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1. INTRODUCTION

In recent years the stability of the isoperimetric and related inequalities has
been the object of many investigations. Roughly speaking, given the well known
isoperimetric property of balls, the question is how far a set £ C R" is from the
unit ball By if |[E| = |B1]| and its perimeter P(E) is close to the perimeter of Bj.

The first results in this direction where obtained for planar sets by Bernstein in
1905 ([2]) and Bonnesen in 1924 ([3]). In particular in the latter paper it is proved
that if E C R? has the same area of the unit disk D and is bounded by a simple
closed curve, then there exist two concentric disks D,, C E C D,, of radii r1,r,
such that
P*(E) — P*(D)

4 ’
with equality holding if and only if F is a disk.

It took several years before this result was extended to higher dimension by
Fuglede ([9]) who proved in particular that if E C R™ is a convex set with the same
volume of the unit ball By, then, up to a translation, the Hausdorff distance from
E to By is controlled by a suitable power of its isoperimetric deficit P(E) — P(By).
This result is a consequence of an L estimate in terms of the isoperimetric deficit
of E of the function u defined on the unit sphere and such that

E{zER”: |z|§1+u<|$—|>},
x

under the assumption that the W !>°-norm of  is smaller than a constant depending
on the dimension n.

If F is not convex or nearly spherical, i.e., the function u is sufficiently close to
0 in W, one cannot expect such L™ estimate to hold. To this aim one may
introduce the so called Fraenkel asymmetry of E defined as

A(E) := min {M

T
Then, it has been proved in [10] that for any set of finite perimeter E C R" with
finite measure

(1) AE) < CyD(E),
where C depends only on n and D(F) stands for the isoperimetric deficit

P(E) — P(Br)
P(By)

(ro —r1)* <

:x €R”, |E| :wnr"} .

D(E) :=
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Note that the power % on the right hand side of (1) is optimal as conjectured by
Hall in [12] (see also [13, Section 4]), where a weaker estimate with the exponent
was proved. We would like also to mention that in a recent paper by Figalli, Maggi
and Pratelli ([8]), inequality (1) has been extended to the more general framework of
anisotropic perimeters using a mass transportation approach (see [5] for a different
proof in the euclidean case).

If one wants to improve (1) by replacing the Fraenkel asymmetry with a stronger
notion of distance from a ball as the one considered by Fuglede in the convex
case, it is clear that one has to require some special structure or regularity on the
set F, which in particular avoids the presence of thin tentacles or tiny connected
components. This is certainly the case if one imposes an a priori bound on the
curvature of F or some uniform interior ball condition.

Here, given R > 0, we consider the class Cgr of all closed sets £ C R™ satisfying
at each point of the boundary a uniform cone condition with aperture equal to 3
and height depending on R and |E| (see Definition 2.7). Note that this is a quite
mild regularity assumption on E. One can prove indeed, see Proposition 2.4, that
if E € Cg, then its boundary F has finite H™ !-measure and therefore E is of
finite perimeter. Nevertheless, an example given in Section 2 shows that in general
the H™ !-measure of the topological boundary OF can be strictly greater than
the perimeter of E even if the cone condition is replaced by the stronger uniform
interior ball condition.

In order to describe our result, we define the deviation from the spherical shape
of a set £ C R™ with finite measure as

{d'H(EaBT('T))

Ay (E) == mi
n(E) min .

TER™

D |E| = wnr"} ,
where dy (-, ) denotes the Hausdorff distance between sets.

Then the main result of the paper reads as follow.

Theorem 1.1. For any R > 0 there exist 0 < dr < 1 and a constant C = C(R,n)
depending only on R and n such that, for any E € Cr with D(E) < ég,

D(E)z2 forn =2
(2) M(E)<CS D(E)2 (1og D(lE))E forn=3
D(BE)7™ forn > 4.

We observe that the powers appearing in (2) are the same obtained by Fuglede in
[9] for nearly spherical domains and by Rajala and Zhong in [15] for John domains
whose complement with respect to a suitable ball is also a John domain. Note that
though the sets considered in [15] do not necessarily belong to Cr, they cannot
have singularities such as inward cusps, which are, instead, admissible for sets in
Cg. Note also that the exponents appearing at the right hand-side of the inequality
above are known to be optimal (see Example 3.1 in [9] for n = 2,3 and [15] for
n>4).

The paper is organized as follows. In Section 2 we prove some preliminary facts
on sets that satisfy the above mentioned cone property. In particular we prove
that such sets have finite perimeter and that in the class Cr the spherical deviation
A (E) goes to zero if D(E) tends to zero. This continuity property implies in turn
that, if the isoperimetric deficit is sufficiently small, then the optimal balls for the
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Fraenkel asymmetry and for the spherical deviation are close to each other, a fact
that turns out to be an important tool in the proof of Theorem 1.1.

The proof of the main result is achieved in Section 3. The strategy is the fol-
lowing. First we prove a suitable variant of Fuglede’s result stating that (2) holds
if F is starshaped with respect to the center of an optimal ball B for A(E) and its
boundary is a graph over B with bounded W°°(9B) norm.

Then, given any set E € Cg with D(F) sufficiently small, we analyze the two
possible situations: either E contains a sufficiently large “hole” or not.

In the first case the perimeter of F is far from being optimal and indeed we easily
prove that Ay (E) < 2D(E)ﬁ, an inequality which is even better than (2) when
n=23.

