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Abstract

In this paper we prove that if ), is a sequence of Reifenberg-flat domains in RY that
converges to {2 for the complementary Hausdorff metric and if in addition the sequence
;. has a “uniform size of holes”, then the solutions u; of a Neumann problem of the

form

—diva(z, Vug) + b(x,ur) =0 in
( ) + bz, ug) 0.1)
a(z,Vug)-v=0 on I

converge to the solution u of the same Neumann problem in §2. The result is obtained
by proving the Mosco convergence of some Banach spaces. As an application, in the
second part of the paper we prove a decay estimate on the gradient for solutions of
nonlinear Neumann problems. The estimate is initially established when the boundary
is flat and then a similar estimate for perturbed boundaries using the stability property

is obtained.
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Introduction

In this paper we study the stability of solutions for the following nonlinear Neumann problem

—div a(z, Vu) + b(z,u) =0 in Q
(0.2)

a(z,Vu)-v =10 on 0F2

where € is a bounded subset of RY, a : RY x RV — RN and b : RV x R — R are two
Carathéodory functions satisfying suitable monotonicity, coerciveness and growth conditions
(see (1.2)-(1.3) below). More precisely, we are interested in the following question. Let €
be a sequence of open sets in RY that converges to  for the Hausdorff distance. Let u;, be
the sequence of solutions for the problem (0.2) in 2 and let u be the solution associated to
2. Is it true that uy converges to u ? If the answer is positive we say that the problem (0.2)
is stable along the sequence €, (see Definition 3).

This question was studied by many authors in the last decade, principally in dimension 2,
for smooth and non smooth domains. The case of non smooth domain, and more specifically
domains with cracks, appears typically in applications from fracture mechanics. In addition,
the problem of stability is linked to the notions of Mosco convergence or Gamma convergence,
which are powerful tools to study the semicontinuity of functionals in shape optimization

problems or for instance the Mumford-Shah functional in image processing.



Recently, G. Dal Maso, F. Ebobisse and M. Ponsiglione [6] proved that in dimension 2,
if QO tends to Q for the complementary Hausdorff distance in R?, || tends to |Q| and if
the number of the connected components of the complements €2} are uniformly bounded,
then the problem (0.2) is stable. This stability property extends the corresponding results
of A. Chambolle and F. Doveri [5] and also D. Bucur and N. Varchon [4]. In particular, the
authors showed that the stability is equivalent to the convergence of some Banach spaces in
the sense of Mosco.

According to the authors knowledge, only very few results have been proven in higher di-
mensions. In [12], A. Giacomini proves a stability result in RY for fractured locally Lipschitz
domains where an approach involving the Mosco convergence is also used.

A famous example called the “Neumann Sieve” ([10], [19], [21]), shows that in many
cases the stability is not true. The general idea, for instance in dimension 2, is that if one
considers a sequence of 1-dimensional sets Ej in B(0,1) with more and more holes of size
but with always same global length, it could happen that E, would converge to a segment
while the problem (0.2) is not stable along the sequence B(0,1)\E). One can notice that
this example is very close to the one that makes the Hausdorff measure K +— H'(K) not
lower semicontinuous with respect to the Hausdorff distance.

In this paper, we partially extend the results of [6] and [12]. We prove that if €, converges
to Q for the complementary Hausdorff distance in RY and if {€,.} is a sequence of Reifenberg
flat domains with “uniform size of holes”, then problem (0.2) is stable along the sequence
{Q%}. The main point is to prove that the limit in the sense of Mosco, of the space of
restrictions of functions in W'»(Q,) is the space of restrictions of functions in WP((Q).

The notion of “uniform size of holes” (Definition 8) is here to avoid the “Neumann Sieve”
problem as described above. Indeed, we want to allow crack domains but according to our
definition of uniform size of holes, the “tips” of the cracks can never become arbitrary closer
to each other at the limit.

Our theorem partially extends the result of [6] in any dimension, and it also can be
considered as an extension of [12] since the regularity of our sets is weaker than Lipschitz.
Indeed, Reifenberg flat sets are ones that are locally well-approximated by hyperplanes, at

every scale. This allows for instance some “Holderian spirals” or fractal boundaries (see [9]).
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Reifenberg flat sets are naturally used in the study of boundary regularity and the regu-
larity of free boundaries coming from a minimization problem (see for instance [7], [8], [15],
[18] and references therein). As we shall see in the sequel, Reifenberg flat domains are more-
over very well-adapted in the construction of good extensions for functions in the Sobolev
space, which is the key ingredient for proving the Mosco convergence. This sort of technics
were also used in [14], and probably appeared for the first time in [13] while Peter Jones was
seeking some geometrical conditions to define a class of extension domains.

In the second part of the paper, we prove a decay estimate for the solution to nonlinear
elliptic operators of divergence form at the boundary. At first glance we prove the decay
when the boundary is flat. This is done by establishing a differential inequality and using
some estimates on the smallest eigenvalue in the half-sphere. Then we use the stability to
prove that this estimate is still true when the boundary is a Reifenberg flat set close enough
to a hyperplane.

This decay result gives a nice example of how the stability property can be used. It can
be considered as a partial extension of [14] for nonlinear minimizers. In addition, such a
decay estimate is useful for studying minimizers of fully nonlinear convex functionals. We
anticipate that a similar argument is needed in our study for the regularity of minimizers
of the Mumford-Shah functional with a nonlinear term of energy. This fact along with a
slightly different approach will be the content of a forthcoming paper [16].

Notation :

The real numbers p and ¢ satisfy 1 < p <2 < ¢ < 400 and 217 + % =1

00 := Q\Q, the topological boundary of Q.

W1P(Q) := the Sobolev space.

