REDUCED ENERGIES FOR THIN FERROMAGNETIC FILMS WITH
PERPENDICULAR ANISOTROPY
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ABSTRACT. We derive four reduced two-dimensional models that describe, at different spatial scales,
the micromagnetics of ultrathin ferromagnetic materials of finite spatial extent featuring perpen-
dicular magnetic anisotropy and interfacial Dzyaloshinskii-Moriya interaction. Starting with a mi-
croscopic model that regularizes the stray field near the material’s lateral edges, we carry out an
asymptotic analysis of the energy by means of I'-convergence. Depending on the scaling assumptions
on the size of the material domain vs. the strength of dipolar interaction, we obtain a hierarchy of
the limit energies that exhibit progressively stronger stray field effects of the material edges. These
limit energies feature, respectively, a renormalization of the out-of-plane anisotropy, an additional
local boundary penalty term forcing out-of-plane alignment of the magnetization at the edge, a
pinned magnetization at the edge, and, finally, a pinned magnetization and an additional field-like
term that blows up at the edge, as the sample’s lateral size is increased. The pinning of the mag-
netization at the edge restores the topological protection and enables the existence of magnetic
skyrmions in bounded samples.
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1. INTRODUCTION AND MOTIVATION

With an ever-increasing control and sophistication of nanofabrication techniques, there is a growing
need for a better understanding of the physical phenomena at the nanoscale that are determined
by the material geometry. In today’s nano-magnetic systems, one typically encounters materials
consisting of one or several quasi-two-dimensional magnetic layers interspersed with non-magnetic
layers. The presence of magnetic/non-magnetic interfaces gives rise to new physical effects that have
the potential to enable the next generation of nanoelectronic devices that harness both the electric
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charge and the spin degrees of freedom of electron for information technologies [62]. In the context
of such spintronics applications [2,6,34], one is particularly interested in creating and manipulating
spin configurations that are endowed with non-trivial topological characteristics, which make them
robust against external influences and noise [66].

The basic information unit in a topological spintronic device is the magnetic skyrmion —a particle-
like continuous spin texture with topological degree +1 (under a natural sign convention) [13,29, 30,
54]. For this reason, there has been considerable interest in the behavior of skyrmions in confining
geometries, both theoretically, computationally, and experimentally (see, e.g., [1,12,18,19,23,48,55—
58]; this list is certainly not meant to be exhaustive).

However, under confinement, the topological protection of non-collinear spin textures is a priori
lost since the topological degree of the spin configuration on a bounded domain is generally not
well-defined. In this case, a skyrmion-like spin texture may be continuously deformed into a uniform
magnetization state by pushing the skyrmion out of the domain through the boundary. A natural
solution is to settle the problem in the framework of curvilinear magnetism. Indeed, magnetic thin
films with the shape of closed surfaces provide a concrete alternative for degree-preserving confine-
ments and, thus, toward the realization of chiral magnetic textures. The literature on this topic has
grown very large. We refer the reader to [21,22,25,26,31,61,63], see also the recent monograph [44],
for further reading on the analysis of magnetic skyrmions in curved geometries that are close in spirit
to our interests here. But as soon as one is interested in planar thin films, further stabilization
mechanisms for the magnetic skyrmions in spintronic nanodevices would be required that provide a
repulsive interaction between the skyrmion and the device edge.

In this paper, we explore the additional energetic effects appearing at the edges of two-dimensional
ferromagnetic materials of finite spatial extent. Due to the significant role played by the stray field
in ferromagnetic materials, these effects are often difficult to predict and cause the emergence of new
physical phenomena driven by the material edges. For example, in soft ferromagnets in the form
of thin films, the additional contribution of the stray field may penalize the normal component of
the magnetization at the film edge [16, 38], causing the appearance of boundary vortices [40, 50],
edge-curling domain walls [42,43] or transverse head-to-head walls [49]. In the current materials
for spintronics applications, additional physical mechanisms contribute at the film edge [52,53,57],
further complicating the situation. Therefore, to better understand the energetics of the material edge,
we carry out an asymptotic analysis of the micromagnetic model of a two-dimensional ferromagnet
exhibiting perpendicular magnetic anisotropy and interfacial Dzyaloshinskii-Moriya interaction [57],
using the techniques of I'-convergence. The singularity of the stray field near the film edge in two-
dimensional micromagnetics requires a regularization of the magnetostatic problem near the edge
and gives rise to a hierarchy of reduced models appearing in the limit of the vanishing stray field
interaction strength. This regularization, however, does not affect in any way the obtained limits,
demonstrating the universality of the asymptotic behavior of two-dimensional ferromagnets.

We demonstrate that depending on the scaling of the lateral size of a simply connected ferromag-
netic domain with the strength of the effective stray field interaction and for suitable renormalizations
of the other parameters, there are four distinct asymptotic regimes in which the stray field acts dif-
ferently at the domain edge and in the ferromagnet’s interior. In the first regime reminiscent of the
thin film limit studied by Gioia and James [33] (see also [16, 21, 24]), the edge does not exert any
influence on the magnetization, resulting in a free boundary condition and a renormalization of the
magnetocrystalline anisotropy constant (Theorem 1). In the second regime reminiscent of the one
studied by Kohn and Slastikov for soft ferromagnets [38] and characterized by a larger lateral film
extent, the edge begins to exert an additional penalization of the deviation of the magnetization
from either one of the out-of-plane directions (Theorem 2). In the third regime at yet larger film’s
lateral extent, the magnetization becomes rigidly pinned to a single out-of-plane direction at the film
edge, while the stray field still contributes locally in the film’s interior (Theorem 3). Finally, in the
fourth regime at yet larger film’s extent, the magnetization is also rigidly pinned at the film’s edge,
but a nonlocal interaction term appears in the interior, as well as an additional geometry-induced
external field-like term (Theorem 4). We note that the third regime corresponds precisely to the one
studied in [48], where the topological protection of single Néel skyrmions was shown to be restored
in a minimal micromagnetic setting.
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The proofs of the main results are rather technical and require a careful asymptotic analysis of the
stray field close to the film edge. For this purpose, we find it convenient to reformulate the leading
order expansion for the dipolar interaction energy [37] in terms of the gradients of the magnetization.
This is then used to compare the contributions of the mollified material edge with that of the trace
of the magnetization at a fixed material boundary of the limit domain. The proofs proceed by a
divide-and-conquer strategy, in which the different parts of the dipolar interaction are progressively
isolated and ultimately estimated by the limiting energy up to error terms that are bounded by
a small fraction of the exchange energy. The I'-limits are, in turn, proved by suitably combining
the different terms in the energy and passing to the limit directly. We note that considerably finer
estimates are required here to establish our results compared to those needed in [16, 21,24, 33, 38].

1.1. Outline. The paper is organized as follows. In section 2, we introduce the micromagnetic model
of a two-dimensional ferromagnetic film exhibiting perpendicular magnetocrystalline anisotropy and
an interfacial DMI. Here we also introduce the edge regularization, which is further derived from first
principles in section 2.1, and state our results informally, so that they can be easily related to the
original physical model. Then, in section 3, we state the precise assumptions and definitions, and
proceed to present the statements of the main results of the paper. The rest of the paper is devoted
to the proofs of the theorems. In section 4, we prove some preliminary technical results. In section
5, we carry out the necessary asymptotic expansions of the magnetostatic energy. Finally, in section
6, we complete the proofs of I'-convergence.

1.2. Acknowledgments. G.DIF. acknowledges support from the Austrian Science Fund (FWF)
through the project Analysis and Modeling of Magnetic Skyrmions (grant P34609). The work of
C.B.M. was supported, in part, by NSF via grant DMS-1908709. V.V.S. acknowledges support
by Leverhulme grant RPG-2018-438. G.DIF. and C.B.M. thank the Hausdorff Research Institute
for Mathematics in Bonn for its hospitality during the Trimester Program Mathematics for Complex
Materials funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation)
under Germany Excellence Strategy — EXC-2047/1 — 390685813. G.DIF. also thanks TU Wien and
MedUni Wien for their support and hospitality. Finally, G.DIF. and V.V.S. would like to thank the
Max Planck Institute for Mathematics in the Sciences in Leipzig for support and hospitality.

2. THE MICROMAGNETIC MODEL

We start by considering a reduced two-dimensional micromagnetic energy for an extended ferro-
magnetic thin film of effective thickness § > 0, with the lengths measured in the units of the exchange
length £ = \/A/Kq, where K4 = % poM2, o is the vacuum permeability, M is the saturation mag-
netization and A is the exchange stiffness. The magnetization is characterized by a non-dimensional
vector m(z) € R? at each point 2 € R? of the film. We assume that the film exhibits perpendicular
magnetic anisotropy, interfacial Dzyaloshinskii-Moriya interaction (DMI) and in the presence of an
applied field perpendicular to the film plane, so that the energy functional E(m) has the form

E(m) = Eex(m) + E,(m) + Ez(m) + Epyi(m) + Es(m). (2.1)

Here, in order of appearance, the terms are the exchange, anisotropy, Zeeman, the DMI and the stray
field energies measured in the units of A¢J. As was discussed in [4,37,52], in an extended film where

m:R? — §?, (2.2)
is sufficiently smooth and goes to, say, mo = (0,0, —1) sufficiently fast at infinity, with the notations
m=(mg,m,), my :R? 5 R? m :R* =R, (2.3)

where m | is the in-plane component and m, is the out-of-plane component of m, respectively, these
terms take the following form [3,4]:

= m2x m) = m 2.’E m) = — m X .
Pustm) = [ (VmPda, Bum) =@ [ fmPde, Bym) = <2h [ (14 mde. (24)

2

Epyi(m) = n/ (mydivm, —m, - Vm,)dx, (2.5)
R2
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and
d d
E,(m) :=— / |ml\2dx—|— / / vm, () 1va_( )d dy,
47T R2 JR2 |l'—
(my(z) —my(y ))2
dzd 2.6
8 /]R? R2 |$—y‘3 e (2:6)
where
K, D

_7 - hzi
Q d o AKdv Ms’

with @, k and h being the dimensionless quality factor of the out-of-plane anisotropy, the dimen-
sionless DMI strength and the dimensionless applied field strength, corresponding to the dimensional
magnetocrystalline anisotropy constant K,, DMI strength D normalized per unit volume, and the
out-of-plane field H, respectively. Note that x and h may change sign, while for a perpendicular
magnetic anisotropy material we have @@ > 1. Under suitable conditions, the above energy ex-
hibits local minimizers in the form of the topologically non-trivial magnetization configurations —
magnetic skyrmions [3-5,7-11,19,36,45,48].