If E has no large holes, then the idea is to replace it by a set E¢€ Cr/2 with no
holes, such that |E| = |E| and satisfying

M(E) < An(E)+c¢/D(E) and D(E) < D(E).

Thus, the proof of Theorem 1.1 is reduced to the case of a set E with small deficit,
containing a ball of radius r close to 1. And this is the point where the interior cone
condition with aperture 7/2 comes into play. In fact, this assumption, via some
careful geometric arguments, allows us first to show that F is starshaped with
respect to the center of an optimal ball B for the Fraenkel asymmetry, then that its
boundary is a graph over 0B of a Lipschitz function with uniformly bounded L*°
norm of the gradient. The conclusion then follows by using the above mentioned
extension of Fuglede’s result.

2. PRELIMINARIES

Throughout the paper we will denote by B, (x) the closed ball centered in x
with radius r. The volume of the unit ball will be denoted by w,,.
If A, B are two subset of R™ the Hausdorff distance between A and B is defined
as
dny(A,B) :=inf{e >0: BC A+ B., AC B+ B.}.
If A and B are compact, then dz (A, B) can be computed as

dy(K,H) = dist(x, K dist(y, H)}.
w(K, H) max{r&aé( ist(z, ),r;lea% ist(y, H)}

Given a set E C R™ of finite perimeter we shall denote by P(E) its perimeter
and by 0*F its reduced boundary. For the properties of sets of finite perimeter we
refer to [1].

Les us now introduce a class of sets satisfying a suitable interior cone condition.
To this aim, given # € R", R > 0, § € (0,7) and v € S*~L, the spherical sector
with vertex in x, axis of symmetry parallel to v, radius R and aperture 6 is defined
as

SIE . ={yeR": ly—z[ <R, (y—z,v)>cos(0/2)|y — x|}

Definition 2.1. We say that a closed set E satisfies the interior cone condition
at the boundary with radius R > 0 and aperture 0 if for any x € OF there exists
vy €SP such that Sz:i CE.

Remark 2.2. We point out that the property stated in Definition 2.1 is weaker
than the classical interior cone condition which is imposed at every point v € E
and not just at the boundary points. In fact, if the aperture 6 is strictly greater
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FIGURE 1. For z e]OE let x¢ € OF be the point of minimal distance,
i.e. such that dist(x,0F) = |z — 2o/, and S C E.

zg,V

than 7/2, one can prove that the classical interior cone condition is satisfied with
aperture 20 — w and radius R/4 (the proof is obtained by showing that one can
always reduce to the situation illustrated in Figure 1). If instead 8 < 7/2, then,
given any 0 < ¢ < 0 and 0 < r < R, one can always construct a set satisfying the
cone condition at the boundary with radius R and aperture 8, but not satisfying the
classical interior cone condition with radius 7 and aperture ¢ (see example below).

Example 2.3. Fix R>0,0<¢ < 7 and 0 <r < R. We are going to construct
a closed set 2 C R? by removing from a ball of radius 2R, centered at the origin,
several holes having the shape of spherical sectors with vertices on the circle centered
at the origin and with radius r/2.
In order to define precisely the holes, we fix k£ € N such that 27’7 < % and set
r thTw

Tp :— <€
2

for h € {0,1,...,k}. The points x}, are the centers of the spherical sectors defining
the holes of €. Indeed we set

Q:=Bag \ USBT

Thy oy

with 8 and 7 to be suitably chosen.
It is evident that in a neighborhood of the origin the interior cone condition with
aperture ¢ and radius r is not satisfied.
On the other hand, if 8 and 7 are sufficiently small (depending on r and k), it
s

is easy to check that the spherical sector with aperture 3 and radius R, centered

at xj and lying on the side of Sff_xb_, is contained in €2 (see Figure 2). Hence, Q
e
satisfies the interior cone condition with aperture § and radius R at every point of

its boundary.

Next proposition shows that the property stated in Definition 2.1 implies some
mild regularity of the boundary.

Proposition 2.4. Let K be a compact set satisfying the interior cone condition
at the boundary with radius R and aperture 6. Then OK is contained in a finite
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FIGURE 2. Construction of

union of Lipschitz graphs. In particular 0K is (n — 1)-rectifiable and K has finite
perimeter.

Proof. Note that there exist v1,...,vn € S®! (depending only on 6) such that for
any x € 0K there exists ¢ € {1,..., N} so that Sz,/li.’R CK.Fori=1,...,N, set

Si={z € 0K : S¥2" c K}.

Clearly, 0K = UY_;S; and thus we are left with proving that each S; can be covered
by finitely many Lipschitz graphs. Fix ¢ and assume that, up to a rotation, v; =
—eyp. Since S; is compact, we can find a finite number of cubes Q} with sides parallel
to the coordinate directions and diameter strictly less than R such that S; C U; Qi

We claim that for any x,y € S; N Q% with z # y, then y ¢ S9/2 R U Sﬁ/fnR Indeed,

0/2,R

since |z —y| < R, if y € S;/7.", then y would lie in K thus contradicting the

choice of  and y. Similarly, if y € Sz/fnR, then = would belong to 59/2 . , that
is again impossible. Thus we easily infer that if x = (2/,z,), y = (y yn) with

2',y" € Mgn-1(Q% N S;), then
(3) |7, — yn| < tan((2m — 0)/4)|2" — /|

Define now f} : Tgn-1(Q N S;) — R by setting fi(z') := . From (3) we deduce
that f; is Lipschitz and that H"~! (Q; NS;) < ¢(f, R). In particular OK is contained
in a finite number of Lipschitz graphs and H" 1(0K) < +o00. The last part of the
statement follows from Theorem 4.5.11 in [7] (see also Proposition 3.62 in [1]). O

Remark 2.5. We point out that, despite the previous result, the interior cone
condition at the boundary is a quite mild regularity assumption. Indeed, one can
construct a compact set of finite perimeter K C R? satisfying a uniform interior
ball condition, such that H*(0K \ 9*K) > 0, as shown by the next example.