CH(Q) := space of C'(Q) functions with compact support.

v = the outward normal vector.

|A| := the Lebesgue measure of the Borel set A.

dy := the Hausdorff distance (defined in (1.4)).

A¢:= the complement of the set A.

AAB := A\BU B\A.

B(z,r):= the ball with center at z and radius r.
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C := a positive constant, that could vary from line to line, and that only could depend

on dimension.

1 Stability for the nonlinear Neumann problem

Let © be an open bounded subset of RV. In this section we prove the stability for problem
(0.2) where a : RY x RN — RY and b : RY x R — R are two Carathéodory functions
satisfying the following assumptions : there exist 0 < ¢; < ¢y, a € LY(RY), and 8 € L*(RY)

such that, for almost every x € RV and for every &,&;,& € RY with & # &

<a(x,§1) - a(x,&), (51 - 52)) >0 ) (11)
la(z,&)| < al@) + el ; (1.2)
a(z, &) - € > =B(x) + cr|¢]P. (1.3)

We assume that b satisfies the same inequalities.
Throughout the paper we assume that (0.2) is satisfied in the usual weak sense of Sobolev
spaces, that is u € W'?(Q) and
/(a(w, Vu), Vo) + (b(x,u), ) de =0

Q
for all ¢ € W'P(Q). Tt is well known that problem (0.2) has a unique solution in W?(£2)

(see [17]).
If A and B are two nonempty closed subsets of RY, we define the Hausdorff distance

between A and B by

dy (A, B) :== max{supd(z, A),supd(z, B)} (1.4)

reB z€A
where d(z, A) = dist(z, A).
Definition 1. Let {Q4}ren and Q be some nonempty open subsets of RY. We say that
converges to ) for the complementary Hausdorff distance if dp (€2, Q°) tends to 0.

Remark 2. Notice that if €2 tends to €2 for the complementary Hausdorff distance, then
dp (0, 00) tends to zero, but observe that the converse is false in general (for instance

take Q := (1, 400) and Q := (—o0,0)).



Suppose that 2 converges to (2 for the complementary Hausdorff distance, and let wy

be a weak solution of the problem

—div a(x, Vug) + b(z,ur) =0 in
( k) + bz, uk) K (15)

a(z,Vug) -v=0 on 0SY.

Definition 3. We say that problem (0.2) is stable along the sequence Qy, if the following
holds: Let u, € WYP(Q) be a sequence of solutions of the problem (1.5) in Q. Then
(uglq,, Vurlg,) converges strongly to (vlg, Vulg) in LP(RY) x LP(RY,RY) and v is a so-

lution of problem (0.2).
We seek conditions on €2 to make the problem (0.2) stable.

Definition 4. A (3, r)-Reifenberg-flat domain @ C RY is an open bounded set such that for

each x € 02 and for any r < ry there exist a hyperplane P(x,r) containing x such that

! sup  dist(y, P(z,r)) <. (1.6)

T yedQnB(z,r)

Our definition of Reifenberg-flat domains is not exactly the same that could be found
in the literature, essentially from the fact that we didn’t take a bilateral definition of the
distance in (1.6) in order to allow cracks (when the domain lies in each side of its boundary).
Using the terminology of [14], our Reifenberg-flat domains should be called “weak Reifenberg-
flat domains”. Observe that our definition allows the fact that 92 could have a infinite
number of connected components. Moreover in our definition, {2 is not supposed to be
connected.

The topological disc theorem of Reifenberg [20] says that, under some additional sepa-
ration conditions and if ¢ is small enough, then the boundary of a Reifenberg-flat domain is
locally the bi-holderian image of a N — 1 dimensional unit disc. In addition, this is optimal
since a Reifenberg-flat domain can admit some Holder spiral. It is worth mentioning that a
Reifenberg-flat domain could have a fractal “snowflake-like” boundary as it is shown in [9].
As a consequence, the regularity of our domains is weaker than the one considered in [12]
which are essentially locally Lipschitz domains.

Now we consider a topological assumption in order to avoid the problem of “Neumann

Sieves” (see [19]). For a Reifenberg-flat domain €2 and for any ball B(z,r) centered at 02
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and with radius r < rg, let us define the sets D™ (z,r) and D~ (x,r) by the following way.
Let P(z,r) be the hyperplane given by the definition of Reifenberg flatness of 2. Denote by
2*(x,7) two points of B(z,r) that lie at distance 3r/4 from P(z,r) and whose orthogonal
projections on P(z,r) are equal to x. Then we set D*(z,r) := B(z%,r/4) as in the following

picture.

U Dt (xz,r)

o0}

P(x,r) E—

(=L@

Definition 5. Let Q) be a (6, ry)-Reifenberg flat domain. We say that Q has a uniform size
of holes with constant Cy > 1/2, if for every ball B(z,r) centered at 02 with radius r < %7“0
and such that D" (x,r) and D~ (x,r) lie in the same connected component of B(x,r) N,
there ezists a ball B(y,s) centered on P(x,2r) N B(z,2r) with radius s > CLOT such that
B(y,s) N O = 0. By convention if Q is such that D*(z,r) always lie in different connected

components we say that  has a uniform size of holes with Cy = 1/3.

Remark 6. If 2 has a uniform size of holes with constant Cy > 1/2 then 2 has a uniform
size of holes with any constant C' > (. Therefore, we will usually take Cj as being the
minimal constant satisfying the property of Definition 5 which can never be less than 1/2
for obvious geometrical reasons. Moreover when we mean that a sequence 2, has a uniform
size of holes with same constant Cj, we say that all the minimal constants associated to €2,

are bounded by a same constant Cj (see also the examples given below).

The rest of the section is devoted to the proof of the following result.

