A STRONG MAXIMUM PRINCIPLE FOR MINIMIZERS OF THE
ONE-PHASE BERNOULLI PROBLEM

NICK EDELEN, LUCA SPOLAOR, AND BOZHIDAR VELICHKOV

ABSTRACT. We prove a strong maximum principle for minimizers of the one-phase
Alt-Caffarelli functional. We use this to construct a Hardt-Simon-type foliation
associated to any 1-homogenous global minimizer.
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1. INTRODUCTION

In this paper we prove a strong maximum principle for variational solutions of the
one-phase Bernoulli problem. For an open set U C R? and a function u € W2(U),
we consider the following functional introduced by Alt and Caffarelli in [1]

Ju(u) = / (|Du\2 v 1{u>0}) dz. (1.1)
U
We recall that a nonnegative function u € W'2(U) is a minimizer of Jy (in U) if
Ju(u) < Jy(u+v) for every v € W, *(U).
2010 Mathematics Subject Classification. 35R35.
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Similarly, we say that a nonnegative function u € W,2*(U) is a (local-)minimizer of
Jy if minimizes Jy for all U7 ¢ C U; if U = R? and u € W,?(R?) is a local-minimizer
of Jga, then we say that u is global minimizer.

It is well known that if u € VV;CQ(U ) is a minimizer of Ji;, then it is locally Lipschitz
in U and that, denoting with Q, := {u > 0} the positivity set of u, its free boundary
0, N U can be decomposed into the disjoint union 02, N U = reg(u) U sing(u),
where reg(u) is relatively open and smooth subset of 02 and sing(u) is a closed set
of dimension at most d — 5 (see for instance [14, Theorems 1.2 and 1.4] and the

references therein). Moreover, u solves the overdetermined boundary value problem

Au =0 in 2, NU,
u=0 on 002, NU (1.2)
Dyu= -1 on reg(u) N U,

where v denotes the outer unit normal of 2, N U.
If u,v € WH2(U) are minimizers of J;; such that u < v (so that 2, C ©,) and if
Q, is connected, then by the classical Hopf maximum principle it follows that either

u=v or  reg(u)Nreg(v) = 0.

In this paper we prove a strong “geometric” maximum principle, similar to the one
known in the minimal surface case (see e.g. [9, 11, 13, 16]), which rules out the
singular parts of the free boundaries touching either.

Theorem 1.1. Let U C R? be an open set and u,v € Wl’Q(U) be minimizers of Jy;.

loc

Suppose that u < v and reg(u) Nreg(v) =0 in U. Then 02, NN, NU = 0.

As an immediate consequence we obtain the following alternative statements of
the strong maximum principle.

Corollary 1.2. Let U be an open set in R and u,v € W,o*(U) be minimizers of Jy .

loc
Suppose that u < v, and §2, is connected. Then, we have the following dichotomy:
(i) either u=v in U;

(ii) or 02, N0 NU =0 and v < v on Q, D Q, NU.

Corollary 1.3. Let U be a bounded Lipschitz domain, and let u,v € WY2(U) be
minimizers of Jy. Suppose that u < v, and u < v on {xz € OU : v(zx) > 0}. Then

o0, NI, NU =10 and u<v on Q,DQ,NU.

We expect Theorem 1.1 to be a useful technical tool, as it has been the case for the
analogous result in minimal surface theory. In particular, we demonstrate an appli-
cation of our strict maximum principle in the following Theorem 1.4, which proves
the existence of a “Hardt-Simon”-type foliation associated to any 1-homogenous
minimizer, again analogous to the one known for area-minimizing hypercones (see
e.g. [2, 8, 15]). We mention that [5] contains versions of Theorem 1.1, Theorem 1.4
for minimizers with isolated singularities (see also Remark 1.5); our maximum prin-
ciple, for general minimizers, is proven using a fundamentally different approach,
and the increased generality is the reason we are able to prove existence (but not
uniqueness!) of the foliation in greater generality also.
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Theorem 1.4. Let uy € W22 (R?) be a global 1-homogeneous minimizer of Jga.

Then there exist global minimizers u,u € W'llgf (RY) such that
(1) u< uo <
(2) d(0,€,) = d(0,) =
(3) —u(x) +x - Du(x) >0 forx € ﬁﬂ, and —u(x) + x - Du(z) <0 for x € Qu;
(4) sing(u) = sing(w) = 0;
(5) Uy, — Uy and U, — Uy N (I/Vi)f NCe)(RY) asr — oo.
In particular, the hypersurface 0, (resp. 0Q%) is an analytic radial graph over
Qu, N OBy (resp. By \ Qu, ), and the dilations

{X0Q, : A>0}U{NQ A >0}
foliate R®\ 09, .

Remark 1.5. Note that, unlike the case when uq is reqular away from 0 as considered
in [5], we do not claim any uniqueness of the foliation generated by u,u. We expect
the foliation should be unique, like in [5], in the sense that any minimizer lying to
one side of ug should be a dilation of either u orw, but this seems to be a much more

subtle question.

Outline of the proof and organization of the paper. The key technical tools
in the proof of Theorem 1.1 are two relative isoperimetric inequalities (Section 3),
which allow us to deduce Gagliardo-Nirenberg-Sobolev-type inequalities (Section 4)
and to develop a De Giorgi-Nash-Moser theory (Section 5) for sub and supersolutions
on domains 2, generated by minimizers u of the one-phase functional J. To prove
these we use ideas from [3] and [12].

Beyond the Harnack inequalities, our strategy of proof for Theorem 1.1 essentially
follows the method of [11] (see Section 7). We assume that u # v and reg(u) N
reg(v) = ) but 92, NN, NU # ), and derive a contradiction. We first show using
a dimension reduction argument that there is no loss in assuming that U = B; and
0 € 09, NoQ,, and both u, v have the same tangent cone at 0 (for any choice
of rescalings). This implies that the difference u — v behaves like o(r), and so by
choosing a good sequence r; — 0 and suitable factors \;, we can find a blow-up wg
of both u and v at 0, and can take a limit of \;*(vy,., — ug,,) to obtain a positive
Jacobi field w on {uy > 0} N By which behaves like O(r) as r — 0. However, as w is
a positive (distributional) supersolution of the Neumann Laplacian (see Section 6,
Section 7), that is,

Aw <0 and w>0 on {uy>0}NDBy,

the De Giorgi-Nash-Moser Harnack inequality implies that w admits a uniform lower
bound, contradicting the fact w = O(r).

In Section 2 we recall some useful facts about minimizers of the one-phase Bernoulli
energy J. In Section 3 we prove a relative isoperimetric inequality and a relative
Neumann-type isoperimetric inequality for compact domains in €2,, © a minimizer
of J, and then use these in Section 4 to prove a Sobolev and Neumann-Sobolev in-
equality. Section 5 summarizes how these Sobolev inequalities imply the De Giorgi-
Nash-Moser estimates. In Section 6 we show how sequences u* < v* of minimizers
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to J can be rescaled to obtain a Jacobi field on the limit, largely following work
of [5]. Finally in Section 7, Section 8 we combine the results of the previous two
sections to prove Theorem 1.1, Theorem 1.4.

Acknowledgements. N.E. thanks Stanford University and UC San Diego for their
hospitality. L.S. has been partially supported by the N.S.F Career Grant DMS
2044954. B.V. was supported by the European Research Council (ERC) and the
European Union’s programme Horizon 2020 through the project ERC VAREG -
Variational approach to the reqularity of the free boundaries (No. 853404).

2. PRELIMINARY RESULTS

In this section we recall some facts about minimizers of the one-phase energy Jy;.
Given a minimizer u of Jy, we shall always write 2, = {u > 0} for the positive
set, and u,.(y) := r~'u(z + ry) for the scaled/translated function. For a general
function f we write f* = max{f,0}, and f~ = —min{f,0}. For a set A C RY,
write d(z, A) for the Euclidean distance from x to A.

We start by recalling the standard compactness for minimizers of the one-phase
problem.

Lemma 2.1 (Compactness of minimizers). Let {u; € W,>*(B))}; be a sequence of
minimizers of Jp,, and suppose that 0 € 08, for all i. Then after passing to a

subsequence, we can find a u € W,2%(By) such that:

(1) w; — w in (C2. N W) (By) for all ar < 1;

(2) the characteristic functions lg, — la, in Lj,.(B1);

(3) the free-boundaries O, — 02, in the local Hausdorff distance in By;
4)

(4) u minimizes Jp,.
Proof. This is proven in [1, Lemmas 3.2, 3.4, and Section 4.7]. O

In order to prove the desired isoperimetric inequalities in Section 3, we will also
need the following density bounds.

