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Abstract. Pattern formation in biological membranes is often explained by a coupling of the local
curvature of the thin elastic membrane to its local composition. This ansatz introduces nonlocal
terms to Canham-Helfrich type models for membranes. This paper complements a study in [22].
The main result is the derivation of a I'-limit in a parameter regime in which complex pattern
formation is not expected. We consider the full nonlocal model as well as a local approximation
and prove that the I'-limit in both cases is of perimeter-type. A main step in the proof is a general
strategy to include Neumann boundary conditions in the construction of a recovery sequence.
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1. Introduction

This paper complements studies in [22, 13], in which a T-limit of nonlocal second order energy
functionals has been studied. The latter arise from a model that has been introduced in the physics
literature to describe phase separation of a diblock copolymer in a membrane allowing out of plane
(bending) distortions (see [33, 45, 35, 43]). The model builds on the classical continuum theory for
membranes (see, e.g., [9, 30]), and incorporates the ansatz to link the local composition to the local
curvature of the membrane (see e.g. [43] for details). This modelling approach has been identified as
possible explanation for the formation of microdomains such as lipid rafts in biological membranes
(see e.g. [3, 40]) although there are still debates in the literature on the origins and structures of
these patterns (see e.g. [20, 36, 44, 36]). For completeness, we recall briefly the derivation from [22].
Precisely, the starting point is the functional

£l6,h] = /D (f(¢>) + VO + Sol VAP + LalAR? + A¢>Ah> ar,

in terms of the height profile h : D — R of a membrane and the order parameter ¢ : D — R
modelling the local composition. The function f is a non-negative multi-well potential whose minima
represent the pure components. In this note, we shall restrict to the case of two components, i.e.,
double-well potentials f. The parameters b, 0 and x stand for the line tension between regions of
different composition, the surface tension, and the bending rigidity, respectively. We assume that the
membrane is almost flat so that its curvature is well approximated in terms of the Laplacian Ah. The
parameter A > 0 introduces a coupling between the local curvature and the membrane and the local
composition, and renders the problem nonlocal. This modelling ansatz is motivated by experimental
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findings (see e.g. [3, 40]). After optimizing in h and setting

[ K bo 2K . 12k
g = LT0'7 q—]._p, W(U) —F (U), ‘FE .—8A2g,

one ends up with the functional F* : L2(2) — R U {+o0c}, given by

Flu] = 1/, (W(u) —u?+ (11— ) Vul +u (1 - 62A)_1 u) dr, if u € Wh2(Q);
: +00, if u e L2(Q)\ Wh2(Q).

(1.1)

Throughout the text, we will restrict to the case that Q C R? is an open bounded set with C*-

boundary, W is a double-well potential with minima at {£1} (see Assumptions 1.1 and 1.2 below

for the precise assumptions), and the term (1 — ¢2A) is a differential operator subject to Neumann

boundary conditions, see Section 2 for a detailed discussion. We shall mainly focus on the analysis

of (1.1) but also consider a local approximation. Precisely, doing a long-wavelength approximation as

presented in [22, Appendix] the functional further simplifies to

FZaplu] = /Q %W(u) — eq|Vul* + £3(Au)?da. (1.2)
Note that 7, is in fact a local functional. The functionals (1.1) and (1.2) involve the parameters ¢
and q. We will deal with the case ¢ — 0. For fixed line tension and composition-curvature coupling,
the parameter ¢ varies with the surface tension. It turns out that the biologically relevant values
for ¢ fall into the interval (—1.1,1) (see [22], based on the data from [34]). The case ¢ > 0 and
€ — 0 has been treated in [22], and I'-convergence to a perimeter functional has been proven, which
corresponds to results for the local approximation (1.2) derived independently in [10] and [11]. The
asymptotic analysis presented in the latter two references has been generalized to a large class of
singularly perturbed second order functionals (see [2]). Qualitative properties of local minimizers of
(1.2) have been studied extensively to explain the formation of periodic layered structures (see e.g.
[4, 12, 37, 41]).

Nonlocal functionals similar to (1.1) have gained large attention in the numerical and analytical
literature in the last years (see e.g. [28]). Related models for (almost) spherical membranes have been
studied e.g. in [16, 17, 18, 19], for flat domains see [15] and the references therein. A sharp interface
variant of (1.1) has recently been analyzed in a similar paramteter regime via autocorrelation functions
(see [13]; we refer to [13, Section 2] for a comparison between the two models).

In this paper, we focus on the case ¢ < 0. We note that a main advantage of the case ¢ < 0
is that the functionals (1.1) and (1.2) are non-negative. For the local functional (1.2), a special case
with ¢ < 0 with a double-well potential related to the Fisher-Kolmogorov equation has been treated
in [31], see also [8] for a related result. The case ¢ = 0 and the Laplacian replaced by the full Hessian
has been studied in [24].

Summarizing, the purpose of this note is threefold: First, we derive the I'-limits of (1.1) and (1.2)
as e — 0. For (1.1), we show how for ¢ < 0, arguments from [22] simplify, and obtain analogous results
under slightly weaker conditions on the potential W. In particular, we present a detailed proof of the
limsup inequality, i.e., the construction of recovery sequences which also fixes a gap in the argument
from [22] in the case ¢ € (0, g ), see Remark 3.4 and the beginning of Section 3.3. The main difficulty
here lies in the Neumann boundary condition for the solution operator (1 — e2A)~!1. We point out
that our construction also works for ¢ > 0 and therefore completes the proof of [22]. Second, for d = 1,
we consider a much larger class of potentials, and prove refined results in the spirit of [10]. Finally,
for the local functional, we consider the case ¢ = 0 with and without Neumann boundary conditions,
relying on the construction for the nonlocal case. We outline the main results in more detail below.
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1.1. Main results
In the following, we will discuss our main results for the nonlocal and the local functional separately.

1.2. The nonlocal functional (1.1)
We need to introduce some notation. We start with the assumptions on the double-well potential.
Assumption 1.1. For general d > 1, we assume that W satisfies the following conditions:
(H1) W € C?*(R), W(s) = 0 if and only if s € {£1}, and W"(£1) > 0.
(H2) There exist A1, Ay > 0 and R > 1 such that
Ai|s|? < W(s) < Ag|s|? for all s € R with |s| > R.
We shall see that for d = 1, the assumptions on W can be relaxed. Precisely, we introduce the
following.
Assumption 1.2. For d =1, we assume that W satisfies the following conditions:
(H1’) W : R — [0,00) is locally Lipschitz continuous, W(s) = 0 if and only if s € {£1}.
(H2’) There exist L >0 and R > 0 such that
W(s) > L|s| for all s € R with |s| > R.
Note that any function W satisfying Assumption 1.1 also satisfies Assumption 1.2. As in [22]
we use the following notation to describe the limiting problem. Given a unit vector v € S, let

{v1, -+ ,v4_1,v} form an orthonormal basis of R? and define
Q,=Q,0,1)={zeR: |z-v|<1/2, |z-v|<1/2, i=1,...,d—1}, (1.3)
A, ={ve W22(R?) : v = —1 in a neighborhood of z - v = —1/2,
v =11in a neighborhood of z - v =1/2, v(z) =v(z+v;) forallz e R i=1,...,d -1},
(1.4)
and
1
mg := inf {/ (EW(u) —eq|Vul* + £3(Av)? + 55|VAv|2) dr:0<e<1,—*Av+v=uve .A,,}

1
= inf {Td_l/ (W (@) — ¢|Va|* + (AD)? + |[VAD®) de: 1 < T, —Ab + 9 = 4,5(T") € Ay} :
T'Qu
where the second line follows by a change of variables with o(-) = v(e-), 4(-) = u(e-), and T := 1/e.
Further, by changing coordinates one can see that m, does not depend on v, and we define @ := Qe,,
A:= A.,, where {e1,...,eq} denotes the standard basis of RY.
Our main result is the T'-convergence of the sequence of functionals defined in (1.1) as e — 0% to

vt 1 JmaPer({u=1}), if u e BV(Q;{%1}),
Pl = {+oo, if u e L2(Q)\ BV(Q; {£1}). (1.5)

Precisely, we show the following theorem. Recall that we always assume that Q C R? is a bounded
domain with a C*-boundary.

Theorem 1.3. If d = 1 suppose that Assumption 1.2 holds; if d > 1, then suppose that Assumption 1.1
holds. Let (€n)neny C RY, &, — 0. Then
1. Liminf Inequality: For every sequence (up)nen C W12(Q) with u, — u in L*(Q) (L'(Q) if
a-1),
lim inf F7 [u,] > F*[u]. (1.6)

n—oo  °©
2. Limsup Inequality: For every u € L?(Q) there exists a sequence (up)nen C WH2(Q) such that
wuy — u in L2(Q) (LY(Q) ifd=1) and
limsup F7 [u,] < F*[u]. (1.7)

n—oo
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3. Compactness: If (up)nen C WH2(Q) is such that
sup F7 [un] = M < oo, (1.8)

then there exists a subsequence (Un, )ken Of (Un)neny and u € BV (Q;{£1}) such that

Up, —u, and v, —u in L*(Q) (resp. L*(Q) if d = 1),
d

where (1 — €2, A)vy, = un, inQ and g;’l’“ =0 on 09.

Remark 1.4. The assumption on Q to be a C*-domain is only needed in the construction of a recovery
sequence, i.e., in the proof of the limsup-inquality. For compactness and the liminf-inequality, a
piecewise C?-boundary is sufficient.

We note that in spite of the non-locality of the functionals (1.1), the I'-limit functional turns out
to be of the same structure as the one obtained for the local approximation (see [10, 11]), and also
similar as for small but positive ¢ > 0 (see [22]). By the general theory of I'-convergence (see e.g. [5, 14])
Theorem 1.3 implies that sequences of (almost) minimizers of F* converge in the strong L?- (resp.
L'-)topology to minimizers of F*. Note that the limit functional F* is minimized by phase functions
that minimize the area of interfaces, and therefore, the formation of microdomains is not expected in
the parameter regime under consideration. We point out that the construction of a recovery sequence

we present here in detail, also directly generalizes to the case ¢ > 0.

1.2.1. Local functional (1.2). We also deal with several variants of the local functional (1.2). Precisely,
we consider F7 .+ L1(Q) — R U {+00}, given by

g,ap

*
]:E,ap

W (u) 3 2 ;
] = {fQ 2+ S|Auf de,  if we X, (L9)

400, otherwise.

The most natural choice for the set of admissible functions is X = {u € L?(Q) : Au € L?*(Q2)}, but
we can also deal with the case of additional Neumann boundary conditions. Since for every function
u € L?(Q) with Au € L?*(Q) and Neumann boundary conditions, we have u € W22(Q2) (see e.g. [22,
Proposition 2.10]), this results in the choice X = {u € W22(Q) : d,u = 0 on 9 }. Precisely, we have
the following results.

Theorem 1.5. Let 2 C RY be an open, bounded, Lipschitz domain and let W : R — [0, +o0) be
continuous such that there exist R > 0 and A1 > 0 such that

(Iil) W (u) =0 if and only if u € {£1};

(H2) W(u) > M\u? whenever |u| > R.