Example 2.6. This example is inspired to Example 4.1 in [6] (see also [14]). Let
C C S! be a compact set with H!(C) > 0 and empty interior. Set

K :=B1U(By\ B2)U | Bila
zeC
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Since C' is closed it is easily checked that K is compact (recall that B,(x) de-
notes a closed ball). By construction K satisfies the interior ball condition, hence
Proposition 2.4 implies that K is a set of finite perimeter and H!(9K) < +oo.

Set A = S'\ C and observe that A = U, I';, with I'; connected open arcs
such that I'; NI'; = 0 if ¢ # j. Let us denote by a;,b; the end points of I';. We
claim that for any point z € C' we have 2¢ € 0K. Indeed, thanks to the fact
that C' has empty interior there exists a sequence {z,} C A converging to z. For
any h, xp € I';, for some 4;. Thus we can find a point y; lying in the interior of
By \ (Bi(a;, ) U By(b;,)) such that w(yp) = xp, m being the standard projection on
S!. By construction y;, ¢ K and the sequence 3 converges to 2z. Hence 2z € 0K.
On the other hand, since Bj(x) C K is tangent to 0K at 22 and B;(3z) C K is
also tangent to 0K in 2x, we get that the density of K at 2z is 1. Since K has
density 1/2 at each point of its reduced boundary (see Theorem 3.61 in [1]), we
have that 2z € 0K \ 9* K. Therefore H'(0K \ 0*K) > 2H'(C) > 0.

We now introduce the class of sets to which our main result Theorem 1.1 will
apply. The reason of the choice § = 7/2 will be clear in the next section.

Definition 2.7. Given R > 0, we denote by Cr the family of closed sets E,
with |E| < oo, satisfying the interior cone condition at the boundary with radius

L 1
R|E|wwy, ™ and aperture w/2. We set also Cj,:={E € Cr : |E| = wy}.

Remark 2.8. Note that the family Cg is scale invariant and that a set in C}
satisfies the cone condition with radius R. Moreover, if F' € Cg, setting E =
(w,l/"/|F|1/”)F, then E € Cg, D(E) = D(F) and Ay (E) = A (F).

In the following lemmas we state some useful properties of the sets E satisfying
an interior cone property for some R,6 > 0. In particular we show that if the
isoperimetric deficit is sufficiently small, then FE is uniformly bounded and we prove
the continuity at 0 of the function Ay (E) with respect to the deficit D(E).

Since the results proved in this section do not require the assumption 6 = 7/2,
in the following we denote by Ck(0) the family of all closed sets of measure wy,
satisfying the interior cone property at the boundary with radius R > 0 and aperture
6 € (0, 7). Moreover, whenever the dependence on z and v plays no role, we will
use the simplified notation S%% to denote a generic spherical sector Szzf.

Lemma 2.9. There exist § and L > 0 such that for any E € CL(0) with D(E) < &
we have diam(E) < L.

Proof. Set 6 := |S%%|2/4C2, where C is the constant in (1), and L := 2 + 2R,
Assume by contradiction that D(E) < ¢ and diam(FE) > L. Then there exists

y € OF with dist(y, B1(x1)) > R, where B;(x1) is such that A(E) = |E A By(x1)].

Since E € Cj(0), there exists v € S*~! such that Sg:[' C E. By the choice of y we

deduce that Sg:f C E\ Bi(x1) and this in turn gives
|E & By(z1)] > |SF| > §'/%2C,
a contradiction to (1). Hence, the assertion follows. (]

The following lemma asserts the continuity of the spherical deviation with respect
to the perimeter deficit in the class Cx(6).

Lemma 2.10. For any ¢ > 0 there exists § > 0 such that for any E € C(0) with
D(E) < § we have Ay (E) < e.
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Proof. We argue by contradiction assuming that there exist g > 0 and a sequence
{E;} C CL(0) such that lim; .., D(E;) = 0 and Ay (E;) > eo.

From Lemma 2.9, by suitably translating the sets Ej, if needed, we deduce that
there exists a large ball B such that F; C B for all j. Since all sets F; have
equibounded perimeters, by a well known compactness result (see Theorem 3.39
in [1]) we may assume that, up to a not relabeled subsequence, xg, — xr in
LY(R™) for a suitable measurable set F. Note that |F| = w, and, by the lower
semicontinuity of the perimeter, D(F') < liminf; . D(E;) = 0. The isoperimetric
inequality yields at once that F' coincides a.e. with a unit ball, say B;. Moreover
by the compactness of the Hausdorfl distance on equibounded sets, we may also
assume that F; — F in dy.

