F, i.e. Fs C Fy for every 0 < s <t and Upso Fy = F. It is
in addition right—continuous in the sense that F; = Ngs;Fs for any t. Note that Fy comprises a
finite number of sets, namely Q, &, Q; :={w € Q : w(0) =4} for every i € {1,...,m}, and unions
of such sets. The cylinders constitute a separating class, in the sense that any probability measure
on F is identified by the values taken on C, see Theorem 16.6 in [27].

Let p be a probability measure on (2, F). Given E € F, we define the restriction of p to E
as pLE(F) = p(ENF) forany F € F. The probability u conditioned to the event E € F is
defined as

p(F N E)

w(F | B) = F

for every F € F,



where we agree that u(F | E) = 0 whenever u(E) = 0.

Let us now fix an m xm matrix B satisfying assumption (B). We record that e *Z is a stochastic
matrix for every ¢ > 0, namely a matrix with nonnegative entries and with each row summing to
1, see for instance Appendix A in [1]. We endow Q) of a probability measure P defined on the o—
algebra F in such a way that the right—continuous process (7rt)t>0 is a Markov chain with generator
matriz —B, i.e. it satisfies the Markov property

P(w(tr) = ir |w(tr) = i1, ..., w(tk-1) = ix—1) = (e*B(tk*tk—l))' _ (3.1)
k-1
for all times 0 < t1 <ty < -+ < ty, states i1,...,i € {1,...,m} and k € N. For the existence and
an explicit construction of such a probability measure, we refer the reader to [1]. We will denote
by P; the probability measure P conditioned to the event €2; and write E; for the corresponding
expectation operators. These entities will constitute the basic building blocks of our analysis. It
is easily seen that the Markov property (3.1) holds with P; in place of P, for every i € {1,...,m}.
We proceed by introducing some more notations and terminology. We call random wvariable a
map X : (2, F) — (F,%(F)), where F is a Polish space and %(F) its Borel o-algebra, satisfying
X~1(A) € F for every A € ZB(F).
Given a probability measure p on (€2, F), we denote by Xxu the push—forward of p through
the map X, i.e. the probability measure on #(F) defined as

(Xpp)(A) =p({we: X(w)e A}) for every A € B(F).

A probability measure v on Z := {1,...,m} will be identified with a probability vector a € R™,
i.e. a vector with nonnegative components summing to 1, via the formula a-b := fI bdv(i) for
every b € R™.

3.2. Basic facts on P; and E;

In this subsection we gather for later use some properties of probability measures P; and the
corresponding expectation operators.

Lemma 3.1. There exists a constant C such that
P; ({w | w(t1) # w(t2)}) < Clty — tof forany i€ {l,...,m}, t1, ta in Ry.

Proof. We fix an index ¢ and assume to > t;. We denote by F' the set in the statement. Then
F= U;n:1 Uk;éj C(t1,t2;k,j) and

Pi (C(t1, b2k, j)) = Pi(w(tz) = j | w(ty) = k) Pi(w(t1) = k).

By making use of the Markov property (3.1) for P; and of the fact that e *# is a stochastic matrix
we infer
m m
]PZ(F) < Z (e_tlB)ik (e—(tz—t1)B)kj < Z (e_(tQ_tl)B)kj-
Jk=1 Jk=1
j#k Jj#k

The assertion is obtained by taking into account that the rightmost term in the above inequality is
0 when ¢, = t; and all the entries of the matrix e"*? are Lipschitz continuous functions in Ry. O

Given t > 0 and an index 4, the components of m;4P; are equal to P; (C(t;j)), for any 4, and
we deduce from the definition of P;

Wt#Pi = €; eth.

This implies for 0 < s <t
Eiva = Y05 mepPi(j) = (e7Pv), = (e PU79)v); mouPi(j) (3.2)

J J
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for any v € R™. We aim to extend the above formula with a random variable taking values in R™
in place of a constant vector. The task will be performed via approximation by simple random
variables, a difficulty is that while a constant vector is trivially Fy—measurable, a general R™—
valued random variable is related in a more involved way to the filtration F;. As a preliminary
step, we recall from [1, Lemma 3.4].

Lemma 3.2. Let s >0 and E € Fs. Then for everyi € {1,...,m} andt > s
Ty (PiLE) = (154 (PLE)) e B9,

Proposition 3.3. Let s > 0 and i € {1,...,m}. Let g = (g1, - ,9m) be an Fs—measurable
random variable taking values in R™ which is, in addition, bounded in ;. Then

E; [gun(@)] = E; {(e’B(FS)g(w))w(s)] for every t > s. (3.3)

Proof. We first assume g to be simple, namely g = Zizl % X, for some [ € N, vectors & e R™
and Fs—measurable sets Ej, C €. By exploiting Lemma 3.2, we get

Ei (g (w)] = ZEi[gf;(t) Xg,] = Z fo (PiLEy)(C(t;4))
k kg

_ Z (Wt# (Pil_Ek)) ) Ek _ Z (Ws# (P;LE}) efB(tfs)> 'fk

k k
S5 (P e) b () = T (e e)
kg k

= E (e*B(t*S)g(W))

w(s) XEJ

w(s)

This shows the assertion for simple random variables. For a general g, there exists, see [28,
Theorem 1.4.4, Chapter 1], a sequence of R™—valued Fs—measurable random variables g, with
gn(w) — gw) for allw e 2 and g, bounded in ;. Since (3.3) holds true for g, thanks to
the first part of the proof, we pass to the limit on both side of the formula (3.3) exploiting the
boundedness of g on §2; and using the Dominated Convergence Theorem. This ends the proof. [

Differentiating under the integral sign, we derive from (3.3):
Proposition 3.4. Let s > 0 and i € {1,...,m}. Let g be an Fs—measurable random variable

taking values in R™, bounded in ;. Then the function t — E; [gw(t)(w)] is differentiable in
(s,+00) and right-differentiable at s. Moreover

d ,
&Ez [gw(t)(w)] - _F; |:(e—B(t—b) Bg(w))w(s):| for every t > s,

where the above formula must be understood in the sense of right differentiability at t = s.

It is worth pointing out that what matters most in the later application of the above result is
actually the right differentiability of the expectations at the initial time s.

10



4. Admissible curves

4.1. Definition and basic properties

A major role in our construction will be played by the notion of admissible curve. In the
sequel and throughout the paper, we will denote by C (R;;RY) the Polish space of continuous
paths taking values in RY, endowed with a metric that induces the topology of local uniform
convergence in R .

Definition 4.1. We call admissible curve a random variable v : 2 — C (R+; ]RN) such that

(i) it s uniformly (in w) locally (in t) absolutely continuous, i.e. given any bounded interval I
and € > 0, there is 6. > 0 such that

> (b —aj) <6 = Z [7(bj; w) = (aj,w)| <e (4.1)

J
for any finite family {(a;,b;)} of pairwise disjoint intervals contained in I and for any w € €Q;
(ii) 4t is nonanticipating, i.e. for anyt >0

w1 =wq in [0,t] = y(,wi) =7(,we) in [0,]. (4.2)

The latter condition, with t = 0, implies that for any admissible curve v, v(0,w) is constant on
Q;, i €{1,...,m}. We refer to this value as the starting point of v on ;.
We will say that ~y is an admissible curve starting at x € RN when «(0,w) = x for every w € Q.

Remark 4.2. Item (i) in Definition 4.1 is equivalent to one of the following statements, see [29,
Theorem 2.12]:

(a) the derivatives §(t,w) have locally equi—absolutely continuous integrals, i.e. for any bounded
interval I in Ry and € > 0 there is § > 0 such that

sup/|"y(t7w)|dt<5 for any J C I with |J| < 6;
weJJ

(b) there exists a superlinear function © : Ry — R (that can be taken convex and increasing as
well) such that, for every bounded interval I in R,

Sup/l@(|"y(t,w)|) dt < +o0.

weN

This in particular implies that lengths of the curves ¢t — ~y(t,w) in I are equi-bounded with respect
to w. Item (ii) will be crucial in the subsequent analysis and can be equivalently rephrased by
requiring that (¢, -) is adapted, for any ¢, to the filtration F;, meaning that

v(t,"): @ = RN is Fy-measurable for any t.

Being the paths s — 7(s,w) continuous, this is in turn equivalent to a joint—measurability condition
that will be essentially exploited in what follows. More precisely, 7y is progressively measurable, in
the sense that for any ¢ > 0 the map

v:00,t] x Q@ = RN is A([0,t]) ® F;-measurable. (4.3)

It is understood that in all the previous measurability conditions RY is equipped with the Borel
o—algebra corresponding to the natural topology.
It is clear that the admissible curves make up a vector space with the natural sum and product
by a scalar. We proceed by establishing some differentiability properties for this kind of curves.
11



Lemma 4.3. For any admissible curve v the set
{(t,w) e Ry x Q : v(-,w) is not differentiable at t}
belongs to the product o—algebra B(R,) ® F and has vanishing L' x P measure.

Proof. Since measurability properties of a vector valued map and those of its components are
equivalent, we can assume without loosing generality that m = 1. We set for any (¢,w)

Yt +s,0) =t w) Yt +s,w) =t w)

DTy(t,w) = limsup = lim sup
5—0 S k—+00 |s|<1/k S
seQ\{0}
2 ) - t7 . . t s — t7
D7y(t,w) = liminf Wt sw) =9t w) = lim inf A+ 5w) = w).
s—0 S k—~400 5\SE|Q<\1{/013 S

From the above formulae and the fact that the admissible curves make up a vector space, we derive
that both DTy (t,w), D™ v(t,w) are (R ) ® F measurable, then the set in the statement belongs
to B(Ry) ® F as well, since it can be expressed as

{(t.w) [ DTA(t,w) > D™y(t,w)}-

Moreover its w-sections have zero Lebesgue measure, being (-, w) an absolutely continuous curve
for a.e. w € Q. This implies that it has vanishing £! x P measure, as it was claimed. O

Thanks to the previous result, the map
40 [0, 4+00) x Q — RY

associating to any (¢,w) the derivative of (-, w) at ¢ is well defined, up to giving an arbitrary value
on the £! x P-null set where the derivative does not exist. Such a map is progressively measurable,
as it is clarified by the next

Proposition 4.4. The map 7 is B([0,t]) ® F;-measurable.