Observe that the stray field energy in (2.6) admits the following representation with the help of
the Fourier transform

(2.7)

m(k) = /}R2 e~ * T (m(x) — me)dx (2.8)
of m —myg € C*(R% R3):

A dk 1) kE-m(k)|> dk 1) N dk
Bum) == [ L0 i g [ O S [ MimP g 29)

In particular, the first term in the right-hand side of (2.9), also referred to as the shape anisotropy
term, may be combined with E,(m) to define an effective out-of-plane anisotropy with strength @ —1
(going back to [65]); the second term in the right-hand-side of (2.9) represents the effect of the bulk
charges and can be seen to be non-negative; and the third term represents the effect of the surface
charges and is non-positive. The Fourier representation in (2.9) also arises as a relaxation of the
energy in (2.6) in the natural class of configurations in which m —mg € H'(R?;R3). Notice that by
(2.9) and simple interpolation inequalities the energy F(m) is always well defined in this class (for
further details, see [5]).

The expression for the stray field energy in (2.6) or (2.9) may be rigorously obtained as the leading
order terms in the asymptotic expansion of the full micromagnetic energy of a three-dimensional
ferromagnetic film of thickness § < 1, with the errors controlled by the exchange energy at the next
order [37]. It represents a suitably renormalized dipolar interaction between different spins in an
infinitesimally thin ferromagnetic layer. Care, however, is needed when extending this definition to
samples of finite spatial extent. Indeed, as the stray field energy involves nonlocal terms, one cannot
simply restrict the integration in (2.6) to a bounded spatial domain Q° C R? (whose size may depend
on ¢), as this would disregard the dipolar interactions that contribute to the first term in (2.6). A
more systematic approach would instead consist of extending the magnetization m : Q% — S? to
the whole plane by zero outside °. However, such an approach also presents difficulties, as a jump
discontinuity in m across 9Q° would then generally make the nonlocal terms in (2.6) infinite. Thus,
a regularization at the scale of the film thickness is necessary close to the film edge to make sense
of the energy in (2.6). Such a regularization was first introduced in [17] (see also [51], for further
discussion see [42,43]) in the context of reduced thin film energies for soft ferromagnetic materials,
in which the magnetization tends to lie in the film plane.

We note that several regularizations are, in fact, possible that can lead to slightly different reduced
thin film energies. The precise model would inevitably depend on the specific physics at the film edge,
which may be governed by a number of physical effects such as a different material composition in an
as-grown film near the edge, changes in the crystalline structure near the edge, edge roughness, etc.
We point out, however, that the magnetization, which in the physical space rotates on the scale of
the exchange length that exceeds by an order of magnitude the atomic scale [35], should experience
the effect of the edge via some sort of effective boundary terms. This is indeed confirmed by rigorous
studies of the thin film limit of soft-three dimensional ferromagnetic layers [38]. The present paper
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aims to derive these boundary terms via I'-convergence for ferromagnetic films with perpendicular
magnetocrystalline anisotropy that are relevant to the studies of magnetic skyrmions.

Our starting point will be the regularization in which for, say, a given m € C°°(R?;S?) we define
the physically observable magnetization mg in the film:

ms(z) = ns(z)m(x) Vr € R?, (2.10)

where for a bounded open, simply connected set Q% with boundary of class C? representing the film
of finite extent we defined a cutoff function

ns(x) =1 <d‘m;(x)> ; (2.11)
in which dggqs is the signed distance from the boundary (cf. (3.4)) and 7 is a non-increasing, suffi-
ciently regular function that goes from n(—oo) = 1 to n(+o00) = 0 (see section 3 for details). For a
microscopic derivation of this condition, see section 2.1. Notice that ms thus defined automatically
lies in H'(R%;R3) if m € H}_(R?;S?). We then replace all the instances of m in (2.1) with m; to
define the reduced thin film energy Es(m) := E(my).

We next specify the asymptotic regime in which the obtained energy Es becomes local, with the
edge effects appearing as a boundary term, which generalizes the regime for soft ferromagnetic films
identified by Kohn and Slastikov [38]. Furthermore, we will also identify the scalings of the parameters
for which the resulting limit energy still exhibits the terms that are needed to produce skyrmion-type
solutions. To this end, we introduce a small parameter £ > 0 and make all the model parameters, as
well as the domain, depend on ¢ as follows:

¢l lne| ellne| ¢l lne| 12 2mey | /2
QE =14+ — «, hs = 5__ 5, Re = | ——w—— )\» 68 =\ 77 ) (212)
21y 21y 21y [Ine|

together with
Q0 :=e16.9, (2.13)

for some fixed A > 0, a, 3 € R and ) C R2.
With the above choices and after some algebra, we have Es_(m(c716.)) = E.(m) + C., where

E.(m) = /R2 (2 |Vm|* + an?lm . |* — 28n.m,) dx
+)\/ n? (mydivm, —m, - Vm,) dz
R2

i} / / div (nerm ) (@)div (em 1)) g
2|1H€| R2 JR2 “r—y|

__7 (nf(x)mll(w)_ne(y)mu(y))Q "
4|Inel /R /]R Iz — y|3 dady, (2.14)

and the additive constant C. is independent of m and, therefore, is inconsequential for the variational
problem associated with Es_. We note that for A = 0, only a slightly different version of this type of
energy with € ~ 1 can be shown to arise from the full micromagnetic energy of a three-dimensional
thin ferromagnetic film with variable thickness equal to n.(z), which tapers off at the film edge [60].
The limit functional will be shown to be

F(m) ::/Q(|Vm|2—|—a|mL|2—25mH)da:

+

+A [ (mdivmy —my -Vm)dz + 7/ (my-n)* —m7)dH (o), (2.15)
) 09

where m is the outward unit normal to 9. The energy in (2.15) is defined for m € H'(2;S?).

We will also consider two other scaling regimes, which lead to different limit behaviors. First, we
define

E%(m) := E.(m) + 1. H(09), (2.16)
where v is replaced with v in (2.14), and we will be interested in the limit in which 7. — 400 as
e — 0 with «, 8 and A, as well as the domain €, fixed (note that the limit 7. — 0 is much simpler
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and is obtained by just setting v = 0 in (2.15)). When 7. — +00, we show that for 7. = o(|In¢|) the
limit energy for E? is given by

Fo(m) = /Q (\Vm\z +alm,|® - 26m, ) dz + )\/ﬂ (mydivm, —m, - Vm,)dx, (2.17)

specified for all m € H'(2;S?) such that m = e3 or m = —e3 on 9 in the sense of trace.
Finally, we consider the regime in which for v > 0 and «, 8, A real we have

1/2
Q.=1+-——a, h.=-—8, mszz(gﬁf) A 8. = (2men)'/?, (2.18)

2my 2my 2my

once again together with (2.13), which corresponds to the choice of 7. = v|Ine¢| in (2.16). Here we
find the following limit energy for E2, up to an additive constant:

F,(m) ::/S (IVm® +a|m|* —26m,) dz

—|-/\/ (mydivm, —m, - Vmu)dx—ku/b Vm,dz (2.19)

//lemJ_ x)divm (y )d dy _7// V(v Vm”( )dxdy,
|z —y| [z =yl

where we defined the vector field

o my (y)n(y) *
b(x) := /asz 7\95 | dy € Q, (2.20)

in which n is the outward unit normal to 2. This vector field encodes the stray field effect of the film
edge. The energy F), is defined for all m € H'(Q;S?) such that m = e3 or m = —e3 on 99 in the
sense of trace. Note that for m = +e3 on 9 we have b € C*(Q2) and b(x) diverges logarithmically
with distance as = € ) approaches 0f). In particular, the term in the energy involving b is under
control by the gradient squared term.

All of the aforementioned statements are made precise within the framework of I'-convergence in
section 3.

2.1. A microscopic derivation of the reduced two-dimensional model. As was already men-
tioned, the precise behavior of the magnetization near the film edge depends on the detailed physics
at the edge of the film. Here we use a particular model that illustrates how an energy of the form
given in (2.14) may be obtained from a more microscopic description.

To avoid dealing with truly discrete models of ferromagnetism at the atomic scale, we pick a
model that still allows to describe the film as a continuum, but retains the thermodynamic essence
of the ferromagnetic phase and allows to evaluate the additional effects of the film edge. Namely, we
consider a mean-field model of a Heisenberg ferromagnet with a long-range Kac attractive interaction.
Such models have been rigorously derived in the context of theories of phase transitions, going back
to Lebowitz and Penrose for the liquid-gas phase transition [41] and Thompson and Silver for the
classical Heisenberg magnet [64]. Moreover, in the considered limit the metastable spatially varying
states may be understood via minimization of a free energy functional [32], which in the case of the
Heisenberg model with the interaction kernel Js(|x|) takes the form

1 / / 2 2 /
Py =5 [, [ [ 5=l () p oom) o)y a2 (m) @ o'
+ 71 /Sz/ﬂp(x,m)lnp(x,m) dz dH? (m). (2.21)

Here p € L'(R? x S?;[0,00]) is the probability density to observe a spin at point z € R? in the
direction m € §?, Js € C°(R) is a positive, even interaction potential such that

supp(Js) C Bs(0) and / 2rrJs(r)dr = Jy > 0 (2.22)
0
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F1GURE 1. (a) Plot of f(s). (b) Plots of SUg(s) for the indicated values of 5 and Jy = 1.

for a Jy > 0 fixed independently of §, and 8 > 0 is the inverse temperature. The function p satisfies
the following normalization conditions:

/ ple,m)dH*(m) =1 ifzeQ, pz,m)=0 ifzrcR?\Q, (2.23)
S2

expressing the fact that the ferromagnet occupies the spatial domain Q C R2. For our purposes, all
other terms in the energy, which are all small perturbations to the Heisenberg exchange, have been
neglected. Notice that the parameter § measures the finite range of the ferromagnetic coupling and
physically corresponds to the extent of the exchange interaction of several lattice spacings.

The free energy in (2.21) admits a moments closure, allowing to reduce the minimization problem
to that of a functional of the average magnetization (see also [27])

m(z) = [ mp(z,m)dH*(m). (2.24)
s2

For a fixed value of m the entropic term in the free energy is easily seen to be minimized pointwise
by

p(z,m) = exp (8 (u(z) + A(z) -m)), (2.25)
where the functions p and A are obtained by enforcing (2.23) and (2.24) with p = p in Q:

u sinh(B|Al)
BIAL
BIA| cosh(B|A[) — sinh(B[A])
B2A[?

