ON EXTERIOR DIFFERENTIAL SYSTEMS INVOLVING
DIFFERENTIALS OF HOLDER FUNCTIONS

EUGENE STEPANOV AND DARIO TREVISAN

ABSTRACT. We study the validity of an extension of Frobenius theorem on integral
manifolds for some classes of Pfaff-type systems of partial differential equations involv-
ing multidimensional “rough” signals, i.e. “differentials” of given Hélder continuous
functions interpreted in a suitable way, similarly to Young Differential Equations
in Rough Paths theory. This can be seen as a tool to study solvability of exterior
differential systems involving rough differential forms, i.e. the forms involving weak
(distributional) derivatives of highly irregular (e.g. Holder continuous) functions; the
solutions (integral manifolds) being also some very weakly regular geometric structures.
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1. INTRODUCTION

The basic tool to study solvability of exterior differential systems is the classical
Frobenius theorem, see e.g. [1, theorem VI.3.1], providing necessary and sufficient
conditions for existence and uniqueness of manifolds tangent to a given family of vector
fields, or equivalently, from a dual point of view, annihilating a given family of smooth
differential 1-forms. If the family consists of a single vector field, it is just the existence
and uniqueness theorem for solutions of ODE’s, but in the general case of many vector
fields an extra geometric condition, usually called involutivity, formulated in terms
of commutators (Lie brackets) of vector fields (or, equivalently, in terms of exterior
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differentials of forms) appears to be essential for solvability. This condition requires
differentiation, and thus the classical Frobenius theorem can only be applied when the
data, i.e., vector fields and/or differential forms, are smooth.

A motivating example. The extension of Frobenius theorem to exterior differential
systems with low regularity is quite nontrivial even in the case when the data are just
Lipschitz continuous (hence, still differentiable, but only almost everywhere); important
steps in this direction have been done in [2], [3] and [4]. A further remarkable result is
contained in [5], where one considers vector fields generating just continuous distributions
of hyperplanes with some extra conditions. In this paper we make an attempt to consider
some exterior differential systems involving terms which are not functions but weak
(distributional) derivatives of Holder functions. As a motivating example, consider the
problem of finding a surface in R parameterized as a graph of a function 0 : I? - R
(with I C R interval) satisfying the following Pfaff system of differential equations on
12,

{610(31,32) = f(s1,52,0(s1,52))019(s1, 52) 1)

D0(s1,82) = f(s1,52,0(s1,52))029(s1, 52), '

with 9; = 05,1 € {1,2}, f: > xR = R, g: I? — R smooth. Since a smooth 0: I? — R
necessarily satisfies 0,010 = 01000, then a straightforward computation gives for a
classical solution 6 of (1.7) the following version of the involutivity condition

02f019 = 01fDag, (1.2)

that should be valid at every point (s1, s2,6(s1,52)) € I?xR with (s, s2) € I?. Frobenius
theorem ensures that the above necessary condition (1.2) is also sufficient for unique
solvability of (1.7) when f and g are sufficiently smooth: namely, if (1.2) holds for every
(z,y,v) € I? x R, with f evaluated at (z,y,v) and g at (z,y), then (1.7) admits locally
a unique solution with the prescribed “initial” condition 6(sq,ty) = g, for (sg,to) € I?,
0y € R.

We are aimed at solving (1.7) and similar systems when g is only Holder continuous,
say g € CP(I?), in a robust way, e.g., stable with respect to approximation of g by
sequences in C?(I?). Since g may be nowhere differentiable, even the definition of a
solution to (1.7) is not immediate (in fact, formally as written (1.7) makes no sense)
Moreover, one has to understand what is the correct version of the solvability condition
which should reduce to (1.2) in case all the data are smooth. This fits naturally in the
general direction of research receiving growing attention nowadays, related to differential
equations with potentially purely non-differentiable (like Holder continuous) unknowns,
and usually referred to as “Rough paths theory” or just “Rough calculus” [6, 7]. It is
worth observing that if 6, g and f(-,v) for every v € R depend only on one variable
instead of two, then (1.7) (which becomes then a single equation instead of a system)
can be thought as a Rough Differential Equation (RDE), a rough analogue of an ODE,
and so in general situation (1.7) can be considered a rough analogue of the Pfaff system
of PDEs.

The original raison d’étre of the rough calculus is stochastics; in fact, rough paths
and rough differential equations originally came in a certain sense as an alternative
to classical stochastic differential equations allowing to study each trajectory of the
stochastic flow without referring to any underlying martingale structure. In particular,
one can think of (1.7) (to be correctly interpreted) when g is a representative of some
stochastic function (e.g. a Brownian sheet). However, recently, a growing number of
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applications have widened the scope of rough calculus beyond stochastics to include
purely geometric problems. For instance, in [8] a rough calculus approach has been
shown natural to tackle a particular case of a well-known problem of subriemannian
geometry of graded nilpotent Lie groups, namely, the study of the structure of level
sets of maps only intrinsically differentiable in the sense of P. Pansu [9] (such maps are
known to be generically irregular in the Eucliedan sense). Namely, it has been shown
that level sets of maps from the Heisenberg group H' to R?, regular only in the intrinsic
sense of H', are curves, possibly only Holder regular, satisfying some “autonomous’
analogue of an RDE, called in this case Level Set Differential Equation. Extending this
approach to maps over higher order Carnot groups, one naturally concludes that their
level sets should satisfy some rough analogues of Pfaff system of PDEs, e.g. similar
o (1.7), but with g depending on the unknown 6 rather than on coordinates only, thus
presently outside the scope of the theory developed in this work.

9

Rough exterior differential systems. Indeed, our aim is to prove some Frobenius-type
solvability results for rough analogues of Pfaff equations similar to (1.7), where irreg-
ularity is due to the presence of “differentials” of given Holder continuous functions
(such as g in (1.7)), which do not depend on the unknown. Such systems of equa-
tions can be naturally interpreted as exterior differential systems provided by a set of
“rough differential 1-forms”, a notion that has been developed and studied in [10]. For
instance, to write (1.7) in the language of forms, one may consider the 1-form in R?
written w := da3 — fdg, where f = f(x1,292,23), g = g(x1,x2) and (z1, z2,z2) denote
coordinates in R?, and defined by its action {[pq],w) on oriented segments [pg] by the
formula
(lpgl,w) = | des— | fdg=(as—ps3)— [ fdg,
[pa] [pa] [pq]

where the integral is understood as the Young integral [11] of the restrictions of f and
g to [pq]. If we are looking for a §: I?> — R? such that

0_* dwl = dsl, 9_* dxg = dSQ,

0*w =0,

with (21, 22, 22) denoting coordinates in R? and (51, s2) denoting coordinates in I’ Cc R?,
then from the first two equations above we have 601 (s1, s2) = s1+ c1, 02(s1, S2) = S2 + ¢2,
with ¢; arbitrary constants, i = 1,2. Choosing ¢; = ¢ = 0, we get from the third

equation that 0 := 3 satisfies

([ab],df) = 6(b) — 6(a) = - f(s1,82,0(s1,s2))dg(s1, s2), (1.3)

for every a = (a1,a2), b = (b, b) in I2. If g is smooth, and so is 6, this implies
VO(s1,s2) = f(s1,52,0(s1,52))Vg(s1, s2),

for every (s1,s2) € I? that is, we recover (1.7).

Discrete approach: germs and asymptotic expansions. The integral equation (1.3) for 0
is formally defined either when ¢ is smooth (while f and @ are, say, just continuous), in
which case the integral involved is the classical Riemann (or, equivalently, Lebesgue)
one, or when both g, f and 6 are just Holder continuous with appropriate Holder
exponents, when the integral involved can be understood as the Young integral [11] over
the restrictions of the respective functions to [ab]. In the latter case, alternatively one
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may use instead of “differentials” df and dg the finite differences 6 and dg respectively,
replacing (1.3) with the asymptotic expansions

(60)ap == 0(b) — 0(a) = f(a1,a2,0(a1,a2)) (6g)ap + o(|b — al) (1.4)

for every a = (a1,a2), b = (by,b2) in I%, where (dg)q := g(b) — g(a). Note that in the
case of smooth g this is equivalent to (1.3). Using the language introduced in [10], this
amounts to replacing the “rough differential form” w by its discrete germ

n:=dxz — fdg
defined by its action over by its action ([pq],w) on segments [pg| by the formula

(pal,m) := (g3 — p3) — f(p) (69)pq-

Involutivity condition in discrete form. Substituting systematically differentials with fi-
nite differences and differential (or, equivalently, integral) equations with the appropriate
asymptotic expansions, we are also able to reformulate the involutivity condition (1.2)
without the use of partial derivatives of g. Indeed, in the smooth case, we notice that
(1.2) is equivalent to the existence of some function that we denote D, f: R® — R, such
that

Vl?f = ]D)gfv.ga
where V1 5 stands for the gradient in the first two coordinates in R3. Using this identity

in the first-order Taylor expansions of f and g, when the latter functions are smooth,
one obtains the expansion

f(g,v)=f(p,u) =Dy f(p,u) (9(q) — 9(p))+05f (p, u)(v—u)+o(lg — p[ + v —ul), (1.5)

which is equivalent to (1.2) for smooth data, and is a natural replacement for (1.2)
(with more precise estimate of the asymptotic error term) when ¢ is only Holder
continuous, since it does not involve derivatives of g. This condition may be naturally
called (g, z3)-differentiability of f (i.e. differentiability with respect to g in the first two
variables and usual differentiability in the last one), and is in particular valid when, say,
f(p,2z) = F(g(p),z) for some smooth F: R? — R.

Results. In the first of our main results, Theorem 4.3, we prove well-posedness (i.e.,
existence, uniqueness and stability with respect to approximations) of (1.7) and its
more general analogues under the involutivity conditions which in case of (1.7) reduce
to (1.5) for possibly nonsmooth, just Holder continuous g, for a substantial range of
possible Holder exponents of g. In particular, it holds true for g € C#(R?), for instance,
when f(p,2) = F(g(p),z) for some F € C'7(R?) and

B(2+7) > 2.

Note however, that although this covers a wide range of possible regularity of the
data in (1.7), it is not clear whether this is optimal. In fact, a smooth 6 satisfies (1.4)
(hence (1.7)), if and only if, for every differentiable curve v: (—1,1) — I?, the composi-
tion ¢ — O(~y(t)) satisfies

C00)(0) = F1(1), (907) () S g 0)(1), for £ € (~1,1),

that is,

(907)(?5):(907)(0))+/Otf(v(v%(907)(8))(1(907)(8) fort e (-1,1).  (1.6)
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Therefore, when g is only Holder continuous, we may require for a solution 6 to (1.7)
to be a Holder continuous function such that, for every v € C*((—1,1); I?) the curve
6 o v solves (1.6) in the sense of Young [11]. As in the theory of Young Differential
Equations [7], if g € C?(I?), then one may also expect # € C?(I?), and a minimal
requirement to give meaning to the integral in (1.6) would be then f € C7(R3), with

B +7v)>1.

Theorem 4.3 is still far from this threshold, since e.g. even in the case f = f(x3) it
requires 3(2+ ) > 2.

A natural question is what happens if the rough differential form w = dzs — f; dg; —
fodgo for some f;: I? xR = R, ¢g;: I? - R, i = 1,2, i.e. the respective problem of the
type (1.7) contains several “rough signals” g; instead of just a single g. A step towards
this direction is our second main result, Theorem 4.4, which gives an extension of the
classical Frobenius theorem (with a version of involutivity condition) to a class of such
situations with only Hélder continuous g; depending each on a different coordinate (i.e.
in the above terms, say, g1 = g1(s1) and g2 = ga(s2)). Then the respective Pfaff system
of differential equations becomes

{319(51,82) = f1(s1,52,0(s1,52))0191(51)
020(s1,52) = fa(s1,52,0(51,52))0292(52)

(of course, 0191 and 0ag; are just the ordinary derivatives in this case, since g1 and g9
are assumed to depend each on a single variable only).