Proof. Looking at the definition of D%+, D~ provided in the proof of Lemma 4.3, and taking
into account (4.3) and that the filtration {F;} is right—continuous, we see that both D*~, D™~
are %([0,t]) ® F; progressively measurable and that for any fixed ¢

¥=D"y=D"y in [0,] x Q

up to a set of vanishing £! x P measure belonging to %([0,t]) ® F;. This gives the assertion. [
Corollary 4.5. For anyi € {1,...,m}, a.e. s € Ry we have
1 s+h
lim E; |~ Y(t,w)| dt
Jim B |2 [ e
Proof. Due to the joint measurability property proved in the previous proposition, we get for any

T > 0 via Fubini’s Theorem
T
| new) dt]

and the integral in the right-hand side is finite because fOT |%(t,w)| dt is bounded uniformly in w,

= Ei[ly(s,w)l]. (4.4)

T
0

see Remark 4.2. This implies that the function t — E; [|"y(s7 w) |] is locally summable in R, so that
12



by Lebesgue’s Differentiation Theorem adapted to the Lebesgue measure, namely not requiring the
shrinking neighborhoods of a given time s to be centered at s, we get

1 s+h
lim — / E;[[7(t,w)|] dt = E;[|9(s,w)|] for a.e. s € Ry, (4.5)
again applying the Fubini Theorem we have

E;

1 s+h ) 1 s+h )
[ e =5 [ ERGwa (16)

The assertion is a direct consequence of (4.5), (4.6). O

4.2. Lipschitz continuous functions and admissible curves

We proceed by studying the behavior of a Lipschitz continuous function on an admissible curve.
The first result is

Proposition 4.6. Let u : Ry x RV — R™ be a locally Lipschitz function and v an admissible
curve. For every index i € {1,...,m}, the function

t— ]Ez [uw(t) (t7 7(157 UJ))]
is locally absolutely continuous in R .

Proof. We denote by f the function in object. We fix an index ¢ and € > 0. We consider a bounded
interval I and a finite family of pairwise disjoint intervals {(a;,b;)} contained in I.

Taking into account that v(0,w) is constant in €; and item (i) in Definition 4.1, we see that
the curve v lies in a given bounded set B for t € I and w € ;. We denote by R an upper bound of
u in I x B. Owing to item (i) in Definition 4.1 and the fact that u is locally Lipschitz continuous,
the functions ¢ — wu(t,7(t,w)) are equi-absolutely continuous in I, for k € {1,...,m}, w € Q.
We can therefore determine a positive constant § with

Z(bj *aj) <é = Z |Uk(bja'7(ijw)) *Uk(aj,’Y(ajvwm <

J

N ™

b
2RC’
where C' is the constant appearing in the statement of Lemma 3.1. We claim that
Dby —a;) <8 = > |f(b;) — flaj) <e. (4.7)
J J
We set
Fy ={w | w(a;) # w(b;)}.
We know from Lemma 3.1 that
P;(F;) < C(bj —aj) for any j. (4.8)
We have

Z|f(bj)*f(aj)| < Z]Ei [, (b7:7(bj w)) = ts(ay) (@5, 7(aj,w)) ]
< ;/Q\Fj [, (b7, 7(bj w)) = tesioy) (a5, ¥(aj,w)) ] dP;

+ /F[|uw<bj>(bj»v<bj,w>)—uw<aj>(aw(aj,w>)|]dﬂ”i
J
13



and we conclude, recalling the role of R and (4.7), (4.7), (4.8)

= E.

Z|f(bj)_f(aj)|<§+2RCZ(bj—aj)<g+%

This proves (4.7) and concludes the proof. O

The next result is a version of It6 formula for jump processes. The formula is well-known for
smooths functions. Our statement asserts that the time derivative of a locally Lipschitz continuous
function on an admissible curve and the expectations E; commute, up to a term which, roughly
speaking, records the indices jumps on the underlying paths and contains the coupling matrix.

To comment on it, let us take for simplicity v deterministic and u, v both of class C'. By
linearity the difference quotient of ¢ — E; [uy, ) (£,7(t))] is given by

Ueo(tn) (E+ By y(E+ ) = ug) (8 7(1)) } .

Ei[ h

Owing to right continuity of w, the integrand w—pointwise converges to the time derivative of )
on 7y at t but, due to indices jumps, it is not bounded in € so that the Dominated Convergence
Theorem cannot be applied to get the corresponding convergence of expectations. In this framework
the extra term with the coupling matrix pops up.

The theorem will be exploited to prove some properties of the Lax—Oleinik formula in Section
5.

Theorem 4.7. Let u: Ry x RY — R™ be a locally Lipschitz function and v an admissible curve.
Then, for every index i € {1,...,m}, we have

d

SB[t (£7(10))] IR

t=s

=E; [ — (Bu)w(s) (5,7(s,w)) + %uw(s) (t,v(t,w))

t=s

for a.e. s € Ry
For the proof we need some preliminary material. We consider the map

(t,w) — u(t, ~(t, w)),

for some admissible curve 7. Thanks to the fact that u is (Lipschitz) continuous and ~ jointly
measurable, we derive that such map is also measurable from #B(R;) ® F to Z(R™). We can
therefore argue as in Lemma 4.3 to get:

Lemma 4.8. For any locally Lipschitz continuous function u : Ry xRY — R™ and any admissible
curve v the set
{(t,w) |t = u(t,y(t,w)) is not differentiable at t }

belongs to the product o—algebra B(R,) ® F and has vanishing L' x P measure.

Proof of Theorem 4.7. The difference quotient of ¢ — E; [uw(t) (t, ’y(t))] at s is equal to E; [¢n (w) + ¢n(w)],
with

Uy (s+h) (Sa 7(‘9’ w)) - uw(s) (57 ’Y(S? w))
h
U (s+h) (8 + h7 'Y(S + ha W)) — Uu(s+h) (57 7(57(*]))
h .

Yn(w)

on(w) =

14



Due to right continuity of w, we further have

on(w) =t (BT hAG hac;:)) ~ (o) (5:7(5,0)). (4.10)

for A > 0 small enough, with smallness depending on w.
Keeping s frozen, we apply Proposition 3.4 to g(w) = u(s,v(s,w)), to get

d+

hli%h E; ['(/)h(w)] = E (]Ei [uw(t) (8,7(3,&1))]) = -k, [(Bu)w(s) (577(57“}))]7 (411)

t=s

+
where the symbol % stands for the right derivative. The assumptions in Proposition 3.4 are

actually satisfied: in fact w +— u(s,y(s,w)) is bounded in €2; because of item (i) in Definition 4.1
and the fact that + has constant value on €; at ¢ = 0. It is in addition Fs—measurable because u
is continuous and v adapted to the filtration {F}.

To handle the term ¢y, we restrict the choice of s. By Lemma 4.8, we know that the set

N :={(t,w) | t = u(t,7(t,w)) is not differentiable at ¢ }

has vanishing £' x P measure, and consequently its s—sections NN, have vanishing probability for s
varying in a set J of full measure in R;. We therefore deduce from (4.10) that

on(w) t,y(t,w)) for se J,we Q\ N,. (4.12)

hj* &uw(s) (

t=s

Due to Corollary 4.5, we can assume, without any loss to generality, that the s € J also satisfy the
limit relation (4.4). We have for h < 1

Uy (s+h) (8 + ha 7(8 + ha W)) — Uy (s+h) (57 W(va)) ‘

- (4.13)

on@) = |
1 1 S+h.
< 1+hﬂ(|7(s+h,w)—v(s7w)|)<1+hm(/S Iv(t,w)dt>

where k a Lipschitz constant for u in [s,s + 1] x B, and B stands for the bounded set containing
the curves y(-,w), for t € [s,s + 1], as w varies in €, see item (i) in Definition 4.1. In addition, by

(4.4)
1 s+h
o[ Rl

Therefore, when s € J, the sequence py, is a.e. pointwise convergent thanks to (4.12), and domi-
nated by another sequence with convergent E; expectation in force of (4.13), (4.14). This allows
using the variant of the Dominated Convergence Theorem (see for instance [30, Theorem 4, Chapter
1.3]) to get

E; is convergent as h — 0. (4.14)

) d
Jim B, [pp ()] = E; [dt“w(s) (t.(tw)

] for s € J. (4.15)

Owing to (4.11), (4.15), the function

s = [E; [uw(s) (87 ’Y(va))} = El[wh(w) + (ph(w)]

is a.e. right—differentiable in R, and so a.e. differentiable in view of the Denjoy—Young—Saks
Theorem, see Corollary 1.6. Formula (4.9) directly comes from (4.11), (4.15). O
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Given the set
{(t,w) € (0,+00) x Q| t = u(t,y(t,w)) and ¢ — ~(t,w) are not differentiable at ¢}, (4.16)

we denote by J the set of points s > 0 such that the s—section of the set in (4.16) has probability
0 and (4.4) holds at s. Note that J has full measure in Ry because of Lemma 4.3, Lemma 4.8 and
Corollary 4.5.