Lemma 2.2 (Density bounds). There ezists a dimensional constant 3 = B(d) > 0
so that if u € WY2(By) minimizes Jg,, 0 € ,, then

HIL (0, N By) < wa_1 847, (2.1)
and if Q' is any connected component of 0, N By satisfying 0 € ', then
Wd
HYY N By) > 54 (2.2)

In fact, we can find a ball Bg-1(y) C Q' N By in which uw > 1/f.

Proof. The upper bound (2.1) follows from [1, Theorem 4.5(3)] (or [14, Corollary
5.8]). The lower bound (2.2) follows from the Lipschitz nature of u and a minor
modification of [1, Lemma 3.4] (or [14, Lemma 5.1(d)]). Specifically, observe that if
v € WH2(By) satisfies v|sp, = ulsp,, then the function

o) = { u(z) v QY

min{u(z),v(x)} e
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also lies in Wh2(Bs,) and agrees with u on 9B,. Therefore we have the inequality
JQ/(U/> S JQ/(U)

Since we also have u - 1o € WH2(By), we can therefore apply the same proof of [1,
Lemma 3.4] to u|q in place of u to deduce
sup u > 1/c(n).
V'NBy 2
Since (by [1, Corollary 3.3]) we also have || Dul|p~(p,) < ¢(n), it follows that we can

find a y € ' N Byj; and a B(n) > 4 so that u > 1/8 on By3(y), which concludes
the proof of the lower bound (2.2). O

A general minimizer v on some bounded open domain U might have numerous
connected components of ,. However if u is a 1-homogenous and U = R?, then €,
must be connected, essentially due to the fact that any eigenfunction on the sphere
S?-1 with eigenvalue (d — 1) must be the restriction of a linear function. This
implies the following connectivity result for global minimizers, which is analogous
to [3, Theorem 1].

Theorem 2.3. Let u € I/Vllof(]Rd) be a global minimizer of Jga. Then $, is con-
nected.

Remark 2.4. The same proof (taking r, — 0 instead of — oo) implies that if
u € Wh2(By) minimizes Jp,, then for any p € By there is at most one connected
component of ,, whose closure contains p.

Proof. We first prove the Theorem for u being 1-homogenous. In this case the
argument is similar to [6, Lemma 2.2]. Indeed, suppose by contradiction €, has
two non-empty disjoint connected components €2, €25. Since u is 1-homogenous and
solves Au = 0 in ,, we can write u(rf) = rz(6), where z € Wy (2, N dB;) solves

Agi-iz+ (d—1)z=0o0n Q, NIBy. (2.3)

Write z; = z|q,, so that each z; is a non-negative Dirichlet eigenfunction of the
spherical Laplacian Ags—1 on €; N 0By with eigenvalue d — 1.
Choose a > 0 so that

/ (21 — az)dH*™' =0,
0B,

and then observe that by (2.3) and an integration by parts we have

/ |Dy(21 — azg)[PdH*™ = (d — 1)/ |21 — azo|*dH,
831 8Bl

That is, z; — azs is a first (non-trivial) eigenfunction of 0By, and hence must be the
restriction to dB; of a linear function. After a rotation, we deduce u must take the
form

u= oz + g
for some a, 3 > 0. But now H4(£,) = 0, and u is not itself harmonic, and so if
v is the harmonic extension of ulsp, to By we have Jg, (v) < Jp, (u), contradicting
minimality of u. This proves Theorem 2.3 when u is 1-homogenous.
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Now take a general u as in the statement of the Theorem, and suppose, towards a
contradiction, there are two disjoint, non-empty connected components €2y, 25 C €2,.
Pick any sequence r, — oo. For k >> 1 and 7 = 1,2, rk_lQi N Bijio0 # 0, and
therefore by Lemma 2.2 we can find balls By /5(yu) C 7' N By on which u > 1/f.

Passing to a subsequence, by standard compactness (Lemma 2.1) and the Weiss
monotonicity formula, we can assume there is a 1-homogeneous uy € Wl’z(Rd),

loc
minimizing Jge, so that ug,, — up in Cf.. By our choice of y;, and the C},
converge of the v, , after passing to a further subsequence can additionally assume
that yu — v € Qy, N Bo, for each i =1, 2.

By Step 1 there is a path v : [0,1] — €,, N By connecting y; to y. By the CP
convergence of the wug,,, we deduce that v([0,1]) C r.'Q, for k >> 1. Provided
k >> 1 so that, additionally, each y; € Bi/3(yir), we deduce there is a path in
rk_lﬂu connecting ¥y, to yor. This is a contradiction, and finishes the proof of
Theorem 2.3. 0

We will also need the following property of global minimizers.

Lemma 2.5. Let u € W,;*(R?) be a global minimizer for Jga. Then supg, |Du| = 1.
As a consequence, if H is the mean scalar curvature of reg(u) with respect to the

outer unit normal, then H <0 (and H < 0 if u is not linear).

Proof. Define
A =sup {sup |Du| = u € W22 (R a global minimizer of JRd} :
Qy

and notice that, since |Du| = 1 on reg(u), we have that A > 1.

Suppose, towards a contradiction, that A > 1. Then, there is a sequence of
global minimizers u; € WL?(R%) and points z; € Q,, so that |Du;(z;)| — A. Let
y; € 08, realize d(x;,0,,). After a translation/rotation/dilation, since |Dul| is
scale-invariant, we can assume z; = ¢4 and y; = 0.

Passing to a subsequence, by Lemma 2.1 we can assume there is a u € VVZIO’CQ(Rd)

minimizing Jga so that uw; — u in (C2, N WEA)(RY), and 9Q, — 0Q, in the

loc loc
local Hausdorff distance, and u; — u in C;2(€2,). Since d(eq,0€2,,) = 1, we have
d(eq,0,) = 1. So eq € , and |Du(eq)| = A. (Note this implies A < c0). On the
other hand, |Du| < A. Therefore ¢4 is an interior maximum for |Du|?.
Since A|Dul?* > 0, |Dul* must be locally constant, and hence u = z7. This
implies |Du(eq)| = 1 < A, which is a contradiction and concludes the proof of the
first claim of the lemma. We are now in position to prove the second assertion of

the Lemma. By the previous one, we have that
AlDul*>0 and |[Du/<1 in Q,.
On the other hand, on the regular part of the free boundary, we have:
|Du|=1 and D,|Dul*>=—-H on reg(u),
so the conclusion follows from the Hopf lemma. O

Finally we recall the following e-regularity theorem due to Alt-Caffarelli [1], which
we state in the version of De Silva [4].
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Theorem 2.6 (Alt-Caffarelli e-regularity). Given e > 0, there is a § > 0, depending
on e,d, such that if u € WY%(By) is a minimizer of Jp, and
= a1 < 6, 2.4)
then u € C®(By_. N {u > 0}) and there is a C™ function
§:B_.N{zg=0} >R

such that
09, N By_. = graph(§) N By,  with ||§]|cs1(B,_.nfag=0p) < €, (2.5)
[ullgs.r@ynp, ) < C(d), (2.6)
| Du — eq|| o (B, _.nfus0}) < €. (2.7)

Proof. This theorem with C%® norms replacing C3! was proved by De Silva in [4].
The higher order regularity is a standard consequence of [10, Theorem 2. O

3. ISOPERIMETRIC INEQUALITIES

In this section we prove two types of isoperimetric inequalities for domains §2,,,
with © a minimizer of J.

3.1. Relative isoperimetric inequality. The proof of the following theorem fol-
lows ideas from [12].

Theorem 3.1 (Relative isoperimetric inequality). There are dimensional constants
Ry >0 and C, > 0 so that if u € WY2(Bg,) is a minimizer for Iy, s then

HUQ N Q) TV < CLd)HTH(OQ N ),
for any set QQ C Q, N By, with 0Q N, being countably (d — 1)-rectifiable.
Proof. Let 5= B(d) > 0 be as in Lemma 2.2 and define

0= %min{?‘dﬁ_d, 1} and R = max{4(6/2)" " 8} . (3.1)

Suppose, towards a contradiction, Theorem 3.1 failed. Then there is a sequence
ux € WH%(Bg) minimizing Jz,,, and a sequence @y, of compact subsets of Oy N By,
for Q := Q,,, with 0Q N €, rectifiable, such that

HYQp N Q) Y/ > EHIHOQ), N Q). (3.2)
Notice that .
B,
lim% (Qkﬂd (=) =1>0, H'—aec z€Qy.
r—0 wyr
On the other hand, since @), C B; and recalling our choice of R,
HYQp N Bprja(x))
0 .
wd(R/4)d <0, Vr € Qg

Therefore, there is a subset Q C Qy with H4(Q\ Qi) = 0, so that for every z € Qy
we can find an r, € (0, R/4) satisfying

inf HYUQx N B, () _ HY(Qr N B, (x))

r<ry wgrd wqrd

=0.
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Fix momentarily a k. By the Besicovich covering theorem, we can find a subcollec-
tion {B,,(x;)}; C{B,,(z) 1z € Qk} so that Q) C U; By, (z;) and the balls { B, (x;) };
divide into at most N(d) disjoint subfamilies. We claim that if & >> 1, then for at
least one ¢ we must have

HUQi N By, ()@Y = VEHTH0Q N QN By, (27). (3-3)

Otherwise, we could estimate

Hd(Q )(d—l)/d < (ZHd(Q BT )(d—l)/d
k >~ ‘ k T'i(xl))

< Z HY(Qr N m)(dﬂ)/d

< VEY M (0000 N B ()

< VEN(d) H(0Q), N ),

which contradicts (3.2), if k is chosen sufficiently large, depending on the dimension.