A side product, which seems to be of some independent interest, is an implicit function
Theorem 3.1 for possibly nonsmooth g-differentiable maps.

The basic underlying technical tool used is that of integration of Holder 2-forms as
introduced in [10], developing the construction of [12], which provides an extension
of one-dimensional Young integrals to integrals of rough differential forms of higher
dimensions (in particular, here integrals of 2-forms are needed). Note that in order to
avoid requesting the reader to be acquainted with the language and tools developed
n [10], here we force ourselves to use only integrals of rough 1-forms; the latter are
reducible to Young integrals. In this way the technique [10] might remain “hidden”; to
avoid this we always give comments of how to formulate the respective assertions with
the help of integration of 2-forms whenever necessary, so that the reader acquainted
with the technique from [10] might see it at work here.

(1.7)

Notation. We use extensively the theory of Young integration and the notation from the
recent expositions of rough paths theory [7, 6]. Here, we introduce some basic notation
used throughout the paper, referring to Appendix A for more details as well as proof of
basic facts.

If p, g € R™, f:R™ — R* we write f, := f(p) and §fpq := f4 — fp, Opqg := ¢ — p. We
also need the following notion of integration of 1-forms fdg along curves v: 1 CR —
Q) C R*, provided that the regularity requirements for Young integration are satisfied.
For example, if f € C*(;R), g € CP(%R), with o+ 8 > 1 and v € CY(I;Q), then
foy € C¥I;R), govy € CA(I;R) and so we define

Afdg = /I(fov)d(gov)-

As in the smooth case, the integral does not depend on the parametrization (except
for the orientation). When + is a parametrization of an oriented segment from p to g
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(written [pg] C Q) we write f[pq] fdg := fﬂY fdg. In particular, this defines in a unique
way the integral [ 20 fdg of fdg on the boundary of an oriented rectangle ) contained
in Q. Precisely, we define an (oriented) rectangle @) contained in Q (and write @ C Q)
as an ordered triple of points @ = [p; vy, v2], with p standing for a “base vertex” and vy,
vy for “sides” vectors, such that the convex envelope of {p,p + vi,p + vo,p + v1 + v2}
is contained in 2. For simplicity, we also always require that v; and vo are parallel
to vectors of the canonical basis of R¥. The boundary of a rectangle Q = [p; vy, v is
defined as the formal sum of the four oriented segments [p(p+wv1)], [(p+v1)(p+v1 + v2)],
[(p+v1 +v2)(p+v2)l, [(p+v2)p] and [, fdg is then the sum of the four corresponding
integrals. With a slight abuse of notation, sometimes we do not distinguish between the
oriented rectangle () and the convex envelope of the four vertices, and write e.g., ¢ € Q
for a point in the convex envelope, or diam(Q) for its diameter.

2. DIFFERENTIABILITY WITH RESPECT TO A MAP

2.1. Derivatives with respect to a map. We can rewrite problem (1.7) in general
space dimensions, i.e. for #: I™ — R? g: I"™ — R* (in Section 1 we have the particular
casem=2,d=Fk=1)asin (1.4), ie.,

60pq = f5,00pq + 0 (0pq), forp,qeI™, (2.1)

with ép = (p,0,) and fgp a d x k matrix. This suggests to restrict our investigation
to maps # which locally “look like” g, based on the validity of a Taylor expansion as
n (2.1). We formalize this notion in the following definition.

Definition 2.1 (g-differentiable maps). Let g € C(I™;R¥). We say that 6: I — R?
is (continuously) differentiable with respect to g, in brief, g-differentiable, if there exists
a matrix-valued function
_(a gi)iThed m. pdxk
Dyt = (9,:67),_ ", € CU™ RN,

called g-derivative of 8, such that

00pq = (Dg0)p0gpg + 0(0pg) for p, g € I™. (2.2)
Remark 2.2. The following easy assertions are valid.

(i) A map 0: I — R is C, if and only if it is g-differentiable with respect to
g(x) ==, g: I™ — R™ (in this case k = m) with Dy0 the usual differential
(Jacobian) matrix of 6.

(ii) Every 8 € C(I™;R%) is clearly differentiable with respect to itself, i.e., 6-
differentiable, with Dyf the identity d x d matrix (in this case k = d).

(iii) Uniqueness of the g-derivative is not true in general: consider for example a
C! function 0: I — R and let g(z) = (6(x),z) (seen a column), so that both
the row matrix (1,0) and the row matrix (0, 6'(x)) with €' the derivative of 0,
provide different g-derivatives of 6.

(iv) If for every p € I the differential of a scalar-valued g in p is nonzero or does not
exist then the g-derivative of the map 6 € C(I"™;R%), if exists, is unique. In fact,
if there are two, calling v their difference, we have from (2.1) the relationship
Updgpq = 0(0pg) Which, minding that

lim Lgp T £ 0

=P Opg,

for some sequence {g,} C I", is only possible when v, = 0.
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(vi) For curves (m = 1), the notion of g-differentiability can be compared to that of
“controlled” paths first introduced in [7]. However, in that case, the definition
of a controlled path 6: I — R? requires e.g., O(|6py|?*) instead of 0(d,,), when
g€ CYI;R) and a > 1/3.

2.2. First order jets. We may ask ourselves when for a given matrix-valued map v
and a vector valued map g there is a 6 such that v = Dy60. In the classical case d = 1,
k=m, v: I™ — R™ smooth, and g: I™ — R™ the identity map, this means that
v is a conservative vector field, and #: I"™ — R should be its potential (i.e. v = V8,
the classical gradient of #). The answer in this case can be given, for instance, in
the following terms: the integral fﬁ/ vdx of the vector field v (or, equivalently, of the
differential form v dz) along every closed smooth curve v in I"™ should vanish (of course,
instead of testing the integrals over all closed curves, it is enough to take them over
rectangles in I™ with sides parallel to the coordinate axes).

For the general case of not necessarily smooth maps v and g such an answer is
only possible when a suitable notion of the integral of the “vector valued differential
form” v dg over closed curves is defined. This is the case, for instance, of Hélder maps
v e CoI™RF) g € OB (I™; RF) with a4+ > 1, the respective integral being intended
in the sense of Young. In particular, the following theorem, proven in Appendix B, is
valid.

Theorem 2.3 (integration of g-jets). Let 0 € I and let o, 5 € (0,1], with a + 5 > 1,
g € CB(I™;RF), v € C(I™;R¥F). Then, there exists a § € C(I™;R?) such that
v =1D40, if and only if

/ vdg = 0 (2.3)
oQ

for every rectangle Q C I'™ with sides parallel to the coordinate axes, or, equivalently,

1
[ vdgi= [ etr®)agte) = o 24)
¥ 0

for all closed Lispchitz curves v: [0,1] — I"™. In this case we call v an a-Hélder g-jet,
and write v € 3?([’”;1&“’“). In such a case, the identity

30pq :/ vdg :/ (Dy0)dg  forp, qeI™ (2.5)
[pq] [pa]

holds, hence 0 is uniquely determined up to an additive constant, and denoting by 6 the
unique map such that (2.5) holds and 0y = 0, we have that the operator

v e JyI™RYF) s 0 € CO(I™RY)

is well-defined, linear and continuous (the space 33([7”;]1%‘1”) being equipped with the
component-wise Holder norm || - ||ce ).

Remark 2.4. We notice that, under conditions of Theorem 2.3, if (2.5) holds, then by
the fundamental estimate of Young integrals (A.14) we obtain

|5‘9pq - (Dge)p ) 59pq| < C[(Sg]ﬂ[‘;(Dge)]awpq’aJrﬂ = O(|5pq|a+'8) for p, g € I™, (2.6)

for ¢ = c(m, @, B), hence improving the o(dp) term in (2.2). In particular, this yields
that (2.4) also holds for v € C?([0,1]; I"™), with o(a + 8) > 1, by approximation of
Holder curves with Lipschitz ones and continuity of Young integral.
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2.3. Chain rule for derivatives. As a simple consequence of (2.6), we get the following
chain rule (a precise and more general statement of it is provided by Proposition B.2).

Corollary 2.5 (chain rule). If f is h-differentiable and h o 0 is g-differentiable, then
f o0 is g-differentiable, with

Dy(f 0 8) = (Dpf)eDg(hob), (2.7)
provided that Dy f € C%, h € CP and § € C°, for o, 3, o € (0,1], with o(a + ) > 1.
Proof. The estimate (2.6) (with f and h in place of 6 and g respectively) implies

5qu - (th)péhpq + O(|5pq’a+’8)7

for p, q in the domain of definition of f, and hence
(0f 08)st = (Dnf)o, - Ohg,9, + O (|5659t\a+ﬁ)
= (Duf) 0 65 (5(h 0 0)) + O (|8se|7**?)
= ((DRf) 0 0), (By (I 0),8g41 + 0(3s1)) + O (18|77
= ((Dpf) 0 0)pDg(h 0 0)pdgst + 0(0st),

for t, s in the domain of definition of 0, as claimed. O
Let us consider the following examples.

Example 2.6 (composition). Let f: J* — R? be differentiable in the classical sense,
Df =Djqf € CYJ™;R>") and let 6 = g € CP(I™;R"), with B(1 4+ «) > 1, we deduce
from (2.7) with h := id using id 0 # = g and Remark 2.2 that f o g is g-differentiable
with Dy(f o g) = (Df) o g.

Example 2.7 (composition with graphs). This is in fact an application of Proposi-
tion B.2, but we state it here for later use. Given g € C?(I™;R¥), define

hgm gny := (ggm,x"), for & = (z",a") € I™*",

let f: It — R? be h-differentiable, with Dy, f = (D, f, Dyn f) € C* (M7 R E+n))
and 6 € CP(I™;R") be g-differentiable. Letting p — 0, := (p,6,) be its graph, we have
that ho 6 = (g,0) is also g-differentiable, with D, (h o 0) = (Id,D,6), hence we conclude
by Proposition B.2 that fj is g-differentiable, with

Dy f5 = (Dgf)g + (Dan f)gDgb. (2.8)

2.4. Jets and g-differentiable maps. Let now g = (¢)F ;: I™ — RF. We are
interested in knowing when a given g-differentiable map v = (vi)le: I — RF is a
g-derivative of some real valued function § € C'(I™). If v and g are Holder continuous,
a sufficient condition for the positive answer is given by the following result.
Proposition 2.8. Let a, 8 € (0,1], with a 428 > 2, g = (¢)k_, € CP(I"™;R*). If
v = (v")F_, € CP(I™;R¥) is g-differentiable, with Dyv € C(I™; R***) and for every
1 # j either

6924)3 = 393‘1)1, (2.9)

or for every rectangle Q C I™ with sides parallel to coordinate axes one has

/ g'dg’ =0, (2.10)
0Q
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then v € 35([’”;]1%’“), so that in particular, by Theorem 2.5, v = D40 for some 0 €
Ch(Im).

Note that with the Stokes’ theorem from [10] at hand we could reformulate (2.10) as
/ d¢' Adg? =0
Q
for every rectange @, i.e. just symbolically
dg‘ Adg’ = 0.

We postpone the proof of Proposition 2.8 to Appendix B, but will give its rough (though
only formal) idea here.