Lemma 4.9. Let u, v be as in Theorem 4.7 and let s € J. The compact—valued map

Z(w) = {(r,p) € 6cuw(s) (5,7(s,w)) | 7+ (p,¥(s,w)) = jtuw(s)(s,v(s,w))}

18 measurable.

Proof. Since the lengths of the curves t — ~(¢,w) in [0, s] are equibounded with respect to w,
see Remark 4.2, and the elements v(0,w) are finite as w varies in Q, we deduce that the set
{(s,’y(s,w)) | w e Q} is bounded. We denote by R a Lipschitz constant for all the wu; in such a
set.

We claim that the function

d
w Tl (s) (s,v(s,w)) is measurable. (4.17)

Indeed, it is obtained as the composition of w — (w,w(s)), which is a measurable map from
(Q,F) to (2x{1,...,m},F® 2({1,...,m})) by definition of the o—algebra F, with (w,i)
%ui (5,7(s,w)), which is a B([0, s]) ® 2{{1, ..., m}}-measurable real function, as it can be easily

checked by arguing as in Lemma 4.3 and Proposition 4.4. Furthermore, since the map w +— (s, w)
is measurable in force of Proposition 4.4, we deduce that

w + (p,7¥(s,w)) is measurable for any p € RV. (4.18)

We proceed by showing that the compact—valued map

2) = {(r:) €RXRY | [+ € R 1 (5 3(00) = S (57(5:6) =0

is measurable. Taking into account Definition 1.1, it is enough to prove that Z~(K) € F for any
compact subset K of RN+, Let (7, p,)n be a dense sequence in K, then

Z' )= U {w | a4 (Prsi(s,0)) — %Ws) (5,7(s,w))] < ;ll}

and the sets appearing in the above formula belong to F thanks to (4.17), (4.18). This concludes
the proof of the claim.

Now notice that the set—valued map w +— aCuw(s) (s,fy(s,w)) is F—measurable. Indeed, it is
obtained as the composition of w — (7(s,w),w(s)), which is a measurable map from (£, F) to
(RY x{1,...,m}, BRY) @ 2({1,...,m})), with (z,1) = 0%u;(s,z), which is an uppersemicon-
tinuous set—valued map defined on RY x {1,...,m}.

Bearing in mind the definition of R, we find that

Z(w) = Z(w) N 8Cuw(s) (5,7(s,w)).

The map Z has nonempty compact images thanks to Propositions 1.3 and 1.4, and it is measurable
as an intersection of measurable set—valued maps, see [20]. O
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We invoke Theorem 1.2 to derive

Corollary 4.10. Let u, v, s, Z(w) be as in Lemma 4.9, then there is a measurable selection
w (T(s,w),p(s,w)) of Z(w).

Taking into account Theorem 4.7, Lemma 1.4, and the above Corollary, we get

Corollary 4.11. Let u, v, ¢ be as in Theorem 4.7, and let s > 0 be in J. Then the map
t— E; [uw(t)(tﬁ(t,w))] is differentiable at s, and, for every w € ), one can find a measurable
selection (r(s,w),p(s,w)) € acuw(s)(s,'y(s,w)) satisfying

g]EZ- [tw) (87t w))]

o =E; { - [Bu(s,v(&w))]w(s) +7r(s,w) + (p(s,w),"y(s,w»]

t=s

We finally state, for the reader’s convenience, a differentiability property of ¢ +— E; [uw(t) (t, W(t))} ,
easily descending from Theorem 4.7, in the way we are going to use it in Theorem 5.4.

Corollary 4.12. Let u be a C' function and v a deterministic curve of class C*. For every index
1€{l,...,m}, the map t = E; [uw(t) (t, 'y(t))] is right differentiable att =0 and

d+

B T (9] = ~[Bu(0.4(0)], + 0uc(0.45(0) + (D (0.4(0))5(0)).

t=0

5. The random Lax—Oleinik formula and its PDE counterpart

The random Lax—Oleinik formula is given by

(S(t)uo)i(:p) = y(oi,?,g:z E; {ug(t) (v(t,w)) —|—/0 L) (v(s,w), =(s,w)) ds (LO)

for every (t,r) € (0,4+00) x RY and i € {1,...,m}, and for any bounded initial datum u® :
RY — R™. Some few properties can be recovered via direct inspection of the formula. For every
(t,z) € (0,+00) x RN, we have

(= [u®lso +tp) 1 < S(t)u(z) < e Pru’(z) + tM 1, (5.1)

where p:=inf inf L, and M :=sup sup L; (2,0). The leftmost inequality in (5.1) is imme-

i RN xRN i zeRN
diate, while the second follows by taking a constant curve and by applying (3.2).
We furthermore derive from the definition

ISHu® — St)v' 0o < [u” — vO|| oo for t > 0, (5.2)

for any given pair of bounded functions u®, v°.
We proceed by introducing a sub—optimality principle that will allow us to link (5) to systems,

and to show in this way the semigroup and continuity properties of the related value function.

Definition 5.1. We say that a function u : Ry x RN — R™ satisfies the sub-optimality principle
if

h
ui(to + h,7(0)) — Ei[uwn) (to, v(h))] < E; /0 Lus(s) (7(s), =4(s)) ds

for any to, h 20,4 € {1,...,m} and any deterministic curve .
17



The link with the Lax—Oleinik semigroup is given by

Proposition 5.2. Let u’ : RY — R™ bounded and continuous. The function (t,z) — S(t)u®(x)
satisfies the sub—optimality principle.

To prove the proposition, we need some preliminary material. We denote, for any h > 0, by
®;, the shift operator defined via

Oy (w) =w(-+h) for any w € Q.
We recall that it is a measurable map from 2 to €, see [1].

Lemma 5.3. For any index i, any h > 0 we have

m

OpHP; = (e B

k=1

Proof. If C(t1,- - ,tg; i1, ix) is a cylinder, then

Sp#P; (C(tr, -+ tisin, - -ig)) = Pi®;, (Cltr, - twidn, - ik))
CR(Clta byt B )

Zpl(c(hvtl+ha 7tk+h;k7ila"'ik))

m

= (eth)ik Pi(C(tr, -« s thsin, i)
k=1

The above computation proves the assertion, because the family of cylinders is a separating class,

as it was pointed out in Section 3.1. O
Proof of Proposition 5.2. We select positive times h, ty, a deterministic curve y and i € {1,...,m},
we set z = ¥(0), y = v(h). We fix an € > 0 devoted to become infinitesimal, and pick for any
j€{1,...,m} an admissible random curve {;, with initial point y, such that
to
0 .
(S(to)uo);(y) = Ej |ug ) (& (to, w)) +/0 Lio(s)(&5, =) ds| —e. (5.3)

We proceed by defining for any (t,w) € [0, +00) x

Y (t) te[0,h)
n(t,w) = () (t = h, @p(w)) t € [h,to+h)
fw (h) (t07 (I)h( )) te [to + h, +OO)

We claim that 7 is an admissible curve. We first show that for any ¢ > 0, any Borel set E in RV
Qp ={w|n(t,w) € E} € F. (5.4)

Clearly Qp is equal either to the whole Q or to the empty set when ¢ € [0,h]. We focus on the
case where t € (h,tg + h], the same argument will give the property when t > tg + h. We have

Qp = [{w | &(t—h @uw)) € B} nC(h, )] (5.5)

J
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Owing to the fact that &; is F; adapted, for any j, and to the relation @,:1(]-},;1) C F, see for
instance [1, Proposition B.5], we further get

(] &t —h®u(w) € BY = 0, ({0 | &(t — h.0) € B}) € 8 (Fiy) C Fi.

This gives (5.4) taking into account (5.5) and that C(h,j) € Fp C F, for any j. Being the
continuous concatenation of a deterministic curve and m random admissible curves, we also see
that 7 satisfies item (i) in Definition 4.1. We have therefore proved that it is an admissible curve,
as it was claimed.

We have by Lax—Oleinik formula

t0+}L
(S(to + h)u);(z) < E; ug(tOJrh) (n(to + h,w)) + /0 L) (n(s,w), —i(s,w)) ds

h
=E; u%h,(w)(to) (&bh(w)(o) (th 78 (w))) + /0 Lw(s) (7(8)7 _’7(5)) ds+ (56)

to .
/0 Lo, (w)(s) (€¢‘h(w)(0) (5, Pn(w)), —Eay (w)(0) (S,‘I’h(w))) ds} .

We apply the change of variable formula with § = ®,(w) and Lemma 5.3 to get for any j €

{1,...,m}
o (48 0100y (€000 (F0, @1())

to _
/ L, (w)(s) fcbh(w)(o) (5, Pp(w ))a*&bh(w)(o)(S,‘I’h(w))) ds]dﬂ”i(w)

Jr
0

:/Q {Uo(to €o(0)(t0,9)) +/0 Los) (50(0)(8,9),—59(0)(8,9))ds} do,#P;(0)
Z B {“2(:&0)(51'(150,9)) +/0 Lo(s) (5j(579)7éj(579))d8]-

Jj=1

We plug the previous relation in (5.6) and use (5.3), (3.2) to get
h
(Stto + M)i(o) SB[ [ Lugo (1. ~3() ds] +
0

Z (e_Bh)ij E, [Ug(to)(fj(toﬁ)) +/O i Los) (€(5,0),—&;(5,0)) ds} <

(75, ((Stto)uo);(y) +¢) =

IR

E; [ / Lot (1(5), () ds} -

1

J

E;

)

/O Lt (1(5). —4(5)) ds + (S(t0)ua) (4) +

and the assertion follows because € is arbitrary. O

In the next result we link the sub—optimality principle with the property of being subsolu-
tion to the system (HJS). It is worth pointing out that we are not assuming any continuity or
semicontinuity condition on the function appearing in the statement.