After translating and homogeneously rescaling uy, 2, Q, and considering only
k sufficiently large, we can therefore assume that u; € W1?(By) is a minimizer of
Jp,, with 0 € Q. and

HAQr N B @V > VEHTHQ, N Q% N BY), (3.4)
and
d o d R
inf 2% (Q’“QB’”) _ QB (3.5)
r<l wqr Wy

Passing to a subsequence, we can assume that for all £ we have either Bz, C ()

or B3, ¢ €. Suppose the latter occurs. By Lemma 2.1, there is a minimizer
u € W2(By) of Jp,, so that up to subsequences u, — u in C2.(By) N WL (By),
lg, — lgin L}OC(BQ) and the free boundaries converge in the local Hausdorff distance
in By, where  := Q, (and is such that 0 € Q).

Notice that 0Q, = (0Q) N Q) U (Qr N 98Y,) is closed, (d — 1)-rectifiable, with
finite (d — 1)-Hausdorff measure, so that using (2.1) and (3.4) we deduce that each
Q. is a set of finite perimeter in B;, with

HEHO* QLN By) < HH0Q) N Qe N By) + H 100, N By) < C(d) (3.6)

Therefore the compactness theory for sets of locally-finite perimeter implies there
is a set @ C 2N By so that (after passing to a further subsequence) 1o, — 1g in
L} (B1). From (3.4), and the local Hausdorff convergence 9, — 952, we have

/ div(¢)dr =0 for every ¢ € CH(QN By;RY).
Q

Therefore 1¢ is locally-constant on 2 N B;, and hence @) is a union of connected
components of 2N By.

From (2.2), there are only finitely-many connected components of {2, meeting
By j100- Since by (3.5) we have H4(Q N B,) > Bwar? > 0 for all r < 1, we deduce @
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must contain a connected component €2’ of QN By such that 0 € /. Applying again
(2.2) we deduce that

HYQN Byj) > HUY N By ) > 2%. (3.7)

On the other hand, from (3.5) we have
HY QN By) < wyb, (3.8)

which by our choice of 6 contradicts (3.7).

Finally, we notice that if Bz, C () for all k, then in the above discussion we
can simply replace (1 and €2 with Bs/;, and deduce the same contradiction. This
concludes the proof of Theorem 3.1. ([l

3.2. Neumann-isoperimetric. In this subsection we follow [3].

Theorem 3.2 (Neumann-type isoperimetric inequality). There is a positive con-
stant v = y(d) so that if w € WY*(Bg,) minimizes Jp, , with Ry > 0 as in Theo-
rem 3.1, then

min {H*(B, N Q), H* (B, N2, \ Q) } " <y "1 (0Q N Q, N By)
for all Q C Q, N By such that 0Q N Q, N By is countably (d — 1)-rectifiable.

Proof. Suppose Theorem 3.2 failed. Then we could find a sequence u;, € W2 (Byg, )
of minimizers of JBR1 and a sequence Qj, C € N By, where €, := €, , so that

min{H (B, N Qx), H*(Bryr N Qe \ Q) Y4 > kHTH(0Q, N QN By), (3.9)
and 0Qy N Q. N By, is (d — 1)-rectifiable. Let us write Q) = B, N Qg \ Q.
Notice that (3.9) implies
1
HEHOQL N Qe N By) < E?—Ld(Qk N B,)d-D/d (3.10)

for all 1/k <t < k. Then from the isoperimetric inequality of Theorem 3.2, and the
coarea formula, we estimate for a.e. 1/k <t < k:
HUQp N By) Y/ < CyHAHO(Qr N By) N Q)
< OYHHO0Qr N N By) + CLyH (Qr N OBy)
(3.10) (' d
< f?—ﬂ(@ N By)d-D/d 4 Cr=HY Qe O By),

and therefore, for sufficiently large k, we can estimate

1 1\
HYQpN B,) > TN <t — E) for all 1/k <t < k. (3.11)
1

Since (3.9) implies that (3.10) holds with @)}, in place of Q, with the same reasoning
as above we have

1 d
oy > i <t<k. )
HUQ,NB,) > Yo (t k) for all 1/k <t <k (3.12)

Note (3.11) implies Q N By # 0 for all k£ >> 1.
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After passing to a subsequence, we can assume that

either  d(0,09) =00 or supd(0,00) < oco.
k

Suppose the latter occurs. Passing to a further subsequence, by Lemma 2.1 we can
assume there is a minimizer v € W*(R%), so that uy — u in C, N W22, Write

= Q,, then 0, — 02 in the local Hausdorft distance and 1o, — 1q in L}

loc*

Arguing as in the proof of Theorem 3.1, from (3.9), Lemma 2.2 and the compact-
ness theory for sets of locally-finite perimeter (passing to a yet further subsequence),
we can assume there are sets of locally-finite perimeter @, Q)" C 2 so that

lo, = 1o, lg — 1o in Ly,.
From (3.11) and (3.12), we have
HU QN By) > t'/e(d), HUQ'NBy) >1t"/e(d) V>0,

while from (3.10), each 1¢, 1¢ is locally-constant in €. Since by Theorem 2.3, Q is
connected, we deduce that Q = Q' = Q up to a set of H%measure zero. However,
since every Qi N Q) = 0, we have Q N Q' = ) up to a set of H%measure zero. This
is a contradiction.

Suppose d(0,0€) — o0o. Then from (3.11) we can find a sequence t; — 00 so
that By, C . In the above discussion we can replace €, with B;, and €2 with R¢
to deduce a contradiction as before. This proves Theorem 3.2. 0

4. SOBOLEV INEQUALITIES

The isoperimetric inequalities of Section 3 imply a Sobolev and a Neumann-
Sobolev inequality.

Theorem 4.1. There are dimensional constants R,C > 1, and v € (0,1] so that if
u € WH2(Bg) minimizes Jp, and f € WHH(Q, N By), then

(d-1)/d
inf (/ |f — kyd/<d—1>) <C IDf|. (4.1)
k QuNB, QuNBy

If sptf C By, then
(d-1)/d
( / |f|d/(d‘”) <o ipsl (42)
Q.NB1 QuNBy

By a standard application of Holder’s inequality (see for instance [7, Section 5.6.1,
Theorem 1]), we have:

Corollary 4.2. In the notation of Theorem 4.1, if f € WY2(2, N By) is supported

in By, then
1/x
(/ rf|2><) <c@n [ IpiP
Q,NB1 Q,NB1

where x = d/(d —2) if d >3, or x > 1 is arbitrary if d = 2.

In the proof of Theorem 4.1 we will make use of the following well-known inequality.
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Lemma 4.3 (Hardy-Littlewood-Polya). Let V : [0, 4+00) — [0, +00) be a continuous
decreasing function. Then, for every n > 1, we have

+oo L n1) n—1 +oo (n_1)/n n/(n—1)
/ V() /0D gt < ( / V() dt) | (4.3)
0 0

n
Proof. Consider the function

T n—1 T n/(n—1)
v(T) ::/ V ()t gt — (/ V(t)n=/m dt) :
0

0 n

Taking the derivative in 7" and using the monotonicity of V', we have
T 1/(n—1)
U,(T) — V(T)Tl/(n—l) _ V(T)(n—l)/n </ V(t)(n—l)/n dt)

0

< V(T)Tl/(n—l) _ V(T)(n—l)/n (TV(T)(n_l)/n) 1/(n—1) ~0.

which concludes the proof since v(0) = 0. O

Proof of Theorem j.1. We follow [3, Theorem 3]. We divide the proof in two steps.
For ease of notation write €2 := Q,,.

