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A DISTRIBUTIONAL APPROACH TO FRACTIONAL SOBOLEV
SPACES AND FRACTIONAL VARIATION: ASYMPTOTICS 1

GIOVANNI E. COMI AND GIORGIO STEFANI

ABSTRACT. We continue the study of the space BV*(R™) of functions with bounded
fractional variation in R™ of order o € (0, 1) introduced in our previous work [27]. After
some technical improvements of certain results of which may be of some separated
insterest, we deal with the asymptotic behavior of the fractional operators involved as
a — 17. We prove that the a-gradient of a W1P-function converges in L? to the gradient
for all p € [1,4+00) as a — 17. Moreover, we prove that the fractional a-variation
converges to the standard De Giorgi’s variation both pointwise and in the I'-limit sense
as a — 17. Finally, we prove that the fractional g-variation converges to the fractional
a-variation both pointwise and in the I'-limit sense as 5 — o~ for any given « € (0, 1).
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1. INTRODUCTION

1.1. A distributional approach to fractional variation. In our previous work ,
we introduced the space BV*(R") of functions with bounded fractional variation in R™
of order a € (0,1). Precisely, a function f € L*(R™) belongs to the space BV*(R") if its

fractional a-variation
DI = supd [ Fdiviods € CRRYEY, Iollimm <1} (L)

is finite. Here

A () (Y —2) - (p(y) = p(@)) n
div¥o(z) = fina /]R” T dy, x € R", (1.2)
is the fractional a-divergence of ¢ € C°(R™; R™), where
nP n+a+1
P 1= 20T 2 ( 2 ) (1.3)

l—«
r()
for any given a € (0,1). The operator div® was introduced in as the natural dual

operator of the much more studied fractional a-gradient

R LT PR

defined for all f € C2°(R™). For an account on the existing literature on the operator V¢,
see [68, Section 1]. Here we only refer to for the articles tightly connected
to the present work and to , Section 15.2] for an agile presentation of the fractional op-
erators defined in and in (1.4]) and of some of their elementary properties. According
to Section 1], it is interesting to notice that seems to be the earliest reference for
the operator defined in .

The operators in and in are dual in the sense that

/ fdivipdr = —/ p-V2fdx (1.5)
Rn Rn
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for all f € C(R") and ¢ € C(R™;R™), see [72, Section 6] and [27, Lemma 2.5].
Moreover, both operators have good integrability properties when applied to test func-
tions, namely V*f € LP(R") and div®p € LP(R™;R") for all p € [1, +o0] for any given
f € CP(R™) and ¢ € C°(R™; R"), see |27, Corollary 2.3].

The integration-by-part formula represents the starting point for the distributional
approach to fractional Sobolev spaces and the fractional variation we developed in [27].
In fact, similarly to the classical case, a function f € L'(R") belongs to BV*(R") if and
only if there exists a finite vector-valued Radon measure D*f € .# (R™;R") such that

/Rnfdivagpdx:—/Rngo-dDo‘f (1.6)

for all p € C°(R™;R"), see |27, Theorem 3.2].

Motivated by and similarly to the classical case, we can define the weak fractional
a-gradient of a function f € LP(R™), with p € [1, +00], as the function V¢ f € L (R™; R™)
satisfying

loc

/fdiVa(pdl’:—/ Vo f-edr
Rn R™

for all p € C°(R™;R™). For a € (0,1) and p € [1, +00], we can thus define the distribu-
tional fractional Sobolev space

SYP(R™) :={f e LP(R") : AVefe LP(R";R")} (1.7)
naturally endowed with the norm
[fllser@ny = [ fllr@e) + IV flr@nrny V€ S¥P(R"). (1.8)

It is interesting to compare the distributional fractional Sobolev spaces S*?(R™) with
the well-known fractional Sobolev space W*P(R™), that is, the space

1
p P
Wa’p(Rn) = {f E LP(Rn> : [ Wap Rn = (/n/n |x J— |n+pa| d‘/L‘ dy> < +OO}
endowed with the norm

| fllwer@ny = || fllzr@ny + [flwar@ny — Vf € W*P(R").

If p = +oo, then W**(R") naturally coincides with the space of bounded a-Hélder
continuous functions endowed with the usual norm (see [32] for a detailed account on the
spaces W®P).

For the case p = 1, starting from the very definition of the fractional gradient V%,
it is plain to see that W*}(R") c S*}(R") Cc BV*(R") with both (strict) continuous
embeddings, see [27, Theorems 3.18 and 3.25].

For the case p € (1, +00), instead, it is known that S*?(R™) D L*P(R") with continuous
embedding, where L*P(R") is the Bessel potential space of parameters a € (0,1) and
p € (1,+00), see [27, Section 3.9] and the references therein. In the subsequent paper [26],
it will be proved that also the inclusion S*?(R"™) C L*P(R™) holds continuously, so that
the spaces S®P(R™) and L*?(R") coincide. In particular, we get the following relations:
SeteP(R™) ¢ W*P(R™) C S*<P(R™) with continuous embeddings for all a € (0,1),
p € (1,+00) and 0 < &€ < min{a, 1 — a}, see [69, Theorem 2.2]; S*?(R") = W*?(R") for
all « € (0,1), see [69, Theorem 2.2]; W*P(R™) C S*P(R") with continuous embedding for
all a € (0,1) and p € (1,2], see [76, Chapter V, Section 5.3].
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In the geometric regime p = 1, our distributional approach to the fractional variation
naturally provides a new definition of distributional fractional perimeter. Precisely, for
any open set 2 C R", the fractional Caccioppoli a-perimeter in £ of a measurable set
E C R" is the fractional a-variation of xg in €2, i.e.

|ID%xe|(R2) = sup{/E diviede : ¢ € CE (G RY), (@]l Lo @mrny < 1}.

Thus, E is a set with finite fractional Caccioppoli a-perimeter in Q if |D*xg|(Q2) < +o0.
Similarly to the aforementioned embedding W*!(R™) C BV*(R"), we have the in-
equality

DX E[(Q) < fin,aPal(E; Q) (1.9)
for any open set Q C R", see [27, Proposition 4.8], where
Ixs(z) — IxE() = xe(y)]
P.(E:Q ::/ W i dy 2// dedy (110
) alo|r—y ‘"Jra " R™M\Q ]x— |nta vy (1.10)

is the standard fractional a-perimeter of a measurable set I C R™ relative to the open set
Q2 C R™ (see [28] for an account on the fractional perimeter P,). Note that, by definition,
the fractional a-perimeter of E in R™ is simply P,(F) := P,(F;R") = [XE]Woc 1), We
remark that inequality is strict in most of the cases, as shown in Section below
This completely answers a question left open in our previous work [27].

1.2. Asymptotics and I'-convergence in the standard fractional setting. The
fractional Sobolev space W®P(R™) can be understood as an ‘intermediate space’ between
the space LP(R™) and the standard Sobolev space W?(R"™). In fact, W*?(R") can be
recovered as a suitable (Teal) interpolation space between the spaces LP(R™) and W'?(R™).
We refer to [13,78] for a general introduction on interpolation spaces and to [54] for a
more specific treatment of the interpolation space between LP(R") and WF(R™).

One then naturally expects that, for a sufficiently regular function f, the fractional
Sobolev seminorm [f]ye.r@ny, multiplied by a suitable renormalising constant, should
tend to || f||Lr(rn) as o — 0% and to ||V f||r@ny as &« = 17. Indeed, for p € [1,400), it is
known that

Tim, o [/ Bysany = Aup [/ e (111)
for all f € Uae(o,y W*P(R"), while
lim (1—a) [f]@va,p(ugn) = Bnyp ||Vf||1£p(Rn;Rn) (1.12)

a—1"

for all f € W'?(R"). Here A, ,, B,, > 0 are two constants depending only on n,p. The
limit (1.11)) was proved in [51},/52], while the limit ((1.12)) was established in [14]. As proved
in [30], when p = 1 the limit (1.12]) holds in the more general case of BV functions, that
is,

lim (1~ ) [fJyes o) = Bus |DSI(R) (1.13)

a—1—

for all f € BV(R™). For a different approach to the limits in (1.11]) and in ([1.13)) based
on interpolation techniques, see [54].



A DISTRIBUTIONAL APPROACH TO FRACTIONAL VARIATION: ASYMPTOTICS I 5

The limits (1.12) and (1.13) are special consequences of the celebrated Bourgain—
Brezis—Mironescu (BBM, for short) formula

. |f(x) = fFy)IP o |V o@ny  for p € (1,400),
lim /n/n ’p or(|z — y|) dx dy
Y Co1|DfI(R™)  forp=1,

k—+o0

(1.14)
where C,,, > 0 is a constant depending only on n and p, and (ox)keny C Li,.([0, +00)) is
a sequence of non-negative radial mollifiers such that

“+o0o
/ or(|z])de =1 forall k e N and lim ox(r)r" 1 dr =0 for all § > 0.
R

k—+o0 J§

The BBM formula has stimulated a profound development in the asymptotic anal-
ysis in the fractional framework. On the one hand, the limit played a central
role in several applications, such as Brezis’ analysis [18] on how to recognize constant
functions, innovative characterizations of Sobolev and BV functions and I'-convergence
results [6-8,[11,|16}47,48,[55-57,162], approximation of Sobolev norms and image process-
ing [20,2224], and last but not least fractional Hardy and Poincaré inequalities [15}38,61].
On the other hand, the BBM formula has suggested an alternative path to fractional
asymptotic analysis by means of interpolation techniques [54,65]. Recently, the BBM for-
mula in has been revisited in terms of a.e. pointwise convergence [21] and in connec-
tion with weak L? quasi-norms [25], where the now-called Brezis—Van Schaftingen—Yung
space

BSY“r(R") = {f N

< +oo},
LY, (R xR™)

defined for o € (0,1] and p € [1,+00), has opened a very promising perspective in the
field [33].

The limits - have been connected to variational problems [10], generalized
to various function spaces, for example Besov spaces [43,79], Orlicz spaces [2,/36}37] and
magnetic and anisotropic Sobolev spaces [45,58-60, 75|, and extended to various ambient
spaces, like compact connected Riemannian manifolds [44], the flat torus [5], Carnot
groups [12,/49] and complete doubling metric-measure spaces supporting a local Poincaré
inequality [31].

Concerning the fractional perimeter P, given in , one has some additional infor-
mation besides equations ((1.11]) and (1.13]).

On the one hand, thanks to |64, Theorem 1.2], the fractional a-perimeter P, enjoys
the following fractional analogue of Gustin’s Boxing Inequality (see [41] and [35, Corol-
lary 4.5.4]): there exists a dimensional constant ¢, > 0 such that, for any bounded open
set £ C R"™, one can find a covering

E C U Brk(l’k)
keN

of open balls such that

kE: e ¢ < cpa(l —a)Py(E). (1.15)
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Inequality ((1.15) bridges the two limiting behaviors given by (|1.11)) and (1.13]) and pro-
vides a useful tool for recovering Gagliardo—Nirenberg—Sobolev and Poincaré—Sobolev

inequalities that remain stable as the exponent « € (0, 1) approaches the endpoints.
On the other hand, by |3, Theorem 2|, the fractional a-perimeter P, I'-converges in

Li.(R™) to the standard De Giorgi’s perimeter P as o — 17, that is, if @ C R" is a
bounded open set with Lipschitz boundary, then
[(L;.)- lim (1 — a) P.(E;Q) = 2w, 1 P(E;Q) (1.16)
a—1-

for all measurable sets E' C R", where w,, is the volume of the unit ball in R™ (it should
be noted that in [3] the authors use a slightly different definition of the fractional a-
perimeter, since they consider the functional J,(E, Q) := 1P,(F,)). For a complete
account on I'-convergence, we refer the reader to the monographs |17,29] (throughout all
the paper, with the symbol I'(X) - lim we denote the I'-convergence in the ambient metric
space X ). The convergence in , besides giving a I'-convergence analogue of the limit
in , is tightly connected with the study of the regularity properties of non-local

minimal surfaces, that is, (local) minimisers of the fractional a-perimeter P,.

1.3. Asymptotics and I'-convergence for the fractional a-variation as a — 17.
The main aim of the present work is to study the asymptotic behavior of the fractional
a-variation as a — 17, both in the pointwise and in the I'-convergence sense.

We provide counterparts of the limits and for the fractional a-variation.
Indeed, we prove that, if f € WP(R") for some p € [1,+00), then f € S*P(R") for all
a € (0,1) and, moreover,

lim [V f = Vo fllzognzm) = 0. (1.17)

In the geometric regime p = 1, we show that if f € BV(R") then f € BV*(R") for all
a € (0,1) and, in addition,

Df = Df in A4 (R";R") and |D*f| — |Df| in A4 (R") as o — 1~ (1.18)
and
Tim D |(R") = |Df|(R"). (119)

We are also able to treat the case p = +o00. In fact, we prove that if f € WH°(R") then
f e S*>(R") for all @ € (0,1) and, moreover,

Vof—Vuf in L°RYR") as o — 17 (1.20)

and

We refer the reader to Theorem[4.9] Theorem [.11]and Theorem (.12 below for the precise
statements. We warn the reader that the symbol ‘—’ appearing in and
denotes the weak*-convergence, see Section below for the notation.

Some of the above results were partially announced in |71]. In a similar perspective,
we also refer to the work 53], where the authors proved convergence results for non-local
gradient operators on BV functions defined on bounded open sets with smooth boundary.
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The approach developed in [53] is however completely different from the asymptotic analy-
sis we presently perform for the fractional operator defined in ({1.4]), since the boundedness
of the domain of definition of the integral operators considered in [53| plays a crucial role.

Notice that the renormalising factor (1 — oz)% is not needed in the limits (1.17)) — (1.21]),
contrarily to what happened for the limits (1.12)) and ([1.13)). In fact, this difference should
(L3

not come as a surprise, since the constant p, , in (1.3]), encoded in the definition of the

operator V¢, satisfies
1l -«

Wn

oo ™ as o — 17, (1.22)
and thus plays a similar role of the factor (1 — oz)% in the limit as @« — 1~. Thus,
differently from our previous work [27], the constant f, , appearing in the definition of
the operators V* and div® is of crucial importance in the asymptotic analysis developed
in the present paper.

Another relevant aspect of our approach is that convergence as a — 1~ holds true not
only for the total energies, but also at the level of differential operators, in the strong
sense when p € (1,4+00) and in the weak™® sense for p = 1 and p = +o00. In simpler terms,
the non-local fractional a-gradient V* converges to the local gradient V as a — 17 in the
most natural way every time the limit is well defined.

We also provide a counterpart of for the fractional a-variation as a — 1.
Precisely, we prove that, if 2 C R™ is a bounded open set with Lipschitz boundary, then

[(Lige) - lim [D%x|(2) = P(E; Q) (1.23)

for all measurable set £ C R"™, see Theorem [4.16, In view of ((1.9), one may ask
whether the I'-limsup inequality in (1.23) could be deduced from the I'-limsup in-

equality in ([1.16)). In fact, by employing (|1.9) together with (1.16|) and ([1.22), one can

estimate

2,
F(Llloc)—lim sup | Dxg|(R2) < F(Llloc)—lim SUD fn,aPa(E, Q) = Wn-1

a—1— a—1— Wn

P(E,Q).
2“3—;1 > 1 for any n > 2 and thus the I'-limsup inequality in ((1.23))
follows from the I'-lim sup inequality in (|1.16]) only in the case n = 1. In a similar way,
one sees that the I'-liminf inequality in (|1.23) implies the I'-lim inf inequality in ({1.16)
only in the case n = 1.

Besides the counterpart of , our approach allows to prove that I'-convergence
holds true also at the level of functions. Indeed, if f € BV(R") and 2 C R™ is an open
set such that either €2 is bounded with Lipschitz boundary or 2 = R"”, then

L(LY)- lim [D*f|(2) = [Df](%). (1.24)

However, we have

One can regard the limit as an analogue of the I'-convergence results known in the
usual fractional setting, see [57,62]. We refer the reader to Theorem m, Theorem m
and Theorem for the (even more general) results in this direction. Again, as before
and thanks to the asymptotic behavior (1.22)), the renormalising factor (1 — «) is not
needed in the limits ((1.23]) and ([1.24]).