1 = d4re (2.26)

m = dmelr

A (2.27)

This yields A = 8~ 'mf(|m|)/|m|, where the function f(s) > 0 is the unique positive solution of the

equation
1

fs)’
vanishing at s = 0 and diverging as s — 17. The plot of f(s) is presented in Fig. 1(a). Note that
f € C>([0,1)) and is strictly monotone increasing. Substituting this back to the entropy term results

" i i (@D
/S2 plz,m)In p(x, m)dH*(m) =1In <47T smhf(|m(33)|)> + m(x) f(|m(x)]). (2.29)

Thus, for m(z) fixed the free energy satisfies F(p) > F(m), where

s = coth f(s) — 0<s<1, (2.28)
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F(m) = —%/R g Ja(Ix—yl)m(x).m(y)dxdw%/w |ﬁ|2dx+/w Us(fm|)dz,  (2.30)

with equality holding if and only if p(z, m) = p(x, m). Here the effective potential Ug is given by

f(s)

Us(s) = 67" In (477 sinh f(s)

1
) + 87 sf(s) — §J0 5%, (2.31)
with the convention that Ug(0) := —B~ ! In4m. The plots of Ug(s) for several values of 3 are illustrated
in Fig. 1(b).
Notice that the reduced energy in (2.30) may be rewritten in a more convenient form as

Fm) =1 [ [ Jste = o) o) ) drdy+ [ Up(hde, (232

which is a vectorial, nonlocal analog of the classical Cahn-Hilliard functional, since Ug has a form
of a Mexican hat potential for g > £, := 3Jy. It is also easy to see that in a periodic setting the
energy functional F admits a unique minimizer 7@ = 0 whenever 8 < f., and a family of minimizers
[m| = so(8) with 0 < so(8) < 1 for 8 > B, (see also [27]). To simplify matters further, we employ
the usual gradient approximation to the nonlocal term in (2.32) to obtain F(m) ~ Fy(m), where
(see also [28] for a closely related problem)

Fomm) ;:/Q(g(qvmuUﬂ(m\)) dz, (2.33)

and g5 == T [77r3Js(r)dr = O(6?). The expression in (2.33) is specified for m € H{(;R?),
inheriting the zero boundary condition from the assumption that m = 0 in R? \ Q.

Near the edge of the sample the curvature of the edge is negligible to the leading order in §. Hence,
the problem of minimizing the energy in (2.33) reduces to a one-dimensional problem on half-line,
i.e., to minimizing the energy

F(m) = / " (gl + U (1)) — Us(s0(8)) de (2.34)

over m € H} (RT;R3) N C(R+; R3) such that m(0) = 0. An explicit energy-minimizing profile may
be obtained from (2.34), using the polar representation m(z) = ¢(z)u(x), where |u| = 1, for which
we get

oo

Fid(m) = / T (4516 + Us(6) — Us(s0(8))) do + / g5 |u 2 d. (2.35)

Thus, the energy F3¢ is minimized by u = const and ¢ = ¢;, where by the Modica-Mortola trick [47]
we have

_ _ s0(B)
min 730 = F30su) =2 [\ Jas(Us0) = Us(oo(3)) o, (2.36)

¢s (@) d¢
0 V95Us(0) — Us(s0(5)))

In particular, we have [ (x)| = ¢s(z), which is a monotone increasing function of x that vanishes
at * = 0 and approaches exponentially the “saturation magnetization” value of so(8) for x > 4.
Therefore, as a matter of modeling convenience one could replace the function ¢s with that of sgns,
where 75 is defined in the following section.

=z, u € S? arbitrary. (2.37)

3. MATHEMATICAL SETUP AND STATEMENT OF THE MAIN RESULTS

We now give the precise mathematical formulation of the considered problem and state our main
theorems.
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3.1. Film geometry. Let 2 C R? be a bounded, simply connected open set with boundary of class
C?. We parametrize 0 by a C? regular curve, and we denote by

@8 € Iggrr @(s) €09, Inpq:=[0,H' (09)], (3.1)

its positive parameterization by the arc length (extended periodically, if necessary). We denote by
(T(x),n(x)) € St x St the respective Frenet frame at o € Q. The vector fields 7 : 9Q — S! and
n : 9Q — S! represent, respectively, the unit tangent vector field to 9Q given by 7(¢(s)) := ¢'(s),
and the outer unit normal vector field. To avoid cumbersome notations, we write 7(s) and n(s)
to mean the compositions 7(¢(s)) and n(e(s)) from now on. Clearly, for every s € Ipq we have
7(s) - n(s) =0, and the Frenet-Serret formulas hold:

7'(s) = —k(s)n(s), (3.2)
n'(s) = k(s)T(s), (3.3)
where k(s) := —¢"(s) - n(s) stands for the signed curvature of 92 at the point ¢(s). Note that since

we assume 0 of class C?, the vector fields 7(s) and n(s) are of class C! (Ipn;S!) and k(s) is a
continuous function.

In order to define a cutoff function near the boundary of the ferromagnet, we first introduce the
signed distance function from 02 which assigns positive values to points in the exterior of 2 and
negative values in the interior of €:

[ +infyepnlr —y| if zeR2\Q,
doa(w) = { —infyecan ez —y| ifx e (3.4)
Since €2 is a C?-domain, there exists £ > 0 such that for any 0 < ¢ < & the set
O, = {z €R? : |doa(z)| < &} (3.5)

is in the tubular neighborhood of 9 of radius &, namely in Oz := {x € R? : |dpq(x)| < &}. For any
0 < e <& we also set OF := {2 € R?: 0 < dgq(x) < €}. Since Q is a simply connected C? domain,
there exists a C! projection map 7 : Oz — 9Q such that x = w(z) + dpo(z)n(w(z)) for every z € O=
and

Vdaa(z) = n(w(z)). (3.6)

In particular, |Vdsq(z)| = 1 for every x € Og, and the values of = may be parametrized by the
arclength of 99Q. In what follows, we always assume that 0 < & < € so that the tubular neighborhood
theorem holds.

For any 0 < € < & we set Q. := QU O, which represents the domain in the plane occupied by the
ferromagnetic film, and consider the family of cutoff functions

ne(z) :==n (daﬂ(x)> (3.7)

€
defined by a non-increasing function n € C'(R) such that
n(t)=1 forte (—o00,0), n(t)=0 forte (1,+00). (3.8)

We further assume that on (—oo, 1] the function 7 is continuously differentiable, but allow n’(t) to
explode as t — 17 to account for a possible cusp in the cutoff profile at the film edge. However, a
certain degree of smoothness is needed to control the decay of 7(t) when ¢ — 1. For our purposes, it
is enough that n € Wlif (R) for some ¢ > 1, which we assume from now on, allowing for an arbitrary
Holder-continuous behavior near ¢ = 1.

Note that for every € > 0 we have 7. (z) = 1 whenever dypq(z) < 0 and 1. (z) = 0 when daq(z) > €.
In other words, 7. is a cutoff function whose support is included in the closure of €. (i.e., supp(n:) C
Q.) such that 7. = 1 on 2. We observe the following identities:

Vinta) = 1 (2 (o)) = - [9nc(o) () (39)

€

In particular, V. € L9(R?;R?) and supp(Vn.) C Q. \ Q = o7,
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3.2. The micromagnetic energy. Given a configuration m® € HL (Q.;S?), we extend it by
zero outside §2. to define the magnetization in the whole plane, so that the physically observable
magnetization is m.(z) = n.(z)m(z) for all x € R?, after a rescaling of length from (2.13). The
rescaled cutoff length is now € < 1 and the domain €. has O(1) size, converging to a fixed domain
Q from outside as € — 0. As we will see later, the precise shape of the cutoff function 5 will prove
not to play any role in the limiting behavior of the energy analyzed in this paper. Further care is
needed, however, to specify a representation of the micromagnetic energy that is well-suited for the
analysis of those limits.

We first need to define a space where the different terms in our micromagnetic energy are all
bounded. To make sure this is the case, we clearly need that [, n2|[Vm®|?dz < co. Therefore,
we assume that m® € H_(R?%;S?) where H.(R?;S?) stands for the weighted Sobolev (metric) space
defined by

H.(R?*S%) := {m* € L*(R*R®) : mf,,_ € Hyo(Q,S7),1.Vmf,_ € L*(Q:),m* =0 in R*\ Q. }.
(3.10)

Note that elements of H.(R?;S?) are identically zero outside of .. We view H.(R?;S?) as a metric
subspace of H.(R?), where

H.(R?) := {u® € L*(R*}R®) N L®(R*R%) :
ujy, € HL(9; R?’)J)gVulEQE € L*(2;R%),u® =0 in R*\ Q.}. (3.11)
We can similarly introduce the “limit” space
Ho(R*%S?) := {m € L>(R*;R*) : mig € H'(Q,S?),m =01in R*\ Q}. (3.12)

We next introduce the notation m® = (m? ,mj), where m9 € R2 and m§ € R give the components
of m* that are perpendicular and parallel to the material easy axis +es, respectively. The nonlocal
contribution from the stray field energy can then be seen to be proportional to

W(m?) (nem) — ﬁvmmﬁ), (3.13)

B 2| ln5|v
defined for every m® € H.(R?;S?), with

me ) div (nem3 ) (2)div (nemd)(y) , -

V(n-m?) = /R /R T dzdy, (3.14)
Y e V (n-mj) (x) - V (nemj) ()

V(nemj) == /R2 /R2 P dzdy. (3.15)

The equivalence of the above expression with the one appearing in (2.14) for smooth functions can
be seen via the Fourier representation. Note that both V and V are nonnegative, a result that can
be easily shown in the Fourier domain by Parseval-Plancherel identity.

The DMI contribution to the energy is proportional to

D.(m?) := / n? (m{divm? —m?3 - Vm?) dz. (3.16)
RQ

The remaining terms may be defined analogously. Note that the space H.(R?;S?) depends on ¢ and,
therefore, is not well-suited for T'-convergence arguments. Therefore, since m. € L?(R?;R?), we
can use a penalization to formulate the I'-convergence results in L?(R?; R?) with the agreement that
the energy is infinite outside H.(R?;S?). Furthermore, the space L?(R?;R?) also provides a natural
topology for the I'-convergence.

The simplified micromagnetic energy defined for m¢ € L?(R?;R3) that disregards the anisotropy
and the Zeeman terms (continuous in the considered I'-convergence topology), takes the form

/ nZ [Vm® " dz + AD-(m?) + 7. W.(m*) it m® € H.(R*S?),
R2

400 otherwise,

G.(m?) == { (3.17)
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where the precise dependence of 7. on ¢ will be specified in the sequel for various I'-limits. As is
common in the studies of I'-convergence, we will simply write m® — m as ¢ — 0, always tacitly
implying that for any sequence of &, — 0 we have m*» — m as n — oco.