Step 1. We first prove (4.1), (4.2) for f € C°(2N By). Let k be so that
max {H({f >k} N B,),H'({f <k}nB,)} < %Hd(BV nQ),
and let f; := (f — k)" and fo := (k — f)T. Note that by our choice of k we have
HU{fi > 3N B,) <H'{f; <3N B,), forall t >0,i=1,2,
so that, by the Neumann-isoperimetric inequality of Theorem 3.2 we get
HU{fi >ty N B) V< C(@)HT 0{f > t}), forallt>0,i=1,2 (4.4)
Therefore, by the coarea formula, (4.3) and (4.4), we have

> C/(d) ( /OOO HY{f; > t} N B,) tdlldt) B

d—1

Since by construction |f — k| = | fi| + | f2| and |Df| = |D fi| + |D fs|, we get (4.1).

Finally, we notice that (4.2) follows by the same argument. In fact, if f is sup-
ported inside By, then we can use the isoperimetric inequality of Theorem 3.1 to do
the same computation as above with f in place of f;.

Step 2. Conclusion of the proof. Take f € WH1(Q N By). If sptf C By, then by
Lemma 4.4 below we can find an approximating sequence ¢; € C°(By \ sing(u)) so
that ¢; — f in WH(Q N By) (see Lemma 4.4 below). Moreover, since inequality
(4.1) holds for each ¢;, the converegence ¢; — f is also strong in LY @~D(Q N By).
We deduce (4.2).
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We prove (4.1). Let ¢ be a smooth cut-off function supported in B; which is
identically equal to 1 in Bip. Pick ¢; € C(B; \ sing(u)) so that ¢; — f( in
WhH(Q N By) (see Lemma 4.4). For each i there is a constant ¢; so that

(d-1)/d
(/ ¢ —ci\d“d‘”) < C(d)/ D). (4.5)
QOB,\,/Q QmBl/Q

From (4.2) we also have that ¢; — f¢ in L¥@=Y(Q N By).
Now if H4 (2N B,) = 0 then (4.1) trivially holds with 7/2 in place of 7. Assume
therefore that H4(QXN B,s,) = 6 > 0. For any ¢ >> 1 we use (4.2), (4.5) to compute

0V e, <|lesllpaanns, ) <6 = cillwan@ns, ) + 118l Lia-n@ns
< C(@)|¢illwrr@npyy < 2C(d)||fCllwri@ns,)-

Therefore the constants ¢; are uniformly bounded independent of i and (after passing

to a subsequence) we can assume that ¢; — c¢. Recalling our definition of ¢, and
convergence ¢; — fC in LY @=D(Q N By), we get (4.2) with 7/2 in place of 7. O

In Step 2 of the proof above we used the following approximation theorem.

Lemma 4.4. Let u € WY%(By) be a minimizer of Jg, and let f € W'P(Q,NBy), for
some 1 < p < 5. Then for any 0 < 1 we can find a sequence ¢; € C°(B; \ sing(u))
so that ¢; — f in WYP(Q, N By_y). If sptf C By, then we can take 6 = 0.

Proof. As usual we let 2 := Q,. For any k € R, note that fy := min{k, max{f, —k}} €
Wl’p(Q N Bl>, and
IF = Allonsy < [ (5P +1D1P) =0
{If1>k}

as k — 0o. Therefore there is no loss in assuming f € L>(2N By).
We next claim we can additionally assume that sptf N B.(sing(u)) = ) for some
e > 0. Trivially, since sing(u) C 99, we have

/ (IfP + |DFP) < (),
QNB1NB.(sing(u))

for for some 7(¢) — 0 as ¢ — 0.

Since sing(u) has Hausdorff dimension < d—5 and p < 5, for any € > 0 we can find
a finite cover { B, (yi)}M, of sing(u) N By satisfying 3., 507 < ¢ and y; € sing(u).
For each ¢ choose an n; € C'* satisfying

n; = 01in By, (v;), n=1outside Bas,(y;), |Dni| <10/s;

Define n = inf n;. Then 7 is a Lipschitz function satisfying

10
sptn Nsing(u) =0, 7 =1 outside B (sing(u)), |Dn(x)| < sup ;132%(%)(95).

3 3
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Now fn € WH(Q2N By), spt(fn) Nsing(u) = (), and

1/p
1 = Follwrs@nsy < 7(25) + ( / IfDnl”)
QNBq
7(2¢) + c(d)||fllnpy Y 5P "

< 7(2¢) + (|| fllL=(@nBiE s

which — 0 as € — 0. This proves our claim.

We proceed assuming sptf N B.(sing(u)) = 0, for some ¢ > 0. Since 99 \ sing(u)
is smooth, after perturbing B;_s to a smooth domain B;_g/s D U D B_y9, we can
assume that (U N ) is locally-Lipschitz in By \ B 4(sing(u)).

Choose a finite cover {B,, (z;)}Y, of d(QNU)\ B(sing(u)) such that z; € 9(QNU),
By, (x;) C By \ B.ja(sing(u)), and each 0(Q2 N U) N By, (2;) is a Lipschitz graph.
Pick smooth functions (y, ..., (y such that

N

sptl; C Boy, (i), sptlo C QNBy\ Beja(sing(u)), ZQ =1 on QNU\ B (sing(u)).

=0

By the usual extension/approximation theorems for Sobolev functions applied to
each f(;, we can find a sequence of smooth functions ¢, € C2°(B; \ sing(u)) so that
dr — fin WHP(Q N U). This proves the first assertion of the Lemma, with 26 in
place of 6. The second assertion follows because sptf C B; implies sptf C By_gy for
some 6 > 0. O

5. DE GIORGI-NASH-MOSER THEORY

By nowadays standard iteration methods (see e.g. [3, Theorems 5 and 6]), the
inequalities of Section 5 imply the standard integral /Harnack estimates of De Giorgi-
Nash-Moser. For the reader’s convenience, in Appendix A we reproduce a proof
(different from [3] and originally due to L. Simon) of the John-Nirenberg lemma
adapted to our setting.

Theorem 5.1 (Subsolutions). Let u € W*(Bg,) be a minimizer of Jp,, . Suppose
f e Wh3(Q, N By) is non-negative and satisfies

Df-Dé <0 (5.1)
Qu
for all non-negative ¢ € C(By \ sing(u)). Then
1/p
sup < c{6,p,d) ( / f”) , (5:2)
QuNBy Q,NB1

forall0 < p < oo and all 6 < 1.

Proof. Follows from (4.2) and (5.1) by well-known iteration methods. O
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Theorem 5.2 (Supersolutions). Let u € W"?(Bg,) be a minimizer of Jg, . There

is a dimensional constant v > 0 so that if f € WY3(Q, N By) is non-negative and
satisfies

/ Df-Dé >0 (5.3)
Qu
for all non-negative ¢ € C}(By \ sing(u)), then

1/p p
P < .
</Sluan f ) < c(p,d) Qifmlgw f forall pc (O, 5 2), (5.4)

Proof. Follows from Theorem 5.1 and Lemma A.1 by a well-known argument. [

6. ONE-SIDED BLOW-UPS NEAR REGULAR POINTS
In this section we study one-sided blow-ups to 1-homogeneous minimizers of J.

Assumptions 6.1. We let ug € W'?(By) be a non-zero minimizer of Jp,, and let
ut vt € WH2(By), u € N, be sequences of functions minimizing Jg,, such that

: , 1,2
ut <ot in By uf ot = ug in (Cp. NW0)(Br);  u! <ot on Quu.

In this section we will prove the following theorem. The main idea is similar to [5,
Proposition 5.1], however our situation is more general and doesn’t follow directly
from [5], so we will provide the details of the proof.

Theorem 6.2 (One-sided blow-up). Let ug, u*, v* be as in Assumptions 6.1.
Let the point p € Qq be fized, and define

Ay = 0" (p) — " (p) and wh = A;l(v“ —u") e WA(By).

oc

Then, there is a function w € C%*(,, \ sing(ug) N By) N C®(, N By) so that
wht — w in C2(y, N By), and w solves:

Aw = 0 mn QuO N Bl
D,w+ Hw=0 onreg(up) N By (6.1)
w >0 in Qy, N By,

where v and H denote respectively the outer unit normal and the scalar mean cur-
vature of reg(ug) C 0y, .

Remark 6.3. Recall that if ug € VVé’f(Rd) is a global-minimizer, then by Lemma 2.5
H <0 on reg(ug).

Combining (6.1) and the theory developed in the previous sections, we can prove
the following key estimate.

Proposition 6.4 (Harnack inequality). Let ug € W,2*(R?) be a global minimizer of
Jra, and w € C**(Q,,, \ sing(up) N B1) NC>®(Q,, N B1) be a solution of (6.1). There
exist dimensional constants C,~y > 0 such

/ w<C inf w. (6.2)
QoﬂBW

QoﬁB»Y

The rest of this section is devoted to the proofs of Theorem 6.2 and Proposition 6.4.
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6.1. Proof of Theorem 6.2. We divide the proof in two steps.

