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1. Introduction

The task of predicting time, location, and energy, of a seismic event in advance enough to
deliver warnings is a tough task to undertake. Deterministic predictions are out-of-reach. Some
estimation of earthquake probabilities is however possible. Long-term chances that an earthquake
of magnitude larger than a threshold will (or will not) take place in a given area within a given
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time period are sometimes provided by research groups. For example, magnitude and location of
the 2004 Parkfield earthquake were correctly predicted [7], without however a precise prediction of
its time of occurrence; the same section of the San Andreas fault is still the object of long-term
probabilistic prediction [22]. Besides the specific example, in general this kind of prediction usually
regards a rather large time window, and short-term precursors are very difficult to detect.

Instead, the advance notice that a shock is going to hit an area, within several to tens of seconds,
does not only involve inferential statistics, but also physics. Is called early warning and is sometimes
made possibile by the difference in propagation velocity between primary waves and secondary
waves: for instance, seismic wave propagation in elastic homogeneous isotropic media is described
by a vector-valued displacement function u obeying the PDEs

%
∂2u

∂t2
= (λ+ 2µ)∇(∇ · u)− µ∇×∇× u ,

where λ, µ are Lamé’s coefficients [25]. Recalling the vector calculus identity

∇(∇ · u)−∇×∇× u = ∇2u ,

where ∇2 is the componentwise Laplace operator, we deduce that ∇ · u and ∇ × u solve wave
equations with propagation speed respectively given by√

λ+ 2µ

%
and

√
µ

%
,

whose ratio is
√

2 at least. The earlier arrival of “P-waves”, oscillating parallel to propagation, can
be used to warn in advance of the imminent effect of the “S-waves”, travelling slightly more slowly
along the same direction but shaking in the orthogonal directions, and being therefore likely to
carry a larger energy.

It makes sense to wonder if other “imminent” seismic precursors exist: In particular, if it makes
sense to seek electromagnetic seismicity-related signals that might provide advance notice of an
imminent earthquake: the possibility of links between subsurface electric currents and earthquake
physics have been investigated for occasionally in the literature. Yet, little is known, nonetheless.

Here, we present an elementary magneto-quasistatic model aiming to study hypogene co-seismic
source reconstruction starting from subsurface measurements of magnetic signals. There is no
pretence of originality, nor is this paper supplemented by data or any specific material.

1.1. Magnetic anomalies of possible coseismic nature. Telluric electric currents, flowing
throughout Earth’s crust, can be measured; in particular, it is sometimes conjectured that those
acting as sources for signals with frequency ranging between 10−3 and 103 Hz may admit some
relation to seismology [21]. Possible meaningful causal explanations are indicated in friction and
piezoelectric effects within rocks, due to the relative movement of fault blocks.

Measurements in experimental seismo-electromagnetic research were carried out to figure out
about evidences of aperiodic changes in electromagnetic fields, with controversial results; in fact,
claims of magnetic anomalies in the low-frequency band are sometimes asserted. The first instances
in literature of papers supporting with some data these hypothesises seem to be those concerning
two seismic events, one in Spitak, in Armenia, and another one in Loma Prieta, in California in
1989; an anomalous electromagnetic emission in the ULF range was measured in both cases; the
instruments were believed to reveal a transient signal for hours before and after the earthquake [14].
As a matter of fact, other scientists [26] refuse to acknowledge significance to the findings about
Loma Prieta earthquake, suggesting that they would be due to a sensor malfunction. Also, a recent
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surge in research in geophysics in this topic is related to the DEMETER mission; in this case, the
magnetic measurements are taken in orbit rather than at the surface; some authors related their
findings to earthquakes in Sichuan [27] and Haiti [6].