3.3. Main results. In this section, we formulate the main results of the paper. We split our results
into four theorems corresponding to different magnetic regimes previously studied for ferromagnets
with strong in-plane anisotropy.

The first regime we consider is the analogue of the Gioia and James regime [33]. We have the
following theorem.

Theorem 1 (Free boundary). Let G.(mF) be defined on L?*(R%*;R3) by (3.17) and let v — 0. We
define Go(m) on L*(R%;R?) by

/Q \Vm|? dz + A/Q (mydivm, —m, - Vm,)dz if m € Hyo(R?;S?),

+00 otherwise.

Go (m) := { (3.18)

Then the following statements hold:
i. (Compactness) If limsup,_,o G-(m®) < +oo then m® — m strongly in L?>(R%;R?) and m® — m
weakly in H'($;S?) for some m € Ho(R%S?) as e — 0 (possibly up to a subsequence).

#i. (D-liminf inequality) Let m® € H.(R?;S?) be such that m¢ — m for some m € Hy(R?;S?)
strongly in L>(R%;R?) as e — 0. Then

lim inf G.(m®) > Gy (m). (3.19)
e—0
ii. (T-limsup inequality) Let m € Ho(R?;S?). Then there exists m® € H.(R?;S?) such that m® —
m strongly in L?>(R?;R3) as e — 0 and

limsup G.(m*) < Go (m). (3.20)
e—0

The second regime we study corresponds to the result of Kohn and Slastikov [38], where in the
limit of small thickness, the magnetization prefers to stay in-plane, and a local boundary contribution
corresponding to shape anisotropy replaces the nonlocal magnetostatic energy. The limiting behavior
we obtain for materials with perpendicular anisotropy is contained in the following theorem. Here
and everywhere below, the values of m € Hy(R?;S?) on 99 are understood in the sense of trace of

the Sobolev function mq € H'(€;S?).

Theorem 2 (Boundary penalty). Let G.(m?®) be defined on L?>(R%;R3) by (3.17) and 7. — v for
some vy >0 as € — 0. We define GJ (m) on L*(R%*R3) by

/|Vm|2dm+)\/(deime—ml-Vm”)dm
Q Q

Go (m) := +v /89 (my-n)® —m])dH' ()

+o00 otherwise.

me S HQ(R2;SQ),

(3.21)
Then the following statements hold:
i. (Compactness) If lim sup._,o Ge(m?) < +oo, then m® — m strongly in L?(R?;R3) and m® — m
weakly in HY(2;S?) for some m € Ho(R?;S?) as e — 0 (possibly up to a subsequence).
4. (P-liminf inequality) Let m® € H.(R?;S?) be such that m® — m strongly in L*(R?;R3) for some
m € Hy(R?%*S?) ase — 0. Then

lim i(I)lf G.(m®) = G4 (m). (3.22)
e—
#i. (D-limsup inequality) Let m € Ho(R?;S?). Then there exists m® € H.(R?;S?) such that m® —
m strongly in L?>(R*;R3) as ¢ — 0 and

limsup G.(m®) < GJ (m). (3.23)

e—0
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The following two results are fundamentally different from what exists in the micromagnetic lit-
erature for in-plane materials. This is due to the fact that they correspond to magnetic regimes
where the shape anisotropy of the micromagnetic energy is penalized in the limit and, as a result,
the magnetization acquires Dirichlet conditions at the boundary. For in-plane materials this regime
is impossible as it leads to a singular behavior of the micromagnetic energy due to a topological
obstruction. For materials with perpendicular anisotropy, however, these regimes provide the micro-
magnetic energy describing the behavior of magnetic skyrmions (see [48]) and therefore are of utter
importance.

We formulate our results in the following theorems corresponding to local and nonlocal versions of
the micromagnetic energies. Our first theorem yields a local limiting micromagnetic energy with the
Dirichlet boundary condition.

Theorem 3 (Clamped boundary, local energy). Let G.(mF) be defined on L? (R?;R3) by (3.17) with
Ye — 00 and v.|Ing|~t — 0 as € — 0. We define Go (m) on L? (R%;R?) by
me € Hy (Rz, Sz)

5 / |Vm|2dx+)\/ (mydivm, —m, -Vm)dz  and m; = £1ond9,
Q Q

Go (m) := (3.24)

+00 otherwise.

Then the following statements hold:

i. (Compactness) If limsup,_,q (G- (m?) + . H' (0)) < +oc0 then m® — m strongly in L*(R?; R?)
and m® — m weakly in H' (;S?) for some m € Hy(R?%*S?) with m; = £1 on 9N as e — 0
(possibly up to a subsequence).

#. (P-liminf inequality) Let m® € H.(R?;S?) be such that m® — m strongly in L? (R*;R3) for some
m € Ho(R?%S?) with m, = £1 on Q as e — 0. Then

lim inf (G (m) + YHH(09)) = Go (m). (3.25)

ii. (T-limsup inequality) Let m € Hg (R%'S?) with m;, = +1 on 0Q. Then there exists m® €
H_(R?%;S?) such that m® — m strongly in L* (R%;R?) as e — 0 and

hri’ljélp (G- (M) +7-H (09)) < Go (m). (3.26)

The next theorem provides a new type of a reduced nonlocal micromagnetic energy for yet stronger
dipolar interaction. To state the theorem, we need to introduce some additional notation. This is
due to the fact that in the considered regime the stray field of the film edge continues to contribute
to the limit energy and, therefore, needs to be properly accounted for. We define the quantity

D.:= / V(@) - V0ey) 4o, (3.27)
R2 JR? |z —y

which will be shown to give, up to the factor of %1/, the leading order behavior of the energy G.. In
fact, this constant can be seen to be the energy of the ferromagnetic state m = +e3xq and to the
leading order satisfies D. = 2|Ine| H!(0Q) + O(1) when ¢ — 0, as can be seen from Lemma 4.

Theorem 4 (Clamped boundary, nonlocal energy). Let G.(m?) be defined on L? (R%;R3) by (3.17)
with v. = v|Ing| for some v > 0. We define G§ (m) on L? (R%;R3) by

/\Vm\de—l—y/b-Vm”dx
Q Q

(mydivmyg —my - Vm,)dx if m € Hy (R?;S?)

7Y (m) = // divm  (z)divm (y )dxdy and m; = £1on 09, (3.28)

otherwise,

where b is defined in (2.20). Then the following statements hold:
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i. (Compactness) If limsup,_,o (G- (m®) + 5D.) < 400 then m® — m strongly in L? (R?;R®) and
m® — m weakly in H' (Q;S?) for some m € Hy(R?;S?) with m; = +1 on 9Q ase — 0 (possibly
up to a subsequence), where D, is defined in (3.27).
ii. (P-liminf inequality) Let m® € H.(R?%;S?) satisfy m® — m strongly in L? (R%;R3) for some
m € Ho(R%*S?) with m; = £1 on 02 as € — 0, then
v ~
imi S > G .
11£n_>161f (QS (m®) + 2D5) >G5 (m). (3.29)
i, (D-limsup inequality) Let m € Hg (Q;S?) with my = 41 on 9. Then there exists m® €
H_(R?%;S?) that satisfies m® — m strongly in L? (R%;R3) as e — 0 and

lim sup (QS (m®) + EDE) < GY(m). (3.30)
e—0 2
The above results provide us with four comprehensive two-dimensional micromagnetic models to
study the magnetization behavior in ultrathin films with perpendicular magnetic anisotropy and
Dzyaloshinskii-Moriya interaction. It is also clear that the above results can be supplemented with
anisotropy and Zeeman energies as those are just continuous perturbations. In particular, this pro-
vides a rigorous justification to the formal limit statements in section 2.

4. AUXILIARY LEMMAS

Throughout the rest of the paper, unless stated otherwise all the constants in the statements and
the proofs depend only on €, ¢ and ||7]| a(r)-

We begin by providing several important technical lemmas. The first two lemmas concern pointwise
estimates for the singular integral

fe(@) :=/O Mdy (4.1)

soly—al T
We start with an estimate which for every 0 < & < £ gives a precise control on f.(z) when z € O..
Lemma 1. There exists £,C > 0 such that for any 0 < e < &€ and x € O, there holds
2llne| - C < fo(z) < 2|lneg| + C. (4.2)
Proof. Recalling the notations of section 3.1, for any [t| < &, the curve
o1 i 8 € Ipg — ¢(s) + tn(s), (4.3)

is a parameterization of the set 9 := {0 € O : daq(0) = t}. Since Q is of class C?, there exists

§ > 0 sufficiently small such that for any 0 < § < § there exists a curvature-dependent constant
0 < a(0) < ¢ for which there holds

H (7(O: N Bysy(2))) <6 Va € Ok (4.4)

In particular, there holds that H'(mw (9% N Bys)(2))) < 6 for any [t| < &, and we can always assume
that & and § are tuned sufficiently small, so that for any |[t| < & and any 0 < § < 4§, the set
(0% N By(s)(x)) is connected. In this way, the arc w(9€; N By s)(x)) can be parameterized through
the restriction of ¢ to a suitable subinterval of Isqn. In other words, we assume that ¢ is sufficiently
small so that for any |t| < & and any = = ¢:(s9) € Og one has

0% N By (w) C e (Is(x)),  Is(w) = [s0 —6/2,50 +6/2]. (4.5)
Now, let € < £. For what follows, it is convenient to set
koq :=sup{|k(o)| : 0 € IN}, (4.6)

where k(o) stands for the curvature of 9§ at the point o € 9Q (cf. (3.2)). Clearly, for any = € O.
and any y € OF \ Bys) () one has |y — x| > a(d). We denote by S,(.)(z) the small sector around
x € O defined by

Sa) (@) = {er (Is(2))} 4 <c - (4.7)
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Clearly, Sy(s)(2) 2 Bas)(x) N OF, therefore we can decompose f.(x) as