We claim that F., = Bj. Indeed, the inclusion By C F is straightforward,
since a.e. x € Bj is the limit point of a sequence {z;} with z; € E;. Assume by
contradiction that Fo, ¢ By. Then there exists T € 0F o with dist(Z, B1) > 19 > 0.
By the Hausdorff convergence of E; to E,  is the limit of a sequence z; € 0E;,
hence, for j large enough, we have that dist(Z;, B1) > ro/2. For any such j, let
v; € S"~! be such that Sg;,lj,j C E;. Then, Sgﬁ,j N By, /2(%;) N B1 = 0 and thus
|S§;{ij \ By| > [S%70/2| . This in turn implies that |E; \ By| > |S?70/2|, leading to
a contradiction to the L' convergence of F; to By and thus proving the claim.

Finally, from the convergence of E; to B; in the Hausdorff distance, we conclude
that lim;_,o, Ay (E;) = 0, thus proving the assertion. O

As a corollary of Lemma 2.10 we have that, if the perimeter deficit is suffi-
ciently small, any two optimal balls with respect to the L' and Hausdorff distance,
respectively, are arbitrarily close.

Lemma 2.11. For any ¢ > 0 there exists § > 0 such that for any set E € Ch(6)
with D(E) < § we have
dw(Bi(z1), Bi(2)) < €,
where By(z1), Bi(zso) are any two balls with the property that
AE) = |E A Bi(z1)|,  M(E) = dp(E, Bi(2s))-

Proof. We argue by contradiction. Assume that there exist ¢y > 0 and a sequence
{E;} C CL(0) such that lim; .o D(E;) = 0 and dy(Bi(2)), Bi(21,)) > o, where
A(Ej) = |Ej & Bi(a1)| and My(E;) = dy(Ej, Bi(a,)).

As in the proof of Lemma 2.10 we may assume with no loss of generality that
FE; converge to a suitable ball By(zo) both in L' and in the Hausdorff distance. By
compactness we may also assume that Bi(x]) — Bi(y1) and By (2)) — Bi(yoo)
both in L' and in Hausdorff distance. Hence

(4) dy(B1(y1), B1(yes)) = €0.
Since by Lemma 2.10 Ay (E;) — 0, while A(E;) — 0 by (1), we conclude that
Bi(y1) = Bi(xo) = B1(ys). This gives a contradiction to (4). O

3. PROOF OF THE MAIN RESULT

This section is devoted to the proof of Theorem 1.1. Since all the quantities
considered are scaling invariant (see Remark 2.8), it is not restrictive to work in
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the class C}z. Hence, from now on we tacitly assume |E| = w,, for the set under
consideration whenever the measure is not specified.

The proof of Theorem 1.1 is divided into several steps, each consisting of different
types of results, some of them independent of the interior cone property. More
precisely, in Proposition 3.3 we establish (2) under the assumption that the set
E is starshaped with respect to the center of a ball realizing the minimum in the
definition of A(F) and that its boundary is a Lipschitz graph over the boundary
of this optimal ball (see Proposition 3.1 for the precise statement). As a second
step, taking advantage of the results established in Section 2, in Proposition 3.4
we show that we can reduce the proof of (2) to sets containing a sufficiently large
ball, provided that the set F satisfies the interior cone condition at the boundary
for some 6 > 0 and contains an annulus with the same center of an optimal ball in
the L!-distance. Finally in Proposition 3.7, assuming that the aperture 6 is equal
to m/2, we prove that if the deficit is small enough such an annulus exists. The
last step of the proof follows from Propositions 3.8 and 3.10 where we show that
if @ = 7/2 and the deficit is small the boundary of E is the graph of a Lipschitz
function defined on the boundary an L' optimal ball.

Note that the assumption § = 7/2 plays a role only in Propositions 3.7 and 3.8.

Before proceeding with the proofs we fix some notations. For a measurable set
E with |E| = w,, we denote by Bj(z1) any ball realizing the Fraenkel asymmetry
A(E). Note that for such a ball |E A Bi(x1)| < Cy/D(F). Similarly, we denote by
Bi(x) any ball such that dy(FE, B1(2x)) = Ax(E).

3.1. Fuglede’s result revisited. In this subsection we prove (2) for sets E star-
shaped with respect to an optimal ball B;(z1) and such that OF can be represented
as the graph of a Lipschitz function defined on 9B;(x1). As the quantities involved
in (2) are not affected by translations, for simplicity in this subsection we assume
x1 to be the origin in R".

In a sense the following Proposition 3.3 generalizes Theorem 1.2 in [9]. As in
that paper we prefer to state the result as a functional inequality for functions in
W1o0(%), where X denotes the unit sphere in R" equipped with the surface measure
o suitably normalized in order to have

/Edo(:c) =1

For a function u : ¥ — (—1, 1) counsider the associated set E defined as

(5) E:{xeR”:|x|§1+u(|%)}.

Then the following formulas hold true:

—ZSE) = / (1+u(=)" LI+ (1 u(=) 2 Va(e) P do,
n >

@ = w(z))" do

A /E<1+ (2))" do,

where V denotes the tangential gradient on 3. Set

—_— :/(1+u)”71\/1+(1+u)*2|Vu|2dof1
by
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and observe that the condition |E| = w,, i.e.,

(7) /2(1 +u(2))"do =1,
entails
[ulloc = dn(E, B1) = An(E).

The additional hypothesis that By satisfies A\(E) = |E A Bj| immediately implies
that

(8) /E lul do < Cor/A(w)

for some constant Cy depending only on n.
Next proposition contains a key estimate on |Vul[z2(xy that, together with
Lemma 3.2, will allow us to prove Proposition 3.3.

