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ABSTRACT. In this paper we provide the classification of positive solutions to the critical
p—Laplace equation on R™, for 1 < p < n, possibly having infinite energy. If n = 2, or if
n = 3 and % < p < 2 we prove rigidity without any further assumptions. In the remaining cases
we obtain the classification under energy growth conditions or suitable control of the solutions
at infinity. Our assumptions are much weaker than those already appearing in the literature.
We also discuss the extension of the results to the Riemannian setting.
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1. INTRODUCTION

Given n > 2 and 1 < p < n we consider positive solutions of the well-known critical
p—Laplace equation

Apu+uP "t =0 inR", (1.1)
where A, is the usual p—Laplace operator and p* is the Sobolev exponent, explicitly
n
Apu = div(|VuP?Vu), and p* = - _pp .

The critical p—Laplace equation has been the object of several studies in the differential geometry
and in the PDE’s communities, indeed problem (1.1) is related to the study of the critical points
of the Sobolev inequality (see e.g. the survey [24]) and, for p = 2, to the Yamabe problem (see
e.g. the survey [18]). An interesting and challenging problem is the classifications of solutions
to (1.1): one can show that the following functions

n—p

1 (1 el v
o ()7

Z/[A7$O($) = _p _p_
AP + |z — x| PT

, A>0, xg € R". (1.2)

form a 2—parameters family of solutions to (1.1)!. Hence the natural question is the following:
Given a positive solution to (1.1), is it of the form (1.2)?
The functions described in (1.2) are usually called Aubin-Talenti bubbles, since in two indepen-

dent papers Aubin, in [3], and Talenti, in [28], prove that the functions (1.2) realize the equality
in the sharp Sobolev inequality in R".

Lif one chooses a different normalization constant in the numerator of the functions Uz, then one obtains a
constant k # 1 as a coefficient of u?” ~! in equation (1.1).
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It is well known (see e.g. [10] and [8]) that there exist multiple sign-changing, non-radial,

finite energy solutions to
Apu+ululP "2=0 inR"

In this paper we focus on non-negative weak solutions to (1.1) which, by the maximum principle
for quasilinear equations (see e.g. [30]), are either zero or positive.

Turning back to the classification results of positive solutions to (1.1) in the seminal paper
[4] (see also [22] and [12] for previous important results) the authors consider the semilinear
case (i.e. p = 2) and they prove that positive smooth solutions to (1.1) with p = 2 are given
by the Aubin-Talenti bubbles (1.2) (see also [6] and [19]). The proof is based on a refinement
of the method of moving planes (introduced in [1] in the context of constant mean curvature
hypersurfaces and transposed in [26] and in [13] to study of qualitative properties of solutions
of the PDE’s) and on the Kelvin transform.

The quasilinear case (i.e. 1 < p < n, p # 2) is more complicated since, for example, the
Kelvin transform is not available. Nevertheless the method of moving planes has been exploited
in [9, 25, 31] to prove the following classification result:

Let u be a positive weak solution of equation (1.1) with finite energy, i.e.
u € DYP(R") := {u € LP" (R") : Vu € LP(R")},
then u(x) = Uy g, (x) for some X >0 and xg € R".

We mention that this result has been recently generalized in [7] in the anisotropic setting
(see also [11]) and in convex cones of R™ (see also [20]) and in [5, 17, 21] in the Riemannian
setting (see Appendix A for a more detailed discussion).

As far as we know trying to prove the same result without the assumption that u has finite
energy is an open and challenging problem for p # 2; in this paper we deal with this problem
obtaining a classification result of all positive weak solutions of (1.1) in dimensions n = 2,3 for
5 < p < 2, while for different values of n and p we require that u satisfies suitable conditions at
infinity (which are weaker than the finite energy assumption).

Before stating our results we recall the variational nature of the critical p—Laplace equation
(1.1): the energy associated to (1.1) is given by

1 1 *
ERTL (u) = / ’Vu‘p + */ up N
P Jrn P Jgrn

indeed it is well-known that the Euler-Lagrange equation associated to this energy functional is
(1.1). We define the energy on a general open set 2 C R™ and we split it as follows:

. 1 1 "
Fo(u) = ES™(u) + B2 (u) = / Vu|p+*/up.
P Ja P Ja

With these notations our first theorem is a rigidity result under a growth assumption of the
energy on annuli, indeed we have the following:

Theorem 1.1. Let u be a positive weak solution of equation (1.1). If one of the following holds
(i) 1<p< f—fl and
Epp(u) =0 (Rﬁ) , or

(ii) nz—fl<p<2 and

(2=p)(n—p)
Egp(u)=0 (R 2(p—1)? ) , or
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(iii) p > 2 and u(z) < Clz|* as |x| — oo for some a > 0 and
_ 2(n —p) p[n(p = 2) +pl
EAR(u)fO<Rk> for some k< 2+(n—3)p_a(n—p)[2+(n—3)p]’

where Ar := Bag \ Br, then u(z) = U 5, (x) for some A > 0 and o € R™.

In particular this result implies the classification of solutions u € DY“P(R"), simply by
observing that

u € DYP(RY) < FEpe(u) < co.
Here one also has to recall that positive solutions u € D'P(R™) have the following behavior:
C C
wz) < ———= and  [Vu(z)| € ———,
14 |z|?-t 1+ |z|r=T

for all x € R™ and some C' > 0, as it was shown in [31, Theorem 1.1]. We explicitly note that
we are not using these estimates in our proofs .
Note also that, if u is a positive weak solution of equation (1.1), by Lemmas 2.7 and 2.9 for
every a > 0 one has
Eg‘:(u) =0(RY) <= FEi,(u)=0(R") <= Elj{;(u) = O(R%).
See Remark 2.10 for the proof.

For suitable choices of n and p we can show rigidity results without any further assumptions
on the solution.

Theorem 1.2. Let u be a positive weak solution of equation (1.1). If one of the following holds
i)n=2andl <p<2, or
(i) n=3 and 2 <p <2,

then u(x) = Uy z,(x) for some A >0 and xo € R™.
In our last two classification theorems, where we consider general n and p, we rely on

conditions on the behavior of the solution at infinity, which are much weaker than all the results
already available in the literature. For 1 < p < 2 we have he following:

Theorem 1.3. Let u be a positive weak solution of equation (1.1) with

u(z) < Clz|® as |z| — oo,
for some
~ . (3p—n)(n—p)
Oé < O[ . W

If one of the following holds
(i) n=3 and1<p§%, or
(i) n>4and 1 <p<2,
then u(x) = U 5, (x) for some A >0 and xo € R™.