£2(2) = e(2) + gha (), (4.8)
where )
1 da 3
Vo () 1= ,/ w dy (4.9)
€ O+ﬂSa(5)( ) |y - ‘T|
and by the coarea formula the remainder term gj, () satisfies the uniform bound
1+ éke L(on
950 (z / / [7' ()| - |1 + etr(o)|dodt < cs, cs:= (1 +eron) H( ) (4.10)
a(9)
It remains to estimate . (z). For that we observe that with z = o + etn(o), |t| < 1, and by the

coarea formula we have

/ / ' (r)] L+ern(w) AH (w)dr. (4.11)
Is(x))

lo 4+ etn(o) — w — ern(w)|
We estimate the denominator of the integrand as
w—o+elrn(w) —tn(o)) = p(s) — o(so) + e(rn(s) — tn(sy))
= (s — 50)7T(s0) + e(r — t)n(so)
+er(n(s) —n(so)) + O(|s — s0|?), (4.12)

where |O(]s — s0/?)| < kaa(s — s0)?. On the other hand, since 0 < r < 1 and [¢t| < 1, and n(s) is
Lipschitz continuous with constant kg, we also have

ler(n(s) — n(s0)) + O(]s — sof*)| < Koale +|s = so)|s — sol

< koa(e +[s = so)|(s = s0)7(s0) + &(r — t)n(so)|. (4.13)

Hence, combining (4.12) and (4.13) we obtain that for £,§ < 1k, and |s — so| < § we have
|w— 0o+ e(rn(w) —tn(o))| < (14 Kaae + kaals — so|)|(s — s0)T(s0) + (r — t)n(so)|, (4.14)
lw— 0o +e(rn(w) —tn(o))| = (1 — keae — Kaals — sol)|(s — s0)T(s0) + (r — t)n(sp)|. (4.15)

Overall, we get that for any z = o + etn(o), || < 1, there holds

ERBHQ " 1+ erkon g2 )
_ ) S r— . (41
1+5nag/ ' ()lez (52(T ) )dT velo) 1—5/@99/ ' ()= (52(T ‘) )dr (416)

with

2
+ (€ 2 1
o | =(r—t ):—/ ds 4.17
¢ ((52( ) Is() (1 £ aZ|s — so|)|(s — s0)7(s0) + e(r — t)n(so)| (4.17)
80+(5/2 1
= ds 4.18
/50-5/2 (1% s — so)v/(5 — 507 + &2(r — 17 (15)
H 1
—9 / ds, (4.19)
0 (1+ads)\/s2+ S (r—1)2
where af = f22
EROQ
A direct integration yields
I 2 2aF0s
= ds 4.20
oF (8) p(ﬁ)q:/o TR TS (4.20)
where
1428+ v1+483
0o(B) :==1n < p 25 ) (4.21)

By inspection, for all < 1 we have
- C<oF(B) < ~Wmp+C, (4.22)
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for some C' > 0 universal. Also, note that by Holder’s inequality we have
/ |7’ (r)| - | In(r — ¢)?|dr < +oo, (4.23)

whenever 7 € Wi)’cq(R) with ¢ > 1. Therefore, given (4.22) and (4.23), from the relation (4.16) we
infer the estimate

2|lne| — C < ¢(x) < 2|lnel + C, (4.24)
for some C' > 0, assuming that ¢ < § and that § < § is chosen sufficiently small. The conclusion of
the lemma then follows from the previous estimate, (4.8), and (4.10). O

We next prove a pointwise bound on the function f.(z) outside O,.

Lemma 2. There exist £,C > 0 depending only on 2, such that for any 0 < ¢ < & and x € Q\O,
there holds

0 < fe(z) < C(1+|In(dist(z, 092))|). (4.25)

Proof. As in the proof of Lemma 1, using the coarea formula we infer that for any z € Q\O. and

sufficiently small ¢ there holds
" _ l+eti(o) 1
dtdH (o), 4.26
0= [, ] WOl 420

where r(0) is a curvature at point o € 9. Furthermore, we claim that |z — o — etn(o)| > 3|z — o
for every € Q\O,, 0 € 90 and t € [0,1], provided that ¢ is sufficiently small. To see this, notice
that the estimate trivially holds when |z — o] > 2¢ or when (z — ) - n(o) < 0. At the same time, in
the opposite case we can estimate | — o| < 2|(x — 0) - 7(0)| < 2|z — 0 — etn(o)| for all € sufficiently
small in view of the regularity of 2. Thus, we have

0< fe(z) <4 /89 P U|d'H (o) < C(1+ |In(dist(z, 00))|), (4.27)

for some C > 0 and all ¢ small enough. O

As an immediate consequence of Lemma 1 and Lemma 2 we have the following result.
Lemma 3. There exist €,C > 0 such that for every 0 < ¢ < € and every x € Q. there holds
|fe(z)] < C (14 |In(e + dist(z, 09))]). (4.28)
In particular, for every p > 1 there is Cp, > 0 such that || fe||1r(0.) < Cp.
We will also need a sharp estimate for the quantity D, introduced in (3.27).
Lemma 4. There exist €,C > 0 such that for every 0 < e < & there holds
2|Ine| H'(9Q) — C < D. < 2|Ing|H' (09) + C. (4.29)

Proof. Observe that for all & sufﬁciently small we have

Ve ()| [Vne (y n(z) —n(y)*
D, _/OJr /(’)+ |z — y] / / Ve (@) Ve (y) | ———7 iz — g dzdy, (4.30)

with an abuse of notation n(z) := n(rw(z)) for z € OF. Notice that by the C? regularity of 99 the
second integral in (4.30) is uniformly bounded when ¢ — 0, as n(z) is Lipschitz continuous. At the
same time, by the coarea formula and Lemma 1 the first integral in (4.30) is

V@) Ve (g, W () di
/O+ /O+ iz — ] d dy—/os+ Ve (z)| fe(x) d

// (1) f-(0 + etn(0))(1 + etr(o)) dH (o) dt = 2|Ine| HL(9Q) + O(1),  (4.31)
o

as € — 0, which implies the statement of the lemma. O
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The next key technical lemma provides a comparison of an integral involving V). tested against
a bounded Sobolev function with that of the same integral evaluated on the trace of that Sobolev
function on 9f).

Lemma 5. There exist constants €,¢ > 0 such that for every 0 < u < 1 there holds
1
- /O+ (Ve (@) [u(z) — u(m ()| de < pllull g oy + [T plllne Vall Loy, (4.32)

for any w € L®(OF) N WoH ().

Proof. Again, with the usual abuse of notation n(z) := n(w(x)), we have x = w(z) + doq (x)n(z) for
every z € OF. Moreover, as noted in (3.9), we have that

V()] = = by (dan(@)/2)]. (133)

Therefore, taking the precise representative of u, by its differentiability on the lines w(z) = y for
Hl-ae. y € 9N and monotonicity of 1(t) we have

() — u(w(2))) Ve ()] = ulre(z) + dog (@)n()) — uln(@)] V9. ()|
doq(x)
< V(e |/ 101 [ () + tnu(a))]| dt

[’ (doa(x)/e)| [Pt
< EU(T/ n(t/e) |Vu (m(x) + tn(x))| dt. (4.34)

For 0 < A < 1 we decompose OF as OF = OF_ U (0F\OY.) and focus separately on Of_ and
OF\Oy_. Starting with O, we observe that both = (z) and n(z) are constant along the normal
direction, so by (4.33), (4.34) and the coarea formula we infer that

[, e >||u<>—u<w<x>>|dx</o+m(/(f%(t/e)\w( (@) +tn(e)|ar) a

= [ L (o]t s e i oan oy

< 3|lnn(x |/AE/ (t/e) ’Vu )+ tn (z ))‘|1+tn(o)|d7—[1(a)dt, (4.35)

provided € < 5&59. Thus

| 19n@)u(e) - ulm(e))] do
(@]

Ae

Ae
< 3| lnn(A \/ / ne(t ‘Vu x) +tn(z ’|1+t/~;( )| dH (o)dt
— 3Ly I Vall s o - (4:36)

On the other hand, for the part on O*\OAE, we have, again by (4.33) and coarea formula, that

/ Ve (@) Ju(z) - u(m(z)|dz = = / 1 (doa() /)] [uz) — u((x))] da
or\ot, e Joror.

1
< 4)09) (/A In’(t)ldt) lull oo (02

= 40N lull Lo (o) (4.37)
Overall, combining the estimates (4.36) and (4.37), we get that
1
- /O+ Ve (@)] [u(z) —u(m(@))[dz < n(M)|ull e opy + N 0Vl ror),  (4:38)

C
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for some ¢ > 0. The previous estimate holds for every 0 < A < 1. Since n(\) maps [0, 1] surjectively
onto [0, 1], setting A := n~1(u) we get that for every u € (0,1) there holds:

1
E/o+ (Ve ()| [u(z) —u(m(@))|de < pllull e o) + [ Tnpl 0Vl 1 o), (4.39)
which proves the L!-estimate (4.32). O

Our next lemma gives a bound that will be useful to estimate the interior contribution of the bulk
charges to the micromagnetic energy. Note that for u € H'(2;R?) a straightforward interpolation
estimate between the H~1/2 norm of divau and the L2 norms of u and Vu would have held true if
u vanished at the boundary of Q. However, the presence of a non-zero trace on 9f) requires some
additional care due to a logarithmic failure of this interpolation. A counterexample to the latter is
provided by w, which is equal to the outward unit normal at the projection point to the boundary of
Q) multiplied by a cutoff function making w zero at distances greater than ¢ from 99 (for a related
phenomenon, see [20]).

Lemma 6. There exists a constant C' > 0 depending only on Q such that for any 6 € (0, %) and any
u € H'(Q;R?) there holds

divu(zx dlvu
[ [ FEEE  dny < a1Vl + C5 ulfa + Ol [l (440)

Proof. For a nonnegative cutoff function w € C*°(R) satisfying w(t) = 1 for all t < 1 and w(t) =0
for all £ > 2, we write

1
lz -y

where Hs(z) := |z|~tw(c|x|/§) with ¢ > 0 to be fixed shortly and Gs(z) := |z|~1(1 — w(c|z|/d)). For
the contribution of Hs, by Young’s inequality for convolutions we have

=Gs(r —y)+ Hs(x — y), (4.41)

L[ Ha(x—y)divu(m)divu(y)dmdy\<2|H5||L1(R2)||Vu|%z<m<6|Vu||%z(m, (1.42)

for a suitable choice of ¢ > 0 depending only on w. For the contribution of the even function Gy, we
integrate by parts and apply the Cauchy-Schwarz inequality to obtain

//G5 x — y)divu(z)divu(y dxdyf// V2 ,Gs(r — y)u(y)dzdy

9 / / (uly) - n(y)) u(@) - VaGs(w — y) dH! (y)da

Q JoN
+ /a ) /6 (o) (@) (uls) - ) Gl — 9) AH () K 1)
< 2 - = 1 2, - — 1 2,
X gleaéiﬂv Gs(- = y)llzr o llullz, Q) +;T€1%§2||G6( Yoo llullz, (89)

1/2 1/2

+ 2 [V = )iy max VG = )il 2o [l 00
< CoY[ulZaq) + Ol d| ullfzaq) + CO~2 8|2 |lull L2(0) ull2(90), (4.43)

for some C' > 0 depending only on €. The conclusion follows by combining (4.42) and (4.43), after
an application of Young’s inequality. O

As a corollary to this lemma, we have the following result for vector fields that are uniformly
bounded.