Theorem 7. Let Cy € [1/2,+00) U{1/3} be a constant and assume that {Q }ren, Q are

(8,70)— Reifenberg flat domains with § < 1073Cy!, having a uniform size of holes with same
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constant Cy, and such that €, converges to Q) for the complementary Hausdorff distance.

Then the Neumann problem (0.2) is stable along the sequence €)y.

Before passing to the details of the proof of Theorem 7, we give two examples for domains

described in the discussion above.

1.1 Examples

We would like to emphasize the fact that according to Definition 5, in Theorem 7 we do
not consider “sieve domains” with holes in the boundary that are becoming smaller when
Q. tends to €2, but only “crack domains” which contain some holes but with a fixed size
bigger than C;'ry and controlled shape. To illustrate this, let us show two basic examples

in dimension 2.

1.1.1 A counterexample

Let us consider the classical 2 dimensional Sieve Domain defined as follow. For a fixed ¢ set
Ty =277,
27’!,

o= [0, 1\ [ k27" = 7y, k277

and Q, := B((1/2,0), 1)\D.

Since the boundary of €, is “smooth”, for every § € (0,1), one can easily obtain a

radius 75 € (0, 15) such that all the ©, are (4,7s)-Reifenberg flat domains. Now for n big



enough, we claim that the minimal constant C of uniform size of holes in §2,, is bounded
from below by C2". Indeed, we denote zq := (1/2,0) € R? and consider the ball B(xq,75/2).

The corresponding domains D*(xg,75/2) lie in the same connected components of 2 and

L
10°

and such that B(y,s) N 08, = () must have a radius s < 27+, This means that

P(x,rs/2)is the first axis. Now since rs < <, any ball B(y, s) centered on P(xq, rs)NB(xg,7s)

2n+1

Cy >rs

thus the sequence €2,, cannot have a uniform size of hole with same constant Cj.

1.1.2 An example with fractured domains

Further, we give another example where the domains €2, have now a uniform size of holes
with same constant. Of course we could also take some “non-fractured” domains for which
the constant is fixed to % by convention, but let us consider the following more instructive
crack situation. Let S be the segment [—1,1] x {0} C R? and Q := B(0,2)\S. Now let
L= A{(t, fu(t));t € [—an,a,] C R} be a sequence of Lipschitz graphs with same Lipschitz
constant L and such that dy (T, S) <2773,

It is not difficult to see that the sequence Q, := B(0,2)\I', is a sequence of (4, 79)-
Reifenberg-flat domains converging to Q\S for the complementary Hausdorff distance. In-
deed, they are Reifenberg-flat with a good choice of § and ry depending only on the Lipschitz
constant L. Moreover we have that dy(Q¢, Q¢) = dg(T,,S) < 2773, Finaly, Q, and Q have

all a uniform size of holes with constant Cy < 10. This is easy to prove for {2 because the
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only way for a ball B(x,r) to be centered on 0f2 and having the property that B(x,r) N
is connected is to be centered on S with a radius r > dist(x, E(S)) where E(S) are the two
endpoints of S. In this case it is clear that B(x,2r) contains a ball of radius s > 107 1r
centered on the first axis that does not meet 9. Now one can see this also for €2,, by exactly
the same argument, replacing the endpoints of S by the endpoints of I';,, using also that I',
is a graph.

Of course in our example, Lipschitz graphs was assumed for convenience and one could
try to weaken the regularity assumption on I',, taking for instance a sequence of connected

Reifenberg-flat sets but the proof become more technical in this case.

1.2 Whitney Extension

The main ingredient for proving the Mosco convergence will be the extension Lemma con-

1
loc

tained in this section. For every function u € L, .(B(x,r)) we denote by m*(u) the average

of uw on D*(z,r)

+ = —1 u\xr x
W) = s / (z) dz. (1.7)

D*(z,r)

We begin by the following fact.

Proposition 8. Let Cy > 1/2 and let Q be a (0,79)— Reifenberg flat domain with § <
1073Cy" and having uniform size of holes with constant Cy. Then for every ball B(x,r)
centered at O with r < Zrg such that D*(x,r) and D~ (x,r) lie in the same connected

4

component of B(x,r) NS, we have that

_ 1

Im™*(u) —m™(u)] < CTNil / |Vu| dz (1.8)
B(z,3r)

for any function u € WYY (B(x,3r) N Q), and where C' is depending on dimension N and

constant Cy.

Proof. The proof is an easy consequence of the classical Poincaré inequality. Indeed, the
definition of Uniform size of holes implies that there exist a ball B(z, s) centered on P(z,2r)N

B(z,2r) such that B(x,s)NdQ = ), and with s > Cior. Now the proposition follows from the
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following fact : since 9 is at distance less than 267 < 2.1073C; 'r from P(z,2r) in B(z, 2r),
one can define a Lipschitz domain A contained in B(x, 3r), that contains Dt (z,r)UD~ (z,r)U
B(w, 3), and such that the Poincaré constant in A is less than C(Cy, N)r, where C(Cy, N) is

only depending on Cj and N and is independent from all the possible positions of B(z,s). [

Next we give the Extension lemma.

Lemma 9. Let ry be a positive radius, T € (0,79) and Cy € [1/2,4+00) U {1/3}. Let Q1 and
Qo be two (68, 70)-Reifenberg-flat domains with § < 1073Cy !, having a uniform size of holes

with same constant Cy and such that
dy(95,95) < 10_300_17'.

Then by setting
W(r) = {y € RY:d(y,00,) < 7},

for any v € W'P(Qy) there exists a function © € WP(Qy) such that v = v in Q;\W (107)

and

19| e @arw107)) < Cllv | Lenw 107)) (1.9)

V0| Lo (o (107)) < C1|| V| Lo (01w (607)) (1.10)

with C' depending only on the dimension N, while C'y depends on constant Cy and on dimen-

ston N.