For 2 < p < n, on the other hand, we have:

Theorem 1.4. Let u be a positive weak solution of equation (1.1) with

u(z) < Clz|* as |x| — oo.
Let (n=p) (n—p)? ( )(n—p) ( )(n—p)
A 2(n—p < ._ _(n—p ~ . Bp—n)(n—p ~ ._ Bp—n)(n—p
~ p(p-2)° Q= 21 Q= Tpnzp) &= pn—3pt2) -

Assume that one of the following holds
(i)n=3,and2<p<3and a < d&;
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(ii) n =4, and
2<p<p and a<a,
or
p<p<4 and a<4dg;

(iii) n="5 orn =26, and

2<p<”TJr2 and o < @,
or

%2§p<ﬁ and o < @&,
or

p<p<n and a<daq;
(iv) n>7 and
2<p<3 and a<a,

or

g<p<"T+2 and a < a,
or

"THSp<15 and « < @,
or

p<p<n and a<aq,
where p = M2V —dnt12 W. Then u(x) = Uy z,(x) for some A >0 and o € R".
In particular we have the following classifications:

Corollary 1.5. Let u be a positive bounded weak solution of equation (1.1) on R™, with n <6,
orn>7andp> 5. Then u(x) = Uz (x) for some A >0 and xog € R™.

Corollary 1.6. Let u be a positive weak solution of equation (1.1) on R™ with
u(z) < C|xlf%.
Then uw(x) = Uy gz, () for some X >0 and zo € R™.

We stress the fact that all the limiting exponents in Theorems 1.3 and 1.4 are strictly larger
than —% in the ranges of n and p where they are used. Actually they are strictly positive
under the hypothesis of Corollary 1.5. Note that the exponent —% is the threshold decay in
order for a radial solution to have finite energy.

As an auxiliary result, which may have an independent interest, we prove a gradient estimate
for positive solutions to (1.1) which is instrumental in the proofs of Theorems 1.1 and 1.4 in the
case 2 < p < n.

Proposition 1.7. Let u be a positive weak solution of equation (1.1) with 1 < p < n. Then, for
every 0 < e < % it holds

Vu| < C < su(p )unip% + R_gz—f> unr on Br(zo)
Bagr(zo

for some C = C(n,p,e) >0, for every R > 0 and every zo € R".
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This estimate is sharp for the positive solutions Uy 4, ().

Most of the available classification results for the critical p—Laplace equation are based
on a careful application of the moving plane technique. Interesting exceptions can be found
in [5, 7, 17] where the authors, exploiting integral estimates obtained through test functions
arguments, prove the classification via the vanishing of a suitable traceless tensor field depending
on the solutions and their derivatives. Similar estimates have been used by Gidas and Spruck
[14] and Serrin and Zou [27] in the subcritical case. In this paper we adopt a similar approach;
the starting point in the proof of our classification results is the key integral estimate in Corollary
2.4 which in turn is obtained adapting arguments in [27] to the critical case.

One of the nice features of our approach is that it can be quite easily extended to the
Riemannian setting, as it was shown in the case p = 2 in [5]. We review all the needed steps in
order to adapt our arguments to the case of a Riemannian manifold (M", g) in the Appendix
A, where we sketch the proof of the following:

Theorem 1.8. Let u be a positive weak solution with regularity (2.5)—(2.3) on a complete non-
compact Riemannian manifold (M", g) such that

(i) Ric>0, if 1 <p<2, or

(ii) Sec >0, if2 <p < n.
Then, under the hypotheses of Theorems 1.1-1.2-1.3-1.4, (M™,g) is isometric to R™ with the
Euclidean metric and w(x) = U 5, (x) for some A > 0 and xo € R™.

The paper is organized as follows: in Section 2 we collect some useful preliminary results
that will be needed in the proof of our main theorems, in particular in Corollary 2.4 we prove a
key integral estimate that will be the starting point in the proofs of the main results; in Section
3 we prove the sharp gradient estimate in Proposition 1.7; in Section 4 we give the proof of
Theorem 1.1; in Section 5 we show Theorems 1.3 and 1.4. Finally, in Appendix A we discuss
the generalizations to the Riemannian setting.

2. PRELIMINARIES

2.1. The key integral estimate. In this part we collect some well-known facts about equation
(1.1): the definition of weak solutions and of sub/super-solutions to (1.1) and the regularity
theory related to the p—Laplace equation. Moreover we show the main integral estimate that
we are going to use to prove our rigidity results.

Definition 2.1. A weak solution of (1.1) is a function u € Wli’cp(R") N LS. (R™) such that
/ |Vu|P~2(Vu, Vi) —/ WP =0 Wy e WyP(RY).
R n

where Wol’p(R”) denotes the set of compactly supported functions of WHP(R").
Moreover, a weak subsolution of (1.1) is a function u € Wll’p(R”) N LS (R™) such that

[ovar v - [ we<o e wgren,

such that 1 is non-negative. Finally, u € Wllof(R”) N L (R™) is a weak supersolution of (1.1)
if the opposite inequality holds.
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Thanks to the regularity theory in [2] (see Theorems 1.1 and 1.4) we have that any weak
solution of (1.1) satisfies

2,2 n 1,0& n
u 6 T4/107C (R \ QCT) ﬁ C]oc (R )7 (21)
for some a € (0,1) and, in addition,
\Vul[P~2Vu € Wh2(R™), (2.2)
and
|Vu|P2V2u € L2 (R"\ Q), (2.3)

for all 1 < p < n, where
Qe = {z € R" | Vu(z) = 0}.
We note that by a bootstrap argument, any weak solution is actually C* on .. Since u > 0
in R™ it is easy to see that €., has zero measure (see e.g. [2]). In particular (see also equation
(10) in [2])
[VulP?V?u € L}, (R™). (2.4)
Moreover, if 1 < p < 2 then
2,2 1,
ue Wio(R") N Cd(R™), (2.5)

for some « € (0, 1).

Here, also in order to help the reader, we adopt the same notation as in [27, Chapter II]. If
u is a positive solution of (1.1) we define the vector fields

_n(p=1)

u = |VulP2Vu, vi=u_ 7 |VulP?Vu. (2.6)
It is then convenient to redefine Vu and Vv to be 0 on €, for 1 < p < n. Then we set
U Vu, ?n Qe Voo Vv, %n Qc, 2.7)
0, in Qg, 0, in Q.
Moreover, we recall the definition of the traceless tensor
o tr'V
Vi=V-"11d,
n

where 1Id,, is the identity tensor.

Using this notation, we have the following fundamental estimate.

Proposition 2.2. Let 1 < p < n, p # 2, and u be a positive weak solution of equation (1.1).
Then for every 0 < ¢ € C3°(R™) we have

(n=Dp o o (n=1)p °
/u nr |V]| gf)g—/u nr (v-V,V¢)

Remark 2.3. We remark that the result holds with the equality sign when p > 2. It also holds
when p = 2 with the equality sign, replacing V with Vv (see Proposition 6.2 in [27]).

Proof. In case p > 2 the result follows from Proposition 6.2 in [27]. When 1 < p < 2, due to
problems of regularity, one can first use Proposition 7.1 in [27], where a truncation of |Vu| is
introduced in order to deal with the critical set of u, and then pass to the limit as the relevant
parameter € tends to 0 to conclude. We provide here some details to help the reader.
We start with the case p > 2. Formula (6.16) in Proposition 6.2 in [27] with
4o M —1) pPn- (2.8)

Y

n—p n—p n—p
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reads as /(ubI + 1) = — /(w, V).