Lemma 7. Let § > 0, and for ¢ > 0 let u. € H'(;R?) with |u.| < 1 in Q. Then there exists a
constant C' > 0 depending only on Q0 such that

div u. (x)div u. (y) C
dzdy < 8[|Vl + = 4.44
| [ e y <O Vel o) + 5 (1.49)
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Moreover, if u. — u weakly in H' () as e — 0 then

//dlvug x)divue(y) dzdy e—0 //dlvu z)divu(y )da:dy (4.45)

|z -y |z — y

dlvuf E( ) ( )) 5%0 dlvu ) ( ))
/asz /Q |:c—y| de dH( /aQ /Q |x_y| dedH'(y)  (4.46)

Proof. The estimate in (4.44) is an immediate corollary to Lemma 6. To prove (4.45), we first note
that since |z| ! x divu belongs to L?(Q) by Young’s inequality for convolutions, it is enough to prove
that the left-hand side of (4.45) goes to zero when u. — 0 weakly in H!(Q2) as ¢ — 0. However,
the latter is true by (4.40) in view of boundedness of || Vul[12(q), strong convergence of u to zero in
L?(Q2) and L?(0€) by compact Sobolev and trace embeddings, and arbitrariness of 6 > 0. Similarly,
since the integral over 9 in the right-hand side of (4.46) defines a function of x that belongs to
L?(Q) by the last inequality in (4.27), it is enough to show (4.46) when u. — 0 weakly in H'(Q) as
¢ — 0. The latter follows via an application of the Cauchy-Schwarz inequality:

1/2
/E)Q/dlvue |$_e;|)' n(y) 4. dH( ’ (/69/ Uy 'y|3/2) dz d?—l())

1/2

divu. (z)]?

X (/ % dx dH (y)) § C||Vue||L2(Q)Hus 'TL”LQ(aQ) — 0, (447)
o0Jo |z —yl

as € — 0, by the compact trace embedding, where C' > 0 depends only on £2. ]

5. ANALYSIS OF THE MAGNETOSTATIC ENERGY

In this section we carry out an analysis of the magnetostatic energy which contains two propositions
describing the behavior of the nonlocal terms in the stray field energy W, (cf. (3.13)), corresponding
to the in-plane and out-of-plane magnetization components. We will then use these results to prove
our main theorems formulated in section 3.

We start by proving the following proposition for the nonlocal term due to the in-plane component
of the magnetization. Note that here we need a stronger result than that of the type proved for the
three-dimensional micromagnetic energy by Kohn and Slastikov in [38] in order to go beyond the
regime studied there (see Theorems 3 and 4).

Proposition 1. There exist £,C > 0 such that if 0 < ¢ < & and m® € H.(R%*S?), then the
magnetostatic energy for the in-plane component (cf. (3.14))

d1V ngm )diV(TIa’"lg )(y)
] Nl
77 m5 /2 /2 |x | dxdy (5 )

satisfies

Y (nm) — Vaxa(mi) + 2Vsaxa(m?) — 2/ el [Im - nl3s 0|

(5.2)
< Ce (1 +[In-Vm |32 q >) +Clm3 - nlz20) (1+ 17:Vmi |l L2a.))
where Ce — 0 as € — 0, and
divme (x) divm
Vaxa(md) // L|xfy| 1 )dydx, (5.3)
n-m9)(o)divm
Vaaxa(m?) / / J“U p 1 )dyd’Hl(a). (5.4)
aQ -

Proof. As is common in the analysis of the limiting behaviors of nonlocal energy functionals, we
decompose V into the sum of several terms and estimate each term separately.
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First, expanding the divergence and exploiting the symmetry in the z,y variables, we write
V (ue) =: I1 + 215 + I3, where

. € . €
I = / / V(@) - m3 (@) Vne(y) - mi () g, g, (5.5)
R2 JR2 |z —yl
. € di €
. / V() - m ). @)divmi @) | 5
va - yl
R2 JR2 |CU - y\
Note that I, I, Is depend on € but we suppress this for ease of notation. We then have
left-hand side of (5.2) <|Iz3 — Vaxa(m) |+ 2| Vaaxa(m) + Iz | (5.8)

and we proceed by estimating the terms on the right-hand side of the previous relation.

STEP 1. ESTIMATE OF I3 — Vayxqo (m7 ). We split this term as Is — Voxq (m9 ) = 2Ly + L3, where

- (2)d d
/ / 77 1me( ) lel( ) dxdy, (510)
o+ \33 - yl
x)di y)di g
of Jor |33 - ZU|
To estimate Lo and L3, we use the Young’s inequality for convolutions
/W [f(@)|[(g % K) ()| dz < | fllpllglls [ K] (5.12)

with p = r = % and s = 2. Observing that since ) is bounded, there exists a ball U centered at

the origin such that  —y € U for every z,y € Q. and ||| - |7~y < C we obtain that Ly <
Clnedivm || oo+ Inedivms [|r2(q.),. But by Holder’s inequality there holds [[n.Vme [[;,or) <

7=V |p20|OF [V < CeY4n-VYm& ||12(q.), for some constant C' > 0, provided e is small
enough. Hence
Ly < Ce'*n.Vma |72,y (5.13)
The very same estimate is true for |L3| and, therefore, we conclude that for every e sufficiently small
there holds
|13 = Vaxa(m3)| < 2La| + |Ls| < CeV* [nVm|[72q,) (5.14)

for some positive constant C' > 0 and all € small enough.
STEP 2. ESTIMATE OF Vaaxa(m? )+ I. Our aim here is to show that
Voaxa(ms) + Ll < C. (1+ 1Ym0, ) (5.15)

for some C. > 0 such that C. — 0 as ¢ — 0. To estimate Vaaxa(m9 ) + Iz, we use the fact that
suppgz V. € OF and |m% | < 1 in Q. to obtain (cf. (3.9))

B- [ [ Dn0lnt) moiuEdvm @ ,,,, (516)
of Ja. |z —y
=: My + Mo, (5.17)
with
M, = /w/ Vne(y)l(n~m%f(ﬂ(z?)na(x)dlvmL(x)dxdy (5.18)
- Vns(y)l[(n-mi)(y)—(r-m?)(ﬂ(y))]ns(w)divmi(w) dody,  (519)
of r—y

Clearly, we have

Vaaxa(m) + Iz| < |[Vaaxa (m) — M| + |Ma|, (5.20)
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and we want to show that
M| < Ce (14 10-9m Fq))  and Vooxa(ms) = M| < Ce (1+[10:9m |20, )+ (5:21)

with C. — 0 as ¢ — 0. To estimate My, we use the Young’s inequality for convolutions (5.12) to
obtain

My < -7

ey Vel [(n-m3) () = (- m3) () o (01 ) Inedivm (|20, (5:22)

for some p,s > 1 such that % + % = % We take p:=1+ «a and s := 211130; with a > 0 sufficiently
small so that 1 < s < 2. Then

My < C[[Vne|[(n-m3) () = (n-mT) (7 ()]l prraor) 1 VML 2200, (5.23)
with some C' > 0 depending only on © and s such that ||| - [}« < C.
We conclude by showing that
Ac = IIVne|[(n-m3) () = (n-m3) (7))l e o) (5.24)

is small, which guarantees that the limit relation in (5.21) holds. Indeed, using interpolation inequality

£l < [1£11%, Hf||1Lsza with a >0, § = m and 1 -0 = 21(1?3)’ we immediately obtain

0 _
Ae < IVl [(n-ma) () = (n-m) (O 21 0y 1297 I 1 e o1 (5.25)
Now, recalling that 7" € L'*2%(0, 1) for some « small enough depending on ¢, we get that
Ve 12 o)< CE* (5.26)
Also, using Lemma 5 with p = € and Cauchy-Schwarz inequality we obtain
11Vn] [(n-m) (-) = (n-mL) (7))l 10y < C (¢ + [ e |OF 2 0. Vm | 120,
<O el (1+[[n-Vm | 20.),  (5.27)

for some C,C’ > 0 and all € small enough. Now, combining the two previous estimates we obtain
that

A < CeF Y nel” (1+ ||n5vijL2(Q€))9 <OV (14 n-Vm |12 (0)) » (5.28)
for « sufficiently small, recalling that 6 — % as a — 0. Thus by Young’s inequality we have
M2 < 081/8 (]. + ||775VmiH%2(QE)) 5 (529)

which implies the first estimate in (5.21).
It remains to estimate the quantity [Vaaxa(mg)— Mi|. For that we split it further as M; =:
N1 + NQ, where

__ IV (y)| (n - m9) (7 (y))divm? (x) -

M= /o; /Q |z — yl dedy, (530)
o Ve ()] (- m3) (7 (y))e (x)divm (z)

N2 = /o; /o; |z —y] dedy. (5.31)

and given that [Vaaxa (m7) — Mi| < [Vaaxa(mT ) — Ni| + |N2| we aim at showing that
Voaxa(mi) = Ni| < Cc (1+[neVmi|ia,) and  [Nof < Ce (14 [n:Vmi|lia,)) . (5:32)

with some C; — 0 as ¢ — 0. The bound (5.32) will prove the second estimate in (5.21).
We can estimate Ny as

Nl < [ et divems, ()] do (5.33)
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where f. is defined in (4.1). Now we apply Lemma 1, the Cauchy-Schwarz and Young’s inequalities
to obtain that for ¢ sufficiently small we have

[N2| < (2]Ine| + C) / N Ne () |divm? (z)|dz
(ox

C'| el |OF Y2 |n-Vm || 2o

<
< C//51/2| 11’15| (1 + HnEVmi_H%z(QE)) ; (534)

for some C,C’,C" > 0, yielding the second relation in (5.32).
To estimate |Vaaxa(ms ) — Ni|, we observe that

Woaxa(ms) — Ni| = /divmi(m)pg(x)dx (5.35)
Q
with
ey [ T G0y, [ Oy (s

Using the coarea formula, we infer that for any x € €2 there holds

B ! e , 1+ etr(o) 1 1
o) = [ [ L><o>n<t>|( )dtd% (@),  (537)

|z —o —etn(o)] |z —o]

and by Lebesgue’s dominated convergence theorem we have p.(z) — 0 as ¢ — 0 for every z € Q,
Furthermore, by |m9 | < 1 and Lemma 3 we have

pe(z)] < fe(x)—k/ ! dH' (o) < C(1 + |In(dist(z, 09))]), (5.38)

a0 |t — ol

for some C' > 0 and all € small enough.