Let {F} ., }e>0 be as defined in (1.9) with

X ={uecl?9): Auc L*(Q)}. (1.10)

,ap

Then the following holds

(i) The I'—limit of {}";ap} as € — 0 with respect to the strong topology on L?(Q) is given by

e>0
] = {mPer({u =1} fue BV {+1})
400 otherwise,

with
m:min{/W(f)+|f”|2dt:fEleo’f(R), lim f(t) =+1, lim f(t):—l}.
R t—+o0 t——o00

(i) Compactness: Let {uc}eso € X be such that liminf, o+ F7, [uc] < +oo. Then there exists a
subsequence (ue, Jnen C {Ucteso and a function uw € BV (Q;{£1}) such that u., — u in L?(Q)
asmn — oo.
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We note that the I'-limiting functional involves a one-dimensional optimal profile problem, and
agrees with the one derived in [24]. There, functionals of the form (1.9) are considered, with the
Laplacian replaced by the full Hessian.

1.2.2. Qutline. The remainder of the paper is organized as follows. We briefly set the notation in
Section 2. The I'-limit in arbitrary space dimension for the nonlocal functional (1.1) is proven in
Section 3, and subsequently, in Section 4, the I'-limit in the case d = 1 is derived under weaker
assumptions. In Section 4.1, the associated optimal profile problem is discussed. Finally, in Section 5
we deal with the local functionals (1.2). This section relies on one of the authors’ Master’s thesis [42],
where also some more details can be found.

2. Notation and preliminary results

Throughout the text, C' stands for a generic constant that may change from expression to expression.
For a measurable set £ C R, we denote by £4(E) or |E| its d-dimensional Lebesgue measure, by
HA=1(E) its (d — 1) - dimensional Hausdorff measure, and by 9*E its essential boundary. Except for
section 5, we always assume that  C R? is a bounded open set with C*-boundary.

Given ¥ € C°(RY), with supp(¥) € B(0,1) and [, ¥(x)dx = 1, we define for ¢ > 0 the standard
mollifier

U.(z) = 6%\1/ (g) (2.1)

If ¢ € LL (R?) then o, := ¢ x U, € C°(R9). If additionally ¢ € L>®(R9), then ¢. — ¢ in LI (R%)

loc loc
for every p € [1,00),
I@elloe@®) < l@llpe@ay,  V@ellLo®) < Ce™, [V20ellLe®) < Ce™ and  [|[V3p.|lpow) < Ce?,
(2.2)
where the constants C' depend on ¢ but not on €. We will use the following special cases of the
Gagliardo-Nirenberg interpolation inequalities from [26, 39]. For every open, bounded connected
domain E C RY, there are constants C;, Co > 0 such that for every u: £ — R,

1/2 1/2 Cy o
IVullzae) < CLIVulls g lul 22 + Callullae) < S IVullLas) + (2 - 02) lull 22y, (2.3)
and
1/2 1/2
IVull Lasa(my < CLIV2ull oy Il 147y + Colull 2 - (2.4)

In several places throughout the text we will need to make use of equiintegrability of an energy
bounded sequence. Therefore we separate this implication in the lemma below.

Lemma 2.1. Let Q C R? open and bounded. Let W : R — [0,00) be such that there exists R > 0 and
A1 > 0 with
Mi|s|? <W(s) for all s € R with |s| > R.
Let &, — 0 and (u,) C L' () such that
Sup/ Mdm =M
n Q En

for some constant M € R. Then the family (|u,|*)nen is equiintegrable.

Proof. Fix € > 0 arbitrary and let E C ) be a measurable set. Then it holds

/|un|2dx:/ |un|2dx+/ 2
E En{|un|<R} En{|un|>R}

1
< LYE)R* + —/ W (uy,)dx
A JE0{jun >R}

< LYE)R* + /\iEnM.
1
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Since €, — 0, there exists N € N such that ¢, < 2)‘—]\146 for all n > N. Consequently, if we choose
6 := ¢/(2R?) then for all n > N and all sets with £¢(E) < § we have HunH%Q(E) < e. Now choose § < 0
small enough such that £L¢(E) < § implies HunH%Q(E) < ¢ also for the finitely many uy,...,uny_1. O

It will be convenient to rewrite the functional F. in different ways, see also [22]. Given u €
Wh2(Q), we define v € W22(Q) as the weak solution to

ov
on
where 7 denotes the unit normal to 99, and we use the abbreviatory notation v := (1 — g2 A)~1u. If
FXlu] < oo, then integration by parts and (2.5) allows to rewrite the functional as (see also [22] for
the detailed computations)

—e?Av+v=uinQ and =0 on 092, (2.5)

1
Filu] = /Q (EW(u) + (1 — q)e|Vul* — e|Vu|* — ESA’U|2) dx

1
/ (EW(’LL) — eq|Vu* + &3 (Av)? + €5VA’U|2> dx
Q

1 .
= / (EW(u) —eq|Vol? + (1 — 29)e*(Av)? + (1 — q)55|VAv|2) dx.
Q
(2.6)
Due to (2.6) we may also view F[u] as F.[v] with F. : W22(Q) — [0,00] and u = —&?Av + v, i.e.,
Foo] = {fﬂ (LW (—e2Av +v) — eq|Vv]? + (1 — 2¢)3(Av)? + (1 — )®|VAv|?) dx, if 2% =0 on 09,
O+

| (2.7)
00 otherwise.

Here and throughout the text, we shall use the convention that F.[v] = +o0 if VAv ¢ L?(Q). Note
that for ¢ < 1/2, F.[v] < oo implies that Av € W12(Q). If we consider restrictions of the integral to
smaller open domains E C €2, then we set

L (W) = w2+ (1= )2 Vul? 4+ u (1= £28) ") do, i uw e WH2(B);
+o00, if ue L2(E)\ Wh2(B),

and similarly for 77, or F..

Frlu; E] = {

2.1. Some geometric preliminaries

In order to define the recovery sequence in Section 3.3 one needs to define diffeomorphisms of the
tubular neighbourhood of the boundary of the domain. We sketch the construction here, for more
details see e.g. [7]. Let @ C R? be an open, bounded, C*-domain. Then its boundary 99 is a
C*—submanifold of R? and thus there exists a normal bundle of the boundary that we denote
N(09Q) C 00 x R? (see [7, Definition 11.1]) with the associated natural projection to the boundary

p: N(02) — 00

p:(z,v) — x.
Note that the natural projection p is a mapping of class C® (see e.g. [25, Lemma]). Let us denote
the subset of the normal bundle that contains only vectors of length less than 2§ by N.os(092) :=

{(z,v) € N(OQ) : ||v|| < 2d}. Then, by the Tubular Neighbourhood Theorem (see e.g. [7, Def. 11.3
and Theorem 11.4] and compactness of 99, there exists § > 0 such that

t: Neos(09) — Vis := {2 € R : dist(x, Q) < 26}
t:(z,v)—>xz+v
is a diffeomorphism, of class C3. Let

(017¢1)7"',(0M7¢M)
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be an atlas on 99, i.e., {O1,...,0p} is an open cover of 9Q and ¢1,..., ¢ are the corresponding
local diffeomorphisms of class C® between O; and subsets of R%~!. Using this atlas, we would like
to define a new atlas on the inner neighbourhood of the boundary. Notice that p~1(0;) C N(99)
is actually diffeomorphic to O; x R! and we may choose the diffeomorphism such that it preserves
orientation. More precisely, for every i = 1,..., M we have the diffeomorphism

pil(Oi) — Oz x R
(337 U) = (p(Qj? ’U)7 OTi($7 ’U)) .
such that or;(z,v) > 0if x +v € Q and or;(x,v) < 0 otherwise. In particular, for each i = 1,..., M

there is the diffeomorphism

O; :p_l(Oi) — 0; xR

or;(x,v)
(@) (o) 280 ).
Finally, we have an atlas on N(99) given by {p~1(0;), (¢; x id) 0 ©;}M .
Starting from this atlas, we would like to find diffeomorphisms that ”straighten out” the inner
neighbourhood of the boundary. Therefore we define the patches of the the 2§-neighbourhood of
the boundary via
U!

3

=1 (p_l(Oi) N N<25(8Q))

and diffeomorphisms on them via

pi UL p7H(00) N N (09) WX 6,(01) x (-26,20)
ori(x,v
o0 (00) o @il 2 o),

However, we are only interested in the part of the neighbourhood inside Q (previously referred to as
”inner neighbourhood”), so we define the inner patches as

U; :=U;NQ, i=1,...,.M
and corresponding diffeomorphisms (of class C?)
i Uy = ¢:(0;) x (0,20)
z+v = (di(@), [v])-

Denote the whole inner neighbourhood by

M
Vas = J Ui = {w € Q: dist(z,090) < 2}
i=1
Then {U;, p;}, is an atlas on Vas.
We close this section by showing that for every u € BV (£2;{+1}) extending the trace values of

u in normal direction into the tubular neighborhood Vas agrees with u up to a set of measure at most
0(9).

Lemma 2.2. Let Q C R? with a C*-boundary. For u € BV (Q;{£1}) define @ : Vos — R by @z —
tv(x)) = Tu(z) where x € 3Q, t € (0,25) and v(z) € S~ the outer normal to Q. Then there exists
do > 0 and C > 0 such that for all § € (0,60) and u € BV (Q;{£1}) it holds

LY ({u(x) # (x) : x € Vas}) < C|Dul(Vag).

Proof. Note that by the discussion above, we obtain that there exists o > 0 such that Vas, can be
diffeomorphically mapped to 9 x (0,2dy) via the orthogonal projection onto the boundary and the
distance to the boundary. Moreover, the corresponding derivative and its inverse are bounded. We
note that for § € (0,d¢) the same mapping maps Va5 diffeomorphically to 92 x (0, 24). Fix § € (0, o).
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<]
S

— o

P B 1ol)

(pCa.v). sy ol )« (z,v)
(2

FiGUurE 1. Local diffeomorphism on the tubular neighbourhood. The picture is
oriented in such a way that ey points to the right.

Now, let v € C(Vas). Then we estimate

26
/V lv(z) — 0(x)| dz §C/BQ/O lv(z — tv(z)) — v(x)| dt dH (z) (2.8)
26 26
— sv(x S d=1(g .
<[ [ [ uwte = s dsarans= (2.9
25
—sv(x S d=1(g .
<05 [ [ 19— svia)] dsar~! @) (2.10)
<C¢ y |Vou(z)| dz. (2.11)

Here, the constants in the first and and last inequality stem from the change of coordinates from
Vas to 092 x (0,20) and vice versa. Note that these estimates are indeed uniform in § by the uniform
bounds on the corresponding derivatives.

Next, let v € BV(2;{£1}). Then there exists a sequence v, € C>®(Vas) such that vy, — u
in L'(Vas) and [, |Vog(z)|dz — |Du|(Vas). Since the trace as a map from BV (Vas) to L'(99) is
continuous with respect to strict convergence, we obtain from (2.11)

/V lu(z) — ()| dz < C8|Du|(Vas).