Proof. Let 7 € (0,r) be fixed and let B; := B(z;, 7) be a family of balls of radius 7, centered
at x; € 0{);, and maximal for the property that %oBi N 1—103]- = () for all i,5 € I with i # j.
Notice that by this way,

w(9r) | J10B; € W(107).

i€l
We want to construct a partition of unity associated to {B;};c;. For all i, define a function

@i € C2(10B;), such that ¢ = 1in 8B;, V| < 77! and let ¢, be a function that is equal to
Lin O\ U, 1085, wo = 0 in |J,;c;8B; and @o + > .., i > 1in Q; U U, 105;. Moreover,
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we can assume that there is a constant C' such that for all z € 10B;\8B;, |[Vo(z)| < C771.

Indeed, such a function g can be obtained by setting

pola) = [ Ud(a, ) /7)

i€l
where [ is a Lipschitz function equal to 0 in [0, 8], equal to 1 in [10,+o00) and I'(z) < 10.
Finally, define

Pi .
0 = ————— forie ITUH{0
900+Zi6190i {}

thus we now have a partition of unity in Q; UJ,.; B;. To define a function o € W'?(Qy,), it
suffices to define an extension of v in Qy N J,; 10B; since ;A is contained in | J,.; 105;.

Let P; := P(x;,107) be the hyperplane associated to €; given by definition 4. Recall
that since dy(9$,Q5) < 1073Cy 7, we have that 10B; N (9§%) C {y € 10B;;d(y, P) <
2.1072C, '}

For each ball B;, we denote by D*(x;,107) the two balls defined just before Definition 8
associated to ;. We need to consider three cases.

e Cracktip case : D*(z;,107) and D~ (z;, 107) lie both in the same connected component
of B(x,107) N Q. Let I. be the set of indices corresponding to the balls in this situation
and for every i € I. define m; :== m™(v) (as in (1.7)).

e Boundary case 1: D*(z;,107) and D~ (x;, 107) lie in different connected components of
B(z,107) N Q. Let I, be the set of indices corresponding to the balls in this situation. For
every i € I, let Af and A; be the two connected components of 10B;\0§2, that contain
respectively D*(z;,107) and D~ (x;,107) and define mi := m*(v).

e Boundary case 2: One of D*(z;,107) lies in €5 while the other one lies in Q5. Let I,
be the set of indices corresponding to the balls in this situation. For every ¢ € I;,, let m; be
equal to the one of m*(v) corresponding to ball D*(x;, 107) that lies in Q. Finally as for
Iy, let A and A; be the two connected components of 10B;\0€2, that contain respectively
Dt (x;,107) and D~ (x;,107).

We are now ready to define v. It could be that €2 has some tiny connected components

hidden in some 10B;\(A; U A;) for i € I,,. In those components, let us define o to be equal
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to 0. Then, anywhere else, i.e. for all z € A := () Uz‘elbl 10B;) U (Uz‘elbl Af U A;), define

O(x) == Oov(x) + Y Oi(x)mi+ Y 0(x)(m 1y (z) +m; 1, (x)). (1.11)

ZEICUIZ,Q ’Lelbl

The function © is now well defined for every x € Qy. We claim that © € W(€,) and that
(1.9) and (1.10) are satisfied. Let us first show (1.9). Using Holder inequality and extending
v by 0 outside of £y, we have for all 7 € [, U I,

1 P _
(g [1elas)" < i [1or (112)
Bi Bi

and by the same way for ¢ € [, we also have

|mz‘

i < 1B [ ol (113
B;

In addition, since B; are in a bounded cover (with a universal constant C'), the sums in (1.11)

are locally finite. Thus, since 0;(x) < 1y0p,(z) and using (1.12) and (1.13),

IS b@millg, <C Y / 'mz"’“Z/ [vl” dz < Cllvly o)

i€lcUl, i€LUly, 16p. i€l \5p,

and by the same way

I3 0ua) o L )+ Ly @y < €S [ 1ol? e < Clulfn

i€ly, i€l0p,

thus taking the L? norm in (1.11) we deduce that (1.9) holds. Let us now prove (1.10), which
will also imply that o € W'?(Qy). By definition, o = v in Q\ J,; 10B;, thus all we have

/ Vil < / Volr. (1.14)

AmUiEI 10B; Q1ﬂW(].OT)

to prove is that

Let € ANJ,.;10B; and let I, be the finite set of indices i € I such that z € B;.

iel
All balls B; for i € I, are contained in B(x;,,207) for any iy € I,. Let such an iy be fixed.
Let us define two convex domains D] and D such that DF is the convex hull of all the

D*(x;,107) for i € I,. Since (0 U 8Qs) N B(w;,, 207) is contained in {y;d(y, Py) < 3%
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for some hyperplane Py, we have that DE do not meet (9 U 9€) N B(x;,,207). Suppose
firstly that if there exists an i € I, N (I, U I;,), then x lies in A}. Define

1
m+::|D—+|/Ux dx
$Dj

Since Vo + > _,.; VO; = 0 we have

8

Vu(z) = 6o(z)Vou(z) + Voo (z + Y Vlmi+ Y Vhml,(x)
’LEICUIbQ Zelbl
= 6o(x)Vo(x) + Vo () (v(z) —mi) + Y Voi(mi—mi)+ > Vo(m} —m)).
i€I.UTy, i€ly,

Now by the Poincaré inequality,

C C
i —mil < [ i< [luem
D

D+ (2;,107)

(1.15)

If i € I, we have the same inequality with m; instead of m;". On the other hand, since D

is convex, and after a mollification of v if necessary,

57 [ o) = vl

o(z) —mf| <

x

1

< x| [ e = ulIVete+ tty ) faray

D [0,1]
< |D+|//|VU |N -d -~ 1/|VU )|dz.