Idea of the proof of Proposition 2.8: In view of Theorem 2.3 it is enough to show that
v is a g-jet, that is, when |, 90 vdg = 0 for every rectangle Q C I with sides parallel to
the coordinate axes. A purely formal application of calculus rules yields the identities

/ v-dg = / dvAdg = Z/ (8gi'l)j - agjvi)dgi Adg,

Q Q = Jao

where we used (formally) the Stokes’ theorem, the g-differentiability of v and the
antisymmetry of “differential 2-forms” dg‘ A dg’ = —dg’ A dg’ (yielding in particular
dg’ Adg® = 0). Thus, a sufficient condition for the left-hand side integral to vanish is
that, for every i # j either (2.9) holds, or dg’ A dg’ = 0, the latter condition being
equivalent to (2.10) (this formulation avoids two-dimensional integrals which we did
not introduce here, although one could have used the integrals introduced by R. Zust
in [12] or equivalently those in [10]). Note that the requirement o+ 25 > 2 may be seen
as necessary for all the two-dimensional integrals above in fact exist in the sense of R.
Zust. U

Note that in the classical case k = m and ¢ identity, dg’ A dg? = dz* A da’/ # 0 when
i # 7, so that (2.10) is never valid, and Proposition 2.8 provides just the condition (2.9)
for v to be a gradient. The latter condition becomes just 0,:v7 = 0,;v" for all i # j,
that is, the classical curl-free condition V x v = 0. In other words, in the general
situation (2.9) can be seen as just a natural extension of curl-free condition. On the
contrary, (2.10) is essentially new and absent in the classical case. The following lemma
provides examples of g such that (2.10) holds.

Lemma 2.9. Let a, 3, o € (0,1], with o +28 > 2 and 260 > 1, w € CP(I™;R),
h € CP(I™;R") be w-differentiable, with Dy,h € CY(I™;R™), and f € C7(R™;R¥).
Then, g := f o h € CP7(I"™; R¥) satisfies (2.10).

The proof of the above Lemma 2.9 provided in Appendix B, essentially relies on the
fact that, for a real-valued w, one (formally) has dw A dw = d(wdw) = d(dw?) = 0,

hence if all the components (g°)%_; locally “look like” w, one may conclude that (2.10)
holds.

Remark 2.10. It is not clear whether all maps g satisfying (2.10) have necessarily to
be in the form g = f o h as in the above lemma. A weaker result of this ilk however
holds due to theorems 1.2 and 1.1 from [13]. Namely, if m = k = 2, i.e. g: R? — R?
satisfies (2.10) then there is a metric tree 7', i.e. a complete metric space such that every
couple of its points is connected by a unique arc (a continuous injective image of the unit
interval), and surjective map f: R? — T and h: T — g(R?) C R? such that g = f o h.
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Since T is a one-dimensional space in a natural sense, then it means, informally, that
the components ¢g' and g% depend on “a single coordinate” (i.e. the point on T') that we
may regard as an analogue of w in Lemma 2.9.

At last we remark that even when v is not a g-jet, in some cases we can “correct it”
by an adding a “corrector” map to obtain a g-jet as the following proposition shows.

Proposition 2.11 (“correctors” and jets) Let0 € I and let o, B € (0 1] with a 428 >
2, g € CP(I%R?) with g = (gs, p) Jor (s,1) € I?. Let v = (v',v?) € CP(I%R?)
be g-differentiable with Dyv € C*(I?; ]RQ) and define, for (s,t) € I?,

V(s ::/ 9102 — 20t ) dg?.
GO S0, (9 ')

Then (v —v,v?) € 3;‘+6—1(I2). More precisely, v has the following anisotropic regularity:
V(s € C'B(I;R), and (.4 € C“*ﬁfl(I;R) fors, tel.

Again we postpone the proof of Proposition 2.11 to Appendix F, providing here only
its rough and purely formal idea.

Formal idea of the proof of Proposition 2.11: For Q = [s%, s']x [t°, '] C I? we calculate

/ v-dg = / vidgt + v?dg?
9Q Q

= 1dv! Adgt + 1dv? Adg? by Stokes’ theorem
9Q

= /( Og2v +8 10?2)dg! Adg?  since v is g-differentiable
/ dgs/ 2U + 0g1v )(S’t)dg?sf)(t) by Fubini theorem

_/ O(st1) — sto)) dg'(s) = /aQndgl. U

3. AN IMPLICIT FUNCTION THEOREM

In this section, we show that a version of the implicit function theorem holds, for
h-differentiable maps, provided that h has a suitable “product” structure: we assume
indeed that

. pm+ k+
h: [ty READ m

") € I, (3.1)

for some g € CP(I™;RF). Given an h-differentiable map f: I"*" — R", writing
Dpf = (Dgf,Dyn f), we say that a point zg € I"™1" is non-degenerate if (Dyn f)g, is
invertible. The structure of level sets f~1(f,,) at non-degenerate points is described in
the following result.

hy == (ggm,z™), for x = (zx

Theorem 3.1 (implicit function theorem). Let 3,7y € (0,1] with B(1 + ) > 1,
g € CP(I™;R¥), let h be as in (3.1), f: I™™ — R™ be h-differentiable, with Dy, f €
CV(I’”*”;R”X(’””)) and xg € I™™ be non-degenerate. Then, there exist open sets J™,
J" such that xg € J™ x J* C I™™ and a unique 0: J™ — I"™ such that

F  fuo) N T™ x J* = 0(J™),
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where 0, := (p,0,). Moreover, 0 is g-differentiable, with
D0 = —(Dyn £); (D f)g € CF1 (I RIXH), (3.2

A detailed proof of this result is provided in Appendix C. As in the classical implicit
function theorem, we rely on a fixed point argument, using the improved error esti-
mates (2.6). Let us point out that the fixed point map is not directly induced by (3.2),
instead it is built by choosing suitable differences between Taylor expansion at the point
xo. The validity of (3.2), in particular the fact that the right hand side therein is a
g-jet, follows a posteriori.

As an application of Theorem 3.1, we provide a partial answer to the following natural
question, converse to the chain rule (Example 2.6): when g-differentiable functions f
are necessarily obtained via pointwise composition f = F' o g7

Example 3.2. When, m = 1, the example of a Young integral

t
ft:/ hsdgs, fortel,
0

shows that this is not always the case, since f depends non-locally on g, e.g., by
modifying g only around 0, the values of f; may change also for large t’s. Still, the
fundamental estimate of Young integrals (A.5) gives that f is g-differentiable with
Dy f = h.

To provide a sufficient condition ensuring that it must be f = F og for g-differentiable
f’s, it is sufficient to argue that f is constant on any level set {g = ¢}. From (2.2),
letting p, ¢ € {g = ¢}, we would deduce that

6 fpg = (Dgf)p - 69pg + 0(dpg) = 0(Ipg)-

Therefore, if p and ¢ can be connected via a continuous curve § with values in {g = ¢},
one has

(6f)o.0, = 0(00st),

which leads (Lemma A.1) to dfy = 0, provided that o(d0s;) = 0(ds). Hence, such
argument holds whenever one has a sufficiently precise parametrization of the level
sets of ¢: in the next proposition, whose proof can be found in Appendix C, we give a
precise statement (notice that we slightly shift the notation from the discussion above,
following instead that of Theorem 3.1).

Proposition 3.3 (f-differentiable maps induced by composition). Let 3, v, g, h,
f and xo be as in Theorem 3.1. If p: I — RF is f-differentiable, with Drp €
CY(I™M+7 RFX™) then there exists J™, J™ with o € J™ x J* C I™*™™ and &: R™ — R*
such that

p=bof onJ"xJ"

4. FROBENIUS THEOREMS

Given g: I"™ — RF and f: I x RF — R¥* we provide sufficient conditions ensuring
existence and uniqueness of 6: I™ — R? such that (2.1) holds with 6, = ¥, for given
po € I'™, 9 € R



12 EUGENE STEPANOV AND DARIO TREVISAN

Remark 4.1 (rough exterior differential systems). The relationship (2.1), seen as a
problem for 6, can be intepreted as an exterior differential system, by defining the
following “rough differential forms” on I x RY,

k
wl i=da™ " =" fldg" for je{1,....d},
/=1

and finding its Hélder integral manifold 6 : I™ — I'™ x R i.e., such that 6,, = (po,¥)
and
0*da' =ds’, foric{l,...,m}, (4.1)
0w’ =0, forje{l,...,d}. (4.2)
The solution 6 to (4.1) (4.2) will be given by 8, = (po + s, 0s) where 6 satisfies (2.1).

As anticipated in the introduction, we can equivalently restate (2.1) as a (Young)
integral equation, which is here justified as a consequence of Theorem 2.3.

Lemma 4.2. Let 3, v € (0,1] with (1 +) > 1, let
ge CPI™RF), fecCcr(I™ xRFR™F), 0eC(I™RY,

with 0,y =¥ € I™. Then, (2.1) with 0, := (p, 8,) holds if and only either of the following
conditions hold:

(1) the identity 66,y = / fg-dg holds, for everyp, g € I™,
[pa]

(2) 6 € CP(I'™;R¥) is g-differentiable with D,0 = f; € CP/(I™; RI*F),
(3) there exists a v € IOV (I™;R>F) such that 6, = 9 + f[pop] v-dg and

fa. =vp foreverypeI™.

p

Proof. The proof is straightforward: the validity of (2.1) is indeed what inspired the
general definition of g-differentiability, so that condition (2) is plainly equivalent to
it. Young integration along segments and the fundamental estimate (A.14) shows
the equivalence with condition (1), which easily implies (3). In turn, () implies
g-differentiability, i.e. condition (2) by Theorem 2.3. O

Each formulation suggests a fixed point formulation: (1) and (2) in the space of maps
6, (3) in the space of g-jets, defining a map F'(v) via

v 0 =19+ [ ]vdgHF(v)::fg. (4.3)
po-
From such a point of view, we see that there are obstructions for F'(v) being a g-jet at
least as regular as v, both of algebraic and analytical nature (see Proposition 2.8), and we
solve them by assuming suitable “involutivity” assumptions. In our first Frobenius-type
result, we assume the validity of dg’ A dg/ = 0 in the sense of (2.10). The case of a
scalar valued g: I"™ — R, as in the Introduction, is covered also by the statement.

Theorem 4.3 (case dg' Adg? = 0). Let 3, v € (0,1] with B(2+7) > 2, g € CP(I™;RF)
be such that (2.10) holds for every i # j, and f: I™ xR? — RF e (g, x%)-differentiable,
i.e. differentiable with respect to the map

(™ z%) € I™ x R? — (g(z™), 2%) € RFF,

and

Dy zayf = (Dgf,Dyaf) € CTUI™ x RE R (D),
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Then, for every (po,d) € I™ x R?, there exists a unique § € CP(I™;R?) such that (2.1)
holds and 8, = V.

The proof follows a Banach fixed point argument in the subspace of jets v €
IV (I™; Rk such that vy, = f(po,¥). We define the map F' via (4.3), that is,

F(v)p=f (p,i? + Jipop] vdg) forp e I'™.

Indeed, if v € 357(Im; R?*k) is a fixed point for F, then the series of identities

Op =0 + / vdg =9 + F(v)dg =9 + / f(a,04)dgg (4.4)
[pop] [pop] [pop]

and Lemma 4.2 give that 6 defined by (4.4) is a solution to (2.1) with 6,, = . The only

non-trivial part is showing that F' maps jets into jets, which follows from Proposition 2.8;

details are provided in Appendix D.

In our second Frobenius-type result, we assume instead that k = m and g = (¢)",
admits a “diagonal” structure, i.e., for every i € {1,...,k}, the map s +— ¢’ is actually
a function of the single coordinate s’. Notice that this assumption covers the classical
case g being the identity map.

Theorem 4.4 (“diagonal” case). Let 3,v € (0,1] with B(2+7) > 2, g € CP(I"™;R™)
be in the form

gS:(g;h...,gg’ln) fors:(sl,SQ,...,sm)EIm.

and f: I™ x RT — R be (g, 2%)-differentiable with

]D)(g,xd)f = (]D)g.ﬂ Dxdf) € C’Y(Im X R;R(dm)X(erd))a
and such that the following “involutivity” conditions hold in I™ x R

FA0u T — fH0,0 5 =0 and 0uf" —0,f5 =0, fori, je{l,...,m}, i+#j],

(4.5)
and 0,0 € {1,...,d}. Then, for every (po,9) € I™ x R? there exists a unique 0 €
CA(I™;RY) such that 0,, =V and (2.1) holds.

