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Abstract

The thesis is on several minimization problems involving nonlocal perimeters. The nonlo-
cal perimeter is a nonlocal extension of the classical perimeter. The thesis is written on
my contributions with several collaborators and these contributions can be found in the
articles in [49, U6, 97, 99]. We have mainly investigated three problems: nonlocal minimal
surfaces, nonlocal denoising problems, and nonlocal liquid drop models.

After giving a brief introduction on the nonlocal perimeters and its motivation in
Chapter 1, we give the definition of nonlocal(fractional) perimeters in Chapter 2. More-
over, in Chapter 2, we collect several properties of the nonlocal(fractional) perimeters and
also give some of their proofs. We also mention the regularity of sets which are (almost)
minimizers of the nonlocal(fractional) perimeter.

In Chapter 3, we study the topology of nonlocal(fractional) minimal surfaces in a spe-
cific situation. The study of the nonlocal(fractional) minimal surfaces has been initiated
by L. Caffarelli, J.M. Roquejofire, and O. Savin [22] and, since then, this topic has at-
tracted many authors. In particular, S. Dipierro, O. Savin, and E. Valdinoci [60, 51, 52
discovered the “stickiness” property of the nonlocal minimal surfaces, which is not true
in the case of the classical minimal surfaces. Motivated by these works, we study how
the shape of the nonlocal minimal surfaces look like in a specific cylinder with an initial
data given by the complement of a slab perpendicular to the cylinder. In this setting, we
prove that, if the width of the slab is small enough, then the nonlocal minimal surfaces
coincide with the cylinder and, if the width is large enough, then the nonlocal minimal
surfaces tend to stick to the boundary of the cylinder. The first result implies that non-
local minimal surfaces cannot develop catenoids in some situation. This is not the case in
the classical minimal surfaces.

In Chapter 4, we consider a nonlocal extension of the denoising model which was
introduced by L. Rudin, S. Osher, and E. Fatemi [T04]. Our denoising model is formulated
as the minimization problem of the energy consisting of the nonlocal(fractional) total
variation and L?-fidelity term. The denoising model can be applied to remove noises from
given images and recover the original images. In this thesis, we are particularly interested
in the regularity of the (unique) minimizer of the energy. We obtain that, in 2 dimension,
the minimizer is as regular as the given data (of class C%®). This result can be regarded
as a nonlocal version of the result by V. Caselles, A. Chambolle, and M. Novaga [30].

In Chapter 5, we consider a nonlocal extension of the liquid drop model which was
introduced by G. Gamow [63] in 1930s. Our model is formulated as the minimization prob-
lem, with volume constraint, of the energy consisting of the nonlocal(fractional) perimeter
and generalized Riesz potential term. The classical model was studied in order to ex-
plain the behaviour of atomic nuclei and predict nuclear fission. Heuristically, one can see
that, if the volume is large, then the Riesz term dominates the perimeter term and, if the
volume is small, then the perimeter term dominates the Riesz term. The former implies
the nonexistence of minimizers (nuclear fission) and the latter implies the existence of
minimizers (stability of atomic nuclei). In the classical case, there are a lot of works on
the model [T, 72, 69, K3, 02, 000, 93] (not exhausted); however, the nonlocal case is not
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well-understood (see [66, 27] for small mass regime). In this thesis, we are interested in the
minimizers for large volumes. We obtain that, if the kernel of the Riesz term decays much
faster than that of the nonlocal perimeter, then there exists a minimizer for any volume.
On the other hand, if the kernel of the Riesz term is “properly” controlled by that of the
nonlocal perimeter, then there exists no minimizer for large volumes. Moreover, if the
Riesz term strongly dominates the perimeter term, then each minimizer converges to a
ball as the volume diverges.

In Appendix A and B, we give several properties of the nonlocal(fractional) perimeter.
In Appendix A, we state the compactness of sets of finite nonlocal perimeters with a
general kernel. The proof is based on the results by E. Di Nezza, G. Palatucci, and E.
Valdinoci [@6]. In Appendix B, we show the Euler-Lagrange equations for minimizers of
our functional studied in Chapter 4. The proof is based on the results by M.C. Caputo
and N. Guillen [26].
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Notations

R and N are the sets of real numbers and natural numbers including 0, respectively.
R>p :== (0, +00) C R and R>( := [0, +00) C R.

RY is the Euclidean space of N-dimension with N € N,

SNl is the (N — 1)-dimensional sphere in RV,

R:=RU {+00}.

B,(7) is an open ball in RY of radius r > 0 centered at z € RY. We often write B,
as the ball centered at the origin.

We denote by £V the N-dimensional Lebesgue measure for any N € N and use the
notation |E| := LN (E) for any set E C R,

We denote by H”Y the N-dimensional Hausdorff measure for any N € N and use the
notation |0B1(z)| :== HN~1(0B;(z)) for any » € RV,

All sets and functions appearing in the dissertation are basically assumed to be
Lebesgue measurable.

For any a, b € R, a < b means that there exists a constant ¢ > 0 such that a < cb.






Chapter 1

Introduction

The mathematical concept of perimeter, for instance, in two dimension goes back, at least,
to the ancient Greece, where mathematicians developed various geometric tools and ideas
to measure the area or length of a mathematical object. In this context, the perimeter
of a planar set was defined as the length of the curve enclosing a set. Nowadays, one has
several modern concepts of perimeter that extend this intuitive idea and make it applicable
to a wider class of sets. This modern point of view was developed by Renato Caccioppoli
and Ennio De Giorgi in the 1950s. The standard concept of perimeter denoted by P is
defined as

P(E) :== sup {/Edivg(:c) dr | g € CLRN;RY), |g| < 1} (1.0.1)

for any measurable set £ C RY. A fundamental result by Ennio De Giorgi and Herbert
Federer shows that the perimeter defined in this way coincides with the (/N —1)-dimensional
Hausdorff measure of a suitable subset of the topological boundary. This means that the
notion of the perimeter is consistent with the intuition of the measures such as areas and
lengths.

Nonlocal perimeter, on the other hand, is a much newer concept than the classical
perimeter and is defined by the double integral of some weight function over a set and
its complement. Although the definition of the nonlocal perimeter does not seem to be
relevant to the classical perimeter, one can actually observe that some of the nonlocal
perimeters are closely related to the classical perimeter as we will see later. The study of
the nonlocal perimeter has been initiated by L. Caffarelli, J.M. Roquejoffre, and O. Savin
[22], who considered the local minimizers of the nonlocal (s-fractional) perimeter. Since
then, enormous numbers of authors have been investigating various problems involving
the nonlocal perimeter, as an analogy of the classical perimeter.

The nonlocal perimeter associated with a kernel K : RY — R U {+00}, K # 400 is
defined as the double integral of K over a set and its complement, namely,

Pg(E) = /E . K(x —y)dxdy (1.0.2)

for any set £ C RY. Although the definition itself is simple and elementary, the nonlocal
perimeter enjoys plenty of fruitful properties. For instance, the nonlocal perimeter is
translation invariant. Precisely, one can observe that

Pg(E +h) = Pg(F)

for any set £ C RN and h € RY. In addition, if K satisfies the homogeneous property,
namely, K satisfies K(Ax) = A*K (x) for any € RY and A > 0 with some a € R, then
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12 CHAPTER 1. INTRODUCTION

it is easy to see, by the change of variables, that
Prx(ANE) = \X2Ntepr(E)

for any set £ C RY. We discuss more the details on the nonlocal perimeter in Chapter B.

Our main interest in the present thesis is to minimize the nonlocal perimeter, or to
minimize the functional which is the sum of the nonlocal perimeter and another energy such
as the Riesz potential energy. The minimization problem of the nonlocal perimeter has
been studied by an enormous number of authors since the pioneering work by L. Caffarelli,
J.M. Roquejoffre, and O. Savin [22]. They treated the so-called s-fractional perimeter,
whose kernel in the nonlocal perimeter is given by the function z — |z|~(V+9) with s €
(0, 1). They considered the sets that locally ® minimizes the s-fractional perimeter. There
are also other versions of the minimization problem of nonlocal perimeters whose kernel
is given by an integrable function, and these kinds of problems have been considered, for
instance, by the group of J. Mazén [89, G0].

As we mentioned, the s-fractional perimeter is strongly related to the classical perime-
ter defined in (ICO) when s is close to 1. Noticing that a “localized” version of the
perimeter can be also defined in the same way as ([CI), one obtains that, up to multi-
plying by a constant,

lsiﬁl(l —3) Py(E;Q) = P(E; Q)
for a set £ C RY and a given domain Q € RY with a smooth boundary. Heuristically,
we can observe this phenomenon in the following way (see also [64, Appendix A]): we
assume that OF is smooth (at least C*!). From the divergence theorem, the s-fractional
perimeter is described as

B(E) = N+s—2 /BE/BE -y ‘N+s z)dHN Ha)dH T (y). (1.0.3)

where vg is the outer unit normal of OF. Fixing any point x € JF, we see that, for small
0 >0, vp(y) =ve(x)+ g(d) for any y € OFE N Bs(x) where |g(d)| — 0 as 6 — 0. Then, by
multiplying by the factor 1 — s and taking the limit as s T 1, we obtain

1-s 1
(1= 9R) = 5555 (”9(5)"@(9””/%35@ FRE

1—s ) - ve(Y)
t N T o N+ _2 . ’ _ ’N+S 2
s OE JOENB§(x) 1T — Y

= <N1+__2> /aEu +900) - vila)) 22 gy

l—s O((SfoerQ)

TN s -2)
WN-2 5,N-1 WN-—2 ' N1
= P 0E) + P | g(0) - vela) @)

for sufficiently small 6 > 0. See, for instance, [, BY, 24, 4] for further discussions.
On the other hand, when s is close to 0, the s-fractional perimeter is also related to
the volume measure in RY. Indeed, one can obtain that, up to multiplying a constant,

lim sP,(E) = | E| (1.0.4)
sJ0

!The nonlocal perimeter can also be conveniently “localized” in a given domain by taking into account
the interactions in which at least one point lies in the domain
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for a bounded set £ ¢ RN, If N > 3, we can heuristically confirm this phenomenon by
using again the expression (IT23) and the fundamental solution I' of Laplacian (see also
[64]). Indeed, up to constants, we have

) N-1 N-1
lslfgsp _2/8E/8E |m_ ’N > dHY (@) dHN " (y)
) m/aE | wsta) - ve ) T = ) @it )i ),

Then, by applying the divergence theorem twice, we may obtain
limsPy(F) = / / Al (z —y)dzdy = |E|.
540 EJE

See [a1, 48] for the rigorous arguments.

Now, to capture a concrete intuition of the nonlocal perimeter, we give a practical
application of the nonlocal perimeter. A simple application that we present here is related
to image processing, which is one of the topics in the present thesis, and this topic is on
a nonlocal version of the denoising model (see Chapter @ for the detail). This application
was also mentioned in [35].

Figure 1.1: The real picture Q and the displayed picture Q° in a bitmap.

Let us consider the framework of BMP (bitmap) type images with square pixels of size
¢ > 0 and suppose that v/2e~1 € N for simplicity. Moreover, let us consider a picture of a
square of side 1, which is rotated by 7/4 with respect to the origin, and let us compare the
real picture (the region enclosed by the red line) with the picture displayed on the screen
(the region enclosed by the blue line) as we show in Figure T. In this configuration,
the classical perimeter may provide a less accurate tool to analyse pictures on the screen
than the nonlocal perimeter, no matter how the pixels are small (namely, € is small). The
smallness of the pixels corresponds to the resolution of the screen. Indeed, let Q,Q° C R2
be the real picture and the displayed picture on the screen, respectively. The classical
perimeter of the real picture ) is equal to 4, while the perimeter of the displayed picture
Q" is always 4 v/2. Hence the classical perimeter always produces an error (|P(Q)—P(Q°)|)
by v/2 — 1, even though the resolution of the screen is of high quality. On the other hand,
the nonlocal perimeter with the kernel K (z) = |z|~(?**) with s € (0, 1) in two dimension
can be more sensitive to the resolution of the screen than the classical perimeter. Indeed,
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as shown in Figure [, the displayed picture @E is composed of the real picture () and the

disjoint 2v/2e~! isosceles right triangles {T7 }2‘fE of short side . Then, by using some
basic properties of the nonlocal perimeter (see in Chapter B), we have

Py(Q°) = Py(Q) + Py(UM,TF) — / /UM e ’2+8 dz dy (1.0.5)

where we set M := 2v/2¢~!. By rescaling each triangle T7 for ¢ and from the translation
invariance of the nonlocal perimeter, we may compute the quantity Ps(UM,T¥) as follows:

M
Po(UM,TF) <) " °P(T) = 2V2P,(T) ' * (1.0.6)

i=1

where T' C R? is a isosceles right triangle of short side 1, of which the nonlocal perimeter
is finite. Moreover, from the choice of {1} };, we have that

dx d dz d
Sup/ / Z‘*‘s / / Z-s-s <00, XuM s T 0 a.e. in R?
e>0 /@ Jur, e o~y e [z —y] i

and thus, from the dominated convergence theorem, we obtain

/ /UM i y|2+3 dx dy - 0. (1.0.7)

Therefore, from ([H), we can obtain the following estimate of the discrepancy:

. 1
P,(@) = Po(Q)] < max { P,(UM,T7), 2 / / L ddyy. (108
Q Jup e v —y**e

From (ITO®) and (TT7), we conclude that the nonlocal perimeter of the displayed picture
is as close to that of the real picture as you want according to the size & of the pixels.

Now let us state the main contributions of our works conducted during my doctoral
studies. All the results that we show in the present thesis are included in the following
list of papers.

e (Dis)connectedness of nonlocal minimal surfaces in a cylinder and a stickiness prop-
erty, with S. Dipierro and E. Valdinoci, [49].

o Local Holder reqularity of minimizers for nonlocal denoising problems, with M. No-
vaga, [96].

e Nonexistence of minimizers for a nonlocal perimeter functional with a Riesz and a
background potential, [99]

e FExistence of minimizers for a generalized liquid drop model with fractional perimeter,
with M. Novaga, [97].

In the sequel, we will briefly explain three topics of our works, and give the main results
in each topic.

Shape of nonlocal minimal surfaces

A nonlocal minimal surface is defined as the boundary of a set which minimize the
nonlocal perimeter, and is firstly studied by L. Caffarelli, J.M. Roquejoffre, and O. Savin
[22]. The nonlocal minimal surfaces constitute one of the most fascinating, and challeng-
ing, research topics in the realm of fractional equations. The nonlocal minimal surfaces
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Figure 1.2: Stickiness phenomenon

constructed by this minimization procedure have relevant features in terms of differential
geometry and geometric measure theory, since their energy functional can be considered
as a nonlocal approximation of the classical perimeter functional and the nonlocal minimal
surfaces as a fractional variant of the classical minimal surfaces, see [[3, B9, 01, P4, 4, P5].
Critical points of the nonlocal perimeter energy functional satisfy an integral relation that
can be seen as a vanishing nonlocal mean curvature prescription (see [22, [, A1, B4]) and
accordingly the study of volume prescribed minimizers leads to the analysis of surfaces
with constant nonlocal mean curvature (see [40, 20, 21, B6]). Moreover, nonlocal minimal
surfaces arise as the large-scale limit of long-range phase coexistence models (see [I05]), as
discrete iterations of fractional heat equations (see [23]) and as continuous approximations
of interfaces of long-range Ising models (see [B¥]).

Given the importance of nonlocal minimal surfaces from all these perspectives, it is
desirable to develop some intuition about their basic geometric features. For this, since it
is very rare to have explicit solutions and precise formulas which entirely describe nonlo-
cal minimal surfaces, it is often convenient to focus on some simplified cases in which the
reference domain and the external data possess some special characteristics which lead to
a deep understanding of at least some cardinal aspects of the object under investigation.
Before our works on the shape of the nonlocal (s-fractional) minimal surfaces, S. Dip-
ierro, O. Savin, and E. Valdinoci [60, b1, b2] have revealed several interesting properties;
for instance, they discovered so-called “stickiness property” of the nonlocal (s-fractional)
minimal surfaces. As shown in Figure [0, one may see the distinct properties from the
classical minimal surfaces. For the left figure in Figure 0, the nonlocal perimeter gets
minimized in the cylinder 2 with the given data colored in grey, which looks like a step.
The the boundary of the minimizer tends to stick to the boundary of the domain, while
the boundary of the minimizer of the classical perimeter does not. For the right figure
in Figure O, the nonlocal perimeter gets minimized in the cylinder 2 with the given data
colored in grey, which is similar to the half space with small bumps.

Our topic in Chapter B follows precisely in this line of research, namely we consider a
very simple domain, that is a vertical cylinder in RY, and a very special external data,
that is the complement of a horizontal slab. In this setting, we detect how the minimizers
of the nonlocal (s-fractional) perimeter change when the width of the slab varies. On the
one hand, we obtain

Theorem (Theorem BT in Chapter B). If the width of the slab is sufficiently small,
then the minimizers become connected, more precisely, the minimizers coincide inside the
cylinder with the cylinder itself.
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This change of topology is in agreement with the classical case, since minimizers of
the classical perimeter constrained to two nearby parallel and co-axial circumferences are
connected necks of catenoids. Nonetheless, the specific geometry exhibited in this case by
nonlocal minimal surfaces is rather different from that of catenoids.

On the other hand, we obtain

Theorem (Theorem in Chapter B). If the width of the slab is sufficiently large,
then the minimizers in the domain are disconnected. Moreover, the minimizers contains
a half ball of small radius inside the cylinder, and if N = 2, the nonlocal minimal surfaces
sticks to the boundary of the domain (see Proposition B3 for the detail).

The first part of the claim is the nonlocal counterpart of the fact that the classical
perimeter gets minimized by far-away parallel and co-axial discs. However, the other part
of the claim is totally distinct from the properties of the classical minimal surfaces.

Regularity for “nonlocal” denoising problem

The classical denoising model has been studied by many authors since the celebrated
work by L. Rudin, S. Osher, and E. Fatemi [I04], and plays an important role in image
denoising and restoration (see for instance [31, 0X]). Recently, a nonlocal version of the
classical denoising model has attracted attentions to many authors in image processing.
Given s € (0, 1) and f € L?(R?), we define the functional F; s as

/Rz /Rz |z — ‘N+s)d dy+;/RQ(U—f)2dﬂf (1.0.9)

for any v € W*!(R?), and in this thesis we study the minimization problem
inf {Fs r(u) | ue WS N L*(R?)}. (1.0.10)

In Chapter B, we discuss Problem (W) in detail, and basically focus on the regularity
of the minimizer for Problem (IC1W).

Our minimization problem is motivated by the classical minimization problem and the
classical problem in the denoising model is given as

inf {F;(u) |u € BV(RY) N L*(RY)} (1.0.11)

where F(u) is defined as

1
Fplu) = /RN yvu\+2/RN lu— 2 da, (1.0.12)

where [pn |Vul is the total variation of u in RY.

In image processing, the data f in the functional F; indicates an observed image and,
when the given image has poor quality, then the minimizers of F; or solutions to the
Euler-Lagrange equation associated with F correspond to regularized images. It is easy
to show that the minimizer of (IT0I2) exists and is unique, as a result of strict convexity,
lower semicontinuity and coercivity of the functional. Moreover, the minimizer turns out
to be the solution, in a suitable sense, of the Euler-Lagrange equation

Vu
— div (\V |)+u—f:0 in RV, (1.0.13)
The regularity of minimizers of F; have been studied by several authors. In particular,

the global and local regularity was investigated in a series of papers by V. Caselles, A.
Chambolle and M. Novaga (see [29, B0, B1]), who proved that the solution of ([CIL3)
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inherits the local Holder or Lipschitz regularity of the data f, when N < 7. In addition,
if f is globally Hélder or Lipschitz in a convex domain © C RY, the global regularity
also holds for the solution of (CT3) with homogeneous Neumann boundary condition.
In the recent papers [92, [0Z], some of these results were extended to general dimensions.
G. Mercier [97] has proved that the continuity of f implies the continuity of a solution u
and, in the case of convex domains, the modulus of continuity is also inherited globally
by the solution. Eventually, A. Porretta [I02] was able to remove the condition that the
dimension of RY is less than or equal to 7 considered in [30].

For the variational problems associated with the nonlocal total variation, G. Aubert
and P. Kornprobst [[4], and G. Gilboa and S. Osher [65] have proposed the methods
for approximating the solutions to (IIII) with a sequence of nonlocal total variations
associated with non-singular smooth kernels. Moreover, G. Gilboa and S. Osher [G6]
considered a similar nonlocal model to the functional (DY) and did some numerical
experiments. The authors showed some better functionality of the nonlocal model than
that of the classical model. For instance, their nonlocal model in [66] can recover the
original image from the inpainting image better than the classical model. However, as far
as we know, there are no results on the regularity of minimizers of the functional F ;.

In this thesis, we study the local Holder regularity of minimizers for Problem (IC010)
in two dimension as an analogy of the regularity results shown in [29, B0]. Precisely, we
prove

Theorem (Theorem B0 in Chapter @). Let N = 2 and K(z) = |z|~ ). Assume
that f € L2(R?) N L>®(R?). If f € C’loo’c’g with B € (1 — s, 1], then the minimizer of Fi f is
of class cob.

loc

Remark that we are not able to show the regularity result in higher dimensions because
the singularities on the boundary of each superlevel sets of minimizers can appear and our
method depends on the pointwise computations. Meanwhile, two-dimension case is of a
particular interest for the application to image denoising.

On minimizers for “nonlocal” liquid drop model

The liquid drop model has been studied by many authors from a both physical and
mathematical point of view. In Chapter H, we investigate some minimization problems
whose motivation comes from the classical liquid drop model by G. Gamow [63]. Let
m > 0 be any number. We study the following minimization problem.

Ex g uplm] = nf {€x g ,.6(E) | |E] = m} (1.0.14)
where we define the functional £k g4, 5 as
Ex gup(E) = Pr(E) + Vy(E) — Ry, 5(E) (1.0.15)

for any £ C RY. We recall that Pk is the nonlocal perimeter associated with the kernel
K and is given as

Pg(E) := /E . K(x —y)dzdy (1.0.16)

for any E C RY. Moreover, Vy is the Riesz potential associated with a general kernel g
defined as

Vy(E) :Z/E/Eg(:z—y)dwdy, (1.0.17)

and R, g is the background potential with a parameter u € R defined as

1
R, 3(F) = /dw
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for any E C RN and 8 > 0. Notice that, if 4 = 0, then R, g is equal to zero no matter
what 3 is, and thus we write £k, whenever 1 = 0. From a physical point of view, the
background potential term —R, g can behave as an attractive energy of electrons to a
background nucleus as a point charge with the electrical charge p along the potential
function |x| 7.

The study of Problem (ITOT4) can be seen as a nonlocal generalization of a series
of the previous works [3, [, B3, 568, BY, [71, [72, 74, 83, 84, 93, 98, [00] and the further
references are therein. In their works, the authors treated the classical perimeter instead
of the nonlocal perimeter. The classical minimization problem related to the liquid drop
model is described as

inf {&;,,3(F) | |[E| =m} (1.0.18)

where we define the functional &, 5 as
Egup(E) = P(E) + Vy(E) — Ry, 3(E) (1.0.19)

for any E C RY. Here P is the classical perimeter defined as
P(E) = sup {/ divg(z)dz | g € C.(RY;RY), |g| < 1}
E

for any set £ C RY. In physics, it is important to consider the problem (ITII8) when
N =3, g(z) = |z|~!, and g = 0. Tt is known as the liquid drop model, introduced by G.
Gamow [63] to model the stability of atomic nuclei and explain nuclear fission. See [33]
for the history of the Gamow’s model. This model was developed by C.F. von Weizséacker
[T08], N. Bohr [I1], and so on. On the other hand, if u # 0, then Problem (ITIIR) is
related to the ionization conjecture in quantum mechanics, which states that the number
of electrons that can be bound to an atomic nucleus of charge p > 0 cannot exceed p + 1

Now we briefly review the previous works on the two problems; the classical problem
(IITR) and the nonlocal problem (ITIT4). The following three topics are basically of
much interest to us; the existence, the nonexistence, and the rigidity of minimizers. Here
the rigidity means that a sequence of minimizers converges to the unit ball by rescaling
properly as the volume converges to zero or diverges.

For the classical problem (ITIIR), H. Kniipfer and C.M. Muratov [[Z1], 7] firstly proved
the following results: if N = 2, g(x) = ||~ with a € (0, 2), and p = 0, the ball is the only
minimizer under the volume constraint |E| = m for sufficiently small m > 0. In addition,
for sufficiently large m > 0, there are no minimizers. Finally, in higher dimensions, if
3<N<T7,a€(0, N—1),and p =0, then the ball is the only minimizer for sufficiently
small m > 0. Later, V. Julin [69] proved that, if N > 3, g(z) = |z|~ ™2, and p = 0,
the ball is the unique minimizer of (IT0T9) whenever m is sufficiently small. Also, M.
Bonacini and R. Cristoferi extended in [I2] some of the results by H. Kniipfer and C.M.
Muratov when N > 2, g(z) = |z|~®~% with a € (0, N — 1), and x = 0. The authors
showed that the ball is the unique minimizer for sufficiently small m > 0. Moreover,
for small @ > 0, there exists a critical mass m; > 0 such that for m € (0, m;], the
ball is the unique minimizer under the constraint |F| = m, while for m > m; a solution
to the minimization problem fails to exist. Regarding the nonexistence of minimizers of
(ITT9), not only H. Kniipfer and C.M. Muratov but also J. Lu and F. Otto [83] showed
the following result: if N = 3, g(z) = |z|~", u # 0, and 8 = 1, then there exists a number
mo > 0 such that for any m > mg, Problem (ITIT8) has no solution. The authors in
[83] were motivated by the ionization conjecture as we see in the above. Moreover, J.
Lu and F. Otto [84] considered Thomas-Fermi-Dirac-von Weizsicker model and showed
the nonexistence of minimizers of the model. The model (CIT9) can be regarded as
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a “sharp interface” version of Thomas-Fermi-Dirac-von Weizsidcker model. In a similar
context to [83, 84|, R.L. Frank, R. Killip, and P.T. Nam [b68| showed the nonexistence of
minimizers for large volumes in the case that N = 3, g(z) = |z|7!, and u = 0. Later,
R.L. Frank, P.T. Nam, and H. Van Den Bosch [G1] studied the ionization conjecture in
Thomas-Fermi-Dirac-von Weizsdcker theory and showed that a nucleus of charge u > 0
can bind at most p + ¢ for some universal constant. In contrast to these nonexistence
results, in the case that g(z) = |z|~% with a € (0, N), p # 0, and 5 € (0, ), S. Alama,
L. Bronsard, R. Choksi, and I. Topaloglu [3] proved that the functional (IT0T9) admits
minimizers for any volumes, due to the effects from the background potential against the
Riesz potential. The authors also considered the asymptotic behaviour of the minimizers
when p converges to zero. Even without the background potential, if the kernel g has a
compact support, S. Rigot [I03] proved the existence of minimizers for any volumes in the
minimization problem ([II8) with p = 0. Very recently, M. Novaga and A. Pratelli [95]
showed the existence of generalized minimizers for any volumes of the functional (ICIT9)
with a general kernel g and p = 0. After this work, D. Carazzato, N. Fusco, and A. Pratelli
in [?R] showed that the ball is the unique minimizer for small volumes in any dimensions
under general assumption on the kernel g. Concerning the behavior of the minimizers for
large volumes, M. Pegon in [T00] showed that, if the kernel g decays sufficiently fast at
infinity and g = 0, then the minimizers of ([ITY) exist and converge to a ball, up to
rescaling, when the volume goes to infinity. Shortly after, B. Merlet and M. Pegon in [93]
proved that, in dimension two, minimizers are actually balls for large enough volumes.
Finally, we remark that F. Générau and E. Oudet [64] studied a similar problem to the
problem (ITIIR) in the context of numerical analysis.

For the nonlocal problem (II4), A. Figalli, N. Fusco, F. Maggi, V. Millot, and
M. Morini [66] studied the isoperimetric problems in the case that K(z) = |z|~(V+s),
g(z) = |z|~ V=% with a € (0, N), and u = 0. The authors [56] showed that, if the volume
m is sufficiently small, then the nonlocal minimization problem (ITII4), up to multiplying
a constant, admits the ball with the volume m as the unique minimizer, up to translations.
Apart from the result in [b6], there are almost no results on the problem ([COT14).

Our works in this chapter closely follow this line of research on the nonlocal mini-
mization problems. Intuitively, we can observe that the existence and nonexistence of
minimizers for the nonlocal minimization problem (ITIT4) are valid if we use a dilation
argument in the following way: if we consider each term in (ICOT3) separately and if
K(z) = |z|~N*9) with s € (0, 1) and g(z) = |z|~V~*) with a € (0, N), then one can
easily observe that, by the isoperimetric inequality of the s-fractional perimeter (see, for
instance, [59]), a ball B C RY is the only minimizer for Py among the sets with the vol-
ume |B| and, by the Riesz rearrangement inequality (see, for instance, [78, Theorem 3.4
and Theorem 3.7]), a ball B C R¥ is the only maximizer for both V,, and R, g among the
sets with the volume |B|. Here V,, is defined as Vj in the case that g(z) = |z|~(V =) with
a € (0, N). Thus the non-trivial competition among Py, V,, and R, 3 occurs. Letting
E C RY with |E| = |B1| and considering the dilated set A\ E, we observe

EsappANE) = NV Py(E) + AN TV (B) — MNP R, 5(E)

As )\ gets large, then the Riesz potential term V,, is the dominating term, while V,, does
not admit minimizers. More precisely, we can see that it is more efficient for the minimizer
to split into small pieces and the minimizer does not exist. In contrast, as A gets small,
then the dominating term is AV % Pg(E) or —AN"# R, 5(E). Recalling that both Py and
—R,, 3 admit a ball as the unique minimizer, we can expect that a ball is also the unique
minimizer of our functional (ITOI3) if the volume is sufficiently small.

Following these lines of research, in this thesis we study a nonlocal generalization of
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the classical liquid drop model. We first obtain the nonexistence of minimizers for large
volumes for Problem (I[CII4), namely, we obtain

Theorem (Theorem in Chapter H). Let  # 0 and § = 1. Assume that the
kernel K behaves like |z|~Nt%) and the kernel g is given by |x|~'. Then, for sufficiently
large volume m > 0, Problem (ITOI4) admits no minimizers.

See Theorem BT in Chapter B for the precise assumptions on K. The idea of the
proof is based on the arguments done in [68, 83, 84|, and we can say that the essential point
is to find the proper competitor against minimizers by doing the “cutting and pasting”
procedure. Secondly, we obtain the existence of minimizers for any volumes under the fast
decay of the kernel g of the Riesz potential. Precisely, we prove

Theorem (Theorem 523 in Chapter B). Let i = 0. Assume that the kernel K(x) is
given by |x]_(N+8) and the kernel g decays faster than the kernel K. Then, for any volume
m > 0, Problem (ICOIA) admits minimizers.

See in Chapter B for the precise assumptions on g. The idea of the proof is inspired
by the “concentration compactness” lemma developed by P.L. Lions [79, Sl:i. Thirdly, we
prove the existence of generalized minimizers of a generalized functional &4, which we
define later, under the assumption that the kernel g vanishes at infinity. For convenience,
we here give the definitions of the generalized functional and generalized minimizers. For
any m > 0, we define a generalized functional of & 4 over the family of sequences of the

sets {E*}pen with Y30 [E¥| = m as

Eug ({Ek}keN) - ;5879(Ek). (1.0.20)

Notice that in this functional the interaction between different components is excluded,
which corresponds to the idea that the different components are placed “at infinity” from
each other. Then we consider

inf {é’;,g ({Ek}keN> | E¥: measurable for any Fk, Z |EF| = m} (1.0.21)
k

and prove

Theorem (Theorem G224 in Chapter B). Let 1 = 0. Assume that the kernel K(x)
s given by ]:r\*(NJrS) and the kernel g vanishes at infinity. Then, for any volume m > 0,
Problem (IO2T) admits minimizers.

We call such a minimizer of the functional (ITI20) the generalized minimizer for & 4.
The idea of the proof is also based on the “concentration compactness” lemma developed
by P.L. Lions [79, 80] and a sort of reduction to Problem (IIT4) with K (z) = |z|~(N+9)
and p = 0.

Finally, we investigate the asymptotic behavior of minimizers as the volume goes to
infinity, under the assumption that g decays faster at infinity than the kernel |x\_(N +s)
of the s-fractional perimeter Ps;. Here we require the assumption on g which is stronger
than the one we assume in the existence result. To study the asymptotic behavior, we
consider an equivalent minimization problem. More precisely, one can have two problems
equivalent to Es4[m] for m > 0 under some decay assumption on g. Indeed, since the
kernel g is integrable over RY under some proper assumptions, one can rewrite the Riesz
potential as

//g(af—y)dxdyzIEngHLmRN)—// g(x —y) dxdy
EJE FE JE¢
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for any measurable set £ C RY with |E| < co. Hence, Problem (I14) with K(z) =
|z|~(V+%) and p = 0 becomes

Eqg[m] = inf{Ps(E) —/E/Cg(:v—y) dedy | |E| = m} (1.0.22)

for any m > 0. Moreover, by rescaling, one can further modify Problem (II2) into the
equivalent problem

B (1B = inf {£,(F) | || = |Bu| | (1.0.23)

for any A > 0 where we define

E,(F) = PP = [ [ W¥y(ra ) dody.

Note that we will revisit the notations (ITI22) and ([C23) more precisely in Section b2
of Chapter B. With this notation, our last theorem is as follows.

Theorem (Theorem in Chapter B). Suppose that {F,}, is any sequence of the
minimizers of 55)‘,3 such that A\, — oo and |F,| = |Bi| for any n. Then we have that the
full sequence satisfies
|F,ABy| —— 0
n—o0

up to translations.

The idea of the proof is based on the two factors: the first one is the compactness
by Lions that we mention in the above, and the second one is the I'-convergence of the
functional Esig to the s-fractional perimeter Ps as A T co.






Chapter 2

Nonlocal Perimeters

In this chapter, we give some definitions and show some of the properties of the nonlocal
perimeter and nonlocal minimal sets that we need to prove our main results. The nonlocal
perimeter is defined by the double integral of either a “singular” or “non-singular” kernel
over a set and its complement. Here we mean by the “singular” kernel that the kernel of
the nonlocal perimeter is not integrable near the origin, and the “non-singular” kernel is
defined as a function which is integrable near the origin. In this thesis, we mainly focus
on the nonlocal perimeter associated with the “singular” kernel. In particular, we study
some minimization problems involving the so-called s-fractional perimeter with s € (0, 1),
and this nonlocal perimeter is associated with the “singular” kernel z + |z|~(N+9), We
remark that, for the fruitful topics on the “non-singular” kernel, J. M. Mazén, J. D. Rossi,
and J. Toledo [8Y, O0] intensively studied this sort of the nonlocal perimeter, curvature,
and minimal surfaces.

2.1 Nonlocal Perimeter

In this section, we give a rigorous notion of the nonlocal perimeter and its basic properties.
Intuitively, as the classical perimeter does, a functional called perimeter should generally
measure a sort of the boundary between a set and its complement. In the case of nonlocal
perimeter, this perspective may be attained by considering some interaction between all
the points in RY via a measurable function K : RV — [0, oo] which can be singular at
the origin. Precisely, the nonlocal perimeter is defined in the following manner:

Definition 2.1.1 (Nonlocal Perimeter). The nonlocal perimeter P (E) of a set E €
RY associated with K is defined by

/ K(x —vy)dxdy (2.1.1)
EJEe

where E° is the complement of E given by RV \ E.

The reason we call (ZZ111) “perimeter” is that the interaction between points in E and
E€ is measured with the function K that can be concentrated on the origin. Notice that
from the change of variables, we have

/E/(EW)C K(z)dz dy. (2.1.2)

Thus another interpretation on the nonlocal perimeter could be that, for each point y in a
set F, we first consider the interaction by means of K in the complement of the translated
set FZ + y and then we integrate all the effects in F.