Step 1. We start by analyzing the behavior of the blow-up sequence at regular points
of the free-boundary. So let u be as in Theorem 2.6. Write R = {(2/, 24, 7441) €
R?! x R x R}. Choosing ¢ > 0 sufficiently small in Theorem 2.6, by (2.7), we can
consider the hodograph transform 2’ = ¢ and y; = u(z), to find a function

Hu : Blfggﬁ{yd Z O} —>R,
satisfying
Hy (2 u(z' xq)) = g, and w2’ H (', y4)) = ya, (6.3)

so that the free boundary of u is given by (the graph of) the trace of H, over the
hyperplane {y, = 0}. Standard calculations yield

{Zi,j a;;(DH,) D} H, = 0 in Bi_s: N {ya > 0}

6.4
DdHu:B(DlHuv"'aDd—lHu) on Bl—Qﬁm{deO}’ ( )

with a;;, B analytic and a;;(DH,) uniformly elliptic.

Next, suppose that wug is €/2-flat in a ball By with € as in the statement of
Theorem 2.6. Then, for u sufficiently large, also the functions u#, v* are e-flat in By,
so we can apply Theorem 2.6. Let H,,, H" and H* be the hodograph transforms of
ug, u, and v, on By ,_; we set for simplicity Hy := H,,. Since u* < v*, we have

H!(2',0) > H*(2!,0) for every (2/,0) € By_a. N {yq = 0}.

From Theorem 2.6 we can also assume that H¥, H* — Hy in C*'(B;_s.).
Since a;;, B (in (6.4)) are analytic functions of DH,,, we can use the fundamental
theorem of calculus to deduce that the difference
wt = HY — HY
solves a PDE of the form

{Zi,j G DY@ =0 in Bj, = By 0 {ya > 0},

’ 6.5
Dgw* =3, b;Dyw"  on Bsi N {ya = 0}, o

where @;; is uniformly elliptic and depends analytically on DHY, D*H" DH!, D*H",
and where b; are analytic functions of DH!, DH!. In particular, by Theorem 2.6,
Qij, b; have (respectively) uniform C* and C'® bounds, depending only on the
dimension d. Using the Harnack inequality and Schauder theory for strong solutions
with oblique boundary conditions (see for instance [5, Theorem 5.2]), we get

st < C(d) inf @ and (@l gua ) < CDIT |y (66)

B;/4 BS/4

Next, let (', 24) € {v" > 0} N By, and yq := u”(2', 24). Then (2',yq) € B;;4 and
U'u(.%'/, .CEd) — U'u(ﬂj,, -Id) = Uu(xlv Hﬁ(.ﬁlﬁl, yd)) — Yd

= (', Hii (2", ya)) — v* (2", HY (2", ya))

Hi (%' ya)
= / Dgv* (2!, t) dt . (6.7)

HY (2 ya)
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Combined with (6.6) and the fact v* satisfies (2.7), the above (6.7) implies

sup(v* — ut) < C(d)(v*(0,1/8) — u*(0,1/8)), (6.8)
Buj,
1 = HY lle2as;,) < C(d)(v"(0,1/8) — u(0,1/8)), (6.9)

for a dimensional constant C'(d) > 0.
Let (2',24) € Q9 N Byy,. Then, for p > 1 sufficiently large,
(.T,, CUd) c Qu,u M Bl/g C Q'U“ N B1/2.

As p — oo, HH (2!, yq) — H! (7', y4) — 0 and v* — uo smoothly on compact subsets
By, N {yq > 0} and Qo N By, respectively. Thus, for p large, we can compute

v (2 xg) — ut (2, 1y)
1
#WW%%%@%D/mMﬂWW%HM%WW—Wme%
0

= (HL(2,ya) — HY (2", ya)) (Dauo(2', 2a) + €,(2, 24)), (6.10)
for €,(2', x4) — 0.

By Theorem 2.6, we can write

o N Bs), = graphmo (&), o0ahn Bs), = graphaﬂo(n“),

where we graph over the normal pointing in the positive e, direction. Our conver-
gence HY, HY — Hy implies [|¢"|[cs1(B, ), [[7"]|cs1(s,,,) — 0 as u — oo.

By elementary geometry, for a2’ € Bfl/gl and y' = 2’ + Hy(2',0) € 0 N By we
can write
_ Hy(F*(2')) — HY(F*(2'))
1+ [D'Hy(a,0)?
where each F* : Bfl/gl — R is a smooth diffeomorphism onto its image, R* :
B4l — R4 is smooth, and

(€ (W) —n"(y) (1 + R*(2)) : (6.11)

1/2
||F‘LL — id||02,1(31/2) — 0, HR‘“HCQJ(BW) — 0, (612)
and D' f = mga-1(Df). Therefore, by (6.8), (6.9), (6.11), (6.12) we have
18" = n*llc2a (B, n000) < C(A|[HY — Hlc20(5,),) (6.13)

where §, — 0, and, for any (2/,24) € 0Q0 N Bip,
M, xq) — " (2, 2q) = Dauo(a', xq) (HE (2',0) — HY (2',0)) + €, (2',24),  (6.14)
where [v#(0,1/8) — u#(0,1/8)|~ ¢}, (2', x4) — 0.
Assume that v#(0,1/8) — u*(0,1/8) > 0 for all u. Let A\, € R be any sequence
such that
LT < X (v"(0,1/8) —u#(0,1/8)) < T Vp,
for some I' > 0. Define

wh = A =), = N HE = HE), 7= AN E - ),
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From (6.8), we have
[[w*]| Lo (B, ) < e(d,T). (6.15)

By (6.15), (6.9), (6.14) after passing to a subsequence we can find w € C*(QyNB.y,),
ke CQ’O‘(B1/2) and 7 € C**(9Q N Bip,) so that
yw — win C

QN Bip), Kk, — kin C*¥(Biy), (6.16)
T — 7 in CE (0% N By (6.17)
for all o/ < a. Moreover, from (6.10), (6.14) we have
w = kDjug on QN Bip,
and
T =kDgquy on 0y N By .
We deduce that

w e C**(QyN Bip) and wlooenB,, = T- (6.18)

Step 2. Suppose now we have ug,ut,v", \,, and w* € W'?(B;) as in Assump-
tions 6.1 and Theorem 6.2. Write Q¢ = €,,. Fix U CC Bj \ sing(ug). By Theo-
rem 2.6, for p sufficiently large we can write 0, N U = graphyg (&), 0 NU =
graphyq () with respect to the inner normals. From (6.15) and the usual Harnack
inequality in the interior of €2y, we have
sup | [w"|| Lo () < 00, (6.19)
o

and so we can find a non-negative w € C**(QyNU)NC>( NU) so that w* — w
in C22(QoNU), where we used (6.18) to obtain the C** regularity up to the regular
part of the boundary of 2.

Fix ¢ € CL(U). Since u*|sq, v = 0 and the outer derivative D,u”|sq, v = —1
(and the same for v* w.r.t. Q,.) we compute

/A(b B —ut) / D¢ - Dv* + / D¢ - Du"
/(‘mvu 8Quu

= | olw—n"(@)v(@)In"(z) - o(z — & (2)v(x)) JE" ()

Qo

Here v denotes the outer unit normal of {2y, and Jn" is shorthand for the Jacobian
of the map 0 2 v — v — n“( ) () (and the same for &).
There are functions €, ¢, €}, €, — 0 as u — oo so that

/Agb(v“ —ut)
- / (Dud+ 2)(€" — ) (1 4+ 1) + (6 + 1) (T — Je)

- / (Do + 2)(€" — ) (1 + 1) + (6 + 1) (H + ") (e" — 1)
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where H = divyg, (v) is the mean curvature with respect to the outer normal.
If we divide both sides by A,, then by (6.19), (6.16), (6.17), (6.18) we can take a
limit as ;1 — oo to deduce, using (6.18), that

/ wAp = wD,¢ + How
Q o
Since w is C? up to Qo N U, and Aw = 0 in y, we can integrate by parts to get
D¢ - Dw = — How, or o(D,w+ Hw) = 0.
Q 9% 9%

Since ¢ is arbitrary we deduce that w satisfies D,w + Hw = 0 on reg(ug) N U.