Remark 4.5 (“block” diagonal structure). We may extend the result above in the more
general case k = Y7, k;, g € CP(I™; R¥) in the form

gs = (gil, .. ,gf},gf§+1,...,g§§+k2, e ,gfm) for s = (s',s%,...,s™) € I"™.  (4.6)
In this case, f: I'™ x R? — R%** and the involutivity condition (4.5) reads

FAOw T — 90,0 =0 and Ouf" — 9, f =0, fori,je{l,....k},

and £,¢' € {1,...,d} are such that the functions ¢’, ¢’ depend on different variables,
i.e., belong to different blocks of (4.6). For simplicity we provide a proof only in the
easier case of blocks of size 1, as in the stated theorem.

Idea of the proof of Theorem /./: The proof of this result, the details of which are given
in Appendix D, is by induction over ¢ € {1,...,m}. For ease of notation, let us assume
that pg = 0 and argue in the scalar-valued case, d = 1. The case £ = 1 is then that of
Young differential equations, for which the theory is well-established. In the induction
step from ¢ to ¢ + 1, we use the inductive assumption to define : I*t! — R on the
(-dimensional space I* x {0} such that the restriction of the system of equations (2.1)



14 EUGENE STEPANOV AND DARIO TREVISAN

holds, we extend it by solving the Young differential equation (with respect to variable
tel)

e(p,t) = «9(17’0) + / f§+1dg£+1, fortel, pe It (47)

[(p,0)(p:t)]

In view of the regularity assumptions on f, there exists a unique solution to (4.7), hence
0 is well-defined and ¢ ~ 0,4 is Holder (at every p € I ). The crucial point is to show
that @ € CP(I*t1;R?) and solves (2.1). To this aim, we use Theorem E.1, that provides
g-differentiability of 6 with an explicit equation for d,:0, for i € {1,...,¢}, formally
obtained by g-differentiation of (4.7). Then, using the involutivity assumptions (4.5),
we conclude that, for i € {1,...,¢}, the identity

0gi0) oy — [ = /
g7 pt) T Vg, [(p,0)(p,t)]

Finally, a Gronwall-type argument (Lemma [.4) yields 9,0 = fg, hence the thesis. [

(Do f )5 (agie - fg‘) dg't! holds for t € I, p € I'.

5. EXAMPLES AND OPEN QUESTIONS

We conjecture that both Theorem 4.3 and Theorem 4.4 are instances of a more general
result, where one can drop any “diagonal assumption” on g = (¢*)%_, and simply assume
that, given f = (f))5_,, for any i, j € {1,...,k}, at least one between dg’ A dg’ = 0 in
the form (2.10) or (4.5) hold. Both strategies of proof, at present, do not allow us to
conclude. Indeed, in the proof of Theorem 4.3, jet spaces are not stable with respect to
the map F' (4.3). In the following example, we show that one can try to introduce a new
map § sending jets into jets such that its fixed points are solutions to (1.7). However,

this approach still faces difficulties due to loss of regularity.
Example 5.1 (triangular case). In the setting of Proposition 2.11 let
(0, 0%) = (ff =0, f7)
where 6, :== 9 + f[pop] vdg and v, = f[(870)(57t)] (391 feg - 8ng91> dg?. One has that any
fixed point would provide a solution to (1.7). Indeed, (arguing formally) we have
b= /[(S’O)(&t)] <8g1v1f92 — v2692f91) dg? by the chain rule,
= /[(870)(57t)] (891(]‘91 — U)fg - f2(992f§1) dg® being (v!,v?) a fixed point,

= —/ 00 fegdg2 by involutivity (4.5),
[(5,0)(s,t)]
=0 by Lemma E.4.

In the inductive proof of Theorem 4.4, instead, it is not clear how to show that 6,
defined by solving df = fzdg on a chosen family of paths, is g-differentiable (since
Theorem E.1 strongly uses a diagonal assumption on g).

We end this section by showing how the theory developed above applies to three
specific classes of Holder maps.

Example 5.2 (Sobolev maps). The theory developed above applies to g € wee(Im; Rk),
provided that ¢p > m, so that Sobolev embedding gives g € C?(I™;R¥) for 3 =
min {1,¢ —m/p}. Let us notice that (e.g. when m = 2, otherwise one has to use precise
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representatives for Sobolev functions) one can also define dg’ A dg’ by means of the
weak Jacobian [14] J(g¢', ¢7) := det(Vg', Vg7),

/ g'dg’ = / J(g', ¢")d.L*  for any rectangle Q C I°. (5.1)
0Q Q

Hence, condition dg’ A dg/ = 0 in the form (2.10) is equivalent to det(Vg’,Vg/) = 0
L?-ae. in I°.

Example 5.3 (random fields). Let (£2,.4,P) be a probability space and g: Q —
CP(I™;R*) be a random field, with B-Holder realizations for P-a.e. w. Then, our
results provide a “pathwise” calculus (i.e., for fixed w), in particular to solve systems of
differential equations of Frobenius type. As an application of Theorem 4.4 one could
think e.g. in case m = 2, writing (z,t) € I? as the evolution through time (possibly
with a noise in time) of an “irregular” curve 6., and the resulting surface. A possible
example of application could be in mathematical finance, concerning the modelling of
yield curves B(t,T) (t < T') in the theory of interest rates, see e.g. [15], which can be
seen as a stochastic surface, with “noise” acting on the direction ¢ only (however, usually
modelled with an It6 stochastic differential equation, whose Holder regularity < 1/2 puts
it outside the scope of our results). Toy applications of Theorem 4.3 include e.g. the case
of a single (scalar) signal, e.g. ¢ being a fractional Brownian sheet or a fractional Levy
Brownian motion with Hurst parameter H > 2/3. Addressing integration of noise with
lower regularity (e.g. the standard Brownian sheet or Levy Brownian motion) seems to
require suitable adaptations of techniques from Rough Paths theory to multi-dimensional
stochastic calculus.

Example 5.4 (lacunary series). Examples of Holder functions can be constructed
(on I"™ = [0,1]™) via Fourier series g, := 3 jczm are>™ P e.g. by choosing only one
coefficient ay, different from zero in each annulus 2" < |k| < 2"*! (and denote it by
cn). As with the classical Weierstrass function, if limsup,,_, , . |c,|27"? < oo, one has
that g € CP(I™), and if liminf,_, 1o |¢,|27™ > 0, then g ¢ CP'(I™), for any ' > B.
These maps may be useful to provide counterexamples, showing e.g. that the regularity
assumptions made throughout are necessary (as it is shown in [12] for the problem of
integrating forms). For example, in Proposition 2.8, the assumptions can be stated even
if a+ 6 >1and 25 > 1. An analysis of the proof gives that a counterexample could be
given (if a + 28 < 2) if one could find g € CP(1?), v € 3;‘(12) such that vg ¢ 33([2), or
more explicitly (after integrating by parts)

/ vdg =0 for every rectangle Q C I?,
0Q

but
/ vdg? # 0 for some rectangle Q C I?,
0Q

which could be (formally) read as failure of the chain rule for the solution g to the
“continuity equation”

div(bg) =0 in I?,
where b = (Vv)* (see [16, 17] for some recent literature on the subject of two-dimensional
continuity equation and its renormalization properties). More rigorously, this is equiva-
lent to exhibit two sequences (¢"),>1, (v")n>1 of smooth functions, bounded respectively
in C8(I?) and C*(I?) such that, as n — oo, in the sense of distributions in I2, one has

div((Vo™)1tg) = 0, but div(Ve™)1g?) 4 0.
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Let us notice that, if such an example exists, then (v, g) cannot be Sobolev (Example 5.2),
for the first identity would read J(v,g) = 0, Z?-a.e. and the chain rule would give
J(v,g%) = 2gJ(v,g) = 0. We notice that in the case a = 3, this turns out to be
equivalent to the problem of non-trivial horizontal surfaces in the Heisenberg group
(using e.g. the results in [13]), which has been solved in [18].

APPENDIX A. NOTATION AND USEFUL RESULTS
We recall and slightly extend to the multi-dimensional case some notation from the
theory of rough paths as in [7, 6].
Discrete differential calculus. Given a metric space (X,d) and functions f: X — R¥,
w: X2 = R¥ we write f(2) := f, w(z,y) := wyy for z, y € X and let
Sf: X2 5 R* Gfpy:=f,— fo foraz,yecX,
dw: X3 = RF, OWgyz 1= Wyz — Wy, +Way forz,y, z€ X.

Notice that 6(df) = 0 and that discrete Leibniz rules hold in the following form. For f,
g: X >R, w: X? 5 R, let (f9)z = fuge and (fw)zy := frway, then

5(fg)wy = (5fwy)gy+fr(5gmy)

= f2(09zy) + (0f2y) gz + (0 f2y)(0gey) for z,y € X, (A1)
0(fw)ay: = fe(dwayz) + (0fay)wy. forz,y, z € X. (A.2)

In particular, letting w = dg, we have the identity
6(f69)ay> = (0f)ay(69)yz, form,y, z € X. (A.3)

With a slight abuse of notation, when X C R* and f is the identity map, we write
5zy =Yy—-x, hence d(l’,y) = ’y - $| = |5xy|

Holder functions. For a metric space (X,d) and f: X — R* welet [f]o := sup,¢ x | fz|
and, for w: X2 — R¥, a > 0, we let

[w]a := sup wm] € [0, 4+00].

z,yeX d(z,y)*
T#Y
Notice that [w +w/}a < [wla + [&/]a, [fwla < [flolwle and [w]a < [w]s diam(X)5~ if
a < . Moreover, for any fixed x € X, one has

[f — fz]o < [0f]a diam(X)*. (A.4)

Write f € CY(X;R¥) if || f||,, := [flo + [6f]la < oo. Notice that when o = 1 one obtains
the space of bounded Lipschitz functions on X with values in R, and not the usual space
of continuous differentiable functions. If £ = 1 we simply write C%(X) = CY(X;R).

Young integration. If I C R is a bounded interval, for f € C%(I;R™*%), g €
CP(I;R¥™), with o+ B > 1, L.C. Young [11] provided a robust notion (i.e., extending
continuously the case of smooth functions) to the integral

b
/ fsdgs, for [a,b] C I.
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Using the terminology introduced above, one can actually prove (as an application of
the Sewing Lemma [7, 19, 6]) that, for some constant ¢ = c(a, ), one has

b
/ﬂ@fmwmwg@ﬂmmmw% for [a,b] C I, (A5)

which gives the inequality, again with ¢ = c(«, ),

b
/ Jsdgs

showing that the Young integral function ¢ — f(f fsdgs is CP(I;R™*™). Moreover,
additivity holds, for a < b < ¢, with [a,c] C I,

/ " fudgs = /  fdg+ / " fudgs, (A7)

as well as bilinearity of (f,g) — f: fdg.

< cllflla 0g)a (L +111)|6a| ", for a,b] C 1, (A.6)

Additive functionals. It is not difficult to prove that the validity of (A.6) and (A.7)
actually characterize the Young integral [ fdg. In fact, this can be seen as a consequence
of a general result for (dyadically) additive functionals. For our purpose, we give it in
the case of segments and rectangles (a special case of a general result on rectangles of
dimension k). We say that a functional F', defined on oriented segments all contained
in Q is dyadically additive if for every [pq| C €,

F(lpal) = F(lpr) + F(lra)), withr =222 (A9)

Similarly, we say that a functional F' defined on oriented rectangles all contained in €2
is dyadically additive if, for every Q = (p;v1,v2) C Q,

v v v v v
F(p;vhvz):F('1 2)+F(p+ L1 2)

p? 9 ) b
2°2 2272
vy U1 U v+ vy v v (A.9)
2 UL V2 1 2 UL V2
+ (p+2,2,2>+ <p+ : ,2,2)

We have the following result.

