Regularity for minimal boundaries in R" with
mean curvature in L"

Emanuele Paolini
Scuola Normale Superiore, Piazza dei Cavalieri 7, 56126 PISA, Ttaly

Let EoCR™ be a minimal set with mean curvature in L™ that
is a minimum of the functional E — P(E,Q) + [, H, where
QCR" is open and H € L"(2). We prove that if 2 <n <7
then OFp can be parametrized over the (n — 1)-dimensional
disk with a €% mapping with C%® inverse.

Introduction

We are concerned with the study of the functional

Fy(E)=P(E, Q)+ H
ENQ

where €2 is an open set of R?, H € L'(Q2), E is a Caccioppoli set (i.e.
the distributional derivative Dy g of the characteristic function of £
is a Radon vector measure) and P(E,2) = |Dxg| (the total variation
of Dxg) is the perimeter of E in Q. If E is a local minimizer of Fiy
(ie. if Fy(E) < Fy(X) for all X such that EAX' has compact
closure in ), then we will say that FE is a minimal set with mean
curvature H in Q. As a matter of fact, if H and 0F are sufficiently
regular near a point x € OE N Q, then —H(x)/(n — 1) is the usual
mean curvature of OF in z.

In 1974 U. Massari [5, 6] proved that if E is a minimal set with
mean curvature H € LP and p > n then, up to a set of dimen-
sion not greater than n — 8, OF is a hypersurface of class C"® with

"Here EAX = (E\ X) U (X \ E) denotes the symmetric difference between E
and X.
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2 Regularity for minimal boundaries with mean curvature in L"

a = (p —n)/4p. Then, in 1987 E. Barozzi, E. H. A. Gonzales and
I. Tamanini [1, 2] proved that given any Caccioppoli set F it is pos-
sible to find a suitable H € L' such that E is a minimal set with
mean curvature H. Moreover they noticed that if F is a minimal set
with curvature H € LP with 1 < p < n then OF may contain many
singular points. Nothing was said about the case H € L" until 1992
when E. De Giorgi conjectured the existence of a singular curve in
R? which is the boundary of a Caccioppoli set and which is a mini-
mal set with mean curvature H € L?. This conjecture was proved by
E. H. A. Gonzales, U. Massari and I. Tamanini in [4].

A still open conjecture by De Giorgi is that if E' is a minimal set
with mean curvature H € L"(12) then (up to a set of dimension not
greater than n — 8) OF can be parametrized by a bi-lipschitz map.
The aim of this paper is to give a partial answer to this conjecture
proving the following

Theorem 0.1 Let Q be an open set of R". If H € L™(Q), Ey is a
minimal set with mean curvature H in  and 2 < n <7, then given
any xo € OFy and given 0 < a < 1 there exists a neighbourhood of x
in OF in which 0Fy may be parametrized by an a-Holder map with
a-Holder inverse.

Acknowledgments. I would like to thank Mariano Giaquinta for
his invaluable advice; I also thank Luigi Ambrosio for many useful
suggestions.

1 Fundamental tools

To prove this theorem we follow the techniques used by Reifenberg [8]
in the study of minimal surfaces. In his work Reifenberg represented
surfaces simply as closed sets whose area is the Hausdorff measure
and whose boundaries are given by homological properties. A funda-
mental tool used by Reifenberg is the topological-disk theorem (The-
orem 1.2), which gives a sufficient condition for parametric C%-
regularity for a closed set.

To apply Reifenberg’s techniques, we take advantage of the theory
of Caccioppoli sets. It’s well known that a minimum of Fyr does exist
but, as we have seen, regularity results hold only if H € LP with
p > n. Anyway in [4] many properties for minima are given even in
the case H € L™. In Theorem 1.3 we summarize the properties we
need in this paper.
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Given X a subset of R™ and p > 0 we denote by
(X)p={yeR™" Tz € X [z —y| < p}
the closed p-neighbourhood of X.

Definition 1.1 Let S be a closed set of R", zg € S, R > 0, € > 0,
and m < n an integer. We say that S satisfies (&, R, m)-Reifenberg
property in xg if given any ball B(x,r)CB(zo, R) with x € S there
exists an affine m-plane % through x such that

SNB(z,r) C (ENB(z,r)),
YN B(z,r) C (SN B(z,r)).

r

The following theorem can be found in [8, Chapter 4, page 64].