Theorem 5.4. Let u: Ry x RN — R™ be a function locally bounded from above satisfying the
sub—optimality principle. Then it is a subsolution to (HJS) in (0,400) x RY.
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Proof. Recall that we denote by u* the upper semicontinuous envelope of u.

Let us fix an index i € {1,...,m}, ¢ € RN, §>0. Let ¥ be a ct supertangent to u; at a point
(50,20) € (0, +00) x RY. We define a C', R™valued function ¢ setting ¢; = 1, and choosing the
other components ¢; of class C! such that

#5 (80, 20) = uj(s0,20) + 9 for j # 1. (5.7)
The definition implies
u; (S0, %) = ¥(s0,20) = ¢i(s0, To) (5.8)
and
i = up = ug for any k € {1,...,m}, in some neighborhood of (sg, ). (5.9)

The argument being local, we can assume ¢ uniformly continuous with corresponding modulus
denoted by v. We consider (s,,z,) converging to (sg,zo) with lim,, u;(s,, z,) = u}(s0,%0), and
set

en = V(|@y — 20| + |85 — Sol) + [wi(sn, 2n) — u; (80, 0)|-

We proceed by selecting an infinitesimal positive sequence h,, with
lim— =0 (5.10)

and define ~v,(s) = x, + sq, v(s) = xg + sq. From the supertangency condition, the relation
[7n(8) — v(s)| = |xn — x| for any s, and the definition of ¢,,, we derive for n large enough

¥(s0,20) — Ei[@u(hn) (= hn + 50, 7(hn))] <
< ui(sny xn) - E’i [¢w(hn)( - hn + Sny ’Yn(hn»] +én
< ’U,Z‘(Sn, xn) - E; [uw(hn)( - hn =+ Sn, ’Y'rL(hn))] + en- (511)

Further, we have by the sub—optimality principle
hn
ui(sn; xn) —E; [uw(h) ( = I + Sn, ’Yn(hn))] < E; [/ Lw(s)(%(s% _Q) dS] . (5'12)
0

We apply Corollary 4.12 to the function g(s,x) := ¢(so — s,2) and the curve v. We derive from
(5.7), (5.8), (5.9), (5.10), (5.11), (5.12), and assumption (B) on the coupling matrix,

liminf, 4o hil]EZ Uoh” Ley(s)(7n(s), —q) ds + en}
P hmn~>+oo ﬁ (1;[}(30, 1’0) - ]Ez [st(hn)( - hn + SOvW(hn))])

= 4 E [ (1,4(1))] (5.13)

= [B6(0,7(0)]; = 261 (0,7(0)) — (D26i(0,7(0)),5(0)).
= [Bo(s0,%0)], + (50, x0) — (Datb(s0,%0), q)
> [Bu*(so, o)), + 81 (50, 0) + (Dat(s0, 7o), —q) — 6 C,

where C' = =) ot bij. We know that IP;—a.e. path w takes the value 7 in a suitable right neigh-
borhood of 0, depending on w. From this and the continuity of L;, we deduce for P;—a.e. w

hn hn
lim i / Lw(s) (’Yn(s)a —(J) ds = lim i / L; (’yn(s), _q) ds
ha Jo ha Jo

" hn ! " hn
:nrrlni / Li<v<s>,—q)ds+% / (Li(1n(5), —0) — Li(2(s), —q)) ds
:Li(IOafq)‘
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By the Dominated Convergence Theorem and (5.10), we thus infer

1
lim — E;

n—-+4oo n

R
/ Lw(s)(’Yn(s),_Q) ds+e,| = Li(xOv_Q)'
0

We further derive from (5.10)
(Bu*(so,xo))i + Ob(s0, o) + (Db (S0, x0), —¢) — Li(x0, —q) — 0 C < 0,
and, being ¢, ¢ arbitrary, we finally obtain
(Bu*(s0,z0)), + 0ib(s0, z0) + Hi (o, Dat)(s0,20)) <0,

which proves the claimed subsolution property for u*. O

By combining Proposition 5.2 and Theorem 5.4 we obtain

Proposition 5.5. Let u’ : RY — R™ be bounded and continuous. The function v(t,z) =
S(t)u’(z) is a subsolution of (HJS) satisfying v*(0,-) < u® on RY.

Proof. The asserted subsolution property comes from v being locally bounded in force of (5.1),
and Proposition 5.2, Theorem 5.4. The relation at t = 0 is readily obtained passing to the limit in
the rightmost inequality of (5.1) as t goes to 0. O

We proceed by showing a sort of maximality property of the function given by Lax—Oleinik
formula.

Proposition 5.6. Let u be a locally Lipschitz continuous subsolution of (HJS) with u® := u(0, ")
bounded, then
u(t,r) < S(t)yu’(z) for any (t,z) € Ry x RV,

Proof. We fix (to,xo) and pick an admissible curve - with initial point xo. By applying Corollary
4.11, we get

d
EEZ [uw(t) (tO - ta ’V(t7 LU))]

= Ei |~ [Bu(to — 5,7(5,0))] ) = 7(5:0) + (p(5), (5, 0))

for a.e. s and some (r(s,w),p(s, w)) € 8Cuw(s) (to + h —s,7(s, w)) By exploiting the subsolution
property of u and the Fenchel inequality, we further get

d

— 3 Biltwm (to =, 7(6,w))]

t=s

= Ei|[Bulto = 5,7(5,0)) ] () +7(5:0) + (pls.w), —i(5)

N

E, “Bu(to —5,7(s, w))]w(s) + r(s,w) + Hys) (7(s,w), p(s,w))

L (1(5,0), =(s,0))]
< Ei [Ly) (v(s,w), —3(s,w))] - (5.14)

We finally obtain by integrating between 0 and ¢y and by commuting integrals, which can be done
by joint measurability properties of (vy,7)

u; (to,xo) - E; [ug(to)(v(to,w))] < E; [/0 ' Lys(s) (v(s,w), —"y(s,w)) ds| .

This gives the assertion since  is an arbitrary admissible curve starting at . O
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We finally provide the announced PDE characterization of the random Lax—Oleinik formula.

Theorem 5.7. Letu® € (BUC(RN))m. Then (x,t) — (S(t)u’)(z) is the unique solution of (HJS)
in (0.+00) x RN agreeing with u® at t = 0 and belonging to (BUC([0, T] x RN))m for every T > 0.
Proof. We denote by u the unique solution of the system taking the value u® at ¢ = 0 and belonging
to (BUC([0,T] x RN))™ for every T > 0, see Theorem 2.4.

Let us first assume u® Lipschitz continuous on RYV. Then u is Lipschitz continuous in [0, 7] xR,

for every T' > 0, according to Theorem 2.4. In view of Proposition 5.5 and the comparison principle
for (HJS) stated in Proposition 2.5, we infer

(S(t)u’)(z) <u(t,z)  for every (t,z) € [0,7] x RV,

The opposite inequality holds as well by Proposition 5.6. The assertion is then proved when the
initial datum is additionally assumed Lipschitz continuous.

Let us now consider the general case u’ € (BUC(RY ))m Let v be a Lipschitz function in
(BUC(RY))™. By what was just proved, we know that the map (¢,2) — (S(t)v°)(z) is a Lipschitz
solution of (HJS) in (0,T) x RY taking the initial value v¥ at t = 0. From the comparison principle
stated in Proposition 2.5 and (5.2), we infer

[u(t,) = Sl < [Jult,) = SOV [loo + S = SEV’[|oo < 20’ = vl
for every t > 0. Using the fact that Lipschitz initial data are dense in (BUC(RN ))m, we eventually
get the asserted identity u(t,z) = S(t)u’(z) for every (¢,) € [0, +00) x RY. O
We directly derive from the previous results of the section

Corollary 5.8. The Laxz—Oleinik formula defines a semigroup of operators on both (BUC(RN))m
and (Lip(RY))™ N (BUC(RM))™.

6. Minimal admissible curves
In this section we aim to prove the following result:

Theorem 6.1. Let u® € (BUC(RYN))™ and T > 0. Assume that the function (t,z) — S(t)u’(z)
is locally Lipschitz in (0,T] x RN. Then, for every x € RN, i € {1,...,m}, there exists an
admissible curve n : @ — C([0,T];RY), starting at @, realizing the minimum for (S(T)u®);(x) in
the Laz—Oleinik formula (LO).

Remark 6.2. The assumption of the above theorem is always satisfied whenever u® is Lipschitz
continuous on RY, in view of Theorem 2.4.

6.1. Deterministic minimization

Let u’ € (BUC(RN))”L and T > 0 be fixed, and denote by u(t,z) the unique function in
(BUC([0,T] x RV))™ that solves the system (HJS) in (0,7) x RY subject to the initial condition
u(0,-) = u® in RY. We know that, for every j € {1,...,m}, the j—th component u; of u is a
solution to 9

at

with initial datum ug-)7 where

+Gji(t,z,Dyu) =0  in (0,+00) x RV, (6.1)

Gj(t,x,p) = Hj(z,p) + (Bu);(t, x).

Let us denote by Lg; = L; — (Bu); the Lagrangian associated with G; via the Fenchel transform.
The following result holds:
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Proposition 6.3. Let u; and G; be as above. Then, for every 0 < a < T and y € RY, the
following identity holds:

T

w( —ay) = inf (uS(ET)) + / Lo, (T~ t.6(1), ~£(1)dr). (6.2)

where the infimum is taken by letting & vary in the family of absolutely continuous curves from
[a,T] to RN. Moreover, such an infimum is a minimum.

Remark 6.4. Note that there is a slight difference between (6.2) and the other deterministic
formula given in Proposition Appendix A.2 of the appendix. However, both formulas are equivalent
up to the change of variables s =T — t.