Here

(n=1)p 1 (n=1)p o
wi=uy »? ([v.V——vtrV|=u»r v V.
n

The expression v - 'V is interpreted as the vector with components (v - V); = v;Vy;, for i =
1,...,n, where we use the Einstein convention of summation over repeated indices. Moreover

1 o
I:= V2= =tx(V)?=|V|?
n

and

o = ybt2ata-l (A + q/Al) |VulP + Bub2072|Vu|? + C div (ub+2“_1|Vu|pu) =0,

since by our choices of a, b, q one easily computes (A + qA) = B = C = 0, using their explicit

expressions in [27]. Some comments are in order: thanks to the regularity of u stated in (2.2)
and (2.4) we have

ue W2ARY), uveW 2R, divve W2A(RY). (2.9)
In particular Lemma 6.4 and Lemma 6.5 in [27] apply and formula (6.17) in [27] holds. The rest

of the proof of Proposition 6.2 in [27] goes through using (2.9). Thus the result immediately
follows, with the equality sign.

The case 1 < p < 2 is more involved. For any fixed ¢ € (0, 1), following [27] we set
_n(p—1)
|Vu|. = max{|Vul|,e}, u. = |Vu|P?Vu, Ve =1 = u., V.= Vv..

We observe that (2.9) holds also in this case, therefore the proof of Proposition 7.1 in [27] goes
through and we obtain

/ (L. + ) = — / (02, V) + O(2FD), (2.10)
with
1
I. =tr(V.V) — —tr V. tr' V
n
1 (n=1p o, (n=1)p
we=(ve-V——v.trV|u»r =v.-Vu »r»r
n
Y. = ubtretat <f_1 + qfl) .+ Aub+2a*1|Vu]pdiv u.
+ But272|VulPT, + C div (ub+2a_1|Vu|pu€> ,
where

I'. = (u., Vu) = |[Vu[P 2| Vul?,
see formulas (7.6) and (6.15) in [27]. Using their explicit expressions provided in [27], one can
easily see that choosing a,b,q as in (2.8) we get B=C = A+ A+ gA=o.
Since v € C! and positive, u, and v, converge to u and v in L12OC respectively. Since V and

V are in L12OC and u € C' and positive, w. converges to w in LllOC as ¢ tends to O.

. 2 . . 2
Moreover, I'c converges to |VulP in Li, . and |Vu[Pdiv u. converges weakly in L _ to

|VulPdivu = —|Vu[Pul,

see the proof of Proposition 7.2 in [27], since for 1 < p < 2 we have u € VV;E(R”) Then we
obtain that 1. converges weakly to 0 in L12OC as € tends to 0.
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Finally we consider the term I.. Let
Q. ={z eR"|0 < |Vu| < e},
then I, = I > 0 almost everywhere on Q¢ and I. = I =0 on .. Thus
/ bl = | oubT+ [ oulI.
Q¢ Qe
By formula (7.22) in [27] we have

hmlnf/ oull. >0,

while by the monotone convergence theorem we conclude that

e—0

lim qSubI— /gbubl

Passing to the limit as € tends to 0 in (2.10) we have

[t <~ [ov0),

which is the desired inequality. O

An easy consequence of the previous proposition is the following key integral estimate, from
which we will deduce our main rigidity results.

Corollary 2.4. Let 1 < p <mn, p+# 2, and u be a positive weak solution of equation (1.1). Then
for every 0 < n € Cg°(R™) and | > 2 we have

(n—1)
/ u e [V < 0/
1 1
(n—1) o 1) o (2— 2
I\ I R\ (/u L )
supp|Vn|

Proof. We consider ¢ = n' in Proposition 2.2. Using Cauchy-Schwarz and Young’s inequalities
and the definition of v we get

(n— o
/ W Ny / W V||V~ [Vl

1
§2/unp ]V!2nl+C/

and the first inequality follows. The second part of the statement can be obtained similarly,
using Holder’s inequality instead. O

Va0 Oy

and

e

Remark 2.5. A similar estimate appears in [5] in the case p = 2.
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2.2. Some a priori estimates. We collect here some general lemmas concerning the behavior
of positive solutions of the equation (1.1), that we will need in the proofs of our main theorems.
The first is a lower bound for positive p-superharmonic functions.

Lemma 2.6 ([27, Lemma 2.3]). Let u be a positive weak solution of
Apu <0

on R"\ K with K compact and 1 < p < n. Then there exist positive constants p, A > 0 such
that

u(r) > —

_’ = for all z € By.
x|

The next lemma provides bounds for the kinetic energy in terms of the potential energy for
positive weak subsolutions of equation (1.1). In particular, solutions v € LP*(R™) automatically
have finite energy.

Lemma 2.7. Let u be a positive weak solution of
—Apu < uP 1 in R™.

Then, for every € > 0 there exists a constant C = C(n,p) > 0 such that for every R >0

/ |VulP < C (1 +€7n%p> / u?” + Ce,
Bar\Br Bsr/2\Br/2

Moreover, there ezists C = C(n,p) > 0 such that for every R > 0

M
/ ]Vu\pSC’/ up*—i—C(/ up*) o
Br Baog Bor
In particular, if uw € LP*(R"™), then |Vu| € LP(R"), i.e. Egn(u) < co.

Remark 2.8. A estimate similar to the second part of the statement appears in the proof of
Theorems 1.2 and 1.4 in [5] in the case p = 2.

Proof. Testing the weak formulation given in Definition 2.1 with un?, with ¢ > 1 and where
n € Cg°(R™), we obtain

/unnppnq 2/]Vu|pnq+q/u|Vu\p2<Vu, Vn)nd~t.
i.e., from Cauchy-Schwarz and Young inequalities
[ v < [uirsq [uzap- v
_np_ ].
< /unppnq—i—2/\Vu]pnq+0/\Vn|pupnqp (2.11)

N _np_ 1
§C<1+5 n’ip)/u“—ppnq+2/\Vu|p77q+€/|v77|n77q_n>

for every € > 0. Let ¢ > n, for any R > 1, we choose € C§°(R") such that n =1 in Bag \ Bg,
n=0in Br/p U B§R/27 0 <n<1onR"and n satisfies

V> < CR™ in (Bspss \ Bar) U (Br \ Bra)-
Hence, for every € > 0, we get

p

/ |VulP < C (1 —|—€_W> / = Ce,
Byr\Br Bsr/2\Br/2



10 GIOVANNI CATINO, DARIO D. MONTICELLI, ALBERTO RONCORONI

which is the first part of the statement. In order to prove the second part, let ¢ > p and for any

R > 1 choose n € C3°(R™) such that n = 11in Br, n = 0in BSp, 0 <n < 1 on R™ and 7 satisfies
|Vn|> < CR™? in Bog\ Bg.