23
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Next we give the notion of a “localized” nonlocal perimeter in a given domain. Let
Q c RY be an open set and K : RV — [0, oo] be a measurable function. Before giving
the definition, we define a map L : &, x &, — [0, co] associated with K by

Lg(E, F) = /E /F K(z —y) da dy

where we set &, as the family of all LN -measurable sets. From the definition of Lx, one
may easily observe the following properties: first, by definition, we can have that

Lk (E, E°) = Pg(F)

for any E € &,. Second, from Fubini-Tonelli’s theorem and the non-negativity of K, one
has that L is symmetric, i.e.,

Li(E, F) = Lg(F, E):/ i FK(x—y)da;dy (2.1.3)

for any E, F' € &,. One also observes that
Li(Er, F) = Li(Bp, F) i LY (E\AER) =0,
LK(El U EQ,F) = LK(El, F) + LK(EQ, F) if ,CN(El N EQ) =0.

for any Fq, Es, F € &,.
We now define the “localized” nonlocal perimeter as follows:

Definition 2.1.2 (Localised Nonlocal Perimeter). A nonlocal perimeter in ) of a set
E associated with K, denoted by P (FE;Q), is defined by

Lr(ENQ, ENQ) + Lrg(ENQ, ECNQ°Y) + Lrg(ENQS, ECNQ). (2.1.4)

As shown in the definition, the “localized” nonlocal perimeter consists of the three
contributions, which are weighted with the kernel K, from the following regions: the first
is the one between a set F and its complement that exist only in a reference set 2. The
second one is the one between F in Q and E°¢ in ¢, and this contribution can measure
the effect on 0f) of E' coming from the inside of ). The last one is the one between E in
Q and E° in 2, and this contribution can measure the effect on 9 of £ coming from the
outside of €.

Observe that the nonlocal perimeter of £ C RY in Q ¢ RY also has the following
expression:

Pr(E;Q) = ;/Q/QK(:U —y)Ixe(®) — xe(y)| dx dy
+/Q/QCK($_?/> Ixe(z) — xey)|de dy. (2.1.5)

Now we state one of the most important properties of the nonlocal perimeter. This
sort of statement is also valid and somehow more intuitive in the case of the classical
perimeter.

Proposition 2.1.3. Let Q C RY be any open set. Assume that the kernel K is non-
negative. Then, we have

P (EUF;Q) = Pg(E;Q) 4+ P (F;0Q) —2 K(x —y)dxdy
ENQ JFNQ

—2/ K(a:—y)dxdy—Q/ K(x —y)dzdy
ENQ J FNQe ENnQe JFNQ

for any E, F C RN with |[EN F| = 0.
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Proof. The proof is done by a handful of computations as follows. For simplicity, we will
not write the kernel K in the integral. First we have

PK(EUF;Q):/ / +/ /
ENQUFNQ JEenFe  JE\QUF\Q JOnEnFe
o S R R A S Y
EnQ JEenFe  JFnQ JEenFe  JE\QJonEenFe  JP\Q JonEenFe
U Y R B e Y
EnQJEe  JENQJEnF  JFEnQJFe  JFPnQ JENFe
+/ / —/ / +/ / —/ / . (2.1.6)
e\ Janee JE\QJonEnr JrR\QJanre JFP\QJonENFe

Notice that, since |[E N F| = 0, we have that E°N F = F and EN F° = E in measure
sense. Thus, from (ZZI8) and the definition of the nonlocal perimeter, we obtain

Pe(EUF®) =B+ e - [ [ o
ENQ JFNQ ENQ JFNQe

—/m T Y Y S

Pr(E;Q) + Px(F; Q) — 2 /
ENQ JFNQ

e fudahl
ENQ J FNQe FNQ J ENQC

as desired. O

Note that, if Q = R, then we obtain another version of the equality
Pi(E U F) = P (E) + Py (F) - 2/ / K(z — y)dody.
EJF

Example 2.1.4. The best known example of the nonlocal perimeter is given when K (x) :=
|z|~(+%) with s € (0, 1). This nonlocal perimeter was called “s-fractional perimeter”, and
introduced by L. Caffarelli, J.M. Roquejoffre, and O. Savin [23]. The authors studied the
sets minimizing the s-fractional perimeter in some reference set, and their motivation for
the study comes from phase field models where long range interactions occur.

Remark 2.1.5. Tf the kernel K is given as |z|~ (V%) shown in Example ET4, then the
nonlocal perimeter P (E) of a set E C RY coincides with the s-fractional perimeter

P,(FE), and the s-fractional perimeter can be seen as the fractional Sobolev semi-norm
defined as

_ Ixe(z) — xe()|
[XEWSl(]RN = /RN/RN |g;— |N+S dx dy—2P(E)

See for instance [46] for more details.

We remark that the nonlocal perimeter Px (E) of a set £ C R may not be convergent,
and the finiteness of Pk (F) depends on the shape of the function K and the regularity of
the set E. If the kernel K is constant almost everywhere in RV \ {0} and a set F coincides
wit the unit ball B;(0) € R¥, then the nonlocal perimeter P (E) is obviously infinite.

We collect several properties of the nonlocal perimeter under suitable assumptions on
the function K. The assumptions that we state here are natural as long as we discuss our
results in this thesis, as we may weaken these assumptions. Remark that these properties
are also valid in the case of the classical perimeter (see, for instance, [85, Chapter 12]).
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Proposition 2.1.6. Let Q C RN be an open set. Assume that K satisfies the following
conditions:

(NK1) K is non-negative.
(NK2) K(z) = K(—x) for LN-a.e. x € RY.
(NK3)
/ K(z) min{l, |z|} dz < cc.
RN

Then, we have the following properties:

1. Px(U) < oo for any bounded open set U C RN with a Lipschitz boundary.

2. Pg () is lower semicontinuous with respect to the Llloc—convergence, namely, if

xE; — X in L (RY) as i — oo, then

1—00
3. P (+;Q) is sub-modular, namely, it holds that

for any sets E, F C RN . Moreover, the equality holds if and only if either |E\F| =0,
|[F\E| =0, or |[EAFNQ| =0 holds.

Proof. We can easily see that Pg (U) is finite for any bounded open set U with a Lipschitz
boundary. Indeed, from the assumptions (NK1), (NK2), and (NK3), we have

Pr(U)=Lk((U,U) = /U . K(—x)dzdy
-y

= K(@)|UN U —x)°| dz
RN

<C / K(z) min{l, |z|}dz < oo
]Rn

for some constant C' = C(U) > 0.

Secondly, the lower semicontinuity of Pg(-;€2) is proved by the expression (Z-1-3) and
Fatou’s lemma because of (NK1). Note that this is true even though the assumptions
(NK2) and (NK3) are not assumed.

Finally, we prove the sub-modularity of P (-; Q). For any sets E, F' C RY, we compute
the contributions Lg(ENFNQ,(E°UF)NQ) and Lk((EUF)NQ,E°NFNQ) as
follows:

Lrk(ENFNQ (ECUF)NQ)
=Lx(ENFNQENFNQ)+Lg(ENFNQENF°NQ)
+Lg(ENFNQENFNQ)

and

Lk(FEUF)NQ,E°NF°NQ)

=Lg(ENQE°NQ)+ Lg(FNQ,FNQ)
—Lg(ENFNQENFNQ)—Lg(ENFNQENFNQ)
—Lg(ENFNQENFNQ)—Lg(ENFNQENFNQ)
—Lg(E°NFNQENFNQ)—Lg(ECNFNQENFNQ).
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Thus, from the above two computations, we obtain

Lg(ENFNQ(ECUF)NQ)+ Lg((FUF)NQ,ECNF°NQ)
< Lg(ENQENQ)+ Lg(FNQ,FNQ). (2.1.8)

For the rest of the contributions in Pk (+;€2), we may repeat the same computations, and
thus the inequality (2177) is valid.

Now we show that the equality (21-4) holds if and only if either |E\ F| =0, |[F\E| =0,
or |[EAFNQ| =0 holds. Indeed, by using Proposition ZZ1I-3 several times, one obtains the
following identities:

Pi(E;Q) = Px(ENF;Q) + Px(E \ F;Q)

ENFNQ JENF<NQ ENFNQ J ENFeNQe ENFNQc J ENFenQ

Pg(F;Q) = Pe(FNE;Q) + P(F\ E;Q)

FNENQ J FNENQ FNENQ J FNE<NQe FNENQe J FNESNS

Pr(EUF;Q) = Pg(ENF;Q)+ Px(EAF;Q)

ENFNQ JEAFNSQ ENFNQ J EAFNQC ENFNQe JEAFNQ

Pg(EAF;Q) = Px(E\ F;Q) + P(F \ E; Q)

ENFeNQ J ECNFNQ ENFeNQ) J EcNFNQe ENFenQe ECQFOQ

Note that we omit the kernel K in the integrals for simplicity. From all of the above

computations, we have
/ / + / / =0. (2.1.9)
ENFe JENFNQ  JENFenQ J EenFNQe

Since K > 0 and K does not identically vanish, we can obtain that the equality of (21-0)
holds if and only if either of the followings holds: |[ENF*NQ|=0and [ENF°NQ =0
hold, |[ENFNQ| =0and |[E°NFNQ| =0hold, or |[E‘NFNQ|=0and |[E°NFNQ| =0.
This actually implies the claim as we desired. O

Finally in this section, we show the compactness of sets of finite nonlocal perimeters,
as an analogy of the compactness of sets of finite classical perimeters. To see this, we
introduce the space of functions with finite nonlocal bounded variations. Let Q@ c RN be
an open set. Then we defined the space BV () as

BVi(Q) = {u e L'(Q) | [u]lx(Q) < 0o} (2.1.10)

where we set, for any measurable function w,

:/ / K(z —vy) |u(z) — u(y)| dz dy. (2.1.11)
QJQ
Then, setting | - || x(q) as

lull (o) = llullpre) + [ulx ()

for any u € BVi (), then we have that || - || x is the norm of BV and BV is the Banach
space with respect to this norm. We observe that the space BV (f2) coincides with the
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fractional Sobolev space W*1(Q) when the kernel K is given as K (z) = |z|~*+%) with
s € (0, 1) (see, for instance, [46]).
Recalling Definition T in Section P, one readily sees that

[xelk(RY) = 2Pk (E)

for any set £ C RYN. Moreover, given a domain @ C RY, we recall the definition of
a localized version of the nonlocal perimeter Px, and the localized nonlocal perimeter
Pr(E;Q) is given as

Pg(E;Q) = = ([xelk(RY) — [x£]x (Q°)) (2.1.12)

1
2
for any set E C RY.

Before proving the compactness of the nonlocal perimeter, we show the compactness
of the space BV () as follows:

Theorem 2.1.7. Let Q C RY be a bounded open set with a Lipschitz boundary. Assume
that the kernel K is given in such way that BV () is continuously embedded in BV (RY)
as shown in Lemma AT in Appendiz [A. Then, for any bounded subset A C BVi(Q2), A
is relatively compact in L*(Q).

Proof of Theorem Z-1.7. We show that A C BV () is totally bounded in L'(£2), namely,

for any & > 0 there exist a finite number of functions vy,--- , vy € LY() such that for
any u € A, there exists j € {1,---, M} such that
||u—ijL1(Q) <e. (2.1.13)

From Lemma AT, we can choose a function % € BVi(RYM) such that 6]l gy <
C ||ul| () for some constant C' > 0. Thus, for any cube @ C RY containing €2, we have

[l k@) < lall gryy < Cllullk)-

Now, for any € € (0, 1), we set

=

Cos=sum (Ml vy + il ey ) < sup (s + fulkoy) <o pi=<

ueA

where ¢ > 0 is as in the assumption (A4) of Lemma BT, and we can choose a collection
of disjoint cubes {Q;}}, of side p > 0 such that

M
ecljei=0
i=1

For any x € Q, we can choose the unique integer i(x) € N such that x € Q;,) (#). Thus,
we define the function P : A — LY(Q) as

1
’Qi(ff) | Qi(x)

Plu)(z) : u(y) dy

for any u € A and z € €. Notice that P is additive and constant in any ¢); for i €
{1,---, M}. We denote this constant by g;(u). Hence, we can define the vector function
R:A—RM a5 )

R(u) = pM(a1(w), -+, qp(u)) € RY
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for any iu € A, and it is easy to observe that the range R(A) C RM s totally bounded
with respect to the ¢'-norm. Therefore there exist L € N and by, --- , by, € RM such that

L
R(A) C | Bpa(t),
=1

where the ball B, 5 are taken in the Lnorm of RM. Now, denoting the k-th coordinate

of the vector b, € RM by bf for k = 1,---, Mandl =1,---, L, we define functions
{”j}j]\/il - LI(RN) as v;(x) p N b;.(x)

for any x € Q where i(x) is given in (#)
definition, we have that, if x € @;, then

. By

€ dy = e Ny v;(x)
’Qi(x)’ Qi(x) ’ ! ’
~Nyi
b}

Pl))= o [ eV

and we obtain ¢;(vj) = p , which implies R(v;) = b;.
Furthermore, recalling the assumptions (A1) and (A4) on K in Lemma AT, we have
that

lu = P(u)l 1) = )

M
i=1

/ ju() — P(u) (&) de
QN2

IA
M=
2

[ ) - ) dy o
QiNQ JQ;

.

IA
E

)

1 ~
. FHE Jara Jo, K~ W1~ E

1 - -
gW/Q/QK<:c—yr>\u<x>—u<y>|dydm
< Cp'fu)gg) < CCoe

(2.1.14)
for any u € A where C' > 0 is a constant independent of v and .
As a consequence, from the definition of P and (EZI14), we have

= villeaey < llu = Pl + 1P(5) = willa@) + 1P = 0l o)
< CCoe+|R(u) = R(v))| g

)
for any j € {1,---, L} where |a|€1(RM) = Zf\zl |a;| for any a € RM. Now given u € A,
we can choose a number j € {1,---, L} such that |R(u) — bj|€1(RM) < e. Then, recalling
that R(v;) = b; for a number j € {1,---, L}, we obtain

Ju = vyllaqey < (CCo+ e
This proves the totally boundedness of A, as desired.

O]

Now we prove the compactness of sets finite nonlocal bounded variations, using the
compactness of the space BV.

Theorem 2.1.8 (Compactness for Px). Let {E,}nen be a sequence of sets satisfying

sup Pg (FE,) < 0o
neN

for every open bounded set Q C RN with a smooth boundary. Then, there exist a subse-
quence {E,. }ien and a set Es, C RY such that

XEn,; P XEs 11 Llloc’ PK(EOO) < 00. (2.1.15)
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Proof. We take any bounded open set  C RY with a smooth boundary. From the
assumption of {E,}, and the definition of [|x(£2), we obtain the uniform boundedness
saying that

sup ([, ]k () + [xE. 1) < sup (Pk(En) + |En N Q) < oo (2.1.16)

This implies that the sequence {xg, }» is uniformly bounded in BV (€2). Thus, by Theo-
rem 2170, we can extract a subsequence of {E,} and choose a set E, such that

XE, — XE. 11 Ll(Q),
=00

which proves the first part of the claim. From the lower semicontinuity of Py, we further
obtain

1—00

This completes the proof. O

2.2 s-Fractional Minimal Sets

In the sequel, we further investigate the nonlocal perimeter associated only with the kernel
K(z) = |z|~N*9) with s € (0, 1). We begin with the definition of s-fractional minimal
sets. As an analogy of the classical theory of finite perimeter, one can also consider the
sets that minimize the nonlocal perimeter Px in the following way.

Definition 2.2.1 (s-Fractional Minimal Sets). Let  C R" be an open set. A mea-
surable set E C R is called an s-fractional minimal set in § if

Py(B;QY) < Po(F; )
for any bounded open set ' C Q and any set F C RN with B\ Q' = F\ Q.

Taking into account the above definition, we can define the so-called s-fractional min-
imal surface as follows (see also [22]):

Definition 2.2.2 (s-Fractional Minimal Surfaces). Let  C RY be an open set. If
a measurable set £ C RY is an s-fractional minimal set in Q, then the boundary OF is
called the s-fractional minimal surface in €.

When one considers the existence of minimizers of some functional, a sort of continuity
of the functional with respect to a proper topology is necessary. The lower semicontinuity
is one reasonable continuity to obtain the existence.

Proposition 2.2.3 ([22]). If xg, — x& in L}, (RY) as i — oo, then

loc

P,(E; Q) < liminf Py(E; Q). (2.2.1)
71— 00

The proof of the proposition follows simply from the definition of (22I4) and Fatou’s
lemma.

We now review the existence of a s-fractional minimal set in a bounded set Q c RY
with Lipschitz boundary. This is shown by L. Caffarelli, J.M. Roquejoffre, and O. Savin
in [22, Theorem 3.2] in the following.

Theorem 2.2.4 ([27]). Let 2 be a bounded open set with Lipschitz boundary and Ey C Q€
be a given set. Then there ezists an s-fractional minimal set E with E \ Q = Ey, namely,
it holds

Py(E;Q) = F\gl:fEO Py(F; Q).
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Proof. The infimum is bounded from below since Ps(FEp; Q) < oco. Let {F,}nen be any
minimizing sequence such that Ps(F,) — infpo—g, Ps(F;€2) as n — oo. Then one can
show the boundedness of {x 7, nq }nen With respect to the fractional Sobolev norm ||-||ys/2.2.
From the compactness of W#/%2 (see [d8, Theorem 7.1]), one can extract a subsequence
of {xF,na}n converging to xpno for some E C RY. Therefore, the claim follows from the
lower semicontinuity of s-fractional perimeter as in Proposition EZZ2223. 0

2.3 Euler-Lagrange Equation

The authors in [22] also established the Euler-Lagrange equation in the viscosity sense
associated to the s-fractional perimeter P in an open set ¢ RV.

Theorem 2.3.1 ([22]). Let E C RY be a s-fractional minimal set in an open set  C RY.
If t € OENQ and ENQ has an interior tangential ball at x, then

s xee(y) — xe(y)
H =P.V. dy > 0. 2.3.1
by Py [ XS E W gy (231)

where “P.V.” means the Cauchy principle value.

We remark that, in Theorem P23, if E N has an exterior tangential ball at z, then
we have

Hi(x) <0.

Indeed, if E C RY is a s-fractional minimal set in 2, then E€ is also a s-fractional minimal
set in ).
Taking into account the above, we obtain that, if £ N2 has both interior and exterior

tangential balls at x, then the so-called fractional minimal surface equation Hy(z) = 0
holds.

Remark 2.3.2. From a geometrical point of view, the equation (E23) is a nonlocal version
of the classical mean curvature equation, which is given as Hg = 0 on JF of a set F
where Hp is the mean curvature on OF. The reason we can call the quantity on the right-
hand side in (2230) is as follows; when we compute the first variation of the s-fractional
perimeter of a smooth set F, we obtain

xee(y) — xe(y) .
</sz ly — x|N+s dy) (X(z) v(x))dH" " (x)

d
GileoP(@iE) = [

oFE

where {<I>t}|t|<<1 is the flow along a smooth vector field X and v is the unit normal vector
on OF. Thus, the quantity Hj, defined in (Z3) can be regarded as the “s-fractional
mean curvature”. We can say that, intuitively, the quantity defined in (EZ31) measures
the balance between the contributions of a set F and its complement E° from its boundary
OF with a weight function singular at each point of OF.

Moreover, it may be interesting to notice that the equation (E231) can be interpreted
as the s-fractional Laplace equation (—A)*?(xg — xge) = 0 on dE.

Remark 2.3.3. If OF is of class C1® with « > s, then the s-fractional mean curvature
defined in (2230) is well-defined at every point of OF (see [, B7]). Recall that the classical
mean curvature is well-defined at every point of a surface if the surface is of class C?.

Remark 2.3.4. The definition of the s-fractional mean curvature may not look natural at
a first glance. To make it clearer in another way, one can observe that the classical mean
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curvature of the boundary of a smooth set £ C RY at a point 2 € OF can be derived via
the averaging procedure

1
lim —gm e(y) — dy. 2.3.2
i e [ O = s dy 232

Indeed, we assume that x is the origin and the neighborhood of x can be described as the
graph of some smooth function u : RV =1 — R with «(0) = 0 and V/u(0) = 0. In this
setting, F can be expressed as the super-graph of u in the neighborhood of x. Then we
have that

o1 / 1
lim —— (xEe(y) — xE(y)) dy = lim —— / (xEe(y) — xE(Y)) dy
rl0 rN+1 By (z) rl0 rN+1 {ly'|<r, lyn|<r}

2
= lim

T u(y') dy'
rio PN /{|y'<r}

= lile/ (V2u(0)y' -y +o(ly'*)) dy
{lv'|<r}

for some constant ¢ > 0. This argument is also done in [b4].

Remark 2.3.5. One may observe that a local minimizer E C RY with a C?-boundary in a
domain ¢ RY possesses zero s-fractional mean curvature, in the sense that

/ XE(Y) — xE(Y)
RN

ly — q|N+s

=0 forany ¢ e dEN. (2.3.3)

As we see in the previous remark, the s-fractional mean curvature Hj, given in (ZZ30) is
defined in the Cauchy principle value, and the smoothness of E is exploited to employ
cancellations for removing singularities. Without knowing any regularity of a set F, the
Euler-Lagrange equation (22323) is not understood in the pointwise sense, but must be
in the viscosity sense. As is shown in Theorem PZ3, the notion of the viscosity sense is
described by using the interior or exterior ball tangential to the boundary 0F. This is
an interesting geometric information. In particular, we notice that the simple fact that
a ball is contained in E (respectively, in E¢) makes the quantity xge — xp accordingly
small (respectively, large), regardless of the minimality of the set. The useful information
encoded in the above inequalities is that for local minimizers one is also provided with
a partial knowledge with respect to “the opposite sign” : specifically, in this case the
fact that a ball is contained contained in FE (respectively, in E¢) makes the quantity
X Ee — X E accordingly large (respectively, small) after averaging with respect to the singular
kernel. We observe that for smooth sets one can obtain this Euler-Lagrange equation (or
the corresponding Euler-Lagrange inequalities) simply by looking at energy perturbations
under domain variations (see for instance [b4]), but without assuming any smoothness on
the set suitable cancellations need to be detected.

The proof of Theorem EZ3 is quite complicated, and we only explain some ideas of
the proof in the following. Since one has an interior tangential ball at x¢g € dF N,
one may construct a proper “perturbation” set A outside E in a small neighborhood of
xg € OF N Q. From the minimality of E, one can compare the energies Ps(FE;) and
Py(E'U A; Q). Then, considering the cancellation of the contribution between the sets E
and E°N A€, one obtains

1 1
dydxg// C dyda,
/A/E ly — a|N+s A JEenae |y — x| NTs
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and thus

Q/A (/RN Xff‘;y)_;’ﬁcs(y) dy> da < 0. (2.3.4)

Choosing the “perturbation” set A in such a way that |A| | 0 and xg € A, one may
formally obtain, from (2234), that Hj(xo) < 0.

The rigorous proof of Theorem =31 was conducted more carefully by L. Caffarelli,
J.M. Roquejoffre, and O. Savin [22] because of the singularity of the s-fractional mean
curvature Hj, at z9 € OE N Q and, in Theorem 5.1 of [2Z], the authors constructed a
delicate perturbation set A by using the interior tangential ball.

2.4 Regularity of (Almost) s-Fractional Minimal Sets

In this section, we review several results on the regularity of both s-fractional minimal
sets, and “almost” s-fractional minimal sets. Originally, the regularity of s-fractional
minimal sets was obtained by L. Caffarelli, J.M. Roquejoffre, and O. Savin [22, Theorem
2.4]. Precisely they proved

Theorem 2.4.1 ([22]). Let s € (0, 1). If E C RY is a minimizer of s-fractional perimeter
Ps in a ball By, then OE N By is , to the possible exception of a closed set of Hausdorff
dimension N — 2, a C*-hypersurface around each of its points for any « € (0, s).

Regarding the closed set of Hausdorff dimension N — 2, O. Savin and E. Valdinoci
[T06] proved that the singular set of s-fractional minimal sets has Hausdorff dimension at
most N — 3.

Theorem 2.4.2 ([106]). Assume that E C R? is a s-fractional minimal cone, namely, E
satisfies that E =t E for any t > 0. Then E is a half-plane.

In particular, by combining the blow-up and blow-down arguments in [22], one may
obtain that s-fractional minimal surfaces in R? are fully C''®-regular for any o € (0, s).

Corollary 2.4.3 ([I06]). If E is an s-fractional minimal set in Q C R?, then OE N Y is
a CY-curve for any ' € Q.

Finally in higher dimensions, by using the dimension reduction argument performed
in [22], one may obtain the following corollary:

Corollary 2.4.4 ([106]). Let OF be a s-fractional minimal surface in Q C RN and let
Yr C OE NQ denote its singular set. Then HY(Xg) =0 for any d > N — 3.

Now we study the regularity of “almost” s-fractional minimal sets. To see this, we
recall the following two results: one is the C'-regularity result of “almost” s-fractional
minimal sets shown by M.C. Caputo and N. Guillen [26], and the other is the Cl:e-
regularity result shown by A. Figalli, N. Fusco, F. Maggi, V. Millot, and M. Morini [566].
Although there seems to be a conflict between the two results, the definition of “almost”
s-fractional minimal sets given by M.C. Caputo and N. Guillen [P6] is in a more general
form than the one by A. Figalli, et al. [66]. To see the difference of the definitions, we
will refer to the two statements (Theorem 248 and Z479) in this section. The regularity
of almost s-fractional minimal sets will be applied to show our main results in Chapter @
and B of this thesis.

First of all, we give the definition of “almost” s-fractional minimal sets. After giving
the definition, we state the results on the regularity of “almost” s-fractional minimal sets
investigated in [26] and [56].
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Definition 2.4.5 (Almost s-Fractional Minimal Sets). Let s € (0, 1) and A > 0. We
say that a set £ C RY is an almost s-fractional minimal set with A > 0 if

A
Ps(E; Bg) < Ps(F;Br) + T |EAF|
-5

for any set F C RY.

This definition is due to [66] and, in our thesis, we adopt Definition P45 in Chapter
A and B. we also review the definition and regularity of almost s-fractional minimal sets
shown by M.C. Caputo and N. Guillen [?6, Theorem 1.1]. The definition of almost s-
fractional minimal sets given in [26] is as follows:

Definition 2.4.6 ([26]). Let s € (0, 1) and § > 0, and let Q C R be an bounded domain
with Lipschitz boundary. Assume that p : (0, ) — R is a non-decreasing and bounded
function with some growth condition (for instance, p(t) = t* with a € (0, s]). We say that
aset E C RY is a (P, p,d,)-minimal set in Q if

Py(E; Br) < Py(F; Br) + p(r) ™,
for any 2o € OF, a set F C RV, and 0 < r < min{d, dist (zg,dQ)} with E A F C B,.(x0).

Remark 2.4.7. One may choose, for instance, a function r — C r? with 0 < 8 < s for some
constant C' > 0 as the function p in Theorem EA8. Moreover, one can see that an almost
s-fractional minimal set E in Definition 2473 satisfies Definition 2248 with p(r) = l%srs.

Now we state the C'-regularity of almost s-fractional minimal sets in the sense of
Definition P44 as follows:

Theorem 2.4.8 ([26]). Let s € (0,1), 6 > 0, and p be as in Definition ZZ.4. Suppose
that a set E C RN is a (P, p,8)-minimal set in By in the sense of Definition ZZ.0. Then
OF is of class C' in Bi, except a closed set of Hausdorff dimension N — 2.

2

Compared with Theorem PEZR, if a set is an almost s-fractional minimal set in the
sense of Definition ZZH, then one may obtain the C'"“-regularity of the set. This result
was due to [b6, Theorem 3.4]. Precisely, we have

Theorem 2.4.9 ([b6]). Let N > 2, A >0, and sp € (0, 1). Assume that E is an almost
s-fractional minimal set in By in the sense of Definition for some s € (so, 1). Then
OFE N By is of class CY except a closed set of Hausdorff dimension N — 2.

2

As we mentioned, the definition of almost s-fractional minimal sets given by M.C.
Caputo and N. Guillen [26] is more general than the one given by A. Figalli, et al. [56].

Remark 2.4.10. From the regularity of the minimal cone by O. Savin and E. Valdinoci [[06]
in 2 dimension (see Theorem PZZ47), one may obtain that the singular set of an almost
s-fractional minimal set in the sense of either Definition 48 or P23 has Hausdorff
dimension at most N — 3.

Finally, in this section, we briefly mention the density estimate for the almost s-
fractional minimal sets. Thanks to [66, Lemma 3.1], we have the following claim:

Lemma 2.4.11 (Density Estimates of Almost s-Fractional Minimal Sets). Let
s € (0,1), A >0, and E be an almost s-fractional minimal sets with A in the sense of
Definition [ZZ.d. Then we have

|Bl|(1 — Co) ’I“N > |E N B,«(.%'Q)| > |Bl|60 T'N

for any r € (0, r9) and xo € RY such that |E N B,(x0)| > 0 and |E°N B.(x0)| > 0 for any
r > 0, where cg and rog are positive constants depending only on N, s, and A.

The proof is shown in [66] and we do not write it here.



Chapter 3

Topology of Nonlocal Minimal
Sets

In this chapter, we investigate several qualitative properties of s-fractional minimal sets.
Let s € (0, 1) and © € RY be an open subset with a Lipschitz boundary. As is shown in
Definition P12 of Chapter B, a localized version of the s-fractional perimeter Ps(E'; Q) in
Q for a set £ C RY is defined as

(B Q) / / dx dy / / dx dy
B JEe [T~y ‘N+S B Jonge [© —y[N TS

where we denote by E° the complement of a set E. Then we give the notion of nonlocal
minimal surface in unbounded open set Q C RY in the following way:

Definition 3.0.1 (s-Fractional Minimal Surfaces in Unbounded Domain). Let
Q C RY be an unbounded open set and let £ C RY. Then we say that the topological
boundary of E is a nonlocal(s-fractional) minimal surface in  if E is an s-fractional
minimal set in €2, namely, it holds that

Py(B;QY) < Py(F; )
for any bounded and open set €’ contained in Q and any set ' ¢ RV with F\ Q' = E\ Q.

We remark that the definition of the s-fractional minimal sets in Definition P21 of
Chapter B is slightly different because of the existence of the minimizers are not triv-
ial in unbounded domain (see [81]). Thus we slightly abuse the language of the notion
of s-fractional minimal sets in this chapter. See [81, 87| for the details regarding the
minimization procedure in bounded or unbounded domains.

3.1 Problem Setting and Main Results

We focus on the case that the reference domain €2 is given as the “cylindrical” domain of
the form

Qei={z = 2ny) eRV I xR | |2/| < 1}. (3.1.1)
We are interested in sets E whose exterior prescription outside €2, is the complement of
a strip and which minimise the s-fractional perimeter in (2.. Namely, given M > 0, we

define
Ey:={z=(2",zy) e RNV x R| |zn| > M} (3.1.2)

and we consider s-fractional minimal sets in €. such that £\ Q. = Ey \ Q.. See, for
instance, [82, Theorem 0.2.5] for the existence results for this type of s-fractional minimal
sets.

35
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Figure 3.1: Minimizers in Theorem BT (left) and Theorem B2 (right).

Our main concern in this chapter is how the variation of the parameter M affects the
topological property of the s-fractional minimal surfaces and we will show that for small
values of M the s-minimizer is connected while for large values it is disconnected.

Furthermore, we will show that for small values of M the s-fractional minimal sets
in . coincides with . itself, and this is an interesting difference with respect to the
case of classical minimal sets, which means the sets minimising the classical perimeter.
Indeed, when N > 3, classical minimal sets in a cylinder do not coincide with the cylinder
itself and, when connected, they develop a “neck” inside the cylinder, as exhibited by the
classical example of the catenoid (as a matter of fact, when N > 3 the cylinder does not
have vanishing mean curvature, hence it cannot be a minimizer for the classical perimeter
functional).

Therefore, our construction of s-fractional minimal sets that coincide with the cylinder
in their free domain heavily relies on the nonlocal character of the problem taken into
consideration and can be seen as a new example of the stickiness theory for nonlocal
minimal surfaces which was introduced in [61] and developed in [60, 09, 52, b3]. See also
[b4, A7) for surveys on s-fractional minimal surfaces (sets) discussing, among other topics,
the stickiness phenomenon (and, for instance [68] to appreciate the structural differences
with respect to the classical case).

In further detail, the precise result that we have concerning the connectedness of the
s-minimizer and its stickiness properties for small values of M goes as follows:

Theorem 3.1.1. Let Q. be as in (BI) and let Ey be defined by (B12). Then, there
exists My € (0,1), depending only on n and s, such that, for any M € (0, My), the
minimizer Eyp in Q. of Py coincides with Q.. In particular, Ey; is connected.

The minimizer described in Theorem BT is depicted in Figure BTl. As a counterpart
of Theorem BT, the disconnectedness result for large values of M is the following:

Theorem 3.1.2. Let Q. be as in (BI) and let Ey be defined by (B12). Then, there
exists My > 1, depending only on n and s, such that, for any M > My, the minimizer
Eyoin Q. of Ps is disconnected.

To understand the situation intuitively, some sketch on how the minimizer in Theorem
BT could look like is given in Figure B

Interestingly, the situation described in Theorem BT is similar, but structurally dif-
ferent from the one exhibited by classical minimal surfaces. Indeed, the analogy with the
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Q={l'| <1}

Figure 3.2: The situation in the proof of Theorem BT

classical case is given by the disconnectedness of the minimizers. The difference in the
pattern is that classical minimal surfaces in the framework of Theorem BT are just flat
disc, and this is not the case for their corresponding nonlocal counterpart (as we will make
precise in Proposition BZ3).

The forthcoming Sections B2 and B2 contain the proofs of Theorems BT and
BT respectively. In Section BZ3 we will present further similarities and differences with
respect to the classical case in the framework of large M given by Theorem BT

3.2 (Dis)connectedness of Nonlocal Minimal Surfaces

In this section, we give the proof of our main theorems (see Theorem BT and Theorem
BT for the statements), which is related to the topology of s-fractional minimal sets.
Precisely, we prove the following two things: if the width M of the slab is sufficiently
large, then the the s-fractional minimal sets in © C RY are disconnected. On the other
hand, if M is sufficiently small, then the s-fractional minimal sets in €2 are connected, and
coincide with the reference set € itself.

3.2.1 Proof of Theorem 11

Let Ej; be the minimizer selected in Theorem B, see Figure B2 (at this stage of the
proof, we do not really know how this minimizer looks like, so the one depicted in Figure
B2 will not be the “real” minimizer after all).

By [22, Corollary 5.3], we know that

{zny > M} U{ay < —M} C Ey. (3.2.1)

Given t € R and r € (0,1), we consider the ball of radius r with a center tey, where
ey = (0,...,0,1). By (B2Z1), we have that B,(teny) C Ej for every ¢t > M + 1. Hence,
we can slide such a ball downwards till it touches dFj, inside .. The content of Theorem
BT is precisely that this touching does not occur, hence, by contradiction, we suppose
instead that there exist to € R and ry € (0,1) such that

B, (ten) C Epp forall t >ty (3.2.2)

with
0By, (toen) NOEN # 2.
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Q={l"| <1}

Figure 3.3: The touching between the ball B,,(z) and the symmetric ball B,,(Z) at the
point q.

Then, setting z := tpen, we can choose a point ¢ = (¢, qn) € 0By, (2) NOE .

Since Ejs is a local minimizer of P; in )., we obtain, by using the Euler-Lagrange
equation in the viscosity sense shown in Theorem P23 of Chapter B (see also [22, Theorem
5.1] and [19, Theorem B.9]), that

/ X5, (y) = X () > 0. (3.2.3)
RN

ly — q|N+s

Our goal is now to produce a contradiction with (B2223) by showing that the left hand side
is strictly negative. To this end, we let

Sy =RV x lqn — 2M, qn + 2M].
We remark that
E5; C Sy \ By (2). (3.2.4)

Indeed, by (BZ1) we know that gy € [-M,M] and E§, C {ay € [-M, M]}, whence
E§; € Sy. This and (B722) give (8224).
We also observe that Sy D {|zn| < M}, and therefore, in light of (B=2),

SS, C Ear. (3.2.5)

Moreover, using the change of variable y — y + ¢,

Jo == riis
e, [y —qlNte RN 1 x((—o0,—2M)U(2M,00)) Y1V T4
dy _
> —Y > M, (3.2.6)

for a constant ¢ > 0 depending only on N.