Lemma A.1. Let k € {1,2}, Q C R? and Q — F(Q) € R be defined on oriented
segments (if k = 1) or oriented rectangles (if k =2) Q C Q and dyadically additive. If

F(Q) = o (diam(Q)*), i.c., F(Q) =0 if diam(Q) = 0 and

. [F(Q)
f — =
B S0P Gam(@QF
diam(Q)>e

then F' is identically null.

Proof. Given Q C Q, for any n > 1, we decompose it into 2" “dyadic” segments or
rectangles (QZ)ZQ:i (iterating the decompositions in (A.8) or (A.9)) with diam(Q;) =
27" diam(Q), for ¢ € {1, .. ,2’“"}. By induction on the additivity assumption, we have

an

> F(Qi)
i=1

2kn

IF(Q)] = < Z ’diam(Qi)k‘ =2k (27’“" diam(Q)k) —0, asn—oo. O
i=1
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To obtain from this result the claimed characterization of the Young integral, assume
that [ fdg and [’ fdg both satisfy (A.6) and (A.7). Then, letting F := [ fdg —
[" fdg, (A.7) yields that F is dyadically additive, while adding and subtracting f,(5¢)as
in (A.6) gives

|F([a, b])| < c[5f1al6g]510a|* ™7 = o(|0a]),
hence F([a,b]) = 0 and the two integrals coincide.
Remark A.2 (from approximate to actual identities). A slight extension of the same

argument gives the following result. Let f € C(I), let n > 1, and for i € {1,...,n}, let
i, Bi € (0,1] with a; + 8; > 1, f* € C*(I), ¢* € CP(I) such that

0fab = fadgus + 0(8a|) for [a,b] C 1. (A.10)
i=1

Then, by considering F := §fu — .1 [ fidg?, we obtain
nopboo
=3 / fidg' for [a,b] C I. (A11)
=17

Integration over curves. Young integration allows one to extend the notion of
integration of 1-forms w = fdg along curves v: I C R — Q C R¢, provided that the
regularity requirements are satisfied. For example, if f € C*(Q;R), g € C8(;R), with
a+B>1andvye CHI;Q), then foy e C*I;R), govy € C(I;R) and so we define

/Vfdg :=/If0’ydgov-

We prove that, as in the smooth case, such integral does not depend on the parametriza-
tion, with the exception of the orientation. Precisely, if ¢ € C'(.J;) and there exists
6 € C'(J; 1) such that ¢ = 06, then

[o fdg = L fdg.

This can be seen at least in two ways: either using the fact that the same identity holds
in the smooth case and approximating f and g, or using the characterization of Young
integral by (A.6) and (A.7): indeed, the functional

0
[a,b] € J fdgz/bfovdgov,
'Y‘—[ea,eb] [

satisfies the additivity condition (A.7) and, by (A.5), the inequality, for [a,b] C J,

/ fdg—(fop)a(0(go®))e
YL [0a,00)

O
= |/0 foydgoy—(fo)a, (6(g°7))g,0,

< |86 0P < c[80)5 8007,

where ¢ = c(a, B)[6(f 0 7)]ald(g © 7)ls-
When ¢ = (1 — t)p + tq parametrizes the (oriented) segment [pg], we write

fdg := / fdg.
[pq] ¥
Notice that, given p, ¢ € Q (with the segment [pg| contained in 2), one has
fdg == [ fdg (A12)
[pa] [ap]
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and, whenever p, ¢, r are collinear,
sdg= [ fag+ [ fag (A.13)
[pq] [pr] [rq]

because of (A.7) and the fact that one can consider a common parametrization to
compute the three integrals. Moreover, (A.6) gives, for ¢ = ¢(«, ),

< c[6£]al0g]5|0pq|* P, for p, ¢ with [pg] C Q. (A.14)

/qu] fdg — fp(ég)pq

Finally, Remark A.2 extends to the case of segments: from an identity of the type (A.10),
valid for every a, b € Q with [ab] C Q, we deduce that (A.11) holds true.

Integration over boundaries. Given an oriented rectangle Q = [p;v1,v2] contained
in €2, the integral of fdg on the boundary of () is defined as

Jdg ::/ fdg+/ fdg+/ fdg+/ fdg.
aQ [p(p+v1)] [(p+v1)(ptvi+tva)] [(p+v1+v2)(ptve)] [(p4v2)p]

Because of (A.12) and (A.13), the map @ — [yq fdg is dyadically additive. Other
simple properties, such as bi-linearity of (f,g) — . 80 fdg follow from those of Young
integrals. Moreover, we have the inequality

/8Q fdg‘ - /(aQ(f = fp)dg + /e)Q fpdg’ for any p € Q,

=\ [ = fag| since [ fag =g, [ 1ag=o
< < (If = fylolégls diam(Q) + [3(F — fy)laldg)s diam(@)"*) by (A.6),
< 2c[6fJaldg)s diam(Q)™+* by (A.1),

(A.15)
where ¢ = c(a, ).

Remark A.3 (Ziist integral). By formally applying Stokes’ theorem, one has

/andg:/Qldf/\dg.

In fact, this can be made rigorous by extending Young integration to k-forms, as done
by in R. Ziist [12], providing a robust notion to the integral

/fdgl/\.../\dgk
Q

for rectangles Q@ C Q and f € C*(Q), ¢* € C%(Q), with a + >2F_ | 3 > k. However, for
our purpose, we do not need to rely on this theory.

APPENDIX B. JETS AND g-DIFFERENTIABLE MAPS

Proof of Theorem 2.3. Step 1. We first show that v = D46 for some 0 € C(I™; RY), if
and only if (2.3) holds. To this aim assume first that § € C(I"™,R9) is g-differentiable
with v = Dy6. By applying Remark A.2 to the “approximate identity” (2.2) we obtain
that (2.5) holds. Then, summing over the four oriented edges of a rectangle @ C I,
the left hand side terms cancel out, providing (2.3), i.e., v € Jg‘([m;Rka).
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Conversely, assuming that v € 33([”‘;]1%‘“’“), we construct a § € C(I"™; RY) by the
formula

m
0y = 6o + Z/ vdg,
i—1 7 [Pi—1Di]
where p; :== (p1,...,pi,0,...,0), po := 0, or in other words,
0, = 6o + vdg,
p}/p

the curve v standing for a parameterization of the polygonal line pgpi . .. pm. To show
the continuity of 6 together with (2.2), we write

0y = 0o +/ vdg.
fyq

Then setting 4?7 :=p+ y97P, vy :=~P.4P1. (—~9), - standing for the concatenation of
curves, parameterized for convenience still over [0, 1], —v, standing for the curve with
the same trace as 7, and opposite direction, we have that v is a closed curve and

50,y — / vdg+ [ wvdg.
2 yPe

Clearly, v as a 1-chain can be viewed as a finite sum of the boundaries of the 2-chains
associated to rectangles in I™ with sides parallel to coordinate axes, and therefore, the
first integral in the right-hand side of the above equality vanishes, so that

£(P2)
00pg = / vdg = / v o~Pldg o 4P,
P4 0

where in the last integral one takes the arclength parameterization of 4?4 over [0, £(~P?)].
Then

166pg] = (v 0 7P1)0(6g 0 VD) gg(ypay + O(£(rP1)*HF)
= UpOgpq + O(“qu’)wrﬁ)
= Up0Gpg + 0(Jpq)

proving the continuity of 6 together with (2.2).

Step 2. We show now that (2.3) is equivalent to (2.4). In fact, as proven in Step 1, (2.3)
is equivalent to the existence of a § € C(I™;RY) such that v = D,60. The claim follows
then from Lemma B.1 below applied (with a := 0, b := 1) to closed Lipschitz curves
v:[0,1] — I"™. As a byproduct we have that

0q:90+/vdg
0

for any Lipschitz 0: [0,1] — I"™ with (0) = p, 6(1) = ¢, in particular, for 6 standing for
a parametrization of the segment [pq], proving (2.5).
Step 3. Finally (2.6) implies the bound

[06]5 < ([Dgblo + c[0(V40)]al1|") [0g]5-

from which the last statement of the thesis of Theorem 2.3 follows immediately. O
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Lemma B.1. Let a, 8 € (0,1], with a + > 1, § € C(I"™;R?) be g-differentiable with
g-derivative Dy € CoI™;R¥F, and g € CP(I™;RF). Then for every v: [0,1] — I™
Lipschitz and for every a,b € [0,1], a < b, one has

(3007)w = [ B0GONIA). B.1)

Proof. By the basic estimate on Young integral we have

[ D015 (1) = (B, 02)ub5 07 )us + Ol
= (Dgb 07)ad(g 0 ¥)ap + 0(dgp) because o+ 5 > 1,

hence from (2.2) we get

b
[ PabGE)dg(r(1) = (60 0 V)as + 06

and since germs on the right and left-hand sides of (B.1) are dyadically additive on
[0, 1], this gives (B.1) by Lemma A.1. O
Proposition B.2 (anisotropic chain rule). Let o € (0,1], and, fori € {1,2}, let B;,vi €
(0,1], g, 0% € CBi(I™i, Jm), B € CVi(J™:R¥). Let m := my + ma, I = I'™ x [™2,
p= (p',p?) € I' and g, := (9;1,912)2), and similarly n == ni1 + ng, J* = J™ x J"2,
x = (z',2?) € J", hy := (hli, h2:). Assume that

min {171, B2y2} + amin {y1,72} > 1. (B.2)
If f - J* = R is h-differentiable with Dy, f € C*(J™; R**1+k2)y gnd ho §: I™ — J»
is g-differentiable, then f o 0 is g-differentiable with

Dy(f 0 0) = (Dpf)eDg(h o 6).

Proof. First, notice that (B.2) implies a + ; > 1 for ¢ € {1,2}, hence Theorem 2.3
applies with f in place of # and h in place of g and +y instead of 3, yielding the identities

5y = / D, fdh = [ Dy fidh! +/ D, f2dh2.

[zy] [zy] [zy]

Estimating separately the two integrals above by means of (A.14), we deduce that the
expansion

8fey = (Dnf)a - Shay + O (10ay (82,0 + 0522 (B.3)
holds true. Choosing x = 6, y = 6, one has, for i € {1, 2},
‘5:ciyi‘ = ‘(59;(]‘ < [59i]5i’5PQ‘ﬁi7

hence the second term in the right hand side in (B.3) is 0(dp4), because of (B.2). For
the first term, since h o # is g-differentiable, we have

(Drf)e, - 0ho,0, = (Dnf)e,(Dgh o 0), + 0(dpg)
and the thesis follows. O
Proof of Proposition 2.8. We introduce the function F'; defined on rectangles @ C I™,

F(Q) := /BQ vdg.

As seen in Appendix A, F is dyadically additive, hence to show that F' is null it is
sufficient by Lemma A.1 to prove that that F(Q) = o(diam(Q)?), as diam(Q) — 0.
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Fix Q@ € I and p € (). Notice that we can always assume that gz = 0, since
replacing g with g — g leaves dg unchanged, hence the integral defining F'(Q), as well
as Dyv (g-differentiability depends on g only through its increments) Moreover, we

may restrict our analysis from I to @, so that the inequality [g]o < [0g]g diam(Q)?
holds. Integrating by parts, we have
F(Q) :/ vdg = —/ gdv. (B.4)
0 a0

As a consequence of the g-differentiability assumption, we claim that the following
identity holds:

/andv—/ g( gvdg—Z/ g'( g]'l} (B.5)

2,j=1
Once this identity is established, the thesis follows by proving that, for any ¢,j €

1,....k}

/a gw )dg’ +/ m] dg’ = o(diam(Q)?). (B.6)

The key observation to prove (B.6) is that
avvﬂ/ idg’ + amﬂﬁ/ idg' =0, B.7
(Ogs)p [, 949" + D)y | 97dg (B.7)

as a consequence of the hypothesis. Indeed, if dg' Adg? = 0 holds in the form (2.10), then
both integrals in (B.7) are zero, otherwise we have (J,v'); = (9,:v”)5, and integration
by parts gives

/ gjdgi:/ d(gjgi)—/ g'dg’ = —/ g'dg’.
oQ oQ oQ o0Q

Therefore, subtracting (B.7) from (B.6), by linearity of Young integral, to prove (B.6)
it is suffices to show

/8Q gi ((8gj'l}i) (0 gjv dg +/ zvj (Ogjvi)ﬁ) dg’ = 0(diam(Q)2).