From (2.11) using Holder inequality we get

mp C
/ |VulP < C urr + — uP
Br Bar R Bar\BRr

_np_ C _np_ o
cof wHiC (/ u> |Bor\ Brl®
Bar Rp Bor

np np o
<C ur—r + C </ unP> .
Bagr Baogr

0

Similar to the previous lemma, the following provides bounds for the potential energy in
terms of the kinetic energy for positive weak supersolutions of the equation (1.1). In particular,
solutions with Vu € LP(R™) automatically have finite energy. Since the proof is similar to the
previous one, we will omit it.

Lemma 2.9. Let u be a positive weak solution of
—Apu > uP 1 i R™.

Then, for every € > 0 there exists a constant C = C(n,p) > 0 such that for every R >0

/ W <O (1 te n<f—1>) / IVulP + Ce,
Bar\Br Bsr/2\Br/2

Moreover, there exists C = C(n,p) > 0 such that for every R > 0

n(p—
* n(pﬁl)lﬁ)—p
/ u? < C |VulP + C / |VulP .
Br Bag Baor

In particular, if Vu € LP(R™), then u € LP"(R"), i.e. Egn(u) < oo.
Remark 2.10. As already observed in the introduction, if u is a positive weak solution of
equation (1.1), by Lemmas 2.7 and 2.9 for every a > 0 one has

Eﬁﬁ(u) = O(R") = Eap(u) = O(RY) = Eﬁ’;(u) = O(R").
Indeed by Lemma 2.7 there exists C > 0 such that, for every R > 0, we have

ERI(0) < Bag(u) < (C+1) | W1
Bsg/2\Br/2

< (C+1) (B! () + Bt (w) + BR () + 1.

Similarly by Lemma 2.9 for every R >0

B () < Eay(u) < (C+1) / Yl + 1
Bsr/2\Br/2

<(C+1) (EEn () + BSn(u) + BSS () + 1.

Thus we conclude.
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3. A SHARP GRADIENT ESTIMATE

In this section we will prove the sharp gradient estimate in Proposition 1.7. To the best of
our knowledge this result is new and we believe that it may have independent interest.
We begin by defining the (second order part of the) linearized p-Laplace operator (see e.g
116, 29))
Py(w) = [VfIP~2 0w + (p = 2)[V P V2w(V £, V ).
Observe that Pr(f) = A,f. The following inequality follows from the extension to p-Laplace
operator of the classical Bochner formula (see e.g. [16, 29]).

Lemma 3.1. Givenz € R", a domain U containing x and a function f € C3(U), if |V f|(x) # 0
at x it holds

1 1 )
CPHIVIP) = () 4

2
(8~ - DIV (V1 D))

_ /
VPR (V1.9 A) ~ (0= 2) G VATV )
Proof. 1t follows combining the p-Bochner formula [29, Proposition 3.1] with the sharp estimate
[29, Lemma 3.2]. O

3.1. Proof of Proposition 1.7. Let u be a positive weak solution of equation (1.1) with
1 < p < n and define f :=u® > 0, a € R\ {0}. By regularity we know that f is smooth where
|V f| > 0. Thus, where |V f| > 0, we have

Vf=au"Vu
and,
Apf = div ([VfIP2Vf)

= alalP~2div (u@ VP | Ty P2 V)

= a‘a|p—2u(a—1)(p—l)Apu + alalP2(a — 1) (p — D@~ DD gy P

= —a|a|P 2 NP 4 glaP2(a — 1) (p — 1)ul@ DE=D=1 gy P
@-Dio-bte (a—1)(p—1)|VfIP 7

a f

with ¢ = p* — 1. Using Lemma 3.1, where |V f| > 0, we obtain

= —alal2f

1 2
LR(1TIP) 2 B8y + ( Af— (—1)|Vf|p‘4V2f(Vf,Vf)>
p—2 o o pf
+19/] [<Vf,mpf> = f<Vf,Vf>}

Y

S (A f)? + VPV, VA, f) = 2ot V=2 g i A V2 £(V £,V f)
(A f) + [VFPHVE VAL + el V28 f(VIV P,V f)
(1—a)(p—1)[p—1+a(n— p]f 2’vf‘2p w 1‘Vf|p

a?(n—1)
+ (1| VF2Apf +esf HVFPT 2) <V\Vf|” V)

_ (=a)(p— 1)([7117 i+an p]f 2’vf‘2p W# 1\Vf’p

(a=1)(p—1)+q 1)(17 D+q

Y

(e VA c5f-1er\H) (VIVIP. V)
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with
e = _2(%1);(7(::;)@72)7 er = la[P~ |2 (@ — 1) (p — 1) + ¢,
c3 = 7(‘1_1)(1(7’_1), ¢y = —alalP" ¢y, c5 = %61 + c3.
We choose a
a:= —i:;—i—s (3.1)

for a given 0 < e < Z;_Il). Then there exists A = A(¢) > 0 such that, where |V f| > 0, we have
1 _ (a=1)(p=1)+q _
SEHVP) 2 MV = eof P (32)

(e TS e VPR (VIR V).
If |V f] achieves its maximum in Byg at some point & € Bapr, we have
VIVIP=0 and Py(IVfIP) <0 at T
and (3.2) implies, at z,

_ (a=D)(p=1+q _ a—1)(p— a
02 fAVIP (NVFP = eof =04 ) = FRVSP (NP — cqule 0Dk

Moreover, since ¢ + 1 = n"—_’; we have

9::(a—l)(p—l)—l—q—l-a:%ip—l—ps>0. (3.3)

We obtain
4 L-‘ré n=1l_.
sup|Vf| < Csupur <= |Vu(z)| <C |supur-r u(x)n=r
Bar Bar Bar

for all z € Bypg.

On the other hand, if |V f| does not achieve its maximum at some point Z, we have to employ
a cutoff argument. For a given 0 < § < 3 there exist nonnegative cutoff functions ¢ = ¢(|z|)
with ¢ =1 on Bg, ¢ =0 on B5p, 0 < ¢ <1 on R" and such that

Vol< To0 VRl s e, (3.4
on Bsg \ Bg for some C' > 07, Let
H:=¢|V [P
and Z be a maximum point of H. We can assume that ¢(z) > 0 and |V f|(Z) > 0. At T we have
VH =0, PiH <0,

Therefore, at &, we have

VH=0 <= V|VfP=—-¢"2HV¢. (3.5)
Moreover, using (3.5), we have

ViViH = ¢~ HV:V 6 — 26" HV 6V ;6 + 6V V[V f |

and thus
AH = ¢ *HA¢ — 20 2H|V|* + ¢A|V fP.