Now we set Z := z + 2(q — z) and we consider the symmetric ball B,,(Z) with respect
to g, see Figure BZ3. Moreover, we take a free parameter A > 4, to be chosen conveniently
large in what follows and we observe that, by symmetry,

/ dy _/ dy
S B (@NBrg(2) 1Y = 4N SsunBra@nB,, @) 1y —alV
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Also, by (B=23),

XS, (Y) — XEn (V) dy
N+s dy - N+s’
SOBav(@NBro(z) 1Y —dl SnOBan (@B (2) [V —

and consequently

XES, (Y) — XEan (V) xes, (Y) = XEw (Y)
N+ts dy + N+ts
SA{mBAM((])mBrO(Z) |y - q| SMOBAM(q)ﬂBm(E) |y - q|
dy dy B

L A / L —
/SMWBAM(!I)ﬂBrO (2) ly — q|NFs SmNBam (9)NBrg (2) ly — gV

< —

Therefore,

X5, (Y) — XEy (V)
N+s dy
SrNBan(q) ly —q

x5, (Y) — XEy (V) xX55, (Y) = XEy ()
Y+
ly —q|Ve 5 ly—aqNte
SrNBan (¢)NBry (2) Y SpNBan (¢)NBry (Z)
I / XES, (y) — XEn (y)
Sun(Bam(@\ (Bro ()UBr @) [y —al¥F
X5, (Y) — XEa ()

< / dy
SIMO(BAM(Q)\(BTO(Z)UBT() (E))) ly —a+
< 7dy
- 7)) [y —qVte
Banr(@\(Bro (:)UBr (2)) 1Y — 4
< CAYESMS, (3.2.7)

for some C' > 0 depending only on N and s, where [60, Lemma 3.1] has been used in the
last inequality (here with R :=1 and X := AM).

Furthermore,

/ xe5, (Y) — XEn () dy dy
Sy \Ban(q) ‘y - q‘N+S Sm\Banm(9) ‘y - q‘N+S

IN

dy

/(]RN Ix[—2M,2M])\Banr ly

|N+s
< / Ay
= Jmytx a2\ By Y1V TS

IN

/ i
{\y |>AM/2 lywl<2any [Y/ [N TS

Al—i—sMs’

for some Cy > 0 depending only on N and s.
Hence, combining this information with (B=277),

XES, () — xEwm (Y) 1—sqsl— Co
dy < CAY=spi=s 4 20
/SM ’y - q’N+s Alts)s
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This, (B23) and (B=20) lead to

/ XES, (y) — XEum (y) dy
]RN

ly — q|N+s

d XES \Y) — XEM\Y
ss, 1y —dl sy lv—dl

Co
A1+sMs
CA'—5M Co )

< —eM 4+ CA M 4

= —eM S (1- -
¢ ( c cA\1+s

1

Now we choose A := max {4, (@) Its } and we thus obtain that

/ XES, (y) _]i([EM (y) dy < —cM~* 1 B CAY&sM .
RN |y — gV 2 ¢
Taking now M conveniently small, we conclude that
/ xes, (y) — ﬁM (v) dy < My
Ry ly—gVt

which produces the desired contradiction with (B=23).

3.2.2 Proof of Theorem

We let M > 1 to be chosen conveniently large. Given t € R, we consider the ball B, 77 (te1),
where e; = (1,0,...,0), and we slide it from left to right till it touches 0Fj;. Notice
indeed that B, g7(te1) C Ef when t < —+V/M and, to prove Theorem BI, we suppose
by contradiction that there exists ¢g € R such that B g7(te1) C Ef; for all ¢ < ¢y with
8Bm(t061) NOEy, 75 .

We set z := tge; and we pick a point ¢ = (¢, qn) € OB /37(2) NOEy. By the Euler-
Lagrange equation in the viscosity sense in Theorem P31 of Chapter B (see also [22,
Theorem 5.1] and [19, Theorem B.9]), we know that

/ XEg, (Y) = XEa () dy < 0. (3.2.8)
RN

ly — q|N+s

We consider the symmetric ball with respect to ¢, by defining z := 2+ 2(q — z) and taking
into account the ball B 77(Z), see Figure B4.

We define
S = {:C = ($/7[CN) & RN_l X R s.t. |.’E/ - q/| S 3}

S| /T”( ) |y q|N s S /ﬁ/!( ) |y Q|N s
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OEN Eu

Q= {2 < 1}

Figure 3.4: The touching between the ball B ;7(2) and the symmetric ball B 5;(Z) at
the point q.

and therefore

/XE&(y)_XEM(y) J
s

ly — q|Nts

XES\Y) — X Yy XES\Y) — X Y
_ / EM( ) Nfixf( ) dy +/ EM( ) Nfixf( ) dy
SNB () |y —dl snB ) [y —d

N / xes, (Y) — XEw (Y)
S\(Bym(=UB () 1y —al¥F*

> / dy / dy
SB () [V =N Jsap ) [y —alV

+/ XE;W(y) —i?s\l(y) dy
S\(Byy()UB () 1Y —dl
dy
> W 3.2.9
/S\(Bm( HUB () [y —adN T (329)

Now, in view of [60, Lemma 3.1], used here with R := v/M and X := 1/v/M, we know
that

L s
By _(o\(B UB /3 (2)) ly — N — 7
47O\ Bya7 (2)UB /57 (2

for some C' > 0 depending only on N and s. As a result,

Lo e
77 (H)UB 57 ( z)) |y - Q|N+s

IN

S\(Byar
[ SV (T
i @\(Bysr(2)UB /57(2)) ly — q|N+s S\B (@) ly —q|NFs
1+s dy
R N e
EVN\By—(q) [ — q|Nrs

IN
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—OM— T + O, M~ < oM~

for some C7 > 0 depending only on N and s, with Cy := C' + C}.
This and (B229) lead to

/ xe5, (Y) — XEy ()
RN

ly — g|N+s

dy

/XE;,(?J) _ﬁfM(y) der/ XE, (Y) _ﬁfM(y) dy
s ly—gNts ey —gVrs
> —Cngi +/ XEJCw (y) _i(ff;u (y) dy
¢ ly—dl
. ot / dy +/ XEs, (Y) — XEw (Y)
= —L2 - I
senflyni>my 1Y — AN Jsenqyni<my 1y — gV
> oM _/ dyzv+s+/ LNJFS
{y—ql>M/2} 1Y — Ser{jyn|<M} 1Y — 4
s d
= —C,Mi ch—S+/ S
Sen{lyn|<M} 1Y — 4

for some C3 > 0 depending only on NV and s.
Thus, since S°N {|yn| < M} D Bi(q + 5e1), letting Cy := Coy + C3 we have

¢ - s d
/ XES, (y) ]%f;w (y) dy > —Cy M~ +/ yn+5
RV |y —dl Bi(g+5e1) |V — 4l
s dy s
:_C4M4+/ 7:—C4M71—|—C’
Bi(5er) [Y[V TS

for some ¢ > 0 depending only on N and s. In particular, if M is sufficiently large, we
deduce that the left hand side of (B=XR) is strictly positive, thus reaching a contradiction
with (BZ23).

3.3 Stickiness of Nonlocal Minimal Surfaces

Finally in this section, we would like to point out that, on the one hand, the result shown
in Theorem BT is related to the case of classical minimal surfaces, since both the classical
and the nonlocal regimes exhibit disconnected minimizers for large width M of the slabs.
On the other hand, there are some significant structural differences between the classical
and s-fractional minimal surfaces (sets).

More precisely, differently from the classical minimal surfaces, the s-fractional minimal
sets constructed in Theorem BT exhibit the features listed below:

Proposition 3.3.1. Let M and Ey; be as in Theorem 1 A. Then,
Ey ;Dé {zp, >M}U{zy < —M}. (3.3.1)
Moreover,
Ex D Bopr—s(0,...,0,—M) U Bep-s(0,...,0, M), (3.3.2)

for some ¢ > 0 depending only on N and s.
In addition, if N = 2, given any €y > 0 there exists ¢, > 0, depending only on s and
€0, such that

Ex D ((-1,1) x (=00, =M + e, M) U ((=1,1) x (M —c, M7, 00))  (3.3.3)

_ (2+€0)s ]

where 7 : T
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Ber-s (Men)\

OFEnm

122959

Ey
BCM~S (7M€n

Q={l2'| <1}

Figure 3.5: A sketch of an argument in Proposition BZ3.

Remark that (B332) and (B333) are quantitative versions of (8231l) and a sketch of an
argument used in the proof of Proposition BZ3 is depicted in Figure BH. Though (B=32)
and (B233) provide a stronger result than (B33), we give an independent proof of (B=3)
based on a simple symmetry argument, while the proofs of (8232) and (B=333) rely on finer
quantitative arguments based on the result in [51, Corollary 7.2]. We also point out that
(B333) provides an explicit quantitative bound on the stickiness property in dimension 2.

Proof of Proposition B31. To prove (B=31), we need to show that the inclusion in (B=2T)
is strict. For this, we argue by contradiction and suppose that Ey = {z, > M} U {z, <
—M}. Then we can use the Euler-Lagrange equation in the viscosity sense shown in
Theorem P23 in Chapter B (see also [22, Theorem 5.1]) at the point ¢ := (0,...,0,—M) €
OF)yy, thus finding that

0 _/ XEs, (Y) = XExy (Y) 4
- _ 4ln+s Y
RN Iy (I|
_ / _dy / _dy
Uunl<my 1Y =™ Jiyazary 1y — g™
_ / dn'is _ / —df+s. (3.3.4)
{zne0,20)} |2] {zn€(—00,0]U[2M,00)} |2]

Also, by the transformation (z/, z,) — (2, —z,), we see that

/ dz / dz
(020} 12" i ecanoyy 12775
and therefore (B234) gives that

dz

|n+s

0= —/ < 0.
{zn€(—00,—2M]U[2M,00)} |2

This contradiction proves (B=3), and we now deal with the proof of (8232). To this end,
we let ¢ € C°(RV~L, [0,1]) with ¢(z') = 1 if [2/| < 1/2 and ¢(z') = 0 if |2’| > 3/4. Given
n > 0, we define

F = {zn <n¢(a")}
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and we claim that, for every p € OF,

xre(y) — Xr(y)
dy < Con, 3.3.5
/RN y —pvrs =00 (3:3.5)

for some Cjy > 0 depending only on N, s and ¢. To prove this, we let
V(2 xy) = (o), 2y +no(2’)) and  @(x) :=¥(z) —2z = (0,...,0,n6(x"))

Notice that F' = U ({zx < 0}) and the Jacobian of ® is bounded by C7, together with its
derivatives, for some C' > 0 depending only on N and 7. Furthermore, the inverse of ¥ is
given by

Ul (z) = (2 an — nola’))

and, setting Z(z) := U "1(z) — 2 = —(0,...,0,n¢(2)), we find that also the Jacobian of
= is bounded by C7. Consequently, we are in the position of exploiting [37, Theorem 1.1]
and deduce that

/ xre(y) —xr(y) ;o / X x>0} (¥) = X{yy<0y (¥) dy + Con = Con.
RN RN

ly — p|Nts ly — ¥=1(p)|nts

for some Cjy > 0 depending only on N, s and ¢, thus completing the proof of (B=33).
Now we define
G :=FU{xy >4M},

we point out that this union is disjoint for large M and small 7, and we claim that there
exists ¢ > 0, depending only on N, s and ¢, such that if n € (0,cM ~*] then, for every

p € OF,
xGe(y) — xa(y)
/RN R dy <0 (3.3.6)

Indeed, we have that x¢ = XF + X{zy>am}, Whence Xge = 1—XG = 1= XF — X{any>aM} =
XFe — X{zy>4M}- Accordingly, we have that xge — x¢ = XxFe — XF — 2X{zy>4m) and
therefore, using (B=33),

xce(y) — xa(y Xre(y) — xXF(y dy
e Ty g e
Ry |y —pl RN |y —p {yw>am} [Y — D
dy
cam3 e
(=M M)N-1x(am 5y [y — PV TS
S COT/ - COM_Sa

for some ¢y > 0 depending only on N and s, which plainly leads to (BZ3M).

By means of (BZ38), we can thus use the set G as a sliding barrier from below with 1 :=
c¢M~* where ¢ > 0 is such that CoeM ~* —coM % < 0. (starting the sliding from a vertical
translation of the set G equal to —2M) and find that Ey D {z, < —M + cM5¢(2)}.
Indeed, we assume that there exits a touching point p € 9F N OE)s such that G C Eyy.
Then, from the minimality of E};, the following Euler-Lagrange equation holds:

XEs, () — XEy (Y)
0< / M dy. 3.3.7
oy g (3.37)

On the other hand, from the inclusion that G C Ej;, we have

Hy, (p) < H&(p). (3.3.8)
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Thus, from (8238), (B53), and (B=33), we obtain the contradiction. Therefore, we see
that By D [1, 1]V x (o0, =M + ¢M~*] > B.ys—+(0,...,0,—M).

Similarly, one proves that Epy O Bap—s(0,...,0, M), thus completing the proof of
(E32).

Now we suppose that N = 2 and we establish (83323). For this, we fix ¢g > 0, we
consider a suitably small § > 0 and we exploit [61, Corollary 7.2] to construct a set

H c R? such that
H C {x9 < 6},
Hn{z; < -1} = (—00,—1) x (—00,0),
Hn{zy>1} =(1,00) X (—00,0),
2+¢g
Ho(-1,1) % (—00,5 = ) ,
and / xue(y) — xu(y) dy < C5
g2 |y —p*s N

for every p = (p1,p2) € OH with |p1]| < 1, where C' > 0 depends only on s and ¢. See
Corollary B=33 for the detail of this construction.
We define

L:=HU{xy>4M},
and we see that xrc — XL = X#e — XH — 2X{z,>40m) and thus

xze(y) — xL(y) xue(y) — xu(y) dy
L s [, B2 [ TP

ly — p|?+s ly — p|?>*s yasamy [y — pl*+s

_ d _
505—2/ < C5—eM <0
(—M,M)x(4M,5M) ly — pl
for every p = (p1,p2) € OH with |p1| < 1, where ¢ > 0 depends only on s, and § := %

In this way, we can use L as sliding barrier from below (starting the sliding from a
vertical translation of the set L equal to —2M) and deduce that

_ (2+EQ)s>

2+eq
By {|a1] <1} O (=1, 1) (—oo,—M+5 = ) —(~1, 1) x (—oo,—M—i—c*M =
for some ¢, > 0. Similarly, one finds that
_ (2+eg)s
EMﬂ{|.%'1‘<1}D(—1, 1)>< <M—C*M 1-s ,OO).

The proof of (B=33) is thereby complete. O

As the last remark of this section, we recall the proposition and its corollary proved
in [61], which we have used in the above proof to show the property (B=323).

Proposition 3.3.2 ([61]). Let g > 0 be a small number depending only on s € (0, 1).
For sufficiently small number § > 0, there exist constants as > 0, Ls > As > ds > 1,
cs €R, Cy > 0, and a set F5 C R? such that OFs N {xs > 0} is of class CY' and the
following holds:

FsN{z1 <0} = (—o0, 0) x (=00, 0),

Fs DR x (—o0, 0),

FsD (0, Ls+ 1) X (—OO a(;],

1

and Fsn{ds <z < Ls} = {xg < vi(x1), ds < x1 < Ls}

i
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€2

Fy

as |x1

Figure 3.6: The barrier constructed in Proposition B=32

where v is given as v(z1) =y 10 (21 + ¢5)] withy =1/2+ s/2 + «.
Moreover,

y <0

/ xre(y) — xrs(y) J
R |y —p[*ts
for anyp € OFs N {0 < x1 < Az} and

xFe(y) — xF5 (Y) __ o
R2 |y _p|2+s y= L%-&-S/Q-&-ao
1)
foranyp € OFs N {As < x; < Ls + 1}.

This proposition says that one can construct a “good” barrier for the s-fractional mean
curvature equation Hg(p) < 0 for p € E C R?, and this barrier is flat and horizontal
outside a vertical slab, and whose geometric properties inside the slab are under control.
See Figure B@ for a rough sketch of the barrier. The proof is quite technical and requires
us to construct a piecewise linear barrier near the vertical slab and refine it in such a way
that the barrier grows linearly with an almost horizontal slope. We here skip the proof of
the theorem and we refer to [51, Proposition 7.1]. As a corollary of this proposition, the
authors in [51] proved

Corollary 3.3.3 ([51]). Fiz eg > 0 arbitrarily small. There exists an infinitesimal se-
quence of positive numbers {6;}; and sets {H;}; in R? such that H; is symmetric with
respect to the avis {x1 = 0}, OH; N {x2 > 0} is of class CYL, and satisfy the following
properties:

Hin{r; < -1} = (-0, —1) X (—00, 0),
H; 5 R x (o0, 0),

2+¢q

H; D> (-1,1) x (—o0d 15 ],
and H; C{xo < 4;}.

Moreover,

/ xue(y) — xu,(y) dy < 5
R2

ly —p|*+s
foranypE@Hiﬂ{—l—FlTlm <z <0}.
The proof follows directly from Proposition B232 and is based on the proper choice of

3+5+e0

6 :=1L;? where Ls and gy are as in Proposition B332 and scaling of the sets.



Chapter 4

Nonlocal Denoising Problem

4.1 Problem Setting and Main Results

Let K : RV \ {0} — R be a given function and f : RY — R be a given data. We study
inf { F ¢(u) | u € BVg(RY) N L*(RY)} (4.1.1)

where the functional Fr ; is defined as

Fiosy=g [ ] K@=l —uldedy+ g [ (@) = f@)tde (412

for any function u : RN — R, and the space BV (RY) is a set of all functions such that
the first term of (A12) is finite (see Section EZ2 in this chapter for the definition). Recall
that the function K is called a “singular” kernel, as we briefly explain in Chapter B.

In this chapter, we mainly focus on the typical kernel K (x) = |z|~(¥+%) of the nonlocal
perimeter, with s € (0,1), and we study the regularity of the minimizers of Fx , under
some suitable conditions on the data f.

As discussed in the case of the denoising problem in [29, B0, B1], our regularity result
is based on the following observation: if u is a minimizer of the functional Fp f, then the
superlevel set {u > t} for each ¢t € R is also a minimizer of the functional associated with
the prescribed nonlocal mean curvature problem

inf {Ex 4(E) | E C RN}

where we define the functional £ f; by

ExsalE) = Pe(B)+ [ (1= f(@)do
for any measurable set £ C RY and ¢t € R. Recall that Pg is the nonlocal perimeter
associated with the kernel K (see Section PZIl in Chapter B for the precise definition). If
K satisfies “good” conditions, E; is a minimizer of £ ¢, for each ¢, f is locally Lipschitz,
and OF; is smooth (C?-regularity is sufficient), then we can obtain that the boundary dF;
satisfies the following prescribed nonlocal mean curvature equation

HE (x)+t— f(z) =0 (4.1.3)

for any x € 0F;. One may easily obtain this equation by computing the first variation of
Ex ft- Here H J{J(t is the so-called nonlocal mean curvature defined by

HE, (z) =P.V. . K(z —y)(xe(z) = x£.(y) dy (4.1.4)

47
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for any 2 € RY where “P.V.” means the Cauchy principal value (see also Section 23 of
Chapter B for the notion of s-fractional mean curvature).

In the above setting, our main interest is on the regularity of the minimizer of Fy ;
according to the one of the given data f. As we discussed in Chapter O, it was proved
that, in the classical denoising model, the minimizer is as regular as the data f if f is
Holder continuous. As an analogy of this result, we prove

Theorem 4.1.1. Let N =2, s € (0, 1), K(x) = |z| "N+ and f € L> N L®(R?). If f is
locally 3-Holder continuous with 3 € (1 — s, 1], then the minimizer of the functional Fi ;
is also locally B-Hélder continuous in R2.

Our idea to show the local Holder regularity of a minimizer is as follows: if we take
any minimizer u of Fx r, then the distance between the boundaries of the two superlevel
sets {u >t} and {u > t'} for ¢, t' € R with ¢ # t’ should not be too close to each other. To
see this, we compare the two s-fractional mean curvatures of 9{u > t} and 9{u > t'} at
the points where the smallest distance between the boundaries d{u > ¢} and d{u > t'} is
attained. The comparison can be done thanks to the computations of the first variation of
the nonlocal mean curvature shown in [41, 70]. Thus, using the Euler-Lagrange equation
(E133), we are able to derive some local estimate to assert the local Holder regularity with
the assumption of the local Holder regularity of f.

4.2 Notations

In this section, we give several definitions and properties of the space of functions with
finite nonlocal total variations. First of all, we recall the space BVx () of functions with
nonlocal bounded variations associated with the kernel K, which is defined in Chapter @

Secondly, we give the definition of solutions to the so-called nonlocal 1-Laplacian equa-
tion associated with the kernel K.

Definition 4.2.1. Let F': RY x R — R be a measurable function in L?(RY x R). We say
that u € BVx N L2(RY) is a solution to the nonlocal equation

— ARu(z) = F(z, u(z)) for ae. z € RY (4.2.1)

if there exists a function z : RV x RV — R with |z| < 1 a.e. in RNV x RY and 2(z, y) =
—z(y, z) for a.e. (x, y) € RNV x RY such that

% / Kz —vy)z(z, y)(v(x) —v(y)) de dy = F(x, u(x))v(x)dx (4.2.2)
RN JRN RN

for every v € C°(RY) with [v]x (RY) < 0o and
2(z, y) € sgn (u(y) —u(x)) for ae. (z,y) € RY x RN
where sgn () is a generalized sign function satisfying that
sgn(x) € [-1, 1], sgn(z)x =|z| forany z € R.

In particular, the case that F'(z, u(x)) = u(z) — f(x) for a given data f is of our main
interest in this chapter. The concept of the definition is motivated by the Euler-Lagrange
equation of the functional

Tutw) = [ [ K@=lu(e) ~ u)] dedy.
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Indeed, when we assume that v is a minimizer of Zx and consider the first variation of
the functional Ty in a formal way, namely, the quantity d% le=0Zk (u+e¢) for any suitable
test function ¢, we may obtain

1 u(z) — u(y)

However, it is quite problematic for one to give a rigorous meaning to the ratio %
To overcome this difficulty, we adopt Definition B=21 and this can be one of the proper
treatments for this issue. Indeed, in Definition E271, we may consider the condition that
2(z, y)(uly) — u(z)) = |u(y) — u(z)| for ae. (z,y) € RV x RN with u(z) # u(y) as a
natural requirement. Note that the framework of solutions in the sense of Definition B2
has been originally developed by, for instance, J.M. Mazén, J.D. Rossi, and J. Toledo in
[8R] and one may see this framework as a nonlocal counterpart of the framework given in
[6] and [87].

Finally in this section, let us briefly mention the existence and uniqueness of the
minimizer of the functional (A-T-2) with a general kernel K. These properties are true
because of the general theory of functional analysis.

Existence of Minimizer in L?

We assume that the kernel K is non-negative and satisfies that Px(B) < oo for some
ball B ¢ RY and moreover, the given data f is in L?(R"). We show the existence of
the minimizer of the functional (BI2) in L?(R"). This is a simple consequence of the
classical theory of functional analysis. Indeed, let {u,},en be a minimizing sequence in
L?(RY), namely,

nh_}rrolo Frc f(up) = inf{Fg s(u) | u € L*(RY)}. (4.2.3)

Notice that, since f € L2(RY) and x5 € L*(R") for some ball B C RY, we have

inf fo(u) <]:Kf(XB):PK(B)+/ |f’2+/ H < 00
weL2(RN) 7 - ’ c 2 B 2

From the minimality of each u,, and by choosing tu,, as the competitor with ¢ € (0, 1), we
can observe

sup ([un]K(RN) +/ |t |2 dx) < 1/ fAdx < co. (4.2.4)
neN RN +t Jry

From the weak compactness of L?, we can extract a subsequence (denoted by the same
indices) such that u, — u weakly in L?(R") as n — oo for some u € L?. One can see
that the functional F r is lower semi-continuous in the strong topology of L? and convex.
Hence, by Mazur’s lemma, Fg ¢ is also lower semi-continuous in the weak topology of L?.
Therefore, we obtain that u € L? is a minimizer of F, K.f-

Uniqueness of Minimizer in L?

Due to the L2-fidelity term in (EZI2), we can observe that the minimizer of the func-
tional (B12) is actually unique, up to multiple constants. Assume that u; and ug are the
minimizers of (A7), and K satisfies the conditions that the existence of the minimizer
holds. Then, from the inequality

e S el (BY)

| @< Gl + 3

and the convexity of the functional (E212), we have

)
) < %fKJ(ul) + %FKJ‘(’UQ) (4.2.5)
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where the equality holds if and only if u; = ug a.e. in R™V. On the other hand, from the
minimality of u; and ug, the equality in (B223) holds, and thus we obtain the uniqueness.

4.3 Preliminary Results

In this section, we collect a number of properties of the minimizer of the functional (E12)
in order to prove the main theorem of this chapter.

4.3.1 Euler-Lagrange Equation for Fx s

In this subsection, we show the necessary and sufficient condition for the minimizers of the
functional Fr ; in RY. Before stating the claim, we give some conditions on the kernel K
which we assume in the sequel.

(K1) K : RV \ {0} — R is a non-negative measurable function.

(K2) K is symmetric with respect to the origin, namely K(—xz) = K(z) for any = €

RN\ {0}.

We observe that a typical example of the kernel K is given as K(z) = |z|~(N**) with
s € (0, 1) and this function satisfies all of the above assumptions.

In the following lemma, we show that the minimizer of Fy ; satisfies a prescribed
nonlocal mean curvature equation. This equation can be regarded as the Euler-Lagrange
equation. Moreover, we show that the converse statement is also valid.

Lemma 4.3.1. Assume that the kernel K satisfies (K1) and (K2) and a given data f is
L*(R?). If u € BV N L*(RY) is a minimizer of the functional Fi ¢, then u satisfies the
equation

—Afu=u—f nRN (4.3.1)
in the sense of Definition B-21. Conversely, if u € BVx N L2(RN) is a solution of the
equation (BEZ3D) in the sense of Definition [-2-1, then u is a minimizer of Fi ¢.

Proof. First, we recall the definition of the functional Zx and the non-negativity of K and
thus, find that Zx is convex, lower semi-continuous, and positive homogeneous of degree
one. Then, by using the same argument as in [89, 90|, we can show the characterization
of the sub-differential of Zx (u) as follows:

0Tk (u)
= {v e L*(RY) | —~Afu = v in the sense of Definition Z=21} . (4.3.2)
Here we recall the definition of the sub-differential 0€(u) for u € X of the functional
€ : X — RU{oo} where X is the Hilbert space with the inner product (-,-)x. We say
that v € X belongs to 0€(u) for each u € X if it holds that, for any w € X,
E(w) —E(u) > (w, v)x.

Note that v € X is a minimizer of £ if and only if 0 € 9€(u). Then, from the general
theory on the sub-differential, we can also show the identity

0Fk f(u) = 0Lk (u) +u — f. (4.3.3)
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for any v € L?. Indeed, if v € O0FFk,f(u), then we can compute the functional of v as
follows; for any w € L2(RY),

Tictw) = Tilu) = Facyw) = Fics(w) + 5 [ (w=pPda=5 [ w—pP
1
> /RNv(w—u)dx—Z/RN(w—u)(w—i—u—Qf)dx

- [ ous Dw-wdet [ (= po=u)ds
—;/RN(w—u)(w—i-u—2f)dx

:/RN(v—u—i—f)(w—u)dx—i-;/RN(w—u)Qdfﬂ

Z/RN(v—u—l-f)(w—u)dx. (4.34)

Therefore we obtain v —u + f € 0Zk(u). On the other hand, if v € 0Zk (u) + u — f, then
we can compute in the following manner; for any w € L%(RY), we have

Fic () = Ficy ) = Tie(w) = Tucw) + 5 [ (w=pldo—5 [ w=p?  (435)

1
Z/RN(v—u—i—f)(w—u)dx+Q/RN(w—u)(w+u—2f)dx

:/RNv(w—u)dm+;/RN(w—u)2dx

> /RN v(w — u)dz, (4.3.6)

and thus we have that v € 0Fg ¢(u). Therefore, from the computations (234) and (2=33),
we conclude that the first part of the claim is valid. Then from (BZ333), we can easily obtain
the equity

OF k. f(u)
={v+u—feL*R")| —Affu=v in the sense of Definition 2T} .  (4.3.7)

We can readily see that 0 € 0Fk f(u) whenever u is a minimizer of Fg y Therefore, we

conclude that, if u is a minimizer of Fg f, then u is a solution of the equation (E=3T).
Conversely, if u is a solution of the equation (BZ3), then from (EZ37) we have that 0

belongs to the set in the right-hand side of (E=372), and thus we obtain 0 € 0F s(u). O

4.3.2 Comparison between Minimizers

In this subsection, we prove a comparison principle for the minimizers of Fx ; by using
the uniqueness of the minimizer in L2, We assume that K satisfies the assumptions (K1)
and (K2) shown in Subsection 82371 and the data f; and fs satisfy that f; < fo. Then we
show that the minimizers u; and uy associated with f; and fs, respectively, preserves the
inequality. Precisely, we prove the following result:

Lemma 4.3.2. Let f; be in L2 (RY) for each i € {1, 2} and u; € BV N L*(RY) be a
minimizer of Fi y, for eachi € {1, 2}. Assume that the kernel K : RN\ {0} — R satisfies
(K1) and (K2). If fi < fo LN-a.e. in RN, then uy; < ug LN -a.e. in RY.
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Proof. Let uy, us € BV (RY) be minimizers of F, K,f associated with given data f1, fo €
L?(RN), respectively. First of all, we prove the following inequality:

[us] e (RY) + u—] k (RY) < [ug] g (RY) + [ug] x (RY). (4.3.8)
Indeed, setting
uy(x) = max{uy (), uz(z)}, u—_(x):=minfui(x), us(x)} (4.3.9)

for any = € RY and by the co-area formula, we have that
1
k@) = [ 5[] K@= ) K (0) = X ()] do dy d
—00 RN JRN

= /OO Pre({u; > t}) dt (4.3.10)

for any @ € {1, 2, +, —}. From Proposition 218, we recall that the nonlocal perimeter
Py is sub-modular, namely, it holds that
PK(EUF)-FPK(EQF) SPK(E)-FPK(F) (4.3.11)

for any E, F C RV. Therefore from (EZ311) and the definitions of uy and u_, we obtain
the claim.

Now from the general theory of calculus of variations, the minimizer of Fx r is unique
in L2(RY) and thus, it is sufficient to prove that

Fr o (ug) < Fre gy (u2)

where u is defined in (BZ39) to obtain the lemma. From a simple computation, we can
easily see that the inequality

(ue = f1)* + (ug — f2)* < (ur — f1)* + (u2 — fo)? (4.3.12)
in RY. From the minimality of u; for i € {1, 2}, we have
Fre,p(u1) + Fre py (u2) < Fre gy (u—) + Fre g (uy ). (4.3.13)

On the other hand, from (E=38) and (E=312), we have
fK:fl (u—) + fK,f2 (U+)

Slde®)+ 5 [ = 2o+ k@) + 3 [ (- ) da
~ e ®) + 5 [ (= 2ot fuale () + 5 [ (= ) da
+;/RN(U— — f1)dx — ;/RN(ul ~ f1)?de

1
+;/RN(U+—f2)2d$—Q/RN(U2—f2)2d~’U

< Frp(ur) + Fk gy (u2)- (4.3.14)
Thus from (E=3T3) and (E=314), we obtain
Fr,f(u1) + Fr po (u2) = Fre g (u—) + Fr o (uy) (4.3.15)

Now suppose by contradiction that Fg ¢, (u4) > Fk f,(u2). Then from (B=3TH) we have
Frp(ur) > Fr p (u-)

which contradicts the minimality of u;. Thus we obtain the inequality Fg f,(uy) <
Fk.f,(uz). Therefore, by the uniqueness of the minimizer of Fx ¢, this implies that u4 =
us a.e. in RY, which implies that us > u; a.e. in RV, O
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Corollary 4.3.3. Assume that the kernel K : RN \ {0} — R satisfies the assumptions
(K1) and (K2) in Subsection I-34. If a data f € L*(RY) is non-negative a.e. in RV,
then the minimizer u € BV N L2(RY) is also non-negative a.e. in RY.

Proof. Since it holds that
Fr,0(0) =0 < Fro(v)

for every v € BV N L2(RY), we have that the unique solution of the problem
inf{Fro(v) | v € BV N L?*}

is v = 0. Hence, by applying Lemma B=32 to the case that f; =0 and fo = f, we obtain
that 0 < u a.e. in R, O

Finally, we show a sort of comparison property of minimizers under the assumption
that a data f is bounded in R™Y. We do not derive the following proposition directly from
Lemma B=32 but from a simple computation.

Proposition 4.3.4. Let u € BVk N L*(RY) be a minimizer of Fg 5 with f € L*(RY).
Assume that the kernel K : RN \ {0} — R is non-negative measurable function. If there
exists a constant C' > 0 such that |f(z)| < C for a.e. x € RN, then |u(x)| < C for a.e.
z € RN with the same constant C.

Proof. Tt is sufficient to show that, if f < C a.e. in RY with some constant C' > 0, then
u < C a.e. in RV with the same constant C' because we only repeat the same argument
as we show in this proof. We define v(z) := min{u(z), C} for x € RY. It is sufficient
to show that u = v for a.e. in RY. From the definition, we can show the claim that
lv(z) —v(y)| < |u(z) —u(y)| for z, y € RY. Indeed, if u(z) < C and u(y) < C or u(z) > C
and u(y) > C, then we can readily obtain the claim. If u(z) < C and u(y) > C, then we
have

2(y) — C% — 2u(z) u(y) + 2u(z) C

Ju(z) —u(y)]? — |v(z) —o(y)* = u
= (u(y) = C)(uly) + C = 2u(x)) = 0.

In the same way, we can prove the claim if u(x) > C and u(y) < C. Moreover, we can
show that (v — f)2 < (u — f)? in RY. Therefore we compute the functional associated
with v as follows:

Fes) =5 [ [ Ke—nb@ - owlddy+g [ @i

L 1
< Q/RN ox K(z—y) u(x)—U(y)\da:der2/RN(u_f)2dx

= Fr f(u).
Thus, from the uniqueness of the minimizer of the functional Fg r, we obtain v = u a.e.
in RN and this concludes the proof. O

4.3.3 Characterization of Minimizers for Fy ¢

In this section, we show the following claim which gives a relation between the minimizers
of Fi 5 and £k s, for t € R. Recall that £ r4(E) as

Exc 1 1(E) = Pic(E) + /E (t - f(x)) dz (4.3.16)

for every measurable set £ C R where we assume that f € L2(RY) is a given data and
t € R is any number.
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Lemma 4.3.5. Assume that the kernel K (z) = |z|~ N+ for 2 € RN\ {0} with s € (0, 1)
and a data f € L>N L®°(RYN). If u € BV N L*(RY) be a minimizer of Fk s, then the set
{z € RN | u(x) >t} is also a minimizer of E r+(E) for every t € R among measurable
sets E C RY.