Next, observe that since u € {£1}, the same follows for its trace Tu and consequently also for . In
particular, it holds 2|{u(z) # @(z) : x € Vas}| = fV% |u(z) — u(x)| de. Hence, the claim follows. O

3. Proof of Theorem 1.3 for d > 1

In this section, we will prove Theorem 1.3 in the case of general space dimension d > 1.

3.1. Compactness

To prove compactness (i.e., item 3. of Theorem 1.3) we will use an interpolation inequality from [11].
For that, we note that for any double-well potential W satisfying Assumption 1.1 there is a constant
ew > 0 such that W(s) > ew (s F1)? for all s > 0. Indeed, by Taylor’s expansion

_ WD

W) = =

(uF1)?+o((uF1)?),
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and hence there is 6 > 0 such that (using that W”(£1) > 0 by assumption), W (u) > uF1)2
forallu e (—1—6,—1+4+6)U(1—0,1+0). Then, the lower bound on W in the compact set [-R, —1 —
0)U[L+ 4, R] follows from continuity of W and the assumption that W has no zero in this set. Finally,
for |s| > R > 1, the lower bound follows from the growth condition in Assumption 1.1. Hence, we can
apply the following result to our setting.

W' (1
T

Proposition 3.1. Suppose that W : R — [0,00) is continuous and that there is a constant cy > 0
such that W (s) > cw (s ¥ 1)? for all s > 0. Then for every bounded domain Q C R?, there exists a
constant C, such that for allv € W22(2), and all k > 0 there exists £g > 0 such that for all ¢ € (0,e0)

1 w
k/ e|Vo|? do < f/ ((U) +C’k253|v2v|2> dx. (3.1)
Q 2 Ja €
Proof. This is shown in [11, Lemma 3.1, Remarks 3.2 and 3.5]. |

We now prove the compactness result for low-energy sequences, see the third item of Theorem 1.3.

Proof. Since g < 0, the form of the functional in (2.6) and the upper bound (1.8) imply that
enllAvnlfziq) < M. (3.2)
Consider first the case ¢ < 0. Then by the second line of (2.6),

1 1
]::n [un] Z / < W(un) - 5nQ|vun2) dx Z min{la 7‘1}/ (E W(un) + 5n|vun|2> d(ﬂ,
Q Q n

En

and by the compactness result for the Modica-Mortola functional (see e.g. [38, Theorem 1.]) we obtain
a subsequence (un, )keny and u € BV (Q;{%1}) such that u,, — w in L'(Q2). In addition, by the
hypotheses on W (see Assumption 1.1) and Lemma 2.1 (Ju,|?) is equiintegrable and by Vitali’s
convergence theorem, we obtain L?-convergence of (u,, )ken to u. Finally, since v,, = 2 Av,, + u,,, the
upper bound (3.2) implies that also (v, )ken converges to u in L2.

Consider now the case ¢ = 0. We first prove L2-convergence of (v, )reny and deduce convergence of
(tn, )ren. Observe that by the hypotheses on W, since

2
||UnH%2(Q) = /Q(Un _f?nAUn)2 = ||”nHL2(Q) +2€nvanH%2(Q) +5$L‘|A”n||%2(sz) > an”%mz)a

we have

Me
_|_7"

lonll72(0) < llunllZa (@) < R2LYQ) < Ch. (3-3)

1
We define the modified potential W as

W(z), if 0<|z| <R,
W(z):={ S(x), if R<|z]<R+1,
M2, if x| > R4+ 1,
where S is an interpolating polynomial such that W € C2(R). Note that S can be chosen such that

W satisfies Assumption 1.1, and additionally there is some constant Cy, > 0 such that
W < CW, and  |[W”| L= < Cw. (3.4)

In particular, we may argue as before Proposition 3.1 to find that W satisfies the assumptions of
Proposition 3.1. Then clearly, by (1.8),

1 -
/ W (—e2Av, +vy,) do < CF7 [u,] < CM,
Qén

and
1 - 1
/ —Wi(vp)de <CM — | —
Q

En Q€n

(W(—e2Avn +va) = W(wn)).
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To bound the right-hand side, we employ Taylor’s theorem, which yields

iVi/'(vn) dx
Q€n

IN

1. -
CM + + iﬁiHWHHLoo(R)||Avn||%2(n)

/ enW' (vn)Avy, dzx
Q

IA

En”WH”Loo(R)/ |V, |? de + C(M, W), (3.5)
Q

where we integrated by parts in the second term on the right-hand side and used (3.2) to bound the
third term. Thus by Proposition 3.1 applied to W with k := [|[W"|| L (r) there is €9 > 0 such that for

all e, € (0,e9)
- 1 W (v,
||W/,||LOQ(R)/€7L|VU"|2 de < f/ ((v )+K€§’LV2vn|2> dz,
Q 2 Jo €

n

where we denote the corresponding constant C(k) by K. Since wv, satisfies Neumann boundary
conditions, standard elliptic regularity estimates (see e.g. [32, 27, 29]) imply that

I¥20n 1220 < Ce (IonlEzca) + 1AvlEa ) -

To close the estimate we observe using (3.5) that this yields

1 - 1 -~
/ (W(vn)+Kg§L|v2vn|2) dxg/ (2W<vn)+2cexgg(Avn>z) do + CKE3[on |22 0.
Q Q

En En
Absorbing the term involving W from the right hand side on the left hand side and using (3.3) and
(3.2) we obtain

1 -~
/ (EW(vn) + Kemv%n?) dx < 20(M, W, K, C.).
Q n

By the compactness result from [24, Proposition 3.1] applied to (v, )nen, there exists a subsequence
(Un, )ren and u € BV (Q; {£1}) such that v,, — u in L'(Q). In addition, since W satisfies the same
growth condition as W, we have by Lemma 2.1 that (v, |?)ren is equi-integrable, and L2-convergence
of (vn,, )ken follows from Vitali’s Convergence Theorem. Since u,, = —&2Av,, + v,, the upper bound
(3.2) yields the convergence of (un, )keN-

(Il

3.2. Liminf Inequality

We now turn to the proof of the liminf inequality (1.6). For that, we closely follow the lines of the proof
presented in [31, 8] but, for the reader’s convenience, present the full proof adjusted to our setting.
Let u € BV(Q; {£1}). Assume that £, — 0", and that (u,)nen C WH2(Q) satisfies (extracting a
subsequence if needed)

liminf F, , [vp,; Q] = ILm Fe, [on; Q] = M < o0, (3.6)

n—oo

where u,, — u in L%(Q) and pointwise for £L%-a.e. z € 2, and v,, = (1 — 2A)~!u,,. Define Ey C Q by

U= X5, = XQ\Eo» (3.7)

and note that Perg(Ep) < oo since u € BV (Q; {#1}). Consider @, as defined in (1.3), and for xo € R?
and 79 > 0 set

Q. (x0,70) := {x eR?: =) € QV} . (3.8)

To

In Appendix A, we use a blow-up argument (see, e.g., [10, 23]) to show that

lim Z. [on: Q)] > / lim 7, [we Qu (0, 1)] dH"1,
o

n— 00 “Eo k—o0
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where wy, € W22(Q,(0,1)) satisfies

lwillz2(@,) < [vnellz2(@) and lwr, — wollL2(0,0,1)) =0

lim
k—o0
with

-1 ifz-v<0
= ’ 3.9
uo(z) {1 iz v>0. (39)

The lower bound (1.6) then follows from the following lower bound for F;, [w,; @, (0,1)].
Proposition 3.2. Assume that €, — 07 and that (wy,)neny C W22 (Q,(0,1)) satisfies
li_>m Fe, [wn; Qu(0,1)] = M < oo,

as well as w, — vy in L*(Q,) and for L%-a.e. x € Q,(0,1), where ug is defined in (3.9). Then
Fenwn; Qu(0,1)] = mq. (3.10)

lim
n—oo
Proof. We will show that there exists a sequence (W, )nen C A, satisfying

hnrggf ]:sn [wn; Qv(07 1)] < nlggo ]:En [wn; Qv (07 1)]

For that, we follow the lines of [22] (see also [10]), which rely on an appropriate slicing argument.
Note that the argument simplifies since in our case the functional is non-negative. Let (¥, ),en be a
sequence of mollifiers as defined in (2.1), and set ¢, := ug * ¥, . Then, by construction, ¢, € A, for
en > 0 sufficiently small. We may assume that for all n € N (recall that Q, = Q,(0,1))

Fen[wn; Qu] < C < oo,
and, consequently,
IVwallz2@.) < Cen’?, [Awallrzg,) < Cen®?,  and  [[VAw,|12¢0,) < Cep,®? (3.11)
Further, by elliptic interior regularity estimates (see [27, 32]), we have that for any 6 > 0
IV2wnll2(qs) < Cs(llAwallr2(,) + lwnllzz(q.)) < Cser®/?, (3.12)

where Q?, := (1-0)Q, and the constant Cs depends on 6. We want to define @, to be equal to ¢,, near
the boundary of @), and to be equal to w,, away from the boundary. More precisely, we fix § € (0,1/2)
and m € N such that § < ﬁ We first partition the set {x €Q,: % < dist(z,0Q,) < %} into e, ]

layers of width ie, fori=1,...,[e,"] we set

1
mlen']’

1

rans 1 —1 . 1 7
:vzanz = {x €Q,:—+ 77” < dist(z,0Q,) < p. + 1J}

m  mlen mlen
For one of these layers, QUi := QU5 we have,
||wn||2L2(Q;;7;;S) < C5n||wn||%2(Qg)a vanHQL?(ngs) < C€n\|vwn||2L2(Qg)>
IV*wnl72uane) < CenlVZwnlliz sy, llwn = @nllZz(quany < Cenllwn = enlliz(qs),
and  Fe, [wy; Qinn®] < Cey,. (3.13)

We note that, since both w,, — ug in L*(Q,) and ¢, — ug in L*(Q,), we have
We now define

wm,n(x) = NmnWn + (]- - nm,n)@na
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where 7, , € C* is such that

0 if 2 € QUi = {ac € Qy s dist(w,0Q,) < L + L=k }
Mman() =4 € (0,1) if z € Quys,
1 ifxEQi,?L,n = {zEQV:dist(x,an,)>%+ﬁ*,1J},
and
k m*
n

Then Wy, € Ay, and since Wy, n, = wy, in Q- ,, and Upy, p, = @y, In Qg;l)tn, we have

Fe, [wm,m Q] = F[wn; Qﬁ,n} +Fe, [wm,m Q:ﬁgs] + Fe, lons ?r‘zl,tn]
Fe,, [wn; Qu] + 7, [wm,m Qfﬁ?rr;b] + e, [9011? Q?#,tn] (3'16)

IN

To complete the proof, it remains to control F, [, n; Qin’] and F, [on; Qont,]. By continuity of

W, the bounds on ¢, (see (2.2)) and using that Vo, =0 on Q, \ {|z - v| < e,}, we obtain

1
Fen[on; 35,51} = /Qout (EW(_EiA@n +on) — gn(J‘V(_SiA‘Pn + ‘Pn)|2 + Ei(A‘Pn)Q + 5?1|VA%0TL|2) dx
o C
< gcd(Q;;{; N{z e Qnt, |z v <en}) < - (3.17)

with a constant C' independent of m. The contribution of Q};*:* can be bounded using the product
rule, (3.11), (2.2), (3.15), (3.13), and (3.14). Then