In fact, we estimate the two integrals above separately (and we argue only with the
first one, the second being similar). Using (A.15) with v := min {a, 8} instead of «, we
have, with ¢ = c(v, 8),

/ o9 (@) = @giv)5) dg’| < < 5 (9" (@r0") = Bp')5) )1y [697]5 dinam(Q)*
¢ (109715 10350" = (Byrv")glo + 9710[8(8ys v ) [397) 5 dliam (@) 7+

< 2c[(5gi]g [(59”5 [(5(8g]- vi)]a diam(Q)o‘HB,

using also the inequality [¢¢]o < [6g%]s diam(Q)?, to hence (B.6).
Finally, to prove (B.5), it is sufficient to show that, for p, ¢ € @,

/ gdv:/ g(Dgv)dg.
[pa] [pa]

In turn, the identity between the two integrals follows, by Remark A.2, from the validity
of the “approximate identity”

9p0Upq = Gp(Dgv)pdgpg + 0(Jpg),
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which can be obtained multiplying the expansion in the definition of g-differentiability (2.2)
for v by the uniformly bounded function g,,. O

Proof of Lemma 2.9. First, we prove that, for any i, j € {1,...,n}, (2.10) holds with A
instead of g. We introduce the dyadically additive function

F(Q) = hidh?, for rectangles Q C I™.

oQ
and prove that F(Q) = Q(diam(Q)Z). For a fixed rectangle @ C I™, choosing any p € @,
by subtracting |, ag hpdh? =0, we can assume that hj; = 0 and, restricting the argument
to @ instead of I, the bound [hi]o < [6h]5 diam(Q)? holds. Moreover, we can also
replace h? with h/ — hJ and similarly w with w — wj so that [h7]g < [6h7]s diam(Q)”?
and [w]y < [0w]p diam(Q)”. Arguing as in the proof of (B.5), we have the identity

hidh! = | B (9,h?)dw

oQ oQ

By (A.15), with e = min {«, 8} in place of a, we have
W ((Owh?) = (Owh?)5 dw‘ <c|d (A ((Qwh?) — (0wh?)5))| [dw]p diam(Q)"
[ (@) = @u)) [5 (1 ((0uh?) - (@uh?);))]_[ow]s diam(Q)

< ¢[6h7)[00h ] [0w] 5 diam(Q)* T = o(diam(Q)?),

hence it is sufficient to prove that

R (Owh? ) ydw = (Ouwh?)p / hidw = o(diam(Q)?).

9Q 9Q

Actually, Proposition 2.8 gives that h' € Jg,(I"™; R) since (2.10) holds for ¢* = ¢/ = w,
hence we already have that | 20 hidw = 0.

Let then f € C7(R™; R¥) be in the assumptions. To show that g := foh satisfy (2.10),
we use stability with respect to approximations of f. Precisely, let (f%);>1 be a sequence
of smooth maps converging to f (locally) in C7(R"; R¥), obtained e.g. by convolution.
The chain rule (Proposition B.2) gives that fi o h are all w-differentiable, hence the
thesis holds by the previous discussion. On the other side, f* o h converge to f o h in
6’57(1 m.R¥), and continuity of Young integral in this topology (due to the assumption
28~ > 1 ensure that the thesis holds in the limit as i — +o00 as well. O

APPENDIX C. PROOF OF THE IMPLICIT FUNCTION THEOREM

Proof of Theorem 3.1. As in the classical implicit function theorem, existence of 6
is established by a fixed point argument. To simplify notation, let us assume that
29 =0¢€ R™™ For x, y € I, we let

Ozy ‘= 5fzy - (th)m(Shmya (Cl)

be the remainder of the Taylor expansion of f at x in terms of h, so that Proposition B.2,
with 81 = 8 and B2 = 1, gives

|0ay] < clO(Dn)a (109)818umym | + [8omyn ) 152y |, (C.2)

with ¢ = c(a, ). Subtracting (C.1) with (0,2) and (0,y) instead of (z,y) one obtains
the identity

5facy = (th)()éhxy + 00y — Q0>
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From which we deduce that ¢ f;, = 0 if and only if

0= (Dygn f)odznyr + (Dg f)odgzmym + (00y — 00z)
i.e., writing r; := (Dgn f)y ! 00z, the following equation holds:

Sgnyn = —(Dgn f)g ' 8gamym — 07y (C.3)
We also notice that, starting from the identity
00y — 00z = Ozy — 000y
= Oy — 6(Dn.f)oz6hay
we obtain, after multiplication with (Dyn )57,
1672y | < 1D £)g | (|02y| + 16(DnSf o |5hayl)

< ¢ ([6ay|* + 1d02|) (10zmym|® + [Gonyn|)  using (C.2), (e

where ¢ = c(a, 3, £, 9). B
We introduce a interval J with J C I with length |J| to be specified later and such
that 0 € J™. On the set

V= {0 € CPJ™I™): 6 =0, [60]5 < s} :
we introduce the map
F(0) = —(Dun g9 — 5,

so that any fixed point 6§ € V for F yields 6 such that f; = fo, where 0, := (p,0,),
p € J™. To show existence of fixed points, notice first that

6F(0)pg = _(Dw"f)al‘sgpq - ‘Wépéqa (C.5)
so that by (C.4),
(F (O)pa] < |@an ) 16Gpg] + 1675,5.
< ¢ (|Gpql” + diam(J™)[3pgl? + diam(J™)|dg,g,) by (C.4),
< c (1 + diam(J™)*[06]5) [dpgl” < €l0pql”,
provided that J and e are chosen such that
c (1 + diam(J™)%) < e. (C.6)

To show that F': V' — V is a contraction (V being endowed with the uniform norm)
given 0, ¢ € V, one has

[E(p)p = F(0)p] = Irg,5,]
< < (10g,,1° + 1003, 1°) 190,0,| by (C.4),
< ce® diam(J™)P*(6 ~ glo < 516~ ¢lo
provided that J and e are chosen such that

ce® diam(J™)P* < =, (C.7)

N | =

Therefore, if (C.6) and (C.7) are satisfied, there exists a unique § € V such that
F(6) = 0, and in particular f3 = fo.
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To show that 6 is surjective on the level set f~1(fo) (possibly up to choosing a smaller
J), let x = (z™,2") € J™ x J" with f, = fo and choose p = 2™, so that (C.3) with
y = 0, gives

(8omg,| = |67, | < cdiam(J™)5pmg,| by (C.4),

provided that J is such that c|J|* < 1. This yields a contradiction, unless =" = 6,,.

Finally, to show that 6 is g-differentiable, we have, from (C.1) with 2 = 8, y = 0,,
Q6,05 = —(8gf)§p5gpq - (Dx”f)épéepm
hence (3.2) follows, since (C.2) gives

Qépéq = O(|5PQ‘B(1+Q))5

and we can multiply both sides with (Dgn f )gpl, which is everywhere invertible on J
(possibly choosing a smaller J) by continuity of Dgn f and 6. O
Proof of Proposition 3.3. First, write
5ay = (D5 p)ad fry + O3y 77)
and then let z = ép, Yy = éq, with 6 as in Theorem 3.1, so that
8,5, = O(155,5,177) = O(169| %) = 0(8q),

for p, ¢ € J™. We deduce that ©a, is constant, i.e., z is (locally) constant on the level
sets of f, hence we may represent p = ® o f. O

APPENDIX D. PROOF OF FROBENIUS THEOREMS

Proof of Theorem 4.3. Without loss of generality, we argue in the case pg = 0. We also
write ||| == [flo + [0(Dy4e)f)]y and [|g]| := [0g]s. With a slight abuse of notation we

write ¢ also to denote the function on I"™ x R? given by g(z™,z%) = g(z™). Let J C I
be an open interval with 0 € J, with length |J| < 1 to be specified below, let 0 < r <1
also to be specified below and define

Vo= {U c Jg(jm;Rdxk): vo = f(0,9), [0v]a < r},

with a < 7y such that a + 25 > 2 (although here may be possibly avoided, arguing
with a more general a will be also useful in the proof of Theorem 4.4).
For v € V, define F(v): J™ — R¥F by

F(U)p = fép = f(pﬁp)v for pe jm’
where 6, := 0"'f[0;;} v-dg and 6, := (p, 6p). Notice that, by (A.6), one has the inequality
[60]5 < c(a, B)[0g]plov]a < cllgllzm < cllglls- (D.1)

The map F is well-defined, for Theorem 2.3 implies that § € C8(J™;RY) is g-
differentiable with D,0 = v. By the chain rule (Proposition B.2), F(v) € C?(J™; R¥*k)
is g-differentiable, with

Dy F(v) = (Dg )5+ (Dyaf)gv € CH(JT;REODXE), (D.2)
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hence by Proposition 2.8, since o + 23 > 2, we deduce that F(v) € 3g(jm;]Rka). To
show that F' is a contraction, if |J| and 7 are small enough, let v, w € V and write
0:=9+ [vdg, p:=9+ [wvdg so that, for p € J™,

F(v)p — F(w)p = 5f§p¢p
1 1
— [ @uhudgoi)+ | Dupudaton,
0 0
with @ := (1 — )8, + t@p, for t € [0,1]

1
= / (Dyaf)a,d(z? o), since g(us) = p is constant,
0

1
= (/ (]D)xdf)utdt> 9,0, sSince 5(a:d 0 U)st = 06,p,Ost-
0

Therefore, for p, p’ € J™, using Leibniz rule for § and the additivity of the (Riemann)
integral,

)~ )y = ([ Brof)a — (Baa )
([ ®anadt) ste - 0,

where 4’ := (1 — )0, + t@,, for t € [0,1]. We bound separately the four terms in the
right hand side above. First,
1
[ @t - @ fad] < (D af)a - DSl

< [6(Dgaf)]y[0, o]§ estimating the Riemann integral,

’
SU

v
= (80,0 Ny (18] + (106]5 + [565) 185 |*)
since 6,7, = (pprs (L = 1)0,0,, + 10p,0 ),

utu’t

< IFI L+ 2¢ gl 1807,

by (D.1). Trivially, one has ’fol(]D)xdf)qjtdt‘ < [Dgaflo. Using (2.6), since vg = wo =
£(0,4), we have the inequality

/ (v —w)dg
[0,p']
cllgll 171°FP[5 (v — w)]a

50~ Ol = || (0= w)dg

< c|lgll [6(v — w)]a|dp|°-

100,10 = < c(a, A)[6(v — w)laldg)al T+

and using (2.6),

< (e, B)[0g]5[6 (v — w)]al8py|°

Combining all these inequalities, we deduce that
|6(F (v) = F(w))ppr| < |l FI gl (1 +2¢]g)? 171 [6(0 — w)]aldpy|*
+c [l £ gl TP 18 (0 = w)]aldp |77,
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hence F is a contraction if we choose |J| and r such that