As a byproduct of the techniques developed for the asymptotic study of the fractional
a-variation as @ — 17, we are also able to characterize the behavior of the fractional
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p-variation as 5 — «~, for any given a € (0,1). On the one hand, if f € BV*(R"™), then
DPf — D*f in . (R™;R™) and |D’f| — |D*f| in .4 (R™) as f — o~
and, moreover,
Jim D% f|(R") = 7| (R,
see Theorem [5.4, On the other hand, if f € BV*(R") and 2 C R” is an open set such
that either € is bounded and |D*f|(0€2) = 0 or Q = R", then

DY) Jim |D°10) = D7 1(9),
see Theorem and Theorem [5.6l

1.4. Future developments: asymptotics for the fractional a-variation as o« — 0.
Having in mind the limit (|1.11f), it would be interesting to understand what happens to
the fractional a-variation (|1.1) as & — 0". Note that

D (g
alirgl+ Hno =T 2 I’(@))

2

so there is no renormalization factor as a@ — 07, differently from (1.22)).
At least formally, as @ — 0T the fractional a-gradient in (1.4]) is converging to the
operator

= Hn,0, (125>

Vof(x) ‘= fno /Rn (y — x)(f(y) — f(,q:)) dy, r € R™ (126)

|y _ x|n+1
The operator in is well defined (in the principal value sense) for all f € C°(R™)
and, actually, coincides with the well-known vector-valued Riesz transform Rf, see [39,
Section 5.1.4] and [76, Chapter 3]. Similarly, the fractional a-divergence in is formally
converging to the operator

div’p () = fing /R ) = x?y ﬁ”iﬁ/gg 2@ g perr (1.27)

which is well defined (in the principal value sense) for all ¢ € C°(R"™; R™).
In perfect analogy with what we did before, we can introduce the space BV°(R") as
the space of functions f € L'(R") such that the quantity

|D0f|(]R”) = sup{/Rn fdivocpdx cp e CF(R™RY), ||gp||Loo(Rn;Rn) < 1}

is finite. Surprisingly (and differently from the fractional a-variation, recall |27, Sec-
tion 3.10]), it turns out that |D°f] < Z" for all f € BV°(R"). More precisely, one can
actually prove that BV?(R") = H'(R"), in the sense that f € BV(R") if and only if
f e HY(RY), with D°f = Rf.%" in .#(R" R"). Here
H'(R") := {f € L'(R") : Rf € L'(R™;R")}

is the (real) Hardy space, see |77, Chapter III] for the precise definition. Thus, it would
be interesting to understand for which functions f € L'(R") the fractional a-gradient
Vef tends (in a suitable sense) to the Riesz transform Rf as o — 0. Of course, if

Rf ¢ L*(R";R"), that is, f ¢ H'(R"), then one cannot expect strong convergence in L!
and, instead, may consider the asymptotic behavior of the rescaled fractional gradient



A DISTRIBUTIONAL APPROACH TO FRACTIONAL VARIATION: ASYMPTOTICS I 9

aV*f as a — 0T, in analogy with the limit in (1.11]). This line of research, as well as
the identifications BV = H! and S*? = L*P mentioned above, it is the subject of the
subsequent paper |26].

1.5. Organization of the paper. The paper is organized as follows.

In Section [2 after having briefly recalled the definitions and the main properties of the
operators V* and div®, we extend certain technical results of [27].

In Section [3] we prove several integrability properties of the fractional a-gradient and
two useful representation formulas for the fractional a-variation of functions with bounded
De Giorgi’s variation. We are also able to prove similar results for the fractional S-gradient
of functions with bounded fractional a-variation, see Section

In Section , we study the asymptotic behavior of the fractional a-variation as a« — 1~
and prove pointwise-convergence and I'-convergence results, dealing separately with the
integrability exponents p =1, p € (1,400) and p = +oc.

In Section [5 we show that the fractional S-variation weakly converges and I'-converges
to the fractional a-variation as  — a~ for any a € (0, 1).

In Appendix [A] for the reader’s convenience, we state and prove two known results on
the truncation and the approximation of BV functions and sets with finite perimeter that
are used in Section 3] and in Section [l

2. PRELIMINARIES

2.1. General notation. We start with a brief description of the main notation used in
this paper. In order to keep the exposition the most reader-friendly as possible, we retain
the same notation adopted in our previous work [27].

Given an open set (), we say that a set E is compactly contained in 2, and we write
E € Q, if the F is compact and contained in . We denote by #" and % the n-
dimensional Lebesgue measure and the a-dimensional Hausdorff measure on R™ respec-
tively, with o > 0. Unless otherwise stated, a measurable set is a Z"-measurable set.
We also use the notation |E| = Z"(E). All functions we consider in this paper are
Lebesgue measurable, unless otherwise stated. We denote by B,(x) the standard open
Euclidean ball with center x € R™ and radius » > 0. We let B, = B,(0). Recall that
Wy = |By| = 72 /T (%“2) and " Y(0B;) = nw,, where I' is Euler’'s Gamma function,
see [9].

We let GL(n) D O(n) D SO(n) be the general linear group, the orthogonal group and
the special orthogonal group respectively. We tacitly identify GL(n) C R with the space
of invertible n x n-matrices and we endow it with the usual Euclidean distance in R™".

For k € NgU{+o00} and m € N, we denote by C*(Q; R™) and Lip,(2; R™) the spaces of
C*-regular and, respectively, Lipschitz-regular, m-vector-valued functions defined on R”
with compact support in 2.

For any exponent p € [1,4+00], we denote by LP(2;R™) the space of m-vector-valued
Lebesgue p-integrable functions on . For p € [1,400], we say that (fx)reny C LP(2;R™)
weakly converges to f € LP(Q;R™), and we write f, — f in LP(Q;R™) as k — +o0, if

lim /ka-gpdx:/gf-goda: (2.1)

k—-+oco
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for all ¢ € L1(Q; R™), with ¢ € [1, +0o0] the conjugate exponent of p, that is, %—I—é = 1 (with
the usual convention io = 0). Note that in the case p = 400 we make a little abuse of
terminology, since the limit in (2.1)) actually defines the weak*-convergence in L (€2; R™).

We let
W (LR = {u € LAQR™) : [ulyrsonam) i= | Vil ooy o) < +00)

be the space of m-vector-valued Sobolev functions on €2, see for instance [46, Chapter 10]
for its precise definition and main properties. We also let

w'P(Q;R™) := {u € Li(GR™) : [ulwrogrm) < +oo}.

loc

We let
BV(Q;R™) = {u e LY R™) = [u] pysrm) = [Dul(Q) < +OO}

be the space of m-vector-valued functions of bounded variation on (2, see for instance [4,
Chapter 3] or |34, Chapter 5] for its precise definition and main properties. We also let
bo(QR™) = {u € Lyo(%R™) : [u]pv(aem) < +oo}.

For a € (0,1) and p € [1,+00), we let

o — gl

Wor( R i {u € LP(GR™) : [uyor oy mm = ( [ el dy),, < +oo}

be the space of m-vector-valued fractional Sobolev functions on €2, see [32] for its precise
definition and main properties. We also let

wP(R™) = {u € LL(GR™) : [ulwes@pm < +00}.

For a € (0,1) and p = +00, we simply let

W (Q; R™) = {u € LY(;R™): sup M < —i—oo},
ryeQaty T =Yl

so that W®>(Q;R™) = CJ*(Q;R™), the space of m-vector-valued bounded a-Hélder
continuous functions on (2.

We let . (€2;R™) be the space of m-vector-valued Radon measures with finite total
variation, precisely

(@) i=sup{ [ ¢ du o € CABR), ipllieipunn <1
for p € A (2;R™). We say that (ug)ren C A (2; R™) weakly converges to p € A (2; R™),
and we write pr — pin A (Q;R™) as k — +oo, if
lim [ o -du, = / o -du (2.2)
0

k—+o00 JO

for all ¢ € C?(%;R™). Note that we make a little abuse of terminology, since the limit
in actually defines the weak*-convergence in . (2; R™).

In order to avoid heavy notation, if the elements of a function space F(€;R™) are
real-valued (i.e. m = 1), then we will drop the target space and simply write F(2).
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2.2. Basic properties of V* and div®. We recall the non-local operators V* and div®
introduced by Silhavy in [72] (see also our previous work [27]).
Let a € (0,1) and set

L5

Pno = 20T 2 @

We let
Vef(z) == pna lim/ M dz
{lz>¢}

e—=0 |z|ntatl

be the fractional a-gradient of f € Lip (R") at x € R™. We also let

o o . z-p(x+2)
divie(z) = pna ll_{% (e>e)  |z[rrotT

dz

be the fractional a-divergence of ¢ € Lip (R™; R™) at € R™. The non-local operators V*
and div® are well defined in the sense that the involved integrals converge and the limits
exist, see [72, Section 7] and [27, Section 2]. Moreover, since

z
—— dz =0, Ve > 0,
/{|z|>s} | 2| tatt

it is immediate to check that V% = 0 for all ¢ € R and
. (y — )
Vef(x) = nvahm/ —=———f(y)dy
(7) = .o ling {ly—a|>c} |y — w|rrott (v)
~ o lim (y —2)(fy) = Jl‘ ) 4,
e=0 J{jz—y[>e} ly — xz|ntot

o [ IO TG,

|y — x|rtett ’

Ve e R,
for all f € Lip,(R"). Analogously, we also have

- _ : (y — ) - o(y)
divip(e) = fina liny {lo—yl>e} |y — z[rretl

Y

i lim / (y—=)- (o) —lso(x)) dy.

=0 J{ja—y|>e} A
(y — ) - (p(y) = ¢(2)) n
_ Mw/n e dy Vo ER”
for all ¢ € Lip (R"™).
Given a € (0,n), we let
Lou(x) == Fni-a / uy) dy, r €R", (2.3)

n—ao Jre |z —y["

be the Riesz potential of order a € (0,n) of a function u € C°(R™; R™). We recall that,
if o, 8 € (0,n) satisfy o + 5 < n, then we have the following semigroup property

[a([b’u> = la4pU (2'4)
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for all u € C°(R™; R™). In addition, if 1 < p < ¢ < +o0 satisty
1 1 «

g p n
then there exists a constant C), ., > 0 such that the operator in (2.3)) satisfies

ot pagen;mm) < Coapllull Lon; m) (2:5)

for all u € C°(R™; R™). As a consequence, the operator in extends to a linear
continuous operator from LP(R";R™) to L4(R™; R™), for which we retain the same nota-
tion. For a proof of and (2.5)), we refer the reader to [76, Chapter V, Section 1] and
to [40, Section 1.2.1].

We can now recall the following result, see [27, Proposition 2.2 and Corollary 2.3].

Proposition 2.1. Let a € (0,1). If f € Lip.(R"), then

Vaf == [1,an - Vfl,af (26)
and Vo f € LY(R™R™) N L>®°(R™; R"), with
IVl @nrny < final flwe @ny (2.7)
and
IV fllzoe @nimmy < Crav |V £l oo @i mr) (2.8)
for any bounded open set U C R™ such that supp(f) C U, where
n+a—1
L Nn, o . 11— ( N, > n l1—a
Chov = nd U _ U= ). 2.9
ol (1-a)n+a-1) (w fam(U) " + n+a-—1 U] ) (2.9)

Analogously, if ¢ € Lip.(R™; R™) then
divip = I1_,divp = divl;_,¢ (2.10)
and div®e € LY(R™) N L>=(R"), with
[div¥ellirn)y < pinalplwergn;rn) (2.11)
and
[div @]l oo @ny < Cn o v]|divep] oo ) (2.12)
for any bounded open set U C R"™ such that supp(y) C U, where Cy, o1 is as in .

2.3. Extension of V® and div* to Lip,-regular tests. In the following result, we
extend the fractional a-divergence to Lip,-regular vector fields.

Lemma 2.2 (Extension of div® to Lip,). Let a € (0,1). The operator
div®: Lip,(R™;R") — L>(R")
given by

diveo(z) = fina /]R ) v = T; '_(iffja:fm) dy, z€R" (2.13)

for all ¢ € Lip, (R™; R™), is well defined, with
21 W 0

: « l1—a
all— a) Lip(@)*[loll octn; rny» (2.14)

[div® ]| poe mn) <
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and satisfies

(y —2) - (e(y) — ¢(2))

div¥e(x) = finq lim

7056 + _zl>e _ p|nta+l
—0+ Nly—al>e} ly — | (2.15)
o lim (y —z) - 9(y)
S0t Hiy—al>e} |y — z|rrotl
for all x € R™. Moreover, if in addition I,_,|dive| € L (R"), then
divip(z) = I_odive(x) (2.16)

for a.e. x € R™.

Proof. We split the proof in two steps.
Step 1: proof of (2.13)), (2.14)) and (2.15). Given x € R™ and r > 0, we can estimate

/{ywlgr} o) ey) et dy < nw,Lip(yp) /OT o “do

|y — x[rrett
/ (y— ) (ply) — p(z))
{ly—al>r}

|y — z|rtott
Hence the function in (2.13]) is well defined for all z € R™ and

. Lip(go) 1— 2||S0HL°°(R”~R”) _
d (0% oo " < n o i (0% ,
|| 1V QOHL (R ) S nw (1 r + _— 7

and

—+o0
dy < 20w, || @] oo s ) / o=+ g,

so that (2.14)) follows by optimising the right-hand side in r» > 0. Moreover, since
’ (y — ) - (p(y) — p())

X[1,+00)([Y — 7|)
|y — x|t

X, (|y — 2|)
|y — afrret

< Lip(¢) + 2||¢]| oo (Rr; ') = Li’y(R”)

and

z
———dy =0
/{z|>s} | 2|ttt
for all £ > 0, by Lebesgue’s Dominated Convergence Theorem we immediately get the
two equalities in (2.15)) for all x € R™.
Step 2: proof of (2.16). Assume that I, _,|dive| € L} .(R™). Then

loc
|divep(y)| 1
— e L (R" 2.17
’y _ :L,’n+a71 y( ) ( )
for a.e. z € R". Hence, by Lebesgue’s Dominated Convergence Theorem, we can write
: . divip(y)
I _odivep(z) = fn o lim ke VA
T T e
for a.e. x € R™. Now let € > 0 be fixed and let R > 0. Again by (2.17) and Lebesgue’s
Dominated Convergence Theorem, we have
dively) . _ / dive(y)

lim i o -2
{ly—a|>e} |y — x|rFol

R—+o0 J{R>|y—a|>e} |y — x|rFe!
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for a.e. z € R". Moreover, integrating by parts, we get

/ divp(y / divyp(y + ) J
= Y
(R>ly- z\>a}|y—x|"+a A PRV M

y ey+a) / y o(y+x) 0
- i - S (y
/{Iy=R} [yl [y ot W= Jipieey Tol Tyt )

y-o(y+ )
b weltn),
(R>lyl>e}  |y[rFott Y

for all R > 0 and for a.e. x € R™. Since ¢ € L>®(R™;R"), by Lebesgue’s Dominated
Convergence Theorem we have

lim

y- ey + =) :/ y-oly + )
R—+too J{R>[y|>e}  |y|mFott {ly>e}

|y[rratt

for all e > 0 and all z € R™. We can also estimate
y ply + ) 1
A" (y
‘/{Iy Ry [y| Jy|"to-t (@)
for all R > 0 and all x € R™. We thus have that
divp(y y-oly+ax Yy oly+x .
{ {lyl>¢} {

ly—a|>e} |y — x|nTe] |y|tatt =<} [y| y|ntet

< nwn ||| oo rns ) R

for all e > 0 and a.e. x € R™. Since also

y oy +x) L
A" (y)| =
'/{Iy — [y] Jy[rret )

y oy +x) —¢(x) L
2 A"
/{|ye} lyl  |y|rret )

-«

< nwy Lip(yp) €
for all e > 0 and x € R", we conclude that

lim divip(y) dy = lim (y — ) o(y)

e=0" J{jy—z|>¢} |y_l-|n+oc 1 e=0T J{jy—z|>¢} |y_x|n+a+1

for a.e. x € R™, proving . 0

We can also extend the fractional a-gradient to Lip,-regular functions. The proof is
very similar to the one of Lemma [2.2] and is left to the reader.

Lemma 2.3 (Extension of V® to Lip,). Let a € (0,1). The operator
Ve Lipy(R") — L*(R™;R")
given by
a . (y—x)(f(y)—f(x)) n
v f(x) = /’Ln,a /n |y _ x|n+a+1 dy7 YIS R ’

for all f € Lip,(R"), is well defined, with

2 nwnpina

Voo mn gy <
VSl oo sy < a(l—a)

Lip(f)* [l | (e
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and satisfies

VO f(2) = fin o lim (y— ) (f(y) — f(z)) dy

e=0t J{|y—a|>e} |y — o+t

. lim (y—=z)- fy)
TS0t Jy—al>e) |y — p|rtett

for all x € R™. Moreover, if in addition I, |V f| € LL.(R"™), then
Vef(r) = LoV f(z)

for a.e. x € R™.

15

2.4. Extended Leibniz’s rules for V* and div®. The following two results extend the
validity of Leibniz’s rules proved in [27, Lemmas 2.6 and 2.7] to Lip,-regular functions
and Lip,-regular vector fields. The proofs are very similar to the ones given in [27] and

to that of Lemma [2.2] and thus are left to the reader.