D D

Therefore we have proved,
1

|Vo(x)] S@o(x)|VU(a:)\+CT—N/|VU]d:c. (1.16)

Dz
Now suppose that if there exists an i € I, N (I, U I,), then z lies in A;. Then we can
proceed as above, except for inequality (1.15) with ¢ € I, since by convention in this case we
set m; := m™(v). However, since the boundary of 9€; has a uniform size of holes, we can
estimate the difference |m*(v) — m~(v)| by (1.8). Indeed, we know that Dg (z;,107) lie in

the same connected component of B(x;, 107) N Qy. This means that there is a ball B(y;, s)

14



centered on P(x;,107) N B(z;,207) with radius s > C; 207, such that B(y;,s) N9 = (.
But since dy(Q,Q5) < 1073Cy "7, we deduce that B(y;, %) N9Qy = @ thus Dg, (), 207)
(the one associated to €, for a a} € 98, satisfying dist(x;,2}) < 1073C;'7), lie also in
the same connected components of B(x},207) N 3. Then Proposition 8, together with an

other application of the Poincaré inequality to estimate the difference between the average

on D§ (x4,207) and the average on D (z;,107), gives

_ _ _ _ C
e = | < g = )]+ (@)~ < 5 [ (9l

B(z;,607)
where C' is now depending on Cj.

In conclusion, extending Vv by 0 out of 2; we have obtained, for all z € {2, N Uie ; 10B;

|v73(a;)|g90(x)|w(x)|+07i]v / Vo] dz. (1.17)

B(:)SZ'O 7607’)

Following, we will denote i, instead of ig. Then we have

3=

- C P
V@ orurs0m) < IVelmoaseom+ ([ ([ 9el))

UiEI IOBZ B(iﬂzx ,607’)

On the other hand,

C p C P
7N / ( / [Vl dy) dz < N / ™ / |VolP dy dx

Uier 10B;  Blas,,307) Uier 10B;  B@ig00)

C

< N / |VolP / dz dy

Uies 60B; {zy€B(@ig 607)}

< C / |Vol? dz
Uses 60B;

< C / |Voul? da
W (607)

thus (1.10) follows and the proof is complete. ]
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1.3 Mosco-convergence

For every open set 2 C RY we define the closed linear subspace X of LP(RY) x LP(RN RY)
by

Xq = {(ulg, Vulg);u € W'(Q)}. (1.18)

Definition 10 (Mosco-convergence). Let 0, and Q be open subsets of RY and let Xq, and
Xa be the corresponding subspaces of LP(RN) x LP(RN RY) defined by (1.18). We say that

Xaq, converges to Xq in the sense of Mosco if the following two properties hold:

(M1) for everyu € WHP(Q), there exists a sequence uy, € W'P(Qy) such that ugle, converges

to ulg strongly in LP(RY) and Vuylg, converges to Vulg strongly in LP(RY ,RY);

(M2) if hy, is a sequence of indices converging to 0o, uy, is a sequence such that uy, € WP(Qy,)
for every k, and uylo, converges weakly in LP(RY) to a function ¢, while Vuyla,,
converges weakly in LP(RN RY) to a function 1, then there exists u € WHP(Q) such
that ¢ = ulg and ¥ = Vulg a.e. in RV,

The Mosco convergence is a great tool to study stability for Neumann problems. In
particular, we have the following result coming from [6] (Theorem 2.3.), which is stated in

R? in [6] but can be extended in RY with the same proof.

Theorem 11. [6] Let € and 2 be open subsets of RY. Then Q is stable for the problems

(0.2) along the sequence Qu, if and only if Xq, converges to Xq in the sense of Mosco.
According to Theorem 11, Theorem 7 will be a consequence of the following result.

Theorem 12. Letry > 0, Cy € [1/2,+00)U{1/3} and let {4 }ren and 2 be (0, 19)— Reifenberg
flat domains with § < 1073Cy" and having a uniform size of holes with same constant Cj.
Assume that . converges to S for the complementary Hausdorff distance. Then Xq, con-

verges to Xq in the sense of Mosco.

Proof. Let w € W'(Q) and assume without loss of generality that 7, := dg(Q5,Q°) <
CyM07ry. Set W(t) := {x;d(z,00) < t} and let @ be the extension function given in
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Lemma 9 for Q; := Q, Qy := O, v := u, 7 := Cy10°7;. Since u;, € WHP(Qy), all we have to
prove is that (axlg,, Viglg,) converges strongly to (ulg, Vulg) in LP(RY) x LP(RY RY).
Since u = Uy in Q\W (107;) we have that

1

1 1
(/ lalo, — ulgl? dq;>" _ ( / lalo, — ulgl? da:)"

RN W (107;)
1 1
< ( / Lo, P ) + / ulgl? dz)”
W (107) W (107g)

< Cllullzewaon))

which tends to zero when k tends to 400 because 02 is closed and [02] = 0. For the

gradients, a similar argument can be done, using (1.10). That is,

</ Vilo, = Vilal dx>; N < / |Vilg, — Vulgl? dx>;
N

W(lOTk)
1 1
< ( / |va19k|pdx>”+( / |Vulg|pdx>p
W (107y) W (107y)

< ClIVullpow 6omy))

which tends to 0, thus (M1) is proved.
Let us now prove (M2). Let ¢ € C*(R") be compactly supported in . Then we know
by the weak convergence that
Jourle, ¢ dz koo, Jo 0p d (119)

fQ<Vuk19hk, ©) dz koo, Jo e da.