Proof. Let ' C RN be any measurable set. We may assume that P (F) < oo; otherwise
this set cannot minimize the functional £k ¢. Moreover, we may assume that ||xp|/p1 =
|F| < oo because of the nonlocal isoperimeteric inequality. Then it suffices to show that
the superlevel set {u > t} for each ¢ € R satisfies the inequality

PK({U > t}) +/

{u>t}

(t — () do < Px(F) + / (t — f(x)) da. (4.3.17)

F

From Lemma BEZ31 and the assumption that u is a minimizer of the functional F r, we
have that u is also a solution of the equation

ARy =u—f RN (4.3.18)

in the sense of Definition EZZ0. Thus, by definition, there exists a function z, € L% (R x
RYN) with |2,| <1 and z, being antisymmetric such that

1
5 | [ K@= ) @@ - e dedy = [ = Hu@de (@319

for any w € BVx N L?(RY) with a compact support and moreover

zu(2, y)(uy) — u(x)) = [u(y) — u(z)] (4.3.20)

for a.e. , y € RY. From the co-area formula, we have the following two identities:

) = u )l = [ Ixuen @ — X W)l d (4.321)
and .
(u(x) — uly)) = / (s (7) — Xqusey (4) di (4.3.22)

for any measurable u : RV — R and a.e. x, y € RV, Thus from (B2320), (E=3Z1), and
(E2322), we obtain

2u(®, Y) (X qust1 (¥) = Xgust3 () = IXqus3 (1) = Xgusty (2)] (4.3.23)

for a.e. ¢ € R. Now we fix t € R such that (2323) holds. From the specific choice of
K(z) = |z|~N*9) the function space BV (RY) coincides with the fractional Sobolev space
W*HRN). Recall that the space C°(RY) of smooth functions with compact supports is
dense in W5 (RY) (see [2] for the detail). Hence, from the fact that Py ({u > t}) and
Pk (F) are finite, we can choose sequences {n/}en and {nf }en in C°(RY) such that

m—— Xfusty» W —— xp  in WHH(RY). (4.3.24)

l—o00 l—00

From the choice of the approximation, we notice that the difference function ;' —an is also
in W*!' N L?(RY) and has a compact support for each I € N. Hence, from the definition
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of solutions to the equation (E=3718), we obtain
[P =ahas
RN
= _% /RN K@)z, y) [ - ) () — (0 — ) ()] da dy
- _% /RN . K(z —y) zu(z, y) (/' (y) — n'(x)) dv dy
* ;/ K(z —y) 2@, y) (0] (y) — 0 (x)) de dy. (4.3.25)
RN JRN

By applying Proposition £34 and from the assumption that f € L>®(R"), we have that
the minimizer v is also in L>°(R") and thus

[ et =afyde = [ @ e - ) ds| 0. (4320)
RN RN —00

Hence by applying the dominated convergence theorem and from (E=324), (E2323), and
(E2326), we obtain that

[ 0= Dctusy = )
]RN
= lim [ (u—f) @ —nf)dx
— 00 RN
1
=-3 / K(z —y) 2u(z, ¥) Xfust) (¥) — X{use) (7)) dz dy
RN JRN
1
o [ ] =0 aw 0) () — (o) do dy (43.27)
RN JRN
From the definition of z,, we have
1
3 / K(z —y) zu(z, y) (xr(z) — xF(y)) dz dy
RN JRN
1
<5 [ [ K@= plxe@) - xe@)ldsdy = P(P). (43.28)
RN JRN
Taking into account (B323), (A23721), and (E=32R), we obtain
[ 0= (g = xe) o
]RN
1
<=5 Lo [ K@= Dl @) - Xag )] dedy + Pi(E) (43.20)
RN JRN

Regarding the left-hand side of (EZ329), we have

L= D = xvdo = [ (=t 1) (s — o) do

~ f)dz — Ly
Z/{u>t}ﬂF6(t f) ! /{uSt}ﬁF(u f) !

~ f)dz — —fd
Z/{u>t}ﬂF6(t f) ! /{uSt}ﬁF(t f) !

= [ =D (o = xr)da (4.3.30)
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for a.e. t € R. Hence, from (E=329) and (E=330), we have

Prc({u>1}) + /R (= ) Xusny do
1
= 5 /RN v K(ﬂf — y)|X{u>t}(fE) - X{u>t}(y)’ dx dy + /RN (t — f) X{u>t} dx

< P(F) + /R (b= xwde (4.3.31)

for a.e. t € R. Therefore we conclude that the inequality (E=3147) holds for a.e. ¢t € R.
Notice that, for any ¢ € R such that (E=323) does not hold, we can choose a sequence
{tj}jen such that t; — t as j — oo and (EZ37Z3) holds for any t;; otherwise we can choose
a constant § > 0 such that Bs(t) C {t € R | (E2323) is not true}. Since the condition
(E2323) holds true for a.e. ¢t € R, we have that

0 <20 =|Bs(t)] < |{t € R| (E323) is not true}| = 0,

which is a contradiction. Thus from the lower semi-continuity of Px and the continuity
of the map ¢ — |[{u > t}|, we conclude that (EZ317) holds for every ¢ € R. O

4.3.4 Boundedness of Superlevel Sets of Minimizers

Let u € BVg N L?(RY) be a minimizer of Fg, ; with a data f € LP(RY) with p € (2, oo].
In this section, we show that the superlevel set {u > t} for each ¢ € R is bounded up to
negligible sets. Precisely, we prove

Lemma 4.3.6. Assume that the kernel K(z) = |z|~N*t9) for 2 € RN\ {0} with s € (0, 1)
and f € LP(RN) with p € (2, oo|. If Er is a minimizer of Ex sr among sets with finite
volumes for any T € R, then there exists a constant Rr > 0 such that |Er \ Bg,| = 0.

Proof. We basically follow the proof shown in [32, Proposition 3.2]. Suppose by contra-
diction that |Ep \ B,| > 0 for any r > 0. By setting ¢ (r) := |Ep \ B;| for any r > 0, we
have

(o7)'(r) = —HN"Y(Br N dB,)
for a.e. r > 0. We fix any R > 1. From the minimality of E7, we have
Ex,pr(Br) < Ek 0 (Er N By). (4.3.32)

From Proposition 213 with Q = RV, we have

Pg(ET \ By) §2/E . /E . K(x —vy) dxdy/E . (T — f(z)) dz. (4.3.33)

From the isoperimetric inequality of the nonlocal perimeter, we can have the following
lower bound of the term of the left-hand side in (B=3233) (see for instance [b8]):

n—s
n

7 =C(n,s)p" (1) (4.3.34)

Pg(Er\ B,) >

n—s

1 n

n—s

for r > R, where we set C(n,s) := |Bi|” » Pg(Bi). Secondly, from Fubini-Tonelli’s
theorem and the co-area formula, we can compute the first term of the right-hand side in
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(B=3733) as follows:

/ / K(x—y dwdy</ /
ErnBy,. ET\BT‘ ET\BT B|y| 7"
1
= ]SN 1\/ S drdy
/ET\BT i T

o e — |N+s dz dy

SN—I L

<5 =y
T T
|SN Lo ree NI ETmaB)
SE do
(o —

\SN ' )'(9)

- / = T)S (4.3.35)

for any r > R. Finally, regarding the second term of the right-hand side in (E=3233), from
the assumption of f and Cauchy-Schwartz inequality (if p # c0), we have

1
/ (~T + f(2)) dz < T|Bp\ Bo| + | flwam | B \ By
ET\Br

=T ¢p(r) + | fll oy d3:(r) < 00 (4.3.36)

for any 7 > R > 1 where ¢ > 1 satisfies p~! +¢~! = 1. By combining all the computations

(A=3333), (22334), and (E=3236) with (E23233), we obtain
Cns) oy () < =01 [T D ot Tor() + Wl 610) (4330

n—s
>

for any r > R where we set C = =

we can have that

SNfl . .
| . | Since ¢r(r) vanishes as r — oo and

Q=

n—s

2T ¢1(r) + 2|| fll Loy 97(r) < Cln, s) gy (r)

for sufficiently large » > R. Hence, by integrating the both sides of (AZ3Z37) over r €
(R, 0), we obtain

C(n,s)

X e o [ [T 6@
3 | ort (< Cl/R/T (o =y dorr (4.3.38)

By exchanging the order of the integration, we have

// (0 —r)° dd?“—//(( /(;drdo (4.3.39)

Then by employing the similar computation shown in [32], we obtain

R R

Therefore, from (E=338), we have
C(n,s (]5 (R) *©  ¢r(o)
gb r)dr < C +C ————do
/ g ' ' Jrp1 (0= R)*
¢T( )

+C1 b ¢r(o)do
R+1




58 CHAPTER 4. NONLOCAL DENOISING PROBLEM

Again, by choosing R sufficiently large so that the inequality

o0 00 ps
o [ eriryar < €09
R+1 4 R

gszT (r)dr

holds, we have

- n;S T T —401
| o ) < g on(R)

Then by applying the method shown in, for instance, [45, 32], we obtain the contradiction
to the assumption that ¢p(r) > 0 for any » > 0. Therefore, we conclude the essential
boundedness of the set Er. O

We assume that u € BVg N L*(RY) is a minimizer of the functional Fy ¢ and u is
bounded from below with the constant ¢ € R. Then, since the superlevel set {u > ¢} is
also a minimizer of £k ., we may obtain from Lemma BZ38 that there exists a constant
R. > 1 such that [{u > ¢} \ Bg,| = 0. In addition to this, we have the inclusion of
the superlevel sets that {u > t'} C {u > t} for any ¢ > ¢t. Thus, we conclude that the
following corollary holds.

Corollary 4.3.7. Assume that the kernel K(z) = |z|~N*+9) for x € RN \ {0} with s €
(0, 1). Let u € BV N L*(RY) be a minimizer of Fi p. If f is in L°(RY) and u > ¢ a.e.
in RN for some ¢ € R, then the superlevel set {u > t} is uniformly bounded with respect
to t > c. Namely, there exists R. > 0, independent of t, such that {u >t} C Bg, for any
t>c.

4.4 Holder Regularity of Minimizers

First of all, we prove that, if the boundary of {u > t} is regular, then w is continuous.
This claim will not be applied here to prove our main theorem; however the proof itself
contains some ideas for the proof of our main theorem.

Proposition 4.4.1. Assume that K (z) = ||~ for any x € RN\ {0} with s € (0, 1)
and the data f is locally Lipschitz and in L=°(RY). Let u € BVg(RN) N L2(RY) be a
minimizer of Fr ¢, and we assume that d{u >t} is of class CH* with o € (s, 1] for each
t € R. Then u is continuous in RY.

Proof. From Lemma B33, we have that the set F; := {u > t} is a minimizer of £k ¢, for
each t € R. Suppose by contradiction that u is not continuous in RY. Then there exist
a point g € RY and —oo < ¢/ < t < oo such that g € 0F; N OE,. Indeed, if v is not
continuous at xo, then it holds that ¢ := limsup,_,, u(z) > liminf, ,;, u(x) = t_. Note
that t4+ > u(xg) > t_ by definition. Setting § := ¢4 —¢t_ > 0 and the definition of ¢, we
can choose a sequence {zy, }nen such that xp — zo and u(zg) > t4 — 2% for any k € N with
k > 1. If u(zo) = t+, then we have that z;, € {u > u(xg) — §} for large k € N and thus,

we obtain that xo € {u > u(zg) — %} However, from the definition of §, xg cannot be a
interior point of {u > u(zg) — g}; otherwise we can choose a sequence {yi}ren such that

) )
u(zo) — 3 < u(yr) <t— + oF (4.4.1)

for any large k. From the definition of § and the fact that u(xzg) = t4, we obtain a
contradiction. Therefore, we have xg € 9{u > u(xg) — %} In the same way, we also
have zo € 0{u > u(wp) — $}. This implies the validity of the claim. Now we assume
that u(xg) < t; and set & = ty — u(xg) > 0. Then, since u(zy) > t4 — 2% for any
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k € N, we have that u(xp) > u(xo) + %S for any k € N with & > (26)7' and that
xy € {u> u(xo)—i-%g} for large k € N. Hence, recalling that x; — 2o as k — oo, we obtain
that ¢ € 0{u > u(xo) + %5} In the same way, we can show that zo € 0{u > u(zo) + %5}
Therefore, we conclude that, if « is not continuous at zg, we can find distinct constants
t, t' € R such that zg € O{u >t} No{u > t'}.

Since E; and Ey are the minimizers of £k ¢y and £k 4, respectively, and we assume
that the boundaries of E; and Ey have the C1®regularity with o > s, we obtain the
Euler-Lagrange equations

Hi (x) +t— f(x) =0 (4.4.2)

and
Hﬁ;t/ (x)+t — f(x) =0 (4.4.3)

for each x € 0E, NOEy where Hj, is the s-fractional mean curvature of E (see Section I3
of Chapter B for the definition). Note that the s-fractional mean curvature is well-defined
on each point of the boundary if the boundary is at least of class C1® with a > s (see, for
instance, [34, Corollary 3.5]). Moreover, the Euler-Lagrange equations can be derived by
directly computing the first variation of £k f; associated with the one-parameter family
of diffeomorphisms.

Now we can readily see that, if two sets F, F satisfy that E C F and OE N OF # 0,
then it holds that Hf, > HF on OE N OF. Indeed, by definition, we have

Hiy(x) — Hi () = P.V. /R i XE‘;“?E ;‘ ﬁgy) dy

xr(x) — xr(y)
—PV. LS
/RN o — gVt Y

B xe(z) — xr(z) — xe(W) + xr(y)
—P.V. /RN e dy (4.4.4)

for any x € OE N JF. Since E C F, it holds xg < xr in RY and xg(z) = xr(x) for any
x € OFNOF. Thus from (E24) and the non-negativity of K, we obtain the claim.
Therefore, from (B272), (A2-3), and the fact that H %t’ > Hp,, we obtain

t' = f(wo) >t — f(wo)

and it turns out that ¢ > ¢. This contradicts the fact that ¢’ < ¢. ]

4.4.1 Regularity of Boundaries of Superlevel Sets of Minimizers

Now we show some regularity results of the boundary of the set {u > t} for each ¢
under suitable assumptions on the data f, where u is a minimizer of the functional Fp ¢
with K(z) = ||+, From Proposition B34, we have that v € L®(RY) whenever
f e L®RY). Since {u >t} = RN if t < —|lu||z~ and {u >t} = 0 if t > ||Ju =, we
focus on the set {u > t} only for t € [—||lu||z, ||u|lz=) in the sequel. Note that, from
Corollary 82377, the superlevel set {u > t} is bounded uniformly in t[—||u||pe, ||u||ge) if
f € LN L>®RN).

To obtain our main result on the regularity of minimizers, we exploit the regularity
results proved by A. Figalli, N. Fusco, F. Maggi, V. Millot, and M. Morini [56], O. Savin
and E. Valdinoci [T06], and B. Barrios, A. Figalli, and E. Valdinoci [4] (see also [26]). All
of the results by these authors are stated in Section B of Chapter B.

First, we recall the following two results: one is on the regularity of almost s-fractional
minimal sets, which was shown by A. Figalli, N. Fusco, F. Maggi, V. Millot, and M. Morini
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[66], and the other is on the regularity of s-fractional minimal cones in 2 dimension, which
was shown by O. Savin and E. Valdinoci [106] (see Theorem 249 and Remark Z4T10 in
Section P4 of Chapter B). From these results, we can obtain the following result:

Lemma 4.4.2 (C'“-regularity of Boundary of Superlevel Sets of Minimizers). Let f €
L2 N L®°(RN). Assume that K(z) = |z|~N*) for € RN\ {0} with s € (0, 1) and
u € BVk N L2(RY) is a minimizer of the functional Fi ;. Then, for each t € [0, 00),
the boundary of the superlevel set {u > t} is of class C with some 0 < o < 1, except a
closed set of Hausdorff dimension N — 3.

Proof. We fix t € R. Let g € 9{u > t} and r > 0 be any number. First, from the

assumption on f, Proposition B=34, and Corollary B=377, there exists a constant Ry > 0

such that E; == {u > t} C Bg, for any ¢ > 0. In order to apply the regularity result to
2

our case, it is sufficient to show that the set E} is an almost s-fractional minimal sets in
Bp, in the sense of Definition 22278 for some constant A > 0. Note that this also indicates
that Ey is a minimizer in the sense of Theorem EZ4R8. From Lemma B=33, we know that
{u > t} is a solution to the problem

inf{€x 1(E) | |[E| < oo}
for each t € R. Hence, from the minimality and boundedness of F;, we have that
Ex 14(Er) < Ex pt(F) (4.4.5)

for any F C RY and F; A F C B,(z0). From the definition of P;(- ; Br,) and the fact that
E, C Br,y, we have the identity that Px(E;; Br,) = Px(FE:). Hence, from (B223), we can

2
compute as follows: for any set F' and r > 0 with E; A F C B,(z9) C Br,y, we have
2

Prc(Ev: B,) — Prc(F; Br,) = Ex1(Er) — / (t— f(x)) da

o

~EcpalF)+ [ (0= 1@ ds
F

< [ Ixe = xellt = f(@)]da
RN

< / It — f(x) da. (4.4.6)
BT(ZCO)

Since we assume that f € L>°(RY), we have
/ I @ S (0 ) BAF (147
r(Z0o

Hence, from (B-248) and (E2471), we have
Py (Ey; Br,) < Pr(F; Bry) + (t+ [[fl Lo @y)) [EAF|

or equivalently, since E; U ' C Br,, we have
2

Py (Et) < P (F) + (t+ || fll Lo r)) [ EtAF|

for any F ¢ RN with E; A F C B,(xg). Therefore, we apply the regularity of the
s-fractional minimal sets and s-fractional minimal cones in Theorem P49 and Remark
22710 in Section P24 of Chapter B to conclude that the claim is valid. O
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In the previous proof, we have shown that, if u € BVx N L2(RY) is a minimizer of
Fk.f, then each superlevel sets {u > t} is not only a minimizer of £k r, but also an almost
s-fractional minimal set in a ball. Hence, recalling Lemma 27T in Section B of Chapter
B, one can obtain the density estimate of each superlevel set {u > t} as follows:

Lemma 4.4.3 (Density Estimates of Each Superlevel Set). Let t > 0 and f € L®(RY).
Assume that the kernel K(z) = |z|~N*9) for x € RV \ {0} with s € (0,1) and u €
BV (RN) N L2(RY) is a minimizer of Fi . Then Ey = {u > t} satisfies the following
condition: there exist constants co € (0, 1) and ro € (0, 1), independent of t, such that we
have

|B1|(1 = co) ™Y > |Ey N B, (x)] > co| By|rY

for any r € (0, 79) and x € OF; such that |E; N By(z)| > 0 and |(Ey)°N By(x)| > 0 for any
r>0.

The reason why the constants ¢y and rg are independent of ¢ is that we have the
finiteness of ||u|/ze from the assumption that f € L°(RN).

We now exploit another result of the regularity of solutions to integro-differential equa-
tions via the bootstrap argument. This result is obtained by B. Barrios, A. Figalli, and
E. Valdinoci [9]. The authors proved the following regularity theorem on the solutions
to a certain integro-differential equation. For simplicity, we do not describe the whole
statement. See [9, Theorem 1.6] for the full statement.

Theorem 4.4.4 ([9]). Let v € L¥(RY~Y) be a solution (in the viscosity sense) to the
integro-differential equation

/RNl Ar(x/, y/) (v(x/ + y/) + v(m’ — y’) — 21}(3:’)) dy' = F(x/)

for any x' € B.(0) € RN=! where A, satisfies the following assumptions:

(A1) There exist constants ag, ro > 0 and n € (0, %) such that

(1 —s)(a0 —n) (1 —s)(ao + 1)
|y/‘—N+s < Ar(xla y/) < ‘y/’—N—l-s

for any x' € B/(0) and y' € B, (0)\ {0}.
(A2) There exists a constant Cy > 0 such that

Co
HAT('a y/)HCOwB(Bi) < ’y/’N—&-s

for any ' € B},(0) \ {0}.

and F € C%(BL(0)) with B € (0,1]. Then, we have that v € CY*+*(B%(0)) for any
2
a<pf.

Taking into account all the above arguments, we can obtain that the boundary of the
superlevel set of the minimizers of Fx ; has the C?5t8~Lregularity under the -Holder
regularity of a given data f with 5 € (1 — s, 1]. Precisely, we prove

Lemma 4.4.5. Let f € L*> N L¥(RY). Assume that K(z) = |z|~ N+ for z € RV \ {0}
with s € (0, 1) and u € BV N L*(RN) is a minimizer of the functional Fx s. If a data f
is in C’loo’f(RN) with 5 € (1 — s, 1], then, for each t € [—||u| Lo, ||u|lz), the boundary of
the superlevel set {u > t} is of class C?5H0=1 with some 1 —s < § < B except a closed set
of Hausdorff dimension N — 3.
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Proof. Recalling Proposition B34, we first observe that the assumption that f € L>®(RY)
implies that v € L>°(RY). Since minimizers {E; = {u > t}}; are bounded uniformly in
t > —|lu||pe due to Corollary B34, we also observe that each F; is also an almost s-
fractional minimizer of P; in Bg, where R, > 0 is the constant in Corollary E=371.

Now by closely following the argument in [22, Theorem 5.1] and [26, Theorem 5.3] (see
Appendix B for the precise argument), we can obtain the Euler-Lagrange equation

Hy +t—f=0 ondE (4.4.8)

in the viscosity sense. We note that the equation (E278) holds in the viscosity sense if
(B2R) is valid at any x € OE; where F; has both interior and exterior tangential balls.
See also Chapter B.

From Lemma EZ2 and the assumption that f € L>(RY), the boundary of the super-
level set {u > t} of the minimizer u has the C''7-regularity with some v € (0, 1) except
a closed set % of Hausdorff dimension N — 3, and thus we can represent the boundary
{u >t} \ ¥ locally as the graph of a C17-function (denoted by v;).

Now, in the similar way to [4, Section 3], we show that the graph function v; of OE;
satisfies the following integro-differential equation in the viscosity sense:

v +y) +v(a —y) — 202
/Rw_l At o) Iy’)— x’\(<n—1)+<1)+s) Sy = P )+ = £ 0o

locally on OF;, where F' and A, are “suitable” functions. To see this, we first take any
boundary point p = (p, py) € OE;, and choose an open cylinder C,.(p) .= BL.(p') X (pn —
r, pn +7) C RV~ x R with some » € (0, 1) in such a way that, up to a coordinate,

OE:NCr(p) ={(, yn) | yn = ve(y'), ¥’ € BL(z)},  V'u(p') =0

where we mean by V’ the gradient in RV —!. We may also assume that ||V'v; | oo (BL(pry) < 1
In terms of the graph function v, we can rewrite the nonlocal mean curvature Hy, in the
following manner: first we choose a smooth function &, : [0, co) — [0, 1] such that

& =1 in [o,g), £ =0 in E,oo).

Then, for any x € 0E; N C,(p), we have the following decomposition of the nonlocal mean
curvature.

. xes(y) — xe(Y)
&0 =&l —an) S

HE, (z)

+ /RN(l &y — ) & (lyy — zn])) XET“;?/_) ;J)\([f;(y) dy

= S,(z) + TV (2) (4.4.9)

Notice that, due to the choice of the function &, we may easily observe that U¥t &
C*(B.(p')). Moreover, we have that

S=2f o(M-n i) ), a0

d |y |[N—1+s

for any = € 0E; N C,(p) where we set
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Indeed, we can prove this identity by doing the similar computation conducted in [9]. By
the change of variables, we have

S() 2 /RMG(vt(w')—vt(x’w’)) &) . )

i |y |[N—1+s

By combining (B2419), (E410), and (E411) with (E278), we obtain that

foor (0 (=) o (M) ) it

= f(a, v (2))) —t — U2 (', v () (4.4.12)

for any x € OF; N Cy(p). From the fundamental theorem of calculus and the fact that
G(—t) = —G(t) for t > 0, we have that

o (M= ) g () ke )

Y| Y|
1 AN I n _ / /
0 Y| Y|
A A AN / /
x 2/Ut(x ) ’Ut(x |y/:|y ) /Ut($ + y ) . (4413)

Thus, from (E2T12) and (B4713) and by setting A, as

/ 1 / / / / / /
A ) f;ﬁ’ﬁ’ii/o o <A vt(l’)—‘zf‘(w ) ) w(w)—’;'(:c +y>> 0

for any 2, y' € BL(p'), we finally obtain the equation
A (2, ) Que(2") — v (2" — ) — v (2 +9)), dy' = f(2, vi(2))) =t =P (2') (4.4.14)
RN—1

in the viscosity sense.
We now claim that |y/|N*5A,.(-, /) € CO(BL(p')) for any v € B..(p') where 7 is the
same Holder exponent of the graph function v;. Indeed, by setting p,, (A, z’,y’) as

ve(2") — ve(2 + o)

_ ve(a) — v (2 — o)

p )\7'%,7 ! : + /\ -1 )
wih oy ] A=
we have that ( ’]) .
&rly 1
A2 ) = —d\. (4.4.15)
ly'|N+s o (14 po, (N, 2, y")?) ME

By using the assumption that v, € C17(B..(p')), we can derive the two estimates that
o N 2 y")| < 201V 0| oo (1 pry) < 00,

and

N+s N+s

(L+poe (N 2',9)?) 2 = (L+po, (N2, y)?) 2

N—-1+s

S 2(N + S)(l + 4”V/’Ut||%oo(34(p/))) 2 HV'thLoo(B;.(p,)) |£L'/ — ZJ/|7 (4416)

for any 2/, v/, 2 € BL.(p') and X € [0, 1]. From the definition of A,, the assumption that
VWil oo (B (pry) < 1, (B2T3), and (BEZ4TH), we have that

1

‘Ar(iﬁl, y') - Ar(z/a y/)’ < ¢ ‘x/ - z/|’Y ‘y/’N—l—s

(4.4.17)
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for any 2/, ¢/, 2/ € B.(p') and some constant C' > 0 depending only on N, s, and ¢.
Therefore, we obtain that A, satisfies the condition (A2) with 8 := 7 in Theorem 2.

Now we confirm that A, also satisfies the condition (A1) in Theorem BEZA. Indeed,
from (B271H), we have that

1 1
(1+ 4 V02 e ) 2 IV

1
W > Ar(xlyy/) >

(4.4.18)
for any 2/ € B;/Q(O) and y € B;/B(O), and, by choosing » > 0 small if necessary, we
conclude that A, satisfies (Al).

If v > B(> 1 — s), then we have that |y/|N*5A.(-, v') € COP(BL(p)) for y € BL(p')
and thus, we apply the bootstrap argument in [9, Theorem 1.6] to obtain that v; is of
class C1T5+® for any a < (3. Sine the Holder exponent 3 is greater than 1 — s, we further
obtain that vy is of class C%*T* 1 with 1 — s < a < f5.

If v < B, then, from the fact that f € C’loo’f C C'IOO’Z, we can apply the bootstrap
argument in [, Theorem 1.6] to obtain that v; is of class CL5*® for any o < 7. If
s+7 > B(> 1—s5), then we further apply the bootstrap argument to obtain the C*s+t~1.
regularity of the graph function v; with some 1 —s < o < 3; otherwise, we again apply the
bootstrap argument for f € C%+ and |/ |V TS A, (-, 3/) € C%*** with any a < 7 to obtain
that vy is of class O+ with o/ < s++. If 2s +~ > B(1—s), then we are done; otherwise,
we repeat the above argument finite times until we obtain the C%5+9~1_regularity for some
1—-s<d<p.

Therefore, we conclude the proof. O

4.4.2 Proof of Theorem BT

By using Lemma BZ43, we are now ready to prove the main result of this chapter.

Before proceeding with the proof, we briefly explain the strategy of the proof of The-
orem BTN Let t1, ta € [—||ul/ze, ||ulr=) with ¢; < ty and we set Ey := {u > t;} and
E5 = {u > t2}. We show that the boundaries of E; and Es are not too close. Precisely,
using the regularity of f € C%8, we show the inequality that

ty —t1 < (dist (O, 0Fs))" . (4.4.19)

To see this, we compare the nonlocal mean curvatures on the boundaries 0F; and 0Fs.
Notice that one cannot directly compare the curvatures unless the boundaries share some
point with each other. Thus, we slide 0E; (denoted by OEY) along the outer unit normal v
of OF; until OEY touches 0F,. At the touching point, we can now compare the curvatures
between 0E{ and 0E,. Moreover, by employing the computation by J. Davila, M. del
Pino, and J. Wei [A1], we can also compare the curvatures between 0F; and FY. Finally,
using (B2719), we seek for the estimate of |u(y1) — u(y2)| for y; € IE; with ¢ € {1, 2} to
conclude the proof of our main theorem.

Proof of Theorem [-11. Let d; = dg, for t € [0, o0) be a signed distance function from
0{u > t}, which is negative inside {u > t}. We set E; := {z | u(x) > t} for any ¢. Since
N = 2, from Lemma BEZ3 it follows that the surface dE; is C?°-regular for each t € R
with some § > 0. Hence, the signed distance function d; is of class C*? in a neighborhood
of OF; with some § > 0 (see, for instance, [[07, 42, &3, (] for the relation between the
distance function and regularity of surfaces).

We first recall that, from the assumption on f and Proposition B34, we have that
llul|pee < || fllzee < 00. We now take any t1 € [—|lul|pee, ||ullz~) and set E; = Ej,.
Then we can choose a neighborhood U; C R? of the boundary 9FE; such that d; =
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dy, € C*ste=L(U}). Moreover, we take any to € (—||ul[re, ||ul/z~) with t2 > t; and set
Ey == E4,. Then, from Corollary 2370, we obtain that there exists a constant R. > 0
independent of ¢; and ¢3 such that Es C Ey C Br,. We can choose points z; € 0E; and
T9 € OF5 such that

S = dist (8E1, aEg) == ‘CL’l - $2|.

Note that, since we study the local Holder regularity of u, it is sufficient to consider the
case that x9 € Uj.
Step 1. We first show that the following inequality holds:

ty —t1 < ([flg + C 3 77) 6" (4.4.20)

where C > 0 is a constant depending only on s and d1

Without loss of generality, we may assume that §>0. Indeed, if 6= 0, then, from the
definition of o , we can easily see that to = t1. This implies that the inequality (E=2=20) is
valid. Thus, in the sequel, we always assume that 5> 0.

Now we define E? as

E! = {x € By | dist (z, 0E;) < 6}

for any ¢ € (0, 5] Then, from the choice of t and the definition of g, the boundary of
E9 can be described as 0E) = {x — 6Vdi(z) | x € OE1} for any § € (0, 6] where Vd;
is the outer unit normal vector of 9F;. Note that we can readily see that Fs C Ef and
T9 € 0F9 N 8Ef. From the definition of the nonlocal mean curvature, we can easily see
that the following comparison inequality holds:

HK (v2) < HE (22). (4.4.21)

From the choice of z1 and z2, we have 9 = 21 — 0 Vdi(x1). Now we compare the two
nonlocal curvatures H K s(z2) and Hp K (xl) To do this, we employ the computation shown

by Déavila, del Pino, and Wei in [41]] (see also [37, [70]). This computation is on the variation
of the s-fractional mean curvature. Precisely, we have that, for any set £ C R? with a
smooth boundary (at least C1 with @ > %), it holds that

OHEM( — 6h(x)Vdp(r))
o h(y)—h( ) N-1
. /8 M) = M) vty

g |y —x[>s

(Vdg(y) = Vdg(r) - Vdp(z) .y
o /aE ly — 2|2 dH" " (y) (4.4.22)

for x € OF where h € L*°(0F) and h is as smooth as 0F. Here we define Ej, in such a
way that its boundary is given by 0Es, == {x — d h(x) Vdg(z) | x € OFE} for any ¢ > 0.
Then from (A2722) and by some computation, we have the estimate of the variation of the
nonlocal mean curvature H Zji; for small § > 0. Precisely we can obtain that there exist

constants C' > 0 and &y > 0, which depends on the dimension of RN N = 2, s, and the
L>®-norm of V2d; (equivalently the second fundamental form of OF), such that

d [Vdi(y) — Vdi(z1)]?
— —<Hp (V¥ <
ds E5( 5(r1)) <C . ly — @1|2+s

dHN 1 (y) (4.4.23)
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for any § € (0, dp) where we set Vs(x1) := z — 0 Vd;(x). Indeed, choosing any smooth
cut-off function 7. such that sptn. C BE(0), 7. = 1 in BS_(0), and 0 < n. < 1, we can
write the nonlocal curvature as follows:

— Hyy (Ws(a)

- /R Xﬁ; (-y)%flffii(f)mw — Ws(a1)) dy

XEf(y) - X(Ef)c(y)
+ /]1@2 ly — \I/(g(xl)‘QJrs (1 =n=(y — ¥s(21))) dy

— A.(6) + B.(5). (4.4.24)

Then we can compute the derivative of A.(d0) in (E2=24) for small 6 > 0 in the following
manner: setting ys .=y — Ws(z1) for simplicity, we have

ne(Ys) dy

d/ Xes (Y) = X(zsye (y)
do Jge |gs [>T

n:(Ys) N—1 / n:(Ys) N—1
= - dH y) + — dH Yy
/8Ef Y5 [>T (®) a(Es)e |Us)*Te )

—(2+5) /Rz = (yﬁ%lﬁf?y(y) (y — 21+ 0Vdi(21)) - Vdi (1) 1 (Ys) dy

Vne(ys) - Vdi(x1) dy (4.4.25)

/ X (U) = X(goye ()
R2 |ys|?ts

for any ¢ € (0, 1) with ¥s(x1) € Uy. Then by using the Gauss-Green theorem, we have

s [ VX o) Ve Gy

1 ~
= /}RQ(XE;s (W) = X(m8)e (W) Vy (W) - Vi (x1) ne(Ys) dy

_/ V(1) - Vg (y)
 Joms |ys [t

1 (s) dHN !

7 (s) dHN !

_/ Vdy(z1) - (=Vdgs (y))
a(ES)e |ys|*ts

B /Rz Xes(Y) = X(m)e (V) Vi (i) - Vdi (1) dy. (4.4.26)

|ys|>+s

Thus from (BZ2Z3) and (E228), we obtain

d 2 —2(Vdy(z1) - Vdgs(y)) _
A0 = [ T AL )
\Vdy(21) — Vdgs(y)[> -
- /6E5 ‘376‘2—4-5 - 775(%) dHY l(y)
1

for any small § > 0 with Us(z1) € U;. Hence from the change of variables, we obtain

d B (Vdi(z1) — Vdi(y)|? _
A0 = [ RS T (s(0) = () Jom, V) ()
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where Jog, Us(y) is the tangential Jacobian of OF; at y. As is shown in [AT], we can have
that there exist constants ¢ > 0 and & > 0, depending on the dimension of RY with
N =2 and s but independent of £ > 0, such that |%B.(5)| < ¢'s'~* for any § € (0, &)
and € € (0, 1). Therefore, we conclude that

d . _(d d
i (vston)) = tim (54.0) + £:566))

:/ |Vdi (1) — Vdi(y)[?
om |Ys(y) — Ws(wp)[?+s

Jor, VUs(y) dHY " (y)

for any & € (0, 6y) where &) > 0 is a constant depending on the dimension of RY with
N =2, s, and the L>-norm of V2d;. From the definition of Ws, we have that there exists
a constant Cy > 0 depending on the dimension of RV with N = 2, s, and the L>-norm
of V2d;, such that
Jor, Vs(y) < Co
(Ws(y) — o) |5 |y — a1 [P+

for any y € 0F; and ¢ € (0, ¢)). Therefore we obtain that there exist constants C' > 0
and &y > 0, depending on the dimension of RV N = 2, s, and the second derivative of d;
but independent of §, such that the inequality (E4=23) with the constant C' holds for any
0 € (0, 6p). Thus, from the fundamental theorem of calculus and (E2723), we obtain that

1
d
—Hpy(x = 0 Vdi (2)) = —Hp, (1) = 6 /0 %Hgi; (x — A8 Vdy(x)) dA

[Vdi(y) — Vdy(x1)]?