&/ 2|V nll 2 (queaney < Cep/? (IIVnm,nIILoo@;ﬁ?:s) lwn = @nll L2 (Quansy +

Vuwy, || L2(Qtrans) +

m,mn

+ ”nm,n ||L°°(Qtrans)

m,n

1/2)

Qs N {r e Quins :|x - v <en}

m,n

+ 1+ nm,nHLoo(Qm;s) |V<Pn||Lw(Q;g§;;s)

2 (M e, 1/2 1 &
< oel? (Zellhun - vl + e IVunlinn + -

— 0, asn — o0, (3.18)

and similarly recalling also (3.12), with a constant C,, depending on m,

e 21V D 22 @ugane) < 082/2(||V2nm,7l\|L°°<Q:,2?;:S) wn = @nll2(Qyens) +
1Vl ey (IVwn sy + 1V0nl 2 @uene) ) + 192 0allz2 @) + 1V%0ullz2 @ )

< Con(llwn = eallzzag) + el Vealliaag +¥/2) = 0, as n = oo, (3.19)
and

312V Aty | L2 (Quransy — 0 as n — oo (3.20)

m,n

To bound the integral involving the potential W we proceed similarly as in the proof of compactness,
and consider separately the regions in which |75%Aﬁ)m7n + ﬁ)m7n| < R and |75%A’J)m7n + ﬁ’mm{ > R,
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respectively. Then by the growth condition on W and (3.19) we obtain

1 su Wi(s o A
7/ W (=22 A + ) do| < IRV i onansy i/ (=22 Aty + i ) da
En JQumne En ’ n JQumne
C _ 2\
< —+ 2/\2/ 5731(Awm,n)2 dx + -2 (nm,n(wn - @n) + Qan)Q dx
m Qurene En JQuans
c 3 ~ 2 4>\2 d(trans 2 c
< m T 2X2 /Q%azs n (At n)” do + Zﬁ (@) +4X2flwn — nlli2gs) < m (3.21)
with a constant C' independent of m. Inserting (3.17)-(3.21) into (3.16), we find
C
liminf F, | [Wpn; Qv] < liminf F, [w,; Q] + —,
n—oo n—oo m
and the assertion follows by taking a diagonal sequence. O

3.3. Limsup Inequality

We finally show the limsup inequality, i.e., the second item of Theorem 1.3. The proof follows the
general lines of the respective proof for the case ¢ > 0 in [22, Section 5]), which in turn is based on
[10]. However, in the proof presented in [22, Section 5|, there is a gap in the argument in Step 2.
Precisely, if one sets V,, = 0 in a neighborhood of 0, this induces additional surface energy on the
boundary that is not reflected in the limit energy. Therefore, we present here a different construction
in detail. The main difference will be in a region close to €2 where the construction presented here will
guarantee the Neumann boundary conditions by extending the (mollified) trace values of the limiting
v constantly in normal direction. This will then be glued to the construction from [22] inside Q which
recovers the interfaces that are not too close to 9f2. As a main tool to estimate corresponding error
terms Lemma 2.2 is invoked. Although we consider the case ¢ < 0, a careful inspection of the proof
shows that the analogous construction works for ¢ € (0, g.).

We first note that it suffices to construct a recovery sequence for F. instead of F}. Precisely, we will
prove the following result.

Proposition 3.3. Let &, — 0 and let F. : W22(Q) — [0,00] be as in (2.7). Then for every v € L*(£2)
there exists a recovery sequence (vy)nen C W22(Q), i.e. a sequence that satisfies v, — v strongly in
L?(Q) and

limsup F,, [v,] < F*[v].

n—oo

We first show that Proposition 3.3 implies the limsup-inequality from Theorem 1.3. Indeed, suppose
that Proposition 3.3 holds, and let u € L*(Q) and &,, — 0. If u € L?(Q) \ BV (Q;{£1}), then

F*[u] = oo and there is nothing to prove. If u € BV (Q; {£1}), let (vy,)nen € W232(Q) be the sequence
from Proposition 3.3 for v := u. Since we may assume that F. [v,] < oo, we have Av, € WH%(Q)
and 85’—5 = 0 on 9. We define the sequence (uy,)nen C WH2(Q) as

Uy 1= feiAvn + vp,.
Then F7 [u,] = F¢, [vs], which by Proposition 3.3 yields
limsup F7 [u,] < F*[u].

n—roo

Further, since up to a subsequence
sup F7 un] < 400,
n

we obtain by the compactness result in Theorem 1.3 (item 3), that (u,)nen and (v, )nen converge to
the same limit in L?(Q), i.e. u, — u in L?(Q). Thus, (u,)nen is indeed a recovery sequence for u.
It remains to prove Proposition 3.3. The proof is divided into several steps depending on the shape
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of the set E := {z € Q : v(z) = —1}. The structure follows the proof of [22], the main novelty being
Step 1. For the ease of notation we introduce the set
v

={veWw??(Q): 57 = 0on 02 and Av e Wh2(Q)}. (3.22)

Proof. (of Proposition 3.3) Suppose that v € BV (€Q; {£1}), otherwise there is nothing to prove.
Step 1. Let us first assume that the function v € BV (Q; {£1}) has a flat jump set, i.e., it is of the form

(possibly after a change of coordinates)
-1, x4<0,
v(z) =
+1, x4 > 0.

Let &, — 0. Using the preliminary discussion and notation from the Section 2.1, let Vi, be the
sequence of inner tubular neighbourhoods of 9Q and let {(U;,;)}M, be an atlas on Va.,.We
get atlases on Va. by respective restrictions. There exists a partition of unity of the full tubular
neighbourhood &} : V5. —[0,1], i =1,..., M such that

=0 onVy \U
M
Zg?(x) =1, forall z € VQ/E,,L’ and

||Vk§?|\Loo(v2'5n) <, k=0,1,2,3.

Since v € BV (%; {#1}), there exists the trace Tv € L'(9; {£1}). Denote by O; := ©;(0;) C
R9=1 (where {O1,...,0p} form a corresponding covering of 99 as in the Section 2.1). Now for
each i = 1,..., M consider the mappings

Tvo(p:)”" € L'(0y).
Let (1., ), ey be the standard mollifiers on R?~1. Define
=(Tvo(p) ) *be,, i=1,...,M.
Then g, € C*°(0;) and

IV gnll L 6, < k=0,1,2,3.

:?r‘Q

Notice that we define g/, on the Euclidean space, so this is just the Euclidean gradient. Now let
Jn, N € N be smoothed boundary values, i.e.,

gn : 00 — R, gn Zfz gn QO’L )) .

Note that g, € C3(99), if £*|o,€ C3(0;),i = 1,..., M. However, £'|o,= £ o inc; where
inc; € C3(0;;U;) is an inclusion. Finally, we define

ZTL:‘/2En_>R7 Zn ::gnOPm

where by P, we denote the normal projection from the tubular neighbourhood to the boundary.
More precmely, using notation from the Section 2.1 we have

P,=pot .U, - 0O, T+v— .

Note that the normal projection P, and, consequently, the mappings z, are of class C? if () is a
C* domain. This follows from the regularity of the projection p and the mapping ¢ which were
discussed in Section 2.1. We define the auxiliary sequence (wy,)neny € W22(Q2) using an almost
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FI1GURE 2. Sketch of the construction in Step 1: Close to the boundary the regularized
boundary values are extended in normal direction into the domain (dark green area),
the jump set is covered by cubes in which the (almost) optimal profile is used (purple
squares). Eventually, the constructions are interpolated in the light green region.

optimal profile, similarly as in [22, Section 6, Step 1]. Precisely, for p > 0 there exist g and
w € A, such that

1
/ (E—W(w — e Aw) — qeo|Vw|? + (1 — 2¢)ed|Aw]?* + (1 — q)68|VAw|2)dw <mg+ p.
Q \€o

Using this almost-optimal profile we define the sequence (wy,)neny C W22(2) with (Awy,)nen C
W12(Q) via

-1 if xg < —2%“3,
wn(x) == qw(2r) if [z4] < 52, (3.23)
+1 if xg > 25—;;

Now we choose a family of cut-off functions (pn)nen € C5°(£2) such that
pn=1 in Q\ Vo,

Un =0 in V, , and (3.24)

C
||Vk,un||L°°(Q) S Kk k= 07 172737
ETL
and construct (v, )nen via

L (1 - Hn)zn + Wy, ifx € ‘/267”
vp () = )
Wy, if x € Q\ Vo, .
We claim that (vy,)nen is a recovery sequence for v. First, note that by construction we have
(vn)nen C Y. Indeed, it holds v, € W22(Q), Av,, € W12(Q), and for each n € N, v, satisfies
Neumann boundary conditions since z,, satisfies them as well. Next, we show that v,, — v strongly
in L?(9). Indeed,
[vn = vlz2@) < llvn = vllz2(ve.,) + llvn = vllL2@\vae, )
= ||(1 - ﬂn)(zn - v) + pn (Wn, — v)||L2(V25n) + ”wn - U||L2(Q\st") (3.25)
<llzn = vllL2v.,) + Cllwn —vlL2,),
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the first term in the previous expression satisfies

1/2
20 = vllz2(va,,) < 20 = vllzoe (i, ) (£7(Vae,)) ™ =0, asn — oo,

and for the second term it holds

n—oo
0

y Hlvlle(qeen: jea<sny) —

|wn = vllL2(0) < ||wn||L2({m€Q: |zq|< s

En
2¢q

exactly as in [22, Section 6, Step 1] (see also (3.26) below for a similar argument). It remains to
show that

limsup 7, [v,] < (mg + p)Perg ({v = —1}).

n—oo

We use the estimate

lim sup F;, [v,] < limsup Fe, [n; Q\ Vae, |+ limsup F, [vn; Ve, ]+ limsup Fe | [vn; Vae, \ V2, ],

n—oo n—oo n— oo n—oo

I, Iz I3

and consider the contributions to the energy in the different domains separately. Let us start
with I;. We define for k € Z< the cube of sidelength € as Q(ke, ¢) := ek +(—¢/2,/2)?. Moreover,
for fixed n € N denote the relevant region for the energy as

P, :={x € Q\ Vae, :v,(z) ¢ {£1}}.