Thenceforth, a number of experts started investigating the matter, with the object of understand-
ing if the simultaneous occurrence of seismic activity in the crust and of electromagnetic anomalies
in ULF bands does take place, and if this happens by chance, with no cause-effect relation, or
if instead the two phaenomena are linked by a causal relationship [10, 13, 16, 18]. For instance,
in [18] the authors conjecture a source-generating mechanism based on micro-crack propagation.
Their considerations are based on a simple dimensional analysis. According to findings based on
geometric deep sounding, the macroscopic crustal dielectric permittivity ε is small relative to the
average conductivity σ of rocks: precisely, the ratio ε/σ is estimated to range between 10−7 s and
10−5 s. Since changes in geomagnetic fields, geoelectric potentials, and electrokinetic potential
on the water-solid contact are not expected to cause fast ULF variation, a possible stress-induced
mechanism with this time-scale is the opening of cracks with lengthscale between 10−4 and 10−1 m
at the seismic velocity of 103 m/s. In this picture, the consequent EM noise would dissipate within
the region interested by the phaenomenon, producing ULF emission under a cut-off at 1 Hz.

1.2. General electrodynamic models in seismology. At the occurrence of a seismic event,
and in correspondence with its preparatory phase, the scalar parameters (azimuth, dip and depth)
describing the (affine) fault plane, the local crustal strain, and the width of the portion of plane
interested by yield stress, cope with ground motion, friction and crack opening. The induced
movement of electrically charged particles generates an electromagnetic signal. Subsurface charge
motions take place along the field lines for a vector field v. By charge consevation, J = ρ−1v
compensates the rate of change in time of the electric charge distribution in Earth’s crust denoted
by ρ(·, t) at time t, so that

(1.1)
∂ρ

∂t
+ ∇ · J = 0 .

By causality, J must be a non-stationary function; this yields a time-varying magnetic field. Indeed,
(1.1) and Gauß’s law ∇ ·D = ρ for the electric displacement field D imply (up to harmonic fields)

(1.2a) −D + ∇×H = J .

Also, in view of Faraday’s induction law, a non-stationary magnetic induction field B induces a
non-conservative electric field E satisfying

(1.2b)
∂B

∂t
+ ∇×E = 0 .

In addition to (1.2a) and (1.2b), Maxwell’s equations include Gauss’s law

(1.2c) ∇ ·D = ρ ,

and the constraint of absence of magnetic sources:

(1.2d) ∇ ·B = 0 .

1.3. Constitutive properties of the propagation medium. The medium filling Earth’s crust
is described by the constitutive relations

(1.3) D = εE , B = µH , J = J0 + σE .

where ε is the electric permittivity ε0 = 8.8541878128(13) × 10−12 F·m−1 and µ is the magnetic
permeability µ0 = 4π × 10−7 H·m−1 in vacuum. The last equation in (1.3) includes a vector field J0,
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interpreted as the source, concentrated in region several to tens of kilometers deep and generating the
EM signal, and the induced volume eddy currents, that depend on the crust stratification according
to a linear Ohm-type law: the electric conductivity σ is a known piecewise scalar function [21], but
anisotropic media can also be considered (in that case σ is tensor-valued). Inserting the constitutive
laws (1.3) in the complete set of Maxwell’s equations (1.2), we arrive at the system of equations

∇×H −
(
σE + ε

∂E

∂t

)
= J0

∇×E + µ
∂H

∂t
= 0 ,

(1.4a)

subject to the differential constraint

(1.4b) ∇ · (µH) = 0 .

Initial conditions, in this model, must be imposed both on the electric and on the magnetic field

E(0) = E0ε(1.5a)

H(0) = H0ε(1.5b)

with E0ε and H0ε being given, and ∇ · (µH0ε) = 0.

1.4. Grounds for magneto-quasistatic models. In time-harmonic regime, the collection of all
bulk terms between round brackets in the first equation of the system (1.4a) is given by multipli-
cation of the electric field (in frequency domain) by the complex tensor

σ + iωε .