< —HE (z))+C6
El( 1) OF, \y—x1|2+s

dHNL(y)  (4.4.27)

for any ¢ € (0, dp). Now we show that the integral

\Vdyi(y) — Vdi(z1)|* . N1
dH
/8E1 ly — a1|?+3 @)

is uniformly bounded for any z; € V and any open set V' C Uj. Indeed, we define the
set U] == {z € Uy | dist (z, 0U1) > r} for any r > 0 satisfying that B, (x) C U; for any
x € Uy. Then we can compute the integral as follows: for any z; € Uy, it holds that

\Vdi(y) — Vdi(z1)* N1
dH
/8}31 ly — a1|?+3 2

B 2
_ / |Vdi(y) — Vdi(x1)] dHN ()
OE1NBr(x1)

ly — a1]?+*
+/ [Vdi(y) — Vdi(z1)]?
OELNBE(x1) ly — a1 >
< / [Vdi(y) — Vi (21)]? 1
~ JOENB, (x1) ly — a1 ly — aq|n=2ts

4
+/ ————dH " (y). (4.4.28
BEmBﬁ(m) ‘y - ‘T1|2+8 ) )

dHN " (y)

dHN " (y)

From the fundamental theorem of calculus and the fact that B, (z1) C U, for any 27 € U7,

we have that
|Vdi(y) — Vdi(z1)]

’y_xl‘Q

2
< HVQdIH%oo(BT(Il)) (4.4.29)
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for any y € By(z1). Thus from (E228) and (E229) and noticing that z; € U] and
E; C Bp, holds uniformly in ¢ > ¢ where ¢ := —||u||p~ > —o0, we obtain

|Vdi(y) — Vdi(z1)]? ,, v 5 13 -
/aEl y—mpr W) < eIVl s, @y "

e [V2di | oo () (4.4.30)

,,'-S

where ¢; > 0 and ¢o > 0 are constants depending on the dimension of RY with N = 2 and
s. Since we choose any r in such a way that B,(z1) C Uy, we conclude the claim is valid.
Thus, from (E47217) and (E4-30), we finally obtain the inequality

_ Hgf (331 - (5Vd1($)) < —Hgl (1'1) —+ C(n, s, RC) ) (4431)

for any & € (0, §) where C(n,s, R.) > 0 (N = 2 is the dimension of RY) and &y > 0 are
some constants, which also depend on the L>®-norm of V2d;. Note that the constant &
can be bounded by the inverse of the L>-norm of V2d;. Thus from (EZ=2Z1) and (EZ=31),
we have that, for any § € (0, dy),

— Hf, (x2) < —HE (1) + C(n, s, Re) 6. (4.4.32)

Now we consider the following two cases: .
Case 1: 0 < § < dp. In this case, we simply substitute § = ¢ with ((2=32) and obtain

- H};Z (x2) < —Hﬁ{ (z1) + C(n, s, Re) 0

where § = dist (JEy, OF»). )
Case 2: § > 6. In this case, there exists a number N € N such that £ < HVleHZOIO(Ul).

Then setting 0 = %3 for each k € {1,---, N} and taking into account all the above
arguments, we obtain the inequality that

K (.8 K Sk—1 J
— HEfk (23%) < _HEf’“l (") +C(n,s, Re) N (4.4.33)
for each k € {1,---, N} where we understand the notation x‘1§° =1 and Ef“ = F;. Thus
by summing the inequality (E2=33) for all i € {1,---, N}, we obtain
5
A ) = H ()
o

< —Hggo (22°) + N C(n, s, R.) N —H,ﬁ{ (z1) + C(n,s,Re) 6

1

where ¢ = dist (OF1, OE). In both cases, we finally obtain the inequality
— HE (x2) < —Hps (21) + C(n, s, Re) 0. (4.4.34)
Now we recall that, thanks to Lemma BZ274, the Euler-Lagrange equation
Hi, (2) + ¢ — f(z) = 0

holds for any z € OF; and t € [—||u||re ||u||z>). Then, since E; is the minimizer of Ex 4,
for i € {1, 2} and from (B-2=34), we obtain

to — 11 < f(l‘g) — f({L‘l) + C(TL, S, RC) d.
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Recalling the definition of z9, the Holder continuity of f, and the fact that E; C Bpg, for
any t > ¢, we conclude that

to —t1 < ([f]s(Br,) + C(n,5, R;) 6 7) 8" (4.4.35)
where [f]g(Bg,) is the Hélder constant of f in Bp, given as

z,YEBR,, T#Y ’x_y|
and the constant ¢ is defined as ¢ == dist (OF, dE5). Note that the constant C(n, s, R.) >
0 also depends on the L>-norm of V2d;.

Step 2. We are now ready to prove the local Holder continuity of w.

Let By, (79) C R? be any open ball of radius 79 with zg € {u = to} for a number
to > ¢ == —||lu||L~. We take any points z, y € By, (xo) with  # y and set t1, to € R as
t1 == u(zr) and t9 = u(y). We may assume that ¢t; > t2 > ¢ because we only repeat the
same argument in the case of t; < t5. In addition to this, we also assume that t; > tg > to.
Indeed, in the case of t; > to > tg or tg > t1 > to, it is sufficient to take another point
z{, € By, (x0) and t{, € R such that z{, € {u = ¢} and t; > t{, > t2, and do the argument
that we will show below. Moreover, since we only observe the local regularity of w, it is
sufficient to consider the case that B,,(z¢) C Uy where Uj is a neighborhood of 9{u > to}
such that the signed distance function from d{u > t} is of class C1*+*(Up). Indeed, if
x € By, (o) \ Up and y € By, (x0), then, from the continuity of u, we can choose a point
20 in Byy(xg) and close to x such that the estimate |u(z) — u(z0)| < |z — y|® holds and
t1 = u(z) > u(z0) > u(y) = ta. In the case of zy € Uy, we just apply the argument that
we will show below with (B2=33) for zp, z9, and y; otherwise we can repeat the above
argument until we have the point belonging to Uy.

Now we choose sufficiently small € > 0 such that ¢t; — e > tg and ty — & > t3 and then
we have that z € {u > t; —¢}, y € {u > t3 — ¢}, and g € {u > top — ¢}. Hence, from
(B2733) and the fact that x, y € By, (x0), we obtain the two inequalities

u(w) —u(wo) = t1 — — (to — &) < ([fs(Br.) + C(n, s, Re) 6 ") 6}
< ([fs(Br.) + C(n, s, Re)ry ") 3}’ (4.4.36)
and
u(zo) = u(y) = to — & — (t2 — &) < ([f]s(Br.) + C(n, 5, Re) 8, ") 65
< ([f]3(Br.) + C(n,s,R.)rg ") 05 (4.4.37)
where we set &, = dist (OF;,, dE;,) and by = dist (0E},, DF},). Note that the constant

C(n, s, R.) > 0 also depends on the L®-norm of V2dy,, which can be uniformly bounded
in By, (xo). Notice that the inequality

01 + 0y = dist (OEy,, OEy,) + dist (OE;,, OEy,) < dist (E;,, 0FE,) < |z — y|

holds because of the fact that Ey, C Ey, C Ey,. Therefore from (E2238) and (E2-31), we
obtain that there exists a constant C' = C(n, s, f, R¢,ro,x0) > 0 (we have assumed that
the dimension of R is two) such that

u(@) — u(y)| = [u(@) — u(zo) + u(zo) — u(y)|
<O (60 +65) < C2'P (5, +62)P < 2'0C |z — y|°.
Here, in the second inequality, we have used the fact thﬁz}t~2176(q:v =+ 1)5 > P+ 1 for any

z > 1and B € (0, 1) and applied this fact with = 69,1 if §; > dp or @ = dp 6, * if
01 < 61. L]






Chapter 5

Nonlocal Liquid Drop Model

In this chapter, we investigate a nonlocal extension of the classical liquid drop model,
which was originally introduced by G. Gamow [63] to explain the behavior of atoms and
predict a nuclear fission. The liquid drop model consists of the following two energies: one
is an attractive term (classical or nonlocal perimeter) and the other is a repulsive term
(Riesz potential). Then, in this model, the non-trivial competition between these energies
occurs and the model has been studied by many authors.

In this thesis, we focus on a nonlocal version of the classical liquid drop model. To
discuss our problem, we mainly divide this chapter into two sections; one is on the nonex-
istence of minimizers for the model and the other is on the existence and asymptotic
behavior of minimizers for the model. Strictly speaking, in the first section, we study a
nonlocal version of the classical liquid drop model in a more general framework, and show
the nonexistence of minimizers for large volumes. Our model in the first section is also
closely related to the ionization conjecture in quantum mechanics. In the second section,
we consider a nonlocal version of the classical liquid drop model, and show the existence
of minimizers for any volume under suitable assumptions on the repulsive term.

5.1 Nonexistence of Minimizers

In this section, we first consider the nonexistence of minimizers of the functional £k o . 3,
which is defined in (ICTOIH), for large volumes. We obtain the following two results; the
first one is that, if we assume that p > 0 and m > 0 and K satisfies several conditions
(see the first subsection in Section bI7T for the detail), then every minimizer of £k o .3
is bounded. The second one is as follows: we assume that K satisfies several conditions
which are weaker than the ones in the first result. Then there exists a constant mg =
mo(N, s, €, u) > 0, which can be determined explicitly, such that inf{Ex o, 5(F) | |E| =
m} has no bounded solutions for any m > mg. According to these two results, we can say
that, if K satisfies the assumptions as in the first result, it holds that inf{€x . 8(F) |
|E| = m} has no solutions. We emphasize that our result in this section is a partial
extension of the results shown in [66]. Indeed, if we set K (z) = |z|~N*9) with s € (0, 1),
a =N —1, and g = 0, then we prove the nonexistence of minimizers of the functional
Py (E)+V,(E) for large volume |E| = m. Meanwhile, the authors [66] showed the existence
of minimizers for the functional Ps(E)+ V,(E) with a € (0, N) for small volume |E| = m.

Our idea for proving the boundedness of minimizers is based on [37]. First, we will
show that the functional (ITOI3) is continuous under some sufficiently small and smooth
perturbation near a point in the measure-theoretic boundary of a minimizer (see Lemma
614). This continuity is what we call “Almgren’s lemma”. Secondly, if we suppose that
a minimizer is not bounded, this continuity and the minimality give us some inequality

71
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for the volume of a minimizer outside of some ball, which leads to a contradiction. On
the other hand, the strategy for proving the main theorem, namely, the nonexistence of
minimizers is based on [68, B9, 71, 72, 73, 84]. Precisely, we take the following strategy:
first, we separate RY into two parts by a hyperplane which is parametrized by a directional
parameter v € SV~! and a translating parameter | € R. Then, taking any minimizer of
(COTH) and considering the intersection of the minimizer by each separated part (either
of them can be an empty set), we compare the sum of the functional for each intersection
with that of the original set. Integrating the resulting inequality with respect to [ and
then v, we are able to obtain the inequality for the volume of a minimizer to find that it
actually shows the upper bound of that volume.

5.1.1 Statement of Main Results

In this subsection, we first state some assumptions on the kernel K and then show the
main results of Section Bl. Note that we apply the following assumptions on K only to
this section. We suppose that K satisfies

(K1) K is non-negative and symmetry with respect to the origin, namely, K(—z) = K(x)
for any = € RV,

(K2) K € LY(B$(0)).

(K3) There exists a constant yy > 0 such that

K(w) < (1 i w|>% K(2)

|wl
for any z, w € RY with |z — w| < 3|w|.
(K4) There exists constants 0 < s < 1, £ > 0, and A > 1 such that

o7 < K (@) < AT for any 0 < o] <1+,
|~V < oK (2) < (1) for any [x] > 1+e.

We can say that (K3) would correspond to the control of the gradient of the kernel K in
the neighborhood of some point. This assumption can allow us to control the difference
|Pg(®4(E)) — Pg(E)| of aset E C RY where {®;}<1 is a one-parameter diffeomorphism
(see Lemma 514 in Subsection 512 for the detail). We use this control of the perturbation
for Pk in order to obtain the boundedness of minimizers of (ITITd), and one may weaken
(K3) if one could find another method to prove the boundedness of the minimizers.

If we consider the nonexistence of bounded minimizers of the functional (ITO1H), then
we impose (K5), which is weaker than (K4), in the following way:

(K5) There exists constants 0 < s < 1, € > 0, and A > 1 such that
K(z) < Maz|~W+) for any 0 < |z| < 1+,

2|K(x) < (14¢)" WY for any |z] > 1+e.

In the following figures (Figure 51 and 54), we illustrate a rough shape of the kernel
K with the above assumptions.



5.1. NONEXISTENCE OF MINIMIZERS 73

A \ A .
‘I‘NJrS [z[NF
K (x)
(I+e)N+ y 1 T /
\ > i >
0 THe m}m |z 0 1+e ||
Figure 5.1: Graph of K with (K4) Figure 5.2: Graph of K with (K5)

Remark that the function \x|*(N +5) denoted by K1, is a typical example of the kernel
K satisfying all the above assumptions. Indeed, one easily see that K satisfies (K1), (K2),
(K4), and (K5). Moreover, we can observe that K satisfies (K3) in the following manner:
taking any z, w € RY, we have from the triangle inequality

Bkl <rz—wr+rw\>N+s < (1 |z—w\>N+S

jw| N+ |wl

Thus we obtain that, for any z, w € RV,

1 lz—w \VT 1 |z —w|\ VT
i) =< (P = (0 )

and we can conclude that K satisfies (K3) with 79 = N + s.
Another non-trivial example of the kernel K is given by

N+s—1

2|~ log x| i [a] <

KQ(.%’) =

_o =

1
,|x‘—(N+s) if |z > =
e e

where e is the Napier’s number. We can observe that this Ko satisfies (K1), (K2), (K3),
and (K5). Note that this function does not satisfy (K4) and is not homogeneous while
the function |z|~V+%) is. Indeed, it is easy to see that Ky satisfies (K1) and (K2) by
definition. From the fact that th function —rlogr is increasing in (0, e7!], one can see
that, for any [z| < 1(<1+¢),

— s 1 - s
K () = |2~V (—f|log ) < — Ja| 7.

On the other hand, we can easily observe that Ko(z) < |z|~N*%) or Ko(z) < (1 +
g)~(N+s=1) |21 holds for any |z| > % Therefore K satisfies (K5). Finally, we show that
K satisfies (K3). Actually, if |z] < |w], then K} is a decreasing function and thus we can
conclude that

Ko (w) < Ka(z) < <1 + Z|ZU|“”>% Ks(2)

holds for any 7o > 0. If |z| > |w|, then we consider the following three cases; 1 > |z| > |w],
2 > 1 > |w|, and |2| > |w| > 1. First, in the case of 1 > |z| > |wl, from the fact that
the function r —» —rlogr is increasing in (0, 1), we have that —|z|log|z| > —|w|log |w].
Thus we obtain

Ky(w) _ |2V —Ju|log|uw| ( N |zw|>N+s
Ka(z) — Jwles —[2[log ] [l
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and this indicates (K3). Secondly, in the case of |z| > 1 > |w|, from the definition of K,
and by the same reason in the first case, we have that

Ko(w) ez
%02) = WIREE — |w|log|w| < {1+

|Z B w|>N+S
|w| '

Lastly, in the case of |2| > |w| > 1, from the definition of K5, we can easily see that Kj
satisfies (K3). Therefore we may conclude that Ko satisfies (K3).

Assuming that the kernel g(z) = |z|~! and 8 = 1, we now give our main results in this
section. The first one is the boundedness of minimizers, the second one is the nonexistence
of bounded minimizers, and the last one is the corollary of the second result.

Proposition 5.1.1. Let N > 2, p > 0, and m € (0, 00). Assume that K satisfies (K1),
(K2), (K3), and (K4). Then every minimizer E of (I0IA) is essentially bounded, namely
there exists R > 0 such that |E\ Bg(0)| = 0.

Theorem 5.1.2. Let N > 2 and p > 0. Assume that K satisfies (K1), (K2), and (K5).
Then, there exists a constant m. > 0 given by

Me 1= <1 - (1+5)1N+_1> - (wlN_lsA (1+e)°+ u) (5.1.1)

such that for any m > me,

inf{Ex aups(E) | ECRY |E| =m} (5.1.2)
has no bounded solutions.

Since (Kb5) is weaker than (K4), then from Proposition b1 and Theorem 512 we
may obtain

Corollary 5.1.3. Assume that K satisfies (K1), (K2), (K3), and (K4) and let y > 0.
Then for any m > m. where m. is as in Theorem BI13, (622) has no solutions.

Remark that we cannot say that the mass m, given in (B11) is optimal since we just
show the necessary condition for the existence of the minimizers.

5.1.2 Boundedness of Minimizers

In this subsection, we prove Proposition (A1), namely, the boundedness of minimizers
for the functional (IITH) under some conditions on a kernel K. First of all, we start to
show a generalized version of so-called Almgren’s lemma (see [94] for the classical results,
[67] in the case of an anisotropic perimeter, or [37] in the case of a nonlocal s-perimeter).

Lemma 5.1.4. Suppose that K satisfies (K1), (K2), and (K3). Let E C RN be a mea-
surable set with Px(E) + Vy_1(E) + Ru(E) < oo. Let zyp € RN and 1y > 0 be such
that

|Bro (o) NE| >0, |Bp(x0) NE| >0.

Then, there exist ko, C > 0 such that, for any k € (—kog, ko), there exists a measurable set
Fy, C RY such that P (Fg) + VN_1(Fy) + R, (Fy) < 0o and the following properties hold:

1. EAF), CC Byy(x0)
2. |Fy| = |E| =k
3 €k s (Fk) = Ex app(B)| < Clkl.
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Proof. From the density assumption, we have that there exists a function T € C}(B,,(xo); RY)
such that

M = / divT(z)dzx > 0.
E

If this fails, then we have that, for any T' € C}(By,(z0); RY), [, divT(z)dx = 0. Then,
by the definition of the classical perimeter (see, for instance, [55] for the definition), it
holds that P(E, By,(xo)) = 0. However, by the classical isoperimetric inequality (see also
[64]), we have |E N By, (zo)| = 0, which contradicts the assumption of E.

For any t € (—1, 1), we define the maps ¥;(z) := 2 + ¢ T(z) for all x € RY. Then,
we may easily see that there exists dyp € (0, 1) such that the maps ¥; are diffeomorphisms
from By, (xo) onto itself for any ¢ € (—dp, dg). Moreover, we have that det(VUy(x)) =
1+tdiv T'(x)+o(t) for any t € (—do, o). By the definition of ¥y, we also have EAV,(E) CC
R and thus, applying the change of variables,

]\I/t(E)]:/E]detV\Ilt(x)\dx
:/ (1+ tdiv T(z) + o(t)) dz = |E| + M + o(t), (5.1.3)
E

for sufficiently small ¢t € (—dp, dp). Therefore, there exists a constant ky > 0 such that, if
we set Fj, := Wy, (E), where t(k) := k/M + o(k), for any k € (—ko, ko), F}, satisfies the
first and second properties in Lemma BT

Now we derive the upper bound of the difference between Py (V.(E)) and Pg(E).
Take any x, y € RY with z # y. If we set z = ¥y (x) — ¥;(y) and w = = — y, then we have
that

|z —w| = [t] |T(z) = T(y)]

T'(z) —T(y)|
= [t| |z — y‘f
lz -yl
1
< Jwl [t Tler < 5 [w] (5.1.4)

for any [t| < %HTHE% Thus, from the assumption (K3), there exists yo > 0 such that
t||T(x) =T R
Kt =1 < (1+ ATELTY

[z —y|
< (L4 T ler [t)™ K(¥i(z) — Wi(y))- (5.1.5)

By taking t sufficiently small, we have

K(Ui(z) = Wi(y)) = (L+ ([ Tller [t)) 7 K(z —y)

>
> (L =29 ITllc [t]) K(z —y). (5.1.6)

where we have used the Taylor expansion of (1 4+ z)~7 for small x at the last inequality
in (618). On the other hand, if we set z = x — y and w = ¥y(x) — ¥U;(y), then we have
that, if T'(x) # T'(y),

%]w\ — %\\Iit(x) — Ui (y)|
1 k]
> §|1§||T(:U) —T(y)| (]t! T () —yT(y)\ - 1>

> 1=l (s~ 1)
>lz—wl - | 0 —
2\ [tHT |l
> |z — w| (5.1.7)
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for any 0 < || < %HVTHE,} If T(z) =T(y) or t = 0, then we have |z —w| = 0 by definition
and thus (B174) also holds. Hence, from (K3) we obtain that

K(Wy(2) = Wi(y) = K(w)

1T - TN .
ﬁ(”m(m—mn) K@)

Yo
[T (x) —T(y)|
1+ K(z —y)
( | — y| ( |75||T [z— y‘( )))

T Y0
§<1+ I Tl It ) Kz —3)

IN

L—|[[Tlcx [t
== Tler [t)™° K(x —y)
< (427 [Tl [6) K(z = y) (5.1.8)

for sufficiently small ¢t. Here we also have used the Taylor expansion of (1 —x)~ 7 for small
x at the last inequality in (BTR). Therefore from (618H) and (ET8) we obtain

K (Vy(x) = Wy(y) — K(z —y)| < 2% 1Tl ¢ K (z —y) (5.1.9)

for sufficiently small ¢ and z, y € R with x # y. Since we can easily see that z = y if and
only if Wi(z) = Wy(y) for any 0 < [¢]| < W, then the estimate (B19) is also valid
when x = y. Then, we may compute |Pg(¥(FE)) — Px(E)| as follows: first, we can see
from (BT9) that

K (Wi(w) = Wi(y)) | det VI (2)] | det TE1(y)| — K (@ — )
= [K(Wi(@) = Wi(y)) (1 + tdiv (T(2) + T(w)) + o(t]) ~ Kz~ )|
< Co(T, do) |t| K(z —y) (5.1.10)
for any z, y € RY with x # y and sufficiently small || where
Co(T', v0) = 2[|T|[c1 (0 + 1 4 270 | T ) (5.1.11)
Hence setting J¥; := |det VU], we conclude from (BI10) that
|Pr(Vi(E)) — Pk (E)|
</ / (@) = () T (@) TOy) — Kz~ )] dody
< |t/ Co(T, do) /E/E K(x —y) dzdy = [t| Co(T, do) Pic(E) < oc. (5.1.12)

Secondly, we also have that

V-1 (¥ —Vnoa(E )|

||detV\IJt( )| . x
// m — 0 (y)| \x—y\‘d w
1—|—td1vT (x) +divT(y)) +ot) .
o —y + t(T(x) = T(y))] x—yr'd W

/ / < o ‘;@y)dmy

< |t] Co(T) V_1(E) < oo, (5.1.13)
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where C1(T'), C2(T') are positive constants independent of ¢. Finally, we estimate the
difference of the potentials R,(¥(F)) and R,(F). Since t is sufficiently small, there
exists a constant co(7") > 0 such that |z|(1 — c¢o(T) |t]) < |z +tT(x)| < |2[(1 + co(T) |t])-
Hence, we obtain

-2 [P
Cs(D)]t] | o(t)
<u [ (5
< 11 Ca(T) Ru(B) < o0 (5.1.14)

where C3(T), C4(T) are positive constants independent of t. Therefore, (E114), (B113),
and (BI14) imply that the set Fj satisfies the third property in Lemma BT and this
completes the proof. O

Before starting to prove Proposition b, we need the following isoperimetric inequal-
ity of the nonlocal perimeter Py for sets with small volumes if K satisfies the conditions
(K1) and (K4).

Lemma 5.1.5. Suppose that K satisfies (K1), (K2), and (K4) and let € > 0 and X\ > 1
be the constants given in (K4). Then, there exists a constant C = C(N, s, A) > 0 such
that, for any measurable set F C RY with 0 < |F| < wy (1 +¢)V, we have

N—s

Proof. If Pg(F) = oo, then the lemma is proved. Thus, we can assume that Px(F) is

finite. Setting p := w;,l/ N|F |'/N € (0, 1 + €], we may compute the nonlocal perimeter
Py (F) as follows:

/ K(x—y)da:dy:// K(x —y)dxdy
F JFe FJFeNBy(y)
—i—// K(z —y)dzdy
F JFenBs(y)
1
>

> /F F 1 B,(y) dy

+// K(zx —y)dzdy. (5.1.15)
F JFenBs(y)

Here, by the assumption of F, we have |F| = wyp" = |B,(y)| for any y. Thus, it holds
that

[F“0 Bp(y)| = [Bp(y)| = [F0 By(y)]
= [Fl = [F 0 By(y)l = [F N By(y)| (5.1.16)

for any y € F. Thus, from (B11H) and (B118) and recalling the assumption of K and
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the fact that A > 1 and p < 1 + €, we obtain the following inequality:

/ K(z —vy)dzdy

FC
FnBy(y dy+// x—y)drdy
N+ /| ) FenBs(y )
Z// K(x—y)dxdy+// K(x —y)dxdy
FNBS(y) F JFenBg(y)

/ 5 K(x— y) dx dy

/ /c N y‘NJrS dz dy. (5.1.17)

Moreover, by applying the change of variables, we can further calculate the last term in
(B1T7) in the following manner:

1 > 1
—————dzdy = |F|wn_1 / ——dr
[ =

| \/

N
= |F|NL s = PN (5.1.18)
s
Therefore, from (B117) and (BTIR)we obtain
Pi(F) > a1y FI*F
K - As
which is a required inequality. ]

Now we are ready to prove Proposition B as we stated in Subsection B by
applying the above two claims. The proof is based on the strategy shown in [32] for
instance.

Proof of Proposition 1. Suppose that K satisfies (K1), (K2), (K3), and (K4) and let
E c RY be a minimizer of inf| g—m € a,u,6(E). In the following, we use the notation B, as
the open ball B, (0) with radius r centred at 0. For any r > 0, we define f(r) := |E\ B,|.
Then, by the continuity of measure and |E| = m, f is a non-increasing function and
converges to zero as 7 — co. Moreover, the coarea formula implies

f'(r)y=-HN"YENIB,).

We now show that there exists R > 0 such that f(r) = 0 for all » > R. This implies
the boundedness of minimizers because £ qp,3(F) coincides with £k o, 8(E') if £\ E'
is a set of Lebesgue measure zero and thus we can identify F with E’. Suppose by
contradiction that f(r) > 0 for any r > 0. Without loss of generality, we can assume that
|[ENB1(0)| >0 and [CEN B;1(0)| > 0. Choosing ko as in Lemma 614, we may fix Ry > 0
such that f(r) < ko for any r > Ry. Then, by Lemma B4, for any r > Ry, there exists
F, C RY such that the followings are true:

1. EAF, CC B1(0) C B,.
2. |Fy| = [E|+ f(r).

3. €k apup(E) = Ekaup(Fr)| < C f(r) for a constant C' > 0 independent of 7.



5.1. NONEXISTENCE OF MINIMIZERS 79

Now, letting G, := F, N B, and recalling the first and second properties of Lemma 614,
we have that |G| = |E|. Here we recall the following identity:

Vi (U UW) = V1 (U) + Va1 (W) + 2 /U /W da dy. (5.1.19)

[z =y
for any measurable U, W C RY such that |[U N W| = 0. Therefore, by the minimality of
E and using Proposition 213 with Q = RY and (519), we obtain
5K,a7u7,3(E) < 5K,oc7uﬁ(Gr) = PK(GT) + VNfl(Gr) - Ru(Gr)
< Pg(Fy) — Px(F; \ By)
+ VN-1(Fr) = V-1 (Fr \ By)
— R, (F,)+ R, (F: \ By)

+ 2/ / K(zx —vy)dzdy
T\BT‘ rNBy

<5Ka,uﬁ( )+Cf
—PK(FT\BTH/ L i
Fy

\B, |z|

+ 2/ / K(x —y)dzdy. (5.1.20)
\Br J F.NB;,

Note that we also used the third property of Lemma BT in the last inequality of (5-1—20).
Since E \ B, = F,. \ B,, it holds that

1
/ dl':/ d:z:< |E\Br|:m.
FAB, |7] BB, |7 r

From the assumption of K, we have that

/ / K(a:—y)da:dy:/ / K(zx —y)dzdy
’I‘\B’I‘ NBy E\Br rmBrmBl-ﬁ»e(y)
+ / / K(z - y) do dy
E\B, JF:NB;NBS__(y)
<[ Kl —y)dedy
E\Br rmBl+€

/ / —y)dx dy. (5.1.21)
E\B, JF,NBS

1+€

From the assumption on K, we have that K(z —y) < A |x —y| NS for |z —y| <1 +e.
Moreover, for any y € E'\ By, it holds that B, C B|y| (). By using the coarea formula,

we can continue the calculations in ( as follows:

(x—y dxdy</\/ / dx dy
/T\BT/THBT E\B, » T =y \N+S

_|_7 F.|d
(1+€)N+5 /E‘\ T’ [dy

AN -1 / 1 f(r) | E|
< — dy +
s Jes, (yl=7)° (14e)N+s

Moy_1 [ HN"YENOBy) m f(r)
< ey g
o dwnor [ fI(1) m f(r)

T s /,, (t—r)sdt+(1+5)N+5'

(5.1.22)
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Substituting (b122) in (B120), we obtain

1

- r)sf’(t) dt (5.1.23)

P\ By) < G fr) - 2= [T

for some positive constant Cs independent of r > 0. For sufficiently large r > 0, we can
assume that |E\ B,| < wxy(1 + )"V and thus, by the isoperimetric inequality stated in
Lemma BT, it holds that

Cs|E\ By ] " < Px(E\ B,), (5.1.24)
where Cp is a positive constant independent of . Thus, combining (B123) with (5124,

we have
)\w N—-1

Rl e A OL

Recalling the fact that f(r) — 0 as r — oo, we can choose Ry > Ry such that

CGf()

N-—s

Ce
7f(7“) N

Cs f(r) <

for any r > R;. Therefore, for all r > R;, we obtain

sC f(T)NIGS < _/00 1 f/(t) dt.

AWN 1

We integrate over (R, co) where R > R; and then we exchange the order of integration

to obtain
; 5Cs /°° fr / /
1WN—-1 JR
/ / t)drdt
t - T‘

t) dtdr

R)7# at. (5.1.25)
Moreover, recalling f(r) — 0 as r — oo, we have that
/ f(t R)'"%dt = /R+1 flt)(t—R)Y'*at
R
= fle) - )1 cdt
R+1
< f(R) - f(R+1) - f()( R)'™* dt
R+1
< f(R)+ F'®)1—(t—R)'*)dt
R+1
<SSR+ (1-s) f)(t—R)">dt
R+1
dt. 1.
+/R F(t) dt (5.1.26)

Thus, substituting (b128) with (B-1—23), we obtain

806
AWN— 1/ Jer

R+ [ s
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Since f(r) is small for sufficiently large R > R;, we may assume

2/:f(r)drg 5 Cs /:f(r)NNsdr

AWN 1

for any R > Ry and some Ro > R;. Therefore, we conclude that, for any R > Ro,

Cy /: Fr)' " dr < f(R), (5.1.27)

where C7 = C7(N, s, \) 1= 2)\2?\]6_1 > 0.
Let R > Ry be fixed such that wg = |E \ Bgr(0)| > 0 is sufficiently small. For any
k € Z with k > 0, we set a := N]\f’, Ry := R+1—27% and wy, := f(R;). Then, from

(5127), we have that Ry — R := R+ 1 as k — oo and

Cho 2*(k+1)wg+1 < wyg

for any k. Then, by iterating this estimate and recalling that wy can be chosen sufficiently
small, we obtain that wi — 0 as k — oo. However, by the assumption, we also have that
limg oo wp = f(R+1) = |E \ Br+1(0)| > 0, which is a contradiction. O

5.1.3 Proof of Theorem

Now we are ready to show the proof of Theorem BT2. First of all, given a € (0, N),
@ >0, and B > 0, we define the quantity

Exapplm] :=inf{Ek qups(E) | |E| =m, E : bounded} (5.1.28)

for any m € (0, c0). Because of the last term of the functional (IC0TH), we cannot expect
the subadditivity of the functional £k ., 3. Indeed, if we decompose a set £ C RN
into two parts E; and Fj, then the Riesz potential Vi_1(E) could be larger than the
sum of Viy_1(E1) and Vi_1(E2), while the opposite happens in the case of the nonlocal
perimeter Pr. This may imply that the subadditivity of (IZOIH) is not necessarily true.
However, since we can move the two bounded sets far away from each other to decrease
the extra potential energy arising from the decomposition, we may have a weak version of
the subadditivity in terms of the quantity (B128) as follows:

Lemma 5.1.6. Let o € (0, N), u > 0, and > 0. Assume that K satisfies (K1) and
(K2). Let my, mg > 0. Then, it holds that

Exapplm +ma] < Ex o pplmi] + Eraolme].
Proof of Lemma BI@. The proof can be done in a similar way with in [84], and thus, we
basically follow their strategy. Let n > 0 be arbitrary. Then, by the definition of (E-1I28),
there exist bounded subsets Ei, F» C RY with the volume constraints |E1| = m; and

| E2| = ma such that

Exau(B1) + Ex00(E2) < Ex auslmi] + Ex aolma] +n.