Proof. Let us first assume u® Lipschitz continuous, so that w; is Lipschitz in [0, 7] x RY. Then
the result is a direct application of Proposition Appendix A.2.

In the general case, let v" : [0, T] x RN — R™ be a sequence of solutions of (HJS) with Lipschitz
initial data v™(0,-), uniformly converging to u’. By Proposition 2.5, v" uniformly converges to
u on [0,7] x RY. Denote by U;(T — a,y) the right hand side of (6.2) and denote by L} the
Lagrangian L; — (Bv"™);. It is readily verified from the formula and the first part of the proof that,
for0<a<T,

Ui (T = a,y) = v} (T = a,y)| < [[uo = v"™(0,")[[c + (T' = a)l|La; — L}l Lo (0, 7yx)
= [[uo = v"™(0,)l[ec + (T' = @) [|(Bu = BV"); || Lo ([0, xrY)-

It follows that v uniformly converges to U := (U;)1<;<m, hence U = u, as it was to be shown. [J

Given 0 <a < T,y € RN and j € {1,...,m}, let us denote by I';(a,y) the family of absolutely
continuous curves ¢ : [0,7] — R such that £(s) = y for every s € [0,a] and §).o.r realizes

the infimum in (6.2). In what follows, the space C([0,T];R") of continuous curves from the
interval [0, 7] to RY is endowed with the uniform norm, which makes it a Polish space, and the
corresponding Borel o—algebra. The following holds:

Proposition 6.5. Let j € {1,...,m}. Then

i) the set XT :={¢: & €T (a,y) for some (a,y) € [0,T] x RN } is a family of equi-absolutely
J J
continuous curves in C([O, T); RN);

(it) Tj(a,y) is a compact subset of C([0,T;RY), for every (a,y) € (0,T) x RY;

(iii) the set-valued map (a,y) — T;j(a,y) from [0,T) x RN to C([0,T];RY) is upper semicontin-
uous in the sense of Definition 1.1;

(iv) for everyy € RN, 0 < a < T and € € T;(a,y) we have

T .
uy (T~ ,€(8)) = u2(e(T)) + /t Le, (T — s,€(s), ~£(s))ds

for every t € [a,T).

Proof. The first point is standard in Calculus of Variations and is the first step in establishing
Tonelli’s existence Theorem. Let us denote by © : Ry — R a superlinear function such that

Li(z,q) =2 6(|q|) for every (z,q) € RN x RN and i € {1,...,m}.
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Such a function © does exist for the Hamiltonians H; satisfy condition (H3). Since any £ € XjT is
a minimizer of (6.2) for some (a,y) € [0,7] x RY, we infer

T . T .
/ (&) dt < / L, (T — t,€(t), —€(8))dt < 2lJuy e,

yielding

T . a . T .
/ O(E()) dt = / O(E))) dt + / O(E(1)]) dt < [O(0)|T + 2/ju;|oc.

0 0 a
This readily implies (i) in view of [29, Theorem 2.12].

We will prove items (ii) and (iii) by using the Arzela-Ascoli, and Dunford—Pettis theorems
(notice that by (i) the elements of XJT are equicontinuous) and the lower semicontinuity of £ —
faT Le, (T —t,&(t), —£(t))dt, see [29, Theorem 3.6].

Let us prove (iii) first. We have to check that I'; satisfies Definition 1.1. Let C be a closed
subset of C([0,T; RY), (an,yn) a sequence of I';'(C) converging to some (a,y). We consider a
sequence &, € I'j(an,yn) N C. By the first part of the proof, we can assume that §,, converges, up
to extracting a subsequence, to some ¢ uniformly in [0,7] and that {n converges to 5 weakly in

(L' ([0,77) )N, see [29, Theorem 2.13]. Hence, passing to the limit in the equalities

T .
Ui (T — an, yn) — ug (En(T)) = / Lg, (T —t,&,(t), ffn(t))dt,

Qn

and using the lower semicontinuity of the integral functional, it follows that

w1 = a,y) = w(6T) > [ La, (T~ t.6(0), ~é(0)at.

Since (6.2) gives the reverse inequality, we deduce that £ belongs to I';(a, y) and clearly also to C.
Therefore (a,y) € F;l(C), so that F;l(C) is closed. This shows assertion (iii). Item (ii) follows
arguing as above and taking a, = a and y, = y for every n € N.

Ttem (iv) is a consequence of the sub-optimality principle, see Proposition Appendix A.2.
Indeed, we have

u; (T = a,&(a)) —uj(€(T))
= (4w (7 = 0.80)) = us (T = £,6®) ) + (s (T = £,(8)) = (&(T)) )

< / L, (T — 5,£(s), ~£(s)) ds + / L, (T - s,€(s),—£(s)) ds.

The previous inequality, which is a sum of two inequalities, is actually an equality in view of (6.2).
Hence both inequalities were equalities to start with, as it was to be proved. O

We define a set-—valued map T': [0, T) xRN x{1,...,m} — C([O, T; ]RN) by setting I'(a, y, j) :=
Tj(a,y). It is compact—valued and upper semicontinuous, hence measurable. We are thus in the
hypotheses of Theorem 1.2, so that there exists a measurable selection = for I, i.e. a measurable
function

Z:00,7] x RN x {1,...,m} — C([0,T|; RY) (6.3)
such that
Z(a,y,j) € T(a,y,j) for every (a,y,j) € [0,T] x RN x {1,...,m}.
Notice that the measurability condition can be equivalently rephrased requiring
(t,a,y,7) = E(a, y,5)(t)
to be measurable from [0,7] x [0,T] x RN x {1,...,m} to RV with the natural Borel o—algebras.
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6.2. Random minimization

Given T > 0, z € RV u’ € (BUC(RN))m, i1 €{1,...,m}, we aim to show the existence of a
minimizing admissible curve 7 for (S(T)u);(z). We will provide a rather explicit construction via
concatenation of minimizers of (6.2).

We first give a rough picture of it, just to contribute some insight. We fix w and minimize at
the initial step the deterministic functional in (6.2) in the interval [a, T] with a = 0, j = w(0) and
y = z. Clearly we get multiple minimizers, but, according to the results of the previous subsection,
we can select one in a measurable way with respect (a,y,7). This will be crucial to show the
random character of the curve obtained as output. At the first jump time of w, say 7 (w), we
switch to index j accordingly and restart the procedure minimizing on |1 (w), T, with y equal to
the position reached by the selected minimizing curve in the previous step at 7. Notice that the
final time T stays untouched, which is needed to get in the end a nonanticipating random curve.
We go on iterating the above procedure at any jump time of w belonging to [0, T7].

6.2.1. Construction of a minimizer

We proceed by presenting a full description of the construction. We point out that this part
is independent of the local Lipschitz continuity assumption on (z,t) — S(¢)u®(z). This condition
will come into play only in the proof of Theorem 6.1, to apply the derivation formula given in
Theorem 4.7.

For any fixed w € Q, we set 79(w) = 0 and we define inductively a sequence (Tk (w)) . by setting

{kth jump time if w has at least k jump times in [0, T]
Th(w) = .
T otherwise
Let us denote by Z: [0,7] x RY x {1,...,m} — C([0,T]; RY) the measurable selection intro-

duced at the end of Section 6.1, and define inductively a sequence (mk (w)) of points in RY by

k>0
setting g = x and

2p(w) = E(Th-1(w), Tp—1(w), w(Th—1(w)) (Te(w)) for every k > 1.
The following holds:

Lemma 6.6. For every k € N, the maps w — 7x(w), w+— w(7i(w)) and w — zx(w) are random
variables.

Proof. We start by proving the assertion for the maps w — 7% (w) and w — w(Tk_l(w)). The
argument is by induction on k > 1. Let us denote by (¢,,)nen a dense sequence in (0,7"). For every
t € (0,7, we have

{w:nw) <t} = J{wlts) #w(0)} € F,

tn <t

which clearly gives the asserted measurability of w +— 71 (w) (note that 7 (w) < T for every k > 1).
The fact that w — w(70(w)) = w(0) is a random variable is trivial by the definition of . Assume
now that w + 7;(w) and w — w(7;_1(w)) are random variables for every j < k. By the inductive
step we have that, for every ¢t € (0,7T),

{w: pr1(w) <t} = U {w: m(w) <t} N{w : w(tn) #w(mmw))} € F,

tp <t

thus showing the asserted measurability of w — 741 (w). The fact that w — w(7(w)) is a random
variable follows from the fact that, for every i € {1,...,m},

{w: w(mw) =i} = U{w s w(ty) =i} N{w : (W) <ty < T (w) }
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Last, the fact that the map w — x(w) is a random variable for every k > 0 is again by induction
on k. The measurability for k = 0 is trivial. Let us assume that w +— z;(w) is measurable for every
j < k. Then the map w — xpy1(w) is a random variable since it is the composition of the F-

measurable function w +— (T;Hl(w),Tk(w),xk(wLw(Tk(w))) with (¢,a,y,j) — Z(a,y,7)(t), which
is measurable from [0, 7] x [0,7] x RY x {1,...,m} to RY with the natural Borel o—algebras. [

The sought curve is defined by setting 7(0,w) = x and, for every k > 0,

n(t,w) := E(Tk(w),xk(w),w(m(w)» (tAT) it tAT € (mh(w), Thy1(w)], (6.4)

for every w € Q, where t AT := min{¢,T} and = was defined in (6.3). Note that the curve n(-,w)
is constant in [T, +00), for any fixed w € Q.

6.2.2. Proof that the constructed curve is a minimizer
The following holds:

Proposition 6.7. The curve n: Q@ — C(R;RY) defined in (6.4) is admissible.