Assuming smallness of the complex modulus |ω| would be consistent with findings of magnetic
anomalies in ULF band. Also, the smallness of the time-scale ε

σ (see Subsection 1.1) makes ε
negligible, relative to σ. Thus, the interest in ULF magnetic anomalies in signals due to hypogene
sources suggests one to consider the magneto-quasistatic model

∇×H − σE = J0(1.6a)

∇×E + µ
∂H

∂t
= 0 ,(1.6b)

with the constraint

(1.6c) ∇ · (µH) = 0 .

In this case, we may provide an initial condition for the sole magnetic field, requiring that

(1.7) H(0) = H0 ,

where the vector field H0 is given and satisfies the compatibility condition ∇ · (µH0) = 0. Some
comments on the singular limit as ε → 0+, in passing from (1.4) to (1.6), are made in Section 4.
The loss of an initial condition may induce a boundary layer problem in time.

We point out that the limit problem (1.6) is or parabolic type. Indeed, multiplying (1.6a) by
σ−1 and using the result to cancel the electric field from (1.6b) we arrive at the equation

(1.8) µ
∂H

∂t
+ ∇×

(
σ−1∇×H) = ∇× (σ−1J0) .

This equation involves the differential operator H 7→ ∇ ×
(
σ−1∇ ×H), that is of elliptic type

under natural assumptions on the coefficients (see Section 2.4).
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1.5. Boundary conditions. Let Ω ⊂ R3 be an open region with smooth boundaries, filled with a
medium having permittivity ε, magnetic permeability µ, and electric conductivity σ, with appro-
priate assumptions on µ and σ being in force (we postpone the details to Section 2.4). In order
to match the degrees of freedom in components of J0,E,H, both (1.4) and (1.6) list a number of
equations that lack two scalar conditions. A convenient choice is to impose the boundary condition

(1.9) H × n = 0 , on ∂Ω

That, supplemented with these tangential boundary conditions, the magneto-quasistatic model
(1.6) be well-posed is assured by suitable assumptions, that are discussed in Section 3.

The choice of limiting ourselves to consider homogeneous tangential boundary data is a mathe-
matical artifice that causes no real restriction in Sections 3, 4, 5.

1.6. Parabolic inverse source problems. Notwithstanding, it may be interesting to consider
solutions attaining inhomogeneous data at the boundary. Those data may model measurements, at
least in some subregion of the boundary surface; in this spirit, we point out that, under some circum-
stances, partial measurements are enough to recover the constitutive properties of the medium [5].
But the relevant inverse problem in this context is different, because it points to recover the source
appearing in the equations (1.6), that we couple with (1.9), from the knowledge of suitable data θ.

In time-harmonic regime [4] there exist non-radiating sources, i.e., non-trivial right hand sides
J0 in (1.6) that are consistent with the homogeneous conditions (1.6). Thus, even a complete
knowledge of the boundary data H × n = θ would not be sufficient to determine J0. Due to this
ill-posedness, it is essential to subject the inverse source problem to some a priori assumptions on
geometric and analytic structure of the source. Both in hyperbolic and in parabolic setting [1, 4],
tangential boundary measurements uniquely dictate the source if the source is a priori known to
be concentrated along a surface. Uniqueness holds for dipole sources, too. In Section 6, we survey
this results in the time-dependent model.

Of course source reconstruction from the knowledge of tangential boundary measurements is not
the only inverse source problem that can be considered, and there are a number of variants of the
same idea. Another inverse problem that we introduce in Section 6 is that of determining the source
in (1.6), under homogeneous boundary conditions (1.9), by assuming the complete knowledge of the
magnetic field at the endpoints of a time interval [24]. Yet another example is provided by inverse
source reconstruction for (1.6) with (1.9) from boundary normal measurements: the method of [23]
for (1.4) can be adapted verbatim to the parabolic setting.