Lemma 2.4 (Extended Leibniz’s rule for V). Let o € (0,1). If f € Lip,(R") and

n € Lip.(R™), then
Venf)=nVef+ fV+ VL, ),

where

o (0, f)(z) = un,a/ (y—=)- (fly) = f(@)(n(y) — n(z)) dy

R® |y _ $|n+a+1

for all x € R™, with

a 22 O(n(*‘-)n,unoszHLOO R7
VR0 Dl ey € == GG Lip () [l ey

and

HV%L(na f)HLl(R";R") < QMTL,O&HfHLOO(R")[n]wa,l(ﬂ{n).

Lemma 2.5 (Extended Leibniz’s rule for div®). Let « € (0,1). If ¢ € Lip,(R™;R") and

n € Lip,(R™), then

div*(ny) = ndivie 4+ ¢ - V9 + divyy (17, ),

where

divl%IL(na (P)(l') _ Mnoe_/R (y - 37) ) ((,O(y) - 90@:))(77(3/) - 77(55)) dy

|y _ $|n+o¢+l

for all x € R™, with

.« 22ianwn,un,a||¢||L°°(R";R”) .
81 ) ey < LT iy

and

[divRe (7, @) |1 ®e) < 20,00l Lo @y me) [N Wer ).
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2.5. Extended integration-by-part formulas. We now recall the definition of the
space of functions with bounded fractional a-variation. Given « € (0, 1), we let

BV*(R") := {f € L'(R") : [D*f|(R") < 400},
where
[ D fI(R™) = SUP{/W fdivipdr : o € CER™R"), [l re@npn < 1}

is the fractional a-variation of f € L'(R™). We refer the reader to |27, Section 3] for the
basic properties of this function space. Here we just recall the following result, see [27,
Theorem 3.2 and Proposition 3.6] for the proof.

Theorem 2.6 (Structure theorem for BV® functions). Let a € (0,1). If f € L*(R"),
then f € BV*(R™) if and only if there exists a finite vector-valued Radon measure D f €
A (R™;R™) such that

/ fdivepds = —/ o-dDof (2.18)
R” R™
for all ¢ € Lip (R™; R").

Thanks to Lemma 2.5, we can actually prove that a function in BV*(R") can be tested
against any Lip,-regular vector field.

Proposition 2.7 (Lip,-regular test for BV functions). Let o € (0,1). If f € BV*(R"),
then (2.18) holds for all ¢ € Lip,(R™; R™).

Proof. We argue as in the proof of |27, Theorem 3.8]. Fix ¢ € Lip,(R";R") and let
(Mr)r>0 C C°(R™) be a family of cut-off functions as in |27, Section 3.3]. On the one
hand, since

/]R” fnrdivieodr — /Rn fdivipdr| < ||diva90||Loo(Rn) /]R" |f| (1 —ng)dx

for all R > 0, by Lebesgue’s Dominated Convergence Theorem we have

lim fnrdiviedx :/ fdiviedr.
RTL

R—+o00 JRn

On the other hand, by Lemma [2.5( we can write
/Rn fordiviede = /R f v (nre) de — /R fe-Vinrdr - /R [ divye (g, @) dx
for all R > 0. By [27, Proposition 3.6, we have
v (eg)de == [ nwo-dD*f
for all R > 0. Since
‘/R nre - dDf — /R p - dDf| < [l oo @nimm) /Rn(l —nr)d|Df|

for all R > 0, by Lebesgue’s Dominated Convergence Theorem (with respect to the finite
measure |D®f|) we have

lim / nR<p~dDaf:/ o dD"f.
n R'n

R—+00
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Finally, we can estimate

’/ fo-Vegrdx

and, similarly,

Nr\Y) — Nr\T
[ £ 5t 9) o] < Znalllimaoen [ 150 [ P 0y

By Lebesgue’s Dominated Convergence Theorem, we thus get that

lim (/R fo-Voigpde + /R fdivye (g, ) dx) =0

R—+o00

nr(y) — nr(z)]
< n,o O (R™;R™ d d
prallplimmmny [ 1@ [, S dy da

and the conclusion follows. O

Thanks to Lemma , we can prove that a function in Lip,(R™) can be tested against
any Lip_.-regular vector field. The proof is very similar to the one of Proposition and
is thus left to the reader.

Proposition 2.8 (Integration by parts for Lip,-regular functions). Let o € (0,1). If
f € Lip,(R"), then

/ fdivagpdx:—/ 0V dr
Rn Rn
for all ¢ € Lip . (R™; R™).

2.6. Comparison between W*! and BV seminorms. In this section, we completely
answer a question left open in [27) Section 1.4]. Given a € (0,1) and an open set 2 C R™,
we want to study the equality cases in the inequalities

||vaf||L1(]R";IR") < ,un,a[f]Wavl(R”% |DaXE|(Q) < Nn,ocPa(E; Q)7

as long as f € W*(R") and P,(E;Q) < +o0o. The key idea to the solution of this
problem lies in the following simple result.

Lemma 2.9. Let A C R" be a measurable set with £"(A) > 0. If F € L'(A;R™), then

/AF(:v)das g/AyF(x)mx,

with equality if and only if F = fv a.e. in A for some constant direction v € S™ ' and
some scalar function f € L'(A) with f >0 a.e. in A.

Proof. The inequality is well known and it is obvious that it is an equality if F' = fv
a.e. in A for some constant direction v € S™! and some scalar function f € L'(A) with
f>0a.e. in A. So let us assume that
= [ |F(z)|dx.
J1F@)

/AF(x)d:E

If [, F(x)dx =0, then also [, |F(z)|dz =0. Thus F' =0 a.e. in A and there is nothing
to prove. If [, F(z)dx # 0 instead, then we can write

/A |F(2)| — F(z) - vdz =0,
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with

_ aF(x)de
| Ja F () d |

Therefore, we obtain |F(z)| = F(z) - v for a.e. © € A, so that |§E§;| cv=1forae ze A

such that |F(z)| # 0. This implies that F' = fv a.e. in A with f = |F| € L'(A) and the
conclusion follows. U

e Ssmt

14

As an immediate consequence of Lemma [2.9, we have the following result.
Corollary 2.10. Let a € (0,1). If f € WL(R"), then
||Vaf||L1(Rn’Rn) S /,Ln’a[f]Wu,l(Rn), (219)
with equality if and only if f =0 a.e. in R™.

Proof. Inequality (2.19) was proved in [27, Theorem 3.18]. Note that, given f € L'(R"),
[flwe1@ny = 0if and only if f = 0 a.e. and thus, in this case, (2.19)) is trivially an equality.
&)

If (2.19) holds as an equality and f is not equivalent to the zero function, then
a f Y) — f r
L (1921 = [ 2L 0y 00—
R rRn |y — x|

and thus

/ (f(y) = f(x)) - (y — ) p

’y _ x’n+a+l

ly — x|+

for all x € U, for some measurable set U C R" such that Z"(R"\U) = 0. Now let z € U
be fixed. By Lemma (applied with A = R™), (2.20) implies that the (non-identically
zero) vector field

y= (fly) = fl2)(y—2x), yeR",
has constant direction for all y € V,, for some measurable set V, C R" such that
ZL"(R"\ V) =0. Thus, given y,y/ € V,, the two vectors y — z and y — = are lin-
early dependent, so that the three points x, y and 3’ are collinear. If n > 2, then this
immediately gives Z"(V,) = 0, a contradiction, so that must be strict. If instead
n = 1, then we know that

relU = y— (f(y) — f(x)) (y — x) has constant sign for all y € V. (2.21)

We claim that implies that the function f is (equivalent to) a (non-constant)
monotone function. If so, then f ¢ L'(R), in contrast with the fact that f € W*!(R),
so that must be strict and the proof is concluded. To prove the claim, we argue as
follows. Fix x € U and assume that

(f(y) = f(@)) (y —2) >0 (2.22)
for all y € V,, without loss of generality. Now pick 2’ € U NV, such that 2’ > . Then,
choosing y = 2’ in (2.22), we get (f(2') — f(x)) (2’ — ) > 0 and thus f(2') > f(x).
Similarly, if " € U NV, is such that 2’ < z, then f(z') < f(z). Hence

esssup f(z) < f(x) < ess>inff(z)
z<x 2>T
for all z € U (where esssup and essinf refer to the essential supremum and the essential

infimum respectively) and thus f must be equivalent to a (non-constant) non-decreasing
function. ]
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Given an open set {2 C R™ and a measurable set £ C R", we define

(B Q) ::/ IXE(y)—m(@ldmij IXE(y)—XE(fE)Idxdy_
alo |y —x|nte rm\QJo |y — z[Pte

It is obvious to see that
P.(E;Q) < Po(E; Q) < 2P, (E; Q),
where P, is the fractional perimeter introduced in . Arguing as in the proof of [27,
Proposition 4.8], it is immediate to see that
IVexEllri @z < pnaFalE;Q), (2.23)
an inequality stronger than that in . In analogy with Corollary , we have the

following result.

Corollary 2.11. Let a € (0,1), Q C R™ be an open set and E C R™ be a measurable set
such that P,(F;Q) < +o0.

(i) If n > 2, L"(E) >0 and L"(R™\ E) > 0, then inequality (2.23)) is strict.

(i7) If n =1, then (2.23)) is an equality if and only if the following hold:
(a) for a.e. z € QN E, L ((—o0,z)\ E) =0 vel L ((z,4+00)\ E) =0;
(b) for a.e. x € Q\ E, L ((—o00,2) N E) =0 vel Z'((x,+00) N E) = 0.

Proof. We prove the two statements separately.
Proof of (i)). Assume n > 2. Since £"(E) > 0, for a given z € Q\ E the map
y’-)(y—l'), fOI'yEE,

does not have constant orientation. Similarly, since Z"(R™\ E) > 0, for a given z € QNE
also the map

y— (y—=x), foryeR"\E,

does not have constant orientation. Hence, by Lemma [2.9, we must have

dy
< , forzeQ\ L,
/E Y 2 or T \

/ Iy—%‘|”+°‘+1

and, similarly,

y—z dy
—d </ — forz e QNE.
/R"\E ‘y _ x‘n+a+1 y| R\ E ’y — ;p’”JFO‘

We thus get
o _ (xe(y) — xe(@)) - (y — =)
HV XEHLI(Q;R”) _,Un,oz/Q /n |y_x|n+a+1 dy dz
y—x
e v [ [ 2T
’/Q\E / |y—$|”+“ T e Jone R\E |y — z|"T 1

dy dx dy dx .
< n,o n,o = nozPa E7 Q ’
a /Q\E/ |y — x|+ TH /QmE /IR"\E |y — x|nte = tnaFa(ESY)

proving ({il).
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Proof of . Assume n = 1. We argue as in the proof of |27, Proposition 4.12]. Let
Xe\Y) — XE\X
fe(y,x) = ) @)

ly — afite 7

for x,y € R, y # x.

Then we can write

I |
S— S—

/ x)| dy dz
( et a)ldy+ [ el >|dy)

and

9N = | [ Selor2) senly ~ o) dy o

T +oo
= ul,a/g ‘ /_ fely,z)dy — / fe(y,x) dy
Hence (2.23)) is an equality if and only if

| [ getwydy— [ futyx) dy\ = [+ [ et oldy (220

dx.

for a.e. z € (). Observing that

/;fE(y,x)dy—/ﬂcme(y,:v)dy| < '/moofE(y,x)dy|+| )

“+o00

fe(y, ) dy |

< [ itstwalldy+ [ 1fpty )l dy

for a.e. x € Q, we deduce that (2.23)) is an equality if and only if

‘/_xoo fe(y,z)dy — /;OO fe(y,x) dy| = ‘/_io foly, o) dy| +

/xme(y,:z:)dy| (2.25)
:/_Zo|fE(y’x>|dy+/;oo|fE(y,fL‘)|dy (2.26)

for a.e. x € Q. Now, on the one hand, squaring both sides of ([2.25) and simplifying, we
get that (2.23)) is an equality if and only if

(/_; fe(y, ) dy) < :OO fe(y, z) dy) —0 (2.27)

for a.e. z € Q. On the other hand, we can rewrite (2.26) as

0< /_3; | fe(y, z)| dy — ‘/_9; fe(y, ) dy‘ =

+o0 400
/x fe(y,) dy| —/x | fe(y, )| dy <0

for a.e. x € €2, so that we must have

‘/woo fe(y,z) dy| = /xoo |fe(y, )| dy
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and

+o0 +oo
/ fely, ) dy| = / |[fe(y, )| dy
for a.e. z € Q. Hence (2.27)) can be equivalently rewritten as

x +o00
(/OO |fE(y,x)|dy> (/x |fE(y,I)|dy> =0 (2.28)

for a.e. x € 2. Thus (2.23)) is an equality if and only if at least one of the two integrals in
the left-hand side of (2.28)) is zero, and the reader can check that readily follows. O

Remark 2.12 (Half-lines in Corollary 2.11|(i)). In the case n = 1, it is worth to stress
that (2.23) is always an equality when the set E C R is (equivalent to) an half-line, i.e.,

IV X(atoo) |10 m) = Ml,apa((a, +00); )

for any a € (0,1), any a € R and any open set Q C R such that P,((a,4+00);Q) < +oc.
However, the equality cases in ([2.23)) are considerably richer. Indeed, on the one side,

”vaX(—5,—4)U(—1,+oo)HLl((O,l);R) = M1,a]5a((—5, —4) U (=1,+400);(0,1))
and, on the other side,

”vaX(f5,74)U(0,+oo)HLl((—l,l);R) < Hl,apa((_5a _4) U (07 +OO); (_17 1))
for any o € (0,1). We leave the simple computations to the interested reader.

3. ESTIMATES AND REPRESENTATION FORMULAS FOR THE FRACTIONAL a-GRADIENT

3.1. Integrability properties of the fractional a-gradient. We begin with the fol-
lowing technical local estimate on the W®!-seminorm of a function in BVj,..

Lemma 3.1. Let o € (0,1) and let f € BVioe(R™). Then f € W (R™) with

11—«
flwersg) < 7%0711(2_]2 |Df|(Bsr) (3.1)

for all R > 0.
Proof. Fix R > 0 and let f € BV( ]R") be such that f € C'(Bsgr). We can estimate

()]
8 dy dz
P = /BR/BR |y—x|”+°‘

Br JBrn{ly- x\<2R} !y—:E!”*“

/BR [f(z + h) — f(z)| dz dh.

<
{|h|<2R} |h|”+a

Since

1
/BR|f($+h)—f(x)]d:B§/BR/0 |V f(x+th)-h|dtdx
< |h|/01/B IV f (@ + th)| da dt
<, IV/E)d
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for all h € R™, we have

1
al < I \Y% dz dh
lw (Br) = /{|h<2R} K /BR+h IViiz)ldz

S/ |D f|(Bsr) dh

{ln<2ry |h|nta-l
nw, (2R)1

= PR b i (Byn)

proving for all f € BV.(R™) N C*(Bsg). Now fix R > 0 and let f € BVj,.(R").
By [34, Theorem 5.3], there exists (fx)ren C BV (Bsg)NC>(Bsg) such that |D fi|(Bsg) —
|Df|(Bsgr) and fr, — f a.e. in Bsg as k — 400. The conclusion thus follows by a simple
application of Fatou’s Lemma. [l

In the following result, we collect several local integrability estimates involving the
fractional a-gradient of a function satisfying various regularity assumptions.

Proposition 3.2. The following statements hold.
(i) If f € BV(R"), then f € BV*(R") for all o € (0,1) with D*f = V*f.£" and

Vef=15L_oDf a.e inR". (3.2)

In addition, for any bounded open set U C R™, we have
9% sy < Cras | DFI(RY) (33)
for all a € (0,1), where Cp, oy is as in (2.9). Finally, given an open set A C R",

we have

IV il arny <

nwn fine (|1DfI(A) 1, n+2a-— _

: e vy T8 3.4
mntne, (IB0E) ey ifloanr) G4
for all v > 0 and o € (0,1), where A, := {x € R": dist(x,A) <r}. In particular,
we have

o NWy, fno(n + 2 — 1 1—a
199l sy < ( )

a(l —a)(n+a—1) HfHLl(Rn 1By @n)- (3.5)

(i) If f € L=(R™) "W (R™), then the weak fractional a-gradient D®f € Moe(R™; R™)
exists and satisfies D f =V f.£" with V"‘f € Li. (R R") and

)|
19 sz < [, [ =T dzay 56
< ina ([flwor(8a) + Pa(Br) |l =)

for all R >0 and a € (0,1).
(iii) If f € L>®(R")N BVioc(R™), then the weak fractional a-gradient D*f € Moe(R™; R™)
exists and satisfies D*f = NV f£™ with V*f € LL .(R";R") and

N nwn(2R) 20+ (nw, )2 R
IV [l Brsrn) < tinga (1_\Df\(B3R) aT(1—a) [fllzoony | - (3.7)

for all R >0 and a € (0,1).
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Proof. We prove the three statements separately.