Proof. For every fixed w, the map ¢ — n(t,w) is constructed as a concatenation of equi—absolutely
continuous curves, see Proposition 6.5, so it is clear that n satisfies item (i) of Definition 4.1. Its
non—anticipating character is also clear by definition. It is left to show that (¢,w) — n(t,w) is
jointly measurable from R x 2 to RV with respect to the product o—algebra Z(R,)® F. To this
aim, we remark that

+oo
n(t,w) = oX 0y (8) + 30 Z(Telw)s 20 (@), @ (7)) ) (EAT) Xy (hrmaga e EA T
k=0

where we agree that the characteristic function X () of the empty set is identically 0. For each

k > 0, the map (t,w) — E(Tk(w)7xk(w),w(m(w)))(t A T) is measurable as a composition of

the (R, ) ® F—measurable function (¢,w) — (t AT, 7 (w), o (w), w (T (w))) with the Borel map

(t,a,y,7) — Z(a,y,7)(t) from [0,T] x [0,T] x RN x {1,...,m} to RN. The joint measurability of

(£, W) = Xy (@)1 (w)) (E A T) follows from the fact that X, ) r @) EAT) = Xp, (t,w) and
Fp,={t,w) eR xQ: p(w) <t AT < 1p11(w) } € F.

As a countable sum of Z(R,) ® F-measurable functions, we conclude that 1 has the required
measurability property. O

We proceed by showing a further property enjoyed by the curve n defined above (6.4).
Lemma 6.8. Let w € Q. For L'~a.e. s € (0,T) the following holds:

(i) t—n(t,w) is differentiable at s;

1

s+h
(“) hli%lJr E /S LGw(t) (T —t, 77(757 w)v —77(157 w)) dt = LG(‘,(S) (T -5 77(53 w)a _77(57 w));

(iii) = Uy (T —t,n(t, w)) 1s differentiable at s and

d

_7uw(s) (T —t, 77(75’ OJ))

=L
d G

t=s

v (T = 5,1(5,), =i (5,0)). (6.5)
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Proof. Let us fix w € Q. The cadlag path ¢ — w(t) has a finite number of jump times in (0,7T), let
ussay 0 < 81 < -+ < 8, <T. Let us set so =0, s,+1 =T and pick k € {0,...,n}. By definition
of n, we have n(-,w) = &(-) in [sk, Sk+1], where

£(t) = E(sk, n(sk,w),w(sg))(t) for every t € [0,T].

In view of Proposition 6.5, we have for every t € [sg, T

T
uw(sk) (T - t7 E(t)) - ug(ek) (g(T)) = /t LGw(Sk) (T - 6(7"), 76(7")) dr.

Choose s; < tp < t1 < Skg+1- By plugging ¢ = tp and ¢t = ¢; in the above equality and by
subtracting the corresponding relations, we end up with

U (sy,) (T - th g(tO)) = Uw(sy) (T - tla S(tl)) = / 1 LGw(sk) (T - E(T)a 75(7")) dr. (66)

to

By summing the equalities (6.6) with tg = s, t1 = sg41 for k=0,...,n+ 1, we get

T
/0 Lé, o, (T = ton(t,w), —i(t,w)) dt < (n + 1)[[ul] Lo (0,77 x&Y)- (6.7)
Since the functions L, are bounded from below, this tells us that the map

t— LGw(t) (T - ta 77(t7 UJ), _ﬁ(ta w))

is integrable in [0, T]. Therefore assertions (i) and (ii) hold whenever s is a differentiability point
of the curve ¢t — n(t,w) and a Lebesgue point for ¢t — Lg,,, (T — t,n(t,w), —n(t,w)), namely for
Ll-ae. s€(0,T). Plugty=s and t; = s+ h in (6.6) for any such point s € (0,7) and for h > 0
small enough. By dividing the corresponding equality by h and by passing to the limit, we finally
obtain (iii). O

Proof of Theorem 6.1. We introduce h € (0,T), devoted to become infinitesimal. Since u(¢,z) :=
S(t)u®(x) is assumed locally Lipschitz continuous in (0, T] x R™, u is locally Lipschitz in [h, T] xR .
Recall that the curve 7 is defined by (6.4).

We can apply Theorem 4.7 to the absolutely continuous function ¢ — E; [uw(t) (T —t, n(t,w))}
for ¢t € [h,T]. By taking into account Lemma 6.8 and the definition of the functions Lg; we get

E; [teo(ny (T = hy (b, w))] = Ei [ug oy (n(T, w))] (6.8)

T
- _/ E; ds
h t=s

= / E; [Lw(s) (U(S»W)» _77(37 w))} ds =E; [/ Lw(s) (n(svw)v _77(81 w)) ds] :
h h

_(Bu)w(s) (T - S, 7)(57W)) + %uw(s) (T —t, n(tﬂ W))

T

By sending h — 0T, we get

hlir{)1+ Ugy(h) (T — h,n(h, w)) = Uy (0)(T,x) for every w € Q. (6.9)
—

Moreover, since u is bounded in [0, T] x RY, we obtain via the Dominated Convergence Theorem

hlirgl+ E; [uw(h) (T —h, n(h,w))} =E; [Uw(o) (T, x)] =u;(T,x). (6.10)
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Further, being the Lagrangians L; bounded from below, we get via a standard application of
the Monotone Convergence Theorem

T
lim E; l/h Lyy(s) (n(s,w),—ﬁ(s,w)) ds]

h—0+t

T

= hi%h 0 Ez [Lw(s) (U(Saw)7 _7.7(37(*‘)))] X[h,T] (S) ds

T
- /0 E: [Lugs) (105, w), —1(s,w))] ds = E;

T
A Lw(s) (77(3,‘#), _f](svw)) d5‘| .
By putting together the above relation plus (6.8), (6.9), (6.10), we have

ui(z,T) — E; [US(T) (n(T,w))] = E;

T
/0 Lw(s) (77(57(*])5 77;,(57"‘})) dS] ’
which shows the claimed minimality property of (¢, w). O

7. Properties of minimizing random curves

In the final section, we want to establish further properties of arbitrary minimizing curves and
of solutions of the evolution equation. We start showing that any minimizing curve has a similar
structure as the one constructed in the previous section, up to a set of negligible probability.

We consider a solution u of (HJS) in (0,4+0c) x RY taking an initial value u® bounded and
Lipschitz continuous in RY. The function u is consequently Lipschitz continuous in [0, 7] x RY,
for any T > 0, by Theorem 2.4. We fix T > 0, z € RY i € {1,...,m}, and denote by 7 :
Q — C([0,T); RY) an admissible curve realizing the minimum for u;(z, T) = (S(T)uo)i(x). These
notations will stay in place throughout the section.

Lemma 7.1. There is a full measure set X, C Q; such that for allw € Q, if a < b € [0,T] such
that w is constantly equal to some j € {1,...,m} in [a,b), then

b
U (b,n(T - b,w)) — U, (a,n(T —a, w)) = / Lg, (s,n(T —s,w),—n(T — s,w))ds.

Proof. Using that we have equality in the proof of Theorem 5.6, one concludes from (4.9) and
(5.14) that for a.e. w and s,

(B) o) (5:0(T = 5,w)) + g“w(s) (t.0(T —t,w))

dt :Lw(s)(ﬁ(T_3>W)»—ﬁ(T—57W)>-

t=s

It follows by Fubini’s theorem that there exists a set 2, C €, such that for all w € )}, the above
relation holds for almost every s € [0,7]. By integrating, for w € Q}, if 0 < a < b < T are such
that w is constantly equal to j on [a,b), then

b
uj (b,n(T — b,w)) —u; (a,n(T —a, w)) = / [ — (Bu); (s, (T — s,w))

+ L, (n(T —s,w),—n(T — s,w))}ds

b
= / Lg, (s, n(T — s,w),—n(T — s,w))ds.
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Remark 7.2. Notice that for the particular minimizing curve constructed in the previous section
the exceptional negligible set is empty.

When the Hamiltonians enjoy stronger regularity properties we will accordingly get further
regularity information on the minimizing curves as well as on the solutions on such curves.

We assume in the remainder of the section H,...,H,, to satisfy, besides (H1)-(H3), the
following further assumptions:

(H4) p— H(z,p) is strictly convex on RY for any x € RY;
(H5) H e CYRN xRY).

In this case, the associated Lagrangian L is of class C' in RY x RN and is strictly convex in
q. Moreover, the map (z,q) — (z,9,L(x,q)) is a homeomorphism of RY x RY onto itself, with
continuous inverse given by (z,p) — (z,8,H (x,p)), see for instance [31, Appendix A.2].

Theorem 7.3. For any fized w € Q2 we have
(i) the curve n(-,w) is continuously differentiable in (0,T) outside the jump times of w;

(i) if t is a jump time of w then n(-,w) is right and left-differentiable at t with

o a* o d-
sli)r?+ 77(5700) - an(tvw> and sllgl_ 77(57(“)) - En(taw)a
+ -
where ((iTt and ?Tt indicates right and left derivatives, respectively;

(iii) n(-,w) is right differentiable at 0 and left differentiable at T with

dr d-
lim 7 = — lim 7 = ——(T,w).
Jim (s, w) = en(0,w) and - lim 7(s,w) = (T, w)

Proof. Let w € O, and 0 < a < b < T such that w is constantly equal to j € {1,...,m} on [a, 13]

By recalling that u; is a solution of (6.1) in (0,400) x RY and exploiting (6.2), we get that the
curve s — 7(s,w) is a minimizer of

b

¢ uj (T = b,&(b)) —u; (T — a,&(a)) + / Le, (T — 5,&(s), —£(s))ds

on the space of absolutely continuous curves ¢ : [a,b] — RN taking the value 7(d,w) at t = d.
Theorem 18.1 in [21] thus establishes, among other things, that the map

t— 0gL; (n(t,w), —ﬁ(t,w)) (7.1)

which in principle is defined for a.e. t € [a, 3]7 can be extended to an absolutely continuous curve
on [a, b], denoted by p(-). Next, we use the regularity assumptions on the Hamiltonians to invert
the relation in (7.1) and get

—n(t,w) = O, H; (n(t,w), p(t)) for a.e. t € [a,b]. (7.2)

From the continuous character of n(-,w) and p(+), it follows that 7(-,w) can be continuously ex-
tended on [a, b]. We deduce that (-, w) is Lipschitz continuous in [d, b] and, by the above continuity
properties of 7, is in addition continuously differentiable in (a,b). This gives (i). We moreover

have (t.0) (0.) .
n(t,w) —n(a,w 1 .
PSS :t_d/n(s,w)ds
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for t € (a,b). Taking into account that 7(-,w) is continuous in (a,b) and can be continuously
extended up to the boundary, we deduce that

d+ ~ . n(taw) — 77(@, OJ) : .
@ w) = lim TR =l ().