1/5
2We observe that such cutoff functions can be obtained setting ¢(z) = 1 (%) , where 1 € C?([0,00)) is
such that » =11in [0,1), ¥ =0in [2,00) and 0 <3 < 1.
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Using the definition of Py, at Z we obtain
0> |Vf|*PPH
= |Vf[P072 (020 — 2|Vo|*) H + ¢|V [PA[V fIP
+(p =272 [pV2O(VI, V) H = 2(V,V )’ H + ¢’V |V fP(V [,V [)]
> GV PPV P — o IV IIPH,
e p—=2 2(p—1)

C | _p=2_ 2-1)
0> 2P| VP - 0 P H (3.6)
From (3.2), we have
1
SEr(VIP) 2 Af2672H? — cof T H — (caf 71V A172 + esf TV A2) 672V, V) H
where 6 > 0 is defined in (3.3). We get

C 2p—1

;Pf(|vf|p) > A9 = O Pl H = S T D T e

Using Lemma 2.6, on Bap we have

n n 1 —¢€ 1
f=u®<CR %1 =CR'"™ 1 «— —5 2 Cpr
Therefore
1Pf(ny\P) > 2 (A¢—2H2 CC¢MEH — Co R T H Y — e T RO H
p

Using (3.6) we obtain

0> Ao 2H? — Co"WlH — Cqs‘l‘“%ueR‘a%HpTTl

2(p—1)

—Cqﬁ_l 5—;R aﬁH 2 _C¢—1 25—;R—25" e

Now, choosing § < min{;, 5}, since 0 < ¢ < 1, at T we obtain

0 0 p—en=p _p—1 _enzp __2p—1 n—p 2(p L
0>AH?—Cu’H—-CuWR “»TH?» —CR “v1H » —CR *v1H »
e e
2 9y
where we used Young’s inequality®. This clearly implies
(n p)
HSH(.T)SC( (>+R > OIIBQR

for every R > 0, and in particular

Bar

(n )
|Vf]p§C<supu + R p) on Bp,

n— —1
3We remark that on the third term w’R »TH' 7 we used the following generalization of the classical

Young’s inequality:

abe < ea” + k1 (e)b° + ka(e)c',
for all a,b,c¢ > 0, € > 0 and where r,s,t > 1 are such that %Jr % + % =1.
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i.e.

n—1
|Vu| < C supu" P+ R unp° on Bg
Bar

which is the thesis.
O

In case u is controlled by a power of the distance at infinity, one can obtain the following
point-wise estimate on the gradient of w in terms of u. In [17, Corollary 2.2] the authors obtained
a logarithmic gradient estimate in case p = 2.

Corollary 3.2. Let u be a positive weak solution of equation (1.1) with 1 < p < n. Assume
u(z) < Clz|*

for all xz € B, for some o € R. Then, for every 0 < ¢ < =L Gt holds

\Vu(x)\gC(\me * g la] 5 ) u(@) i

for some C' = C(n,p,e,a) > 0, for every x € BY.

Proof. 1t is sufficient to apply Proposition 1.7 on B /4(x) at the point x. O

4. RIGIDITY WITH ENERGY CONTROL

In this section we prove Theorem 1.1.

4.1. Proof of Theorem 1.1 (i). Let u be a positive weak solution of equation (1.1) with
1<p< 2" . From Corollary 2.4 with [ = 2 we have

/unp |V|2172<C/

for every n € Cg°(R"™) with n > 0. For any R > 1, we choose n € C§°(R") such that n =1 in
Br,n=0in B3p, 0 <7 <1 on R" and 7 satisfies

Vue v (4.1)

]Vn\Q < CR_2 in AR = BQR\BR.

We shovv that the integral on the righthand side of (4.1) is uniformly bounded in R. Since
p < ;5 < 2, we have

9 _ _
CoPn=p o amd 2p-1)<
n—p
fl<p< +1, using Hélder inequality we obtain
(o ) C (2—p)n—p 2(p—1)
P * p
Ju B < g ([ ) T ([ ) T
R\ Ja, Ag
C (2—p)n—p in 2(p—1)
< SER ) B

C n—1
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If p= similarly we have

(2— )
‘/u 5 a2 vl = /)VUIMlIVnF
n—1

C / 2n ) n 1
< — Vu|n+1 AR n
m<AJ | Ar)
1

n—1

EAR( )T

n+1’

R

Thanks to the energy assumptions, in both cases we have that the righthand side of (4.1)
is uniformly bounded in R. Hence

(n=Dp = o
u 7 |V[* < oo,

and by the second inequality in Corollary 2.4, passing to the limit as R tends to infinity, we
obtain

ie.

Id, =0 in Q5. (4.2)

Let Qy C QF, be a connected component of ¢, Since 0 < u € Cp2*(R™) then

loc

v=uTnw € CLY(R™).

loc

Since

n—p p=1
v:—< 5 ) |Vo[P2Vo

we get

n— p=1
divv = — ( p> Apv

p
_n(p=1) —1) _p=
n —

p — 1 _ (n—1)
L )

By standard elliptic regularity, we have v € C’loc (Q), u € C%*(y) and then divv € Cloc (Q0).
Differentiating (4.2), we get

0; (divv) =no; (divv).
Therefore divv = const on 0 and thus v = C(x — z9), for some C' € R and some xy € R".
Thus

v=C_C +02‘.T — xo‘%

on g, for some C,Cy > 0. Then u(x) = U 4, (x) on g for some A > 0 and zo € R™. Since the
argument above holds whenever Vu # 0, we must have Qy = R™ \ {z¢} and the result follows.
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4 2 Proof of Theorem 1.1 (ii). Let u be a positive weak solution of equation (1.1) with
n+1 < p < 2. From Corollary 2.4 with [ = 2 we have

/u"P \V|2n2<0/

We choose the same cutoff functions as in (i). Since n+1 < p < 2, we have

[ VuPeD o, (4.3)

(2-pn—p

<0 and 2(p—1) <
n—p

Thanks to Lemma 2.6 we have u > CR » 1 on A r and using Holder inequality we get

2(p—1)

(2— # p "
/u np |Vu|2p DI < CR™ p </ IVu|P> " B}
AR
(n—p)(2—p) ) 3
< CR_%E}X;M)%
(n=p)(2—p) 1)

< CR »-D EAR(U) P
Thanks to the energy assumption, we have that the righthand side of (4.3) is uniformly bounded

in R. Hence
(n=1)p 9
u o V2=
n

and the conclusion follows as in the proof of Theorem 1.1 (i).