From (5.38) and the pointwise convergence of p. to zero as ¢ — 0, one can conclude by the
Lebesgue’s dominated convergence theorem that ||pc|[z2(q) —+ 0 when ¢ — 0. Therefore, by the
Cauchy-Schwarz and Young’s inequalities we obtain

Voaxa(mi) = Ni| < Ce (1+ [[n:-Vm[|72q,),) (5.39)

for some C; > 0 such that C. — 0 when ¢ — 0. This concludes the proof of (5.32) and, therefore, of
(5.15).

STEP 3. ESTIMATE OF ‘Il —2|In¢| ||mg. ~n||iz(am‘. By adding and subtracting mS (w(z)) to

mS (z), we rewrite I; as I; = Jy + 2J3 — J3, where

Jii= /o: /o; . mL(ﬁ(:;))—vyT(y) L) gy, (5.40)

Ty m / Vi (z) - [mA (z) — mS (7 (2))]Vne(y) - mq (y) dzdy (5.41)
ot Jor |z —y ’

Jy = / Ve (z) - [mS (z) — m (7 (2))]Vn(y) - [m3 (y) — m3 (7(y))] dzdy. (5.42)
of Jot |z —y|

In writing the previous relations, we exploited that suppVn. C @ Also, to avoid cumbersome
notations we use the same symbol to denote both m7 and its trace m? 5, on 9Q. When we write

mS (mw(z)) we mean mj‘ag(ﬂ'(x)).
Observe that

I = 2l el [m3 - nl[Za00)| < |1 = 2nel [mT - nllLso0)] + /2] + 5], (5.43)
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and we first want to estimate J, and .J3. Using the estimate in Lemma 1, we obtain that as soon as
€ is small enough, there holds

Ve (@)] [Vne ()] [m (x) — mT (w(z))]
IS /o: /o: EE dedy

= /O+ fe(@) [Vne ()] [mS (2) — mf (7(z))| dz

<smel ([ 9.0l lm (o) s (o)) d ) (5.4
OE
Applying the L'-type estimate in Lemma 5 with 4 = &, we infer that
72| < Clmnel (= + el 1. Vms [l (o)) - (5.45)
for some C > 0. Using the Cauchy-Schwarz and Young’s inequalities, we then obtain
|Jo] < Cllne| (e + |Ine| ‘O:ll/QHnEVmi”LZ(QE)’) < C'eY?|Inel? (1+ HnEVmi_HQLz(QE)) . (5.46)
for some C’ > 0 and all € small enough. In the same way, we obtain
| J5] < 2C°€"? | Inel? (1 + 17:Vma [172q.)) (5.47)
for all & small enough. Hence, from (5.43), (5.46) and (5.47) we get that
|11 — 2| Inel|mT - nlZ2 (o0
< | =2mel [m - nl72g00)] + Ce? el (1+ In-Vm [|72q,) ,  (5.48)

for all € small enough.
It remains to estimate | J; — 2|Ineg||mT - n||2Lz(aQ) |. We proceed by decomposing J; as J; :=
K1 + KQ with

— n(m(x)) - mS (e (x))” . N
K= /O: /o; iz — | Ve (@)] [V1e (y)] dady, (5.49)
feim /o: Ve () n(m(z)) - m? (7 (@)

y /O+ Vi ()| n(ﬂ(y))-mi(ﬂ(yﬁ;—;t(ﬂ(w)) AT (@) 44 (5.50)

and we show that
2 2
1= 2nel Jm - nllfaon| < [Ki—20melllms -l + 1K
< C (1 + ||776vmi||L2(Q)) [m% 'n||L2(aQ) ) (5.51)

for some C' > 0 and all € small enough.
We estimate K5 to obtain

Ime (x(y)) - n (m(y)) — me (w(2)) - ()
[l < /oj /oj () — ()

(
(

) -ms (x(@)| T 9 090 (0)] dady. (5.52)

X |n(w P

Since 0N is of class C? and compact, the projection map 7 : Oz — 0% is uniformly Lipschitz for
sufficiently small €. Thus, there exists a constant Cr > 0 such that

|7(z) — w(y)| < Crlz —y| Vr,y € O, (5.53)
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and passing to the curvilinear coordinates we obtain

m () - n (x(y)) = m (x(2)) - n(r(@)]
[l < C/o/o () — 7 ()
(@) - mS (x(2))] Ve ()] |m< )| dedy (5.54)
[m (1) - () — 3 (o) - n(0)]
20//'” ' (¢ '/ /(m o]
in(a) - mS ()] dH! (1) dH (0)dsdt, (5.55)

provided € is small enough.
Since ||n||£1(0,1) = 1, using the Cauchy—SchwarZ inequality we obtain

M () ) —m (o) o) |
‘K2'<C/m/ag In(0) - mS (o) dH* (u)dH (o)

Iu—a\

< ([ into)-mi (@) dH())é

</m /BQ - |/1 - ZI?(U) o) dHl(u)d#(ﬂ) %

< C"|[m -0l g1/200)lm - 0| L200), (5.56)

for some C,C’,C” > 0 and all € small enough. Finally, using |m9 | < 1 and the trace embedding
theorem, we obtain

[Ko| < C (14 [[n:Vma || 2(q.)) ImT - L2 00)- (5.57)
Lastly, we show that

‘Kl —2|lne| Cm(mi(a) -n(0))?dH (o)

< C|me - n|r200)- (5.58)

Indeed, using the coarea formula and recalling the definition of f. in (4.1), we have

Ki= /m in(o) - m= (o)? (/0 |n’(t)fg(a—i—stn(a))(l-i—stm(o))dt) A (). (5.59)

Therefore, using the asymptotics of f.(o + etn(c)) given in Lemma 1 and the fact that [m% | < 1
we infer (5.58). Combining (5.57) and (5.58), we get (5.51). Finally, combining it with (5.48), (5.9)
(5.14), and (5.15) we get the desired estimate (5.2). This concludes the proof. O

Proposition 2. There exist £,C > 0 such that if 0 < ¢ < & and m® € H.(R%*S?), then the
magnetostatic energy for the out-of-plane component (cf. (3.15))

f}(ngmﬁ)z/w /R2 v (nemf) (@) - V (nemf) (v) dzdy (5.60)

|z -y

satisfies

’f}(nsma) — Vaxa(m?) + 2Vsaxa(ms) — De + 2| ln£|/ (1 —|m:[?) dH (o)
o0
< Ce (1 Vi 120, ) + Cllms + 11 5ty I = 1115500y (14 I10-9mEl 2
(5.61)
where C. — 0 as € — 0, D. is defined in (3.27), and

\Y% -V
Vaxa(m // my (@ |y mi(y )dydwv (5.62)

_x|

Vmj(z) - n(o)mj(o)
Voaxa(m //m |0_$| dH (o) dz. (5.63)
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Proof. We begin by writing V in the form similar to that of the nonlocal term in Proposition 1:

- o 2 div (ngmﬁei) (x)div (nemﬁei) (y)
V(nemj) = ;/]R? /W dzdy. (5.64)

|z —y|

Proceeding exactly as in STEPS 1-3 in the proof of Proposition 1, we obtain
[V(nemj) — Jy = Vaxa(m§) + 2Vaaxa(m5)| < Ce(1+ [[n-Vm§|[j2q.)); (5.65)

where C; — 0 as ¢ — 0 and

, Vie(@) - Ve (y)ymi (w(2)) mi(w(y))
Jp = /O+ /O+ dzdy. (5.66)

Ix—yl

To account for the non-zero limiting boundary data for mj, we represent Ji in the following way:

_ Ve (x) - Vie(y) (mj (w(z)) — 1) (m§(w(y)) +1)
Ji = /O+ /O+ r— dzdy + D. (5.67)

where we recalled the definition of D, from (3.27). We denote by .J; the first integral in the above
expression (i.e. J1 = J1 D.) and split it in a similar way to what we did for J; in Proposition 1.
Specifically, we set J; := K + Kg, where

s [ mitrte I =1 G o)1 et s, (5.68)

Roi= [ 190 <mi<w<w>> e
[ 9y P i) 1) = (e (i) +1)

|z -y

dydzx. (5.69)

By the same arguments used in the proof of STEP 3 in Proposition 1 to estimate K5, we then obtain
the estimate

By < C (L4 [m-9mt | 20) 5 = L2000, (5.70)

for some C' > 0 and all € small enough.
Alternatively, writing K5 in the following equivalent way:

Ky = / N |Vne(2)] (mﬁ(ﬂ'(m)) + 1) n(w(z))

€

_/OE+ ()] n (m(y)) (m§(w(y)) - |15)U - ;(ﬂ'(fﬂ)) (m(m(x)) — 1) dyde, (5.71)
we infer
Ky <C (14 |nVmS|lr2ea.) ImS + 1 r2(00), (5.72)
and taking the geometric mean of (5.70) and (5.72), we obtain
Ky < O (14 [nVmi zo) 1m5 + 1100, 175 = 11500): (5.73)

for some C' > 0 and all € small enough.
Finally, the estimate for K; can be obtained in the the same way we derived the esitmate for K;
in STEP 3 of the proof of Proposition 1, together with a Cauchy-Schwarz inequality, to obtain

‘K1—21n5|/ (jm? % = D)AH (0)] < Cllms + 1[5 o0 IS — 1175 5. (5.74)

Combining all of the above estimates, we obtain the result. |
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6. PROOF OF I'-CONVERGENCE

In this section we provide the proof of our main Theorems. Since the proofs are rather similar,
we only give the proofs of the most interesting results requiring some extra work — Theorem 2 and
Theorem 4, the rest follows easily by the same arguments.