Since U CC B \sing(up) was arbitrary, by a diagonalization argument we deduce
that there is a non-negative w € C**(Qq \ sing(ug) N By) N C*(2y N B;) solving
(6.1) so that w* — w in C.(Q N By). O

loc

6.2. Proof of Proposition 6.4. If we let wy = min{w, k} for £ > 0, then by (6.1)
and Lemma 2.5 we get that

/ D¢ - Dwy >0 V¢ € CH(By \ sing(up)) non-negative.
Qo

By Lemma 4.4 we can replace ¢ with (wy,+1)~1(? for any fixed ¢ € C!(B; \sing(uy))
non-negative, to get

/ (wp + D)2 Dw 2t < 4 | |DCP.
Qo QO
Arguing as in the proof of Lemma 4.4, we can find a sequence (; € C!(By \ sing(uy))
so that / |DGI” — 1 and ¢; — 1 a.e. on Bij,. Therefore we get the bound
Qo

| ipupP a1y
QoﬂBl/Q

and hence wy, € WH?(Qy N By,).
By Theorem 5.2 we deduce there are dimensional constants C,y > 0 so that

/ wp < C inf wy,
QoNB
QoﬂB»y 0 v

and hence, taking k — oo, we get (6.2). O

7. PROOF OF THEOREM 1.1

Here we put together the various ingredients of the previous sections to prove
Theorem 1.1. The argument follows [11]. As outlined in the introduction, we first
show that violating the strict maximum principle of Theorem 1.1 effectively implies
there is a point where the blow-ups of u, v agree. By a suitable blow-up argument,
we can obtain a positive Jacobi field w that decays like O(r), which will contradict
the Harnack theory which says w must be uniformly bounded below.
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Lemma 7.1. There is a positive dimensional constant 0y such that if u € I/Vllo’f(Rd)
is a non-zero 1-homogenous global minimizer of Jra, then

{x € Qy : d(w,00,) > Oplz|} # 0.

Proof. 1f the Lemma failed, we could find a sequence u; of 1-homogenous minimizers

such that

d(z,00,,) < (1/i)|z] VYo e Q,,. (7.1)
Passing to a subsequence, we can assume there is a 1-homogenous minimizer ug So
that u; = uo in C},., by Lemma 2.1. Since 0 € 0, {1, is a non-empty open set

containing some ball B.(p) with [p| = 1. But then we must have €, D B, >(p) for
i >> 1, contradicting (7.1) for i > 2/e. O

Proof of Theorem 1.1. Assume that 0 # u < v and reg(u) Nreg(v) = @, but 9Q, N
90, NU # (. We aim to obtain a contradiction. Note that, since reg(u) is dense in
09, NU, the interior maximum principle implies u < v on €, C €Q,,.

Step 1. Dimension reduction. We claim that we can assume that U = B; and
0 € 09, N0, and u,v have the same tangent cone at 0, in the sense that for
any 1; — 0, there is a subsequence r; and a 1-homogenous minimizer uy so that
Ug . —> Ug and Vo,rt —> Ug-

Pick p € 02, N0, NU. If u,v have the same tangent cone at z, in the sense
described above, then we can replace u,v with w, 1y, vp1-|p and the claim is
proved. Otherwise, there are a sequence r; — 0, and 1-homogenous minimizers
uy < vy, Up F Vo SO that u,,, — up and v,,, = vo.

If (after a rotation) ug = z; or vy = z}, then necessarily by domain monotonicity
of eigenvalues in the sphere ug = vo = z;. In this case p € reg(u) Nreg(v), which
contradicts our hypothesis that reg(u) Nreg(v) = 0.

So neither wug, vg is linear. Since uy < vy are 1-homogenous, after replacing uy with
upo@ for some rotation ) € SO(d), we can assume there is an py € 9§2,,NI,,NOBy.
If po € reg(up) Nreg(vy), then since Q,,, €2, are connected (Theorem 2.3) the Hopf
maximum principle implies uy = vy, which is a contradiction. Therefore, by the
same argument as in the previous paragraph, we must have py € sing(ug) Nsing(vy).

If ug, vy have the same tangent cone at py, then as before replace u,v with
(10)po,1/2: (V0)po,1/2 tO establish our claim. Otherwise, we can repeat the previous
argument, blowing up ug, vy at pg, to obtain new 1-homogenous minimizers u, vy,
and a p; € 0%, N0, N OBy satisfying the same hypotheses as ug, vg, po, but with
a 1-dimensional line of translational symmetry.

By a standard dimension reduction argument, as long as the current 1-homogenous
minimizers uy < vy, ur # v do not have the same tangent cone at pg, we can
blow-up again to obtain new 1-homogenous minimizers with an extra dimension of
translational symmetry. Since every wuy, v, must be non-linear, this process must
stop before wuy, v, have (d — 1)-dimensions of translational symmetry. This proves
our claim.

Step 2. Construction and decay of the linearized solution w. Fix 6 = 6, /2, for 0, as
in Lemma 7.1 and set

Oy = {a: € Qy : d(z,00,) > 9|x|},
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so by construction €y C 2, C §2,.
Since u and v have the same tangent cone at 0, we get that

sup r '(v—u)= sup (vo, —ug,) =0 asr— 0. (7.2)
QQQQBT‘ (T_lgg)ﬂaBl

As a consequence, for every R > 0, the supremum
sup ( sup 7 (v — u)) ,
re(0,R] \QpNOB,

is a maximum achieved at some radius r € (0, R|. This implies that we can select a
sequence r; — 0 so that

sup ( sup 7 (v — u)) <2 sup r;'(v—u). (7.3)
r<r; \QyNOB, QgﬁaBri
Passing to a subsequence, by Lemma 2.1 we can assume there is a 1-homogenous

minimizer uy so that wug,, — uo and vg,, — up in C}.., and the free-boundaries

converge in the local Hausdorff distance. Fix a point p € Q,, N 9B;, and define

i i= Vo, (p) — uo(p) > 0.
Write () := €2,,. By Theorem 6.2, applied in B; rather than Bj, we can find a
non-negative function w € C?(Qq \ sing(ug) N By) NC* (o N By) satisfying (6.1) and
so that the rescaled functions

A o, —uor) —w in CR2(Qo N By). (7.4)
By our normalization, w(p) = 1, and so, since )y is connected (by Theorem 2.3),
w>0 on QN Bs.
For a number 6’ > 0, we will use the notation
Qoo = {x € Qo : d(z,00) > 6'|z]}.

By the convergence of the blow-up sequence ug,, to 1o, we have that

(ri'Q) N OBy C Qg2 N OBy, (7.5)
for ¢ large enough. Analogously, for any p > 0 and ¢ sufficiently large
(r;'Q9) N Ba—y \ B, D Qo2 N Ba—, \ B, (7.6)
Now, our choice of r; in (7.3), combined with (7.4), (7.5), (7.6), implies that
sup r'w<4 sup w forall —r<1. (7.7)
Q0.26NIB,; Qp.0/2N0B1

Since Q99 # 0 (and is obviously dilation-invariant), we get that

inf w<Cr forall —r <1, (7.8)
QoNOB,

for some constant C' > 0.

Step 3. Harnack inequality and conclusion of the proof. By Proposition 6.4 we have

1
inf w>— w >0 (7.9)
B»yﬂﬂo C B»yﬂQo

with C| v positive dimensional constants, which clearly contradicts (7.8). O
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Proof of Corollary 1.2. A direct consequence of Theorem 1.1, the Hopf maximum
principle, and the connectivity of €2,,. 0J

Proof of Corollary 1.3. First observe that if 2’ is any connected component of €2,
then v|y g cannot be identically zero. For otherwise, we would have v|o €
Wol’Q(U), and hence by replacing v with v' = v-1n o we would have v'—v € Wol’Q(U)
and Jy(v') < Jy(v), contradicting minimality of v.

Now by Theorem 1.1, if the conclusion of Corollary 1.3 failed we would necessarily
have u© = v on some connected component €' of €,. But then on some subset
I' € OU N of positive H4 !-measure we would have 0 < u = v, contradicting our
hypothesis. 0

8. PROOF OF THEOREM 1.4

Our proof follows the same blow-up principle as [8, 15, 5], which is to find a
sequence of minimizers v* of Jp, lying to one side of ug, argue that v* — uy but
d(0, Qi) > 0, and then take a limit of a suitable sequence of dilates v, — u. The
key simplification observed by [15] is to prove the “radial graph” property before
blowing-up rather than after, and thereby avoid having to understand the precise
asymptotics of the limit u (at the “expense” of having to know C° regularity of v*
up to 0By).

Proof of Theorem 1.4. Fix v < 1, and let v” minimize Jp, subject to v7|sp, =
Yuglop, (of course Jp, (yug) < oo since ug € W,5?). Since v7]gp, < uolos, and ug is
minimizing, after replacing v” with min{v?, ug} there is no loss in assuming v” < u.
By Lemma B.1, v € C°(B,).