Theorem 1.2 (topological disk) Given 0 < a < 1 there ezists
eo > 0 such that if S is a closed set in R™ satisfying the (¢, R, m)-
Reifenberg property in o € S for some R > 0, some integer 0 <
m < n and some 0 < ¢ < gy then there exists a neighbourhood of xg
in S which is homeomorphic to the m-dimensional disk through an
homeomorphism T such that both T and 7= are a-Hélder maps.

Theorem 1.3 Let ECR"™ be a minimal set with mean curvature H
in Q, with H € L™(Q2). Then we can find a closed set Ey which differs
from E by a set of Lebesque measure zero, which is a minimal set with
mean curvature H in R™ and satisfies the following properties:

1. OBy is (n — 1)-rectifiable and P(Ey, A) = H™ (AN OEy) for
any open set ACR";

2. given a sequence of points x — xo with xg, x, € 0Ey NQ, and
a sequence N\, — 00 (A > 0) there exist a subsequence k; and
a minimal set Eo, with mean curvature 0 in R™ such that

hm }‘kj (EO - xkj) = FEwx

J—00
in L .(R"), and

lim P(\y, (B — a;), B(0,1)) = P(Ex, B(0,1)).

J—00

Moreover if n < 7 then E is an half-space.
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Proof:

See Theorem 1.1 and Theorem 1.2 of [4]. O
The following lemma gives a link between minimal surfaces and

surfaces with prescribed mean curvature, specifing in which sense the

latter may be called quasi-minimal surfaces.

Lemma 1.4 Let H € L"(Q) and Ey be a minimal set with mean
curvature H in Q. Then, there exists an increasing function w: R* —
R* with

li =0
A )

such that if E is a Caccioppoli set and EAEyCB(x,r)CS then
P(Ey, B(z,r)) < P(E,B(z,r)) + " 'w(r).

If only EAE(CB(z,7)CS) then
P(Ey, B(x,r)) < P(E, B(z,r)) + " 'w(r).

Proof:

If EAEyCB(z,r), in view of the locality of perimeter, one can find an
open set which contains Q \ B(z,r) such that the measures P(Ey, -)
and P(FE,-) coincide on it. So P(Ey,?\ B(z,r)) = P(E,Q\ B(z,r)).
From the minimality of Ey we obtain

P(Ey B+ [ H<PEB@)+[ H
B(z,r)NEy B(z,r)NE

hence
P(Fy, B(z, 1)) gP(E,B(x,r))-i-/ ||
B(ayr)

and from Hoélder inequality we get

n—1

n—1
| n

Loy PV W B )5 = 30 7 B

)

(in the whole paper we denote by 7 the measure of the k-dimensional
unit ball and use the notation | X| = H"(X)). So if we set

n—1
w(lr) = sup{'yn" ||H||L"(B(z,p))B(Iap)g97 p< 'r} (1)

using H € L™ we obtain, as needed, that w is increasing and with
limit 0 as 7 — 0.

If EAEyCB(z,r) we know that P(Ey,-) and P(E,-) coincide on
the open set Q \ B(z,r). With similar considerations as before, we
obtain the second statement. a
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2 Technical Lemmas

Let us fix some notations. Let QCR", H € L™(?), Ey be a minimum
of Fy satisfying the properties given in Theorem 1.3 and w the func-
tion described in Lemma 1.4. Let 2 <n < 7and m =n —1. We
adopt the following notations
S[) == BEU;
p(z,r) = H™(SoN B(z,r));

r
Pla,r) = / H™ (S N OB(x, 1)) dt.
0
Here by #* we mean the k-dimensional spherical Hausdorff measure

that is
HF(X) = lim HE(X)
6—0

where
HE(X) = inf{Z*ymrzm: {B(z;,r;)}; is a covering of X, r; < 6} .
i

Notice that Theorem 1.3 was proved for Hausdorff measure, but it
also holds for spherical Hausdorff measure as these two measures
coincide on rectifiable sets (see [3, 3.2.26]). On the other hand, for a
general Caccioppoli set ¥ we will only use the following property

P(E, A) < H™OEN A) 2)

which holds for Hausdorff measure and then also for spherical Haus-
dorff measure, the second being bigger than the first (see [3, 2.10.2]).