4.3. Proof of Theorem 1.1 (iii). Let u be a positive weak solution of equation (1.1) with
2 < p <n and assume

u() < Claf?,

as || — oo for some a > 0. From Corollary 2.4 with | = 2 we have

(n—1) °
/ w ' [V < C/

We choose the same cutoff functions as in (i). We have

(2—p)n—
/u 2 p‘VuIQ(p_l)‘sz — /u
1 (2—p)n—p+06(n—1)—e(n—p)o
SCR(”"’+E>aa/u I A AT E G| v

for every 6 > 0 and every € > 0 small enough, where we used the gradient estimate in Corollary
3.2. We assume

= [ Vu2r D)2, (4.4)

) —
= |Vl Va2 D=0 g 2

(p—2)n+p
n—1—e(n—p)

p—2<0<2(p—1) and 0>

and we apply Holder inequality to obtain

f(n—1)—(p—2)n—p—e(n—p)0 2(p—1)—0 ( )
L 6—2 * np P p+0+e(n—p)0
< C’R("*P%)a </ uP > (/ |Vu|p) |Agr|
AR AR
1 14 0+e(n—p)o 0(n—1)—(p—2)n—p—e(n—p)é . 2(p—1)—0
P +e ab 1+ pot kin e -7
< C’R( » ) rEY (u) np Ein(u) v

6+e(n—p)é np—p—0—e(n—
< CR(ﬁJrs)aGflJr%EAR(u) p—p ean( p)0
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Under our assumptions, Ea,(u) < CRF for some k > 0. Then

(ﬁ_f_a)ag_l_i_0+s(zfp)9_,_k(w*p*Gfs(nfp)(’)‘

np

(2—p)n—
/u S 20D w2 < OR

(p=2)n+p (p=2)n+p
n—1—e(n—p) n—1l—g(n—p)
to the energy assumption, we have that the righthand side of (4.4) is uniformly bounded in R.

Hence
(n=1)p o 9
u r |[V|* =0,
n

and the conclusion follows as in the proof of Theorem 1.1 (i).

Since p — 2 < < 2(p — 1), by choosing 6 close to and ¢ close to 0, thanks

5. RIGIDITY WITH CONTROL AT INFINITY

In this section we prove Theorems 1.3 and 1.4. We start by proving the following weak
energy estimate which shows that a weighted energy has controlled growth on balls.

Lemma 5.1. Let u be a positive weak solution of equation (1.1) for some 1 < p < n and let
t < —1. Then, for every R > 1, we have

np+t(n—p)
/ u nep +/ u'|VulP < CRP,
Br Br

for some C = C(n,p,t) >0 and

_t(n—p) t+
-— p>0
-

P
(t+1)(n—p)
f# t+p<O0.

Proof. We choose n € C§°(R™) be such that n=11in Br, n =0in BS,, 0 <7 <1 onR" and 7
satisfies
’V?]P < CR72 in AR = BQR \ BR.

Testing the weak formulation given in 2.1 with u**n!, for [ sufficiently large, we obtain
_/uW'nl =—(t+ 1>/“t|VUV’77l —l/“Hl!VU\p_Q(Vu, V't
> e 1] [ avalr <1 [t gup ey
Ift+p>0, we get
_/unptfy;_p)nl > |t + 1|/ut|Vu|pnl —s/uwﬁl —5/Utyvu|p77l

npti(n—p) ; npti(n—p)
—C. [ [Vl P

nptt(n=p) _ np+t(n—p)

> (lt+1]—¢) / |Vl — e / WS O R Byl

for some ¢ > 0, where we used Cauchy-Schwarz and Young’s inequalities*. Choosing ¢ small
enough, we conclude.

4We remark that on the third term 't |Vu|?~*[Vn|n'~! we used the following generalization of the classical
Young’s inequality:
abe < ea” 4 eb® + k(e)c’,
for all a,b,c¢ > 0, € > 0 and where r,s,t > 1 are such that %Jr % + % =1.
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On the other hand, if t +p < 0, we get

np+t(n—p)
—/u e nt > ]t+1|/ ut | VulPr' /ut\VuP’nl—Cg/qu]Vn\pnl_p

(t+ )(" )
> (1] - o) [ [Pyt - C.R

(t+1)(n p)

> (jt+1] o) [ [Vupy' ~ OB

for some € > 0, where we used Lemma 2.6. Choosing € small enough, we conclude.
O

5.1. Proof of Theorems 1.2 and 1.3. Let u be a positive weak solution of equation (1.1)
with 1 < p < 2 and let v > 0. Let n as in the proof of the previous lemma. From Corollary 2.4
with [ = 2 we have

[ VR <0 [ WS e Vv, 6.0
We choose n € C§°(R"™) be such that n = 1in Bg, n = 0in BSp, 0 <7 <1 on R" and 7 satisfies
]Vn\Q < CR72 in AR = BQR \ BR.

Since p < 2, then 2(p — 1) < p and, by Holder inequality we obtain

(2— )" _
<supu7/ = 7|\ Vul 2P~ |vy?
AR

(2—p)n— _ 2t(p—1) 2(p—1)
supu”/ S b (u'|VulP) »

2(p—1) 2—p

¢ p (2=p)np—p?—yp(n—p)=2t(p=1)(n=p) \ P
sup u’ u'|Vul? u (n=p)(2-p) .
AR

We choose

in order to have

(2—p)np —p* —p(n —p) = 2t(p—1)(n —p) _ np +t(n —p)

(n—p)(2—p) n—p

We observe that
t< -1 = (v—=2)p < (y—1)n. (5.2)
Then, from Lemma 5.1, we obtain
2(p—1)

2-p

@- ) C F npti(n—p) \ p

/u " |Vu\2p D|vy|? < 2 sup u” </ utVu|p> ! (/ u > ’
Ap Ap AR

< CsupuRP2. (5.3)
AR
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5.2. Proof of Theorem 1.2 (i). Let n =2, 1 < p < 2 and choose 7 = 0. In particular (5.2)

is satisfied and t + p = —p(pr_pl) < 0. Then, f =2 and from (5.3) we get

/ u T [VuPe-|vpl2 < ¢,

for every R > 0. Hence, arguing as in the proof of Theorem 1.1 (i), from Corollary 2.4 the
conclusion follows.

5.3. Proof of Theorem 1.2 (ii). Let n =3. If % < p < 2 we again choose v = 0. In particular
(5.2) is satisfied and t + p = p(;fipp) > 0. Then, § =1 and from (5.3) we get

/uw|Vu|2(p_1)|V17|2 <CR—0,

as R tends to co. Hence, arguing as in the proof of Theorem 1.1 (i), from Corollary 2.4 the
conclusion follows.

5.4. Proof of Theorem 1.3 (i). If 1 <p < % we assume
u(z) < Clal?,

as |z| — oo, for some a < & := %. If ~y satisfies (5.2), from (5.3) we get

/ W [Vu20 0|2 < ORIFH,

We choose a and v such that

3—2
(y=2p<30v-1)  _ [Jr>5y
B—24+ay<0 a< 2P

For v close to %, we have t + p close to p —1 > 0. Then

vﬁ—p)émd aspw+1%*h.
p Y

B=1+

Since the right-hand side in the second inequality is decreasing in =, it is sufficient to have

3(p—1)3 —p)

gl ———————— = Q.

p(3 —2p)

Letting R — oo, from (5.1) we obtain

2 °
/qw%VF:Q
n

and the conclusion follows as in the proof of Theorem 1.1 (i).
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20
5.5. Proof of Theorem 1.3 (ii). Let n >4, 1 < p < 2 and assume
u(z) < O],
%. If v satisfies (5.2), from (5.3) we get

as |z| — oo, for some @ < & :=
Va0 < ORO2,

(2—p)n
u nP

We choose o and v such that
-2
(v =2)p<n(y-1) PN v >k
B—24+ay<0 a< #
For ~ close to 2=22 we have { + p close to p — 1 > 0. Then
_ 1) —
=P g a<POED
Py

B=1+
p
Since the right-hand side in the second inequality is decreasing in =, it is sufficient to have

Bp—n)(n—p) _ -
R R

Letting R — oo, from (5.1) we obtain

(n—1) °
/ w e [V =

and the conclusion follows as in the proof of Theorem 1.1 (i)

5.6. Proof of Theorem 1.4. Let p > 2 and assume
u(z) < Clzl?,
as |r| — co. We choose n € Cg°(R"™) be such that n =1in Bg, n=01in B§p, 0 <1 <1 on R"”

and 7 satisfies
Vi[> <CR™? in Ag = Bar \ Br.