The above argument, with obvious adaptations, gives items (ii) and (iii), and concludes the proof.
O

Corollary 7.4. For any fized w € €, the function u.y) is differentiable at (T - t,n(t,w)),
whenever t is not a jump time of w in (0,T) and

aacuw(t) (T — 1, U(t7 w)) = aqu(t) (n(t)v _ﬁ(tv w)) (73)
Orugy(r) (T — s, n(t,w)) = —H,y) (n(t, W), Dty (s (T —t, n(t,w))) (7.4)
— (Bu)ym (T —t,n(t, w))

Moreover if t is a jump time, the same holds by replacing w(t) with w(t™) and 1 with ?T;n.

Proof. The assertion directly comes from the previous result and Corollary Appendix A.4 with
t=T—a,a=T—0b, v(s) =n(T — s,w) for s € [a,t], and by making the change of variables from
s to 7 =T — s in the integral appearing in the representation formula of ), see (6.2). O

In the sequel, we will denote by D (O, T;RN ) the Polish space of cadlag paths taking values in
R endowed with the Prohorov metric, see [27].
Keeping in mind Theorem 7.3, we extend 7(-,w) on the whole [0, T] setting

: %U(t,w) if ¢ is a jump time of w or ¢t =0
n(taw) - d- .
Tt w) ift="T.

We further define for ¢ € [0, T] the adjoint curve
P(t,w) = Oy Lo (n(t,w), —ni(t,w)).

Note that thanks to (7.3), P(t,w) € 9Suuu (T — t,n(w,t)) for all ¢t and w € Qf, where 9¢
stands for the Clarke generalized grandient.

We deduce from the proof of Theorem 7.3

Corollary 7.5. For any fized w, the curve P(-,w) is absolutely continuous on intervals of [0,T)
where w is constant.

Proposition 7.6. The maps w — 7(-,w), w = P(-,w) are nonanticipating random variables from
QtoD (O,T; RN). In addition, the jump times of N(-,w), P(-,w) and w coincide, for any w € §2,
with the possible exception of T.

Proof. For any w, the curves 9(-,w), P(-,w) are cadlag by construction, with discontinuity points
corresponding to the jump times of w, with the possible exception of T where 7(-,w) and P(:,w)
are continuous.

Thanks to Proposition 4.4, 7 is in addition 2([0, t]) ® Fy—progressively measurable, for t € [0, T,
which is, due to its cadlag character, is equivalent of being nonanticipating. The measurability
properties of 7, ) and the fact that 9,L is continuous in both arguments implies that P is a random
variable. It also inherits the nonanticipating character of 7, 7. O
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We know, thanks to Corollary 7.5, that P(-,w) is a.e. differentiable in [0,7], for any fixed
w. We derive from [21, Theorem 18.1] that it satisfies a suitable differential inclusion in [0,T].
Combining this information with (7.1), (7.2) and the very definition of P, we moreover get that
the pair (7](~, w), P(-, w)) is a trajectory of a twisted generalized Hamiltonian dynamics, where the
equation related to P is multivalued and contains a coupling term.

Corollary 7.7. Given w € Q, we have
—n(t,w) = OpHy ) (n(t,w), P(t,w)) for any t € (0,T), not jump time of w

and

_P(ta (.d) € _658Hw(t) (W(Wa t)v P(wa t)) - Z bw(t)j afu] (T - t7 7](% t))
=1

m

= 833Lw(t) (U(M t)a —’f}((d, t)) - Z bw(t)j afu] (T —t, 77(% t))

Jj=1

for a.e. t € [0,T], where afuj indicates the Clarke generalized gradient of u; with respect to the
state variable. The multivalued linear combination in the formula must be understood in the sense

of (1.2).
By combining Corollaries 7.5, 7.7 and the continuity properties of 1, 7, we further get

Corollary 7.8. Given w, the curve P(-,w) is Lipschitz continuous on intervals of [0,T] where w
18 constant.

We conclude the section by showing that when the Hamiltonians are of Tonelli type, the Lax—
Oleinik semigroup has a regularizing effect, similar to the one well known for scalar Hamilton—
Jacobi equations.

Given an open convex set U C RN and C' > 0, we recall that a function f : U — R is said
semiconcave with semiconcavity constant C' if

fAz+ @ =Ny) =2 Af@)+ (1= fly) = Clz—yf

Theorem 7.9. Assume, in addition to conditions (H1)-(H5), that the Hamiltonians Hy, ..., Hp,
are of class C? in RN x RN with positive definite Hessian. Then, for any fized t > 0, the function
u(t,-) is locally semiconcave with linear modulus on RY .

Proof. We first remark that, under the conditions assumed on the Hamiltonians, the associated
Lagrangians are locally semiconcave in (z,q) with a linear modulus, see [2]. Let ¢ > 0 and
i € {1,...,m} be fixed. We want to prove that the function u;(t,-) is locally semiconcave with
linear modulus. Indeed, consider n realizing the minimum in the Lax—Oleinik formula (LO) for
u;(t, x), for some z € RY. Given z € RV, we define

t—s

n+(s,w) :==n(s,w) £ 2.
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Those two curves are admissible and start at x & z. We can estimate
ui(t,x + 2) + ui(t, z — 2) — 2u;(t, x)
t
S Eq {Ug(t) (n+(t,w)) +/0 Le(s) (14(8,w), =1 (s,w) ) ds

+ug(t) (77— (ta W)) + A Lw(s) (77— (S’ w)’ —1)- (S, w)) ds

_ng(t) (n(t,w)) — 2/0 LW(S)(n(s,w)7 —ﬁ(s,w)) ds}

=E; [/Ot [Lw(s) (n(s,w) _t= Sz, —n(s,w) — %z)

t

+ Lyy(s) (n(s,w) + Tsz, —n(s,w) + %z)
—2L(5) (n(s,w), —n(s, w))} ds}

< Ifzz-[/tw(t‘Zf“lzl2 ds} :2C(§ + %)Izl?
0

where C'is a constant of semiconcavity of the L;, j € {1,...,m} restricted to a neighborhood of
the (n,7) and (n4,7n+) that are relatively compact by (7.3) (uniformly with respect to w).
O

Appendix A. PDE material

Appendixz A.1. For systems

This section is devoted to the proofs of Theorem 2.4 and Proposition 2.5. We prove a prelimi-
nary comparison result first:

Proposition Appendix A.1. Let T >0 and v, w : [0,T] x RN — R™ be a bounded upper semi-
continuous subsolution and a bounded lower semicontinuous supersolution of (HJS), respectively.
Let us furthermore assume that either v or w are in (Lip([0,T] x RN))m, Then

v;(t, ) — w;(t,#) < max sup (v;(0,-) — w;(0,))

1<z<m RN

for all (t,z) € [0,+00) x RN and i€ {1,...,m}.

Proof. The result essentially follows from Proposition 3.1 in [12], which covers our case under the
additional assumption that there exists a continuity modulus 7 such that

cax  [Hi(z,p) — Hi(y,p)| < U((L+IpD]x —yl) forall (z,p) € RY x RN, (A1)
1el,....m

When either v or w is Lipschitz continuous in [0,7] x RY, such hypothesis can be safely removed.
Indeed, with the notation used in [12], we see that either p+ 25T or p — 207 is bounded, uniformly
with respect to the parameters «, 5,7, , since it belongs to the super differential of v;(f, -) at T or
to the subdifferential of w;(s,-) at . Using the estimates (3.3) and (3.4) in [12], we conclude that
both p + 267 and p — 208y are bounded, uniformly with respect to the parameters, and the result
follows without invoking condition (A.1). O

We now proceed by proving the existence part in the statement of Theorem 2.4.
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Proof of Theorem 2.4 (Ewistence of solutions). Let us first assume u’ bounded and Lipschitz on
R and fix T > 0. Let us denote by by, := max; > i1 |bij| and pick a constant C' such that

C> e [[Hifx, Dul(@))]lc + bool[ (A2)
1€

Set M := C + by (|[u°]|so + CT) and choose n € N large enough so that the Hamiltonians

Hi(z,p) := min {H;(x,p), |p| +n} (r,p) e RN xRN and i € {1,...,m}
satisfy
H;=H; on {(z,p) : max; H;(z,p) <M+1} foralli € {1,...,m}. (A.3)

The modified Hamiltonians I;] satisfy the additional condition (A.1), thus we can apply Proposition
3.1 in [12] and infer the existence of a function u € (BUC([0,T] x RY))™ which solves (HJS) in
(0,T) x RN with H; in place of H; and satisfying the initial condition u(0,-) = u® on R¥.