We firstly claim that v7 < ~yug also. To see this, observe that €2,,, = €2, and
v < g, and hence if U’ = {07 > yug} then U’ C Q,,, and (v — yuo)™ € W, *(U")
and A(vY — vyug) = 0 in U’. Therefore the weak maximum principle for harmonic
functions implies (v — yup)™ = 0, proving our claim.

Now D, (vyug) = —y # —1 on reg(yug) = reg(ug), and so reg(v?) Nreg(ug) = (). By
Theorem 1.1 (applied to v” and ug) we must have 9, N 9Q,, N By = 0. Together
with the interior maximum principle we deduce that v7 < yuy on Q,» N By. In
particular, since yug is 1-homogenous, we have

v, <quo =0 onr 'QnNOBy, Vr <l (8.1)
We secondly claim that vj, < v in By for all » < 1. Since d(0,Q,~) > 0, this is
trivially true for all 7 sufficiently small. If r, is the largest radius so that vy, < v7

on B, for all 7 < r,, then necessarily since v7 € C°(B;) we must have vy, <07 on

By, and there must be an « € By Nr;*Q,» for which v, (z) =v"(z). By (8.1) and
Corollary 1.3, this is a contradiction unless r, = 1.

For a fixed z € By, our second claim implies r~'v7(rz) < v7(z) for all r < 1.
Therefore at any point x where Dv” exists we must have

d
< —1 — _o7 . DuY ().
0 ol 1r v (rz) v (x) +x - DV (2)

We thirdly claim that v7 — ug in WH?(B;) as v — 1. Otherwise, by standard
compactness there would be v; — 1 so that v — v for some minimizer v € W12(By)
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satisfying v|sp, = uolop, and v < ug but v # ug. But since vy is the unique minimizer
of Jp, for its boundary data (see e.g. [5, Lemma 2.5]), this is a contradiction, and
proves our third claim.

For each v < 1 we have r, := d(0,Q,) > 0, and from our third claim we have

r, — 0. We can therefore find a sequence v; — 1 so that the functions vy}, ~converge
in (W22 N Ce)(RY) to some global minimizer u satisfying u < u, d(0,9,) = 1, and
—u(r)+ - Du(r) >0 L%aexc R (8.2)

This u is our required solution, satisfying Theorem 1.4:(1),(2). We now show u
satisfies the other asserted properties.

We prove sing(u) = @) (i.e. Theorem 1.4:(4)). To see this, observe that if = € 99,
then for r sufficiently small (8.2) implies

_rgz,r(y) + (‘T + ry) ’ Dga:,r(y) >0 ‘Cd_a'e' (7S Bl-

Now if w is any tangent solution to u at x, then w is a 1-homogeneous global
minimizer of Jra satisfying

z-Dw(y) >0 Lhae yecR (8.3)

(8.3) implies that Q,, C {y : y-x > 0}, and hence we must have Q, = {y:y-x > 0}
and w(y) = (y - x)". This proves = € reg(u).

We prove (8.2) holds with > 0 in place of > 0 (i.e. Theorem 1.4:(3)). This follows
because w(z) := —u(x) + = - Du(z) is a non-negative Jacobi field on €, ie. w
satisfies

Aw=0inQ,, D,w+ Hw=0o0n0d,, w>0,

where H is the mean curvature scalar of 02, w.r.t. the outer unit normal v. Non-
negativity is obvious, and harmonicity is an easy computation. The boundary con-
dition follows because along 0f2, we have

Du=-v, D, u=H, D)u=0ifelv.

Now the Harnack inequality of Proposition 6.4 implies that either w =0, or w > 0
on §2,,. But w cannot be identically zero as this would contradict (e.g.) the fact that
d(0,9,) = 1.

We next prove that u, . — ug asr — oo (i.e. Theorem 1.4:(5)). Take any sequence
7; — 00. Passing to a subsequence we can assume u ., — g for some 1-homogenous
minimizer v < ug. But now by eigenvalue monotonicity for domains in the sphere,
we must have ug = u(. Since the sequence r; is arbitrary, this proves our assertion.

Lastly, the fact that the dilations of 02, foliate €2, by smooth, analytic hyper-
surfaces, which are radial graphs, follows directly from the properties (1)—(5).

The construction of w is essentially the same. Here we take v > 1, and define v”
as before. The same arguments imply that v7 > yuy on By, and v&r > vY on By for
every r < 1, and hence

—v'(x) +x-Dv(z) <0 L%ae x€ By.
Taking an appropriate sequence v; — 1 and ., = d(0, Q2,7 ) — 0, we can take a limit

of vgfw to obtain a global minimizer @ > u. The rest of the argument proceeds as
in the case of u, except using the Jacobi field —w in place of w. 0
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APPENDIX A. JOHN-NIRENBERG LEMMA

We provide here a self-contained proof in our setting of the John-Nirenberg-type
lemma used in proving Theorem 5.2. The proof is a very (very) minor modification
of a proof due to L. Simon. We reproduce it here for the convenience of the reader.

Lemma A.1. Under the same hypotheses as in Theorem 5.2, there is a dimensional
constant y(d) > 0 so that

</52mb]6)(/9mb]£ )SC(d,p) for all O<p<d_2. (A.1)

Proof. Let Q := Q, and let ¢ > 0 be fixed. For ¢ € C}(B; \ sing(u)) non-negative,
note that ¢ = (f +¢)7!'¢? € W'3(Q N By), and is supported in B;. Therefore we
can approximate ¢ in W1?(Bj;) by admissible test functions, and from (5.3) get

/ —(f+e) 2 IDfIPC+ (f+e)'2ADf-¢ >0,
Q

and hence
[s+opsre <a [ b (A2
Q Q
For A € R to be determined later, define w := log(f + &) — A. Then, (A.2) gives
/ Duwl? < 4 / IDC[2 V¢ € (B, \ sing(u)) non-negative. (A.3)
Q Q

By the same approximation argument as in Lemma 4.4, we deduce that w € W12(Qn
B,) for all r < 1. In particular, if wy, = min{k, max{—k,w}}, then |w;[P € W(Qn
B,) for any p > 0, r < 1. Using (4.1), Holder’s inequality, and (A.3), we can choose
(and fix) a A so that

w1 < w c(d). .
/WW| /) < <d>/ Dul < (d) (A4)

QQBI/2

Take ¢ € C(}(B’V/Za [07 1])7 p = 2, 5 =

. and o = 25 + 2. From (4.2) we have

( / |wk|2p><¢2apx—ﬁ><) " < [t pugr
+c(d, X)p2/9|wk|2p¢2ap‘25‘2. (A.5)
On the other hand, replace ¢ with |w;|[P~*¢*?~? in (A.3), and obtain
/£;|wk|2p—2|Dwk‘2¢2a—2ﬁ < 8p2/Q’wk’2p—4|Dwk|2¢2ap—25

T / w222 (A6
Q

Using the interpolation a*b'* < pa + (1 — p)b for a,b > 0, u € (0,1), we have
pPlwe ™ < (1/16)]wg|*~2 + 167 p?P. (A7)
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Therefore, combining (A.5), (A.6), (A.7), (A.4), we get
1/x
(/ ‘wk‘ZpX(bZaxZﬁx) S C(d)pp2p/ ]Dw|2 4 C(d, X)p2/ ’wk’2p72¢2a)(72ﬁ72
Q QNB, Q

< o(d)Pp® + c(d, x)p? / |wy| 222072, (A8)
Q

Recall that by our choice of 5 we have Sy = f+1. Recall also that (a+b)* < a*+b*
for a,b > 0 and p € [0,1]. Defining the measure dn = ¢~2Xdz = ¢=2/"2dx, we
deduce

1/2p

1/2px
( / |wk|2px¢2am<dn) < e(d)p+ e(d, ) 7p? ( / rwkr%zapdn) (A9)
Q Q

For any 6 € (0,1) and non-negative measurable I, we have by Holder’s inequality

1/2p 5/2px (x—9)/2xp
</ F2pdn> < (/ F2pxdn> </ F2p(1—5)x/(x—5)dn> (A.10)
Q Q Q

Since the map ¢ — 2p(1 — §)x/(x — 9) takes the value 2p > n/(n — 1) when 6 =0
and 0 when 6 = 1, we can choose a § = d(p, x) so that

2p(1 = 0)x/(x —90) =n/(n—1).