2. Mathematical framework

Unless otherwise specified, here and henceforth the spaces of L2 scalar-valued, vector-valued, and
tensor-valued functions will be denoted by L2(Ω), L2(Ω;R3), and L2(Ω;R3×3), respectively. Also,
we shall denote throughout the paper by (· , ·)L2 and by ‖ · ‖L2 the scalar product and the norm
in all these spaces. Occasionally, we may opt for notation ‖ · ‖L2(f) when referring to the weighted

L2-norm with the function f as a density.

2.1. Energy space. We recall that

H1(curl , Ω) = {ψ ∈ L2(Ω;R3) : ∇×ψ ∈ L2(Ω;R3)}
is a Hilbert space with the scalar product defined for all ϕ,ψ by (ϕ ,ψ)L2 + (∇×ϕ ,∇×ψ)L2 .
For all smooth surfaces Σ, in particular for all smooth portions of ∂Ω, we set

(2.1) H−
1
2 (divτ ; Σ) =

{
λ ∈ H− 1

2 (Σ ; R3) : λ · n = 0 , divτλ = 0
}
.
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We recall that the Gauss Green-type formula

(2.2) (ϕ ,∇×ψ)L2 − (ψ ,∇×ϕ)L2 =

∫
∂Ω

ϕ · (n×ψ) dS ,

holds for all ϕ,ψ ∈ C1(Ω;R3). As a consequence, the tangential trace ψ 7−→ n×ψ from C1(Ω;R3)

to C(∂Ω;R3) extends to a bounded linear operator from H1(curl,Ω) to the dual space H−
1
2 (∂Ω;R3)

of H
1
2 (∂Ω ; R3) (see, e.g, [11]), whose kernel is denoted by H1

0 (curl , Ω).

We shall occasionally abbreviate H1(curl , Ω) to H 1, for ease of notation. We also set

(2.3) H 1
0 = {ψ ∈ H1

0 (curl , Ω) : ∇ · (µψ) = 0} ,

which defines a closed vector subspace of H 1. In view of assumptions made in Section 1.5 the open
set Ω supports the so-called Gaffney inequality [9] (a Friedrichs-Poincaré type functional inequality)∫

Ω

|ψ|2 dx ≤ C
∫

Ω

|∇×ψ|2 dx , for all ψ ∈H 1
0 ,

and H 1
0 is a subspace of H1(Ω;R3), and with the equivalent norm ψ 7→ ‖∇ × ψ‖L2 , and H 1

0 is
contained in L2(Ω;R3) with a compact embedding (see, e.g, [15, §2]). By induction, we also define

H n
0 = {ψ ∈H n−1

0 : ∇×ψ ∈H n−1
0 , ∇ ·ψ = 0}

for n ∈ {1, 2, 3}.

2.2. Time-dependent spaces. We recall that, given p ≥ 1 and a Hilbert space Z, a function φ
belongs to Lp(0, T ;Z) if we have ∫ T

0

‖φ(t)‖pZ dt < +∞

and, in that case, the p-th root of left hand side is denoted by ‖φ‖Lp(0,T ;Z). We also recall that this
defines a complete norm on Lp(0, T ;Z). The same conclusion holds in the borderline case p =∞,
provided that the p-th root of the integral is replaced by the essential sup norm.

If ∂tφ belongs to Lp(0, T ;Z) then so does φ, and in that case we write φ ∈ W 1,p(0, T ;Z).
Assume that Z ⊂ L2(Ω;R3) ⊂ Z∗, where Z∗ is the dual of Z, with continuous inclusions having
dense images. Then, we recall Lions-Magenes Lemma (see [12, §5]): if φ ∈ L2(0, T ;Z) and ∂tφ
belongs to the dual space L2(0, T ;Z∗), then φ ∈ C([0, T ];L2(Ω;R3)) and the function t 7→ ‖φ(t)‖2L2

is absolutely continuous, with 1
2
d
dt‖φ(t)‖2L2 = 〈φ(t) , ∂tφ(t)〉 for a.e. 0 ≤ t ≤ T , where 〈· , ·〉 denotes

the duality pairing. The same conclusions hold also if φ ∈ W 1,2(0, T ;L2(Ω;R3)), because of one-
dimensional Sobolev embedding.