Lemma 2.1 Let S be a closed set of R" and denote by Sy the set
of the points of S which have distance t from a given k-dimensional
plane ¥ where 0 < k < n. Then, for every integer m < n,

/0 T ums,) dt < H™(S) (3)

Proof:
See [7, Theorem 10.2.3]. O

Lemma 2.2 Given x € §, for almost every r with B(x,r)CQ and
every z € B(z,r) there exists a set E such that

EANEyCB(z,r)
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and such that for every open set ACR™ the following estimate holds

P(E,B(z,r) < %Hm_l(SgﬂaB(x,r)mA)

+%Hm—1(50 NOB(z,r) \ A)
where

r = sup{|y—z|:y€SOHGB(x,r)ﬂA};
ry = sup{ly —z|:y € (SoNOB(z,r)) \ A}.

In particular, if we choose A =R" and z = x we obtain
P(E,B(z,1)) < —H™ (S N 9B(z,7)).
m

Proof:

As Sp is an m-rectifible set, for almost every r the set Sy N OB(x,r)
is (m — 1)-rectifiable. Let C = C(z, Ey N dB(x,r)) be the cone over
Ey N OB(z,r) with vertex z and let E = (Ep \ B(z,r)) UC. We can
easily find that

OFE = (So \ B(z,7)) UC(z,Sy NIB(x,T))

so OF is an m-rectifiable set with finite m-dimensional measure, that
is F is a Caccioppoli set.
Moreover, from (2),

P(E,B(z,r)) 7
< H™OENB(z,r))
= H™(C(z,8 N9B(z,r)))
= H™(C(z, S8 NOB(z,r) N A))
+H™ (C(2,(So N OB(z,7)) \ A))
< 74517'1"171(50 NOB(z,r) N A) + Tmleil((SO NoB(z,r))\ A)

where in the last inequality we use the fact that if XCB(z,r) is an
(m — 1)-rectifiable set then

H™ (C(z, X)) < —H™L(X).

m
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Lemma 2.3 If z € Q and B(x,r)CQ then
P(z,r) < plz,r)
and for almost every r such that B(z,r)CQ

rH™ 1(Sy N OB(z,r))
m

o(z,r) < + r"w(r).

Proof:
First inequality is given by Lemma 2.1. To prove the second inequal-
ity we consider the set E given by the second part of Lemma 2.2.
Then

P(E,B(z,1) < %7—[’"’1(50 NOB(z,r))

and, on the other hand, from Lemma 1.4 we get

o(z,r) = H™(SoN B(z,r)) = P(Ey, B(z,7))
< P(E,B(z,r)) +r"w(r).

a

Lemma 2.4 If B(z,7)CQ and E = Ey \ B(z,r) then, for almost
every r,

1+ cpw(r) —_—

P(Ey, B(z,r)) < P(E, B(z,r)).

1 —cpw(r)

where ¢, 1s a constant depending only on n.

Proof:
As in Lemma 1.4 we have (being E = Ej \ B(z,r))

— n—

P(E07B($7r)) < P(Ea B(xar)) + ||H||L"(B(z,r))|E0 N B(xa'r” "o
From the isoperimetric inequality we obtain

|EyN B(z,r)| < ¢, P(Eyn B(z,r),R")7T

< (P(EO,B(x,r)) + P(E,B(a;,r)))m .

So

| H || 1 (B (o)) | Bo N B(z,7)| 5
< | H||p (8o ch (P(Bo, B(z,1) + P(E, B(z,1)))
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and by the definition of w we have

P(Ey,B(z,r)) < P(E,B(z,r))
t+enw(r) (P(Ey, Blw, 7)) + P(E, B(z,7)))

which is the claim of the lemma. O

Lemma 2.5 Letn < 7 and zo € Sy N . Given o > 0 there exists
ro = ro(a) > 0 such that if x € Sy, B(x,r)CB(xo,70) then

p(z,r)

1—a<
YmT™

<l+a.

In particular every point of Sy N §2 has m-density 1 in Sp.