Now combine (A.9), (A.10), (A.4) with p = 2, F' = |wi|¢®, and d(p, x) as in the
previous paragraph to get

(1-6)/4x (x—9)/4x
( / |wk|4><¢4a><dn> < ofd) + eld, x)( / |wkW““”wn/(“—”—?ﬁ—?dx)
Q Q

(x—90)/4x
< e(d) + e(d, ) ( / |w|”/<”—1>dx)
QOB,Y/Q

< c(d, x)- (A.11)

(Break into two cases: either [, F*PXdn > 1 or < 1.)
For v =1,2,..., define

1/4x"
() ( / |w|4x“¢4ax”dn)
Q

From (A.11), taking k — oo, we have ¥(1) < ¢(d, x). From (A.9) we have
U(v+1) <ex” +c& X "U(v)
for ¢ = ¢(d, x). Now

o

[ ™ < eld,x),
n=0
and so we have

W) <D ext < eld, )X

p=1
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Recalling that 4ax” — 28 — 2 > 0 for all v, we get by Holder’s inequality

1/j
([ wbar) sctios vi-12..
QﬂB,\//Q

And hence, using Stirling’s approximation and ensuring § < 1/2e we have

[ ear <y [ St e (60)/5! < eldon),
QNBy /2 j=0 7 SNBy 2 =0

Therefore

</m37/2<f " 5)5d$> ( /mBm(f + 5)5dx) < e(d, x)* (A.12)

and, taking ¢ — 0, by the montone convergence theorem we get (A.1) for p < 1/2e
and /2 in place of ~.

To prove (A.1) for all 0 < p < x Simon argues as follows. For § < 1, § # 0, and
¢ € CH(By), we can plug in (f + €)?71¢? into (5.3) to obtain

(1=0) [ (F+2 D¢ < [ (7421 2Ds - D,
Q Q
If we set w = (f +¢)%? and rearrange then we obtain

[ Do < o) [ wine

This implies w¢ € W2(QNB,) for all r < 1. If we replace ¢ with ¢~ for By = +1
and o — 8 — 1> 0 and ¢ as before, then we get

1/x
( / wz"sbm"dn) < c(f,d,x) / w*¢**dn
Q Q

for dn = ¢=2/"2dx = ¢*Xdx. Now apply Holder like in (A.11) to get, for any
5 €(0,1):

(1-8)/x (x—=9)/x
(/wQquQO‘an) < c(@,d, X)(/(w2¢2a)(1_5)X/(X_5)dn> .
Q Q

Recalling that « — Sy = a — 8 — 1 > 0 and our definition of w, and taking ¢ — 0,
we then have

(1-8)/x (x=8)/x
([ ) scan( [ v )T

Given any 0 < p < x, we can write p = @y for € (0,1). We can then choose a
d = d(p, x) so that

(1 —96)x/(x —9d) = min{1/2e,0/2}.
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Combining (A.13), (A.12) with our choice of § we obtain

(i) 7)

x=4 x=0
. 1-4 . 1-6
< C(pa d, X) (/ fm1n{1/2679/2}) (/ f* m1n{1/2679/2}) < C(p, d’ X)a
QNB, /s QNB, s
which proves (A.1) with /4 in place of ~. O

APPENDIX B. CONTINUITY UP TO THE BOUNDARY

In this section, we prove a uniform Holder estimate for minimizers of the Alt-
Calffarelli functional with Lipschitz data on the boundary of a smooth domain, which
we use in the proof of Theorem 1.4.

Lemma B.1. Let g : R = R be a CY* function and let
0= {(x',xd) ERIXR : 24> g(x')} and T := {(:E’,g(m')) S Rd_l}.

Let ¢ : R — R be a non-negative Lipschitz continuous function and let u : QU — R
be a non-negative function in VV;CQ(Q) such that u = ¢ on . Suppose that u satisfies
the following minimality condition in a ball Bg

/ | Du|? dw < / |D(u+¢)>dx + |K|  for every ¢ € Wy (K)
K K

and every open set K C QN Bpg.
Then, u is y-Holder continuous in Brj, N (QUT) for any v € (0,1).

Proof. We define the C**® map
U:QUT = H:={(2",y1) : ya >0}, V(2 xg) = (2,24 — g(2)),
and its inverse
o:H—-QUT, O(2',ya) := (2, ya + g(a)).

We will prove that the function u satisfies the estimate

/ |Dul? dz < Cr¢t20-1) (B.1)
Br(mo)

for all zp € QN Bprja, 7 < R/4, and some constant C' > 0 independent of x, .
Thus, we can apply the Morrey Lemma (see for instance [14, Lemma 3.12]) to the
function u — ¢ obtaining that it is y-Holder continuous, which will conclude the
proof. In order to prove (B.1), it will suffice to take xy € 92, and for simplicity we
can assume that 2o = 0, ®(0) = 0 and DP(0) = DV(0) = Id, and R = 2. We also
set
A(z) := D®(z)DP(x)",

and we notice that there is a constant C4 such that

(1—-Cuar*)Id < A(z) < (1 4+ Car®)Id for every z € B,. (B.2)

For simplicity, we will denote by C, any constant depending only on the dimension
d; by C, we denote constants depending only on g, ®, ¥ and A; by C, we denote
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constants depending only on ||¢|z~ and || De|| .

The harmonic extension of o ®. Let h, : H N By — R be a function such that
1Poll oo B2y < [l oe (1B, and

Ah,=0 in HNB,, h,=¢o® on O(HNDBs).
Given € > 0 and r > 0, we consider the test function EP solution to
ATL@ =0 in HNBgyi-, 7% =h,—¢@o® on 8(H N Bgrl—e).

Then, using the subharmonicity of |DEP|2 and the gradient estimate, we get

/ uwwﬁwgg/ UX¢O®+%HFdx§2/ UX@O@Wd$+2/ﬁ |Dh|? dz
HNB, HNB, HNB, HNB,

B, ~
|5 / |Dh,,|* dx
HﬂBT1,5

|B7~175
—1 7 —
= C’d,%grd + Car®® r2(i—e) HhWH%OO(HﬁBQTl,E) < Cd,gp,g(rd’ + p(d+De=2)

< Cyr||D(gp o CD)H%OO(HQBT) + Cu

d+ 283
d+2

Now, for any fixed 8 > 0, we can choose € := , obtaining

/ |Dh,|? dz < Cy ™71 for every r € (0,1/2). (B.3)
HNB,

Almost-minimality of u. Let r € (0,1) and let h be the harmonic extension:
Ah=0 in HNB,, h=uwo®—h, in OHNDB,),
so in particular, h =0 on B, NOH. Let f := ho ®!. Then
div(A(z)Df) =0 in Q,, u=f on 0%Q,,

where Q, := ®(H N B,). Using the equation for f, the ellipticity condition (B.2)
and the optimality of u tested with f in the set €2,., we get that

/QTDw_f)'A(x)D(u_f)dw:/QTD“'A(@D“dl’—/QTDf'A(I)Dfda:

1 —Cyre

— Df|*d
L+ Cyre Qr’ 4 $>

< (140 (/ Dul? dz —
Q.
< (14 Cyr?) <|QT| + Cgro‘/ |Df|2dx) :
Qr
Using / Df-A(x)Df dx < / Du - A(x)Dudx and the ellipticity of A, we get
Qr Q,

|D(u— f)>de < Cyr 4 Cyr® |Dul? dx. (B.4)

Qr Qr
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Main estimate. We fix a constant x € (0,1). Using (B.4) and (B.3), we compute

/ Duf? de < 2/ D(u— f)[? dz + 2/ DS da
®(HNByr) ®(HNB;) ®(HNBr)

< Cgrd+C'g7“O‘/ | Dul? dm+Cg/ |Dh|? dx

®(HNB,) HMBjr

< Cyrt 4 Cyr® / | Dul? dx

®(HNB,)

+C, |Dh,? dz + C, ID(h + hy)|? da

HNB; HNBisr
< Oy gm0 4 Oy / |Du|? dzx + C’g/ |D(h+ h,)?dz.
®(HNB;) HNByr

Now, since h + hy, is harmonic in H N B, and vanishes on 0H N B,, we obtain

B,
/ |Dul*dx < Cyp gr®207P 4 Cyr® / |Du|*dz + C, |5 |D(h + h,) > dz
®(HNBgr) ®(HNBy) ‘Bml HNB,

B,
< Cd,smgrd_Q(l_ﬁ) + Cgr® / |Du‘2 dx + Ogu ’Dh‘z dx
(HNB,) |Ber| Juns,

< Oy r2-9 4, (r* + k%) / | Dul|? da.
®(HNB,)
Iteration estimate and conclusion. We take v € (0, 5) and we set
1

pd21=7) /@(HHBM)

Then, setting A := k72Cy,, and b := 2C,x*1=7), we have

rn = K" and M, =

d
M, < Ar®B=0 L pM,  for every n > —.
Q

We now choose x in such a way that b < 1. Then, M, remains bounded by a
universal constants. Indeed, if ng is the smallest integer greater than 4/a, then

My < 1 — g2(6-)

which concludes the proof of (B.1). O

+ M, forevery n > ny,
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