On the other hand, since (2, converges to {2 for the complementary Hausdorft distance, for
k large enough Lo, 1s equal to 1 everywhere on the support of ¢. Thus (1.19) shows that
uy, converges to ¢ in D'(2) and Vuy converges to ¢ in D'(2). By uniqueness of the limit in

D'(2) we conclude that
b=V¢ in D(Q) (1.20)

Moreover since 1) € LP(RN RY), we deduce that (1.20) in true in LP(Q, RY) thus ¢ = V¢ a.e.
in 2 and therefore ¢|q € W'P(Q). To conclude, all we have to show is that ¢ = ¢ = 0 in Q°.
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To see this, we use a similar argument as above by defining a function ¢ compactly supported
in Q°. By the weak convergence, and because €2, converges to ) for the complementary
Hausdorff distance, we deduce that fﬂ ¢p doz = 0. This holds for any function ¢ compactly
supported in ¢. Since ¢ € LP(RY) we conclude that ¢ = 0 in Q°. In a similar way we obtain

that ¥ = 0 in Q¢ and since the Lebesgue measure of 02 is zero, the proof is complete.  [J

2 Stability for problems with mixed boundary condi-
tions

Following the proof of Theorem 6.3 in [6] and using the Mosco convergence (Theorem 12),
one can show a similar stability result for the problem with mixed boundary conditions.
The argument is based on taking some judicious extensions as in [6]. Let us recall here the
definitions and statements since it will be used in the sequel. Let A C RY be a bounded
open set with Lipschitz boundary A, and let OpA be a relatively open subset of 0A. For
every compact set K C A, for every g € W'P(A), and for every pair of function a and b

satisfying the properties (1.2)-(1.3) we consider the solutions u of the mixed problem

(

—div a(z, Vu) + b(z,u) =0 in A\K,

Ju=yg on OpA\K, (2.1)

\a(x, Vu)-v=0 on 0(A\K)\(0pA\K)

Definition 13. We say that the problem (2.1) is stable along the sequence (Ky, gx), if the
following holds: Let u, € W'P(A\K) be a sequence of solutions of the problem (2.1) corre-
sponding to Ky and gi. Then (upla\k,, Vurlak,) converges strongly to (viax, Vulak)
in LP(RN) x LP(RN RY) and v is a solution of problem (2.1).

For all g € W'P(A) we denote
WP (A\K,0pA\K) := {u € W"?(A\K) : u = g on dp\K}.
As in (1.18) we define the closed linear subspace X%.(A) of LP(A) x LP(A,RY) by

X5 (A) = {(ul ke, Vulge);u € WP(A\K, 0pA\K)}. (2.2)
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Definition 14 (Mosco-convergence). We say that X3 (A) converges to X3 (A) in the sense
of Mosco if the following two properties hold:

(M1") for every u € W P(A\K,0pA\K), there exists a sequence ux € WP (A\Ky, Op A\K})
such that uleﬁ converges to ulge strongly in LP(A) and Vule; converges to Vul ke

strongly in LP(A,RY);

(M2') if hy is a sequence of indices converging to oo, wuy is a sequence such that uy €
WP(A\K}) for every k, and uplge converges weakly in LP(A) to a function ¢, while
Vuylge converges weakly in LP(A,R") to a function 1), then there exists u € W, ?(A\K, dpA\K)
such that ¢ = ulge and 1) = Vulge a.e. in RY.

Remark 15. As it is pointed out in [6], by adopting the same proof as in Theorem 11, the
Mosco convergence of X7 (A) to Xj-(A) is equivalent to the stability of the mixed problem

(2.1) along the sequence (Kj, gi).

Finally we obtain the corresponding result in the case of the mixed boundary conditions.

Theorem 16. Let A be a bounded open subset of RN with Lipschitz boundary OA, let OpA
be a relatively open subset of OA and let Cy be a positive constant. Let g, be a sequence in
WYP(A) converging strongly to a function g € WIP(A), and let K}, be a sequence of compact
subsets of A converging to a set K in the Hausdorff metric. Assume in addition that for
every h, A\K}, is a (6,79)— Reifenberg flat domain with § < 1073C;y* and having a uniform

size of holes with constant Cy. Then X3! (A) converges to X3 (A) in the sense of Mosco.

Proof. The proof is essentially the same as the proof of Theorem 6.3 in [6], consisting of an

idea due to Chambolle. The only difference is that the sets
Qh = \ (Kh U (aA \ GDA)) and Q:=X \ (K U (8A \ 8DA))

where Y is an open ball in RY such that A C 3, are now satisfying the assumptions of
Theorem 12 and thus the Mosco convergence in that setting. We refer the reader to [6],

Theorem 6.3 for the details in that approach. O
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3 A decay estimate and its stability

In this section we prove a boundary estimate on the gradient of solutions for a non-linear
Neumann problem similar to (0.2). In the first part we will prove the estimate when the
boundary is flat, and then using the stability of problem (2.1) we will extend the result for
Reifenberg flat domains, whose boundaries are close enough to a hyperplane for the Hausdorff
distance.

Let © be an open subset of R and let I be a relatively open and Lipschitz subset of €.
For every g € Wh*(Q) we denote by W;*(Q2) the functions of W"?(Q) that are equal to g

on I (in terms of trace). We focus on minimizers u € W,*(Q) for the following functional

Flu) = /F(|Vu|2)dx (3.1)

Q

where F'is a C%1(]0, 00)) function satisfying

(3.2)

0<F'(t) < &

for some positive constants ¢, C. We define f(p) := F(|p|?), which is a convex function due
to (3.2). We also assume hereby that f is uniformly elliptic that is, there exists positive

constants A, A such that

82f(p) 2
90, &€ < A€

for all £ € RY. If we combine the ellipticity condition with (3.2) we get that f satisfies

MEP <

Apl2 < Vf(p)-p

Alp[? < f(p) < Alpl?.