Proof of (@) Thanks to |27, Theorem 3.18], we just need to prove (3.3]) and (3.4]).
We prove (3.3)). By (3.2)), by Tonelli’s Theorem and by [27, Lemma 2.4], we get

/ Ve f| da < / L_o|Df|dx < Cpou | DS|(R™),
U U

where C), o ¢ is defined as in ([2.9)).

We now prove (3.4)) in two steps.
Proof of (3.4), Step 1. Assume f € C*(R™) and fix » > 0. We have

J1veflde = [ 6.V do

Hna // IV f( :U—l—h)]dhd
- n—l—a—l( {nl<r}  |R|Pre—t T A

We estimate the two double integrals appearing in the right-hand side separately. By
Tonelli’s Theorem, we have

|Vf(x+h)| dh
dhdx:/ /fo+h do — 2
//{|h|<r} i {Ih|<r} A‘ ( ) |h[rte-t

{Ihf>r} |R|rorl

dh
>~ || f”Ll(AT,R ) {Ihl<r} |h|n+a—1
-«
= NWn 1—a va”Ll(Air,R")

Concerning the second double integral, integrating by parts we get

Vf(x+h) hf(z+ h)
T dh=(n4a—1 T an
/{|h>r} |h|rta—t ( ) {|h[>r}y |h|nTott

{ini=r || [h]rrot
for all z € A. Hence, we can estimate
Vf(x+h)
{inl>ry  [hfrra=t

|f(z + h)|
dr<(n+a-1 // > dhdzx
( ) {lh)>ry  |h|te

|fac+h| -1
n=1(p) d
//{|h| =r} |h|rtorl A" (k) dz

-1
< nwp || fl pr@ny 7 (TH_Z + 1>

n+2a—1 o
i ("2

Thus (3.4)) follows for all f € C2°(R") and r > 0.

Proof of (3.4]), Step 2. Let f € BV(R"™) and fix » > 0. Combining [34, Theorem 5.3]
with a standard cut-off approximation argument, we find (fi)ren C C°(R™) such that
frx — fin LY(R") and |D fi|(R™) — |Df|(R™) as k — +o00. By Step 1, we have that

NWy, Un, o D AfT‘ —« 7’L—|—2CY—1 o
fin, (‘ JillAe) e ARy ) (3.8)

dh

|| fk||L1(A7R)—n+a_1 1_a
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for all £ € N. We claim that
(Vefir) L — (VOf) L as k — +o0. (3.9)
Indeed, if ¢ € Lip,(R™; R™), then div*¢ € L>®(R") by (2.12)) and thus
/ @-Vafkdx—/ p-Vfdx :‘/ fkdivagod:v—/ fdivipdr
Rn R™ R™ R™

< HdiVagDHLOO(Rn;R") | fr — fHLl(R")

for all k£ € N, so that
lim @-Vafkdxz/ w-Vfdx.
k—4o00 JR® Rn

Now fix ¢ € C?(R";R"). Let U C R™ be a bounded open set such that suppp C U. For
each € > 0 sufficiently small, pick . € Lip,(R";R") such that ||¢ — 1. || oo (mn;rn) < € and
supp . C U. Then

Lo Vfede— [ o Vofds s\/ b Vfpde— [ g VO fda
Rn R» Rn R~
+ e = @llim@enrn (1Vfell o wirn + 1V Flswizn)
<|[ o Vohedo [ vovsds
R™ Rn
+&Crau (| Dfel(R™) + |DF|(RM)),

so that
lim

gp.vafkd‘r_/ So.vafdl‘ §280n7a,U’Df|(Rn)
k——+oo|JRn R

Thus, (3.9) follows passing to the limit as ¢ — 07. Thanks to (3.9)), by [50, Proposi-
tion 4.29] we get that

IV Fllr sy < Um nf [V fill ;).
Since
|IDf|(U) < liminf |D f;|(U)
k—+o0
for any open set U C R™ by [34, Theorem 5.2], we can estimate
limsup |DAI(A) < lim[DAIRY) — minf [Dfl(R"\ 4,)

k—+o0

< !Df!(R") — [DFI(R™\ A,)
= [Df|(Ar).

Thus, (3.4) follows taking limits as k — 400 in (3.8]). Finally, (3.5)) is easily deduced by
optimising the right-hand side of (3.4]) in the case A = R™ with respect to r > 0.

Proof of (i (l/ Assume f € LOO(R”) N I/VS’CI(R”). Given R > 0, we can estimate
/ Ve f (@ |d:c<una/ / @) = 7wl 4, 4
" |g; - y|”+a

|f(@) = f)l |f(@) = f)l
- dz d na/ / dz dy
=# /BR/BR yx— yn+a Ty R\ Br |x— ylhe
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< e[ flwerr) + 2n.all fll Lo @n) /B / dx dy
R

RM\Bp |z — y["te
— ,un,a[f]WQvl(BR) + an,oz”f“Loo(R”)Pa(BR)

and ({3.6)) follows. To prove that D*f = V*f.£" we argue as in the proof of |27, Propo-
sition 4.8]. Let ¢ € Lip,(R";R™). Since f € L>*°(R"), we have

oo lf(@l [ S Ay e e,

Hence, by the definition of div® on Lip_-regular vector fields (see |27, Section 2.2]) and by
Lebesgue’s Dominated Convergence Theorem, we have

o (v —)-p(y)
/Rnfdlv odr = lim Rnf(x)A —dydac

e0+ ly—z|>e} |y — x|rtotl

Since

)| le(y)] e
dy dx < o n/ — x| 7" dx dy
Lo Oy o < e [Tt y—al

{ly—z|>¢}
nw.
S “ | Fllzoe @ 19l 21 rems ey

for all € > 0, by Fubini’s Theorem we can compute

/nf(x) /{y 2><} Wdydx B _/" #y) /{|x yl>e} Wd W
_ /n @(?J) /{lx o (1‘ _‘y) (f(aj) - f(y)) dz dy.

T — y‘n+a+1

Since

S = f)l

B fo—ylrte

< le(y)l

’1; _ y’n—i-a—l-l

(z —y) (f(x) = f(y))
) ’/{Im yl>e) a

for all y € R™ and € > 0, and

v [ IS e e

by (3.6)), again by Lebesgue’s Dominated Convergence Theorem we conclude that

[ Pty S
_ . (@ —y) (f) = fv)
= Jp W) l—m/{x jray Jo—gpren W
== [ o)V iy dy

for all ¢ € Lip (R™;R"). Thus D*f € #,.(R";R") is well defined and D*f = V¢ f.Z".

Proof of (itd). Assume f € L*(R") N BVio.(R™). By Lemma [3.1, we know that f €
L®(R™) N WEHR™) for all @ € (0,1), so that D*f € Mhe.(R™; R™) exists by ({i). Hence,
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inserting (3.1)) in (3.6)), we find

N nwn(2R)1
||v f”Ll(BR;]R”) S Mn,a (

B | Df1(Bym) + Pu(Br) B ||f||mm) |

Since for all z € B; we have

/ dy B dz </ dz nwy,
r\By |y — 2" JrmBi-a) 2] T SRy 27 a1 = [z])

being I' log-convex on (0, +00) (see |9]), we can estimate

dy dx ann dx
Pu(By) = 2/ J <=,
Bi JR\B, |y — wl’”a a Jp (1 —|zf)*

(nwy,)? L ¢t ~ 2(nwy)* T(n)T(1 — )
I ( d

« I—-t)e”  a TI'(n+l-a)
< 2(nw,)? (n + 1)QF(1 .
< W T'(1—a),

so that
nwy, (2R)' 20t (nw, )2 R
I9° s < (520 10 vtz + 2 {0 e
proving (3.7)). O

Note that Proposition[3.2[(i), in particular, applies to any f € W1(R"). In the following
result, we prove that a similar result holds also for any f € W'P(R") with p € (1, +00).

Proposition 3.3 (W'?(R") C S“P(R") for p € (1,+00)). Let € (0,1) andp € (1,+00).
If f € WHP(R™), then f € S“P(R™) with

o NWnp Un,o ||vwf|| A, R o n + 2@ — 1
“vwaLp(A;R”) S H d 1 ( Lp( ;R ) ,r.l 4=

n-+o— 11—«

1f 12 @) ra> (3.10)

for any r > 0 and any open set A C R", where A, := {x € R* : dist(z, A) <r}. In
particular, we have

(n+2a — 1) nw,pin o

« p n. RN < w D n.RnN P n 311
IV sy < P O 0, ey (1)

In addition, if p € (1, &) and q = ﬁ, then
Vol =5L_2Vuf ae inR" (3.12)

and VS f € LI(R™; R™).
Proof. We argue as in the proof of Proposition .

Proof of (3.10). The proof of (3.10) for all f € C°(R") is very similar to that of (3.4))
and is thus left to the reader. Now let f € W1?(R") and fix an open set A C R" and r > 0.
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Combining [34, Theorem 4.2] with a standard cut-off approximation argument, we find
(fi)ken C C°(R™) such that f, — f in W'P(R™) as k — +o00. We thus have that

NWn fn.a (”ka”m(m;w) ploa Nt2e—1

a 1 —a
IV il < ntine (I el Iy =) (313

for all £ € N. Hence, choosing A = R", we get that the sequence (V® f;)ren is uniformly
bounded in LP(R™; R™). Up to pass to a subsequence (which we do not relabel for simplic-
ity), there exists g € LP(R"; R™) such that V*f;, — g in LP(R™;R") as k — +oo. Given
p € C*(R™;R™), we have

/ fkdivo‘god$:—/ @ -V frdx
Rn Rn
for all £ € N. Passing to the limit as k — +o00, by Proposition [2.1| we get that

/fdivacpdx:—/ p-gdx
R" R"

for any ¢ € C*(R";R"), so that ¢ = V2 f and hence f € S*?(R") according to |27,
Definition 3.19]. We thus have that

IVaFllrarey < Uminf [V fill o ca; )

for any open set A C R”, since
Loo-Varde=tim [ oV fidr <ol o mind [Vl

for all p € C°(A;R™). Therefore, (3.10) follows by taking limits as k — +oc in (3.13)).

Proof of (3.11)). Inequality (3.11]) follows by applying (3.10)) with A = R™ and minimis-
ing the right-hand side with respect to r > 0.

Proof of (3.12). Now assume p € (1, ﬁ) an(i let ¢ = 71_(’1“‘7{&)19. Let ¢ € C°(R™;R")
be fixed. Recalling inequality ([2.5)), since ¢ € La—T(R™;R"™) we have that
o Lol fl € LR, o I alVufl € L'(RY).
In particular, Fubini’s Theorem implies that
fL_op € L'RYRY), I_op0-Vof € LYR").
Since div®yp € Lppfl(R”) by Proposition , we also get that
fdivl_op = fdivip € L'(R™).

Therefore, observing that I;_,p € Lip,(R™ R") because VI,_ap = V¥ € L®(R*;R™)
again by Proposition [2.I] and performing a standard cut-off approximation argument, we
can integrate by parts and obtain

/ oI o Vuf de :/ Lwg - Vf de = —/ Fdivl_apds = —/ Fdivee da.
R™ R™ R™ Rn
Therefore

/ - Lo Vyfdr = —/ fdiviedz

R™ R™

for all ¢ € C°(R™;R"), proving (3.12). In particular, notice that V% f € LI(R™; R™) by
inequality (2.5). The proof is complete. U
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For the case p = +00, we have the following immediate consequence of Lemma and
Proposition

Corollary 3.4 (WL>®(R") C S*°(R")). Let a € (0,1). If f € WL°(R"), then f €
S0 (R") with

NWn o
a(l —a)

3.2. Two representation formulas for the a-variation. In this section, we prove two
useful representation formulas for the a-variation.

We begin with the following weak representation formula for the fractional a-variation
of functions in BVj,.(R")NL>®(R™). Here and in the following, we denote by f* the precise
representative of f € L _(R™), see for the definition.

||Vaf||L°°(lR";R“) < 217 ||wa||L<>o Rm; R")HfHLOO(]R" (3-14)

Proposition 3.5. Let a € (0,1) and f € BVioe(R")NL>®(R™). Then V*f € Li .(R";R")
and

/Rngp-v fdx:RETOO/R,L@'Il—“(XBRDf)dI (3.15)
for all ¢ € Lip . (R™; R™).

Proof. By Proposition 3.2|(ii), we know that V*f € LL (R™;R") for all @ € (0,1). By
Theorem [A.1} we also know that fxp, € BV(R") N L>(R") with D(xp,f) = x5, Df +
f*Dxs,, for all R > 0. Now fix ¢ € Lip,(R™; R™) and take R > 0 such that supp ¢ C Bg/s.
By [27, Theorem 3.18], we have that

| s divigds == [ oV (xp,f)de == [ ¢ hoaD(xs,f) do.

Moreover, we can split the last integral as

/ gp-[l_aD(XBRf)dx:/ go-]l_a(XgRDf)dx—l—/ o I_o(f*Dxp,) dz.  (3.16)
Rn Rn Rn

For all x € Br/s, we can estimate

|l -o(f*Dxsg)(7)] =

f*( ) Yy n—1
/83R | — y|rre-Ty| AT )‘

1 f*(Ry) y 1
-4l b

o z n+a—1
R y— [yl
nwpy,
—_ o ‘x| n+a—1 ||f||LOO(Rn)
e (1-1)
2n+a lna%
< - o0 TL
< T e

and so, since supp ¢ C Bg/z, we get that

2n+a 1

R

nwn,

I o(f*Dxpg)dz | < ol L1 @nimny || f | oo (mn)- (3.17)
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Therefore, by (2.11]), Lebesgue’s Dominated Convergence Theorem, (3.16) and (3.17)), we
get that

| fdiviede= dm [ xpfdiviede= lm [ ¢ hoa(x,Df)de

+oo JR7

and the conclusion follows. O

In the following result, we show that for all functions in bv(R™) N L>°(R™) one can
actually pass to the limit as R — +oo inside the integral in the right-hand side of (3.15)).

Corollary 3.6. If either f € BV(R") or f € bu(R") N L>(R"), then
VY =1L_,Df a.e. inR" (3.18)

Proof. If f € BV(R™), then (3.18)) coincides with (3.2]) and there is nothing to prove. So
let us assume that f € bv(R™) N L>(R"). Writing Df = v;|Df| with v; € S*™! |Dfl-a.e.
in R™, for all x € R™ we have

. . vily) vey)
Rgr—il-loo XBR(y) |y _ $|n+a—1 - ‘y _ $‘n+a—1 for |Df|_a'e' Yy # xz.

Moreover, for all x € R", we have

* I/ 1 n
o, () —2W__| e I\®".|Df]) VR >0,

|y _ :L‘|”+O‘_1 - |y _ I|n+a—1

because I;_o|Df| € LL.(R") by [27, Lemma 2.4]. Therefore, by Lebesgue’s Dominated

loc
Convergence Theorem (applied with respect to the finite measure |Df]), we get that

lim I o(x5.Df)(x) = (I[1_oDf)(x) fora.e ze&R"
R—+00 R
Now let ¢ € Lip.(R"; R™). Since
o Iioa(XB, DS <@l ol Df| € L'(R™) VR >0,

again by Lebesgue’s Dominated Convergence Theorem we get that

RETOO Rngp-ll_a(XBRDf) dx = /Rngo-ll_andm. (3.19)
The conclusion thus follows by combining (3.15]) with (3.19)). O

3.3. Relation between BV? and BV®? for f < o and p > 1. Let us recall the
following result, see |27, Lemma 3.28].

Lemma 3.7. Let o € (0,1). The following properties hold.
(i) If f € BVY(R"), then u = I,_of € bu(R™) with Du = D*f in .4 (R™;R").
(i) If u € BV(R"), then f := (—A)"z°u € BV*(R") with

HfHLl(Rn) S Cn,ozHuHBV(R") and Daf = Du mn %(Rn, Rn)

As a consequence, the operator (—A)™=" : BV (R") — BV*(R™) is continuous.
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We can thus relate functions with bounded a-variation and functions with bounded
variation via Riesz potential and the fractional Laplacian. We would like to prove a
similar result between functions with bounded a-variation and functions with bounded
[-variation, for any couple of exponents 0 < 8 < a < 1.