Then it holds with € := ¢, /eq

I = limsup F., [vn; Q\ Vae, ]

n— oo
1 .
< lim sup/ (—W(wn — 2 Awy,) — enq|Vwn|? + (1 —2¢)e3 (Aw,)? + (1 — q)sfl|VAwn|2> dx
n—o00 P, En
1
< lim sup Z / (—W(wn — 2 Awy,) — enq|Vwn|* + (1 — 2¢)e (Aw,)* + (1 — q)e;r’L|VAwn|2) dx
n—oo a0 JQke )Py En
1
<HYOEN Q)/ (8W(w — e Aw) — eoq|Vw|? + (1 — 2¢)ed(Aw)? + (1 — q)ag|VAw|2> dx
Q \€o

< (ma+ p)HHOEN Q) = (mg + p)Perg({v = —1}).
(3.26)

We now turn to I, and set

R, :={zx eV, :v,(x) ¢ {£1}}.
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Notice that by Lemma 2.2 £L4(R,) < Ce,(|Du|(V.,) + €,), and v, — €2 Av,, = v, € {£1} in
V.. \ R,. Therefore, since v,, = z, in V. _,

1
L= limsup/ (W(zn —e2Az,) + 3 (1 - 29)|Az|? — £nq| V> + (1 — q)€2|VAzn|2> dx
V.

n—00 a En
n

1
— limsup / (W (oo P~ 28000 R) — 0 [Viga o PP +
R, n

n—oo

+25(1=20) |A(ga 0 P + (1= 0)5 [VA(gn 0 P, ) de

< Climsup(|Dul(Vz, ) + £0) — glimsup / £nlV(gn © P,)Pde + lim sup / £3(1 - 29)|A(gn o P,) *da
R,

n— oo n—oo n n— oo

Jl J2

+ limsup/ (1 —q)e2|VA(gn o P,)|*dx
R,

n—oo

J3
=N+ o+ s
(3.27)

Let us consider J; carefully.

= |q|limsup &, / V(gn o P,)|da

M .
v (Z (gl 0 pi) o Pu>

n

2
dzx

= |q| lim sup an/
n—oo

< C¢|lim sup Zen/ ’V Mgl o ;i oP)‘ dx

n—oo

Ry

<C|q|hmsup SHZ/ (&7 o P)(gp, 0 pio P,)) XU,;|2d~T

<C|Q|hmsup EnZ/ V(o P)) - (gn 0(pioPy)|2—‘r|(£;LOPV)V(giLO(pioPV)‘2d$
R,NU;

Note at this point that it holds
Py(z) = (pi) " (P* (¢i(2))), Vz eV,
where by P¢ we denote the projection in Euclidean space
PR — {24 =0}
Pe:(z1,...,2q) = (1,...,24-1,0).

This also implies that P, € C3(V,;0). Therefore we have

M
Ji < Clg| limsup EnZ/ (V& o (pi) T o Pow) - (g0 P o)) |+ (3.28)
n — e 7 e 2
+](€8 0 (1) 0 PC o p))Vi(gh o PC o)) da (3.29)

< Clg|limsup &, Z/ C’ +C ’V(gfl o P¢o %)‘2) dx. (3.30)
n—o00 R,.NU;
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It remains to consider the last term. Here the derivatives are taken with respect to the standard
basis (e1,...,eq). Let us instead consider another basis - fix x € 99, let v = v(z) be the inward

pointing unit normal to 9Q at x and (aq,...,aq—1,v) the new local basis, where

a;j(x) == Dy, ) (¢i) " (e5), j=1,...,d—1.

(3.31)

Here and in the sequel we use the notation D, f(v) to denote the derivative of a function f at a

point = applied to v. Now for every j =1,...,d — 1 it holds
Oa; (gn © P° 0 ¢3)(z) = Da(g;, © P* 0 pi)(a;)
= Da(gp © P 0 0:) (D, () (i
= Dy, (2)(gn © PC o pio ()7 1)(e))
= Di.() (97, © P°)(e))
(e, (gn © P*))(wi())

d—1
= 0,9, (P°(pi(2))) - Oe, P (i(x))
k=1

= (O, 9) (P*(¢i(2)))
and 8, (g¢, o P¢ o ;)(z) = 0. Thus we have

N
|
—
—
[
<
N
=

/ V(g 0 P o y)2da < C IV t0r e (g 0 P 0 1) P
BnOU; RnNU;

d—1
, C
< C/ Z |0e, g1 (P2 (s())) [Pd < gcd(Rn NU;).
R,NU.

=1 n
Inserting this bound into (3.28), we obtain
- C
Ji < Clgllimsup Y e, LR, N T) <C + 2) — 0, as n — oo.
Using similar ideas, we get that J, = 0 and J3 = 0, and conclude (see (3.27))
I, =0.
Finally, let us consider Is.

M, = {x € Vae \ Vo, :vp(z) ¢ {£1}}

(3.32)

(3.33)

and note that by Lemma 2.2 it holds £4(M,) < Ce,(|Dv|(Vae,) + €n). Moreover, note that

Vv, = Av, = VAwv, = 0 almost everywhere outside M,,. Then we have

1
= limsup/ . —W (v, —e2Av,) + €3 (1 — 29)|Av,|* — £,q|Vvn|? + €2 (1 — q)|VAv, |*d
V2€n Vsn

n—oo ETL

n—oo

1
= limsup/ —W (v, — 2 Av,) + €3 (1 = 29)|Av,|* — qen|Vun|? + (1 — )l |V Av, |2 dx
My,

1
< limsup/ —W (v, — €2 Avy,) —|—limsup/ —enq|V((1 = ps)2n + pswy,)|*de
M, My,

n—00 En n—00

Aw

+ limsup/ e3(1 —29)|A((1 — ps)2n + pswy)|*da+
My,

n—oo

+ Hmsup/ 51— q)|VA((1 — ps)zn + pswy)|*d.
My,

n— oo
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Let us only consider the first term in detail. Using the bounds for u,, and z, we estimate similarly

to (3.26)
. 1 2
A, = limsup —W (v, — e Avy, )dx

n—oo JM, €n
: 1 2 1 2

= lim sup — W (v, — &2 Avy )dz + —W (v, — &2 Avy, )dx
n—00 J M,N{|v,—e2 Av,|<R} En M, {|v,—e2 Av,|>R} €n

C 1

< limsup — L% (M,,) + —/ Ao (v, — €2 Avy, )2 dx

n—oo En En

n

n—oo

1
< Climsup/ <|Un2 + 5;9’1|Avn|2) dx
M, \&n

1
< Climsup/ E—|wn\2 + Ef’l (|Awn|2 + |Vun|2\an|2 + |D2un|2|wn|2) dx
My,

n— oo n

1
+ Climsup/ = |zn|2 "‘52 (|Azn|2 + |V,un\2|Vzn|2 + \Dz,un|2|zn|2) dx
M,

n— oo n

1 1
< Climsup/ E—|wn\2+52|Awn|2+6n|an|2+8—|wn|2dx
M, n

n— oo n n

1
+Climsup/ —dx
M,

n— oo E’Vl

1
< Climsup/ E—|wn\2 + &3 |Aw,|? + e |Vw, |*de + limsup C(|Dv|(Vae, ) + €n)
M, n—o00

n—oo n n
1 £ 2 gt € ez 5 2
< limsup C — |w <Ox) + =2 ‘(Aw) <Ox> + =2 ‘(Vw) (Oa:> dx
n—oo M, €n En En En En En

: 1
< lim sup CIDU\(V%H)/ alﬂf(y)l2 +ep|Aw(y)? + e Vw(y)*dy
Q

n—roo

=0.
We use similar computations as for J; to bound the other three terms, which yields
I3 =0.

This finally gives
limsup F,, [vn] < (mg + p)Perq({v = —1}).

n—oo

The result follows by letting p — 0 and taking a diagonal sequence.
Step 2. Since v € BV (2;{£1}), v can be written as v = —xg + xo\g With E the set of finite perimeter

in Q. In this step, we assume that E has the form F = QN P for some polygonal set P. By a
polygonal set we mean that there is L € N such that 9P = HyU... H, UF where H; are pairwise
disjoint convex and relatively open polyhedra of dimension d—1, H; C {z € R? : (z—x;)-7; = 0}
for some x; € R? and n; € S ', i =1,...,L, and F is the finite union of convex polyhedra of
dimension d — 2. The following construction is illustrated in Figure 3.3. For 0 < § < 1 let

Us :={z € Q:dist(z,QNF) <}
For each i =1,..., L consider H, C H; with C*°-boundary such that
5 _
{ermQ:dist(x,QmF) > 5} CH cH cQnH

and such that
HnU; = 0. (3.34)
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F1cURE 3. Sketch of the construction in Step 2

Fix n € (0, g) and p > 0, and consider for ¢ = 1,..., L the n-neighbourhood of H}, i.e. let
Q; = {x—i—tﬁi cw € Hi |t < 77}.

Without loss of generality we can assume that ; are pairwise disjoint (one can choose 1 small).
Next, we introduce some auxiliary sequences for our construction. First, similarly as in (3.23), for
each ; we can construct a sequence (w!),en C W22(Q) such that wf, — v strongly in L?(Q;)
and such that

lim F., [wh; Q] < (mq+ p)H" (H; N Q).

n—-+o0o
Next, we construct the mollifying sequence. Extend v to R? such that v = —xp + Xra\p- Let
(¢n)nen € C®(RY) with ¢, := ¢., be a mollifying sequence for v. Since v € L>°(§), we have
the bounds from (2.2). For fixed 0 < § < 1 consider a cut-off function 7; € C>*(R%; [0, 1]) such
that
ns = 0 in Uy,

ns = 1 in RY\ Uys, and (3.35)

C
IV 75| Lo (ray < 5o k=01,23.

Finally, we define a sequence

wn () = 4T (L) pn, € Qi =1 L
e Pns r€A:=0\(QU---UQ,).

We construct the recovery sequence (vy)neny € Y using the interpolation procedure from the
previous step and using the auxiliary sequences (wy)nen and (2, )nen. Computations similar to
the ones in the previous step and [22, Section 6, Step 2] yield that by a diagonal argument as
6 — 0 a recovery sequence can be constructed in this way.
Finally, suppose that v € BV (Q; {£1}), i.e. E is of finite perimeter. The recovery sequence is
constructed using the polyhedral approximation from [6].
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FIGURE 4. Sketch of the construction in Step 2 close to F

Notice that in particular it holds
v € SBV(Q;{x1}) and |Du|(2) =2 Per(E;Q) < oco.
Thus, by [6, Theorem 2.1 & Corollary 2.4] there exists a sequence (v;)jeny € SBV (; {£1}) such

that
e v; — v strongly in L'(2) and thus also in L*(Q),
o for F; := {v; = —1} there exists a finite number of d—1 dimensional simplexes Hy, ..., Hy C
R? such that
M
HTHOE;A | J(H NQ) ) =0,
j=1

where A denotes the symmetric difference, and
o Per(E;; Q) — Per(E; Q).
Note that the sets E; are in particular of polygonal type in the sense of Step 2. Thus, for each
j € N we can construct a sequence (vF)ren €Y such that

fu;“ — v; strongly in L*(Q) as k — oo and
lim sup F, ['uf] < mgPer(E;; Q).

k—o0

Finally, we obtain a recovery sequence for v € BV (Q;{+1}) by the standard diagonalization
procedure.

O

Remark 3.4. We note at this point that the assumption g < 0 is not necessary for the proof of the
lim sup-inequality. Following the steps from the proof above, one can construct a recovery sequence in
the case ¢ > 0 the same way as previously described. In this case, the only relevant change appears
when showing the upper bound on the energies. However, all of the terms that were bounded by Cd in
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the setting above, are still bounded by the same value (one can bound the absolute value of those terms
exactly as above). Thus, the same construction can be used to fill the gap in the construction from [22,
Section 6].