Since Ey, Ey are bounded, we can find a sufficiently large number d = d(n) > 0 such that
dist (E1, (B2 +dey)) > d/2. Then, from Proposition ZT3 with Q = RY and (514), we
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have

Ekans(E1U(Ey+dey)) = Pr(E1U (Ey+der)) + Vy_1(E U (Ey +dey))
— Ry (E1U (E2+de)
< Pg(E1)+ Pr(E2 +deq)
+ Vn_1(E1) + V-1 (Er + deq)

1
+2/ / dedy — R, (E1)
FEy JE>+de; ‘ﬂ? - y‘

2mim
< Ek,aup(Er) + Eka0(F2) + ; 2

Note that Pg and Viy_; is invariant under translations and |z — y| > d/2 for any = € E;
and y € E2 4+ dej. Hence, by the definition of (BT2R), we obtain

(5.1.29)

2m1 meo
d
Letting d — oo, and then n — 0, we conclude that the lemma holds. [

Ex o pplmi +ma] < Ex o puplmi] + Exaolme] +n+

Proof of Theorem B2 and Corollary BI1-3. First of all, we prove Theorem 512. To do
this, we assume that K satisfies (K1), (K2), and (K5) and suppose that there exists a
bounded minimizer £ C RY with |E| = m of (E228) for given m. Then we will show
that m actually satisfies the opposite inequality to (BI1). As we stated in Introduction,
our strategy is to divide a minimizer into two parts and obtain the differential inequality
which implies the upper bound of the volume of the minimizer. In order to divide a
minimizer, we define the hyperplane H,; by H,; = {z € RN | z-v = [} for any
parameters v € S¥ 1 and | € R. Moreover, we set

Hij={zeR|z-v>1}, H, =RV\HS
and

Ef,==ENHS, E  =ENH,,

for any set £ C RN for any v € SV—1 and I € R. Next, we want to compare the sum
of the functionals of E+l and F N with the functional for E. To do this, we apply the
Lemma 5T and use the mlnlmahty of E and then we have

Exans(E) = Bk apuplm] < B oy, ,BHE I+ ExaollE, )
< Ek (B ) + Fi,0)(Ey ), (5.1.30)

Thus, it can be rewritten as

Pr(E) + Vn-1(E) — Ru(E)
< Pr(E;)) +Vn-1(By,) — Ru(E) ) + Pr(E, ) + Vv-1(E, ). (5.1.31)

Therefore, from Proposition 213 with Q = RN and (BI19), we obtain

1 1
2/ / dxdy < 2/ K(x —y) d:cdy+u/ — dx. (5.1.32)
Ef JE, |:1:—y| Ef JE,, " |$|

Integrating the 1nequahty (B1=32) with respect to [ from —oo to 0 and substituting (E2138)
for (B1732), we have

/ / / dx dy dl
” Ix—yl
< 2/ / K(x—vy d:rdydl—l—u/ / d:L‘dl (5.1.33)
£, _
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By interchanging the role of Ej ; and E7, in the above calculations, we obtain

/ / / dac dy dl
Er JE,, ’
<2/ / K(x—vy dacdydl—i—,u/ / d:cdl (5.1.34)
E,, Ef,
Thus, summing up (61-33) and (61=34), we have that
/ / / dx dy dl
E,, ’3«" —y
§2/ / K(x —y)dxdydl
_ + E*
+ / / fd:vdl—i—u / / —d:vdl (5.1.35)
Ef, 7] E;, 7]

for any v € S¥~! and | € R. Considering the third term of the right-hand side in (E21-35),
by the layer cake formula and Fubini’s theorem (see, for instance, [[78] for the statements),
we may obtain the following result:

/ / L e = / / Xarty(2) )
E;, 7] ||
/ / Xv,0 D) dlda::/ Y (5.1.36)
o -

where y 4 is the characteristic function on a set A C RV, The similar result to (51-38) can
be obtained if we consider the second term of the right-hand side in (B1=3H). Therefore,
from (BI=33) we obtain

2/ / / 1 dx dy dl
- JE JE;, |z -yl
§2/ / K(x —y)dxdydl
— + E,,
+M/ / dde—,u/ / —d:ﬁdl (5.1.37)
Ef, |7l E;, |7l

Now, considering the left-hand side in (B21=37) and using the layer cake formula and
Fubini’s theorem again, we have that

/ / / L dx dy dl
- S JE) |z -y
/ / / X{z- V<l} X{y l/Zl}(y) dl dz dy
|z =y
v v l
/// X{z-v<l<y- }()dldxdy
el
—//+dxdy. (5.1.38)
EJE lz —
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Similarly, regarding to the first term of the right-hand side in (B1=31), we also have that

/_Z /E+ o K(z—y)dzdydl = /E/E((y—l") V)4 K(z —y) da dy. (5.1.39)

For any fixed € RY, by the spherical polar coordinates with z located on the xy-axis,
we obtain

Since v € SN~ is any element, we integrate the left-hand side of (E1-38) over v € SV~!
and, by (B140) and by using Fubini’s theorem again we have

/SN1 /E /E deddeN_l(y)
- /E /E /SNl W AN (v) da dy

= wn_s |E?. (5.1.41)

Moreover, by Fubini’s theorem and (51240), we also obtain

/ V] G aH N1 () = 2o |B. (5.1.42)
sv-1Jg |7

With respect to the first term in (51-37), by (K5), (61=39), (5138), and by using Fubini’s
theorem, we may compute as follows:

/ / / K(z —y)dzdydl dH™ 1 (v)
SN-1J 00 E:l E,,
— [ [ ], (=)0 K@= s dy
EJE JSN-1
:wN_g//\:U—yK(:U—y)dxdy.
EJE
SwNz// |z —y| K(z —y)dzdy
E JBiye(y)
+wwz// |z —y| K(z —y) dvdy
E‘ﬁBf+ (y)

dx dy
<wn_2A +w / / dx d
N=2 / /;1+6 ’1‘ - ’N-I—S ! N=2 1 + E N+S ! y

1+5 N1 WN 2
= — 4+ — |F
WN_ QA/SN 1/ drd?‘[ (1 )N+s 1 ’

WN—-2
( + )NJrs 1| |

Therefore, integrating both sides in (61-37) with respect to v in S¥~! and substituting
(b12T), (6T42), and (B143), we obtain

_ WN-2WN-1 >\(

1 I=s1p
(L e) R

(5.1.43)

2WN_9

2WN_2 WN—1 A
( )N+s 1

2wy _2 |E]* < (1+e)'%E|l+

Hence, recalling that ¢ > 0 and |E| = m, we obtain

1 w1 A (1 +e)t—s
<1‘<1+5>N+81>m5 e
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This completes the proof of Theorem BI2.

Finally, Corollary bT3 can be readily obtained in the following manner: If we assume
that K satisfies (K1), (K2), (K3), and (K4), then every minimizer of the functional £x o . 3
under the volume constraint is bounded, thanks to Proposition BIl. Therefore, applying
the same argument shown in the proof of Theorem BT, we may conclude that the claim
of Corollary b3 is valid and this completes the proof. O

5.2 Existence and Asymptotic Behaviour of Minimizers

In the previous section, we studied a generalization of the liquid drop model in which the
background potential term —R,, g of (II1H) exists. On the other hand, in this section,
we focus on Problem ([IT4) without any background potential, namely, the case that
1 = 0. Moreover, we restrict ourselves to consider the case that K (z) == |z|~(N+%), while
in general we assume that g decays fast at infinity. In this case, Problem (ITII4) can be
regarded as a nonlocal extension of the classical liquid drop model of Gamow type.

5.2.1 Problem Setting and Main Results

Let s € (0, 1) and m > 0. We study Problem (IZ0I4) in the case that K(x) = |z|~(N+9)
and p = 0, namely, the problem

B, glm] = inf {&4(E) | E C RN : measurable, |E| = m} (5.2.1)
for any m > 0, where we define &, 4 as
Esg(E) = Ps(E)+ Vy(E) (5.2.2)

for any measurable set £ C RY. Note that the first term P; of (52232) is the s-fractional
perimeter with s € (0, 1) (see also Chapter B), and the second term V, of (B222) is
the Riesz potential defined in (III7), where g : RY \ {0} — R is a non-negative and
measurable function.

Now we give several assumptions on the kernel g of the Riesz potential in the functional
&s,g- Throughout this section, we assume that s € (0, 1) and g : RV \ {0} — R is in
L}OC(RN ) and not identically equal to zero. We basically assume that g satisfies

(gl) g is non-negative and radially non-increasing, namely,

g\z) < g(z) for z € RV \ {0} and A > 1.

(g2) g is symmetric with respect to the origin, namely, g(—z) = g(z) for any 2 € RV \ {0}.

When we prove the existence of minimizers of & 4 in Section B2, we further assume the
following condition on g:

(g3) There exist constants Ry > 1 and 8 € (0, 1) such that

(g decays faster than the kernel of Ps far away from the origin.)

On the other hand, when we prove the existence of generalized minimizers of g&g in
Subsection 523, we assume the following condition, weaker than (g3):

(g4) g vanishes at infinity, namely, g(z) — 0 as |z| — oo.
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Note that (g4) is weaker than (g3). Moreover, when we study the asymptotic behavior of
rescaled minimizers with large volumes in Section b224, we further impose the following
assumption on g:

(g5) There exists a constant vy € (0, 1) such that

1
g(z) < |33|x+8 for any z € RN\ {0}, g(z)=o (|x|N+s> as |z| — oo.

Note that (gb) is stronger than (g3). Thus, we have the following implication of the
conditions on g:

(85) = (g3) = (g4)
where p = ¢ means that p implies q.

Remark 5.2.1. From the assumption that g € L} (RY), we can easily show that V,(B) <
oo for any ball B ¢ RY. Indeed, one may compute

// glx —y dxdy—]B\/ x) dr < oo.
B(O

Moreover, if g satisfies (g3), we have that g is integrable in RY. Indeed, if g € L} OC(RN ),
we have that [|g||z1( (Br,) < 00. On the other hand, from (g3) and the integrability of

||~ (N+9) in Bf,,, we also have that [|g|z1(p;, ) < oo. Hence, the claim holds true.
0

Remark 5.2.2. A condition ensuring assumption (gb) is the existence of constants Ry > 1,
v € (0, 1), and t > s such that

m;ﬂ if 0 < |z| < Ry
g(z) < (5.2.3)

One can readily observe that (5223) is stronger than (g3).

Now we state our main results of this chapter. For the first result, we show the existence
of minimizers of &, for any volume under the assumption that g decays faster than the
kernel of Ps at infinity (precisely (g3)).

Theorem 5.2.3. Assume that the kernel g : RN\ {0} — R satisfies the assumptions (g1),
(82), and (g3). Then, there exists a minimizer of Es 4 with the volume m for any m > 0.

Moreover, the boundary of every minimizer has the regularity of class CY® with a €
(0, 1) except a closed set of Hausdorff dimension N — 3.

The strategy of the proof is inspired by the “concentration-compactness” lemma by
P.L. Lions [[79, B0] and has been adapted by many authors (see, for instance, [67, 45, BZ]
for topics closely related to ours). We will give some intuitive explanation of the strategy
before proving the claim in Section B=Z4. B

For the second theorem, we show the existence of generalized minimizer of & 4 for any
volume, under the assumption that g vanishes at infinity (precisely (g4)).

Theorem 5.2.4. Assume that the kernel g : RN\ {0} — R satisfies the assumptions (g1),
(g2), and (g4). Then, there exists a generalized minimizer of Es 4 for any m > 0, namely,
there exist a number M € N and a sequence of sets { E¥}ren such that

M _ M
ng,g(Ek) = inf {gs,g({Ek}k) | Z |Ek| = m} )
k=1

k=1

and E* is also a minimizer of Es,g among sets of volume |E*| for every k € N.
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The idea of the proof is to show the identity

inf {&4(E) | |E| = m} = inf {fgs,g({Ek}k) | D IE* = m}
k=1

for any m > 0 and to apply the “concentration-compactness” method that we use in the
proof of our first result, namely Theorem =23,

Finally, we study the asymptotic behavior of minimizers of £ ; when the volume goes
to infinity, under the assumption that g decays much faster than the kernel |z|~(V+9) of
P; at infinity.

In order to study the behavior of the minimizers of Problem Ej 4[m] for any m > 0, it
is convenient to lift the volume constraint onto the functional itself and work with fixed
volume |Bj|. To see this, we first define the rescaled kernel gy by

ga(z) = XN g(\ ) (5.2.4)

for any x # 0 and A > 0. Then we show the equivalence of the rescaled problem in the
following proposition.

Proposition 5.2.5 (Equivalent Problem). Let m > 0. Assume that the kernel g : RV \
{0} = Rois in L} (RN). Then, setting \N := m |By|~!, we have that the problem Ej 4[m]
s equivalent to

E>‘ o(B1) == inf {Py(F) 4+ V,, (F) | F C RY : measurable, |F| = |Bi|}

where gy is given in (B224).
Moreover, if g is integrable in RN, Problem E 4[m] is also equivalent to Problem

Proof. Given any E with |E| = m and setting F := A\™! E where AV = m |B;|~!, we have
that |F| = |B1| and

Esg(B) = A= Py(F +>\2N// )) d dy
=N ( //)\N+S (z — ))dxdy)
= AV (P(F) + Vg, (F)) (5.2.5)

where gy(z) = AN** g(Ax) as in (5224). For the latter part of the claim, we first recall
the equivalent minimization problem

Boglm] = inf{Ps(E) [ [ sta=w) dxdy},

which is equivalent to the problem E; 4[m| for any m > 0. Thus, from (5=23H), we obtain

that
uslB) =3 (PuF) - [ [ orto =) ddy+ mllgln))-
Hence, we conclude that the claim is valid. ]

Now we are ready to state the last theorem of this chapter.
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Theorem 5.2.6. Let s € (0, 1) and {An}pen C (1, 00) with A, — 00 as n — oo. Let
{Fp}nen be a sequence of minimizers for EA" with |Fy,| = |B1] for each n € N. Assume
that the kernel g : RV \ {0} — R satisfies the assumptions (gl), (g2), and (g5). Then,
the sequence {Fy}nen converges to the unit ball By, up to translations, in the sense of
L'-topology, namely,

|FoABy| — 0.
n—oo

The idea of the proof is based on the same argument of Theorem B273, and we will give
the precise description of the proof in Section bZ8. Moreover, we show the I'-convergence
of the functional S)‘ as A — oo. For the detail, we refer to Proposition B2218 in Section
Swaih

Remark 5.2.7. A remarkable feature of our main results is that, if the kernel g of the Riesz
potential decays faster than that of the s-fractional perimeter (and is not necessarily
compactly supported), then there always exists a minimizer of & 4 in Problem (5-2) for
any volumes. This phenomena is not well-understood in the classical case. Indeed, S.
Rigot [T03] proved the existence of minimizers of &, for any volumes if the kernel g has
a compact support. For the case that the kernel g does not have a compact support,
M. Pegon [I00] recently showed the existence of minimizers of &; only for sufficiently
large volumes whenever g decays sufficiently fast. In contrast, we reveal that, even if the
kernel g does not necessarily have a compact support, there exists a minimizer of the
energy &4 for any volumes whenever g decays sufficiently fast. Thus, we can say that,
unlike the classical cases studied in [103] and [I00], the s-fractional perimeter, which can
be understood as an interpolation between the classical perimeter and volume measure,
would play an important role of ensuring the existence of minimizers for any volumes.

5.2.2 Preliminary Results on Minimizers of &,

In this subsection, we collect several properties for minimizers of &, under suitable as-
sumptions on g described in Subsection b=ZTI.

First of all, we recall one important property on the s-fractional perimeter P; with
0<s<l.

Proposition 5.2.8. For any s € (0, 1) and measurable set E C RN with |E| < oo, it
follows that Py(E N K) < Py(E) for every convex set K C RV,

The proof can be found in [66, Lemma B.1] and we do not give a proof of this proposi-
tion here. We also refer to [22, Corollary 5.3] and [4] for related properties to Proposition
h7H.

The assumption that g is radially non-increasing enables us to show the scaling prop-
erty of £ 4 by simple computations.

Lemma 5.2.9 (Scaling lemma). Let E C RY be a measurable set with |E| < co. Assume
that the kernel g : RV\ — R satisfies (g1) and (g2). Then, for any X\ > 1, it follows that

Eog(NE) < AINE, ,(B).
Proof. From the change of variables and the choice of A > 1, we have

dx dy dx dy Nes .
A2 8) /AE/,\E Jo— y[NFs / /C |z — y[N+s = A"TUP(E) < ATV P(E)
(5.2.6)
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for any £ C RY and A > 1. From the assumptions on g and the change of variables again,
we can compute the Riesz potential as follows:

V,(\E) )\2N// (z—y dxdy</\2N// z—y)dedy = X*NVy(E) (5.2.7)

for any £ C RN with |E| < co and A > 1. Therefore, from (5Z8) and (6221), we obtain
Esg(NE) < NN (Py(E) + Vg(B)) < AN Ey(E)

and this completes the proof. O

We next prove the boundedness of minimizers of £, among sets of volume m.

Lemma 5.2.10 (Boundedness of minimizers). Let m > 0. Assume that the kernel g
satisfies (gl) and (g2). If E C RY is a minimizer of &4 with |E| = m, then E is
essentially bounded, namely, there exists a constant R > 0 such that |E '\ B(0)| = 0.

Proof. Let E be a minimizer of & 4 with |E| = m. By setting ¢(r) := |E \ B(0)| for any
r > 0, we have that ¢'(r) = —HN"Y(E N dB,(0)) for a.e. 7 > 0. In order to prove the
claim, we suppose by Contradiction that ¢(r) > 0 for any r > 0. Setting F, == E'N B,(0)
for any r > 0 and A\ = ¢( ) for any r > 0, then we choose \.E, as the competltor of

E if ¢(r) < m and thus, we have that

Esg(E) < Esg(WEr) < (\) Y Po(Er) + (M) Vy, (E;)

< (A
< Eag(Br) + (M) = 1) P(Br) + (M) = 1) Vy(Er). (5.2.8)

Since ¢(r) — 0 as r — 00, we can choose a constant Ry > 0 such that ¢(r) < m/2 for any
r > Rp and thus, we may assume that

AV =1 <o), (M) —1<dhé(r) (5.2.9)

for any r > Ry where ¢ and ¢, are some positive constants depending only on N, s, and
m. Then, by using the decomposition property of Py and V, and combining (6-29) with
(B=28), we have that

Py(E\ B,(0)) < \ Br(0)) + V4(E\ B.(0))

s (E
dz d
/EQB /E\B |$ _xy|13</+s +co Qb(T‘) PS(ET) + 06 Qb(?") Vg(Er)
r (5.2.10)

for any » > Rp. From Proposition bB228 and the definition of Vj, we have that, for any
r >0,

Py(Er) + Vy(Ey) < Ps(E) + Vy(E) = Es g[m].

Thus, from (B2210), we obtain that

dxd
Po(E\ B.(0)) < 2 / / Y 4 (o + ) Buglm] 6(r)
ENB.,.(0) JE\B;(0) |z — |
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for any r > Rp. Now using the isoperimetric inequality of Ps and the fact that EN B, (0) C

B, (y) for any y € E'\ B,(0), we obtain
BB / / da dy ,
-+ (co + ¢) Es g[m] &(r)
|B1| 7 B\B,(0) /B:_ |, (v) |x— |z —yNts 0) 5.9

2008
_ ’Sﬂ / / s e dy + (o 4 ch)Buglm] 6(r)
B\B,(0) Jy|—r

_ 2|0B4] /
s Jmso W dy + (co + ¢g) Es g[m] o(r)
2!aBll / j_ r do + (co + ) Es g[m] ¢(r) (5.2.11)

for any r > 0. Here we have used the co-area formula in the last equality. Since ¢ is
non-increasing, there exists a constant R, = R{(N, s, m) > 0 such that

PS(Bl) N—s

v O(r) N
2|B1|'

(co+ ) Es glm] o(r) < (5.2.12)

for any r > max{Ry, Rj,}. From (5211) and (5=212), we obtain

/OO —¢>’(a)s do (5.2.13)

(0 —7)

e p(r) N

for any r > max{Ry, R} where we set ¢; := (2|Bl|¥)_1 Py(B) and ¢y == 257 10B|.
By integrating the both sides in (B2213) over r € [R, co) for any fixed constant R >
max{Ro, Ry} and changing the order of the integration, we obtain

cl/ o(r & dr<02/ / ;Qir dadr—c/ / ;qir
= 1_8/ ¢ (o) (0 — R)'* do.

(5.2.14)

Hence, by employing the same argument shown in [45, Lemma 4.1] and [382, Proposition
3.2] together with (A=214), we obtain that ¢(R) = 0, which contradicts the assumption
that ¢(r) > 0 for any r > 0. Therefore, we conclude the existence of the constant R > 0
such that [E'\ By| = 0. O

Next, by using assumption (g4), we show the sub-additivity result of the function
m — Es4[m]. We recall that F 4[m] is defined by

inf {€ 4(E) | E C RY: measurable, |E| =m} .
for any m > 0.

Lemma 5.2.11 (Sub-additivity of E,). Let m > 0 be any number. Assume that the
kernel g : RN\ {0} — R satisfies (g1), (g2), and (g4). Then, for any my € (0, m], it holds

ES,g [m] < ES,g[ml] + Es,g [m — ml].

Proof. The idea is in the same spirit as the one shown in [84, Lemma 3| (see also [49]).
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Let m > 0 be any constant and we take any m; € (0, m). By definition, for any
n > 0, there exist measurable sets E1, Fo C RY with the volume constraints |E1| = my
and |Ea| = m —my such that

Es,g(E1) + Es,9(E2) < Eg g[ma] + Eq g[ma] + 1. (5.2.15)

Now we may assume that F; and FEy are bounded. Indeed, we can observe that the
minimum of &, among unbounded sets of volume m is not smaller than the minimum
of & 4, among bounded sets of volume m. To see this, for any unbounded set E with
|E| = m, we can choose sufficiently large R > 1 in such a way that |E \ Br(0)| is as small

as possible. Then, setting E = A(R) (E N Br(0)) where A(R)N = m > 1, we
obtain, from Lemma B2, that
|E] = MR)N (m — |E\ Br(0)]) =m
and
Esg(E) < MR)*NE, 4(E N Br(0))
dx d
< MR)2NE, ,(E) — Py(E\ BR(0)) + 2/ / Y (5.2.16)
ENBR(0) J E\BRr(0) lz -yl

Here we have used the following identity of the s-fractional perimeter:
1

for any disjoint sets F, F' C RY. From the isoperimetric inequality and the computation
in (A211) in Lemma B2T0, we have that

EuB) < NRPVEwy(B) — C1 |\ B % + 0 [T BN 4y (5019

where we set C == Py(By) |B1]_¥ and Cy := 257 !0B;|. Since E is unbounded, we have
that the function R +— |E\ Br(0)] is non-increasing and not equal to zero for any R > 0.
Thus, by applying the same argument in Lemma b=T0, we can find that there exists a
sequence {R;}ien such that R; — oo as i — oo and

Nes o) N-—1
— O |E\ Bp,(0)|'% + Cy /R. H (gE_mRaﬁa(O))

do <0 (5.2.18)

for any ¢ € N. Hence, from (622117) and (B2Z1IR), it follows that
inf{& ,(E) | E: bounded, |E| = m} < & ,(E) < A(R))*N&, 4(E)

for any ¢ € N. From the fact that A\(R;) — 1 as ¢ — oo, the arbitrariness of E and by
letting ¢ — oo, we finally obtain that

inf{& 4(F) | E: bounded, |E| =m} <inf{&4(F) | E: unbounded, |E| = m},

as we desired.
Now we focus on the case that both Fq and Es are bounded. Since E7, E5 are bounded,
we can find a vector e € SV 1 such that it follows that

dist (E1, (B2 +de)) — oo.

d—o0
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Then, computing & 4(FE1 U (E2 + de)), we have the following:

6579(E1 U (E2 + de)) = PS(El U (EQ + de)) + Vg(El U (EQ + de))
< Py(Ey) + Py(E2 +de)

+V:(,(E1)+V;](E2+de)+2/ / g(x —y)dzdy
FEo+de

< Eug(Br) + Eug(E) +2 / / ol — ) da dy.
Eo+de

Here we have used the translation invariance of Ps and V,. From assumption (g4), which
says that g vanishes at infinity, we can show that

// gz —vy dxdy—>0
FEq E2+de

Since |Ey U (Ey +de)| = |E1| + |E2| = m for sufficiently large d > 0 and from (B=XT3), we
obtain
Esglmi+m —mi] < B glma] + Es g[m —m] + 1+ o(1).

Letting d — oo and then n — 0, we conclude that the lemma is valid. O

Finally in this subsection, we prove the density estimate of minimizers of &, ; for any
m > 1.

Lemma 5.2.12 (Density Estimates for Minimizers of & ). Let m > 1. We assume
that the kernel g : RV \ {0} — R is integrable in RN and satisfies the assumptions (gl)
and (g2). Then there exist constants co > 0, ¢1 > 0, and ro > 0, depending only on N, s,
and g, such that, if E is a minimizer of € 4 with |E| =m, then it holds that

|EN B (x0)] > cor™, |E°N B(x0)] > cr 1V

for any 0 < r < min{ro, (“TB”T)UN} and x € RN with |[ENB,(x0)| > 0 and |E°NB,(x0)| > 0
for any r > 0.

Proof. Let E be a minimizer of &, with |E| = m and zo € E be any point such that
|E N B,(x0)| > 0 for any r > 0. We set A\ = W > 1 for any r > 0. We may

assume that |F N B.(zg)| < m for any 0 < r < (“73”‘)1/]\7 Then, from the minimality of
FE, we have the inequality

58,9(E) < 5s,g (A (E\ Br(20)))

for any 7 > 0. Then, from Proposition T3 with Q@ = RY and K (z) = |z|~V**), Lemma
624, (b=211), and the fact that Vy(E \ B,(zg)) < V4(E), we have that

s9(E)
Es.g(E\ Br(z0)) + (AN = 1) € 4(E\ Br(20))
Es,g(E\ Br(z0))
2dx dy

+ (A 1) (& 4(BE) — Po(EN B,(x / / 5.2.19
( )< o(B) = Bl o) ENB,(z0) J E\Br(x0) ’x—y’NJFS) ( )

for 0 < r < (Bll‘)l/ N Similarly to (522I7), we also have the following identity on the
Riesz potentia{:

<
<

V,(EUF) :Vg(E)—i—Vg(F)—i—Q/ / oz — ) dz dy (5.2.20)
FEJF
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for any measurable sets £, ' C RY with EN F = (). Thus, from (E2217), (65219), and
(b=22M), we further have that

2dzr d
AN P(E N By(zg)) < A2V /EmB /E\B # + (AN 1) B ym] (5.2.21)
r 930 T $0

for any 0 < < (%)Y, Recalling the definition of )., we have that

| B1]
2 EN B,| |E N B,|
A2V — m AN o | r r 5.2.92
(m—|ENB,)2 " m — |EN By —|ENB,| ( )

for any 0 <r < (%)UN. From (52221) and (62222), we finally obtain

2dxd 2F ,/m
Ps(E N B,(x0)) / / ]3+s+ o] ]|EHBT(:U0)|
ENBy(x0) J E\By(x0) |-’E— | m

for any 0 < r < (Bﬂﬂ)l/ N Hence, from the nonlocal isoperimetric inequality, we have that

P.(B _s
"B\ 5 B, (20)] 7
|Bi| ¥

§Ps(EﬂBr(xo))+Vg(EﬂBr(:L"0))+2/ / g(x —y)dxdy
ENB, E\B(z0

1
< 2/ / v drdy +
ENB;(z0) J E\B;(x0) |z — yl

for any small r > 0. Noticing that E'\ B,(xg) C Bf—ly—wol
from the co-area formula, we have the following estimate:

QE;ﬂLg[m]w A By (20)] (5.2.23)

(y) for any y € EN By(xp) and

dx dy </ / dz dy
/EQBT (o) /E\Br(xo |z — |N+S ENB(w0) JBL_ |, (v v T — [z — y|N+s
|0B 1
|0B1| dy
S ENB, a:()) — |y — zol)*
N-1 Em B
’aBﬂ / i a ?) 4. (5.2.24)
T — 0'

Now we set a function ¢(r) := |EN B, (x0)| for any > 0 and we have that, for a.e. r > 0,
¢'(r) = HN"Y(E N OB,). Thus we obtain from (5223) and (52224), that

C(N, 5) o(r) 7 < 2"931'/ e 2Es’n§[m] 6(r) (5.2.25)

for any small » > 0 where C(N,s) = Ps(B1). Now we show that m™1E; ;[m]
is bounded by the constant independent of m 2 1. Indeed, from the definition of E4[m]
and by changing the variable x + r,, x, we first have that

Es g [m] < 5S,g(Br‘m)
= PS(BTm) + Vg(Brm)

< <Bml‘>NN_SPS(B )+ <\Bl ) /B1 /B1 (2 — v)) dz dy, (5.2.26)
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where 7, > 0 is the constant with |B,. | = m. Moreover, from the assumptions on g and
by changing the variable again, we have that

t/ / ﬂnﬂw—yﬁdx@né/ sm>/' 9(rm (2 — ) dz dy
B, JB; Bl(O)yERN Bl(O)

:|Bl|r;LN/ )g(x)dajg|Bl|2||g||L1(RN)m_1. (5.2.27)

m

Thus, from (B228), (6-221) and the assumption that m > 1, we obtain

— P, Bl _ s P Bl ~
m By gim] < 2Bt ol < 2B ol = GV, 5.9)
|Bi| |Bi| ¥

and this completes the proof of the claim. Since ¢ is non-decreasing and ¢(r) < |By|rY
for any r > 0, we have that

~ N—s

4C(N,s,9) o(r) < C(N,s) ¢(r) ~

for any r € (0, r¢] where rq is defined by

0 <4é<§i(f;§|31|>i'

Then integrating the both side of (E222H) over r € [0, 7] for any " € (0, r1) where we set
r1 == min{ro, (%)UN}, we obtain that

C(N,s) [7 nes 200B1| [T [T ¢'(0)
5 /0 o(r) dr < /0 /o do dr.

s (r—o)s

By changing the order of the integral, we have that

C'(N, s) /Or/qﬁ(r)NNs drg/orl/:((ﬂ(a)sdrda

r—o)
— = [ eme-na
- (7’,)1_8
~ 1-s

¢(r')

for any 7’ € (0, r1) where we set C'(N,s) :=471|0B1|7! s C(N, s). Now in order to prove
the uniform density estimate, we suppose by contradiction that there exists a constant
ro € (0, r1) such that

s s(1—s)Py(B
B Br(ao) < ¢ " f, o= S0 PlB1)
16‘631||Bl| N

Then by applying the same argument in [66, Lemma 3.1], we can obtain |[ENB r2 (x0)| =0,
which is a contradiction to the choice of zg. Notice that the constants ¢y and rg are
independent of E, xg, and r. O
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5.2.3 [Existence of Minimizers for &,

In this subsection, we prove Theorem B3, namely, the existence of minimizers of the
functional & 4 for any volume m > 0 under the assumption that the kernel g of the Riesz
potential decays faster than the kernel |z|~(N+%) of the s-fractional perimeter Pj.

The idea to prove the existence is based on the argument by Di Castro, M. Novaga, B.
Ruffini, and E. Valdinoci [45] (see also [67, 87]). As we mentioned in the introduction, the
idea was originally inspired by the so-called “concentration-compactness” principle intro-
duced by P.L. Lions in [[79, 80]. When one studies the variational problems in unbounded
domain, the possible loss of compactness may occur from the vanishing or splitting into
many pieces of minimizing sequences, so that one cannot naively apply the direct method
of calculus of variations to these problems.

Although the proof of this method may be technical, we briefly explain the strategy
of it in the following; when we obtain the existence of minimizers of the minimization
problems of isoperimetric type, we usually apply the direct method in the calculus of
variations. More precisely, we first take any minimizing sequence; then we try to construct
another sequence from the minimizing sequence in such a way that the new elements are
uniformly bounded and the functional of the new sequence is smaller than that of the
original sequence (one may often refer to this procedure as “truncation”); thus, by some
compactness, we can extract a convergent subsequence in proper topology; finally, we may
conclude that, by lower semi-continuity, the limit of the subsequence should be a minimizer
as desired.

Unfortunately, in our problem, we might not be able to easily construct another se-
quence, which satisfies “good” properties we want, from the original minimizing sequence.
One possible reason is as follows; as is well-known, the s-fractional perimeter Py behaves
like an attracting term, while the Riesz potential associated with the kernel g could disag-
gregate minimizers into many different components. Moreover, in general, as the volume
of a minimizer gets larger, the effect that separates minimizers into pieces from the Riesz
potential may get stronger. However it is not obvious whether or not the nonlocal perime-
ter term can overcome such an effect from the Riesz potential because we cannot easily
capture the precise behavior of a general kernel g. Therefore, we select the following
strategy to handle the problems: first, taking any minimizing sequence {E,,},, of & 4 with
|E,| = m > 0, we decompose each element E,, into many pieces with the cubes {Q%}; in
such a way that each piece has non-negligible volumes. Then we “properly” collect all the
components {E, N Q% }; of E, such that dist (Q%, Q%) — ¢ < oo as n — oo for i # j (the
case that ¢/ = oo for i # j is called the “dichotomy” in the sense of Lions’). Thanks to
the uniformly boundedness of {P;(E,)}, and the isoperimetric inequality of Ps, we can
obtain a sequence of the limit sets {G'}; of the components of E,, that we have “properly”
collected such that {G'}; is the collection with ¢/ = oo for any i # j. Now we need to
show that the amount of the volume of {G}; is equal to m (this means that we exclude the
“vanishing phenomena” in the sense of Lions’). Once we have shown that >, |G| = m,
the faster decay of the kernel g in the Riesz potential enables us to prove that the only
one element in {G;}; must be the true minimizer of & ; among sets of volume m.

Proof of Theorem BZZZ3. Let m > 0 be any number and let {E,},en be any minimizing
sequence for the energy & , with |E,| = m.
Stepl. We first show that, under (gl) and (g2), there exist sets {G7}; such that

ng,g((;j) < liminf & 4(En), Z |G7| = m.
J J

We first decompose RY into infinitely many disjoint cubes of side 1 (denoted by
{Q'}2,). Thanks to Lemma BZT0, we may assume that each E,, is bounded. Then,
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we can choose a number I,, € N in such a way that |E, N Q| > 0 for any i € {1,---, I,,}
and |E, N Q! = 0 for any i > I,,. We set 2, :== |E,, N Q°| and we have that

I
> @l =|En =m (5.2.28)
=1

for any n € N. Since E,, is a minimizer with |E,| = m for any n, we can choose a ball
with the volume m as a competitor and then, from the local integrability of g, have

N—s

N
) PS(B1> +m HgHLl(ZBm) < 0 (5229)

m

sup P(E) < P.(B) + Vy(Bn) < (17

neN

where B,, is the open ball with the volume m for each m > 0. From (62229) and the
isoperimetric inequality shown in [45, Lemma 2.5], we obtain

o0

A

=1

') <2CPy(Ey) < Cy < o0 (5.2.30)

n;

for any n € N, where C' > 0 and C7 > 0 are the constants independent of n. Here we
recall that Ps(E; @) is the localized s-fractional perimeter of E in @) defined by

dx dy dx dy
= o),
prg Jee [ —yl¥ T Jpnge Jpeng |z — y[V S

Up to reordering the cubes {Q'};, we may assume that {z%}; is a non-increasing sequence
for any n € N. Thus, applying the technical result shown in [67, Lemma 4.2] or [AH,
Lemma 7.4] with (52228) and (5=2230), we obtain that

Y 4l < Gimv (5.2.31)

for any k € N. Indeed, since we may assume that {z/}; is a non-increasing sequence, we
have that, for K € N,

o (e} o
s N-s s i\ N-s s
dooan= Y @)V <@k )N ) (#) ' < (%) VO < oo
i=K+1 i=K+1 i=K+1
(5.2.32)
On the other hand, we also have that, for K € N,
K+1 ‘
m> Y alh > (K+1) 2y, (5.2.33)

=1

From (52232) and (522233), we finally obtain

Z zy < (@k ) VO < #
i=K+1 (k+ 1)~

Hence, by using the diagonal argument, we have that, up to extracting a subsequence,
zt — o' € [0, m] as n — oo for every i € N. From (2228) and (52231), we obtain that

M M oo
g o' = lim E z! = lim E z! g x| =m— lim E xy,
1= 1=

i=M+1 i=M+1
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for any M € N and thus, letting M — oo, we have
o0 .
> al=m. (5.2.34)
i=1

Now we choose a point zi € E, N Q" for each i and n. Up to extracting a further
subsequence, we may assume that |z!, — 21| = ¢ € [0, oo] as n — oo for each i, j € N
and, since we have, from (52229), the uniform bound of the sequence {Ps(E, — 2)}nen
and its upper-bound is independent of i, there exists a measurable set G* € RY such that,
up to a subsequence,
XE,—zi, 7 Xgi 10 Lj,e-topology.

We define the relation i ~ j for every i, j € N as ¢¥ < oo and we denote by [i] the
equivalent class of i. Moreover, we define the set of the equivalent class by Z. Then, in
the following, we show a sort of lower semi-continuity, More precisely,

> PG < lim inf Py(E,), > V(G < lim inf Vy (E,). (5.2.35)
lilez i€z
Indeed, we first fix M € N and R > 0 and we take the equivalent classes i1,---, ip.