Proof:
Suppose there exist « > 0, a sequence of points z — zg, x € So
and a sequence of radii r, — 0 such that

H™(0Ey N B(xy, 1))

'YmT]Tgn

-1 >a. (4)

By Theorem 1.3, up to a subsequence, the sequence (1/ry)(Ey — xx)
converges to an halfspace E,. So we obtain

Y = P(Foe, BO0,1)) = Jim P((1/r)(Fo = 2), B(0, 1)

m
= lim imP(EOaB(Ik,Tk)) — lim H (anmB(xk,Tk))

m
k—o0 T k—o0 T

which is a contradiction with (4). O

Lemma 2.6 Let E be a closed Caccioppoli set in Q, B(z,r)CQ, ¥
an affine hyperplane through x, ws, the orthogonal projection onto X
and 0 < e < L. If 0E N B(z,r) is contained in the interior of (),
then either

ms(OE N B(x,r)) 22X N B(z, (1 —¢&)r) (5)
or, if E' = E\ B(z,r),

P(E',B(z,r)) < 4erH™ Y(OE N 0B(x,r)). (6)
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Proof:

Let z1,...,x, be a system of coordinates such that ¥ = {z, = 0}
and define E* = {z,, > er}NB(z,r) and E~ = {z,, < —er}NB(z,r).
From the assumptions on E we know that OF itersects neither ET nor
E~. So, being OF closed and E™, E~ compact sets, we conclude that
OF has positive distance from E* and E~. So one of the following
statements must hold:

1. EDE-,ENE*T =

2. EDET, ENE =

3. ENET=0,ENE =0;
4. EDETUE".

Suppose that 1 is true, than we claim that (5) holds. Let ¥ =
{z, = er} N B(z,r) and ¥~ = {z, = —er} N B(z,r). Given y €
YN B(z, (1 —¢)r) denote by y™ and y~ respectively the intersections
of 75! (z) with ©F and ¥ ™. Since y~ € E while y* ¢ E there must
certainly be a point in the segment [z~, z1] which belongs to OF (and
that is contained in B(z,r)) so mx(0E N B(z,r)) 2 y.

If statement 2 holds with a symmetry with respect to ¥ we ob-
tain (5) again.

Suppose that 3 is true. This time we claim that (6) holds.
Let E' = E\ B(z,r). Obviously E' is a closed Caccioppoli set,
EAE'CB(z,r) and we get

OE' N B(z,r) = 0E' N 0B (z,r) = ENOB(z,1). (7)
Consider now the projection
m:0B(z,r) N (X)er — OB(z,7) NY

which maps a point z to the point of dB(z,r) N ¥ with minimal
distance from z. Then we have

m(ENdB(x,r))Cr(OFE NOB(z,r))
so that

H™(ENOB(z,r)) < H"(x ' (x(OENOB(z,r))))  (8)

2erH™ ! (n(0E N OB(z,7)))
4gr7-[m_1 (aE N 83(1‘, r))

ININIA
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We conclude, using (7) and (8),

P(E',B(z,r)) < H™OE NB(z,7))
= H™ENOB(z,r)) < 4erH™ YOE N OB (z,r)).

If statement J holds the proof is that of case 3 where instead of
E we consider its complementary set. a

Lemma 2.7 Let Sy be a closed set, 0 > 0, e >0, a > 0 and 0 <
e < 1—cos@. Let B(x,r) be a ball such that given any arbitrarily
small 6 > 0 there exist a family of disjoint balls {B(x;,7;)} and a
family of m-dimensional affine planes {3;} with z; € X; such that
every plane ¥; makes an angle greater than 0 with the segment [x;; z]
and, moreover, the following properties hold

B($i,'ri) - B(:l?,’l“)
r, < 0
o(ziyri) > (1 —a)ymr”
Z’Ymr;n > €
7
SoNB(zi,ri) € (Bi)er,
Then 1 0 m
Har) < ﬁ(i,g) _4*) ,
Proof:

(See [8, Lemma 7*]). Suppose ¥ is an m-dimensional plane and that
y1 and yy are two points of ¥ at a distance [ apart: define d(I, p, t)
and o(l, p,t) to be respectively the diameter and the H™ ! measure
of the set ¥ N B(y1,p) N 0B(y2,t). It follows immediately from the
definition of the symbols concerned that

| ottpityat =250 By, p) 0 By, (9)
and that for § > p
1 .
HP" 'B(y1,p) N 0B(y2,t) < 7m—1(§d(lap7 )™ <o(l,pt). (10)