(3.3)

Lemma 17. Let Q be an open subset of RN and u € WgLQ(Q) be a minimizer for the

functional F. Then u is a weak solution for the problem

(

— div (F(]Vul*)Vu) =0 inQ

Yu=g on [ (3.4)

F'(|Vul*)Vu-v =0 on OQ\I.
\
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Proof. This is a standard variational argument. Let u be such a minimizer and let ¢ €

C*(Q2), such that ¢ = 0 on I. Then, comparing v with u + ty, we obtain that

/F(|Vu|2) dr < /F(|w+tw|2) dz = /F(|Vu|2+t(Vu,V<p) + 2|V da.
Q Q Q

Then, using that
F(IVul* + H{Vu, V) + 82|V |*) = F(|Vul?) + tF'([Vul*)(Vu, Vi) + o(t?),
dividing by ¢ and letting ¢ goes to 0 we obtain that

[ v 090 2 0
Q

By a similar argument dividing by —t we obtain the reverse inequality and the lemma

follows. u

Remark 18. By our assumptions, L := —div(F(|Vu|*Vu)) is a nonlinear operator of the
divergence form as in Problem (0.2) and Problem (2.1) with a(x, &) = F'(|¢[*)-€ and b(x, §) =
0. One can easily check that (1.2)-(1.3) hold for these choices of a and b.

Let us recall this result from [11] that can be also found in [1] p. 347.

Theorem 19. [11] If f satisfies the assumptions (3.3) and u € WL(Q) is a local minimizer
of the functional

w /F(\Vw[Q)dx,
Q

then u 1s locally Lipschitz in ) and

1
sup  |Vul* < C1— / |Vul?dz, (3.5)
z€B(z0,r/2) r

B(zo,r)

for all balls B(xg,r) C Q2 where Cy depends only on N, X\, and A.

Following, we want to prove the same sort of estimate but for a local minimizer in Q\ K
where K is a compact set such that Q\ K is a Reifenberg flat domain and for balls centered

on 0K N o). We begin with the case when K is a half-space.
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3.1 In the complement of a hyperplane

Let B(0,1) be the unit ball in RY, and define
Py:={(z,ry) e RY; 2y = 0}.

For all » < 1 we also set

B :=B(0,r)n{(z,zy) € RN;zy > 0}.

r

We split the boundary of B in two parts. The flat part is denoted by B’ := Py N B(0,7)
and the spherical part is B, := 0B(0,r) N {(2',zy) € RY;zy > 0}. We denote by 7 the
trace operator from W2(BF) to W22(dB;). In order to present our argument in a simple
way we first concentrate on the case when f(p) = |Vp|?. This is a well-known result and
the proof is simpler just by using the mean value Theorem (extend by reflection and use
Exercise 7.6 of [1]). On the other hand the following proof can be slightly changed in order
to be used in the nonlinear case, in Lemma 21 below. The proof consists of considering a
monotonicity formula for a specific quantity on the hyperplane (of dimension V) which has
been recently presented by Athanasopoulos and Caffarelli, [2] in their study on the optimal
regularity of solutions in lower dimensional (Signorini-type) obstacle problems (see also [3]

for a different setting in the case of the heat equation).

Lemma 20. Let g € WY?(BY) and let uw € W,2(BY") be a minimizer of the functional F
with F(|Vul?) = |Vul|?>. Then u is locally Lipschitz in Bf and for all r < 1 and for all

0<a<1 we have

/ Vulde < Cra 1+ / Vul2de, (3.6)
B, B

for a positive exponent (3, where C; = C1(N, A\, A, L) where L is the Lipschitz constant of .

Proof. The fact that u is locally Lipschitz in B]” comes directly from Theorem 19. Assume
without loss of generality that u(0) = 0. We extend w in B(0,r) by a reflection argument,
therefore we have u,,, = 0 on {zy = 0} N B(0,r). Define

1 Vul?
¢(r) = - de

BY
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and observe that Au? = 2uAu + 2|Vu|* = 2|Vu|?. Next we follow the approach presented in

2] by computing

, 1 [ |Vul? 1
P(r) = —= ’$‘N72d$+rN71 / Vul|?dS

7“2
B B

1 [ Aw? |
_ 4 dx+TN1/|Vu|2dS

S22 | |x|N-2
B dB,

1 2uu, N =2 9 1
= _2—72{ / TN_de+ oy /UdS}+TN_1

OBt aByt aByt

Therefore,

2ds, (3.7)

1 N -2
/ P — —_
'(r) = N uu,dx 5N /
dB;" aB;" OB}

since ug,, = 0 on {zy = 0} N B,(0). From the Schwartz inequality we obtain,

1/2 9 1/2
——/uurdzz:> (/ 27J\mdS> (/r TdS) : (3.8)

8B oB;t 8B
It is also clear that
(3.9)
OB;t OB;t dB;+
where by 7 we denote the tangential direction. Using (3.8), (3.9) in (3.7), we conclude
o) > —%j:T_H?’ / u (3.10)
OB OB
Now we consider function w := —(u— Cr®)~, where C, a will be chosen later. Note that
u is Lipschitz continuous which will allow us to choose « in the sequel.
By construction,
/ IV, w|?dS < / |V uldS.
OB, OB,
From (3.10), we have
O / (1 —w + w)dS + / IV, w[2dS. (3.11)
OB, OB,
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Now by solving the corresponding eigenvalue problem as in [2], we find that for w €

H%(@Bf) and w =0 on (0B])~,

Jopy IV-wPdS on 3
fanr deS B 4 ’

Therefore (3.11) is reduced to

, 2N — 3 o —3

aB;t OBt
+ *dS
Bt
2N —3
— N / [(u —w)? +2(u — w)w} ds.
B
Finally, since w = —(u — Cr®)~, we obtain
2N —3 o7t o
o'(r) > — n CTNHTQ = —Cr?e2,
or
C C g
(1) — o(r) > S +2a_1r2 L (3.12)

Since |z| < r we have that

Vul®

||N2

which for the appropriate selection of C'; a in the definition of the truncated function w
along with (3.12) gives

/|Vu\2dx§Cer1+ﬁ/|Vu\2dx

Bt B

where C depends on N and the Lipschitz constant of v and 3 depends on . n
Next we prove a similar estimate in the general case when f(p) := F(|p|?).