Notice that, if p # g, then |27 — 2,/| — 00 as n — oo and thus we have that {z7 + Qr},
are disjoint sets for large n and

_ dedy —— 0
/z;p-i-QR/ 1 +Qr ‘x_y‘N+S n—00

where Qg is the cube of side R. We recall the inequality of the s-fractional perimeter as
follows:

Py(E; A) + P,(E; B) < Py(E; AU B) + 2/ / - d dy (5.2.36)
A

g |z —y|V+s

for any measurable disjoint sets A, B ¢ RY. Here P,(E;A) is as in As a consequence,
from the lower semi-continuity of P,, we obtain

ZP (G QR)<l1m1anP zn,QR)

n—00
p=1

= lim inf Z; Py(En; 27 + QRr)
p:

<liminf P, | Ep; U (= +Qn)

n—o0

dz d
—|—hmlnf22/ / x %+s
ptqEn P+Qr J 2 +Qr ’.1‘ - ’

< liminf Ps(E,).

n—o0

Letting R — oo and then M — oo, we obtain the first claim of (5223d). For the second
claim, we again take any M € N and R > 0. We recall the identity

Vy(4) + Vy(B) = Vy(AU B) —2/A/Bg<x—y>da:dy
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for any measurable disjoint set A, B C RY. Then, in the same way as we have observed
in the first claim, we have, from Fatou’s lemma and the non-negativity of g, that

ZV GlmeR)<hm1anV (( zif’)ﬁQR>
=1
- lmf; Vo (#en (4 + n))

<liminfV, | E, N U (zn —i—QR)

n—00
p=1

< liminf Vy(E,).

n—oo

Here we have used the fact that the sets {zﬁ{’ +Q R};” , are disjoint if n is sufficiently large

from the choice of the points {zn .. Thus, letting R — oo and then M — oo, we obtain
the second claim.
Now we show that

Z ’Gz]’ —

[i]leT

Indeed, from the L}

loc-convergence of {xp, _.i tnen for any i, we have that, for any R >0
sufficiently large,

G'| 216G N Qx| = lim |(Ey — 2,) N Qrl. (5.2.37)

If j € Nis such that j ~4 and ¢ < %, then we have that Q7 — 2z C Qg for large R > 0
and all n. Thus, from (B2=231), it follows

(En—2)NQrl =Y [(En—2) NQrN (Q7 — 2L) |

g€l

> Z (En—20) NQrRN (Q7 —2L) |

JC]<W

= > |E.NQ (5.2.38)
]c”<100

for all n and large R > 0. Therefore, combining (5-2-38) with (5-2231), we obtain

[ =

2,
Ji e <155

and, letting R — oo, we have
e
j:cii<oo
Hence, recalling (622234, we have
SNIGH =YY ol =m. (5.2.39)
[{)ez [{]€Z j€]i

For the other inequality, we can easily obtain from the choice of {G*}; in the following
manner; for any M € N and R > 0, we take the equivalent classes i1,---, i3y and then
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have that

M M )
Z|Gip ﬂQR| = lim Z‘(En — Z%p> QQR‘
p=1

n—oo
p=1
M .
— 1 ip
- nlgg}i% ‘En n (= +Qr) ’ . (5.2.40)
p:

Recalling the condition that ]22” — sz| — oo as n — oo if p # ¢, we have that, for
sufficiently large n € N, (sz + QR> N <z;{1 + QR> = () for any p # ¢. From (6=220), we
have that

Mo M

> 16" NQgl= lim |E,n | (%” +QR) <m

n—oo

p=1 p=1

and thus, letting R — co and then M — oo, we obtain that

[e.o]

Yo lGH =167 <m.

[ileT p=1

This completes the proof of the claim. Taking into account all the above arguments, we
obtain the existence of sets {G M}[z’]ez satisfying the properties that

Y Esg(GM) <liminf &4(Ey), Y |GV =m. (5.2.41)
ez e ez

Step 2. We now claim that, under (g1), (g2), and (g3), each particle G* for [i] € T is
a minimizer of & , among sets with volume |G*|. Moreover, we show that G* is bounded
for each [i] € Z.

Indeed, we first recall the definition of E; ,, which says that

Esglm] = inf {&4(E) | [E] = m}

for any m > 0, and the sub-additivity result of the function m — Ej 4[m] as is shown in
Lemma B2TT. Notice that, in this theorem, we impose assumption (g3) as we show in
Subsection B272, which is stronger than (g4). Thus, we can apply Lemma B2ZT1 to the
case in the present proof. Then, from (B=Z4T), we have that

M M
> (Eg(G7) = Eugl|G?)]) < Eyglm] =Y B gllG™]]
p=1 p=1
[ ' T Mo M ‘
< Esg Z |G™[| + Es g Z G| — ZEs,gHG“’H
_p:M-H ] p=1 p=1
<Ee| Y. |G| (5.2.42)
| p=M+1

for any M € N. We can observe that E ,[m| — E; 4[0] = 0 as m — 0 because E; 4[m| can

be bounded by the quantity C4 m% 4+ Cym for small m > 0, where C'y and C5 are the
constants depending only on N, s, and g. Hence, letting M — oo in (E2247), we obtain
that

oo

D7 (E0g(G) = By g[|G7])) = D (E54(G7) — Eyg[|G™]]) <0

ez p=l1
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and, from the fact that each term of the series is non-negative, we conclude that each term
of the series is equal to zero. This implies that, for every [i] € Z, G* is a minimizer of &
among sets with the volume |G?|. To see the boundedness of {G* }Hijez, it is sufficient to
apply Lemma 5210 to G* for each [i] € Z. This completes the proof of Step 2.

Step 3. We now show that, under (gl) and (g2), there exist a number H € N and a
family of bounded sets {G’p} _, such that

H

D Eg(GP) <Y Ey(Gl) < lim inf &4 (5 Z\pr = (5.2.43)
p=1 lileT

Indeed, letting {Gip}oo 1 be as in Step 2, we first set mP := |G| for any p € N and,
since Z _,mP = m, we can observe that mP — 0 as p — oo and, moreover, j, =

Zp:é+1 mP — 0 as £ — oo. Then, we can choose p € N such that mP > 25+1. Now using

the sets {G'}52, we construct a new family of sets {ép}le for some H € N, depending
only on N, s, and m, in the following manner; we choose H € N so large that H > p and

set GP == G'r for any p € {1,---, H} with p # p and G? := A\ G where \V = %
Then, we have the volume identity that

H H
Z‘Gp‘ = > G+ AV[GT = > mP +mP g =m. (5.2.44)
p=1 psép p=1,p#p

Now we compute the functional for {Gp} _, as follows to show that the total energy of

each elements of {Gp} L, is more efficient than that of {Gir}5°
A > 1 and Lemma 6229, we have that

p—1; from the definition of

H
D E54(GP) Z E5.g(G) + NN £, (G'7)
p=1 p=1,p#p
= Zé‘sg G7)+ (NN = 1) £4(G7) = D Eay(G)
p=H+1
<) £G4+ 2 Bsglm] pr— Y Pu(G™). (5.2.45)
[i]eZ m p=H+1

Here, in the last inequality, we have also used (5224T). From the isoperimetric inequality
of Py and (B2Z43), we further obtain that

H
Z 5579(Gp Z Es gl [l]
p=1

[[leT p= H+1

; PtL B Im >
< ng,g(G[])ﬂLm’gHMH—C Z mP

[[leT p=H+1
i 2PTLE [m N_s
=) Eg(G) + m’g[ ] pr —C () v .
[{)ez

Taking the number H so large that H > p and

Pt E Im N_s
ms’gHMH—C(MH) ¥ <0,
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then we finally obtain (52243) and this completes the proof of Step 3.
Step 4. We finally show that, under (g1), (g2), and (g3), there exists p’ € {1, 2,--- , H}
such that

E.q(GP) < lim inf &4(En) = Eqglm], IGY | =m

where H € N and {Gp } _, are given in the previous step.

From (B2239), there exists at least p’ € {1, 2,---, H} such that |G"'| > 0. Moreover,
since the sets {GP } ', are bounded, we can choose the points {zP }p 1, pzp Such that each

set GP+ R 2P is disjoint with another for large R > 1. We can thus compute the functional
as follows; from the translation invariance of & 4, it holds that

H
D Eag(GP) = Z Es,g(GP) + Es (GP') + E5,4(GY)
p=1 p= 1p¢p q
C Y @) B 8 R
p= 1p7ép q
= Z Eag(GP) + E4(GY U (G + Rz'))
p=1p#p’.q
dzd
+ 2/¥ /~ < ]yv+ / / g(x —y)dzdy
&r' JGaypzia |x —y[N TS Gr' Gq—i-Rz“Z
forany g € {1,--- , H } with ¢ # p’ and sufficiently large R > 1. Recalling the assumption

(g3) that g(z) < ,8|:c\ (N+9) for any |x| > Ry and some § € (0, 1), and choosmg R>1in
such a way that the set GY + R 2% has the distance of more than Ry from Gp we obtain
that

H
Y (@)= DT Ey(GP) +E(GY UG+ R2™))

p=1 p=1,p#p’, q
dx dy
Lol — / / 5.2.46
G JGarpaa lx —y[Nts ( )

By repeating the same argument finite times for the rest of the sets {G }p_l - with
sufficiently large R > 1, we obtain the similar inequalities to (B-2248) and, finally, we can
derive the inequality that

H H
@ ze, (o | (Gr+R)
p=1 p=1, p#p’
dx d
ro(1 - / / Sk A (5.2.47)
p—1 iy )G JGPHR 2P |z —y|

Since GP' U Up_l v (ép + Rzp) are the union of disjoint sets, we have, from (5-244),

that
H

H
a&'u | (éuRzp):Zl\éiwy:m
=

p=1, p#p’
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Thus, from (B22471), we obtain

dx dy
+ Es ,lm
Z /GP /GP+RzP |z — ’NJFS ’g[ ]

p=1, p#p’
H
dx dy ~ ~
&, |G U (G +R2")
/Gp Jor o T g e U

p=1,p#p’ p=1,p#p’

< ngg ) < Es g[m]

and it follows that

DS L <
G Jarsrap [T —yN TS

p—l p#£p’

for large R > 1. Since each term of the sum is non-negative, 5 < 1, and \ép/| > 0, we
conclude that |GP| = 0 for all p # p’. Therefore, the final claim is valid and this completes
the proof of Theorem BZ23. O

5.2.4 Regularity of Boundaries of Minimizers

In this subsection, we study the regularity of the boundary of minimizers of &, under
suitable assumptions on the kernel g. To see this, we employ the regularity results of the
so-called almost s-fractional minimal sets shown in Section B4 of Chapter B.

As a consequence of these regularity results, we obtain the regularity of minimizers
of & 4. To do this, we reduce Problem E; 4[m] for any m > 0 to another minimization
problem. More precisely, we show that any solutions of Problem FEj,[m| are also the
solutions of the unconstrained minimization problem

inf {E;. g0 (E) | E C RY: measurable }

for some constant p9 > 0 and any m > 0, where we define & 4 ,, as

Esgu(F) = Esg(F) + p [|F| —m|
for any F C RN and p > 0.

Proposition 5.2.13 (Reduction to Unconstrained Problem). Let m > 0. Assume
that the kernel g satisfies the conditions (gl) and (g2). Then there exists a constant
po = po(N, s, g,m) > 0 such that, if E is a minimizer of E 4 with |E| = m, then E is also
a minimizer of & 4, among sets in RN for any p > po.

Proof. Suppose by contradiction that, for any n € N, there exist a minimizer E,, of &,
with |E,| = m and a constant p(n) > n such that E, is not a minimizer of & ; (). Then,
by assumption, we can choose a sequence {F}, },cn such that

53:97#(71) (Fn) < gs,g,u(n) (En) (5248)

for any n € N. First of all, we show that |F},,| —— m. Indeed, we set By, as a open ball
n—oo

in RY whose volume is equal to m. Then from (6248) and the minimality of E, with
|Ey| = m for any n € N, we have that

&, Fy) < Eq g (Bn) = Es.g(En) = Es g[ml. (5.2.49)

,97/1(71)(
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Thus, denoting 7, by the radius of the ball B,, and using the change of variables, we
obtain
p(n) |[Fnl —m| < Esg[m] < oo (5.2.50)

for any n € N. From the definition of r,,, the right-hand side in (62250) is finite and
independent of n. Hence, letting n — oo in (5250), we obtain the claim that |F,[ — m
as n — oo. Finally, we derive a contradiction in the following manner. We first define F,
as F, = A\, F, where AY := m|F,|™! and, by definition, we can observe that |F},| = m.
In the sequel, we may assume that, up to extracting a subsequence, |F,| < m for n € N.
Indeed, we suppose by contradiction that, for any subsequence {F,, }ren of {F, }nen, we
always have that |F},, | > m for any k € N. From the continuity of the Lebesgue measure,
for each k € N, there exists a constant Ry > 0 such that |Fy,, N Bg, (0)| = m for every
k € N. Thus, from the minimality of F,, for any n € N and Proposition 228, we have the
estimate that

Esgu(n) (Eny) = Es,g(Eny) < Es.g(Fny N Br,, (0)) < Ps(Fn,) + Vg(Fry) = Es.g(Fny)
)

for any k € N, which contradicts the estimate (B24R) since & ¢(Fr,) < & g u(n) (F n,,) for
any k € N. Hence, from (62248), the minimality of E,, the assumption that A\, > 1 for
any n € N, and Lemma b=29, we have

Es,gu(n)(Fn) < Esg(En) < & g( n) < /\QNg g(Fn). (5.2.51)

From the definition, we notice that ||F,| —m| = |\, N m —m| = m A,V AN — 1| for any
n. Hence, from (5-Z51) and dividing the both side of (B2251) by ||F,| — m|, we obtain

p(n) <m™t )\N”/\)\N_HP (Fp)+m™! )\QZMVQ(Fn) (5.2.52)
for any n € N. Recalling (6Z48) and (62229), we have that Ps(F),) + Vy(Fy) < Es4[m] <
0o. Moreover, we observe that |‘/\>\N ll‘ < 2 for sufficiently large n € N. Therefore, from
(B=X52), we obtain

p(n) < 6m=! By 4[m] (5.2.53)
for sufficiently large n € N and thus obtain a contradiction. O

Now we are ready to show the regularity of minimizers for & 4

Lemma 5.2.14 (Regularity of Minimizers of & ;). Let s € (0, 1) and let m > 0.
Assume that the kernel g : RV \ {0} — R satisfies (gl), (g2), and (g3). If E C RY is a
minimizer of £ 4 among sets of volume m, then OF is of class Ch with some 0 < a < 1,
except a closed set of Hausdorff dimension N — 3.

Proof. First of all, from Lemma B210, we have the essential boundedness of the minimizer
E C RY, namely, E C Bg,(0) up to negligible sets for some R; > 0. Without loss
of generality, we may assume that R; > Ry where Ry is given in assumption (g3) in
Subsection B2, In order to apply the regularity result of Theorem 249 to our case,
it is sufficient to show that the set F is almost s-fractional minimal set in the sense of
Definition 48 for some constant A > 0 independent of E. From Proposition BEE2T3, we
know that E with |E| = m is also a solution to

inf{& g0 (E) | E C RV}

where pg > 0 is as in Proposition =213 and is independent of E. Hence, from the
minimality of F, we have that

Es.g.10(E) < Es g o (F) (5.2.54)
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for any bounded measurable set F C RY. We may assume that F is finite with respect to
the s-fractional perimeter; otherwise the inequality (B-254) is obviously valid. Then from
the fact that |E| = m, we have

P(E) < Py(F) + Vy(F) — V,(E) + o ||F| - |E|
< Py(F) + Vy(F) — V(E) + po | FAE. (5.2.55)

Regarding the Riesz potential, we can compute the difference V(F) — V;(E) as follows:

/F/FUEQ(:U—?J)dxdy—/E/FUEg(x—y)dxdy

§2/ / g(z —y)drdy

FAE JFUE

< 2|FAE] / g(x)dx. (5.2.56)
RN

Vo (F) = Vy(E)| <

Note that, from the local integrability of g and assumption (g3), the kernel g is integrable
in RY and thus, the right-hand side in (5258) is finite. Hence, by combining (5-258)
with (B2254H), we obtain that

P,(E) < P(F) + (2lgllz @~y + o) IFAE]

for any measurable set F' C RY. Therefore, by employing Theorem P4 in Section P24 of
Chapter B, we can conclude that the claim is valid. O

5.2.5 Existence of Generalized Minimizers for g&g

In this subsection, we prove Theorem b24, namely, the existence of generalized minimizers
for the generalized functional &, given as (CI2Z0) for any volumes. To see this, we
impose slightly more general assumptions on g than we do to prove the existence of
minimizers of & 4 for any volumes in Section BZ2Z8. More precisely, we assume that the
kernel g € L} (RY) satisfies the assumptions (g1), (g2), and (g4) in Subsection E232.
Before proving the main theorem, we show one lemma, saying that one can modify
a “generalized” minimizing sequence for the generalized functional gs’g into a “usual”

minimizing sequence for the functional & ;. More precisely, we prove

Lemma 5.2.15. Let s € (0, 1). Assume that the kernel g : RN \ {0} — R satisfies the
assumptions (gl), (g2), and (g4). Then, for any m > 0, it follows that

inf {& (E) | [E| = m} = inf {@,g({Ek}w D IEY = m} :
k=1

Proof. The proof of this lemma proceeds in a similar manner to the method in the proof
of Theorem B=2Z3; however, it seems a little technical and thus we do not omit the detail.
First of all, we can readily observe that the inequality

inf {€;4(E) [ |E] = m} > inf {gs,g({Ek}k) | D 1B = m}
k=1

holds true. Hence, it remains for us to prove the other inequality. To see this, we take any
minimizing sequence {{EX};}, for the generalized functional & ,. Then it follows that,
for any € > 0, there exists a number ng € N such that

o0

D Eag(EF) = Eg({BEY) < Egglm] +e, Y |EE =m (5.2.57)
k=1 k=1
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for any n > ng. Since the minimum is attained with a minimizing sequence of which each
element is bounded, we may assume that E,”i is bounded for each k, n € N. In the sequel,
we fix one n € N with n > ng until we give another remark.

Step 1. We first show that, under (gl) and (g2), there exist a number K, € N and a
sequence {E’ﬁ}ﬁ‘l, constructed from {E¥}, such that

Ky
D Eag(EF) < ZESgEk Z\E’“\_ (5.2.58)
k=1

The proof of this claim is the same as Step 3 in the proof of Theorem B2 of Section
623, since we assume that the kernel g only satisfies (g1) and (g2). Thus we do not repeat
the proof here.

Step 2. We now prove Lemma 52713 under (g4), which says that g vanishes at infinity.

Let {Ek}k ", be as in the previous step. Since we have that S |EE| = m, we can
choose one k' € N with |[E¥| > 0. Since we have assumed that the sets {Ek},C | are
bounded, we can choose the points {zF}&» k1, ke Such that each set Ef + R2F is far away
from the others for sufficiently large R > 1. We can thus compute the functional as follows;
from the translation invariance of & 4, it holds that

Kn K,
D Eg(BEY = D Eug(BE) +Eg(BY) + Eg(EL)
= k=1, k#k' £
Ky
= Y Eag(BE) 4 Eg(BY) + Ecg(BL+ R2E)
k=1, k#k' £
Kn
= Y Eg(EN) 4+ Eg(EY U(EL+ R2L))
k=1, k#£k' 0

dx dy
+2/ / —2/ / g(x —y)dxdy
By JEt 4Rt [T —y[NFS B JBl Rt

for any ¢ € {1,---, K,} with £ # k" and sufficiently large R > 1. Thus, we obtain that

Y Eg(BE) + Eeg(E¥ U (EL + RZL))

k=1 k;ék’ ¢
< Zssg EF) +2/ / g(x — ) dz dy (5.2.59)
k’ E¢ +Rz£
for any ¢ € {1,---, K,,} with £ # k' and sufficiently large R > 1. By repeating the same

argument finite times for the rest of the sets {Eﬁ}kK:”1 kit ¢ With sufficiently large R > 1
and from the translation invariance of & 4, we can derive the inequality

Ky
Eo | EE U U (BE+R2E)
k=1, k#k'
Kn—1 K,
<Zé‘ngk +2 > Y /k /Fe y) dz dy (5.2.60)

k=1 (=k+1

where we define the sets { ¥ (R)}k:"1 in such a way that F¥(R) := E¥ 4+ RzF if k # k' and
FF(R) := E¥. Note that the sets {FF(R)}.", satisfy

dist (F¥(R), FA(R)) —— 00 (5.2.61)
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forany k, £ € {1,---, K, } with k # ¢. Since Y |EF| = m and Eﬁ/UUkK:"l ”y (EF+ R2%)
are the union of disjoint sets, we have that

Ky Ky
Efu | (E,’§+Rzg) =S IEE = m
k=1

k=1, kK’

Thus, from (B2231) and (5-2Z60), we obtain

Kn
Boglml < &g | EF U (E’,i + Rz,’i)

k=1, k£k'
Kn
< Z Esg(EY)
+2 ) / / y) dx dy
1<kA0<Kn, FZ(R
< Eqg[m]
+2 Z / / y) dz dy (5.2.62)
1<kA0<Kn, FZ(R

Hence, if we show that the last term of the right-hand side in (E-262) converges to zero
as R — oo for each n > ng, then we conclude that the inequality

inf {€,,4(E) | |E| = m} = Ey4[m] < Eyg[m] = inf {5s,g({Ek}k) D IEM = m}
k=1

holds and this completes the proof of the lemma. To conclude the proof of the lemma, it
is sufficient to show that, under assumption (g4), the convergence

/F(R)/F[ glx —y dmdy—>0

holds for each n > ng. We fix n > ng. From assumption (g4), we have that, for any € > 0,
there exists a constant R(¢) > 0 such that g(z) < e for any |z| > R(e). On the other
hand, from (B2261), we can also choose a constant R'(g) > 0 such that |z — y| > R(e) for
any R > R'(¢), z € F¥(R), y € F(R), and k, £ € {1,---, K,,} with k # £. Thus, taking
these into account, we obtain that, for any R > R/(e),

Ky,
Z / /F dxdy<€Z]Fk );|F£(R

1<kA0<K, e(R) k=1

1<k#AI<K,

Recalling the definition of the sets { F¥(R)}x, we have that "5, |[F#(R)| < m. Therefore,

we obtain that
/ / (r —y)dxdy < m?e
1<kAI<K, ' FE(R) JFi(

for any R > R'(¢) and this completes the proof of Lemma BZZT3.
O

Now we prove Theorem BZ4, namely, the existence of generalized minimizers of 5579
under the assumptions (gl), (g2), and (g4) in Subsection bZ2.
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Proof of Theorem 5-24. Let m > 0. Thanks to Lemma 5213, it is sufficient to take any
sequence {E, },en such that |E,| = m for any n € N and

lim E4(En) = E, 4[m)] (5.2.63)

instead of taking a minimizing sequence for E’&g [m].

We now apply the same argument as we conducted in Step 1, 2, and 3 in the proof of
Theorem 523 because we only need the assumptions (gl), (g2), and (g4) in order for the
arguments in Step 1, 2, and 3 to work. Thus, we can choose a finite number of measurable
sets {G*}L| with H € N such that

H H
> Eg(G) <liminf&y(E), Y |G| =m. (5.2.64)

=1 i=1

Moreover, each G* is a minimizer of £ ; among sets with the volume |G?|. Therefore, from
(b2163) and () we conclude that the sequence {G*}, is a generalized minimizer of

g's,g with 327 |G| = m as we desired. O

5.2.6 Asymptotic Behavior of Minimizers for Large Volumes

In this subsection, we study the asymptotic behavior of minimizers of &; 4 for large volumes
under the assumption that the kernel g decays sufficiently fast. We first show the I'-
convergence result in L!-topology of the functional associated with Problem (IIZ3) to
the s-fractional perimeter P; as the volume m goes to infinity.

I'-convergence of EsA’g to s-Fractional Perimeter as A — oo

We recall the definition of the s-fractional Sobolev semi-norm [f]yys.1(RY) as follows:

for f € L'. Note that [xg]ys1(RY) = Py(E) for any measurable set £ C RY. As is
shown in [[5, Proposition 4.2 and Corollary 4.4], it follows that any integrable function of
bounded variation is also finite with respect to the fractional semi-norm [-]yys,1. Secondly,
in order to study the I'-convergence of the sequence {gg\g} A>1 given in Proposition b3,

we define the functional F M as

5.9
Awea®)= 5 [ [ 170 = Fo)lar(e = vy dody

]??g(f) = if f = xp for some bounded set F' C RV with Ps(F) < oo,
00 otherwise.

(5.2.65)

Note that the functional .7-?79( f) for any A > 0 is well-defined. Moreover, if f = yg for
some bounded set £ with Ps(E) < oo, then we can easily see that fég(f) = @Q(E).
Now we prove the I'-convergence of the functional ]?s)‘; to ]/-:;?O (we give the definition

of f;’o in the following proposition) as n — oo in the L!-topology.
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Proposition 5.2.16 (I'-convergence to s-Fractional Semi-norm). Let {\,},en be
any sequence of positive real numbers going to infinity as n — oo. Assume that the kernel
g:RV\ {0} — R satzsﬁes the assumptions (gl), (g2), and (g5) in Subsection 2. Then
the sequence { }nGN I'-converges, with respect to L'-topology, to the functional ]:‘X’
defined by

R [flwa1 (RN if f = xp for some bounded F C RN with Py(F) < oo,
F(f) =

00 otherwise.

PTOOf We recall the definition of the I'-convergence. We say that { g}neN I"-converges
to ]-';’O with respect to L'-topology if the two estimates hold

Ppa_limsup B (F) < F2(f), FX(f) < Tpoliminf 725(/)
for any f € L'(R"), where we set

Tpi_ hmsup}"’\"(f) = min{llmsupfA’L(fn) | fn — fin Ll(]RN)} (5.2.66)

n—o0

and

Lz hmlnf]:/\”(f) = min {hmlnf]:kn(fn) | fn — fin LI(RN)} (5.2.67)

n—oo

Note that the minimum in (b=266) and (B=261) is attained by the diagonal argument.
First of all, we prove that I';1_ limsup,, .7?;\73 (f) < F2(f) for any f € LY(RY). In
the case that f is not a characteristic function of some bounded set with a finite nonlocal
perimeter, we obviously have that .7?800( f) = oo and the inequality holds. Thus, we may
assume that f = yr for a bounded set F ¢ RV with P,(F) < oco. Setting a sequence
{fn}tnen as fn = f = xF for any n € N, we obtain, from the non-negativity of g, that

Fhu(fa) < F2(f)

for any n € N and thus, it follows that I';1_ limsup,,_,, f?g(f) < ]?;’O(f)

Next we prove that F2°(f) < Izi_ liminf, e .7-")‘” (f) for any f € LY(RY). We take
any sequence {fy}nen C LY(RY) such that f, — f in L1 as n — o0o. In the case that f
is not a characteristic function of some bounded set with a finite nonlocal perimeter, we
claim that there exists a number ng € N such that f,, is also not a characteristic function
of a measurable set for any n > ng. Indeed, we suppose by contradiction that there exists
a subsequence {fy, }ren such that f,, = xp, for some measurable set F,, C RV for any
k € N. Since f,, — fin L' as k — oo and f,,, € {0, 1} for any k € N, we obtain that
f € {0, 1} a.e. in RN and f can be written as f = xr for some measurable F C R, This
contradicts the assumption that f is not a characteristic function. Hence, we conclude
that, for large n € N, fg\g( fn) = oo and the claim holds true. Thus, in the sequel, we
may assume that f = yr for some bounded set F' € RY. Moreover, we may assume that
Py(F) < oo due to the lower semi-continuity of the fractional Sobolev semi-norm [-]yys.1
and (gbh). Indeed, from (g5), we have that

(g2 11 () = fa(w) ) 1
Fottz i [ O ey — ()il

for any n € N where v € (0, 1) is given in (gh). Then, if Ps(F') = oo, from the convergence
fn — fin L' as n — oo and the lower semi-continuity of [-]yys.1, we obtain

liminf P27 (f,) 2 (1= 7) Uiminf[fulwes = (1= 7)[flwss = (1= 7) B(F) = oo.
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Under the above assumption, we first compute the second term of the functional j—?‘z
in (b26H). Let ¢ € (0,1). From (gb), we can choose a constant R. > 1 such that
g(x) < m%ﬂ for |x| > R.. Then, from the definition of g, for any n € N, we have that

/RN/ |fa(2 W) gr, (z —y) dxdy
= // |fn(«73) - fn(y)‘g)\n(x—y) daidy
{(z, 9)| Anlz—y|<Re}
n — In _ drd
+//{(f’%y)>\n|my|>R€}|f () = fuly)| ga, (z —y) dzdy

<] a0 = 1o .,
{(@.9)| Anlz—y|<R} 1T =Y

T 5// w dx dy (5.2.68)
(@ 9)| Anlz—y|>R:} 1T — Yl

for any n € N. Thus, from the definition of @:5 and (B=Z6R), we obtain

B> Unon (B - fole) = L),
() 2 Ul (BY) = 2 //{(m,y)wm y|<RE}—|$_y|N+s y

£ |fn(z) — fn(y)]
_ £ k@) = In\Y)L 50 g
//zywm y>Ry |z —y[Nte ’

]‘ B n
5// fnlz) = N+(s” dx dy (5.2.69)
(@) Anle—y|>Rey 1T =Yl

for any € € (0, 1) and n € N, where v € (0, 1) is given in (g5). Thus, letting first n — oo
and then € — 0 with Fatou’s lemma and the monotone convergence theorem, we finally
obtain

— /W)l
hm 1nf Fs Fn frn) > lim sup / / dzx dy
( ) RNX]RN ‘x_y‘N—’—s

e—0
|f(z) = Fy)l N
drdy = s1(R™Y).
/RN/RN =S oy = [l (BY)
Therefore, from the above arguments, we complete the proof. O

Convergence of Minimizers of é\;\’g to Ball as A -

Now we prove Theorem BZ@, which is the last main theorem in this chapter. In this
theorem, the control of the kernel g by the one of the s-fractional perimeter, namely the
assumption (g5), is crucial because . To see the convergence, we consider the modified
minimization problem (Problem ITTI23) and finally we take the limit A — oo instead of
Problem b1 with the limit m — oo.

Our idea for the proof is to apply the “concentration-compactness” lemma by P.L. Lions
as we did in the proof of the existence of minimizers. Precisely, we proceed in the following
way; we first take any sequence {F,}, of the minimizers for é?’g with |F,,| = |Bi|. Then
we apply so-called “concentration-compactness” lemma that we use to show the existence
of minimizers in Subsection 23 and B2XH. As a consequence of the lemma, we can choose
a sequence of sets {G'}; and points {2} };,, such that, up to extracting a subsequence,

o T s 1 7
ZP <11nnl>£f5 5(Fn)s Fo— 2, —— G' in Lig, Z\G|_|Bl| (5.2.70)
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thanks to the assumptions on g. Then, from the isoperimetric inequality of Ps and the
minimality of F},, we can actually obtain that each G coincides with the Euclidean ball, up
to translations and negligible sets, whenever |G¢| > 0. Finally, from (522Z7), we can show
that the only one element in {G*}; has a positive volume and its volume is equal to |By|.
From Brezis-Lieb lemma, the convergence in (52270) is improved to the L!-convergence.
Combining the I'-convergence result, we conclude the proof.

Proof of Theorem BZd. Let {\,}nen be any sequence going to infinity as n € N and we
take any sequence {F}, }pen of the minimizers for & /\” with |F,,| = |B;| for any n € N. From
the assumption (gh), we can choose a constant 7y E (0, 1) such that gy, (z) < |z|~(V+9)
for any |z| # 0. From the minimality of F), for each n € N, we have that

Py(F,) < Ps(B1) +ngn(Fn) = Ps(B1) +v Ps(Fy)

for any n € N and thus, we obtain that { Ps(F},)}y is uniformly bounded with respect to n,
namely, sup,,cn Ps(Fn) < (1 — )71 Ps(B;) < 0co. As a consequence of the uniform bound
of {Ps(F)}n, we can now apply the same method as in the proof of Theorem BZ23 (see
also [45]) to the sequence {F},},. Although we discuss in the proof of Theorem B3, we
rewrite the argument in the sequel for convenience.
Step 1. We first show that, under (gl), (g2), and (g5), there exist sets {G’}; such
that
ZPS(Gj ) < liminf 5/\" Z |GY| = |By|. (5.2.71)

n—oo

Indeed, we decompose R into the unit cubes and denote by {Q}22,. We set zi, :=
|F, N Q| and have that

o0 .
> al = |F,| =B (5.2.72)
=1

for any n € N. Moreover, from the isoperimetric inequality shown in [45, Lemma 2.5], we
obtain

o0 o0
S (@) T <0 Pi(Fw Q) < 2CP(F,) < C1 < 00 (5.2.73)
i=1 i=1
for any n € N, where C' and C; are the positive constants independent of n. Up to
reordering the cubes {Q'};, we may assume that {z} }; is a non-increasing sequence for
any n € N. Thus, applying the technical result shown in [67, Lemma 4.2] or [45, Lemma

7.4] with (°272) and (B=273), we obtain that

o
> ah<

i=k+1

(5.2.74)

for any k € N where Cs is the positive constant independent of n and k. Hence, by using
the diagonal argument, we have that, up to extracting a subsequence, i, — o' € [0, | B[]
as n — oo for every i € N and, from (b2272) and (5=274),

Za |By). (5.2.75)

Now we fix the centre of the cube 2! € Q' for each i and n. Up to extracting a further
subsequence, we may assume that |2? — z;] — ¥ €0, 0] as n — oo for each i, j € N. As
already seen in the above, we have the uniform bound of the sequence {Ps(F, — z)}nen
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and its upper-bound is independent of 7 and thus, from the compactness, there exists a
measurable set G C RY such that, up to extracting a further subsequence,

XF,—=, —— Xgi in Lj,-topology.

We define the relation i ~ j for every i, j € N as ¢/ < oo and we denote by [i] the
equivalent class of ¢. Moreover, we define the set of the equivalent class by Z. Then, by
applying the same argument as in the proof of Theorem B2, it is easy to show that

> 1GH = [By].

li]leT

The last thing we need to show is the following inequality;

> PGl < hgggfg o (F) = liminf (Py(F,) — Py, (Fn)). (5.2.76)
[{)ez
Indeed, we first fix M € N and R > 0 and we take the equivalent classes iy,--- , ip.

Notice that, if p # ¢, then |27 — 27| — o0 as n — oo and thus we have that {27 + Qgr},
are disjoint sets for large n and

, dedy —— 0 (5.2.77)
/Z:zp +Qr / ! +Qr |z - y‘N+S oo

where Qg is the cube of side R. Then, by using the similar argument to the one shown
in the proof of the I'-liminf inequality in Proposition BZ2T18 with (B2274), we have the
following computation let € € (0, 1) and, from (gb), we can choose a constant R, > 1
such that g(z) < z |N+g for any |x| > R.. Then it holds that

liminf (Py(F,) — Py, (Fp))

n—o0

. X{|z—y|>re } x, y)
> (1 —e) it ( S o - dxdy)

+ (1 —¢) lim inf / / X{lz—yl>r5) (%5 ) dx dy
n—00 £, \AMR ]\/IR\Fn ’x_y’N-i-s

— e (T,
+(1—-¢) hmlnf2 / / X{lz y|27‘n]};[&8 y) dx dy (5.2.78)
noee PrQr JatvQr 1T Yl
for any € € (0, 1) where we set rS := A\ ! R. for each n and AME .~ Ule(zf{’ + QR).

Hence, from (62278), (52238), and the lower semi-continuity of P in L}
Fatou’s lemma, we obtain

-topology with

loc

liminf (Py(Fp) = Py, (F))

Py,
M X{|z— |>7"E}(xa y)
(1—¢) hmlnfz / / y—"N+S dx dy

+/ . / X{|z—y\2r%j}v(f: y) dwdy
NP +Qr) P rQaNE [T — Yl

M .
> (1—¢)) PG Qr)

p=1
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for any € € (0, 1). Letting R — oo, M — oo, and € — 0, we finally conclude that the
inequality (B=2770) holds true. Taking into account all of the above arguments, we obtain
the existence of sets {G[i]}[i]GI satisfying (522-71).

Step 2 We next show that each G* actually coincides, up to translations and negligible
sets, with the Euclidean ball with volume |G?|, whenever |G| > 0.

Indeed, we first set Bj;) as the ball of radius rp; = |B1|~ VN |GEYN for each [i] €
Then, from (5-Z°7) and the minimality of F,,, we have that

Z < (G[’]) (BH)> < hmmfé')‘” Z Ps(By)

[i]eZ [{]eZ

= 0. (5.2.79)

From the isoperimetric inequality of Ps, we know that Ps(By;)) < Ps(G [ for any [i] € T
and the equality holds if and only if Gl = By;) up to translation and negligible sets. Hence,
from (B2279), we conclude that the claim holds true.

Step 3. We finally show that, under (gl), (g2), and (gb), there exist a number iy such
that |G| = 0 for any [i] € Z with i # io.