However, although the standard variation of a function f € LL (R") is well defined, it
is not clear whether the functional

90+—>/ fdiv¥pdr (3.20)
RTL

is well posed for all ¢ € C°(R™;R"), since div*¢ does not have compact support. Nev-
ertheless, thanks to Proposition , the functional in (3.20)) is well defined as soon as
f € LP(R™) for some p € [1,+oc]. Hence, it seems natural to define the space

BV*P(R™) :={f € LP(R") : |[D“f|(R") < oo} (3.21)
for any o € (0,1) and p € [1,+00]. In particular, BV*}(R") = BV*(R"). Similarly, we
let

BV'P(R") :={f € L"(R") : [Df|(R") < +00}
for all p € [1, +00]. In particular, BV (R™) = BV (R").

A further justification for the definition of these new spaces comes from the following
fractional version of the Gagliardo—Nirenberg—Sobolev embedding: if n > 2 and a €
(0,1), then BV*(R") is continuously embedded in LP(R") for all p € [1, ﬁ}, see |27,
Theorem 3.9]. Hence, thanks to (3.21)), we can equivalently write

BV®(R") C BV*?(R")

Incidentally, we remark that the continuous embedding BV*(R™) C Lw-= (R™) for n > 2
and « € (0, 1) can be improved using the main result of the recent work 73] (see also [74]).
Indeed, if n > 2, a € (0,1) and f € C°(R"), then, by taking F' = V*f in [73, Theo-
rem 1.1], we have that

with continuous embedding for all n > 2, o € (0,1) and p € {1 L}

S Cn,a“IavafHLﬁ’l S C;—L7a‘|vaf|’L1(R”;R")

thanks to the boundedness of the Riesz transform R: La-a"(R") — Lw-a"'(R"; R"), where
Cn,as Cp.o > 0 are two constants depending only on n and a, and Li==1(R") is the Lorentz
space of exponents —"— 1 (we refer to [39,40] for an account on Lorentz spaces and
on the properties of Riesz transform). Thus, recalling |27, Theorem 3.8], we readily
deduce the continuous embedding BV*(R") ¢ Lwa'(R") for n > 2 and a € (0,1)
by [39, Exercise 1.1.1(b)] and Fatou’s Lemma. This suggests that the spaces defined
in ([3.21)) may be further enlarged by considering functions belonging to some Lorentz
space, but we do not need this level of generality here.

In the case n = 1, the space BV*(R) does not embed in Lﬁ(R) with continuity,
see [27, Remark 3.10]. However, somehow completing the picture provided by [73], we

can prove that the space BV*(R) continuously embeds in the Lorentz space Lﬁ"’o(R).
Although this result is truly interesting only for n = 1, we prove it below in all dimensions
for the sake of completeness.
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Theorem 3.8 (Weak Gagliardo-Nirenberg—Sobolev inequality). Let oo € (0,1). There
exists a constant ¢, o > 0 such that

< Cna| D fI(R™) (3.22)

L7=a % (Rn)

for all f € BVY(R™). As a consequence, BV*(R") is continuously embedded in LI(R™)
for any q € [1, ).

' n—a

Proof. Let f € C*(R™). By [72, Theorem 3.5] (see also [27, Section 3.6]), we have
(y —z)-Vf(y)

noJy -t

dy, = €R",

flw) = =div="°f () = ~ptn o |

so that

V)l fin,—a
D < o | L gy = BT (g — Q) LIV F|(z), x € R
P S e [ =i 0= (= o) LVl (@)

Since I,: L'(R") — L#-a°(R") is a continuous operator by Hardy-Littlewood-Sobolev
inequality (see 76, Theorem 1, Chapter V] or |39, Theorem 1.2.3]), we can estimate

Cn,aleaf‘HLl(R") = Cna |D* f|(R™),

Ln a’ Rn)

M? o
1 ey < S )

where ¢, o, > 0 is a constant depending only on n and «. Thus, inequality follows
for all f € C(R™). Now let f € BV*(R™). By |27, Theorem 3.8], there exists (fx)ren C
C®(R™) such that f, — f a.e. in R” and |D® fy|(R") — |D*f|(R") as k — +o0. By [39,
Exercise 1.1.1(b)] and Fatou’s Lemma, we thus get

11 e gy < B0 il e gy < B [D® Al (RY) = 0] D I (RT)

and so (3.22) readily follows. Finally, thanks to [39, Proposition 1.1.14], we obtain the
continuous embedding of BV *(R") in L4(R"™) for all ¢ € [1, 2-). O

' n—a

Remark 3.9 (The embedding BV*(R) C Lﬁ"’o(R) is sharp). Let a € (0,1). The
continuous embedding BV*(R) C Lﬁ’m(R) is sharp at the level of Lorentz spaces, in
the sense that BV*(R") \ Lﬁ’q(R) # @& for any ¢ € [1, +00). Indeed, if we let

fal@) =le—1]"""sgn(z — 1) — [z|*'sgn(z),  z€R\{0,1},
then f, € BVY(R) by [27, Theorem 3.26], and it is not difficult to prove that f, €
Lﬁ’o"(R). However, we can find a constant ¢, > 0 such that

Fal)] 2 calel X1 1y (@) = gale), 2 €R\{0,1},

so that dy, > d,,, where dy, and d,, are the distribution functions of f, and g,. A simple
calculation shows that

= if0<s < al—@

dga(s) = 1

2 (Ca) T s > cpdle,
s
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so that, by [39, Proposition 1.4.9], we obtain
1

1AL >llgall? L = "y ()70 5171 g
e ol 2. ‘®  1—alo ga

QQ(l a) o)
> 1 / ) s 957V ds = 400
— X Jep4l—o

and thus f, ¢ Lﬁ’q(R) for any ¢ € [1, +00).

We collect the above continuous embeddings in the following statement.

Corollary 3.10 (The embedding BV* C BV*P). Let a € (0,1) and p € [1 L) We

' n—a

have BV*(R™) C BV*P(R"™) with continuous embedding. In addition, if n > 2, then also
BV*(R") ¢ BV*w=(R") with continuous embedding.

With Corollary at hands, we are finally ready to investigate the relation between
a-variation and S-variation for 0 < 8 < a < 1.

Lemma 3.11. Let 0 < § < a < 1. The following hold.
(i) If f € BVA(R™), thenu = I,_pf € BV*P(R") for any p € (m, #) (including
p=-"ifn>2) with D*u= D’f in .4 (R";R").
(ii) If u € BV*(R"), then f := (—=A)"z u € BVA(R") with
| fllien) < nagllullpve@sy and DPf =D in 4 (R"R").
As a consequence, the operator (—A)QT_B: BV(R") — BVFA(R") is continuous.

Proof. We begin with the following observation. Let ¢ € C*(R™ R") and let U C R
be a bounded open set such that suppe C U. By Proposition and the semigroup
property (2.4]) of the Riesz potential, we can write
divPe = I,_gdivp = I, gl _odivep = I,_gdive.
Similarly, we also have
Io_p|diviy| = In—gll1_odivy| < Ih_gli_q|dive| = I;_g|divy],
so that I,_g|div®p| € L*(R™) with
o pldive@l|| oo ry < [[T1-pldiveell| oe @ny < Cnpulldivee]| Loe ey
by [27, Lemma 2.4]. We now prove the two statements separately.

Proof of (i). Let f € BV(R") and ¢ € C(R™ R"). Thanks to Corollary[3.10} if n > 2,
then f € BVA4(R") for any g € [1, -2 25l and so Io—gf € LP(R") for any p € (; =03 n”a}
by ([2.5). If instead n = 1, then f € BVP4(R) for any ¢ € [1, = 5) and so I,_sf € LP(R)
for any p € (# #) Since f € L'(R") and I, g|div¥g| € L*(R™), by Fubini’s

l-a+p’ 1—«a
Theorem we have

/ Fdiviodr — / FL_sdivipde = / udivie de, (3.23)
R™ R~ R~

proving that u := I,_gf € BV*P(R") for any p € (m, nf—a) (including p = "~ if
n > 2), with D®u = DPf in .4 (R R™).
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Proof of (il). Let u € BV*(R"). By [27, Theorem 3.32], we know that u € WeA1(R"),
so that f := (—A)O%BU e L'(R™) with || f|| 11 (gn) < Cnjap [ullByemny, see [27, Section 3.10].

Then, arguing as before, for any ¢ € C°(R™; R") we get (3.23)), since we have I,_sf = u
in L'(R") (see [27, Section 3.10]). The proof is complete. O

3.4. The inclusion BV* Cc W#! for 3 < a: a representation formula. In [27,
Theorem 3.32], we proved that the inclusion BV* € W#! is continuous for 3 < a. In the
following result we prove a useful representation formula for the fractional g-gradient of
any f € BVY(R"™), extending the formula obtained in Corollary

Proposition 3.12. Let « € (0,1). If f € BVY(R"), then f € WAYR™) for all 3 € (0, «)
with

VPf=1,3D"f a.c inR" (3.24)
In addition, for any bounded open set U C R"™, we have
IVPFllrwirny < Cnja—atsyw [DFIR™) (3.25)
for all B € (0, ), where Cy, o v is as in (2.9). Finally, given an open set A C R", we have
Hn 14+8—c wn,l’DafKAir) a—f3 Wn,a(n + 25 - Oé) -8
\v ey < n
199 sy < Ltstoe (ol TR pocs y enalt 2B gy,
(3.26)

for all v > 0 and all § € (0, ), where Wy o = [|[VXB, |01 ®niRn), Wna = |Dxp,|(R") =
nwy, and, as above, A, == {x € R™ : dist(x, A) < r}. In particular, we have

B8 q1_B8
5ot b (n 4 26 — o)t
pln+ 5 —a)a=p)

Proof. Fix 3 € (0,a). By [27, Theorem 3.32] we already know that f € W#H(R"), with
D f = VP f.£" according to [27, Theorem 3.18]. We thus just need to prove ([3.24)), (3.25)

and (320).
We prove (3.24). Let ¢ € C°(R";R™). Note that I,_zp € Lip,(R™;R") is such that
divl,_pp = I,_pdivep, so that

B
@

B
o 17& « n
[l 22 Geny [ D FIR™) e (3.27)

IV £l ey ey <

Loodivly o = I oI gdive = I,_gdivp = divPp
by the semigroup property (2.4) of the Riesz potential. Moreover, in a similar way, we
have
L o|divl,_go| = L_o|la_pdive| < o1, gldive| = I_g|dive| € L (R™).

By Lemma we thus have that div®*[,_gp = divPy. Consequently, by Proposition ,
we get

/ fdiv%dm:/ Fdivel,_gpdr = —/ Lo_sp - dD°f.
Rn Rn Rn

Since | D f|(R") < +o0, we have I, g|D*f] € L{.(R") and thus, by Fubini’s Theorem,
we get that

/ Lo s~ dDOf = / o Lo gD f dr.
R™ R™
We conclude that
/ fdivﬂapdx:—/ @ lopgDfdx
R” R"
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for any ¢ € C°(R™;R"), proving ((3.24).
We prove (3.25)). By (3.24)), by Tonelli’s Theorem and by [27, Lemma 2.4], we get

IVl de < [ 1o sD* flde < Coamason ol D FI(R)
where C,, o ¢ is as in (2.9)).
We now prove ((3.26)) in two steps. We argue as in the proof of (3.4)).
Proof of (3.26), Step 1. Assume f € C°(R") and fix r > 0. We have
1V lde = [ 11.-V° fl da
Hnitpa // Ve f(z+h)l /
< —————~—dhdx +
T n+p—« ( {nl<ry  |h|tB-e o A

We estimate the two double integrals appearing in the right-hand side separately. By
Tonelli’s Theorem, we have

Vef(x+h) ’ )
Y I T anlde )
{lnl>r}  [h|rHA—e

Ve f(x+ h)| / / dh
+h)|de ———
//h<r} | h|nt+B—a {hl<r} Vs +h)l nraa
dh
L
el ){|h\<r} |h|rth=e

_ W, |Daf|(A’f"> Tozfﬁ
a— 3 '
Concerning the second double integral, we apply [1, Lemma 3.1.1(c)] to each component
of the measure D*f € . (R™;R"™) and get

/{h|> ) VA = (045 - ) /+OO D*f(By(2)) ,, _ D/ (Br(2))

|h|n+,8—a Qn+ﬂ—cx+l Tn—i—ﬂ—a

for all x € A. Since
D*f(By()) = [ X,(s) V*f(a+y) dy
= - /R f(x+y) Vixa,(y) dy

= -0 /R @+ 0y) Vs, (y) dy,

we can compute

) [ DB 4, D)

gn+5—a+1 Tn—i—ﬂ—a

—(n+pB-a) /:OO Qﬁlﬂ /Rn f(@ 4 0y) Vx5, (y) dy do

n+p—a

1 o
+7T6’/Rn flz+7ry) Vg, (v) dy

:/n (W_(nJrﬂ_a) +OOWCZQ> Vexn (y) dy

T
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for all z € A. Hence, we have

Vef(z+ h)

dh
(Ihf>ry  |R|PHA—e

Vef(x +h) ‘
AL/
/{h>r} |p|ntb-

dxg/

Rn
lf(z+71y)] <o

< _—

+(n+p-a) [ /:w/n il ‘Z;fy 19 x5, ()] i do dy

Wna(n+ 20 —a)

— 5 £l ny 7"

Thus (3.4) follows for all f € C>°(R™) and r > 0.

Proof of (3.4)), Step 2. Let f € BV*(R") and fix » > 0. By |27, Theorem 3.8], we
find (fx)ren C C°(R™) such that fp — f in LY(R™) and |D*fy|(R™) — |D*f|(R™) as
k — +o00. By Step 1, we have that

Hn1+8—a nwn|Dafk|<A7r) a—0 wn,a(n + 26 _ O[) -3
V'B 1 RN < 1 n
199 sy < 22t (PPN sy enalt 2020 g
(3.28)

for all £ € N. We have that

(VP fo) L™ —= (VPf) L as k — +oo. (3.29)
This can be proved arguing as in the proof of (3.9) using (3.25)). At this point the proof
goes like that of Proposition and we thus leave the details to the reader. 0

4. ASYMPTOTIC BEHAVIOR OF FRACTIONAL «-VARIATION AS o — 1~

4.1. Convergence of V* and div® as a — 1. We begin with the following simple
result about the asymptotic behavior of the constant ji,, o as o — 17.

Lemma 4.1. Let n € N. We have

B o
Hna 7T_Q\/g<2) =:C, VYae(0,1) (4.1)
l-« r (%)
and
hm ,Un,a — w;l' (42)

a=1- 1 —«
Proof. Since I'(1) = 1 and T'(1 + x) = xT'(x) for z > 0 (see [9]), we have I'(z) ~ 27! as
x — 0%, Thus as o — 1~ we find

") s (2 41) —at—a

r(%2)
and (4.2)) follows. Since I' is log-convex on (0, 400) (see [9]), for all x > 0 and a € (0,1)
we have

Mna = 2%~

N(z+a)=T(1-a)z+alx+1)) <T(@)"*T(z+1)* =2"T(z).
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a+1
2 Y

n

5 and a = we can estimate

For z =

a+1

() (3)7 1 (3) < (B} (3) s () = (3

forallm > 1. Forx =1+ 1_70‘ and a = §, we can estimate

3 1—a\? 1—« 3l—a._ /1l—«
rfs)<(1 r(1 </ I .
(2>—(+2) <+2>—22 (2)

We thus get

T (o) - 320 (5 +1)

r(5e+1) - 2 T(3)
and follows. O

In the following technical result, we show that the constant C,, .y defined in (2.9) is
uniformly bounded as a« — 17 in terms of the volume and the diameter of the bounded
open set U C R™.

fina(l —a) 't =201 g%

Lemma 4.2 (Uniform upper bound on Cp, o as a — 17). Letn € N and a € (3,1). Let
U C R™ be bounded open set. If Cp o0 is as in (2.9)), then

Cror < (Zwicin) ((nﬁ ) max{l) L}U’}i + max{l, \/diam(U)}> = KnUs (4.3)

1
2 2 "
where Cy, is as in (4.1)).
Proof. By (4.1)), for all o € (%, 1) we have
N flna nC, N C,

< .
(n+a—-1)(1-a) n+a—-1"n-1

Since t17 < max{l, \/f} for any t > 0 and o € (1, 1), we have
wp (diam(U))* < w, max{l, \/diam(U)}

11—«

nta—1 P %
< nwy, ) n ‘U‘I—Ta_ nw, <|U|(n—|—a 1)) < max{1,|U|}.

n+a—1 Cn+a-—1 nwy, (n—%) W,

Combining these inequalities, we get the conclusion. 0

and

As consequence of Proposition and Lemma (4.2 we prove that V* and div® converge
pointwise to V and div respectively as a — 17.