Lemma 21. Let f be satisfying the assumptions (3.3) and let u € W) *(By) be a minimizer
of the functional F. Then u is locally Lipschitz in By and for allr < 1 and for all0 < a < 1
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we have

/ |Vu|?dz < Cra¥ =117 / |Vul*dz, (3.13)
B, Bf
for a positive exponent 3, where Cy depends only on N, the Lipschitz constant of u, A\ and
A.

Proof. We follow the lines of the proof of Lemma 20. We extend u in B(0,r) as before
and denote by Lv := V(AVwv) where A(z) = F'(|Vu(z)|?). It is enough to establish the

corresponding estimate for v solving the problem (3.4).

We define B
e [ |Vol?

90<T) = r |£L‘|N_2 dx

B
where C, o < 1 are positive constants to be chosen later. Let us denote by V' the fundamental

solution of L*v = 0. Then

V — CpQ—N ‘I‘ O(pQ—N—i-oz)
VV = 2-N)Cp Nz +0(p)

where p = |z] and « € (0,1). Next we compute (after a mollification, if necessary)

, B aCroelr® — ¢Cr® |Vo|? ecr )
o'(r) = > ‘x’Nizd:c + o |Vo|dS
B oB;t
0467,04667’0‘ o e@ro‘ 667’0‘
= 2 I + N1 I,
that is,
_7,’,(1 -~ a— 1 1
e Y (r) = aCro 1, — ﬁll + m[g.
Now
1 1 1 Di(AiijUQ) o |VU|2
—2]1 S ﬁ/ |:§—|:E|N B + car —|J,’|N_2 dx
D;(A;;D;v?

— 2 da:+cl7‘o‘_211
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therefore

= o — 1 D, (A;; D:v? 1
e Y (r) > (aCro? — cyr* I, — —/ (A Djv )dx + I.

22 ’x|N72 rN-1
B
Note that
1 Di(Aiij’Uz) 1+ 627,04 2
B B
1 of
= % /AiijUQI/inS— / UQAZ‘]‘DZ‘VV]‘CZS:|
r
OB} oB;t
1+Cre[ 2 N -2 5
< 52 | N2 /vvrdS%— s /vdS
) oB; oB;t
ro
+ CTN*Q /U|VTU\CZS].
B,

The proof now follows that of Lemma 20 by introducing the appropriate truncated function.
Note also that Lipschitz continuity holds due to Theorem 19. If the constant C' is chosen

large enough, it controls all the r* error terms in the above expression. O]

3.2 In Reifenberg flat Domains

As we have already mentioned, our purpose is to use the stability property in order to obtain
a decay estimate in the case of complement Reifenberg flat domains. More precisely we will
prove the following Theorem. Recall that B~ := B(0,1) N {zy < 0}

Theorem 22. For each choice of rg, a9 > 0, Cy € [1/2,+00)U{1/3} and g € W'%(B(0,1)),
there exists a positive constant eq such that the following holds. Let K C B(0,1) be a compact
set such that B(0,1)\K is a (0, 70)-Reifenberg flat domain with § < 1073Cy!, having uniform

size of holes with constant Cy, and such that
dH(K, B_) S 0.

Then, for any solution u € Wy*(B(0,1)\K) of the problem (3.4) with I := OB \K and
Q= B(0,1)\K we have that for all ag < a <1,

/ Vulde < Cra -1+ / Vul2de, (3.14)

Ba\K B\K
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for a positive exponent 3, where Cy depends only on N, the Lipschitz constant of u, \ and

A.

Proof. Let ry and Cj be fixed, (3 is an exponent strictly greater than the one in (3.13), and
(' is the constant in (3.13). Suppose Theorem 22 is false. Then for every €5 > 0 there
exists a compact set K of B(0,1) such that B(0,1)\ K} is a Reifenberg flat Domain with

maximum radius ry, with uniform size of holes with constant Cy and

dp (K, B™) < ¢y.

In addition there exists a sequence of solutions uy, € Wy ?(A\Kj}) of the problem (3.4) with
I:= 9B \K}, and Q := B(0,1)\ K} and a sequence of radii ax € (ag, 1) such that

/ \Vug|?dz > Cyay 7 / |Vuy|*dz. (3.15)
Ba\Kg B\K},
By extracting a subsequence (not relabeled), we may assume that a; converges to a certain
a’ < 1. Now we claim that

lim inf / |Vug|Pde > EX™F >0

k—4o00
B\ K}

Indeed, let us consider the compact set Ko := B(0,1)N{zy < 350} and let v € W)2(B(0, 1)\ Ko)

be the solution of the problem (3.4). Since for every k, uy is a competitor for v we have that

g [ revrs [ OFVeP s [ FVaP <A [ up

B(0,1)\Ko B(0,1)\Ko B(0,1)\Kp, B(0,1)\Kp,
which proves the claim.
Then, by the stability of Problem (2.1) we know that @;1c converges strongly in L?(A)
to a function u, and Vg1 ge converges strongly in L*(A) to Vulg+. Moreover, u is a solution
of the problem (3.4) in Bt with I = 9B* and boundary values on I equal to g. Thus by

passing to the limit in (3.15) we obtain a contradiction according to Lemma 21. O
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