Proposition 3.1. For any M > 0 there exist constants C1,Cy > 0, depending only
on M,n, such that if u € WhH (%) satisfies (7), (8),

1
lull oo (my < o and  [|Vullpes) < M,

then
) / Vuldo < CoA(u).
>

Proof. From assumption (7), expanding (1 4+ u)"™, we obtain

n/zudoz—zn:(Z)/Euhda.

h=2

Hence, if C; > 2 and thus ||u|le < 1/2, we get

(10) ‘/Zudo’ Sc(n)/EUQdJ.

Since, ||[Vulloo < M and ||uljeo < 1/2, from the concavity of the function /1 + ¢,
we deduce that there exists a constant ¢(M) > 0 such that

Vul? Vul|?
ﬂ< 1+i—1§2|Vu|2.

(11) (M) — (1+wu)?

Recalling (6), we may rewrite

A(“)/g(\/lﬂL%1)d0+/z:\/1+7(1|zu5)2((1+u)"11)do

:/E( 1+(1|V+7“f1)da
+

)2
i /z \/l(lif)?((” —Du+ :Z: <n N 1)uh) do.
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Therefore, from (11) we conclude that there exist ¢1 (M), c2(M,n) > 0 such that

1
A(u)z—/ |Vu|2do—c2/quJJr/(nfl)udJ
€1 Jx = X

+/Z ( 1+ (1|Zuf)2 — 1)(n— Dudo.

Using (10) and (11) again, we get

1
Au) > —/ |Vu|2do—c2/quJ—Q(nfl)HuHOO/ |Vul? do,
€1 Jx pX =

for some possibly larger constant cs, still depending only on M, n. Finally, choosing
C1(M, n) sufficiently large, the previous inequality yields

1
(12) Au) > —/ |Vu|2da—02/u2d0,
a Js by

for some larger constant ¢; depending only on M.

We are now going to exploit assumption (8). To this aim, we need to intro-
duce the spherical harmonics on ¥. For all integers k > 0, ¢ = 1,...,G(k,n), let
Y);; denote the restriction to X of homogeneous polynomials of degree k on R",
normalized so that ||Yy i[[z2(s) = 1. Then,

oo G(k,n)

U= E g ak,iYri, where ag; ::/quﬂ- do .

k=0 i=1 )

Since the functions Y} ; are all eigenfunctions of the Laplace-Beltrami operator
—V? on the sphere and

_VQYk,i = k(k +n— 2)Yk,i s

we then get
o G(k,n) oo G(k,n)

(13) 3= ais IVulz=2" > k(k+n-2)aj,.
k=0 i=1 k=1 i=1

From (8) we have that for any £ > 0,i=1,...,G(k,n),
|ak,i] < Col[Yr,illoo v/ Alu).

Therefore, for every N € N there exists a constant C'(IN) such that

G(k,n)
(14) lull3 < C(N)A(u) + Z > aia
k=N 1i=1

Let us now choose Ny such that

No(No +n —2) > 2cicq,
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where ¢y, ¢y are as in (12). Then, plugging inequality (14) into (12) and using (13)
we finally get

2
_21/|Vu| do+—;; k+n—2a,”
oo G(kn)
—a[CAwW+ Y Y di ]
k=N, i=1
% / |Vul? do — coC(No)A(u).
The assertion follows from this inequality. (I

Next result has been proved in [9, Lemma 1.4].

Lemma 3.2. For any v € Wh*°(X) such that [ vdo =0 we have

7||Vol2 forn =2

n— e||Vvl|?
(15) ol < 4 4 Vol3log (0=)  forn =3
CIVel3IVol®  forn >4

for a constant C = C(n) depending only on n.
We may now prove Theorem 1.1 for a set satisfying (5).

Proposition 3.3. For any M > 0 there exist constants C1,Cy > 0, depending only
on M,n, such that if u € Wh*°(X) satisfies (7), (8), A(u) < 1/2,
1
HuHLm(Z) < a and HVU”LOO(E) < M,

then )
Au)2 forn=2

Jullz® < Co(M.n) § A(u) (log 515 ) forn =3

Au) forn > 4.
Proof. Define v as
vi= %((1 +u)" —1).
Since fz: vdo = 0, we may apply Lemma 3.2 to v to infer (15). Note that
1« (n
v—u= ;};(h)uh

Therefore if ||u||« is chosen sufficiently small in dependence on n, we have

IVI

lu] < 2|v], < |Vu| < 2|Vu.

The assertion then follows by comblmng these two inequalities with (15) and (9).
O
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% B,

FiGURE 3. The “hole”, H, of E

3.2. Reduction to sets containing a suitable ball. In this subsection we are
going to show that in order to prove (2) it is not restrictive to assume that the set
E contains a suitable ball centered in x1, the center of an optimal L' ball.

Proposition 3.4. Let 0 < r; < 19 < 1 be fizred. There exists 6 > 0 such that for
any E € Cy, with D(E) < § and By, (x1) \ By, (21) C E, where x1 is the center of
an optimal ball for A\(E), then at least one of the following statements holds

(i) An(E) < 2D(E)n;

(id) there exists E € C}Q/Q with BTI;W (#1) C E, where i is such that \(E) =
|E A By(71)|, and satisfying
(16) M(E) < M(E) +ey/D(E),  D(E) < D(E),

for some constant ¢ depending only on n.