Proof of Theorem 2. Without loss of generality we may suppose that v, = ~.
(i) (Compactness) We first prove the compactness result. Let us assume that G.(m®) < C for some
constant C' > 0 independent of . We recall that (cf. (3.17))

R €Y — R € 22 Da € g 3 e\ _ g \; 3 €Y. 1

First, note that, up to a constant term, we can absorb the DMI energy AD.(m?) into the Dirichlet
energy. Indeed, since |m| = 1 a.e. in Q. and |n.| < 1, by the Cauchy-Schwarz and Young’s inequalities
for every 0 < € < € and every d > 0 there holds

|D:(m®)| < /Q |mfdivms —m?3 - Vmj| |n|dz

€ 02
%7
for some &, C > 0 that depend only on ). Therefore, without loss of generality, we can assume from
the very beginning that

0
< ClneVmel 2. < 5 lIn-Ym®lizq,) + (6.2)

€112 v € Ry €
[7eVm|[720. + mv(ﬁsmﬁ - mv(ﬂsmu) <C (6.3)
for some constant C' > 0 independent of e.
By positivity of V(n.m? ), we may, furthermore, drop this term from (6.3). On the other hand,

from Proposition 2, Lemma 4 and the estimates

B V'me 2
oeatnd) < [ [ B 400 < 0 vme g, (6.4)
alJo lz—yl :
- Vms(x
Vaaxa(m]) < / / [Vmj (@) dH' (o) dz < C"|n-V'm®|| 120, (6.5)
aJoq |z -0

for some C',C"” > 0 depending only on Q that follow from the Cauchy-Schwarz inequalities, we
immediately obtain the existence of a positive constant C' > 0 such that for all sufficiently small ¢
there holds
(1 =~Co) [n-Vm?|72q.) < C, (6.6)
for some C. > 0 such that C. — 0 as ¢ — 0.
From (6.6) we conclude that for e sufficiently small we can uniformly bound m® in H! (Q;S?)
and, therefore, up to a subsequence, there exists m € H! (€;S?) such that

m® — m  strongly in L?(€;R?) (6.7)
Vm® — Vm  weakly in L?(Q; R**?), (6.8)
mj — m; strongly in LP(0Q) for p > 1, (6.9)
m7 — m, strongly in L? (GQ;R2) forp > 1, (6.10)

as ¢ — 0. Moreover, since [m?| = 1 on €2, we also have n.m? — 0 strongly in L?(R?\ Q;RR?). Hence,
we infer that if m is extended by zero outside €2 then
m® — m  strongly in L?(R%* R?). (6.11)

In particular, we have m € Hy(R?;S?).

(ii) (T-liminf inequality) Let m® € H.(R?;S?) and m € Ho(R?;S?) be such that m® — m strongly
in L2(R%;R3) as ¢ — 0. We may further assume that liminf._,o G.(m®) < +o0, since otherwise the
statement is trivially true. Hence, using the compactness statement (maybe passing to a subsequence)
we have m. — m weakly in H! (;R?), and using Propositions 1 and 2, together with Lemma 4
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and the lower semicontinuity of the Dirichlet energy on €2 and the compactness of trace embedding
of functions in H*(9) into L? (09) we obtain

liminf G. (m®) > / V| dz + )\/ (mydivm, —m, - Vm,)dx
e—0 Q Q

+ 7/89 ((m1-n)® —mf)dH' (o) = Go (m). (6.12)

(iii) (T-limsup inequality) Let m € Hy (R?;S?) be such that Gy (m) < +o0. Take £ > 0 sufficiently
small and extend m to m € H*(Qz, S?), e.g., by setting m(z) := m(z — 2dsq(z)n(mw(x))). For every
£ < & we now define m® = m in Q. and m® = 0 outside .. It is clear that m® € H_.(R?;S?) and
m® — m strongly in L?(R?;R?) as ¢ — 0. Moreover, using Propositions 1 and 2, Lemma 4 and the
strong convergence of m® to m in H'(Q;R3), we have m® — m in L?(9Q;R3) and can pass to the
limit in the magnetostatic energy term. Finally, using the fact that

/ n2 |Vme [ dz = / n2 |Vl dz + / Vmfde <% / Vm)? de, (6.13)
Qe of Q Q
we obtain
limsup G. (m®) = Gy (M) . (6.14)
e—0
This completes the proof. O

Proof of Theorem 4. (i) (Compactness) We first prove the compactness result. Let us assume that
Ge(m®) + §D. < C for some constant C' > 0 independent of . We recall that now G. reads as
(cf. (3.17) with 7. = v|Ine))

€ € € v € V5 €
Ge(m®) = |[n:Vm ||2L2(Q€) + AD.(m®) + §V(Usm¢) - §V (nems) . (6.15)

As in the proof of Theorem 2, up to a constant term, we can absorb the DMI energy AD.(m*®) into
the Dirichlet energy and drop the V(n.m? ) term due to its positivity. Therefore, without loss of
generality, we can assume from the very beginning that

1n-V'me |72 q.) — vV (nem§) +vD: < C, (6.16)

for some constant C' > 0 independent of e.
Next, aiming to invoke Proposition 2, we write

_y(f)(ngmﬁ) —D.)=v (Qf/agxg(me) - )}ng(mi) +2|lneg| /69 (1 —|m 2) dy.ﬂ(a))

—v (f)(ngmﬁ) - D, — f/QXQ(mﬁ) + 29@QXQ(mi) +2|Ineg| /asz (1—1m5P) d?—ll(a)> , (6.17)

from which by Proposition 2 it follows that
—v(V(nem) = De) = = C = C'|[neVmj || 20y — CellneVm; |22,

+2V\lns|/ (1— me ) do + v (2anxa(m?) — Vaxa(m?)),  (6.18)
o0

where C; — 0 as ¢ — 0 and C,C" > 0 are independent of e. Now, from (6.5) and Young’s inequality
it is clear that for any § > 0 we have

v |1~)39><Q(mﬁ)’ < 5Hn€VmﬁH2L2(QE) +Cr26 1, (6.19)

g

for some C' > 0 depending only on 2. Also, applying Lemma 7 to u. = mj

that for any § > 0 there holds

e;, i = 1,2, one obtains

2

L2y, + (Ol (6.20)

v[Vaxa (mf)] <8 |ln-Vm]|
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again, for some C' > 0 depending only on . Based on the above estimates and another application
of Young’s inequality in (6.18) we deduce that for any 0 < ¢ < £ and any 6 > 0 there holds

—V(])(nemﬁ) —D.)>—(45 + Cg)||n8Vmi||i2(QE) —C(1+v* ") +2v|Ine| /an (1= [m]?) dH (o),

(6.21)
for some C > 0 depending only on ). Therefore, we can absorb the term —v (V(mmﬁ) — DE) into
the Dirichlet energy by choosing § sufficiently small universal, and for any 0 < € < € there holds

1 c12
§||775Vmﬁ||2Lz(QE)+21/|ln5\/ (17 |m¢ | )dHl(a) <C, (6.22)
o0

for some C > 0 independent of €. This gives us (as in the proof of Theorem 2) the existence of
m € Hy(R?;S?) and a subsequence such that

m® — m  strongly in L?(R%*;R?), (6.23)
Vm® — Vm  weakly in L?(Q; R**3). (6.24)
|m§| — 1 strongly in LP(9Q) for any p > 1, (6.25)
m9 — 0 strongly in LP(9;R?) for any p > 1, (6.26)

Hence, upon a further subsequence, we have |mj| — 1 a.e. in 9§2. In fact, since the trace of the limit
belongs to VMO(9) and takes only values £1, it is in fact constant a.e. on 99 [14,15].

In what follows, without loss of generality, we assume that m§ — 1 strongly in LP(9%2), p > 1, i.e.,
that the limit configuration m satisfies the boundary condition m = e3 a.e. on 9f).

(ii) (T'-liminf inequality) We consider the energy functional

14 174 174 V ~

and will prove a lim inf inequality for this functional. Let m® € H.(R?;S?) satisfy m® — m strongly
in L?(R%*R®) as e — 0. We may assume that liminf._, (G- (m®) + ¥D.) < +oo, otherwise the
statement is trivially true. Hence (maybe after passing to a subsequence) we may assume that

liminf G. (m¢) + 2D, = lim G.(m?) + 2D, < +o0. (6.28)
e—0 2 e—0 2

Using the compactness result and the implied convergence, by the lower semicontinuity of the norm
and the weak-strong argument we immediately obtain

ligglf ||775Vm5H%2(QE) 2 HVmH%?(Q), ili% AD.(m?) = /\/Q (mydivmy —m, - Vm)dz.
(6.29)
Therefore, the I'-liminf inequality is proved once we show that
UV ~

2V(775mﬁ)) > gvgm (my) — %f}m (m,) + vVsaxq (m,) . (6.30)

For that, we consider separately the convergence of the terms due to the in-plane and the out-of-plane
components.

lim inf (%Dg + %V(ngmi_)

e—0

THE IN-PLANE MAGNETOSTATIC CONTRIBUTION. As a direct consequence of Proposition 1, Lemma 7,
and the convergence in (6.24), (6.26), we obtain

14

FVem) —vinel [ (m%-n)?dH'(0)

14
5 Vaxa (m.). (6.31)
o0

[\

THE OUT-OF-PLANE MAGNETOSTATIC CONTRIBUTION. As a direct consequence of Proposition 2,
Lemma 7, and the convergence in (6.24), (6.9), we obtain

e—0

(f}(ngmj)_ps)wune\/ (1—|me?)dH (o) — g\}QXQ(mH)—Vf)aQXQ(m”). (6.32)
oQ

N R
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PROOF OF (6.30). Combining (6.31) and (6.32) we get

UV ~

1% 1% 1%
Do+ DV(eml) - SV@emd) > SVnemd) —vlle] [ (mi-n)PdHt (o)

2 2 2 o0
5 Vnnt) = D) =vlel [ (1= ) ! o)
=0 ngsz(mL) - gvﬂxn(mu) + vV saxa(m). (6.33)
Therefore, using the definition of the vector field b(z) (see (2.20)) we obtain
lim inf (gg (m?) + %Da) > Go (m). (6.34)

(iii) (D-limsup inequality) We proceed as in the proof of Theorem 2. Let m € Hy(Q2;S?) be such
that Go (m) < 400 and, without loss of generality, m = ez on 9. We take £ > 0 and extend m to
m € H'(Q,S?) by setting m = e3 in Q:\Q. For every ¢ < £ we now define m® = m in Q. and
m? = 0 outside Q.. It is clear that m® € H.(R?;S?) and satisfies m® — m strongly in L?(R?;R3)
as € — 0. Moreover, due to the fact that m® = m in H' (Q;S?), we have m® = e3 on d9. Noting
that in this case the inequality in (6.33) is actually an equality, and using the fact that

/ n? [Vme|* dz = / n? |Vm|® dz + / |Vm|*dz = / |Vm|® dz, (6.35)
Qe oF Q Q
we obtain
lim sup (gs (m®) + 5D5> =Go(m). (6.36)
e—0 2
This completes the proof. O

Remark 1. An examination of the proof of Theorem 4 shows that

Inel /{m (m® -n)?dH (o) =0,  |ng| /{m (1— [me ) dH (o) — 0, (6.37)
as € — 0 for any sequence of minimizers m¢ of G..
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