Indeed, from the isoperimetric inequality of the fractional perimeter Ps and (B22-71),
we obtain the following:

hm mf 6')‘ Z Py(
[Z]EZ
> Z |G[’]|
[Z]EZ|BI| N
NA?s
P.(B A
> BB > 16 — Py(By) (5.2.80)

[Bil v \jijez

where, in the last inequality of (B=2=80), we have used the inequality that

> ap > (Z az-) (5.2.81)

for any ¢ € N, a; € [0, 1], and a € (0, 1) with ) ,a; < co. Note that the equality in
(B=Z=M) holds if and only if a1 = >, a; and a; = 0 for any ¢ > 1 up to reordering. In
addition, from the definition of 55’\5 and the minimality of each F,, we have that

EXn(Fy) < Py(B1) (5.2.82)

for any n € N. Thus, from (A°2=0) and (5=2%2), we obtain

N-—s
N

=S 16w = S 16l . Y16 =By (5.2.83)

[{]eZ [i]eZ [{leT

1B1| ™
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Then, from (522=1), (522=3), and Step 2, we obtain that there exists i such that |G| = 0
for any [i] € T with i # ip and G = B; up to translations and negligible sets. This
completes Step 4.

Finally, taking into account all of the above arguments, we may conclude that there
exist points {2} }nen C RY such that, up to extracting a subsequence, we have

: 1
XFn—z), nﬁoo; XB; 1 Lloc‘

From Brezis-Lieb lemma in [I6] and the fact that |F,, — z/,| = |Bi| for any n € N, we
obtain that the convergence

: 1
XFn—Z,CL n—s00 XG, mn Lloc

holds in L' sense. Finally, we may repeat the above argument for any subsequence of
{F,}nen and therefore, we conclude that Theorem 521 is valid. ]






Appendix A

Extension Result of Functions
with Nonlocal Bounded Variations

In this section, we show the extension of the function space BV (Q) into BV (RY) for
each bounded open set 2 C RY with a smooth boundary (in other words, we show the
embedding BV (Q) — BVi(RYM)). This extension result is required when we consider
the compact embedding of BV into L' with a general kernel K as is shown in Section
P of Chapter B, where the definition of BV is also given. Note that one may have the
compact embedding of the fractional Sobolev space W*! into L' (with the kernel K given
as |z|~N*+9) for s € (0, 1)) thanks to the work by, for instance, [46, Theorem 7.1]. The
extension property of BV () into BV (RY) as follows:

Lemma A.0.1. Let Q C RY be an open set with a bounded Lipschitz boundary. Assume
that the kernel K satisfies the following conditions:

(A1) K is non-negative and radially symmetric, namely, K(x) = k(|z|) for some measur-
able function k : (0, co) — [0, 00).

(A2) K is radially non-increasing, namely, K(x) < K(y) for any |z| > |y| > 0.
(A3) K satisfies
/ K(z) min{l, |z|}dz < 0o
RN

(A4) There exists a constant t > 0 such that |x|N K (z) = O(|z|™*) as |z| — 0.

Then BV () is continuously embedded in BV (RN), namely for any u € BV (Q) there
exists U € BV (RY) such that

ulo=u,  ullg@y) < Cllullk@ (A.0.1)
for some constant C = C(N,K,Q) >0

Proof of Lemma [AIA. The proof is conducted in the same way as in the proof of [46,
Theorem 5.4] because of the assumptions on K.

Since 0f2 is closed and bounded, we can find a finite number of balls {Bj}j]\/i1 such
that 092 C Uj]\/ilBj, and thus we write RY = Uj]‘ilBj U (RN \ 99). With this covering,
we can further find a finite number of smooth functions {1%}5‘5{1 such that 0 < ¢; <1
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for any j € {1,---, M}, spte; C Bj for any j € {1,---, M}, sptepr41 C RV \ 99, and

Z]Aif 1j = 1. Then, one can easily see that

M+1

Z@Dju:u in RY.

J=1

By simple computations, we can show that vy;11u belongs to BV () (see also [48,
Lemma 5.3]). Since ¢pr41u = 0 in a neighborhood of 02, we can extend the domain of
Yrr41u to the whole of RN by setting

Yar41(x) u(x) for z € Q,
0 inzeRV\Q

Yyrpru(r) =

and we have ¥y, 1u € BV (RY) with the estimate

[orvr1ull geyy < [omullg@) < Cllullk @)

where C' = C(N, K,Q) > 0 is a constant.
Since 99 is of class C%!, we can construct a finite number of the bi-Lipschitz isomor-
phisms {7} : Q — Bj}j]\il such that

I Tjllcor + 1T o < o, Tj(Q+) = B;N Q. Tj(Qo) = B; NOL,
where Cy > 0 is a constant independent of j, and we set

Q ={(",zn) || <1, [an] <1},
Qt+ ={(@,zn) | ]2/ < 1,0 <2y < 1},
and Qo == {(2',xn) | zy = 0}.

Now for any j € {1,---, M}, we consider the restricted function u|p;no and set
wi(y) =u(Tj(y)) forye Q.

Then we prove that w; € BVk(Q4). Indeed, by using the change of variables, we have
/ K(p—q) lwj(p) — wj(q)| dpdq
Q+ JQ+
— [ | Ee-0l@e) - @) dpdg
Q+ JQ+
—[ [ K(5@ -1 W) lut) - uw) IT @) T () dwdy
B;nQ J B;nQ

where JTJ-_l(x) is the Jacobian of the bi-Lipschitz function Tj_1 at x € Bj N for j €
{1,---, M}. Recalling the bi-Lipschitz regularity of T} for all j € {1,---, M} and using
the assumption (A2), we obtain

/ K(p—q)|wj(p) —wj(q)|dpdg S / K (z —y) |u(z) —u(y)| dz dy
Q+ JQ+ B;nQ J B,;nQ
= [u]lx(B; N Q) < . (A.0.2)

By using the reflection argument, we can extend the domain of w; to all @) so that the
extension w; belongs to BV (Q) and

lwill k(@) < 4lwjllx@.)- (A.0.3)
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We now set z;(x) = iu\;(T]_l(x)) for any € Bj and j € {1,---, M}. From the bi-
Lipschitz continuity of T}, we have z; € BVk(Bj). Notice that z;(z) = u(x) for any
x € B; NQ, and by definition, t; z; has a compact support in B; for all j € {1,---, M}.

As we see the extension of 1711 v, we can consider the extension v; z; in such a way that
Y zj € BV (RY). Thus, from (A1) and (AT3), we may observe that

195 2illk@vy S 195 25l sy
S ”ZjHK(Bj)
< 1@illx @)
< dllwjllkos) S llullxs,n0)- (A.0.4)

Finally, defining the function @ in RY as

M
U= Z”Q@ Zj + Y41 U, (A05)
j=1

we can see, by definition, that u|o= v and, from (AT4) and (ATH), we obtain

M
[1%]] e rvy < Z 195 2l k ey + 10n+1 wl| vy
=1
M
< Nl gsne) + Cllull ke
=1
< (1 + O)|ullk o) (A.0.6)

for some constant C' > 0 independent of wu. O






Appendix B

Euler-Lagrange Equation in the
Viscosity Sense

In this appendix, we will show that each superlevel set {u > t} of the minimizer u of the
functional Fg ; satisfies the Euler-Lagrange equation in the viscosity sense. Recall that
each set {u > t} is also a minimizer of the functional £k .

First of all, by following the same line of the argument by L. Caffarelli, J.M. Roquejof-
fre, and O. Savin [22] and M.C. Caputo and N. Guillen [26], we can obtain the following
theorem:

Theorem B.0.1 (Euler-Lagrange Inequalities). Let E be a set satisfying the condition

that
//1 drd // S dd</(t f@)dz  (B.0.1)
AJe v —y|Nts A JEenae | —ylNts A

for any A C E°N B,.(x0) and any xo € OF with some r > 0 where s € (0, 1), f € CORYN),
and t € R. Suppose that 0 € OF and that E N Q contains the ball Bor(—2Rey), R > 1.
Then there exist constants Co = Cy(N, s,t, f) > 0 and ro = ro(N, s,t, f) > 0 such that the
following holds: for any 0 < € < § < 1y, one can choose €/2 < e* < & such that

1 1
dx dy — / / ————dx dy
/ /E\B(g z0) |.%' - ‘N+s \Bs(z0) ’.’L' - ’N+S
< Cy (/ (t— f(x))de+ R~ 15 |A_ |> (B.0.2)
A

where Az« and A_. are sets contained in E°, which are defined with the perturbation con-
structed in [26] (see also [22]).

e*

Since the essential point of the proof is the same as in [22, Theorem 5.1] and [26,
Theorem 5.3], we can prove Theorem BT in the same manner, and thus we omit the
proof here (see also [[H, Lemma 6.6] for a similar argument). Roughly speaking, the idea
of the proof is to construct some proper perturbation sets A_. and A.+ outside £ around
some boundary point xyg € JF. These perturbation sets can be constructed by some
reflection with respect to a slightly deviated ball from the ball tangential to OF at xo.
Then, we test the condition (B1) of E against the set of the union of E and A.« C E°.
Note that the last term of the right-hand side in (BI2) can be obtained by deriving the
upper bound of the double integrals

/ / dx dy / / dx dy
A+ JENBs(x0) ’f]f - |N+8 A+ JE°NACNBs(x0) ’f]f - ’N+8
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The reason we decompose the integral into two parts by using the ball Bs(z) is that the
s-fractional mean curvature Hy, at xg € OF is defined by the singular integral at z. Thus
we must avoid computing the integral inside Bs(zg).

We remark that the term [ 4, (t— f(z)) dz does not appear in the original claim in [26];
however, this extra term may not affect the essential point of the proof in [Z6] because the
set F is not involved in the term.

Notice that, if E is a minimizer of & s, defined in (B2318), then one can show that F
satisfies the condition (BZILT). Indeed, let A € R be in £°N B for some ball B centered
at a point on JE. Then, if we choose a set £ U A as a competitor against the minimizer
E, then we have

PS<E>SPS<EUA>+/EUA<t—f< >>d:c—/<t— f(2)) de
<PB+PAW+ [ feni=2 [ [ . B03)

Here we have used the fact that A C E¢ and Proposition 213 with Q = RY and K(z) =
|z|~(N+%) in Chapter B. Then, by a handful of computations and from (BIL3), we finally

obtain
//1dxdy—// 1dmdy</(t—f(m))dx
AJE |z —yNts A JEenae |z —yNTs ~Ja .

Now we are ready to state the main claim in this appendix, and this can be obtained
as a corollary of Theorem BT (see also [[H, Theorem 6.7] for a similar statement).

Corollary B.0.2 (Euler-Lagrange Equations). Let E be a minimizer of the functional
Es gt with s € (0, 1), f € Co’ﬂ(RN), and t € R as is defined in (B2318). Then, whenever

loc
E has both interior and exterior tangential balls at a point xo, we have

Hj (o) +t — flwo) = /RN X?;%L;ﬁg” dy +t— f(wo) = 0. (B.0.4)

Proof. Without loss of generality, we may assume that xqg = 0. Let ¢* and § be given as
in Theorem B, and we observe that

dx dy — / / dx dy
’AE* </ /\35 ’x - y’N+s E°\Bs ’fI,' - y’N+S

_/ xE(y) — x5 (y) dy'

|y N+
ce r 5=
S ooy Ty W S Ce*o~ (B.0.5)

for some constant C' > 0. By testing the minimality of E against the set £ U A where
A C E°NB,(z) for any x € OF and some r > 0, we obtain that the condition (BT) holds.
Thus, from Theorem BT and (BIH) and by following the argument in [26, Corollary
5.4], we obtain

/XE(*”')yEVfE W) gy < cet5 +Co<

— f(x))dx “15%5° .0.
A, (- fende s BT ) (B.0.6)

where xg = 0 € JF is the point where OF has an interior tangential ball Bor(—2Rey).
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Now we claim the following: let z € RY and {C:}e>0 be a sequence of measurable sets
such that = € C;, |Cc[ > 0, and C. C B, () for any ¢ > 0 and some increasing function
r: (0, 00) = (0,00). Then, for any F € CO(RY), we have

lim
el0 ‘Cg| C.

F(y)dy = F(x). (B.0.7)

Indeed, let » > 0 and, from the continuity of F', we choose a constant d > 0 such that
|F(y) — F(z)| < n for any y € RV with |y — 2| < §. In addition, from the assumptions
that 2 € C. and Ce C B,(,), we can choose a constant 9 > 0 such that |z — 2| < r(e) <
for any 2 € A%. Thus, setting &y := 3 min{eo, d, r(g9)}, we obtain

yeCe=|F(y) - Fz) <n
for any € € (0, &p). Thus, we have that
1
Cel Je

and this concludes the proof of (BII7).
Now, from the construction of A, shown in [26], the sets {A.}. satisfy the conditions
that

F(y)dy — F(z)

< — | |F(y)— F(x)|dy <n,
1Ce| Je,

g € A, |4 >0, A.C B:

for any small € > 0. Therefore, from (BI8), the assumption of f, and the above claim
and by letting € | 0, we have that

/ XE(?’,L‘}i‘fC(y) dy <t — f(zo) + R,
B

5
and thus, by letting ¢ | 0, we conclude that
— Hpy(z0) <t — f(z0), (B.0.8)

for any zg € OF where OF has an interior tangential ball.
On the other hand, if OF has an exterior tangential ball, then, by testing the minimality
of E against the set E'\ A where A C ENB,(x) for any x € OF and some r > 0, we obtain

1 1
da:dy—// da:dyg/—t—fx dz.
/A/ ey N S e = i@)

This inequality means that E° also satisfies the condition (BX) by replacing ¢t — f(x)
with —(¢ — f(x)) in the integral of the right-hand side in (BI), and by hypothesis E°
contains a tangential ball at xg. Then, by applying again Theorem BT to the set E°,

we obtain
1 1
——dxdy — / / s drdy
/As* /C\35 |x - y‘N—"_S As* E\B§ |x - y|N+S

<a(- [ - sepdes BT |z )

for small €* > 0 where A+ and A_. are as in Theorem BII. Therefore, by following the
same argument that we showed in the above, we conclude that

Hp(xo) < —(t — f(xo)) (B.0.9)

for any xg € OF where OF has an exterior tangential ball.
From (BTH) and (B1), we finally obtain the equality

Hp(zo) +t — f(zo) =0
for any xg € OF where OF has both interior and exterior tangential balls. O

e*






Bibliography

1]

N. ABATANGELO AND E. VALDINOCI, A notion of nonlocal curvature, Numer. Funct.
Anal. Optim., 35 (2014), no. 7-9, 793-815.

R. A. Apawms, Sobolev Spaces, Academic Press, 1975.

S. ALaMA, L. BRONSARD, R. CHOKSI, AND I. TOPALOGLU, Droplet breakup in the
liquid drop model with background potential, Commun. Contemp. Math., 21 (2019),
no. 3, pp. 23.

L. AMBROSIO, G. DE PHILIPPIS, AND L. MARTINAZZI, Gamma-convergence of
nonlocal perimeter functionals, Manuscripta Math., 134 (2011), no. 3-4, 377-403.

L. AMBROSIO, N, Fusco, AND D. PALLARA, Functions of bounded wvariation
and free discontinuity problems, Oxford Mathematical Monographs, The Clarendon
Press, Oxford University Press, New York, 2000.

F. ANDREU, C. BALLESTER, V. CASELLES, AND J. M. MAZON, The Dirichlet
problem for the total variation flow, J. Funct. Anal., 180 (2001), 347—-403.

G. AUBERT AND P. KORNPROBST, Can the nonlocal characterization of Sobolev
spaces by Bourgain et al. be useful for solving variational problems?, SIAM J. Numer.

Anal., 47 (2009), 844-860.

J. F. AujoL, G. GILBOA, AND N. PAPADAKIS, Fundamentals of non-local total
variation spectral theory. Scale space and variational methods in computer vision,
Lecture Notes in Comput. Sci. 9087, Scale Space and Variational Methods in Com-
puter Vision, Springer, 2015.

B. BARRIOS, A. FIGALLI, AND E. VALDINOCI, Bootstrap reqularity for integro-

differential operators and its application to monlocal minimal surfaces, Ann. Sc.
Norm. Super. Pisa Cl. Sci. (5), 13 (2014), 609-639.

G. BELLETTINI, Lecture notes on mean curvature flow, barriers and singular per-
turbations, Lecture Notes. Scuola Normale Superiore di Pisa (New Series), Edizioni
della Normale, 2013.

N. BOHR, Neutron capture and nuclear constitution, Nature. 137 (1936), 344-348.

M. BONACINI AND R. CRISTOFERI, Local and global minimality results for a nonlocal
isoperimetric problem on R™, STAM J. Math. Anal., 46 (2014), no. 4, 2310-2349.

J. BOURGAIN, H. BRrEzIS, AND P. MIRONESCU, Another look at Sobolev spaces,
Optimal Control and Partial Differential Equations, pp. 439-455, IOS Press, Ams-
terdam, 2001.

123



124

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

BIBLIOGRAPHY

J. BourcAIN, H. BREZIS, AND P. MIRONESCU, Limiting embedding theorems for
WP when s 1 1 and applications, J. Anal. Math., 87 (2002), 77-101.

L. Brasco, E. LINDGREN, AND E. PARINI, The fractional Cheeger problem, Inter-
faces Free Bound., 16 (2014), no. 3, 419-458.

H. Brezis AND E. H. LIEB, A relation between pointwise convergence of functions
and convergence of functionals, Proc. Amer. Math. Soc., 88 (1983), 486—490.

H. Brezis, Functional analysis, Sobolev spaces and partial differential equations,
Universitext, Springer, 2011.

H. BrEz1s, New approzimations of the total variation and filters in imaging, Atti
Accad. Naz. Lincei Rend. Lincei Mat. Appl., 26 (2015), 223-240.

C. Bucur, L. LOMBARDINI, AND E. VALDINOCI, Complete stickiness of nonlocal

minimal surfaces for small values of the fractional parameter, Ann. Inst. H. Poincaré
Anal. Non Linéaire, 36 (2019), no. 3, 655-703.

X. CABRE, M. M. FALL, J. SOLA-MORALES, AND T. WETH, Curves and surfaces

with constant nonlocal mean curvature: meeting Alexandrov and Delaunay, J. Reine
Angew. Math., 745 (2018), 253-280.

X. CABRE, M. M. FALL, AND T. WETH, Delaunay hypersurfaces with constant
nonlocal mean curvature, J. Math. Pures Appl., (9) 110 (2018), 32-70.

L. CAFFARELLI, J.M. ROQUEJOFFRE, AND O. SAVIN, Nonlocal minimal surfaces,
Comm. Pure Appl. Math., 63 (2010), no. 9, 1111-1144.

L. CAFFARELLI AND P. E. SOUGANIDIS, Convergence of nonlocal threshold dynam-
ics approximations to front propagation, Arch. Ration. Mech. Anal., 195 (2010), no.
1, 1-23.

L. CAFFARELLI AND E. VALDINOCI, Uniform estimates and limiting arquments for

nonlocal minimal surfaces, Calc. Var. Partial Differential Equations, 41 (2011), no.
1-2, 203-240.

L. CAFFARELLI AND E. VALDINOCI, Regularity properties of nonlocal minimal sur-
faces via limiting arguments, Adv. Math., 248 (2013), 843-871.

M. C. CArpuTO AND N. GUILLEN, Regularity for non-local almost minimal bound-
aries and applications, Preprint, arXiv:1003.2470.

D. CARAZzZATO, A mnote on some mnon-local wvariational problems, Preprint,
arXiv:2107.11848.

D. CArAzzATO, N. Fusco, AND A. PRATELLI, Minimality of balls in the small
volume regime for a general Gamow type functional, Preprint, arXiv:2009.03599.

V. CASELLES, A. CHAMBOLLE, AND M. NOVAGA, The discontinuity set of solu-
tions of the TV denoising problem and some extensions, Multiscale Modeling and
Simulation, 6 (2007), 879-894.

V. CASELLES, A. CHAMBOLLE, AND M. NOVAGA, Regularity for solutions of the
total variation denoising problem, Rev. Mat. Iberoamericana, 27 (2011), 233-252.



BIBLIOGRAPHY 125

[31]

[32]

[33]

[34]

V. CASELLES, A. CHAMBOLLE, AND M. NOVAGA, Total variation in imaging,
Handbook of Mathematical Methods in Imaging, Springer, 2011.

A. CESARONI AND M. NOVAGA, Volume constrained minimizers of the fractional

perimeter with a potential energy, Discrete Contin. Dyn. Syst. Ser. S, 10 (2017),
715-727.

R. CHoksi, C. B. MuraTOov, AND I. TOPALOGLU, An old problem resurfaces

nonlocally: Gamow’s liquid drops inspire today’s research and applications, Notices
Amer. Math. Soc., 64 (2017), no. 11, 1275-1283.

E. CiNT1, J. DAvVILA, AND M. DEL PINO, Solutions of the fractional Allen-Cahn
equation which are invariant under screw motion, J. Lond. Math. Soc. (2), 94 (2016),
no. 1, 295-313.

E. CiNTI, J. SERRA, AND E. VALDINOCI, Quantitative flatness results and BV-

estimates for stable nonlocal minimal surfaces, J. Differential Geom., 112 (2019),
no. 3, 447-504.

G. CiraoLo, A. FicaLLl, F. MAGGI, AND M. NOVAGA, Rigidity and sharp sta-

bility estimates for hypersurfaces with constant and almost-constant nonlocal mean
curvature, J. Reine Angew. Math., 741 (2018), 275-294.

M. Cozzi, On the variation of the fractional mean curvature under the effect of CH®
perturbations, Discrete Contin. Dyn. Syst., 35 (2015), no. 12, 5769-5786.

M. Cozzi, S. DIPIERRO, AND E. VALDINOCI, Planelike interfaces in long-range

Ising models and connections with nonlocal minimal surfaces, J. Stat. Phys., 167
(2017), no. 6, 1401-1451.

J. DAVILA, On an open question about functions of bounded variation, Calc. Var.
Partial Differential Equations, 15 (2002), no. 4, 519-527.

J. DAviLA, M. DEL PINO, S. DIPIERRO, AND E. VALDINOCI, Nonlocal Delaunay
surfaces, Nonlinear Anal., 137 (2016), 357-380.

J. DAvILA, M. DEL PINO, AND J. WEI, Nonlocal s-minimal surfaces and Lawson
cones, J. Differential Geom., 109 (2018), 111-175.

M. C. DELFOUR AND J. P. ZOLESIO, Shape analysis via oriented distance function,
J. Funct. Anal., 123 (1994), 129-201.

M. C. DELFOUR AND J. P. ZoLESIO, Intrinsic Differential Geometry and Theory
of Thin Shells, Notes of the Lectures given at the Scuola Normale Superiore di Pisa,
Scuola Normale Superiore Pisa, 1996.

M. D’EL1a, J. C. DE LosS REYES, AND A. MINIGUANO-TRUJILLO, Bilevel pa-

rameter learning for nonlocal image denoising models, J. Math. Imaging Vision, 63
(2021), no. 6, 753-775.

A. D1 CASTRO, M. NOvVAGA, B. RUFFNI, AND E. VALDINOCI, Nonlocal quantitative
isoperimetric inequalities, Calc. Var. Partial Differential Equations, 54 (2015), 2421—
2464.

E. D1 NEzzA, G. PALATUCCI, AND E. VALDINOCI, Hitchhiker’s guide to the frac-
tional Sobolev spaces, Bull. Sci. Math., 136 (2012), 521-573.



126

[47]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

BIBLIOGRAPHY

S. DIPIERRO, A. DZHUGAN, N. FORCILLO, AND E. VALDINOCI, Enhanced boundary
regularity of planar nonlocal minimal graphs and a butterfly effect, to appear in
Bruno Pini Math. Anal. Semin.

S. DIPIERRO, A. FicaLLl, G. ParLaTucct, AND E. VALDINOCI, Asymptotics of the
s-perimeter as s | 0, Discrete Contin. Dyn. Syst., 33 (2013), no. 7, 2777-2790.

S. DIPIERRO, F. ONOUE, AND E. VALDINOCI, (Dis)connectedness of nonlocal mini-
mal surfaces in a cylinder and a stickiness property, to appear in Proc. Amer. Math.

Soc., (2022)

S. DIPIERRO, O. SAVIN, AND E. VALDINOCI, Graph properties for nonlocal minimal
surfaces, Calc. Var. Partial Differential Equations, 55 (2016), no.4, pp. 25.

S. DIPIERRO, O. SAVIN, AND E. VALDINOCI, Boundary behaviour of nonlocal min-
imal surfaces, J. Funct. Anal., 272 (2017), no.5, 1791-1851.

S. DIPIERRO, O. SAVIN, AND E. VALDINOCI, Nonlocal minimal graphs in the plane
are generically sticky, Comm. Math. Phys., 376 (2020), no. 3, 2005-2063.

S. DIPIERRO, O. SAVIN, AND E. VALDINOCI, Boundary properties of fractional
objects: Flexibility of linear equations and rigidity of minimal graphs, to appear in
J. Reine Angew. Math., DOI: 10.1515/crelle-2019-0045.

S. DipiERRO AND E. VALDINOCI, Nonlocal minimal surfaces: interior regularity,
quantitative estimates and boundary stickiness, Recent developments in nonlocal

theory, pp. 165-209, De Gruyter, Berlin, 2018.

L. C. Evans AND R. F. GARIEPY, Measure theory and fine properties of functions,
Revised edition, Textbooks in Mathematics, CRC Press, Boca Raton, FL, 2015.

A. FicaLul, N. Fusco, F. MaGal, V. MILLOT, AND M. MORINI, Isoperimetry and
stability properties of balls with respect to nonlocal energies, Comm. Math. Phys.,
336 (2015), 441-507.

A. FiGALLI AND F. MAGGI1, On the shape of liquid drops and crystals in the small
mass regime, Arch. Ration. Mech. Anal., 201 (2011), 143-207.

R. L. Frank, R. Kiruip, AND P. T. NaM, Nonexistence of large nuclei in the
liquid drop model, Lett. Math. Phys., 106 (2016), 1033-1036.

R. L. FraNk, E. H. LiIEB, AND R. SEIRINGER, Hardy-Lieb-Thirring inequalities
for fractional Schrodinger operators, J. Am. Math. Soc., 21 (2008), 925-950.

R. L. FRANK AND P. T. NAM, Ezxistence and nonexistence in the liquid drop model,
Calc. Var. Partial Differential Equations, 60 (2021), no. 6, Paper No. 223, pp. 12.

R. L. Frank, P. T. NaAM, AND H. VAN DEN BoscH, The ionization conjecture in
Thomas-Fermi-Dirac-von Weizsicker theory, Comm. Pure Appl. Math., 71 (2018),
no. 3, b77-614.

N. Fusco, V. MiLLOT, AND M. MORINI, A quantitative isoperimetric inequality
for fractional perimeters, J. Funct. Anal., 26 (2011), 697-715.

G. GaAMOW, Mass defect curve and nuclear constitution, Proceedings of the Royal
Society of London. Series A, 126 (1930), 632-644.



BIBLIOGRAPHY 127

[64]

[65]

[66]

[67]

F. GENERAU AND E. OUDET, Large volume minimizers of a nonlocal isoperimetric
problem: theoretical and numerical approaches, SIAM J. Math. Anal., 50 (2018),
3427-3450.

G. GILBOA AND S. OSHER, Nonlocal linear image regularization and supervised
segmentation, Multiscale Model. Simul., 6 (2007), 595-630.

G. GILBOA AND S. OSHER, Nonlocal operators with applications to image processing,
Multiscale Model. Simul., 7 (2008), 1005-1028.

M. GOLDMAN AND M. NOVAGA, Volume-constrained minimizers for the prescribed

curvature problem in periodic media, Calc. Var. Partial Differential Equations, 44
(2012), no. 3-4, 297-318.

R. HARDT AND L. SIMON, Boundary reqularity and embedded solutions for the
oriented Plateau problem, Ann. of Math., 110 (1979), no. 3, 439-486.

V. JULIN Isoperimetric problem with a Coulomb repulsive term, Indiana Univ. Math.
J., 63 (2014), no. 1, 77-89.

V. JuLiN AND D. A. LA MANNA, Short time existence of the classical solution to
the fractional mean curvature flow, Ann. Inst. H. Poincaré Anal. Non Linéaire, 37

(2020), 983-1016.

H. KNUPFER AND C. B. MURATOV, On an isoperimetric problem with a competing
nonlocal term I: The planar case, Comm. Pure Appl. Math., 66 (2013), no. 7, 1129—
1162.

H. KNUPFER AND C. B. MURATOV, On an isoperimetric problem with a competing
nonlocal term II: The general case, Comm. Pure Appl. Math., 67 (2014), no. 12,
1974-1994.

D. A. LA MANNA, A short proof of a nonexistence result, Preprint, 2018.

D. A. La MANNA, An isoperimetric problem with a Coulombic repulsive and at-
tractive term, ESAIM Control Optim. Calc. Var., 25 (2019), pp. 23.

G. LEONI AND D. SPECTOR, Characterization of Sobolev and BV spaces, J. Funct.
Anal., (10) 261 (2011), 2926-2958.

G. LeEoNT AND D. SPECTOR, Corrigendum to “Characterization of Sobolev and
BV spaces” [J. Funct. Anal. 261(10) (2011) 2926-2958], J. Funct. Anal., (2) 266
(2014), 1106-1114.

E. H. LIEB, Sharp constants in the Hardy — Littlewood — Sobolev and related in-
equalities, Ann. of Math., (2) 118 (1983), 349-374.

E. H. LiEB AND M. Loss, Analysis, Second edition, Graduate Studies in Mathe-
matics 14. American Mathematical Society, Providence, RI, 2001.

P. L. LioNs, The concentration-compactness principle in the calculus of variations.
The limit case. I, Rev. Mat. Iberoamericana, 1 (1985), no. 1, 145-201

P. L. LioNs, The concentration-compactness principle in the calculus of variations.
The limit case. II, Rev. Mat. Iberoamericana, 1 (1985), no. 2, 45-121.



128

[81]

[95]

[96]

[97]

BIBLIOGRAPHY

L. LOMBARDINI, Approzimation of sets of finite fractional perimeter by smooth sets
and comparison of local and global s-minimal surfaces, Interfaces Free Bound., 20
(2018), no. 2, 261-296.

L. LOMBARDINI, Minimization problems involving nonlocal functionals: nonlocal
minimal surfaces and a free boundary, PhD Thesis, Universita di Milano, 2018.

J. Lu aND F. OTTO, An isoperimetric problem with a Coulomb repulsion and at-
traction to a background nucleus, Preprint, arxiv:1508.07172, 2015

J. Lu anD F. OT1TO, Nonezxistence of minimizers for Thomas-Fermi-Dirac-von
Weizsdcker model, Commun. Pure Appl. Math., (10) 67 (2014), 1605-1617.

F. MAGaGI, Sets of Finite Perimeter and Geometric Variational Problems: An In-
troduction to Geometric Measure Theory, Cambridge Studies in Advanced Mathe-
matics, Cambridge University Press, 2012.

C. MANTEGAZZA, Lecture Notes on Mean Curvature Flow, Progress in Mathematics
290, Birkh&user/Springer, 2011.

J. M. MAzON, J. D. Rossi, AND S. DE LEON, Functions of least gradient and
1-harmonic functions, Indiana Univ. Math. J., 63 (2014), 1067-1084.

J. M. Mazo6n, J. D. Rosst AND J. TOLEDO, Fractional p-Laplacian evolution
equations, J. Math. Pures Appl. (9), 105 (2016), 810-844.

J. M. Mazo6n, J. D. Rossi, AND J. ToLEDO, Nonlocal perimeter, cur-
vature and minimal surfaces for measurable sets, Frontiers in Mathematics,
Birkhé&user/Springer, 2019.

J. M. MaAzON, J. D. Rossi, AND J. TOLEDO, Nonlocal perimeter, curvature and
minimal surfaces for measurable sets, J. Anal. Math., 138 (2019), 235-279.

V. MAZ’YA AND T. SHAPOSHNIKOVA, On the Brezis and Mironescu conjecture

concerning a Gagliardo-Nirenberg inequality for fractional Sobolev norms, J. Math.
Pures Appl. (9), 81 (2002), no. 9, 877-884.

G. MERCIER, Continuity results for TV-minimizers, Indiana Univ. Math. J., 67
(2018), 1499-1545.

B. MERLET AND M. PEGON, Large mass rigidity for a liquid drop model in 2D with
kernels of finite moments, J. Ec. polytech. Math., 9 (2022), 63-100.

F. MORGAN, Geometric Measure Theory: A Beginner s Guide. Fifth edition. Il-
lustrated by James F. Bredt, Elsevier Academic Press, Amsterdam. 2016

C. B. MURATOV AND A. ZALESKI, On an isoperimetric problem with a competing
non-local term: quantitative results, Ann. Global Anal. Geom., 47 (2015), 63-80.

M. NovAGA AND F. ONOUE, Local Hoélder regularity of minimizers for nonlocal
denoising problems, Preprint, arXiv:2107.08106.

M. NOVAGA AND F. ONOUE, FExistence of minimizers for a generalized liquid drop
model with fractional perimeter, Preprint, arXiv:2112.14505.

M. NOVAGA AND A. PRATELLI, Minimisers of a general Riesz-type problem, Non-
linear Analysis, 209 (2021), No. 112346, pp. 27.



BIBLIOGRAPHY 129

[99]

[100]

[101]

[102]

[103]

[104]

[105]

[106]

107]
[108]

F. ONOUE, Nonezistence of minimizers for a nonlocal perimeter with a Riesz and a
background potential, to appear in Rend. Semin. Mat. Univ. Padova.

M. PEGON, Large mass minimizers for isoperimetric problems with integrable non-
local potentials, Nonlinear Analysis, 211 (2021), No. 112395, pp. 48.

A. C. PONCE, A new approach to Sobolev spaces and connections to I'-convergence,
Calc. Var. Partial Differential Equations, 19 (2004), no. 3, 229-255.

A. PORRETTA, On the regqularity of the total variation minimizers, Commun. Con-
temp. Math., 23 (2021), pp. 17.

S. Ricor, Ensembles quasi-minimauz avec contrainte de volume et rectifiabilité uni-
forme, Mém. Soc. Math. Fr. (N.S.), No. 82 (2000), pp. vi+104.

L. RUDIN, S. OSHER, AND E. FATEMI, Nonlinear total variation based noise-removal
algorithms, Phys. D, 60 (1992), 259-268.

O. SaviN AND E. VaLDINOCI, ['-convergence for nonlocal phase transitions, Ann.
Inst. H. Poincaré Anal. Non Linéaire, 29 (2012), no. 4, 479-500.

O. SavIN AND E. VALDINOCI, Regularity of nonlocal minimal cones in dimension
2, Calc. Var. Partial Differential Equations, 48 (2013), 33-39.

J. WLOKA, Partial Differential Equations, Cambridge University Press, 1987.

C. F. voN WEIZSACKER, Zur theorie der Kernmassen, Zeitschrift fiir Physik, 96
(1935), 431-458.



	Introduction
	Nonlocal Perimeters
	Nonlocal Perimeter
	s-Fractional Minimal Sets
	Euler-Lagrange Equation
	Regularity of (Almost) s-Fractional Minimal Sets

	Topology of Nonlocal Minimal Sets
	Problem Setting and Main Results
	(Dis)connectedness of Nonlocal Minimal Surfaces
	Proof of Theorem 3.1.1
	Proof of Theorem 3.1.2

	Stickiness of Nonlocal Minimal Surfaces

	Nonlocal Denoising Problem
	Problem Setting and Main Results
	Notations
	Preliminary Results
	Euler-Lagrange Equation for FK,f
	Comparison between Minimizers
	Characterization of Minimizers for FK,f
	Boundedness of Superlevel Sets of Minimizers

	Hölder Regularity of Minimizers
	Regularity of Boundaries of Superlevel Sets of Minimizers
	Proof of Theorem 4.1.1


	Nonlocal Liquid Drop Model
	Nonexistence of Minimizers
	Statement of Main Results
	Boundedness of Minimizers
	Proof of Theorem 5.1.2

	Existence and Asymptotic Behaviour of Minimizers
	Problem Setting and Main Results
	Preliminary Results on Minimizers of Es,g
	Existence of Minimizers for Es,g
	Regularity of Boundaries of Minimizers
	Existence of Generalized Minimizers for E"0365Es,g
	Asymptotic Behavior of Minimizers for Large Volumes


	Extension of BVK
	Euler-Lagrange Equation
	Bibliography