From the definition of spherical Hausdorff measure we can choose

a set of balls B(z},r}) such that for all j

o~
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SgﬂB(:v,r)\U(SoﬂB(IiaTi)) < UB Lj J

i

Hm((somB(x,r))\U(SOHB(:UZ-,TZ-))) +6 > Z%T;.m.
By (10) and (9) for any m-plane ¥2{z,z}
/ HI=(Sp N OBz, 1) N B(ah,r')) di (11)

< /0 HI= OB (x,1) O B(aj,r)) db

r
/ oz — |, 7%, £) dt
0

= H™(Sn B(a},r}) N B(z,r))

< H™(BNB(2f,1) = ymry"

IN

Consider now any 4 such that |z; —z| > r;. If we let R = |z —
x;| — r; cos  — r;e we obtain that Sy N B(z;,7;) N B(z, R) = 0 so, for
any m-plane ¥2{z, z;} and by (10) and (9), we obtain

/ HV(So N OBz, £) N By, ) dt
0

< /7—[ (0B(x,1) N B(wi, ) dt
< /RHm_l(aB(:z:,t)ﬂB(xi,ri))dt

r
= / o(|lz — x|, i, t) dt.
R

As the set B(z, R)NB(z;,r;) contains a ball of radius 1 (1—cos 0 —¢)r;
we get

R
/ oz — zil,ri ) At = H™(S N Bl rs) A B, R))
0

1——cosf —e\™
> 'Ym(f) i

and, on the other hand,
/Or o[z — mi, 71, 8) dt = H™(S 0 B(zs, 1) 0 B(2,8)) < Yot
so that
/ HI=V(Sp N OBz, £) N By, ) dt

1—c0s9—8>m
r
2

m
5 -

< ’)’m'r;n — TYm (
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Since the balls B(xz;,r;) are disjoint, there is at most one i = iy
such that |z — z;| < r; < § and we obtain, as in (11)

/ Hgn_l(So NOB(z,t) N B(i, i) dt < Ymrin < ¥md™.
0
Thus

ArﬂywsomaB@ut»dt
::A%¢1QUBuwpuUBm¢mm&mmmm»a
i )
< Z/OTH?_l(SgﬂaB(x,t) A B ) dt
J
+ Z/O HI L (So N OB, ) N Bz, ) di

1—cosf —e\™
T+ St (1 (2507
j i

< H™(SoN B(z,r)\ U(SO N B(zi,r;))) +0

IN

1 1 —cosf—e\™
+ 1-— aHm( U(SO N B(zi, 1)) —e (f) + Y™
i
m B 1— _ m
< H™(So N (:L‘,r))_e< cos 0 g) I
11—« 9

and letting 0 — 0 we conclude the proof.

O

3 A fundamental Lemma

Lemma 3.1 Given ¢ > 0, there exist positive numbers Ry =
Ry(w,e,n), X = X(n,¢), a = a(n,e) such that for all 0 < ro < Ry,
xg € So and B(xg,70)CQ the following assertion holds: if the in-

equality
Ya.r) _ ple.r)
Y™ T Ymr™
is true for each ball B(x,r)CB(xo,70) with center x € Sy, then there

exist a point r* € Sy N B(xg,7m0) and a hyperplane X through x* such
that B(z*, Arg)CB(xg,70) and

l—a< <1+4a, (12)

So N B(l‘*, ArO)Q(Z)EMO.
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Proof:
Suppose € < 1 and choose

“= (648-n;m>6 (13)

and Ry such that w(Rp) < ypa.
Step one. Let vy = A\rg with Ay = %. We will estimate

how many disjoint balls of radius 2r; can fit into B(x,r¢/4). First of
all note that B(x,r9/4) contains an n-cube K with side % while a
ball of radius 2r; is contained in an n-cube of side 4r;. So, splitting
the cube K into small cubes of side 47y, and putting one ball into
every small cube we find at least

T |n To o\ P
] () -
8’1“1 ]_6’1“1 To

disjoint balls of radius 2r; that fit into B(zg,ro/4). Let {z;} be the
set of the centers of these balls. We have determined the radius r;
such that at least one of the balls B(z;,r1) does not intersect Sy. In
fact, suppose that for every 7 there exists y; € B(x;,71)NSy. B(yi,r1)
are disjoint balls all contained in B(zg,r/4), so we get (using (12))

rann ()7 2 W60 Bl gro)
> Z’Hm(so N B(yi,r1))
> Z(l — Q) Ymr1"
> (16\/5:—[1) - (1 — a)ymry".

which is a contradiction being o < 1/3.
So, we have found a ball B(y,r1)CB(zo,r0/2) which does not
intersect Sy. Let

ro =max{r e R : B(y,r)NSy =0}

so that B(y,r2)NSy = 0 while there exists a point z* € SyNIB(y,rs).
Since ¢ € Sy we have ry < |zg — y| < ro/4 so B(y,r2)CB(zo,70/2).
Step two. Define
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T2

Cy

Figure 1: The surface Sy, the plane 3 and the Cone Cj.