Proposition 4.3. If f € C}(R™), then for all x € R™ we have

lim 1. f(z) = f(2). (1.4)
a—0~
As a consequence, if f € C3(R") and ¢ € C*(R™;R"), then for all z € R™ we have

lim Vf(z) = Vf(z), lim divp(z) = dive(z). (4.5)

a—1— a—1—
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Proof. Let f € C}(R") and fix x € R". Writing (2.6)) in spherical coordinates, we find

Taf(e) = Py [T o  go) do ot (o)

n— o 6—0

Since f € C}(R™), for each fixed v € dB; we can integrate by parts in the variable g and
get

o—+00 00
Y A NV CET
==L o) = > [ 0,7+ o) de

/;oo o f(z + ov) do = [Q: Sz + ov)

Clearly, we have
lim 6 /8 Fl@ + 6v) dA" " (v) = 0.
B1

5—0t

Thus, by Fubini’s Theorem, we conclude that

Laf(0) = =0 [ ] 0l o) o™ () do (1.6)

Since f has compact support and recalling (4.2), we can pass to the limit in (4.6)) and get
lim I / / dod "' (v) = f(),
agg of (@) == f(z+ov)) do (v) = f(x)

proving (|4 . The pointwise limits in (4.5) immediately follows by Proposition . 0

In the following crucial result, we improve the pointwise convergence obtained in Propo-
sition [4.3| to strong convergence in LP(R™) for all p € [1, +o0].

Proposition 4.4. Let p € [1,+o0c]. If f € C*(R") and ¢ € C*(R™;R"), then
lim [|[V*f =V f]lor@ngrr) = 0, lim [|div®e — dive||ze@rny = 0.
a—1 a—1

Proof. Let f € C*(R"). Since

/ dy /1 do nwy,
= nwn —_— = s
By |y|vte—t 0 0 11—«

for all x € R™ we can write
NWy, [, o Flz) = Hno Vf(z)
(1-—a)in+a—1) n+a—1Jp |y[rtet
Therefore, by , we have

V@) =Gz S)UZZM;Z —y V/@)

— 472) T 1 |y|n+a—1 |y’n+a—1

for all x € R™. We now distinguish two cases.
Case 1: p € [1,+00). Using the elementary inequality |v+w|P < 2P~1(|v[P + |w[?) valid
for all v,w € R™, we have

L |ver@-

p

dx

NWn o
I—a)n+a—1)

Vi(z)
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<« 2 / Vi@+y) - Vf()dy i
n+a—1Jr| /B |y|nto-t
21)71 p
= Hna / Lf(x ) dy| dz.
n+a—1Jrn | Jrm\p, |y[rte-t

We now estimate the two double integrals appearing in the right-hand side separately.
For the first double integral, as in the proof of Proposition [£.3] we pass in spherical
coordinates to get

/ Vil@+y) -Vf(
B

Lay=[ [ o (Vite+ o) - Vita) dodr )

|y|n+a 1
1
T 1 _a /831 (Vf(-ilﬁ +v) = Vf(x)) d#"(v) (4.7)
[ 0+ ) dg i )
for all z € R". Hence, by ([£.2)), we find
: Hon,a o
allgl* (1—@)(n+a_1> /831 (Vf<33+’l))—Vf({L')) d 1(0)
1
= [ (V@ +v) = V() A" )
and
: fin.a L -
I TS a =T oy € 2Tt o)) dedt™ )
= nin /E)Bl /01 8,(Vf(z + ov)) dod#"*(v)
1
= /8B1 (Vf(z+v) = Vf(x) dt™ " (v)
for all x € R™. Therefore, we get
. Hon,a Vi+y) —Vf(x) ,
alg?* n+a—1J/p |y |-t dy=0

for all x € R"™. Recalling (4.1)), we also observe that
fne  |Vf(x+y) = V()]

n—+oa— 1 |y‘n+a71

Vf(z+y) = V()
ly|"

for all « € (0,1), x € R™ and y € B;. Moreover, letting R > 0 be such that supp f C Bkg,
we can estimate

/ IVf(x+y) = Vi)

|ly|"

<Gy,

dy < nw, HV2fHLOO(Rn;R”2) XBR+1(37)

for all x € R™, so that

o (f, [P0 -5t

dy)p € L'(R™).
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In conclusion, applying Lebesgue’s Dominated Convergence Theorem, we find

/ Vi +y)— Vi) dy

|y|n+o¢—1

p

dz = 0.

. ,un,oz
lim ———
as1-n+oa—1Jre

For the second double integral, note that

[ Wd:/ V(@ +y) — [@)
R7\ By R™\ By

|y|n+a—1 |y’n+o<—1

Y

for all z € R™. Now let R > 0. Integrating by parts, we have that
/ \ V(f(z+y) - f(z)) dy = (n+a— 1)/ y(fla+y) -~ f2)
Br\B1

|y|n+a—1 Br\B1 |y|n+a+l Yy

b L Gy = f@) an )

— [ (fle+y) = fx)dA"(y)

9B
for all x € R". Since

[f(z+y) — f(z)| 2nw,
d < oo n
/R"\BR |y |t Y= aRe 71z ey
and
1 . 2nwy,
et [ @) = @] () < |l
R
for all R > 0, we conclude that
/ Vi@+y) o o Vi +y)
R\B;  y[rert Rstoo JBa\By  [y[rtet
y(flz+y) — fl2))
= -1 / d 4.8
mra- [ AT,y

[, Ut y) = f@) drn ()

for all x € R™. Hence, by Minkowski’s Integral Inequality (see |76, Section A.1l], for
example), we can estimate

Lo ] srasn| [, HAR IO,
) L 16+ 00 = 0L
9B Lr(R")
n+2a—1
R oy

Thus, by (4.2)), we get that
p

dz = 0.

. ,un,a
lim ———
a=sl-n+a—1Jre

/ Vity)
R7\ By 4

|y|n+oz71
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Case 2: p = +o00. We have

Vef(x) -

NWn fin,«

I a)nta_1) W

Hon,a Vf(x+y) B Vf(l')
< e (s, o)

|y|n+a—1
Again we estimate the two integrals appearing in the right-hand side separately. We note
that

/aBl (Vi(z+v) = V(@) dA"" (v) - / / 010, (V f(w + ov)) dod ™ ()

‘/aBl/ 0o(V f(x + ov)) dod o™ (v),
so that we can rewrite . as
Vix+y) —Vf N
/B1 <x|y’7yﬁ_o¢—1 ( 1_@/(931/ 1_Q Vf(l“—i-gv))dgd,%” 1( )

Hence, we can estimate

/ Vi(r+y)—Vfz)

|y|n+oz—1

sup
FASING

dy / Vi+y)
R"\Bl

+ sup y[r ot

zeR™

sup
zeR™

dy‘

1 1
S — o n—1
T 1l-a« /aB1 /o (1-e )xseuﬂgl |0,(Vf(x+ ov))| dodF" " (v)

= 2l

-2
so that
. Hn.a Vf(x—ky)—Vf(@
| _— / dy| = 0.
asl-nt+a—1 msélR% B |y|nto-t Y

For the second integral, by (4.8) we can estimate

/ Vf(z+y) dy’dm
R”\Bl

Sup |y|n+a—l

z€R™

<(n+a—1)sup

[ Ut i) dy|
R\ By

TER™ !y|”+a
b [ 1) - sl )|
z€Rn | JOBy
n—+2a—1
< B0 g fll e

Thus, by (4.2)), we get that

. Hn,o
lim ———————
a=1-n+a — 1 4ern

Vix+y) '
—— 22 dy| =0.
/R”\Bl ly|rte-t Y

We can now conclude the proof. Again recalling (4.2), we thus find that
lim_ Hvaf - vf“Lp(Rn;Rn)
a—1
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NWp iy o
(I-a)n+a-1)

Vf

Lp(Rn;Rn)
NWn n, o
l—a)(n+a-—1)

for all p € [1,+o0] and the conclusion follows. The LP-convergence of div®y to divp
as o — 17 for all p € [1,4o00] follows by a similar argument and is left to the reader. O

Remark 4.5. Note that the conclusion of Proposition 4.4]still holds if instead one assumes
that f € Z(R") and ¢ € . (R™;R"), where .(R"; R™) is the space of m-vector-valued
Schwartz functions. We leave the proof of this assertion to the reader.

4.2. Weak convergence of a-variation as o — 17. In Theorem below, we prove

that the fractional a-variation weakly converges to the standard variation as a — 1~ for
functions either in BV (R™) or in BVj,.(R™) N L®(R"). In the proof of Theorem [4.7 we
are going to use the following technical result.

Lemma 4.6. There exists a dimensional constant ¢, > 0 with the following property. If
f € L>®(R™) N BVjpe(R™), then

IV Fll 1z < en (RDF|(Bar) + B | fll1ean) (4.9)
for all R >0 and o € (1, 1).

Proof. Since T'(z) ~ z7! as © — 0% (see [9]), inequality ({4.9) follows immediately com-
bining (3.7 with Lemma O

Theorem 4.7. If either f € BV(R") or f € BVioc(R") N L>®(R™), then
D*f —=~Df asa—1".

Proof. We divide the proof in two steps.
Step 1. Assume f € BV (R"). By [27, Theorem 3.18], we have

/g0~VO‘fd:c:—/ fdiv¥pdx
R™ Rn

for all ¢ € Lip,(R™;R"). Thus, given p € C?(R";R"), recalling Proposition and the
estimates (2.12)) and (4.3)), by Lebesgue’s Dominated Convergence Theorem we get that

lim [ ¢-Vfdr=— lim fdivagodx:—/ fdivgpdm:/ o dDf.
Rn R™ Rn

a—1= JRn a—1—
To achieve the same limit for any ¢ € C?(R™;R"), one just need to exploit (3.3]) and the
uniform estimate (4.3 in Lemma , and argue as in Step 2 of the proof of (3.4)). We
leave the details to the reader.
Step 2. Assume f € BV..(R") N L>*(R"). By Proposition , we know that
Dof = Ve f¥m™ with VO f € LL (R™; R"). By Proposition [£.4] we get that

o - Vfde — /]R" Y- de‘ <l oo O}LI{{ |div®p — divel| L1 rry = 0

for all p € C*(R™;R™). To achieve the same limit for any ¢ € C?(R"; R"), one just need
to exploit (4.9) and argue as in Step 1. We leave the details to the reader. O

lim
a—1—
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We are now going to improve the weak convergence of the fractional a-variation ob-
tained in Theorem [4.7] by establishing the weak convergence also of the total fractional
a-variation as o — 17, see Theorem below. To do so, we need the following prelimi-
nary result.

Lemma 4.8. Let € #(R™;R™). We have (Iopu) L™ — pas a — 07.

Proof. Since Riesz potential is a linear operator and thanks to Hahn—-Banach Decompo-
sition Theorem, without loss of generality we can assume that p is a nonnegative finite
Radon measure.

Let now ¢ € C}(R") and let U C R™ be a bounded open set such that suppy C U.
We have that ||I,|¢|]|Le®n) < Knull@llpe@n for all a € (0,3) by [27, Lemma 2.4] and
Lemma [4.2] Thus, by (4.4), Fubini’s Theorem and Lebesgue’s Dominated Convergence
Theorem, we get that

alig)l‘*' Rn 14 Ialu du = ali%l+ R” ]an dlu - /R” 7 dlu

To achieve the same limit for any ¢ € C?(R"), one just need to exploit [27, Lemma 2.4]
and (4.3)) and argue as in Step 2 of the proof of (3.4). We leave the details to the

reader. O
Theorem 4.9. If either f € BV(R") or f € bu(R™) N L*(R"), then

|DYf| = |Df| asa—1". (4.10)
Moreover, if f € BV(R™), then also

Tim D fI(R") = | Df|(R"). (111)

Proof. We prove (4.10)) and (4.11)) separately.
Proof of (4.10). By Theorem 4.7, we know that D*f — Df as a — 17. By [50,
Proposition 4.29], we thus have that

IDf|(A) < lim %nf |D*f|(A) (4.12)
a—1-
for any open set A C R™. Now let K C R" be a compact set. By the representation
formula (3.18)) in Corollary [3.6] we can estimate
| DY) = IV fllrirmy < Mol Df[llorae) = (ol D[ Z7)(K).
Since |Df|(R™) < +o0, by Lemma 4.8 and [50, Proposition 4.26] we can conclude that
lim sup [D® f|(K) < limsup(ly—o|Df| £7)(K) < [Df|(K),

a—1— a—1—

and so (4.10) follows, thanks again to [50, Proposition 4.26].
Proof of (4.11). Now assume f € BV (R"). By (3.4) applied with A = R"™ and r = 1,

we have

NWp fne (|DfIR™)  n+2a—1
DOA RTL < ’ 1 n .
D) < ontne (IBAED 17l
By (4.2)), we thus get that
lim sup [ D f|(R") < |Df|(R"). (4.13)

a—1—

Thus (4.11)) follows by combining (4.12)) for A = R™ with (4.13]). O
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Remark 4.10. We notice that Theorem [£.7] and Theorem [£.9] in the case f = xg €
BV (R") with £ C R" bounded, and Theorem were already announced in |71,
Theorems 16 and 17].

Note that Theorem and Theorem in particular apply to any f € WH(R").
In the following result, by exploiting Proposition [3.3] we prove that a stronger property
holds for any f € W'P(R") with p € [1, +00).

Theorem 4.11. Let p € [1,400). If f € WHP(R"), then
O}LI?— vaf — waHLP(Rn;Rn) = O (414)

Proof. By Proposition [3.3| we know that f € S*?(R™) for any a € (0,1). We now assume
p € (1,+00) and divide the proof in two steps.

Step 1. We claim that
Jim [V fllze@nirey = [V fll 2o @n; o). (4.15)
Indeed, on the one hand, by Proposition [£.4] we have
/ oV fdr= —/ fdivpdr = — lim / fdivipdr = lim ©-Vafdr (4.16)
R" R a—1— n a—1— JRn
for all p € C°(R™;R™), so that

| e Vufde <Nl e g lmind [V fllosgen o
for all ¢ € C°(R";R™). We thus get that
IV fll o rimny < lim inf Ve S lrr @nign). (4.17)
On the other hand, applying with A = R™ and r» = 1, we have
IV ey < ot (el n 220 =Ly, e ),
By , we conclude that
limsup ||Vl o @nsmy < [V fllLr@niren)- (4.18)

a—1-

Thus, (4.15) follows by combining (4.17) and (4.18)).
Step 2. We now claim that

Vof —=V,f in LP(R";R") as o — 1. (4.19)

Indeed, let ¢ € Lp%l(R”;]R”). For each ¢ > 0, let ¢. € CX(R™;R") be such that
v — @]\L%(Rn;w) < e. By (4.16) and (4.15]), we can estimate

< lim sup
a—1-

lim sup
a—1-

[ varde— [ ¢ Vyfde | Vasde— [ .- Vofde
R7 R™ Rn Rn
+ [ o=l IVaflde+ [ lp =l [Vuflde

S N P L -
a—1
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= 2 ||V fll o s r)
so that (4.19) follows passing to the limit as ¢ — 0*.

Since LP(R™;R™) is uniformly convex (see [19, Section 4.3] for example), the limit

in (4.14)) follows from (4.15) and (4.19) by [19, Proposition 3.32], and the proof in the

case p € (1,400) is complete.

For the case p = 1, we argue as follows (we thank Mattia Calzi for this simple argu-

ment). Without loss of generality, it is enough to prove the limit in (4.15) with p = 1
for any given sequence (aj)reny such that ap — 17 as k — +oo. By (4.11]), the se-

quence ([|V f|| 11 gn, gn))ken is bounded for any f € W'(R") and thus, by Banach-
Steinhaus Theorem, the linear operators V¥ : WIH(R") — LY(R™ R"), k € N, are uni-
formly bounded (in the operator norm). The conclusion hence follows by exploiting the
density of C2°(R"™) in WH(R™) and Proposition 4.4} O

For the case p = 400, we have the following result. The proof is very similar to the
one of Theorem [.11] and is thus left to the reader.
Theorem 4.12. If f € WY(R"), then
Vof —=Vuf in LR"R") asa— 1" (4.20)
and
[0 ey < T i [V o (4.21)

4.3. I'-convergence of a-variation as o — 17. In this section, we study the I'-
convergence of the fractional a-variation to the standard variation as o — 1.

We begin with the I'-lim inf inequality.
Theorem 4.13 (I"-lim inf inequalities as o« — 17). Let  C R™ be an open set.