2.3. Regularity of the boundaries. For all points x ∈ R3 and for all r > 0, we denote by Br(x)
the ball of radius r centred at x. An open set Ω in R3 is said to satisfy a uniform two-sided ball
condition if there exists a positive r > 0 with the property that, for every boundary point ξ ∈ ∂Ω,
there exist a ball Br(x) contained in Ω and a ball Br(y) contained in its complement, such that ξ
belongs both to the closure of Br(x) and to that of Br(y). Throughout this paper, we shall make
the following assumptions:

Ω is a bounded open set in R3.(2.4a)

Ω is either convex or it satisfies a uniform two-sided ball condition.(2.4b)

The closure Ω of Ω has the same boundary as Ω.(2.4c)
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Incidentally, we point out that, under the assumption (2.4c), condition (2.4b) is equivalent to a
uniform bound on the C1,1 constants of the functions describing locally Ω as a subgraph.

2.4. Assumptions on the coefficients. We assume that σ be a bounded measurable function
with values in the set of (3× 3)-symmetric matrices with real coefficients such that

(2.5a) σ0|ξ|2 ≤ σ(x)ξ · ξ ≤ σ−1
0 |ξ|2 , for a.e. x ∈ Ω, and for all ξ ∈ R3,

for an appropriate constant σ0 > 1. Here, for all ξ,η ∈ R3 we are denoting by ξ · η the standard
scalar product in R3. By µ we shall denote a fixed positive smooth scalar function, satisfying

(2.5b) σ0 ≤ inf{µ(x) , |∇µ(x)} ≤ sup{µ(x) , |∇µ(x)} ≤ σ−1
0 ,

for all x ∈ Ω.

2.5. Total basis and magnetic eigenvalues. Assuming (2.4) and (2.5b), the eigenvalue-type
boundary value problem

(2.6)


∇×∇×ψ = λψ , in Ω,

∇ · (µψ) = 0 , in Ω,

n×ψ = 0 , on ∂Ω

admits non-trivial (weak) solutions for a discrete set of real numbers λ, called eigenvalues. If λ ≥ 0
is an eigenvalue, any non-trivial (weak) solution of (2.6) is called an eigenfield. The eigenvalues form
an unbounded non-decreasing sequence, that is completely described by the variational principle

(2.7) λm = min
ϕ1,...,ϕm∈H 1

0

max


∫

Ω

|∇ ×ψ(x)|2 dx∫
Ω

|ψ(x)|2 dx
: ψ ∈ Span{ϕ1, . . . ,ϕm} \ {0}

 .

If Ω is simply connected with a connected boundary ∂Ω then λ1 > 0. In general, λj = 0 for all
positive integers j smaller than the number of degrees of freedom behind conditions

∇×ψ = 0 , ∇ · (µψ) = 0 , n×ψ
∣∣
∂Ω

= 0 ,

which is however always finite (it is the second Betti number of Ω as a Euclidean manifold).

3. Well-posedness for the forward problem

3.1. Parabolic estimates. In this section we provide solutions of the quasi-static Maxwell equa-
tions, understood in the following sense.

Definition 3.1. Given J0 ∈ L2(0, T ;L2(Ω;R3)) and H0 ∈ L2(Ω;R3), with ∇ · (µH0) = 0 in Ω,

we say that H ∈ L2(0, T ; H 1
0 ), with ∂tH ∈ L2(0, T ; (H 1

0 )∗) and H(0) = H0, is a weak solution
of (1.6) with the boundary conditions (1.9) if we have

−
∫ T1

T0

(
µH ,

∂φ

∂t

)
L2

dτ +

∫ T1

T0

(
σ−1∇×H ,∇× φ

)
L2 dτ =

∫ T1

T0

(
σ−1J0 ,∇× φ

)
L2 dτ ,

for all φ ∈ C∞(Ω× [0, T ]) with support contained in Ω× [0, T ], for all 0 < T0 < T1 < T .