1
Ty = QbTy
2
d = a3r3
1
0 = arccos(a®).

Let ¥ be the m-dimensional plane tangent to B(y,rs) in z* (see
Figure 1), consider the cone Cy with vertex z* and amplitude 6 de-
fined as follows

Co={veR" (v—a") (z" —y) >|v—2a"||z" —y|cosO}

and take a point z € Cy lying on the line z*y and at a distance d
from z*. For a radius r € [ry,r3] define

I(ry = SonaB(z*r);

lo(r) = SonoB(z*,r)NCy;
di(r) = sup{|z—z|:z €l(r)\lp(r)};
do(r) = sup{|lz —z|:x €ly(r)}.

For almost every r € [ry,rs], in view of Lemma 2.2 (with A = R™\
Cy), we can find a Caccioppoli set E such that

di(r)

m

P&, B ) < W16y \1yr) + 2D3m 1)
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and from Lemma 1.4 we obtain
mH™(So N B(z*,r)) = mP(Ey, B(z",r))
< mP(E,B(z*,r)) + mr™w(r)
< di(r)H™THU(r) \ lg(r)) + do(r)H™ " (lg(r)) + mr™w(r).

Given any point p € dB(y,ry) N 0B(z*,r) and ¢ € dCy N OB (x
with simple geometric considerations we deduce

7))

2 a2 d
di(r) < |p—z|:\/r2+d2+dr—§7“\/1+ — + —
2

Ty T2
= r/1+42a<r(l+a),
d d?
dy(r) < |qg—z|=Vr2—2drcos@+d?<r 1 —2—cosf + —
7“3 7‘4
1
— ri—2tra<r/i—ab <r(l— 504%),

so that we obtain
mH™(So N B(z*,r)) — mr™w(r)

< r(L4+ @M (1) \lg(r) + (1 — a8y K™ (Iy(r))

1
2
+

= (14 a)H™(U(r) —r(1+a— 1+ zas) 1™ (Iy(r))

1
2
1
< Pl )R (Ur) — gradH (lo(r).
Dividing by r, integrating and using hypothesis (12) we obtain

3ot [ ) ar

< (1+0) / H™(1(r)) dr

OllU‘

_ /TS m (Hm(Sg N B(z*,r)) — rmw(r)) dr

T4

< (1) ((1+ @) ymry = (1= a)ymr?)
w(R
~(1—a- 2By
m
= (l+a)(l+a—as +at %)y,
-l-a- —w(RO) —a% 4ot 4 a%w(RO))’)’mm
Ym Ym
w(Ro)

= (Ba+ o+t 4 2 (1 a%) — ozl"'%)ymr? < 6y, ry

Tm
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that is r
/ (1 () dr < 1208y,
T4

So, by Lemma 2.1 and (12)

Hm(SU N B(I* 7“3) N Cg) (14)
= H™(SoN B(z*,r3)) — H™((So N B(z*,r3)) \ Cp)

< (1+a)ymry / M) \ o)) dr
(1+ a)ymry’ —/0 H™ L (1(r)) dr
[Tty ar+ [T ) ar

(14 @)y = (1= @)ymrf + 1205978 + 0

m
6

IN

(14 a)ymrs’
16a%*ymr’3".

IN

Step three. Now we claim that every point w € SyNB(z*,r3/2) is not
further than i&’l“g from .. First of all note that 3 divides the space
R™ into two halfspaces X and Y, one of which (suppose X) contains
the ball B(y,r2) while the other (Y) contains the cone Cpy.