_ A, _
1 gl (1112 + 2¢[lgll) " 71247 4 71707 < 1, (D3)
O

Proof of Theorem /./. We argue by induction over m > 0, the case m = 0 being trivially
true. Without loss of generality, we also assume that pg = 0. Assuming that the thesis
holds for m, let 9: I"™ — R solve (2.1) with ¥ = 0, and apply Theorem E.1 with (¢°)™,
instead of g, m instead of k, ¢"*! instead of y (and h = 1), and finally f™*! instead
of f, obtaining a unique (g')’”’fil differentiable §: I™*! — R? such that O(p,0) = Up, for
pET™, Dyyiymsif € CBY (L RIX(mA1D)Y and, for i € {1,...,m},

(04i0) (p,t) = (04i D) (p,0) +/ o ((8gifm+1)é + (Dwdfm+1)éagi9) dgm+1
p’

_ gl CemA1 m+1y_9 m-+1
- f’&(lho) + /[(p,O)(p,t)] ((391]” )0 + (]D)a:df )96g19> dg

by the inductive assumption. Using (4.5), one has
( me)e = ( gm+1fi)é
and
(D [ 1)505i0 = (Dya f™ )5 (9s0 = f3) + (D f™ g
= (D™ )5 (950 = £3) + (Dya f)gf7
so that

(8 z‘fm—H)* + (Dggdfm—’_l)*@ 10 dgm+1
/Kp,o)(p, )1( g ’ 20
- / (D0 ™)+ (Dya ™) (906 — £2) + (D ) £+ dg™?
[(p,0)(p,t)]
= [y (Bosl ™D+ @oa )
[(p,0)(p,t)]
+/ (Dyaf™ )5 (0,0 — fi) dg™+?
[(0.0)(p,1)] i (%00~ 53)

_ sfi _ m4+1 _ n_ fi m+1
- 5f6(p,0)9(p,t) + /[\(p,o)(p’t)} (Dmdf )9 (6‘919 fg) dg Y

since Ogm1(f}) = (Dya f™ )5 + (Dxdfi)éfgn+1. We conclude that the identity

OO~ Fo = [ af™ g (0,0 £3) g™
g¢Y ) (p,t) Op.t) (0.0)(p1)] 0( g 0)

holds. By Lemma E.4, with

= (0410) (1) — fe by=0 and u; = (D, dfm“)@(pt)

since ag = 0 by inductive assumption, it follows that

00y~ Fi =0,
i.e., 0 solves (1.7). O
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APPENDIX E. g-DIFFERENTIABILITY OF YOUNG DIFFERENTIAL EQUATIONS

The theorem below slightly extends known results on (classical) differentiabily of
solutions of Young differential equations (see e.g. [20]) to the case of g-differentiability.

Theorem E.1 (g-differentiability of YDE’s). Let I C R, J™ CR™, let a, 3,7 € (0,1],
with a > B and o+ B(1 +v) > 2. If
(i) y € C°(;R"), g € C*(J™;RP),
(ii) f € CB(I x J™ x RL RN s (y, g, 2)-differentiable with
(Dyf, Dy f, Dyaf) € CV(I x J™ x RE RE* (hth+d)y
(iii) ¥ € C*(J™;RY) is g-differentiable, with Dy € C(J™;R¥*K),
then, there exists a unique 6: I x J™ — R? such that,

t
Otp) = Up +/ S(5.0.05.p)AYs = Up + fady  for everype J™, tel, (E.I)
0 ’ [(p,0)(p;t)]

where 9_(,54)) = (t,p,0p)). Moreover, 0 is (y, g)-differentiable, with Dy0 = f5, and

(Dg0) (1p) = (D) + O ((Dgf)g+ (Dyaf)sDg0)dy  holds fort € I, pe J™.
7p 7p
(E.2)

Remark E.2. Actually, the result holds provided that there exists an z € [0, 1] such that
the inequalities

alzy+1)>1 and B((1—z)y+1) (E.3)

hold. Choosing x = (1 — «)/B7y + ¢, for some € > 0 small enough so that = € [0, 1], from
the inequality v+ 8(1++) > 2 it follows that Sxy+a > 1 and B((1—z)y+1) > 1. Since
we also assume « > 3, then (E.3) hold. In the given form, the theorem encompasses
both the case a = 3, so that the condition reduces to (2 4+ ) > 2 and that of usual
differentiability of Young differential equations, with & = 1, so that the condition reduces
to B(1+7v) > 1.

Remark E.3 (Holder continuity of Dy6). For any o < a(B(1 +7v) —1)/8, if Dyv is
o/-Holder continuous, the proof of Theorem E.1 yields that p — (Dg?) ey 1s o/-Holder
continuous as well.

Before we address the proof of this result, we prove a Gronwall-type inequality and
a result on continuity of Young integrals. Although both results are known in the
literature, we provide here statements and self-contained proofs useful for our purposes.

Lemma E.4 (Young-Gronwall). Let 0 € I CR, «, 5 € (0,1], a + 8 > 1,
a€CI;RY), beCYLRY™F), we ;RN and ye CPIRF)
be such that
a; = ap + /Dt(b +ua)dy for everyt e I. (E.4)
Then, for some ¢ = c(a, B, |11, ||u|, ,[0y]s), one has
lallg < c(laol + [10]],)- (E.5)



ON ROUGH EXTERIOR DIFFERENTIAL SYSTEMS 29

Proof. From (E.4) and (A.6) it follows that

[dast| = < E([1Blly, + llully llalle) Bylsldsl”,

t
/ (b + ua)dys

with, here and below, ¢ := c(a, 8)(1 + |I]%), hence [[a||5 < co. To deduce (E.5), write

¢ ¢
dag = / (b + wag)dy + / u(a — ap)dy,

and estimate separately the two terms, using again (A.6). For the first term,

t
[ (b wan)dy| < €(Ibl, + ull, laoD Bulsl6ul”

and for the second term,

t
[ e = a0) - dy| < e - ao) |, Bulaldal? < € ul, (55|11 (6015151
1
<5 lalls.

provided that |I] is small enough so that the inequality

(03 —Q 1
c(a B)(1+ 1) [[ullg 1117=*[0y]s < 5 (E.6)
holds. In such a case, (E.5) holds with
¢ := 2¢(1 + [|ull4)[6y]5- (E.7)

For a general I, introduce a partition {t_,, <t_,41... <tp=0<...<t,} C I such
that, letting I; := [t;, t;i41], (E.6) holds with |I;| instead of |I|, which can be achieved
with n > 1 depending on «, 3, |I|, ||u||,, [0y]s (over the entire interval I) only. Letting
lallg [[bll,; denote respectively the 8 and a-Hélder norms of a and b restricted on
each interval I; = [t;,t;41], for i € {0,1,...,n — 1}, a straightforward induction gives
that

i
lallg; < c'laol + > Iblly; < n(1+ )" (laol + [Ibll,)  for i€ {0,1,...,n—1},
j=1
with cas in (E.7). Arguing similarly for i € {0,—1,..., —n + 1}, we obtain an analogous

bound. Finally, given s € I;, t € I;, s # t, assuming without loss of generality that
1 < j, we have

7—1
‘5a5t| < ‘5a5ti+1’ + Z ‘5atktk+1| + ‘5atjt’
k=i+1
j—1
< ”a”ﬂ,i ’(Sst¢+1‘ﬁ + Z Ha”ﬁ,k ‘5tktk+1‘ﬁ + HaH,B,j yét]‘t‘ﬁ
k=i+1

i
<> llallg g 16sel” < n®(1 4+ €)™ (laol + 1Bl
k=i

hence the thesis with the constant n?(1 + c)”, with c being as in (E.7). O
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Lemma E.5 (Regularity of Young integral). Let o, 3, v € (0, 1] be such that a+ 3 > 1,
f:IxJ—R be such that

Cq = SUp ”f(-,t)”a <00, Cy:i=sup ||f(8, )H'y <0
teJ sel

and let g € CP(I). Then, for every x € (0,1] such that xo + 8 > 1, there is ¢ depending
onx, o, B, 7, Ca, Sy, |I| and |J| such that

(s,-)dgs c[og]p-

(1-=z)y

(f(s0,') = f(s0,))0Gs081

Proof. Write I = [sg, s1], J = [to, t1]. For t,t' € J, one has
s1
+ / (f(s,t/) - f(s,t)) dgs — (f(so.t') = f(s0,))0Gs0s1

‘/f(st’ dgs — /fstdgs =
S0

< 6 (s0, )y 18] 0911117
+c[5(frr) = fen)laaldglglT[7otP
by (A.5), with ¢ = c(za, 8). For s, s’ € I, we have
16 (Feany = Fem) 1= fisrn = Fisray = Fon + Fis

< min {2¢ald |, 2600 |7} < 2cac%‘fréssf|mwatt/|<1—m”,

thus
B(fe) = fe)loa < 2¢5eh 778|177

As a consequence, we obtain the inequality

[ </f dgs)]( . (C'y\I|B|J| (1=2)7 4 9¢c®c th| o +8Y[5g]

y (A.6), we also have
’ /1 J(s,t0)49s

hence the thesis. O

< ccal0gls(111% + |1]°77),

Proof of Theorem E.1. The proof is split into four steps: first, we prove that 6 is Holder
continuous. Then, letting D46 be defined as the solution to (E.2), we show that it is
continuous. Finally, we prove (g, y)-differentiability of 6.

Before addressing these points, we notice that, by the one-dimensional case of
Theorem 4.3 both § and Dy are uniquely determined respectively by (E.1) and (E.2),
with

SupHG( s+ 1Dgb(p)lls =: cg < o0

Given p°, p! € J, for r € [0, 1] write p" := (1 —7)p° +rp!, 07 = (1 —1)0( 0y + 100 p1)
for t € I. Notice that, r — p" and r +— 0] are differentiable (in the classical sense) with

Orp" = Opop1, Or0y = 004 oy (1 p1)- Moreover,

|0 pr | = |7 — ||6,0p1] < |0p0,1] and  sup [007]5 < cq.
rel0,1]
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Throughout this proof we denote by ¢ any constant (possibly varying from line to
line) depending upon f, g, y, ¥, a, 3, v and other parameters, but not upon py, p; or
tel
Step 1. (Hélder regularity of 6) To show that |0 1) — 6,0y < c[dp0p1]*, we apply
Lemma E.4 with a; := 0 1y — 0 ,0y. Indeed, by (E. ), we have the 1dentity

ar = O pty — 1, p0)

t
= 519p0p1 +A (f(&pl,@%) — f(s7p079(5))) dys by (El),

t 1 1
= 0Upopt + /0 ( /0 D fisr01)d9p + /0 Dya fis,pr o) (0s,p1) — 9(s,p0>>) dys (E.8)
by the chain rule Proposition B.2, applied to 7 — f(,r 501y,

t
=ag + / (bs + usas) dy87
0

having defined, for t € I,

1 1
bt = /0 Dgf(t7pT79:)dng' and Ut ‘= /0 D$df(tvprv9:)dr.

Since [|Dg ||, < oo and r — (p", ) is differentiable, by composition we obtain that

v
SupldDy S prapls < Py f I, (1Bt +16000y5m)]) " < < (E.9)
On the other side,
_ 2l

sup [0 f(.pr or)]gy < 1D f, (1'% +c0) " < c.

rel0,1]
Moreover, [6gy]a < [0g]aldyopt|¥. Therefore, for any = € [0,1] such that zy +a > 1,
Lemma E.5 applied to f( - gry and gpr yields

100l (1 -8y < €lOpopr |-

Similarly (in fact, by standard properties of Riemann integral), [[ul., < c. If (1 —z)8v +
B > 1, the assumptions of Lemma E.4 are satisfied, and we conclude that

Stlelg) lat] < lallz <c (]a0| + Hb”(lfx)'y) < cfdp0p1 |

To conclude, therefore, it is sufficient to notice that such a choice of x € [0,1] can be
done, because of the assumption a 4+ S(1 4+ ) > 2, (choosing x slightly but strictly
greater than (1 — «)/7).