Proof. By Lemma 2.10 we may choose 6 > 0 so that Ay (E) < (rg —r1)/2 whenever
E €ClL and D(E) < 6.

We define H := B, (21)\E, E := a(BEUH —z )+, with o := (wp/(wn + |H|))%
and

3

h:=sup{r >0 : B.(x) C H for some z € H}.

We will prove the validity of statement (7) or (i¢) depending on the smallness
of h defined above. Note that since 0B, (1) C E, H = érl (z1) \ E is open and
the very definition of h implies that d(y, F) < h for any y € H. Moreover, we may
assume h > 0, otherwise (4i) trivially holds with E = E.

Case I : Assume that h > £ Ay (E).

Since |[E N H| = 0, from a well known property of the reduced boundary (see,
for instance [8, Lemma 2.2], we have that 0*(E U H) coincides H" !-a.e. with
(0*E\ 0*H) U (0*H \ 0*E). Moreover, it is easily checked H"~}(0*H \ 0*E) = 0.
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Hence,
D(E) = P(E) — nwy, _ P(EUH)+ P(H) — nwy
nwn, Nwn,
P(EUH P(By) —
(17) - (EUH) + P(By) — nwy,
nwy,
_P(EUH)+ nwp k"1 — nw,
B nwy, ’

where the inequality follows from the isoperimetric inequality, since |H| > |By|.
Similarly, since |E U H| > |E| = wy, we have P(E U H) > nw, > 0. Therefore,
from (17) we conclude that

n— 1 n—
D(E) 2 h"™ 2 oo A ()"

Hence, assertion (i) holds.

Case II : Assume that 0 < h < § Ay (E).

Observe first that P(E) = " 'P(EU H) < P(E). Hence, D(E) < D(E), thus
proving the second inequality in (16). Moreover, since « — 1 as 6 — 0, we may
always assume ¢ so small that E¢€ C}l% /2

Fix now an optimal ball By (2 ) for Ay (E). Since, by our choice of §, Ay (E) <
(re —r1)/2, we have that By, (r1) C B1(zs). Moreover, choosing a smaller ¢ if
needed, by Lemmas 2.10 and 2.11 we may also assume that maxycrpun |21 —y| < 2.

We claim that

Indeed, let d = dn(F,Bi(zx)). By the very definition of dy we have that
Bi(ze) C E + By, thus Bi(zo) C EUH + By. On the other hand, E C
Bi(%s) + Bg. Therefore, thanks to the fact that H C By, (r1) C Bi(7x), We

have also FU H C By(%s) + B4. Thus, we have shown that dy(F, Bi(2)) >
dyn(E U H, B1(2)). To prove the opposite inequality recall that

dn(F, B1(2x)) = max{ max dist(x, F), max dist(y, Bl(xoo))} .
z€B1(T0) yeEE

If My (E) = dist(Z, B1(00)) for some T € E, the conclusion is trivial. Otherwise,
we have that Ay (E) = dist(g, E) for some § € Bi(xoo). Then, § ¢ H since by
assumption h < 3 Ay (E) and h = maxycp d(y, E). Hence, § € Bi(z) \ Br, (1)
and we may conclude that

M (F) =dist(g, F) = dist(y, EU H)

< max dist(y, FEUH) <dy(FUH,Bi(tx)),
yeBl(zoc)

thus proving (18). Let us now show that, in addition to (18), we have also

(19) dn(E U H, By (2s0)) = M (E U H).

To prove this equality observe that if By(zp) is an optimal ball for Ay (F U H),
then B, (r1) C Bi(zg). In fact, if B, (z1) ¢ Bi(zo) from (18) we have that
dn(E U H, Bi(x0)) > ro —1r1 > Ay(F) = dy(F U H, Bi(2)), thus contradicting
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the minimality of By (o). Then, the inclusion B,, (z1) C Bi(zg), together with the
inequality h < % M (E) < dy(FE, Bi(x0)), imply, arguing as before,
dn(EUH, B1(z0)) = dn(E, B1(%0)) > A (E) = dn(E U H, B1 (),

that is (19).

Let B1(Zs) be any unit ball such that Ay (E) = dn(F, B1(Z)). From (19) we
have
20) Mi(E) = dy(E, Bi(Fs)) > ds(E U H, By(io)) — dp(E U H, E)

> dp(E U H, By (2a0)) — 2(1 — a1,

where the last inequality follows by observing that

21 dp(EUH, E) < (1 — —y <2(1 - ).
(21) n(EUVHE) < (1-a) max |o—y| <2(1-0)
Then, an easy computation leads to

Wn, n 1
22 l-a=1—- ———— <clH|<cA\F)<cD(FE)=.
(22) (o) = el < xB) < ()

Combining this inequality with (20) and (18) yields the first inequality in (16).
To prove that BT1+r2 (#1) C E, where Z; is the center of an optimal ball for A(E),

we first observe that, since D(E) < D(FE), choosing § sufficiently small (depending
on rq,r1), by Lemma 2.11 it is sufficient to prove that

wl,_‘

where Z, is the center of an optimal ball for the deviation Ay (E). With this aim
in mind we note that

dn(B1(To), Bi(200)) < M(E) + dp(E, E) + My (E)
< dy(E, Bi(2o0)) + d(E, E) + Ay (E)
<2 [ \(B) +dH(E,E)} .
Since from (21) we infer that
dy(E,E) < dy(E,EUH) +dy(EUH,E) <2(1—a)+h,

from the assumption i < £ Ay (E) and (22) we deduce that there exists a constant
¢, depending only on n such that

(B (Fnc), Bi(2)) < ¢ [Me(E) + /D(E)
Fix € > 0. Choosing § > 0 sufficiently small, by Lemma 2.10, we deduce that
dr(B1(Teo), B1(20)) < €.