Case 1: a« > 0. We have

(2-p)n—
/u -2ln p|Vu\2(p_1)|v77|2 — /u
(2—p)n (n
B Gy || T 2o~ D¢

(2—p)

v [Vl | Vu2e- D=0 vy

O ¥
< R2 supu U
1 _ (2=p)n—p—y(n—p)+6(n—1)—e(n—p)o
< C’R<”*P+6)a9 2 sup uv/u B = - ’vu|2(p—1)—9
AR
_1 _9 (2=p)n—p—vy(n—p)+0(n—1)—c(n—p)0 _ t[2(p—1)—6] 2(p—1)—-6
= C’R(”—p+€)a6 sup u” / u noP P (u'|Vul?) 7,
AR
for every t € R, 8 > 0, v > 0 and every € > 0 small enough, where we used the gradient estimate
in Corollary 3.2 with a > 0. We assume
1) (5.4)

p—2<0<2p-—



ON THE CRITICAL P-LAPLACE EQUATION 21

and we apply Holder inequality to obtain

(2—p)
u n—
2-p) (n=p) 0= 1) -e(n=p)0 _ t2(p-1)0 pto
1 2—p)n—p—y(n—p)+0(n—1)—e(n—p 2(p—1
<C'R(" p+€)a6 2 sup u” </ U n—p }2 p+9> p
AR AR

2(p—1)—0

(f, )

VD)2

We choose
P __p+9+5(n—p)9 .
n—p
in order to have
{(2—p)n—p—v(n—p) +0n—1)—c(n—p0f t2(p—1) —9]} p_ _nptiln—p)
n—op P 2—p+40 n—p '
We observe that
t<—1 = (v=2)p<(y—=1n+0+e(n—p)o. (5.5)
Then, from Lemma 5.1, we obtain
2- )
2(p=1)—6 _ 2—p+0
1 — n t(n—
< C’R(nfp%)ae*2 supu” (/ ut\Vu]p> ’ (/ U p+n£p m) '
AR AR AR
< Csup u7R6+(%ﬂ’+E)a9_2
AR
< oAt (e ot-2+ay (5.6)
We aim at finding # and ~ satisfying (5.4) and (5.5) such that
ﬁJr(n_ +5)a92+o¢7§0. (5.7)

Case 1.1: If p > "TH, we choose 6 close to p — 2, v = 0 and € > 0 small enough. Then ¢ + p is
close to

—p?+ (n—2)p+2

n—p
If "+2 < p < n=Zdvniodntl2 & “—dnt12 .— 5 then f+p > 0 and hence 8 = — np P A simple computation
shows that (5.7) is satlsﬁed 1f

2(n —
a < 7@ ) =: Q.

p(p—2)
On the other hand, if p > p, then t+p < 0 and hence 3 = w which is close to :Sppile
Thus (5.7) is satisfied if

N2
a < (n p) =: Q.

p-2)(p—1)
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Case 1.2: If 2 < p < ”—”, we choose again 0 close to p — 2, v close to and £ > 0 small

t(n—p)

n—3p+2
n—p

enough. Then ¢ + p is close to p — 1 > 0 and hence 8 = —

in order to verify (5.7) it is sufficient to choose

3p—n)(n—

Bp—n)(n—p) _ -

p(n — 2p)
n+2

and it is close to 2 T Hence,

a <
In particular this case occurs only if § <p <

Case 2: a < 0. We have
@2- ) (2—p)n—
/ WS U0 vy = / | ulf | Va2~ |7 2

C (2—p)n—p— w(
< R2 supu’y u n— |Vu\ 01721
(2=—p)n—p—vy(n—p)+0(n—1)—c(n—p)o
< CR™? s;‘lpuv/u n=p |V 2P~ 1D)=0
R
(2—p)n—p—y(n—p)+0(n—1)—e(n—p)0 _ t[2(p—1)—0] 2(p—1)—6
= CR? supu”/u n=p P (u'|VulP)” P,
AR

for every t € R, 8 > 0, v > 0 and every € > 0 small enough, where we used the gradient estimate
in Corollary 3.2 with o < 0. We assume

p—2<6<2p-1) (5.8)
and we apply Holder inequality to obtain

@—p)n—

{ R 2=pte
<CR™? Sup u” / n=p P T p10
AR
2(p—1)—0
: (/ ut|Vu|p>
AR
We choose 0 p
t:t_Z: _p+ +5(n_p) —~
n—p
in order to have
{(2—p)n—p—7(n—p) +0n—1)—c(n—p0f t2(p—1) —9]} p_ _nptiln—p)
n—op P 2—p+0 n—p '
We observe that
t< -1 = (y=2p<(y=1)n+6+e(n—p)b. (5.9)
Then, from Lemma 5.1, we obtain
2(p—1)—0 2—p+6

9 7 T p np+i(n—p) P
< CR “supu” u'|VulP u_ n—»p
AR AR AR

< Csupu"RP2
AR

< CRP2rv (5.10)
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We aim at finding # and ~y satisfying (5.8) and (5.9) such that
B—-2+ay<O. (5.11)

Case 2.1: If p > ”T‘FQ the choice 0 close to p — 2, v = 0 and € > 0 small enough gives that 8 < 2
both if t4+p > 0 and if £ + p < 0. Since a < 0, (5.11) is satisfied.

n—3p+2
e

Case 2.2: If 2 <p < "T”, we choose again 6 close to p — 2, v close to and £ > 0 small

enough. Then ¢ + p is close to p — 1 > 0 and hence 3 = =P 4nd it s close to %. Hence a

simple computation shows that, in order to verify (5.11), it is sufficient to choose

(3p —n)(n —p)
p(n—3p+2)

= Q.