Notice that, a posteriori, we improve (E.9) to

v [0
SupldDy 1.0 < Do/, (18,051 | + 18050y e.m)| ) < €lbyopn |7, (E-10)
A similar inequality holds with D a f instead of D, f.

Step 2. (continuity of Dy6) We apply again Lemma .4, in this case with a; := Dgb s pry—
Dybt poy- From (E.2), we have the identity

t
ay = agp +/ 6 Dgfe_( D +Dz‘df9_<s’.)D99(Sv'))p0pl dys

- +/ ( 9f9< 2o T (5Dxdf§(-9v)>p0pl Dobsm + f(’(s,p0>as> s
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using the discrete Leibniz rule (A.1). We then let

by =46 (Dgf0_<t,-))p0p1 + (5Dxdf§(t,»>)p0p1 Dgbirpr), and g = fé(t,p())'

Clearly, [ulls, < c. To estimate the Holder norm of b, notice that by (E.10) we

have |[b]lo < c[dp0,1*7, while by composition, [|b]|5, < c hence interpolating, for every
x €[0,1],

|xa'y.

HbH(lfz),B’y < C|5p0p1
Therefore, if (1 — z)y5 + 5 > 1, we obtain by Lemma E.4 that
sup ar] < flally < ¢ (Jaol + [Bll1r)sy) < € (@(G0p) +100177)

w denoting the modulus of continuity of Dy9. To obtain Remark E.3, assuming that
w(dp0p1) < c|5pop1|°‘/ with o/ < a(B(1+v) — 1)/, it is sufficient to choose = = o' /a,
so that zay = o, and the condition 3((1 — z)y + 1) > 1 is satisfied.

Step 3. ((y,g)-differentiability of 6) In this case, we apply Lemma E.4, with a; :=
Oct.pt) = 0,00y — Dgb1 p0)dgpopr - Taking the difference between (E.8) and (E.2) multiplied
by dgyop1, we obtain the identity

t 1
ay = ap +/0 <A Dgf(s,p’",@;‘)dng — Dgf(s,p0,9§)59p0p1> dys
t 1
+/0 (/0 Dxdf(s’prﬂg)dr(e(s,pl) — 9(57p0)) - Dxdf(57p070g)]D)g9(8,p0)5gpop1) dys
t 1
=ao+ /0 (/0 Dy f(s,pr 1) Apm — Dgf(s,p°,9§)59p0p1> dys
t 1
+ /0 /0 I (f(s7p'r79g)d74 — Dxdf(s’pOﬂ(s))) dTID)gf(&pO’gg)(sngpldys
t 1
+/ (/ Dafispr rdr)asds
o U Dot fisprap) Y
t
=: / (bL + b2 + usas)dys,
0
having defined
btl / Dy fitpr, 0r) — Dgf(t,po,eg)) dgpr,
b = / x‘if (tpro7) — Dya f, (t7p0,9?)> drDg f; po,60y0gp0p1, and
Uy ::/0 Dya fiepr orydr-

By composition, one has that Hu||57 < c. We prove below that, for every x € [0, 1],

16 (129 < €lop0p1 [ if zy 4+ a > 1, (E.11)
and
||l72||(1—;c)57 < cldpop |a($7+1) (E.12)

By Remark E.2, we can choose = € [0,1] such that a(zy+ 1) and 5((1 —x)y+ 1) > 1,
so that in particular zy+« > 1 and (E.11) holds and Lemma E.4 applies (with (1—z)3y
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instead of o). We obtain
lally < llall < ¢ (laol + 6" + B2 1—aysy) < € (0(8001) + 80,1 [* ) = 0(6,0,0)-
This proves that, uniformly with respect to t € I, p = 6, is g-differentiable with

g-derivative Dg0; ;). By construction, t — 6, ;) is y-differentiable with 9,0, = fé(t e

An application of the triangle inequality yields then that 6 is (y, g)-differentiable.
Step 4. Proof of (E.11) and (E.12).
By composition, one has the inequality

<c.
By

sup || Dgf.prory — Dy fi. 0 60
rG[O,l]H gJ (-,p",07) 9J(-,p0,69)

By (E.10), we have also

Stlel? H]D)gf(t,p'ﬁi) - Dgf(tﬁ"ﬁ% v Stlel?[amgf(t,p'ﬁi)h < cfdpopt [*7-

Since [0gp]a < c[dy0,1]*, Lemma E.5 entails the validity of (E.11). To prove (E.12), we

argue similarly with the Riemann integral: by composition and standard properties of
Riemann integral, one has

1
H/o (Dxdf(,’pr,g?“) — Dxdf(.7p0,99)) d?“

By (E.10), with D a f instead of Dy f, it follows that

1
/0 (]D)xdf(t,pr,e{) - Dxdf(t,poﬁto)) dr

Interpolating, for every z € [0, 1],

1
H/(] (Dxdf(,7pr79:r) — D$df(,’po,99)) d?“

<c.
By

sup

< C‘5p0p1 |7,
tel

< cldpop [T
(1—z)By

Since Hagf(_mo’gp) o < c and [0g,0,1| < cldy0p1|¥, we conclude that (I.12) holds as
well. O

APPENDIX F. PROOF OF PROPOSITION 2.11

Let F be the dyadically additive function defined on rectangles Q C I? by
F(@)= [ (0~ 0)dgy + 2

We argue that F(Q) = o(diam(Q)?) as diam(Q) — 0.
For fixed @ C I? and p € @, we notice that we can always assume that g5 = 0, and
restrict from I? to @, so that the inequality [glo < [6g]s diam(Q)? holds. Integrating by

parts, we have
F(Q) = —/ g1d6 —/ godBo —/ odg. (F.1)
2Q oQ aQ

Arguing as in the proof of (B.5), using the fact that 6, in g-differentiable, one has the
identity

/ g1d6; =/ 91(39191)d91+/ 91(0g,01)dga
aQ oQ oQ
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and, integrating by parts, the first integral can be estimated as
1 .
| 91000091 =5 | (008)dgt = O (diam(@)*7).
oQ 2 Jog
For the second integral, we first integrate by parts,
/8Q 91(04,61)dg2 = / 92d(g1(0y,61)) / 9291d(0g,01) / 92(04,061)dg1,

and then estimate the first integral using (A.15),

‘/BQ 9192d(95,61)| < <[6(9192)]5[6(9g01)]e diam(Q)*

< 2¢[691151092]5[8(9, 1)) diam (Q)*** = o (dliam(Q)?)

using the inequality [6(g192)]5 < [g1]0[092]s + [091]5[g2]0 < 2[691)5692] 5 diam(Q)”.
Arguing as in the proof of (B.5), we have the following identity for the second integral
n (F.1):

/ g2d6s =/ 92(3g192)d91+/ 92(0g,02)dga
aQ oQ oQ

and the second integral above be shown to be o (diam(Q)Q). Putting all these facts
together, we see that the thesis amounts to prove that

/ (hga —v)dg1 =0 (diam(Q)Q) , (F.2)
oQ

where for brevity we write h := 9,02 — 9,01 € C*(I?).
By definition of integral along the boundary 0@ and the fact that g; = g1(s) depends
on the variable s only, we have that, writing @ = [so, s1] X [to, t1],

/ (hga —v)dg1 = / (hg2 — v)dg: -I-/ (hgz2 — v)dg
oQ [(So,to)(sl,to)} sl,tl SO,tl)]

S1
=— | (hg2 — ) (s.10)(s,1)d91(5)
" (F.3)

S1

== | ON(s)(s,t2)92(5, t1)dg1(s)

50

S1

—/S (h(s,to)(592)(s,t0)(s,t1) - 5U(s,t0)(s,t1)) dgi(s).

0
To conclude, we show separately that both integrals in the last two lines above are
o(diam(Q)?) as diam(Q) — 0. For the first one, by applying (A.6) on I = [sg, s1],
with v := min{a, f} instead of a (notice that a + 25 > 2 implies v + § > 1),
fs = 0N(st0)(s,01)92(8,t1) and g = g1, hence we see that it is sufficient to prove the
inequalities

flo= sw [5:=0 (diam(Q)**7) (F.4)
S€(S0,S1
and 16 fuv]
[5f]’y s,s’ SGU;I;,Q |5S:8|’Y © <diam(Q)a+B_’y> ' (FS)
s#s’

Indeed, we have for s € [sq, s1],

|fs] < ‘5h(s,t0)(s,t1)92(57t1)’ < [6h]alg2)0l0t5t, |* < [0h]a[0g2] 5 diam(Q)* 7,
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and for s, s’ € [sg, s1],

)

|(0f2)ss| < ’6h(s’,t0)(s’,t1) ’(592)(5,“)(3',“) + |g2(s, 1) (’5h(s,t1)(s’,t1) + ’5h(s,t0)(s/,to)

< [6R]a[092]81 055/ |8t0t | + 2[g2]0[6R]al G|
< 3[092)[0h]a|dss | diam(Q)* A7

For the second integral in (F.3), by applying (A.6) on I = [sg, s1], with v := a/2
instead of « (notice that a + 25 > 2 implies v + 3 > 1),

t1
fs 1= h(s,to)(592)(s,to)(87t1) — 00 (s,0)(s,t1) = . 5h(5¢0)(57t)dg2(3’ ()
0

and g = g1, the thesis follows if we prove the analogues of (F.4) and (F.5) (with
v = «/2). Indeed, for s € [so, s1], (A.5) implies

|fs] < c(a, B)[6h]al0g2] 510t 177 < (v, B)[0h]albg2] s diam(Q)**7,

while for s, s’ € [sg, 1], we furthermore decompose ¢ f5¢ via the identity
t1 , t1
(0f2)ss' :/t SN 1) (s 1) dga(s’, ) (t) —/t SN (s t0)(s,6)d92(8, ) (t)
0 0
t1
= /t (5h(s’,to)(s/,t) - 5h(s,t0)(s,t)) dga(s',-)(t) (F.6)
0

t1
+ [ 0Py s,d (92(5,) — g2(5, ) (t)

to

and estimate separately the two integrals, using (A.5) (indeed, both “integrands” for
t = to are null). In the first integral, we use the pair (v, 8) instead of («, ), obtaining,
for some ¢ = c(v, ),

t1
/ (h(s 0150 = Oy dga (s ')(t)’

to
< c[6(8h(s t0)(s.) — OT(s t0)(5.))]4[092) 81 0tgt, [ 7T
< 2¢[0h][6g2] 5 diam(Q) 1|8, 4|7,

where we used the bound [6(6h (s 10)(s,) — 0P (s,t0)(s,))]y < 2]0h]alds, |7, that follows
from the inequality, for ¢, t' € [to, t1],

= ’hs/,t’ - hs/,t - hs,t’ + hs,t}
< 2[0h]o min {|0ss|*, |04/ |%} < 2[0h]a|0ss || 0eer |

‘5(5h(s’,to)(s’,-) = R (s t0)(s,) )t/

For the second integral in (F.6), we use the pair (o, 8 — 7y) instead of («, 3) (notice that
a+ 203 > 2 implies § > 1/2, hence 8 > «/2 = 7), obtaining for some ¢ = c(«, 5 — 7),

t1
’/t 0h(s o) sty (92(5, ) — g2(5',-)) ()
0

< c[0(8h s ) (s,)]al0(92(5, ) = 92(5" N 10t00s [+
< c[6h]a[dg2]p diam(Q) 77|85y |7
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where we used the bound [6(g2(s, ) — g2(5’,-))]p—y < [092]8]0ss7|” that follows from the
inequality, for ¢, ¢’ € [to, 1],

(1]
2l
(3]
(4]

5]

(10]
(11]
(12]
(13]
(14]
(15]
[16]
(17]

(18]
(19]

20]

|5(92(37 ) - 92(3/7 ')tt'| = |92(37 t/) - 92(37 t) + 92(3/7 t/) - 92(8/7 t)‘
< 2[6go] min { [5,(, 104 } < 2(090]165 7|00 |*7
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