Note that, under the assumptions made in Definition 3.1, the initial condition on weak solutions
makes sense because of Lions- Magenes Lemma. If certain better regularity criteria are met, the
weak solutions are solutions in the following stronger sense.
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Definition 3.2. Given J0 ∈ L2(0, T ;L2(Ω;R3)) and H0 ∈ H 1
0 , with ∇ · (µH0) = 0 in Ω, we

say that H ∈ L2(0, T ; H 1
0 ), with ∂tH ∈ L2(0, T ;L2(Ω;R3)), is a strong solution of (1.6), with

boundary conditions (1.9), if

(3.1)

(
µ
∂H

∂t
(τ) ,ψ

)
L2

+
(
σ−1∇×H(τ) ,∇×ψ

)
L2 =

(
σ−1J0(τ) ,∇×ψ

)
L2 ,

for all ψ ∈H 1
0 and for a.e. 0 ≤ τ ≤ T .

To construct solutions, we follow a specific Galerkin-type method. To do so, for all m ∈ N, we
denote by πm the projection from H 1

0 onto the vector space H 1
0m generated by the eigenfields

associated with the eigenvalues λ1, . . . , λm introduced in (2.7). Given H0 ∈ H 1
0 , the standard

results for linear systems of ordinary differential equations imply the existence of a (unique) Hm ∈
C1([0, T ]; H 1

0m ) for which

(3.2)

∇×Hm − σEm = πmJ0

∇×Em + µ
∂Hm

∂t
= 0

for an appropriate Em ∈ C1([0, T ]; H 1
0m ), under initial conditions Hm(0) = πmH0. Multiplying

the first equation in (3.2) by Em and the second one by Hm, we arrive at the identity

(3.3)
1

2

d

dt
(µHm ,Hm)L2 + (σEm ,Em)L2 = − (πmJ0 ,Em)L2 .

Using Cauchy Schwartz inequality and the first equation in (3.2) again, from (3.3) we deduce

d

dt
(µHm ,Hm)L2 +

(
σ−1∇×Hm ,∇×Hm

)
L2 ≤

(
σ−1πmJ0 , πmJ0

)
L2 .

Integrating in time, we get

(3.4) sup
τ∈[0,T ]

‖√µHm‖2L2 +

∫ T

0

‖∇×Hm‖2L2 dτ ≤ C1(Λ)

(
‖H0‖2L2 +

∫ T

0

‖J0‖2L2 dτ

)
.

Also, recalling that (2.6) with λ = λi holds for an appropriate ψi ∈H 1
0m , we have

‖∇×Hm(0)‖2L2 =

m∑
i,j=1

(Hm(0) ,ψi)L2

(
Hm(0) ,ψj

)
L2

(
∇×ψi ,∇×ψj

)
L2

=

m∑
i=1

λi| (H0 ,ψi)L2 |2 =
∑
i≤m
λi>0

∣∣∣∣(∇×H0 ,
∇×ψi√

λi

)
L2

∣∣∣∣ ≤ ‖∇×H0‖2L2

(3.5)

where in the last passage we also used Bessel’s inequality. We differentiate the first equation in
(3.2) and we multiply the result by Em, then we multiply the second equation in (3.2) by ∂tHm.
Doing so, we arrive at(

µ
∂Hm

∂t
,
∂Hm

∂t

)
L2

+ 1
2
d
dt (σEm ,Em)L2 ≤ (σEm ,Em)

1
2

L2

(
σ−1πm

∂J0

∂t
, πm

∂J0

∂t

) 1
2

L2

where we also used Cauchy-Schwartz inequality. By a Grönwall-type argument, we infer that

(σEm ,Em)L2 ≤ 2 (σEm(0) ,Em(0))L2 + T

∫ T

0

(
σ−1πm

∂J0

∂t
, πm

∂J0

∂t

)
L2

dτ .
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Using the first equation in (3.2) with t = 0 and recalling (3.5), after an integation in time from the
last two inequalities we deduce

(3.6)

∫ T

0

∥∥∥∥√µ∂Hm

∂t

∥∥∥∥2

L2

dτ + sup
τ∈[0,T ]

‖∇ ×Hm‖2L2 ≤ C2(Λ)

(
‖∇ ×H0‖2L2 +

∫ T

0

∥∥∥∥∂J0

∂t

∥∥∥∥2

L2

dτ

)
.