We shall now prove that u is Lipschitz in [0, T] x RY. To this aim, first notice that the functions
ut(t,z) == u’(x) + tC1 and u=(t,z) := u’(x) — tC1 are a Lipschitz super and subsolution to
(HJS) in (0,7) x RN with H; in place of H;. Therefore, by Proposition 3.1 in [12], we get in
particular

lug(t, x) —ul(x)] < Ct for every (t,z,4) € [0,T] x RY x {1,...,m}. (A4)

By applying Proposition 3.1 in [12] again to u(h+-, -) and to the solutions w* := u|ju(h, -)—u°|w,
we get
Ja(t +h,-) —u(t, )]s < [[u(h,-) —ujc <Ch  for every h > 0.
This shows that the function u is C-Lipschitz in ¢. By making use of the fact that u is a solution
to (HJS) in (0,T) x RN with H; in place of H; and of the estimate (A.4), we get
Hi(z, Dyui(t, x)) < —puy(t,z) — (Bu(t,z)), < C+ boo (U’ || oo + CT) = M

in the viscosity sense in (0,7) x RY. By coercivity of H; in p, we infer that u;(t, ) is Lipschitz for
every t € (0,T) with (z, Dyus(t,2)) € {H;(x,p) < M} for a.e. z € RV, see for instance Lemma 2.5
in [32]. In view of (A.3), this finally implies that u is a solution of (HJS) in (0,7) x RY as well.

Let now assume that u® € (BUC(RN ))m Let g™ be a sequence of Lipschitz functions in
(BUC(RN ))m uniformly converging to u’ on RY, and denote by u™ the corresponding bounded
and Lipschitz solution to (HJS) in (0, 7) x RN with initial datum g". By Proposition Appendix A.1
we have [[u™ — u"||pe (o, r)xry) < [|8™ — &"||L®n), that is, (u"), is a Cauchy sequence in
[0,T] x RY with respect to the sup-norm. Hence the Lipschitz continuous functions u” uniformly
converge to a function u on [0, 7] x RY which is therefore bounded and uniformly continuous on
[0,7] x RN, By the stability of the notion of viscosity solution, we conclude that u is a solution of
(HJS) with initial datum u®. This completes the proof since T' > 0 was arbitrarily chosen. O

The uniqueness part in Theorem 2.4 is guaranteed by the comparison principle stated in Propo-
sition 2.5, that we prove now. The proof makes use of the existence result just established and of
Proposition Appendix A.1.

Proof of Proposition 2.5. Up to trivial cases and up to adding a constant vector of the form C'1 to
w, we reduce the assertion to proving that v < w in [0, 7] x R¥ for every fixed T > 0 when v(0, -) <
w(0,-) in RY. Let us fix T > 0 and, for every € > 0, set w® := w+e1. Since either v(0, -) or w®(0, -)
are in (BUC(RY))™ and w®(0,-) — v(0,") > €I, we can find u® € (BUC(RY))™ n (Lip(RM))™
such that v(0,-) < u® < w(0,-) in RY. According to the existence part of Theorem 2.4 proved
above, we know that there exists a Lipschitz function u € (BUC([O,T ] x RN ))m which solves
(HJS) in (0,T) x RN with initial datum ug. By applying Proposition Appendix A.1 to the pair
v, u and u, w*, respectively, we get v < u < w® in [0,7] x RY. The assertion follows by sending
e—0T. O
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Appendiz A.2. For a single equation

We now turn back to results concerning a single equation. Let G : [0,7] x RY x RY — R be a
continuous Hamiltonian such that, for every fixed (t,z) € [0,7] x RN, G(t,z,-) is convex in RY,
and there exist two superlinear functions «, f : Ry — R such that

a(lp]) < G(t,z,p) < B(|p|) for all (t,z,p) € [0,T] x RY x RV,
We will denote by Lg : [0,T] x RY x RY — R the Lagrangian associated with G through the
Fenchel transform. The following holds:
Proposition Appendix A.2. Let u: [0,T] x RN — R be a Lipschitz solution of
ou

e + G(t,z,Dyu) =0 in (0,T) x RV, (A.5)

Then for every 0 < a <t < T, the following identity holds:
t
u(t,r) = g(itI)lf (u(a,f(a)) —|—/ Lg (s,f(s)@(s))ds), z eRY, (A.6)
—z u

where the infimum is taken by letting & vary in the family of absolutely continuous curves from
[a,t] to RN. Moreover, such an infimum is a minimum.

Proof. Let us first prove the assertion for a = 0. It is always true that
t
u(t.o) < V(t,) = int (w(0.£(0)) + / Lo (s, £(5). £(3))ds)) (A7)
—z 0

for every x € RY. Indeed, let ¢ : [0,] — RY be any absolutely continuous curve with £(t) = .
Then, for almost every s € [0, T], we have

%U(Taf(T)) =ps+ <p5(5),§'(8)> <ps + G(Saf(s)vpf(s)) + La (8,5(3),5(5)),

T=s

where (ps,pg(s)) is a suitable element of the Clarke generalized gradient of u at (s,§ (s)), chosen
according to Lemma 1.4. By integrating the above inequality between 0 and ¢ and by taking into
account that u is a subsolution of (6.1) and £ was arbitrarily chosen, we readily get (A.7).

We therefore have to prove the converse inequality. Let us fix R > 0 and define Lrp = Lg on
[0,7] x RN x Br and 400 elsewhere. Let us set

t
Valt.a) = int(u(0.60)) + / Li(s, (), €())ds),  (t,2) € (0,7] x Y,
E(t)=z 0
where the infimum is taken by letting £ vary in the family of absolutely continuous curves from [0, ]
to RY. Clearly, it is the same to take the infimum over R-Lipschitz curves. Moreover, Vg > V.
As the curves take velocities in a compact set, by basic results of Optimal Control Theory (see [33,
Theorem 3.17 and Exercise 3.7]), the function Vj is a Lipschitz continuous solution of
(98% + Ggr(t,x,D,;VR) =0 in (0,7) x RV (A.8)
where G is the convex dual of L. It is easily checked from its very definition that Gg is R—
Lipschitz in p, and uniformly continuous in [0,7] x K x R, for every compact set K C RY.
Let us denote by & a Lipschitz constant of u in [0,7] x RY and choose R big enough such that
G =Ggron [0,T] x RN x B, 1. From the definition of (viscosity) solutions and the fact that sub
and supertangents to u have norms bounded by &, it follows that u also solves (A.8) in [0, T] x RY.
Now u and Vg are both Lipschitz solutions to (A.8) with same initial data, hence, by applying [33,
Theorem 3.12], we conclude that v = Vg in [0,T] x RY. Since Vz =V, we finally get u = V.
The fact that (A.6) holds for 0 < a < ¢t < T is due to the fact that the function V' defined by
(A.7) satisfies the Dynamic Programming Principle. The fact that the infimum in (A.6) is attained
follows from classical results of the Calculus of Variations. O
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We proceed by proving some differentiability properties of the solution w at points belonging
to the support of a minimizing curve for (A.6).

Proposition Appendix A.3. Let G be as above, and assume moreover that G(t,x,p) is strictly
convez in p and Lipschitz in x, locally with respect to (t,x,p). Let u be a Lipschitz solution of the
evolutive Hamilton-Jacobi equation (6.1) in [0,T] x RN, Let0 <a <t <T and~ : [a,t] = RN a
curve that realizes the infimum in (A.6). Assume a is a differentiability point of v and a Lebesgue
point of s — L¢/(s,7(s),7(s)). Then u is differentiable in (a,v(a)) and

dru(a,y(a)) = ;L (a,v(a),*(a)), du(a,v(a)) = =G(a,v(a), Dyu(a,v(a))).

Proof. Under the above hypotheses, the function u is locally semiconcave on (0, +00) x RV (see [31,
Theorem 5.3.8]) and + is Lipschitz. The proof is borrowed from [31, Theorem 6.4.7]. Let (p;, ps) be
a superdifferential to u at (a, 'y(a)). By definition of (viscosity) solutions, p; + G(a,v(a),p.) < 0.
We will prove that equality holds. As for ¢t —a > h > 0, we have u(a + h,y(a+ h)) —u(a,v(a)) =

fa+h Lc(s,7(s),%(s))ds, since a is a Lebesgue point of s — L¢ (s,7(s),7(s)), it follows that

a

. u(a + h,v(a+ h)) — u(a7 ’y(a))
h—0t h

= Lg(a,7(a), ¥(a)).
On the other hand, by properties of superdifferentials,

i u(a + h,v(a+ h)) - u(a, v(a))
h—0+ h

< pi+ (pas ¥(a)).

It follows from the Fenchel inequality that p; + G(a,y(a),p,;) = 0 hence the claimed equality holds.
Finally, as the superdifferential is convex and G is strictly convex in the last argument, DV u (a7 v(a))

cannot contain more than one element. It is moreover not empty by properties of semiconcave func-

tions, hence D" u(a,v(a)) is reduced to a singleton and u is differentiable at (a,v(a)). Moreover,

as p, realize the equality in the Fenchel inequality it follows that p, = 9,L¢(a,7(a),%(a)) and

P = —G(a,7(a), Dyu(a,7(a))). 0

We finally state a consequence of the previous results and of Theorem 18.1 in [21]:

Corollary Appendix A.4. Let us assume that the hypotheses of Proposition Appendix A.3 are
in force, and furthermore that G(t,x,-) is of class C*, for every fized (t,x) € [0,T] x RN. Then
the curve v is C' and u is differentiable at (5,7(s)) for every s € [a,t), with

Ozu(s,v(s)) = 0gLa(s,7(s),%(s)),  Bwu(s,v(s)) = =G(s,7(s), Dyu(s,¥(s))).
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