To conclude we observe that we have

/ u S U w2 < CR

for some & > 0 if one of the assumptions

(i) n=3,and 2<p<3and a < &
(ii) n =4, and

2<p<p and a<a,
or
p<p<4 and a<dq

(iii) n =5 or n =6, and

2<p<"?Jr2 and a < a,
or

%ﬂgp<]§ and o < @,
or

p<p<n and a<dq;
(iv) n > 7 and
2<p<3g and a<a,

or
%<p<”T+2 and o < a,
or
nTHSp<p and «a < @,
or

p<p<n and a<a,
hold. Then letting R — oo, from (5.1) we obtain

(n—1) °
/ W= V2 =0,

and the conclusion follows as in the proof of Theorem 1.1 (i).
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APPENDIX A. RIEMANNIAN SETTING

In this Appendix we consider the case of a complete, non-compact (without boundary)
Riemannian manifold (M™, g) of dimension n > 2. We will emphasize the main differences with
respect to Euclidean case when dealing with the same issues.

We consider positive weak solutions of

Apu+uP "t =0 in M" (A.1)

where A, is the usual p—Laplace-Beltrami operator with respect to the metric g. Moreover, we
denote with Ric and Sec the Ricci and the sectional curvatures of (M", g), respectively.

When Ric > 0 equation (A.1) has been recently studied, in the semilinear case p = 2, in
[5] and [17]; in particular, in [5] the authors prove that the only positive classical solutions to
(A.1) are given by the Aubin-Talenti bubbles (1.2) with p = 2 and the Riemannian manifold is
isometric to the Euclidean space, provided n = 3 or w has finite energy or u satisfies suitable
conditions at infinity. Furthermore, when the manifold is a Cartan-Hadamard manifold, i.e.
complete and simply connected Riemannian manifold with non positive sectional curvature, in
[21] the authors prove that all the positive energy minimizing solutions to (A.1) are given by the
Aubin-Talenti bubbles (1.2) and the Riemannian manifold is isometric to the Euclidean space,
assuming the validity of an optimal isoperimetric inequality on M™.

In this appendix we deal with the quasilinear case, i.e. 1 < p < n, and we show that
the analogue of Theorems 1.1-1.2-1.3-1.4 hold, provided that the Riemannian manifold (M™, g)
satisfies:

(i) Ric>0,if 1 <p< 2, or
(ii) Sec > 0,if 2 <p < n.
Of course, if n = 2, both conditions are replaced by non-negativity of the scalar/Gauss curvature.

The main differences with respect to the Euclidean case are the following:

e By assumption, we choose u to be a positive weak solution having the regularity given
n (2.5)—(2.3).
e The estimate in Corollary 2.4 becomes the following

(n=Vp o (n=Lp (2=p)n—p
/u "*Pp]VPnl +/u "*PpRic(v,V)nl < C’/u = p\VuP(p_l)\Vn\znl_Q, (A.2)
the Ricci tensor appears when computing

div(v-Vv) = Vj(Vivjvi) =V,;Viv;v; +V;v;V,v;
= V;V;v;v; — Ric(v,v) + |Vv|?

since V;v; is symmetric. This identity is used in the proof of Propositions 6.2 and 7.1
in [27], which are used in our proof of Corollary 2.4.

e Let r(x) := dist(x,p) be the geodesic distance from a fixed point p € M. Due to the
presence of the curvature, when Ric > 0 the Laplacian comparison implies that the

function > 1 is a weak p—subharmonic function, i.e. its p—Laplacian is non-negative.
Hence, Lemma 2.6 holds true also in this setting.
e Lemma 2.7 and Lemma 2.9 still hold, provided

Vol(Br) < CR"

for every R > 0, which is ensured by Bishop-Gromov volume comparison.
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e The Bocher formula in Lemma 3.1 becomes the following (see e.g. [29])

1 n
E(Apf)Q + n—
v [<Vf, VAL~ (p—2)

+ |VfPP2Ric(Vf, V).

Thus, Lemma 3.1 still holds thanks to the condition Ric > 0.

e Following the proof of the gradient estimate in Proposition 1.7 (in particular, the estimate
above (3.6)), one can observe that the same arguments works if we can construct a family
of smooth cut-off functions ¢ defined on Bsp such that

2
(808~ = DIV 5(91.90))

A, f
IVII?

1
CPVIP) > 1

V2V, Vf>]

C C
Vol < 50" ™" [VIPAG+ (0 =2)V*6(VS V) 2 =50 VI (A3)

Assume that (M", g) has Sec > 0. Let r(x) := dist(x, p) be the geodesic distance from a
fixed point p € M and let ¢» € C?([0,00)) be such that ) = 1 in [0,1), ¥ = 0 in [2, 00),
Y’ <0 and 0 < < 1. Since

V2(r) = 'V + " dr @ dr,

by standard Hessian comparison (see e.g. [23]) we known that, outside the cutlocus of
p, one has

n—1
Vi < — Y

and thus the function () satisfies ¢/ < 0 and

Ve <C [VIPAY+ (o VULV 2 -

Therefore, the function ¢(r) = 1 (%)1/5 satisfies (A.3) (outside the cutlocus of p). To
overcome the lack of regularity in the cutlocus of p one can use the so called Calabi trick.
Therefore all the arguments in the proof Proposition 1.7 go through and we obtain the
following extension to the Riemannian setting:

Proposition A.1. Let (M™,g) be a complete Riemannian manifold with nonnegative
sectional curvature. Let u be a positive weak solution of equation (1.1) with 1 < p < n.
Then, for every 0 < e < % it holds

1 n n—1
Vu| < C ( su(p )urlﬂ_6 + R_El’—f> un—r ° on Bp(zg)
Bar(zo

for some C = C(n,p,e) > 0, for every R > 0 and every xo € M™.
We explicitly note that this estimate is used only in the case 2 < p < n.

Remark A.2. Gradient estimates for positive p—harmonic functions have been obtained
in [16] and [32]. In particular in [32] the authors managed to avoid imposing conditions
on the sectional curvature, using integral estimates based on a Moser iteration argument,
which only uses nonnegative Ricci curvature and first derivatives of the distance function.
We expect that the same argument could work in our setting.

e In all the proofs of Theorems 1.1-1.2-1.3-1.4 we used the fact that volume of geodesic
balls has at most Euclidean growth, which is guaranteed by our curvature assumptions
(i) and (ii), as already observed.
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e The final step in the proofs of Theorems 1.1-1.2-1.3-1.4, in the Riemannian setting, goes
as follows. From (A.2), we obtain

(n=1p . (n—lp
u r [V|*+ [ w n=r Ric(v,v) =0
M M

l.e. ]
divv

V=Vv-—

g=0 in Q¢

cro

Ric(v,v) =0 in M. (A.4)
n

Let Qg C QF, be a connected component of Qf,.. Arguing as in the proof of Theorem
1.1, by elliptic regularity, we have divv € Cﬁf(QO)- Differentiating the first identity in
(A.4), we get

VidiVV = anviVj = nvidiVV — RiCijVj = nVZ-div V.
Therefore divv = const on )y. Hence, the vector field v is homotetic, i.e. it satisfies
Vivj + VjVZ' = /\gij, A EeR.

Therefore, by a classical result of Kobayashi [15], we have that ¢ must be locally
Euclidean and we conclude as in the proof of Theorem 1.1.
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