If ∇× (σ−1∇×H0) ∈ L2(Ω), the system (3.2) at initial time gives

µ∂tHm(0) = −∇× (σ−1∇×H0) + ∇× (σ−1J0(0)) .

By (3.2) we also have(
µ
∂2

∂t2
Hm ,ψ

)
L2

+

(
σ−1∇× ∂Hm

∂t
,∇×ψ

)
L2

=

(
σ−1πm

∂J0

∂t
,∇×ψ

)
L2

, for all ψ ∈H 1
0 .

Then, for ∇× (σ−1∇×H0) ∈ L2(Ω), choosing ψ =
∂Hm

∂t
and integrating in time we arrive at

sup
τ∈[0,T ]

∥∥∥∥∂Hm

∂t
(τ)

∥∥∥∥2

L2

+

∫ T

0

∥∥∥∥∂(∇×Hm)

∂t

∥∥∥∥2

L2

dτ

≤ C3(Λ)

(
‖σ−1∇×H0‖H 1

0
+

∫ T

0

∥∥∥∥∂J0

∂t

∥∥∥∥2

L2

dτ

)
.

(3.7)

The energy estimates obtained during the procedure imply the following fact.

Theorem 3.3. Let Ω ⊂ R3 satisfy (2.4), let σ ∈ L∞(Ω;R3×3) and let µ ∈ C1(R3) be such that
(2.5) holds. Given J0 ∈ L2(0, T ;L2(Ω;R3)) and H0 ∈ L2(Ω), with ∇ ·(µH0) = 0 in Ω, there exists

a unique weak solution H ∈ L2(0, T ; H 1
0 ), with ∂tH ∈ L2(0, T ; (H 1

0 )∗), and we have

(3.8) ‖H‖L∞(0,T ;L2(Ω)) + ‖H‖L2(0,T ;H 1
0 ) ≤ c1

(
‖H0‖L2 + ‖J0‖L2(0,T ;L2(Ω))

)
.

If also H0 ∈H 1
0 and J0 ∈W 1,2(0, T ;L2(Ω;R3)), then H is a strong solution and

(3.9) ‖H‖W 1,2(0,T ;L2(Ω)) + ‖H‖L∞(0,T ;H 1
0 ) ≤ c2

(
‖H‖H 1

0
+

∥∥∥∥∂J0

∂t

∥∥∥∥
L2(0,T ;L2(Ω))

)
.

Eventually, if in addition σ−1∇×H0 ∈H 1
0 then

(3.10) ‖H‖W 1,∞(0,T ;L2(Ω)) + ‖H‖W 1,2(0,T ;H 1
0 ) ≤ c3

(
‖σ−1∇×H0‖H 1

0
+

∥∥∥∥∂J0

∂t

∥∥∥∥
L2(0,T ;L2(Ω))

)
.

In the estimates, the constants c1, c2, c3 depend on σ0, T , and Ω, only.

Proof. Uniqueness follows at once by the estimates. The existence of a field solving the weak
equation, with the first estimate, is a consequence of (3.4) and of a routine compactness argument.