(i) If (fa)aco,1) C Line(R") satisfies sup,e o1y | fallLoo@ny < +00 and fo — f in Ly, (R™)
as o — 17, then
|IDf|(©2) < lim }nf | D% o] (£2). (4.22)
a—1"

(i) If (fa)aco,1y C L'(R™) satisfies fo — f in L'(R™) as a — 17, then (4.22)) holds.
Proof. We prove the two statements separately.
Proof of (). Let ¢ € C°(€;R") be such that [|¢]|zeern) < 1. Since we can estimate

‘ / fadivipdr — / fdivpdx
R™ Rn

g/R fo — f] |div<p|dx+/R | £l [divee — divip| dz

< Ndivilsoenmny [ Vo= fldw+ ( sup | fulliegen) I1dive = divel s,
supp ¢ ae(0,1)

by Proposition 4.4] we get that
/ fdivpds = lim / fadivpda < liminf | DYf|(Q)
R™ a—1— JR» a—1—

and the conclusion follows.
Proof of (i]). Let ¢ € C°(;R") be such that [|¢]|z~(omn) < 1. Since we can estimate

|/ fadivipdx —/ fdivpdr| < / | fo — fl|dive| dz —I—/ | fol|divie — divey| dz
R" R Rn R
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< |ldiveellzoe@m [l fa = fllor@ny + [|divee — dive| poo @ | fall 21 ),
by Proposition [4.4] we get that

/ fdivpdr = lim / fo divi@dr <liminf |[D*f,|(£2)

R" a—1- Jrn a—1-

and the conclusion follows. O
We now pass to the I'-lim sup inequality.

Theorem 4.14 (I'-lim sup inequalities as o — 17). Let Q C R™ be an open set.
(i) If f € BV(R"™) and either Q2 is bounded or Q = R", then

limsup | D*/](©2) < |Df|(). (4.23)

a—1—

(i7) If [ € BVioe(R™) and 2 is bounded, then
[(Lyge) -limsup [D*f[(Q) < [Df|(Q).

a—1—
In addition, if f = Xxg, then the recovering sequences (fa)ac(o,1) in (@/ and can be
taken such that fo = xg, for some measurable sets (Eqy)ac(0,1)-

Proof. Assume f € BV (R"). By Theorem we know that |D*f| — |Df| as « — 17.
Thus, by [50, Proposition 4.26], we get that
lim sup | D £1(2) < limsup [ D £1(€) < | DF|(0) (4.24)
a—1— a—1—
for any bounded open set 2 C R™. If Q = R", then (4.23)) follows immediately from (4.11)).
This concludes the proof of .

Now assume that f € BV,.(R") and Q is bounded. Let (Ry)ren C (0,+00) be a
sequence such that Ry — 400 as k — +oo and set f; = fXBRk for all £ € N. By
Theorem we can choose the sequence (Ry)ren such that, in addition, f, € BV (R")
with Dfy = xp, Df + f*Dxsy, for all k € N. Consequently, fi — f in Li (R") as k —
+o00 and, moreover, since 2 is bounded, |D f|(Q2) = |Df|(Q2) and | D fx|(02) = | D f|(09)
for all k& € N sufficiently large. By (4.24)), we have that

limsup [ D fy/(©2) < |Dfil(@) (4.25)

a—1-
for all £ € N sufficiently large. Hence, by |17, Proposition 1.28], by [29 Proposition 8.1(c)]
and by (4.25)), we get that

P (Lige) -lim sup | D £|(€) < lim inf (N(Lige) - limsup | D* fi|(2) )
—+00

foc a—1— a—1—
< i Q) = Q).
< lim |DAI@) = [DAI@)
This concludes the proof of .
Finally, if f = xg, then we can repeat the above argument verbatim in the metric spaces
{xr € LY R") : F C R"} for () and {xr € LL.(R") : F C R"} for (ii) endowed with their

loc
natural distances. O

Remark 4.15. Thanks to (4.23)), a recovery sequence in Theorem is the constant
sequence (also in the special case f = xg).
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Combining Theorem and Theorem [4.14|{ii), we can prove that the fractional
Caccioppoli a-perimeter I'-converges to De Giorgi’s perimeter as « — 17 in L}, (R"). We
refer to 3] for the same result on the classical fractional perimeter.

Theorem 4.16 (I'(L{,.)-lim of perimeters as a — 17). Let Q C R™ be a bounded open

set with Lipschitz boundary. For every measurable set E C R™, we have
[(Lie) - lim_ [D*xp|(Q) = P(E; Q).
a—1"

Proof. By Theorem [£.13|(i), we already know that
(L) -liminf [D*xs|(©) > P(E: Q)
a—1-

loe) - limsup inequality. Without loss of generality, we
can assume P(F;Q) < +o0o. Now let (Ej)ren be given by Theorem . Since xg, €
BViee(R™) and P(Ej;0) = 0 for all k£ € N, by Theorem we know that
[ (Lig) - limsup [ DX, [ () < P(E; Q)
a—1—
for all k¥ € N. Since xg, — xg in LL.(R") and P(Ey;Q) — P(E;Q) as k — +oo,
by |17, Proposition 1.28] we get that

so we just need to prove the I'(Li

F(Llloc) -lim sup [ D%y g|(2) < liminf (F(Llloc) - lim sup |DaXEk|(Q)>
a—1- k—+o0 a—1—
< lm_P(E;Q) = P(E;Q)
and the proof is complete. 0

Finally, by combining Theorem and Theorem we can prove that the frac-
tional a-variation T-converges to De Giorgi’s variation as o — 1~ in L'(R™).

Theorem 4.17 (I'(L')-1lim of variations as a — 17). Let  C R™ be an open set such
that either Q is bounded with Lipschitz boundary or Q = R™. For every f € BV (R"), we
have

D(L) - Tim [D*f(©) = |Df|(©)

Proof. The case 2 = R" follows immediately by [29, Proposition 8.1(c)] combining The-
orem with Theorem . We can thus assume that €2 is a bounded open set
with Lipschitz boundary and argue as in the proof of Theorem [4.16] By Theorem [4.13](ii),
we already know that

D(L)-tim inf |D°£(©) > [DS](€),

so we just need to prove the I'(L!) - lim sup inequality. Without loss of generality, we can
assume |Df[(Q) < 4o00. Now let (fi)renw C BV(R") be given by Theorem [A.6] Since
|D f|(092) = 0 for all k € N, by Theorem we know that
L(L')-lim sup | D fi|($2) < IDfil(Q) = [Dfil(€)
a—1-
for all k € N. Since f, — f in L'(R") and |D®f|(Q) — |Df|(Q) as k — +oo,
by [17, Proposition 1.28] we get that
I(LY)-limsup | D*f]() < lim inf (P(LY)-limsup |D° fi|(2))
—+o00

a—1— a—1—
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< lim_|Df|() = [DFI(©)
—+00
and the proof is complete. U

Remark 4.18. Thanks to Theorem [£.17, we can slightly improve Theorem [£.16] Indeed,
if xg € BV(R"), then we also have

D(L')- lim [D°xg(©) = Dyl (©)
for any open set 2 C R™ such that either €2 is bounded with Lipschitz boundary or {2 = R™.
5. ASYMPTOTIC BEHAVIOR OF FRACTIONAL 6—VARIATION AS 5 —

5.1. Convergence of V? and div’ as f — a. We begin with the following simple result
about the L'-convergence of the operators V7 and div”® as f — a with a € (0,1).

Lemma 5.1. Let a € (0,1). If f € W*'(R") and ¢ € W*!(R™;R"), then
lm [V f = Vf|l 1 @nrm) =0, lim [|div’e — div¥ep]| 1 (gny = 0. (5.1)
B—a B—a

Proof. Given /5 € (0,a), we can estimate

LIV F(@) = V@) de < s = pinal [l e

_ 1 1
+Mm@/ /‘Lﬂy) f@%‘ - dy de.
nJre ly =zt |y —z|f |y —az|®

Since the I" function is continuous (see |9]), we clearly have

li n,8 — Mn,a a1 rey = 0.
Ayt = pina] [flwes @

Now write
1 1

/'/!ﬂw—fmﬂ B
wlre |y =zt |y —xf |y -z
:/‘/Iﬂw—ﬂ@w 11
wen Jy =zt ly—2f |y — x|
fy) = fl@)]| 1 1
+/n/n ly — z|®

ly—al® ly—al
On the one hand, since f € W*!(R"), we have

dy dx

Xon(|y —z|) dydx

X[1,400)(|y — 2|) dy dx.

S gl 11
o e g ol
— f(x 1 1
- (i ) et
< D=Ly - o € L2, (2

and thus, by Lebesgue’s Dominated Convergence Theorem, we get that

. fw) - f@)|| 1 1
ﬂﬁ9/n/n y— My—ﬂﬁ_W—xP

xo.n(Jy — z|) dy dz = 0.
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On the other hand, since one has

f(z+h) — flz+h) — f(z)]
. W ana /"/ dhd
flwasn -/enéhxa} !hW+5 S ﬂm>1} b5 !

< a1 (Rn h dz dh
_UMr®>+AQHmwwRJﬂW+N+U@Nx

2nwy,
= [flwer(mn) + 3 £l 21 @ny

for all 5 € (0, «), we can estimate

fy)—fl=) 1 1
ly—z|™ |ly—=zf |y—

:L””‘f“”( L ! )mummy—m>

o X[t +00) |y — )

ly — x| ly —x|® |y -l

V() f(z)]

_”;>WL”MHW<W—xDeLaﬂWe

for all g € (9 a) and thus, by Lebesgue s Dominated Convergence Theorem, we get that

| f(y) I‘ 1
tim [ f Xitsoo |y — ) dy dz = 0
fa- Jrn Jrn w—xW ly—zlf |y — afe| T

and the first limit in . follows. The second limit in ([5.1)) follows similarly and we leave
the proof to the reader. O

Remark 5.2. Let a € (0,1). If f € W*™Y(R") and ¢ € W*TSH(R™) for some ¢ €
(0,1 — ), then, arguing as in the proof of Lemma , one can also prove that

. o . . . ﬁ -« .
Blgg IV2 f =V fll 1 @ns ey = O, /31%}* [divie — diviel|pr@n) = 0.

We leave the details of proof of this result to the interested reader.
If one deals with more regular functions, then Lemma can be improved as follows.
Lemma 5.3. Let a € (0,1) and p € [1,400]. If f € Lip.(R") and ¢ € Lip.(R™;R"™), then
lim [|[V?f = Vf|lio@nrny =0, lim [|div’e — div¥ep]| p(en) = 0. (5.2)
B—a B—a
Proof. Since clearly f € W*(R") for any o € (0, 1), the first limit in (5.2) for the case
p = 1 follows from Lemma [5.I] Hence, we just need to prove the validity of the same
limit for the case p = 400, since then the conclusion simply follows by an interpolation

argument.

Let 5 € (0,) and z € R™. We have
) = fWl

Ve (@) - v%<n<n%ﬂ—Ma/’ e

+W/nrﬂ)—()\

|z —y|

1 1
v —yl? |z —yl*
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|f(z+ 2) — f(z)]
- n,l — Mn,a d
|tn,6 — fin, !/Rn 2 z
|f(x+2) = f(z)] ]| 1 1
—i—un,/ - dz.
7 Jin |z|™ N
Since
|f(z+2) — f(z)] Lip(f) 2|1 fll oo mm
dzg/ B il | P LSO RS
/n |z|te {|z]<1} |z|ntet {z[>1}  |z|nte
< nw, (Lip(f) n 2||f||L°°(Rn)>
—« a
and
JRLCES R EIIE S P Llp(f1)< 11 )dz
n Els I zl<1y 2™t \z[> J2)P

+/ [Faly (R)( - )dz
(z>13 |z 2P |z]®

a— Bnw Lip(f) 2||f||L°°(]R“)
<t i (o + )

for all 8 € (%, a) we obtain

IV f = VO Fll e rizmy < Cno max{Lip(£), | fll@e) } (Iitns = tinal + (@ = B)),

for some constant ¢, , > 0 depending only on n and «. Thus the conclusion follows since
fng — Pna as B — a~. The second limit in (5.2)) follows similarly and we leave the proof
to the reader. O

5.2. Weak convergence of -variation as § — a~. In Theorem below, we prove
the weak convergence of the S-variation as f — a~. The proof is very similar to those of
Theorem .7 and Theorem [4.9] and is thus left to the reader.

Theorem 5.4. Let o € (0,1). If f € BV*(R"), then
DPf -~ D and |D°f| —|D°f| asf — a .
Moreover, we have

im [DfI(R™) = [ D*f|(R"). (5.3)

5.3. '-convergence of (-variation as § — a~. In this section, we study the I'-con-
vergence of the fractional S-variation as § — a7, partially extending the results obtained
in Section (4.3

We begin with the I'-lim inf inequality.

Theorem 5.5 (I'-liminf inequality for 3 — a~). Let o € (0,1) and let Q@ C R™ be an
open set. If (fz)pe(0,0) C L' (R") satisfies fz — f in L'(R™) as f — o, then

ID*f1(®) < liminf [ D" 5| (). (5.4)



50 G. E. COMI AND G. STEFANI

Proof. We argue as in the proof of Theorem [4.13|{ii). Let ¢ € C°(€;R") be such that
|l mrny < 1. Let U C R™ be a bounded open set such that suppy C U. By ({2.12),
we can estimate

‘/ fgdivﬁgodx—/ fdiviedx g/ |fs — fl ]divﬁgo\dij/ | f| |divPp — div¥p| d
R™ Rn Rn Rn

< G pulldivel| oo @nrmLfs = fllor@n) + /Rn [fl1divZe — divep| de

for all B € (0,a). Since divPp — div®p in L®°(R") as § — o~ by (5.2), we easily obtain

lim / | f| |divPe — div¥p| dz = 0.

B—a~ JR®
Hence, we get

/ fdivipde = lim / fsdivipde < liminf | D f5](Q)
R B—a~ JR™ B—a~

and the conclusion follows. 0

We now pass to the I'-lim sup inequality.

Theorem 5.6 (I'-limsup inequality for § — a7). Let o € (0,1) and let Q C R™ be an
open set. If f € BVY(R"™) and either Q) is bounded or 2 = R"™, then

limsup [ D7 f|(2) < |D* (). (5.5)
B—a~
Proof. We argue as in the proof of Theorem m By Theorem , we know that |D? f| —
|D*f| as 8 — a~. Thus, by [50, Proposition 4.26] and (5.3)), we get that
lim sup | D? f[(€2) < limsup [D? f|(Q) < [D* f|(2) (5.6)
B—a~ B—a~

for any open set {2 C R™ such that either €2 is bounded or 2 = R"™. O

Corollary 5.7 (I'(L')-lim of variations in R™ as 8 — a~). Let a € (0,1). For every
f € BV*(R"), we have

D(L)- lim |DJ|(R") = |D"/|(R").
In particular, the constant sequence is a recovery sequence.

Proof. The result follows easily by combining (5.4)) and (5.5) in the case 2 = R". O

Remark 5.8. We recall that, by [27, Theorem 3.25], f € BV *(R") satisfies | D f| < .£™"
if and only if f € S*!(R"). Therefore, if f € S*!'(R"), then |D*f|(0Q) = 0 for any
bounded open set @ C R"™ such that £"(0Q) = 0 (for instance, 2 with Lipschitz
boundary). Thus, we can actually obtain the I'-convergence of the fractional §-variation
as 8 — a~ on bounded open sets with Lipschitz boundary for any f € S*!(R") too. In-
deed, it is enough to combine and and then exploit the fact that |[D®f|(0€2) =0
to get
DL Jim [D7F](©) = |D°f1(©)

for any f € S®(R").
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We were not able to find a reference for the analogue of Corollary for the usual
fractional Sobolev seminorms. For the sake of completeness, we state and prove it below
for all p € [1,400) on a general open set.

Theorem 5.9 (I'(LP)-lim of W#P-seminorm as 8 — a~). Let Q C R™ be a non-empty
open set, a € (0,1) and p € [1,400). For every f € W*P(Q), we have

I(LP) - lim [flwsn@) = [flwer)-
B—a
In particular, the constant sequence is a recovery sequence.

Proof. Let (f3)aec(0,a) C LP(£2) be such that f3 — fin LP(2) as 8 — a~. Let (8x) C (0, o)
be such that 8, — «a as k — +oo and

lim inf{ fo o rm) = M0 |f5, Jwoer(o;mm).