Note that by construction By, (1) C E. Moreover, since « — 1 and |1 —Zoo| — 0
as § — 0, from the inequality above we may conclude that if § is sufficiently small

By 2y (Foo) C Bary (1) C E.
3 3

This inclusion completes the proof of statement (i). (]
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By

FIGURE 4. mp is the measure of the shaded region

From now on we shall always assume 6§ = 7/2. Therefore, the explicit dependence
on # in the notation of sectors will be dropped. Moreover, we will denote by mpg
the measure of the set obtained by subtracting the ball B; from a sector S fv with

vertex in z € S"~! and v € S"~! such that (z,v) = —1/v/2 (see Figure 4). Thus,
mgr = |S§V \ Byl

Next simple geometric lemma will be used in the proof of Proposition 3.7.

Lemma 3.5. There exists a € (0,1) with the property that for any r € (a,1),

y € 0B, and z € Ky o, with

P
Ky,a,r = {Z S Bl\B’l‘ : <y7|2fz|> > a}a

we have

|S§V\B1| 2 % for all v e S™ with (v, JE

FIGURE 5. Graphic visualization of Lemma 3.5

Proof. We argue by contradiction, assuming that there exist sequences {r;}, with
1- % <r; <1,{y;} COB,,, {z} C B1\ By, and {r;} C S"~!, satisfying

25— Yj 1 Yj — 2 1
(23) (yj, ——L)>1—= ; (y,=—L) < —
7z =yl J Ty =zl T V2
and
R MR
(24) ST, \ Bal < BE
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By a compactness argument, up to subsequences, we may assume v; — vy, 2; — 20,
Zj—Y;
lzi—y;]
2o = Yo. Moreover, since

y; — Yo and — (p. Taking into account that |y; — z;] < ¢/j we get that

2% — Y

) > 1 -
|25 — yjl

75 2 (Y;, L

J

passing to the limit we deduce yo = (p. Similarly from (23) we get (—z0, ) < 1/v/2.
Finally, since S Zyl,j — 5 5’)1,/0 in the Hausdorff topology, passing to the limit in (24)
we infer

MR
1S5, \ Bi| < -
Since (—zp, ) < 1/4/2 the last inequality contradicts the definition of mp. O

Remark 3.6. Choosing 7 € "' such that [S% ;\ By| = 220 defining 3 =
arccos((—e,; 7)) < 7 and arguing exactly as in the previous lemma, one can prove
that there exists a (possibly larger) number « € (0, 1) such that, for any r € (a, 1)
and y € 0B,., we have also

(25) ISE,\ By| > % for all v € S"! with (v, =) < cos(5).

|yl

Now we are ready to prove that, up to choosing the perimeter deficit small
enough, there exists an annulus centered in x;, with radii independent of E and 9§,
contained in F.

Let « be chosen so that the conclusions of Lemma 3.5 and (25) hold and set, for
any r < 1, k, 1= |Ky o | with y € 0B,. We define ro(R) as follows:

R
(26) ro(R) :=aV (1 — Z) .
Proposition 3.7. Let 79 := ro(R) be defined as in (26) and ' € (ro,1). There
exists 6 > 0 such that for any E € Ck with D(E) < § we have
BT/(:Cl) \ Bro(scl) C F,
where 1 1s the center of an optimal ball for A(E).

Proof. Choose § such that
D(E) <6 = ME) < % Ay,

Arguing by contradiction, assume that there exists y € 0B, (z1) \ F for some r €
(ro,7']. We claim that there exists z € K, o, NOE. Indeed, if K, o, NOE = we
would have

AE) = |Ky,ar| = ke = Ky,

which is impossible. Let S 21, C E be an interior sector associated to z. Since y € F
we have that (v, ﬁ> < 1/+/2. Then by Lemma 3.5 we get the contradiction

AE) > |SE,\ Bi(z1)] > %.
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3.3. Boundary of a set in C}2 as a Lipschitz graph. In this subsection we take
advantage of the result established in the previous subsection to infer the existence
of a Lipschitz map on the unit sphere parameterizing the boundary of a set E € Ck.

Proposition 3.8. There exists 6 > 0 such that if E € C with D(E) < 6 and
B,(z1) C E for some r > ro(R), where ro(R) is defined as in (26) and x1 is the
center of an optimal ball for \(E), then for any & € S"~! there exists a unique t > 0
such that ©1 4+ t€ € OFE.

Proof. Let € :== (1 — ro(R)). By Lemmas 2.10 and 2.11 we may choose ¢ such that

M (E) <e, AMF) < BE and
dn(B1(2s), B1(x1)) < €.

This implies, since 1 — ro(R) < £, that

(27) dn(E, By(x1)) < 3e < R.

Indeed we can estimate

dy(E, By (1)) < dn(E, Bi(7e0)) + dn(Bi(2s0), Bi(1))

+dy(Bi(z1), Br(z1)) < 3e.