4. One dimension d = 1

We consider now the special case d = 1 and show that we obtain a I'-convergence result under the
much weaker hypotheses on the double-well potential W stated in Assumption 1.2. Without loss of
generality, we consider the normalized interval domain I := (—1,1). We make explicit use of the 1D
structure, and first prove an estimate that allows us to obtain a lower bound on the energy in terms
of the number of transition layers, following ideas from [24, Proposition 2.8 and Corollary 2.9]. We
use the notation u = —e%v” + v and consider for (a,b) C I,

b
Felv; (a,b)] := / (iW(u) —eqlu'|* + 3(0")* + 55(1)”’)2) dx. (4.1)

Proposition 4.1. Let ¢, — 07, and let (v,)neny C W32(I). Assume that there exists a partition
—l=xg<r1< <z, =1,
of I with the following property: Given n > 0, there exists N,, € N such that for n > N, and

i=1,...,v—1, there exist a;jn € (xi—1,%;), bin € (Ti, Tiz1) With aj41,n > biyn such that
lenvi(ain)l <m, lenol bin)l <, k=1,2,3,
[n(ain) + 11 <n,  Jon(bin) — 1] <n. (4.2)

Then we have

liminf F. [v,] > (v — 1)my

n—oo
Proof. Let u, = —&2v! + v. Then, since the integrand in (4.1) is non-negative, and the intervals
(@in,bin) are pa1rw1se dlSJOlIlt, we have
1
1
Folod = [ (20 = sualat P+ 2007 + 25017 do
-1
> Z/ ( W (un) — enqlul|? + &3 (v)? + 3 (v ’”)2> dx
Qjq,n
= Z]:an [Vn: (@i, bin)]- (4.3)
For i = 1,...,v — 1, we consider the restriction of v, to (a;n,b; ) and construct extensions ¥; , to

(—1,1) such that
liminf . [vn; (@in, bin)] > hmlnf]: i (—1,1)] > my.

n—oo

For the last inequality, we note that for d = 1, by a rescaling argument, we may replace the unit
interval @, = (—1/2,1/2) and the set of admissible functions for the minimization in the definition of
m1, A,, by the interval (—1,1) and functions v : (—1,1) — R such that v(-/2) € A,. Then, set

-1 ifexel-1,a;n—¢n),
@,n(x) if x € [ain — €n, ainl,

Vin(x) = vy (2) if z € (ajn,bin),
Gin(x) if z € [bin,bip + en),
1 if z € (bin + €n, 1]
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with
~ T — Qin 3
Yin(T) =1y 6 , where Un(s) = (s+ 1)°pn(s) — 1, (4.4)
with a quadratic polynomial
Pn(8) == Don + D1.nS + P2.ns” (4.5)
Then 9, (—1) = —1, ¥, (—1) = 0, ¥!/(—1) = 0, and we choose the coefficients p; ,, of p,, such that
Y (0) = vn(ain),  Up(0) = epvp(aiy), and 4y (0) = sivx(ai,n)~ (4.6)

Then ©; ,, has a twice continuously differentiable representative on [—1,b; ,,). The extension to [b; ,, 1]
can be chosen similarly. We note that the coefficients of p,, are bounded successively by

4.5 4.4 4.6 (4.2) Lo
ol 150 ) 1 (0) + 1) Y un(ain) +1] < n,  and similarly
‘pl,n| = 13po,n + P10 — 3Pon| = |/(/)’:L(O) - 3p0,n‘ = ‘5nv;(ai,n) - 3p0,n‘ < dn, and
1 1
P2l = 5145(0) = 6pos = 6prn| = §|€iv§{(a¢,n) = 6po,n — 6p1,n| < 167. (4.7)
Fixi=1,...,v — 1 and consider the energy. We have
fsn ['ﬁz,n, (*17 ]-)] = -/_'.sn [@i,n; (*13 ai,n - 577,)] + -/.'.sn [6i,n; (ai,n — En, ai,n)] + fsn [vn; (ai,na bz,n)]

+ ‘Fan ['[)i,n; (bi,na bi,n + En)] + ‘Fan ['Ei,n; (bz,n + €n, 1)}
We consider the terms on the right hand side separately. First, for x € (—1,a;, — €,), we have
Up(x) = —1 and thus 4. (r) = —&20” (x) + 0, (z) = —1. Hence, since W (—1) = 0,

]:En [@na (—1, Qi n — en)] = 0.
Next, for a;, — €, < & < @i, set
Zim = T~ %n and note that |zim| < 1.
En
We use the estimates (4.7) for the coefficients of p, to estimate
|pn(zi,n)| < |p0,n| + |p17n| + |p2,n| < 21n,

and similarly for the derivatives. Hence, we find that there exists C' > 0 independent of n and 7 such

that for all © € (a;n — €n, Gin), With @, == —s,%f;é'n + Vi,
- ~ T — Q4n 3
Ui (@) +1] = [Yin(@) + 1] = |n | —— ) + 1 = [(zin + 1)"pn(2in)| < Cn,
- ~ 1 Cn
Tin(@] = Win@) = —B(zin+ 1)2pn(zim) + (zim +1)%p1, (2i0)] < —
~1! _ i _ 1 . . . 2./ (.. . 3,.0( .. 077
Oin (@)l = [¥n(@)] = Z16(zin + Dpalzin) + 6(2in +1)"ph(2in) + (250 + 1) Pn(zi0)| <
n n
- ~ 1
U@ = W@ = 16pa(zin) +18(zin + 1)ph(2in) +9(zin + 1)2p (2in) + (zign + 1D (2i0)]
C
< =
gTL
C
U, (T = —env, () tv,(x) < an
@) = | =20 (@) + (@) < 7 and
1 - 1 N N C
W) = =W (=20 (@) + Bin(@) +1-1) < =,

where in the last estimate we used the Lipschitz continuity of W and W(—1) = 0. It follows that

Qi,n
]:En [’D’Lﬂh (a’i,n —E&n, ai,n)] - /

Qi n—En

1 - - - -
(5www—%wmﬁ+ﬁwm+iwm)ms0m
n
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and hence, since n > 0 was arbitrary,

lhnsupfinﬁhmj(aan‘*€naahn)}::Q
n—00

An analogous argument for the extension to (b; ., 1) yields

v—1 v—1
liminf 7, [v,] > Z;linlg inf P, [vn; (ain, bin)] ; liminf 7., [3;05 (—1,1)] > (v = D)my,
which concludes the proof. O

4.1. Optimal Profile Problem
We now study the minimization problem defining m;, where we follow the method in [24]. For
simplicity of notation, we denote the class of admissible functions for m; by

A:={V e W>(R) : there exists T > 0, such that V(z) = =1, if z < =T, V(z) =1, if z > T}.(4.8)

loc

Proposition 4.2. The constant m1 is positive and
my = min {/[W(U) —qU P+ V"R +[V"Hdz:V e W2AR), U=-V"+V, Vs+lasz— :I:oo} :
R

Proof. We divide the proof into three steps, following the lines of the proof of [24, Lemma 2.1].

Step 1: my > 0. Assume for the sake of a contradiction that m; = 0. Let (V,,)nen C A (see (4.8)) be
a minimizing sequence for my. Since V,, € Wl‘zf (R) has a continuous representative and takes values
—land 1 for z < =T and z > T respectively, there exists z,, € R such that V,,(z,) = 0. Without loss
of generality we may assume V,(0) = 0 (otherwise change variables Z = z — z,,). Since F[Vy] — 0,

we have ||V,""||2r) — 0 and ||V,)[| .2(r) — 0. Further, on any bounded J C R we have by (H2’)
Vallziy = NUn+Villliwy < WUnllpry + 1V iy < 1Ullzry + 121V 20

< / |Un|dz+/ Ul dz + | T2V 120
{|Un|<R} {IUn|>R}

1
IR+ 1 [ WO dz+ IV e < €O

A

IN

and by the interpolation inequality (2.4)
1/2 1/2
IVillars < COUVAllA IVt ) + Vallzry) < CG),

where here and in the following C(J) denotes a generic constant that depends on J but not on n.
Consequently, by the Sobolev embedding, (V;,)nen is bounded in W?32(.J) and we may extract a
subsequence (not relabeled) converging in W2°°(.J) to some affine function V, i.e.,

V(z) =az+0b.
Since U,, = =V, +V,, = 0+ V in L?(J), by Fatou’s lemma, we have,

mi = lim [ (W(Un) = qlUp P+ VP + V) de 2 lim [ (W(Un) = alUp P + [V 2+ [V']?) dz

n—oo R n— oo
> / W(az + b) dz.
J

By the assumption m; = 0, this implies that az + b = +1 for all z € J. Hence, a = 0, b = £1, which
contradicts V' (0) = lim V,,(0) = 0. This shows that m; > 0.
Step 2: m = my, where

m::inf{/[W(U)—qU’l2+V”I2+|V”'I2]d21VGWS’Q(R), U=-V"+V, V- +l asz%ioo}.
R

loc

(4.9)
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Clearly, m < my. It remains to show that m; < m. Fix § > 0 and let V' be admissible for m such
that

[ @) = a + VP VR dz <

R

It follows that V" € L*(R) and V" € L?(R). Since V' is continuous by the Sobolev embedding, and

V — +1 as z — +oo, there are sequences (a;) ey and (b;);en C R, such that a; — —o0, b; — o0, and
lim |V(a;) + 1| = lim [V(b;) — 1| = lim V®)(q;) = Jim V@B =0, k=1,2,3.  (4.10)
Jj—o0 j—o0 Jj—o0

Define
-1, if z € (—o0,a; — 1),
i(z), ifz€[a; —1,ai],
Vi(z) == V(2), if z € (as,b),
Q,(z), ifze€[b,b; +1],
1, if z € (b; + 1,00),

where we want to choose the functions ®; and ¥, such that for i sufficiently large
FoolV] > FoolVi] =6 > myq — 6.

Since m + 0 > Foo[V] and § > 0 was arbitrary, this implies m > m;. To construct V;, we proceed as
in the proof of Proposition 4.1 and choose

Ui(2) == (2 — ai), where () = (s +1)°pi(s) =1 with pi(s) := po,i + p1,is + p2,is”.
As before we have, ¢;(—1) = —1, ¥/(—1) = 0, ¥/ (—1) = 0, and we choose the coefficients pg i, p1., P2,i
such that

$i(0) = V(ai), ¥i(0) =V'(a;), ¥i(0) =V"(as) (4.11)
to guarantee that V is twice continuously differentiable. Similarly to the proof of Proposition 4.1,
conditions (4.10) imply that for i — oo,

po,i = pi(0) = (0) +1=V(a;) +1 =0,
p1,i = p;(0) = ¥5(0) — 3p;(0) = V'(a;) — 3po; — 0,

=p;(0)/2 =] (0)/2 — 3p}(0) — 3p;(0) = V" (a;)/2 — 3p1,; — 3po,; — 0.