Up to extract a further subsequence, we can assume that fg, () — f(x) as k — 400 for
a.e. z € (2. Then we can estimate

: | fa. () — fa,(y) P / | fa.(x) — fa,(y)|P
>
o ala |z —y|rteh dedy 2 Qllgligof |z — y| e ey

>/ ’x 1@ = 1O ;4

_ ’n+pa

by Fatou’s Lemma. We thus get that
I'(L7)- hﬁfgg_lf [flwer@) = [flwer)-

Since

: |f(z) = f)l” |f(@) = fy)P
Bllgzl* /Q/Q x — y|ntes d dy = ﬁllgl / / T — y|”+P5 X{le—yi<1} 4T dy

. f(z) = fy)P
+ lim /Q QWX{‘QC y|>1} dxdy

5—>oﬁ

f)P
_/ |x— y[rrre dzx dy

by the Monotone Convergence Theorem, we also have that

I'(LP)-limsup [flwss) < [flwes(9)

B—a~

and the conclusion immediately follows. 0

APPENDIX A. TRUNCATION AND APPROXIMATION OF BV FUNCTIONS

In this appendix, we deal with two results on BV functions and sets with locally finite
perimeter. These results are well known to experts, but we decided to state and prove
them here because either we were not able to find them formulated in the exact form we
needed or the results available in the literature were not proved in full correctness (see

Remark below).
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A.1. Truncation of BV functions. Following |4, Section 3.6] and [34, Section 5.9],
given f € L (R"), we define its precise representative f*: R" — [—oco, +00] as

loc
Fla)i=tim = [ fw)dy ceR (A1)
if the limit exists, otherwise we let f*(z) = 0 by convention.
Theorem A.1 (Truncation of BV functions). If f € BVio.(R™), then
fxs, € BV(R"), with D(fxs,) = x5,Df + f*Dxs,, (A.2)
for L'-a.e. v > 0. If, in addition, f € L=(R"), then holds for all r > 0.

Proof. Fix ¢ € C°(R™;R"™) and let U C R™ be a bounded open set such that supp(yp) C U.
Let (0:)eso C C2(R™) be a family of standard mollifiers as in [27, Section 3.3] and set

fe = fxo. for all e > 0. Note that supp (QE*(XBTQO)) C U and supp (gs*(XBTdivcp)) cU

for all ¢ > 0 sufficiently small and for all » > 0. Given r > 0, by Leibniz’s rule and Fubini’s
Theorem, we have

/Rn fexs, divpdr = /Rn xB,div(f.p) dr — /Rn XB, ¢ Vf.dx

—— [ fep- dDxs, — [ 0.x (xs%)-dDJ.
Since f. — f a.e. in R™ as ¢ — 0" and

|l o * (xa,|divel) < |fIxulldivel| @) € L'(R")
for all € > 0, by Lebesgue’s Dominated Convergence Theorem we have

lim / fexm, divpdr = / fxs, divpdz
R™ R™

e—0t

(A.3)

for all > 0. Thus, since o. * (xB,¢) = X5, ¢ pointwise in R™ as ¢ — 07 and

0= * (xB,0)| < [l @llL=@nrnxv € L'(R", |Df])

for all € > 0 sufficiently small, again by Lebesgue’s Dominated Convergence Theorem we
have

lm [ 0. (x5,¢)-dDf = [ Xpe-dDf

e—=0tT JR
for all » > 0. Now, by [4, Theorem 3.78 and Corollary 3.80|, we know that f. — f*
" 1ae. in R" as ¢ — 0. As a consequence, given any r > 0, we get that f. — f*
|Dxg,|-a.e. in R™ as ¢ — 0F. Thus, if f € L>(R"), then

|fepl < N fllzm@mlel € LHR™, [Dxa,|)
for all € > 0 and so, again by Lebesgue’s Dominated Convergence Theorem, we have

lim /R" few - dDxp, = /R” ffo- dDxsp,

e—0t

for all r > 0. Therefore, if f € L>(R"), then we can pass to the limit as e — 07 in (A.3)
and get

[ fxp divode == [ f'o- dDxp, — [ X+ dDf
Rn R R

for all ¢ € C°(R™;R™) and for all » > 0. Since || f*||Loc®n) < || f]|zoomny, this proves (A.2)
for all r > 0.
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If f is not necessarily bounded, then we argue as follows. We start by observing that,
since "
[ Artaeetar = [ gpde= [ (flde < oo,
0 JoB, Br Bgr

W= {7’>0:/a |f*| do#™ "t dr < —i—oo}
B

the set

satisfies £ ((0, +00) \ W) = 0. Without loss of generality, assume that ||| Lo rn; gy < 1.
Hence, for all r € W, we can estimate

|t dDxs, — [ o dDxs,| < [ ISl (A4)
Rn Rn OB,

Given any R > 0, by Fatou’s Lemma we thus get that

R R
/ liminf [ |f. — f*|d2#"  dr < liminf / / . — f*|doem L dr
0 OB, 0 JoBr

e—0t e—0t

= lim \fe — f*]dx = 0.

e—0t JBg
Hence, the set

7 = {r > 0:liminf [ |f — fHdom = o} (A.5)
e—0t+ JoB,

satisfies Z1((0,4+00) \ Z) = 0 and clearly does not depend on the choice of ¢. Now fix

r € ZNW and let (g;)ren be any sequence realising the liminf in (A.5). By (A.4]), we

thus get

lim [ fe- dDxs, = /R f*- dDxs,

k——+o0
uniformly for all ¢ satisfying ||¢||Le(mn;rn)y < 1. Passing to the limit along the sequence
(ek)ken as k — +oo in (A.3]), we get that

/ fxs, divpdr = —/ [*¢ - dDxp, —/ Xp, ¢ - dDf
R R” R»

for all ¢ € C°(R™; R™) with ||¢||peen;rny < 1. Thus (A.2) follows for all r € W N Z and
the proof is concluded. O

A.2. Approximation by sets with polyhedral boundary. In this section we state
and prove standard approximation results for sets with finite perimeter or, more generally,
BVio.(R™) functions, in a sufficiently regular bounded open set.

We need the following two preliminary lemmas.

Lemma A.2. Let V,W C S" !, with V finite and W at most countable. For any e > 0,
there exists R € SO(n) with |R — I| < e, where I 1is the identity matriz, such that
RV)NW = @.

Proof. Let N € N be such that V = {v; € S" ' :i=1,...,N}. We divide the proof in
two steps.

Step 1. Assume that W is finite and set A; := {R € SO(n) : R(v;) ¢ W} for all i =
1,...,N. We now claim that A; is an open and dense subset of SO(n) foralli =1,..., N.
Indeed, given any ¢ = 1,..., N, since W is finite, the set A = SO(n) \ A4; is closed
in SO(n). Moreover, we claim that int(A$) = @. Indeed, by contradiction, let us assume
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that int(AS) # @. Then there exist ¢ > 0 and R € A such that any S € SO(n) with
|S — R| < ¢ satisfies S € AS. Now let
cost —sin?
Q= siny  cosv € SO(n)
O Zn—2
and define Sy := Qy R € SO(n) for all J € [0, 27). Since
So =Rl =1(Q —T)R| < |Qv —I||R| < ¢

for all ¥ € [0, d] for some 6 > 0 depending only on € and R, we get that Sy € A for all
v € [0,0]. Therefore Sy(v;) € W for all ¥ € [0,6], in contrast with the fact that W is
finite. Thus, A; is an open and dense subset of SO(n) for alli =1,..., N, and so also the
set

N
AV = N A ={Re€SO(n): R(v;) ¢ WVi=1,...,N}
i=1
is an open and dense subset of SO(n). The result is thus proved for any finite set W.

Step 2. Now assume that T is countable, W = {w;, € S~ : k € N}. For all M € N,
set Wy = {wpy € W: k< M}. By Step 1, we know that A" is an open and dense
subset of SO(n) for all M € N. Since SO(n) C R™ is compact, by Baire’s Theorem
A == Npren A" is a dense subset of SO(n). This concludes the proof. O

Since det: GL(n) — R is a continuous map, there exists a dimensional constant 6,, €
(0,1) such that det R > 3 for all R € GL(n) with |R —Z| < 6,.

Lemma A.3. Let ¢ € (0,9,) and let E C R™ be a bounded set with P(E) < +o00. If
R € SO(n) satisfies |R —Z| < ¢, then

IR(E) A E| < 2erg P(E),
where g :=sup{r > 0:|E\ B,| > 0}.

Proof. We divide the proof in two steps.

Step 1. Let v > 0 and let f € C°(R™). Setting R; := (1 —t)Z + tR for all ¢t € [0, 1],
we can estimate

[ FR@) ~ f@)lda= [
<IR-T| 7’/01 [ 19 f(Ru(w)] d .

Since |[Ry — I| = t|R —I| < te < 8, for all t € [0,1], R, is invertible with det(R; ') < 2
for all ¢ € [0,1]. Hence we can estimate

[, VIR dz = [ ) det(R ) dy <2 [ V5 ()ldy,

/01 VF(Ry()) - (R(z) — x) dt| dz

so that
| f(R(@)) = f(@)|do < 2er(|V £l @nizen)- (A.6)
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Step 2. Since yg € BV (R"™), by combining [34, Theorem 5.3] with a standard cut-off
approximation argument, we find (fi)gen C C2°(R™) such that f; — xg pointwise a.e.
in R™ and |V fy|(R") — P(F) as k — +o00. Given any r > 0, by (A.6) in Step 1 we have

| 1fu(R@) = ful@) do < 260V fulloa e
for all £ € N. Passing to the limit as £ — +o00, by Fatou’s Lemma we get that
(R(E) A E)N B,| < 2er P(E).

Since E C B, up to Z™"-negligible sets, also R(E) C B, up to £ -negligible sets. Thus
we can choose r = rg and the proof is complete. O

We are now ready to prove the main approximation result, see also [3, Proposition 15].

Theorem A.4. Let Q2 C R"™ be a bounded open set with Lipschitz boundary and let E C R™
be a measurable set such that P(E;)) < +oo. There exists a sequence (Ey)ren of bounded
open sets with polyhedral boundary such that

P(Ey;00) =0 (A.7)
for all k € N and
XE, — XE in LL (R™) and P(Ey; Q) — P(E;Q) (A.8)
as k — +o00.

Proof. We divide the proof in four steps.

Step 1: cut-off. Since Q is bounded, we find Ry > 0 such that Q C Bpg,. Let us define
Ry, = Ry + k and

1
Cpim {x € Q° : dist(z, 00) < k}
for all k € N. We set E} := EN Bg, NC§ for all k € N. Note that E} is a bounded
measurable set such that
Xg = XE in Ly (R™) as k — 400
and
P(EL; Q) = P(E;Q) for all k € N.
Step 2: extension. Let us define
1
A::{ R™ : dist(x, Q2 }
k S ist(z,2) < P
for all k € N. Since xging € BV (Q) for all k € N, by [4, Definition 3.20 and Proposi-
tion 3.21] there exists a sequence (vg)reny C BV (R™) such that
vp = 0ae in Af, vy = xp inQ, [Dy|(092) =0

for all k¥ € N. Let us define F} := {v, >t} for all ¢ € (0,1). Given k € N, by the coarea
formula [4, Theorem 3.40], for a.e. t € (0,1) the set F} has finite perimeter in R” and
satisfies

FlC Ay, FINQ=E.NQ, P(F;00)=0
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for all k € N. We choose any such t; € (0,1) for each & € N and define E} := E} U F}*
for all £ € N. Note that E} is a bounded set with finite perimeter in R™ such that

XE2 = XE in Ly (R™) as k — +o00

loc
and
P(E;;Q) = P(E;Q) and P(E};00)=0 forall k€N,
Step 3: approximation. Let us define
Dy = {x € Q° : dist(z,00) € Lllk” ZLSIJ}
for all k£ € N. First arguing as in the first part of the proof of [50, Theorem 13.8] taking [50,

Remark 13.13] into account, and then performing a standard diagonal argument, we find
a sequence of bounded open sets (E})reny with polyhedral boundary such that

E} C D§ for all k € N

and
Xgs = Xe i Lo (R"),  P(E}Q) — P(E;Q) and  P(E};9Q) — 0

loc

as k — +oo. If there exists a subsequence (E} )jen such that P(E};09) = 0 for all
J € N, then we can set F; := Ej; for all j € N and the proof is concluded. If this is not
the case, then we need to proceed with the next last step.

Step 4: rotation. We now argue as in the last part of the proof of |3, Proposition 15].
Fix k € N and assume P(FE};09Q) > 0. Since E} has polyhedral boundary, we have
HA"HOER N 0Q) > 0 if and only if there exist v € S*! and U C FQ such that
AN U) > 0, vg(xr) = v for all x € U and U C OH for some (affine) half-space H
satisfying vy = v. Since P(Q) = 21 (9Q) < 400, the set

W= {1/ eSSt ({x € 00 vg(x) = v)) > O}

- U {y e St @ > " {x € 00 vg(z) =v}) > %)}
heN

is at most countable. Since E} has polyhedral boundary, the set
Vi 1= {1/ eSS topm! ({x € OE} : v (x) = 1/}) > 0}

is finite. By Lemma , given e > 0, there exists Ry € SO(n) with |Ry — Z| < & such
that Ry (Vi) N W = &. Hence the set E} = Ryi(FE}) must satisfy P(E{;00Q) = 0. By
Lemma|A.3] we can choose €, > 0 sufficiently small in order to ensure that |E A E| < +.

Now choose 7, € (0, ﬁ) such that P(E}; Q) < 2P(E}; 09), where
Qr = {r € R" : dist(x,0Q) < nx}.

Since 2 is bounded, possibly choosing ¢, > 0 even smaller, we can also ensure that
QA R(Q) C Qp. Hence we can estimate

|P(E; Q) = P(E: Q) = [ (0E;NR™HQ)) — 27 (08 N Q)
<A HOEIN(QART(Q))
< A" OB N Q).
We can thus set Ej, := E} for all k € N and the proof is complete. O
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Remark A.5 (A minor gap in the proof of [3| Proposition 15]). We warn the reader
that the cut-off and the extension steps presented above were not mentioned in the proof
of [3, Proposition 15], although they are unavoidable for the correct implementation of
the rotation argument in the last step. Indeed, in general, one cannot expect the existence
of a rotation R € SO(n) arbitrarily close to the identity map such that P(R(E);02) = 0
and, at the same time, the difference between P(R(E);Q2) and P(FE;(Q) is small. For

example, one can consider n = 2,
0= {(l’l,l'g) cA:zi+al< 25}
and
E:{(J}l,l'g) cA:l <x%—|—x§<4}u{(m1,x2) €A 9 <ol +ai< 16},

where A = {(z1,79) € R?* : 2y > 0, x5 > 0}. In this case, for any rotation R € SO(2)
arbitrarily close to the identity map, we have P(R(E);) > 2+ P(E;Q).

We conclude this section with the following result, establishing an approximation of
BVie. functions similar to that given in Theorem [A.4]

Theorem A.6. Let 0 C R™ be a bounded open set with Lipschitz boundary and let
f € BVioc(R™). There ezists (fx)ren C BV (R™) such that

1D f|(052) = 0
for all k € N and
fo = [ in Lig(R") and  [Dfi|(©2) = [Df(Q)
as k — +oo. If, in addition, f € L*(R™), then fi — f in L'(R") as k — +oo.

Proof. We argue as in the proof of Theorem [A.4] in two steps.

Step 1: cut-off at infinity. Since Q is bounded, we find Ry > 0 such that Q C Bg,.
Given (Ry)x C (Ro,+00), we set g := fxp, for all k € N. By Theorem , we have
gr € BV(R™) for a suitable choice of the sequence (Ry)gen, with |Dgi|(Q2) = |Df|(2) for
all k € Nand g, — f in L _(R") as k — +oo. If, in addition, f € L'(R"), then g — f
in L'(R™) as k — +o0.

Step 2: extension and cut-off near €. Let us define

1
Ay = {x € R" : dist(x,Q) < k:}

for all £ € N. Since grxo € BV(2) with [Dg|(©2) = |Df|(2) for all & € N, by [4]
Definition 3.20 and Proposition 3.21] there exists a sequence (hg)reny € BV(R™) such
that

supp hy, C Aok, hip =g, in Q,  |Dhg|(02) =0
for all £ € N and

lim |hi| dz =0
k=400 J A \Q

(the latter property easily follows from the construction performed in the proof of |4,
Proposition 3.21]). Now let (vg)ren C C2°(R™) be such that supp v, C Af and 0 < vy, <1
for all & € N and v, — xgqe pointwise in R" as & — 4+00. We can thus set fj, := hy + vipgs
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for all £ € N. By [4, Propositon 3.2(b)], we have vygr € BV (R") for all k¥ € N, so that
fr € BV(R") for all k£ € N. Since we can estimate

\fie — [ < |he — fxal + vk — xae| lgk] + |96 — f] xae
= |l Xag\@ + [ox — x| [ge| + gk — fl xae

for all k € N, we have f, — f in LL_(R") as k — +oo (because 99 is Lipschitz, so

loc
Z™00) = 0), with f, — f in L'(R") as k — +oc if f € L'Y(R"). By construction, we
also have

|D fi|(2) = |Dhg|(Q2) and |Dfg|(0Q) = |Dhg|(092) =0
for all £ € N. The proof is complete. 0
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