Assume by contradiction that there exist & € S*™1, 0 < t; < to such that z; =

x1 +t;€ € OF for i = 1,2. According to (27), we have that d(z2,21) < R. Then,
if v € S"~! is such that S | C E, we have (v 21:2|> < 1/v/2. Indeed, if this is

2o,V |21

not the case, z; would lie in i‘ If 20 € K, o,r, we apply Lemma 3.5 to infer the
contradiction A(E) > "2, while if 22| > 1, then A(E) is even bigger than mg. 0O

Under the assumptions of Proposition 3.8, 0F can be represented as the graph
of a suitable function p : dB1(x1) — R. The regularity of p will be addressed in
the next two propositions.

Proposition 3.9. Assume that E satisfies the assumptions of Proposition 3.8 with
x1 = 0 and that

(28) AE) < %

Then, the function p belongs to WH1(S"—1).

Proof. We start by proving that p € BV (S"~!). We will argue locally using spher-
ical coordinates. Let J g S"~! be open and set

V::{xeR"\{O}: %EJ}.

Let ® : R"™! x Ry +— R™\ {0} be the map associating to (w,t) € R"™1 x Ry,
the point in R™ having spherical coordinates (w,t). Then, there exists an open set
I c R"!such that V = ®(I x R;) and ®|rxr, is a diffeomorphism. Then, the set
F:= & YE)N (I x Ry) has finite perimeter in I x R,. Moreover, F = {(w,t) €
IxR;: 0<t<o(w)}, where o : I — R is defined as o(w) := p(®(w, 1)), and since
F has finite perimeter, o is a function of bounded variation in I (see, for instance,
Theorem B in [4]). The assertion will follow once we show that o € W1 1(I).
To this aim, let I'}, denote the extended graph of o, i.e.,

I i={(w,t) €I x(0,00) : 0~ (w) <t <ot(w)},



18 N. FUSCO, M.S. GELLI, AND G. PISANTE

where o0& (w) is the approximate upper (lower) limit of o at w, respectively (see [1,
Definiton 3.67]). Note that, by a well known result of the theory of BV functions
(see [7, Theorem 4.5.9 (5)]), I'; coincides H" !-a.e. with the 9*F N (I x Ry) and
that, by another well known result (see [11, Theorem 5, Sect 4.1.5]), o € W11(I)
if and only if (v,(w),e,) # 0 for H" !-a.e. w € I'%, where v,(w) is the exterior
measure theoretic unit normal to F' at w.

Assume by contradiction that there exists w € I':N0* F such that (Vs (w), e,) =0
and set, for x € R",v € S" 1. r > 0, B (z,v) := {y € B.(2) : {y — z,v) > 0}.
Since w € 9*F, we have (see [1, Theorem 3.59])

[F 0 B (w, ve (w))]

29 l =0

(29) lim o

By the area formula

(30) |0 By (w, v6 (w))] =/ Je™dy,
ENVN® (B (w,v, (w)))

where J®~! denotes the Jacobian of ®~!. Since ® 7xr, is a diffeomorphism,
(B, (w, o (w))) D BL(B(w), £),
for some ¢ > 0 and £ € S*1, with
(€, @(w)) = 0.
Therefore, from (29) and (30) we get
[E N B (®(w), &)

lim =0.

r—0t rn
Hence, if Sg(ww C FE, we have Sg'(wM N B (®(w),&) = 0 for all r. Therefore, by
Lemma 3.5 we conclude that |S§(w) , \ Bi| > mpg/2, thus contradicting (28). [

Proposition 3.10. Under the assumptions of Proposition 8.9, p is Lipschitz.
Moreover, there exists a constant M depending only on 0, R and on the dimen-
sion such that

V()] < M.

Proof. Since p € W11(S"~1), it is easily checked that for H" l-a.e. z € S"~! the
exterior normal to E at p(z)z is given by

p(z)z — Vp(2)
Ve(2)? +|Vp(2)]?
where Vp is the tangential gradient of p. Let 8 > 0 be the angle between v and

z. Recalling Remark 3.6 and (28), we have that ¢ has to be smaller than § + 7.
Therefore,

p(z) ™
cos(0) = [{v,2)| = > cos(ﬂ + —).
p(2)? +[Vp(z)[? 4
From this inequality the conclusion immediately follows. (I

We are are now in position to prove Theorem 1.1.
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Proof of Theorem 1.1. Let E € C}, with D(E) < 6. By taking ¢ sufficiently
small, from Proposition 3.7 we get that B, (z1) \ By (r)(71) C E, where 79(R) is
defined as in (26) and r’ is as close to 1 as we wish. Then, by Proposition 3.4, and
provided ¢ is small enough, either

An(E) < 2D(E)™T,

which in particular implies (2), or there exists E € Cr /2 satisfying

(31) M(E) < My(E) +e/D(E) and D(E) < D(E)

for some constant ¢ depending only on n and such that, if \(E) = |E A By(Z)|, we
have B,.(Z1) C E for some r strictly larger than the radius ro(R/2) and independent
on E. Then, we may apply Propositions 3.8 and 3.10 to infer that the boundary
of E is the graph over the boundary of Bi(#;) of a function p € WL (9B, (71))
with its tangential gradient Vp uniformly bounded by a constant depending only
on 4, R and n. Setting u(x) = p(z) — 1 and recalling that |E| = w,,, we have that
u satisfies (7), (8) and the hypotheses of Proposition 3.3, provided § is sufficiently
small. The result then follows by combining Proposition 3.3 and (31).

(]
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