The extension &)Z to [b;, b; + 1] can be chosen similarly. Since for z < a; —1 and z > b; + 1, f/(z) ==+1
and V, V agree on (a;,b;), we have,

D2,

S

b;
FulV)z [ V@) = U P+ VR 4 V) ds

a;

_ R / (W(T) — qlT" + [V + |7 2) dz — / (WD) — T + V" + 7" ?) d=
b a

i i—1
where U := —V” 4+ V. To estimate the last two terms, note that for a; — 1 < z < a;, we have
|z — a;] <1, and hence, as in the proof of Proposition 4.1, for i — oo,
1Vi() + ie(ai=1,a) = 15 (-) + Ulzo(ai=1,a:) = 1% (- = @s) + 1| poo (@i —1,a0)
= [I¢ = ai + 1°pi(- = ai)lle~(ai-1,00) = 0, and

IV Nl 2 (ai=tsai)s IV 2 (as— 1,000 1V L2 (as—1,00) = O-
It follows that

10 oy = || 2 + V7 —0,

" I1Loo (a;—1,a:)

b
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and
W (O 2 o100y = W (=T + Vi)l| 2o (s 100y — O,
which implies
/ (WD) — UL + |V + [V2[2) dz — 0.
a; — 1

A similar argument yields that

bi+1 B B B _
/‘ (W(T3) — g[TLJ2 + [V + [V72) dz > 0.
b

i

Hence, for i sufficiently large we obtain from (4.12),
A48 > FoolV] > FuolVi] — 6 > my — 4,

which concludes the proof of the assertion m; = m

Step 3: m is attained. Let (Vi)ren be a minimizing sequence for m. We can again assume without
loss of generality that Vi (0) = 0 for all k¥ € N and that (Vi )ren is equibounded in VV3’C2 (R). Extracting

a subsequence (not relabeled) we may assume that Vi, — V strongly in VVIZCOO (R) and weakly in

V[flic2 (R). Hence if J is an arbitrary interval, using Fatou’s Lemma and the lower semicontinuity of

the LP norms yields

mo= lim [ (W(U) = UL + [Vi']* + [V{"[*) dz > liminf [ (W (Uy) = q|U* + [V + [V [?) dz
o JJ

k—oo Jr

Y

| V@) a7V VP
Since J was arbitrary, we have
> [(W@) =T+ P+ 7P,
and it remains to show that V is admissible for 7. Let
L:={l €R:1lis alimit point of V(z) as z — oo}.

If [ E L then, since U=-V' +VandV —0asz— 00, I must be a limit point of U. Since
fR U)dz < oo, we have that —1 € L or 1 € L. Suppose that 1 € L and assume for a contradiction
that there exists some 1 # | € L. We may assume without loss of generality that | = —1 (otherwise,
since V' € C?(R), there exists another limit point [ € (—1,1)). By definition, there are two monotone
sequences (y;)ien and (z;)ien such that y; 1 —v; >3, 2; € [y; +1,yi01 — 1], V(yi) — 1, and V(2;) — [.
For 0 < 6 < min{|l + 1|, |l — 1|}, define

ho= mf{/ (W(U) = U2+ V"] + V" ?) dz -
Y

w—y>3,VeW(yw),U=-V"+V,3z€[y+1,w—1]st. |V(z) -] < 5}.

Since |V (z;) — 1] < § for large i > I, we have
Yi+1

/( O) =T P+ [V 2+ V"% dz >Z/ W) — T2+ [V 2+ V") dz > h
R i=1

It follows that h = 0. We will show that this leads to a contradiction. Let (V},)nen be a minimizing
sequence for h. Translating the intervals, we may assume without loss of generality that z, = 0,
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Yo < =1, w, > 1, V, =V =po+p1z in W2°([-1,1]). It follows that

ho> ILm/ (W(U,) — qlUL?+ V)2 + |V ?) dz

1 1

>t [ W) = U VP VP e [ W pids 20

If h =0, we have pg + p1z = £1 for all z € (—1,1), and so V(z) = po = £1 for all z € (—1,1). This
contradicts |V,,(0) — 1] < 6 for all n € N. Hence, our assumption was wrong, and V(z) — 1 as z — oo.
A similar argument shows that V(z) — 41 as z — —oo.

Therefore, we have lim,_, 1+, V(2) € {£1}. Iflim,_, . V(2) # lim,_, o V(2) then either V(-) or V(—-)
is admissible and hence a minimizer. Therefore, it remains to exclude the possibility V(z) — —1 as
z — +o0. (V(2) = 1 as 2 — o0 is analogous.) If this was the case, then there was z, — 0o such that

VE @)l + [V (zn) + 1]+ [T(20) + 1] = 0,

and, since V;, — V in Wlifo, up to a subsequence Vi, (z,) = —1, Vk,n(zn), Vk/;(zn) — 0, and

n n

/ (W (Us,) — UL |2+ VP 4+ V) dz = / (W(Us,) — UL |2+ VI 2 + V") dz
R —0o0

+ / (W(Ukn)—q\U;Qn\2+IVé;|2+IV;£Z|2)dzz/ (W(Ur,) — alUy, >+ Vi P+ [V )?) dz +m

n — 00

= [ (W) - a1

— 00

2 VR) de,

where the extensions Vi, and Uy, of Vi, and Uy, respectively, are defined as in (4.11). A similar
argument as in Step 2. shows that
Zn

lim [ (W(O,) = alU, >+ Vi 2 + V%) dz = 0.

n—oo [ o

Finally, since V,, — V in Wf)’coo, taking n — oo, and using Fatou’s Lemma in the second line gives

n—oo

mo= lim [ (W(Uy,) = Uy, [+ V] + V%) dz
R

n
n—oo —oo —o0

> timsup [ (W(O) ~ alUf, P+ VL P+ VP ds vz [ W (@) + V) ds 4

which implies V' = 0 and hence U = -V +V =V with V(2) = po + p12. Again, W (U) = 0 implies
U =V = pg = —1, which contradicts V,,(0) = 0 for all n € N. This concludes the proof. ([l

4.2. Compactness

We are now in the position to prove compactness of low-energy sequences i.e., item 3. of Theorem 1.3
in the case d = 1. Note that in the case ¢ < 0, the result follows from

1
Pl 2 [ (200 - cnglus?) do
I

and the compactness result for the Modica-Mortola functional (see [38]). For the general case ¢ < 0,
we follow the proof of [24, Proposition 2.7], which requires to show some a priori estimates. We first
note that for ¢ <0, (4.1) and (1.8) imply that

lonllzzcry < Cer®2, and [0} || 12y < Cey /2, (4.12)
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and, consequently, (u,)nen and (v, )nen are bounded in L(I) since by (H2’) and (1.8)

1
funloy < [ wldet [ jelde< Rl [W)dr<eo
{lun|<R} {lun|>R} 1
lonllsnn = llun +<Eetlorn) < lunloron + 20l oo < Tumllorgn + 117222008 e < C.

By (2.4) and (4.12), we have

lupllparsy = IIfein’Hnlle )Sei”v;{/HL‘l/:’(I)+||v;L||L4/3(I)
< Cepllvy l2ey + ol pars
" 1/2 1/2
< C (ol + ol ot + lonlln) < Cer® (4.13)

The compactness result for ¢ = 0 now follows from Proposition 4.1 and the proof of Proposition 2.7
in [24].

4.3. Liminf Inequality

The proof of the liminf inequality follows essentially from Proposition 4.1. Precisely, let u € BV (I;{+1})
and assume without loss of generality that there exists a partition

—l=xg<z1 <<z, =1,

with w(z) = —1 in (29;_2,72;_1) and w(z) = 1 in (v2;_1,2;). Assume that £, — 0% and that
(un)neny C WH2(I) satisfies (extracting a subsequence if needed)
liminf F. [v,] = lim F. [vp] = M < oo,

n—0o0 n—oo

and u, — u in L'(I) and pointwise for £!-almost every z € I. It follows from the compactness

argument in the previous section that if ¢ < 0 and k = 1,2,3 then efuy, *) 5 0. In addition, v, =
up + 20! — u for L'-a.e. x € I. Hence, the hypotheses of Proposition 4.1 are satisfied and the liminf

inequality follows.

4.4. Limsup Inequality

To prove the limsup inequality we proceed as in Step I in Subsection 3.3. Let 4 > 0 and u €
BV(I;{-1,1}) and -1 = 29 < 21 < -+ < x, = 1, where x1,...,2,_; are the jump points of u.
Without loss of generality we may again assume u = —1 on (—1,xz1). Pick an admissible V' € A (see
(4.8)), such that with U = =V" +V

5
/(W(U) — U+ [V V2 dz <m+
R

Consider a sequence &,, — 0%. To construct a recovery sequence, we set for i = 1,.. ., L%J
V(I T2i— 1) ifre 122‘—1 — ("Ezwrgizifz’ $2i+2w2i—1)’
Op(z) = V(2= ”"‘1) if @ € I o= (T2tp2iet Tandoan)
u(x) otherwise.

Then v, — w in L'((~1,1)), v, is constant in (=1, %1) and in (52 ,1) and hence satisfies

Neumann boundary conditions. For n sufficiently large, we have v, € W*2?(—1,1) and with u, =
v, — 20!, we have changing variables y := - (z — ;1)

n-n?

En

/1. (1W(un(:v))—enq(u;(x))%ei(v () + &2 (" (x ))2> dx
< [ ) - e+ @7+ @) dy<mes D,
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and similarly

| (o) = vttt 0 + <5082 4 0 @) ) do <t 2.

En

Therefore, F. [v,] < (v —1)m + 6, and since 6 > 0 was arbitrary, this concludes the proof of the
limsup-inequality, see the discussion following Proposition 3.3.

5. Local approximation

We now turn to the local functional (1.2) and prove Theorem 1.5. Here we restrict ourselves to the case
g = 0 (see the discussion in the introduction). Thus, we consider the family of functionals introduced
in (1.9) with X = {u € L*(Q) : Au € L*(Q)}. The proof of the I'-convergence results follows from
results in the literature, and therefore, we only sketch them here.

Proof. (of Theorem 1.5) (i) Let us first discuss the case d = 1. Note that by the Gagliardo-Nirenberg
inequality in bounded domains (see e.g. [39]) in the case of a one-dimensional domain we have X =
{u € L*(I) : v € L*(I)} = W?*(I). Thus, the functionals F7,, coincide with the functionals
considered in [24], where, under weaker growth conditions on W, TI'-convergence and compactness
is proven with respect to the strong L'-topology. By Lemma 2.1 and Vitali’s theorem, we deduce
I'—convergence and compactness with respect to the strong L?—topology. Further, in [24], it is also

shown that m > 0 and

“+oo
m = min{ W(f(t) + (F"(t)%dt : f € WIQO’CZ(R)’tE?oof(t) = 1,t£§1mf(t) = 1}.