Suppose w € X. Since the ball B(y, ) doesn’t intersect Sy, if we
consider a point p € 0B (z*,73/2)NOB(y, r2), with simple geometrical
considerations we obtain

—

d(w,5) < dp,w) = LBV _

I 1
—a3r <
27‘2 8 -

»hl»—‘

Consider now w € Y and suppose d(w,X) > ierg. Choose ¢ €

OB(z*,r3/2) N 9Cy and denote by X' the hyperplane parallel to X
through ¢. Again with a geometrical argument we obtain

1 1
d(w,0Cy) > d(w,¥') > 157 T 573 cos 6
1 1
= (Ze — 5 cos 0)rs
so that ) )
B(w, (ZE — 5 cos 0)r3)CB(z*,r3) N Cy.

From inequality (14) we obtain (using also (12))

1 1
Ym (1 — a)r?(ze — 5 cos 6)™
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1 1
< H™ (SO N B(w, (Ze — 5 cos 0)7’3))
< H™(So N B(z*,73) N Ch)

< 1608 Yt
so that (recall (13))

€ 1
- <(1-a)(oe—
3. = (L-a)ge

=
o=

)™ < 16c

(SN Lol

32«

«

N | —

which is a contradiction.
Thus, we’ve proved that Sy N B(z*,r3/2) is within a distance of
. O

wl=

%87‘3 from ¥ that is the lemma for \ = %Ala

4 Main theorem

In view of Theorem 1.2 to prove Theorem 0.1 we only need the fol-
lowing

Theorem 4.1 If zy € Sy = 0Ey and ¢ > 0 then there exist R > 0,
e/ < &g such that (¢, R,n — 1)-Reifenberg property holds in xy for the
set Sp.

Proof:
Recall that m = n — 1 and choose positive numbers €', ¢, A\, a and rg
such that the following hypotheses hold:

l 1

€ < s339m 1

g < g @ <5

P (6—’)2 ro < ro(a/2)
320(m-+1)(m+2) w(re) < Ym$

A = An,e) w(re) < 3o

a < a(n,e) . ro < Ro(w,e,n)

o 12(m+3) (4)

where A(n,e), a(n,e) and Ry(w,e,n) are the constants given by
Lemma 3.1, ¢, is the constant given by Lemma 2.4 and ro(«/2) is
the constant given in Lemma 2.5.

By Lemma 2.5 for any ball B(z,r) CB(zo,r9) with center z € Sy
we have
p(z,r)
Y™

1—

D[R

< <1+

b 2
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On the other hand, by Lemma 2.3

P(z,r)

/ ™ (S N OB(x, 1)) dt
0

Y

/ ELH™ (S0 0 B, 1) — meo()e7 ! de
0
> (1= S)pmr™ = wlr)r™

2
w(T0)> g

Il
N
—_

Q

2 Im
and hence the following holds:
Y™ Y™

By Lemma 3.1, given any ball B(x,r) CB(xg,79) with center z € Sy
there exist a point * € Sy and an m-dimensional plane ¥ through
z* such that

So N B(z*, Ar)
B(z*, Ar)

(2)8/\7'

C
C B(zx,r).

Now take any ball B(z',r")CB(xg, o) with z' € Sy and consider
m + 2 points yi,..., Ynt2 contained in Sy N B(z',r'/4). By well
known convering theorems, given § > 0 we can find a finite fam-
ily {B(zis, pis) }ic1g of disjoint balls with center on Sy, contained in
B(z',r'/4) and with radius p;5 < 4, such that

1
> H™(So N B(wis, pis)) > §Hm(50 NB(z',r'/8)).
1€l
Thus, by (15)

H™(Sy N B(a!,r/8)) > % (%) .

DN | =

(1+a)> ymofy >

2
(16)
Obviously for each j < m + 2 and for each i € I
B(zis, pis) SB(a',r' [4)CB(y;, ' [2)CB(z',1")

so by Lemma 3.1 we can find points z}; € Sy and m-dimensional
planes ¥;5 such that

So N B(zj5, Apis)
B(l‘;%, )\/)15)

(216)5,\,,2.5

C
C  B(wis, pis)-
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Choose 6 so that 1 — cosf) = 3¢, and let I;5 be the set of indices 4
such that the segment [z},y;] makes an angle greater than 6 with

5. Let
. YmA™ (r_’>m
S A4(m+3)(1—a) \ 8/

If for fixed j there were arbitrarily small § such that

Z YmPig A" > e

’iGI]'(g

by Lemma 2.7 we had

o < ) (102

11—« 2

hence by (15)

r\"™ ’ @(yja'rl/2) m
(1= a)m 5 < T/)(yjar/2)§ﬁ—€€
L+a /r\™

that is _
12a(m + 3) > (f)