— 00
Let us now discuss the case d > 1.

lim inf —inequality The liminf inequality follows very closely the lines of [31, 8] and we sketch it only
for completeness. Let £, — 0 and (uy)neny € LY(Q) with u,, — u in L2 _(©). We will show in

loc

part (ii) that liminf,, oo FZ , [un] = +o00 if u & BV (§2; {£1}), and hence, the liminf-inequality

En,ap

follows. Therefore we may assume that u € BV (; {%1}), and

sup F7 ,plun] < oo.
neN

We proceed by a blow-up argument, similarly as in Appendix A. For a Borel set A C ), we set
W(un
e, (A) == / Wiun) + &% Auy, | da.
A En

Then the sequence (p., )nen is equibounded, and there exists a subsequence (not relabeled) and
a Radon measure p such that such that

*

[z, = 1. (5.1)
By the Radon-Nikodym theorem we have the decomposition
= pa L+ M T+ s
where J,, denotes the jumpset of the function u. Suppose we had the inequality

wy(zo) > m, for H? L almost every zg € J,,. (5.2)
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Let (o)ken € C5°(92) be such that 0 < ¢ <1 and ¢g(z) /1 on Q. Then

liminf 77 . [u,] > liminf (VV(un) + 52|Aun|2> ordx
)

En,Q
n—o0 n,ap n—oo En

5.1
@D / o dp
Q

Z/ ik dHO!
J

(5.2)
> m Ok dHI L.
Ju

Taking the limit as kK — oo, by the monotone convergence theorem we obtain the assertion

liminf FY . [un,] > mPerq({u = —1}).

n— 00 En,ap

In order to prove (5.2), let zg € J,, be a Lebesgue point for p with respect to H4~1[J,, i.e.

. w(Qu(z0,p)) . (Qu(zo,p))
o (0) = B o, fan ) AT — A gt (53)

where v := v, (x¢) is the approximate normal and @, (zo, p) is the d-dimensional cube centered
at xg with diameter p and with one of the sides normal to v. By Besicovitch’s differentiation
theorem, (5.3) holds for He1 almost every point xg € J,. Since xg € J,,, we can assume that

1

lim —/ u(x) — uF (z)| dz =0
P20 P J(Qu (w0, | |

where (Q, (zo, p))* = {z € Q. (w0, p) : £(x — z0,v) > 0}. Therefore we have

1
fy (o) = lim —— / dp
p—0 pd ! QV(I(MP)

> lim lim sup Fugn (Qu(z0,p))

p—=0 poco

= lim lim sup % / (WM + si(Aun)z) dx
QV(I(MP)

=0 psco P En

/ (W(un(wo + 1Y)

= lim limsup p
En

=0 poco

T (Aun (o + py>>2dy)

hS) ‘:‘“w

= lim limsup/ (pW(un,p(y)) +

=0 poco En

<Aun,p<y>>2)dy

> gli)% h:}isogp -F%,ap[un,p; Q]
where we denoted uy, ,(y) := un(zo + py) and (sx) follows from [1, Proposition 1.62(a)]. Now
by a standard diagonalization argument we can extract monotonically decreasing subsequences
(€ny, )nen and (pr)nen such that

Eny L*(Qy) .
opi=— =0, Ue, pn — Uash— oo, and py(xo) > hh_{n Fo apltngpns Qul-
o0

Ph
By rotational symmetry, we may assume v = e,, and set Q(8) := (—3+6, £ —6)?. Since p1s () >
limy, 00 Fy,, aplting; @(9)] it suffices to show that limy, o0 Fy, 4 [tn,; @(9)] > m. For simplicity of

notation we for now drop the indices h and ny,. By density, we may assume that u,, € C>®(Q(9)).

Agu = 0u+ Ayu
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with z € (=3 +0,2 —d) and y € Q' (8) := (=1 +6, 1 —8)?~1. Let n € C§°(Q(6)) with ||~ = 1,
and note that

020 4+ Ayul*n® = (0-.0)*n? + [Ayul*n® + 2(8..u)n* Ayu. (5.4)

We consider the last term, which is the one that does not have a sign, and note that by integration
by parts (first in z and then in y) and Young’s inequality

15 15
/ (/ (Dzu)n* Ayu dy) dz = / (0:u)n* Ay (0:u) — 2(8u)n(d.n)Ayu) dydz
"+5 Q') -34+6 Q' (9)
/ -~ /Q o (T 07 = 2(0000(9,0:0, Ty ss-s —20-00m0:0) ) i
el 1
/ / (|V -u)l*n* = (|9, (0=u) P’ + (0:0)%|Vynf?) - <2|Ayul2n2 +2<azu)2<azn>2)> dydz.
—145JQ'(v)
Therefore,

16 -6
/ / |0.u + Ayul®n? dydz >/ / (9:2u)°n* = 2(0,u)?|Vyn|* — 4(9.u)?|0.0|%) dydz
Q') Q')

Hence, with ¢(n) := max {2|V,n|* + 4(9.n)?}, we have

15
f;’ap / / ( )+ Uh(azzu)Q) n? dydz — / c(n)o3 (ELU)Q dx. (5.5)
Q'(8) Q(9)

By interior elliptic regularity (see e.g. [21, Section 6.3.1, Theorem 1]), there is a constant Cr > 0
depending only on ¢ such that for all h € N

IV?un, 12206y < Cr (Iunn l22(Q) + 18U, [22(00)) 5

and hence the (rescaled) Gagliardo-Nirenberg interpolation inequality (see (2.3)) yields, using
the growth condition (H2) and the fact that F¥ . [un,,Q.] < C

Oh,ap
1
U?L‘lazunh,||%2(Q(5)) < Coj, (th /Q(a) “ih, d$+‘72||v2unh||%2(g(5))>
W (uy,
Q)  Ih

Inserting the estimate (5.6) into (5.5), we obtain that for all 6 > 0 and all n € C§°(Q(9)),

* W (un 3 2,2
hEI-QI—I fah ap[unhaQ > hmlnf/ +6/Q . . ’1 +0'h(azzunh> )77 dde (57)

Now choose 6 > 8 and 1 € C5°(Q(0)) such that n = 1 on Q(8) C Q(8). Then, for such n we get
Hnr ( ) > hm f;;L,ap[u7L}L’Q(6)]

(5.7)
> hm mf/ / Wiltin, ) + Ui(unh)z)nz dydz
+5 Q' (8) Oh

> hm 1nf/ / Witn, ) + ai(azzunh)Q) dydz
ST

Fatou
> / hmmf/ (W(u ) +J?L(8zzunh)2> dzdy
Q +6

’(5) h—o0 Ohp

>mHHQ(9))
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where the last inequality follows from the one-dimensional case. Finally, by letting 5= 0 we
obtain (5.2).

lim sup —inequality A recovery sequence is constructed exactly as in [24]. Note that strong convergence
in L2(2) of the constructed sequence follows by Vitali convergence theorem (in particular, L!
convergence implies convergence in measure and Lemma 2.1 yields uniform integrability).

(ii) Compactness: Consider {u.}. C X such that liminf. ,o F7 ,,[uc; Q] < co. We use again that for
every v € X and for every U CC Q by [21, Section 6.3.1, Theorem 1] there holds

V20 2y < e(Q,U) (vl 20) + | Aull2(e)) - (5.8)

Thus we have for £ > 0 small enough, using the growth condition (H2),

1
f;ap[un;sz]:/ <EW(u5)—|—e3(Au5)2> dx
Q
Z/ 1V[/(us)dalc+£—:30(Q,U)/ |V2u5|2da¢753/uidm
Q¢ U Q
1
:530(9, U)/ ‘V2u6|2d:)3—|—/ (W(ug)—g3u§> dx
U Q \¢

>30(9, U)/U |V2u, |2dx +/Q (iW(UE) —ce® (W (ue) + R2)> dw

=e30(9, U)/ \V2u.|?dx +/ (W(us) <1 - 053> - cR253> dx
U Q €
1
> / 2—6W(u5) + O(Q,U)e3|V2u.|2dx — cR?e2 |9
U

1
> 6/ <EW(u5) —|—53|V2u5|2) dx — cR*e*|Q).
U

Now by [24, Proposition 3.1] there exists a subsequence (u., )nen such that

Ue "W e BV (U; {£1}).

n

By a standard diagonal argument, we find a subsequence (not relabeled) such that w., — u in

L}, (). In particular, (uc,)nen converges in measure to u and is uniformly integrable (by Lemma

2.1). Thus Vitali’s convergence theorem implies

2
Ue,, Lﬂ) u € BV (Q;{£1}).

Appendix A

In this appendix, we briefly outline the blow-up argument to show that for a sequence {v,, }nen with
bounded energy, we have

lim 7o [on: Q) > / lim 7, [wg; Qo (0, 1)] dHOY,
n—00 8* Fy k—o0
where wy, € W22(Q,(0,1)) satisfies
lwillzz @) < lonelliz) and  lim flwg — uoll72(0,(0,1)) = 0
with

-1 ifz-v<O
= ’ 5.9
uo(w) {1 ifz-v>0. (5.9)
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Let
Qu(xg,m0) :i={x e RY: (x —x0) /7 € Q,} (5.10)
Given a Borel set A C €, let
tn(A) = Fe, [vn; A (5.11)
Then, there exists a signed Radon measure p such that
fin = 1. (5.12)

Consider the nonnegative measure
E(A) :=HTH(ANI*Ey) < oo, (5.13)

where A C 2 is a Borel set. Then, by Radon-Nykodym and Lebesgue Decomposition theorems (see
[23, (1.180)]),

M= Hac + Hs, (514)
where ps > 0 is a bounded Radon measure, pq. << £ and
. dftac d—1
1 i Q) > u(Q) > d . 5.15
Jm ez p@)z [ S @an (5.15)

In addition, for o € 9*E N1,

pQuleor) L Qo)

ditgc
(20) = r50+ HAEH(Q, (w0, 7) N O*Ey)  r—0+ rd=1 >

de—l

where v is the outward unit normal to Ey at xg. Thus, choosing (7 )ken such that u(0Q,(xo, 7)) =0,
yields for all g € QN 0* Fy,

(5.16)

dpigc . . 1 2, 3 2, .5 2
_Oflac_ -1 | W () — nq| V| + €3 (Av,)? + €2 [VAv, |2 | d
o) = Jim i [ (W) coalVi (@) A ) dr
3 5
= lim Lm (rkW(un,k(x))&Lunn7k|2+6?|Avn7k|2+€g|VAvn,k 2) dz
k— o0 n—o00 Q. (0,1) En Tk Tk Tk

1 5
= lim <W(unn(x)) — qen|Vinp|? + 3| Avy 0|? + 5;‘L|VAvn,n|2> dx(5.17)
Qv(0,1)

n— 00 En

Tk

k

where we used change of variables u,, () = uy, (””’10) ,Un k() 1= v (“’;z ) in the second line and a

diagonalization argument with &, = = — 0 in the third line. We remark that —e2 Avy, . +Un.n = Un.n
g g n , ; ,

Tn

still holds in @, := @Q,(0,1). In additibn, since v, — u in L?(9),

Jim o —uollz2(q. 0,1 = 0 (5.18)
where
1, ifz-v<0
wp =14 o mErsh (5.19)
1, ifx-v>0,

since on the sets where v | £=%2 ) and uq differ
Th 0 )

lim — £%({x € Qu(z0,1) \ Fo: - < 0}) = 0, (5.20)
r—0 7
lim —£({z € Qu(x0,7) N Fy : - > 0}) = 0. (5.21)
r—07r

In addition, we may assume @, (zo,7,) C Q and changing variables yields,

[vnnllz2@u) < llonllzz@)- (5.22)
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