But by hypotheses on « the previous inequality is false so we deduce
that for a sufficiently small ¢ (using also (16))

7m>\m r\"™
> YmpEA" < (—)
o A(m +3)(1 — a) 8
A1+
= 21— ) m+3 2 el

1,615

so that (since o < 1)

Zp25— +3sz5

1€l ASF

and
m-+2

SN <> ol

7=1 iEIj5 ASIF
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Therefore there exists an index 49 € I; contained in none of the
sets Ij5. So we have proved that given any m + 2 points y; of Sy N
B(z',7"/4) it is possible to find an m- dimensional plane ¥ = ¥;5
such that every y; lies within a distance of 1 57'sinf from ¥. Being
1 — cos @ = 3¢ we have

1
§r'sin0 = —7“\/1—c0s2 = —7'4/3e(1 + cos 0)
< Z'f',\/g.

Let’s consider all m-simplexes? with each vertex in SoNB(z','/4).
Let then y1,...,ym+1 be the vertices of the m-simplex of greatest m-
area, among all the simplexes considered, and call a its area. Let
Ym+2 be any other point of Sy N B(z',7'/4) and let ¥ be the m-
dimensional plane, corresponding to the points yi,...,Ymt2 as we
have seen before. If we denote by A the (m+1)-simplex with vertices
Y1, .-, Ymir2, we find that the m-area of the faces of A could be at
most a, so the area of the projection of A onto ¥ cannot be greater
than (m + 2)a and the (m + 1)-area of A would be less than 2(m +
2)ar’\/e. Thus yp,.o is within a distance of 3(m + 1)(m + 2)r'\/c =
e'r’ /128 from the m-dimensional plane through yi,...,ymy1. If 3/
is the m-dimensional plane through z’ parallel to the plane through
Yty .-+ Ym+1, we know that every point of Sy N B(z',7’/4) is whithin
a distance of ¢'r'/64 from X'.

So we have proved that given any B(z',r")CB(zg,79) with 2’ € S
it is possible to find an m-dimensional plane ¥’ through z’ such that

!
SoNB (:1:', T—) CE) . (17)
4 €61
Since

1 l

/ H™1(Sy N OB(s, 1)) dt < (a7 /4) < (1 + a) (%’)m%

we are able to find a set of positive measure of radii r with % r <r<

ir’ such that

m
H™ (S NIB(«',7)) < (1 + a)ym (izl
8

2Here an m-simplex is meant to be the convex envelope of m + 1 points, which
are the vertices of the simplex. The m-area of the simplex is its m-dimensional
measure.
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and by (15)

,r,l m r m
HP (SN BE) > (=™ = (T) 4m1-a) ()
> H™YSoNOB(z!,r))———r.
So, by the hypotheses on &’ and ry we have

1+ cpw(r)

m B / 4/
H™(So N B(z',r)) > 8r1—cnw(r)

H™ Sy N OB(z', 7).

If now we let E = Ey\ B(z',7) by Lemma 2.4 there exist r such that

P(EB(Z,1) = 7 +Z:ZE:;P(EU,B(:E',T))
L =cw(r)  m ,
= 1-|-cnw(7°)H (SoNB(z',1))
> 4e'rH™ Sy N OB(a', 1))

and then, by Lemma 2.6, we get that the projection of Sy N B(z',r)
on ¥’ must contain ¥’ N B(z', (1 — 1&')r).
We claim that

1 1
¥ NB <x', 1—6r'> - <S[) NB <$', 1—6r'>> L (18)

32

,167“) let p' € ¥'NB(z' ,167’ —8(;2’) be

a point with minimal distance from p Obviously [p —p'| < 562 . As

Given any point p € X' N B(z

we have seen previously, being (1 — 16 "r > 1(;, we know that there
exists a point p” € SyNB(z',r) whose prOJectlon is p’. Equation (17)
gives [p' —p"| < & ﬂ so that p” € B(«/, 16) Thus we've found a point
p" € SN B(x', fé) whose distance from p is less than 5I- as desired.

By (17) and (18) we have proved that the (¢/, R, m)-Reifenberg

property holds in zg if we let R = 2. O
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