In case H0 ∈ H 1
0 , we can use (3.6), too: as a consquence, we obtain the second estimate; also,

choosing a test function of the form φ(x, t) = ψ(x)h(t), with h ∈ C1
0 (0, T ), in the weaker equation

and integrating by parts, we deduce the stronger equation for almost all times t ∈ (0, T ) because of

the arbitrariness of h. Eventually, under the additional assumption that ∇× (σ−1∇×H0) ∈H 1
0

we can use also (3.7) and that implies the last statement. �
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Remark 3.4. If the initial data satisfy the assumption ∇× (σ−1∇×H0) ∈H 1
0 , then by Aubin-

Lions Lemma the convergence of the Galerkin method holds, at least, is in the following sense:

lim
m→∞

∫ T

0

‖Hm(·, t)−H(·, t)‖2L2 dt = 0

The case of heterogeneous media with conductivities that include discontinuities is interesting
in applications. The following regularity-related result is proved in [15, Theorem 4.1]. The proof
presented there is based on the method introduced in [2], which combines elliptic Campanato-type
estimates and the classical De Giorgi-Nash regularity with the relevant Helmholtz decompositions.

Theorem 3.5 (regularity). Let Ω ⊂ R3 satisfy (2.4), let σ ∈ L∞(Ω;R3×3) and let µ ∈ C1(R3)
be such that (2.5) holds. Then, there exists α0 ∈ (0, 1

2 ], only depending on σ0, such that for every

α ∈ (0, α0] the following holds: for every H0 ∈ C0,α(Ω;R3) and for every J0 ∈ L2(0, T ;C0,α(Ω;R3)),
if (E,H) is a weak solution of (1.6), then H ∈ L2(0, T ; C0,α(Ω ; R3)), and we have

‖H‖L2(0,T ;C0,α(Ω;R3)) ≤C
[
‖H0‖C0,α(Ω;R3) + ‖H‖W 1,2(0,T ;H 1

0 ) + ‖J0‖L2(0,T ;C0,α(Ω;R3))

]
,(3.11)

where the constant C depends on σ0, T , and on Ω, only.

Remark 3.6. If the initial data satisfy also the assumption that σ−1∇×H0 ∈H 1
0 then

‖H‖L∞(0,T ;C0,α(Ω;R3)) ≤C
[
‖H0‖C0,α(Ω;R3) + ‖H‖W 1,∞(0,T ;H 1

0 ) + ‖J0‖L∞(0,T ;C0,α(Ω;R3))

]
.

The appropriate assumptions on the conductivity coefficients σ do include the possibility of
discontinuities, as said. Nonetheless, it can however be legit to consider simplified situations in
which the singularities are concentrated along smooth geometric objects.

For example, a relevant situation is that of an heterogeneous isotropic medium described by
a piecewise constant conductivity, jumping across a plane. In this simpler case, the magneto-
quasistatic field solves a system of three scalar heat equations mildly coupled by the presence in
the right hand side of the components of a given forcing term: in each level set of σ, we have

(3.12) µσ
∂H

∂t
−∇2H = ∇× J0 .

In (3.12), ∇2 denotes the vector-valued Laplace operator defined componentwise by

∇2ψ =

∂2
xxf + ∂2

yyf + ∂2
zzf

∂2
xxg + ∂2

yyg + ∂2
zzg

∂2
xxh+ ∂2

yyh+ ∂2
zzh

 , for all ψ =

fg
h

 .

Theorem 3.7 (Transmission conditions). Let r > 0, let R > 0, and let e ∈ R3 and let

Ω =
{
x ∈ R3 : |x · e| ≤ R , |x− (x · e)e| ≤ r

}
,

Ω+ =
{
x ∈ Ω : x · e > 0

}
, and Ω− =

{
x ∈ Ω : x · e < 0

}
.

Let σ+, σ− > 0, let σ = σ+·1Ω+
+σ−·1Ω− , and let J·K denote the jump across Σ = {x ∈ R3 : x·e = 0}

in the sense of traces. Then, for every H0 ∈H 1
0 and for every J0 ∈ L2(0, T ;L2(Ω;R3)), a vector

field H is a weak solution of (1.6) if, and only if, it solves (3.12) in Ω+ ∪Ω− and the transmission
conditions

JHK = 0(3.13a)

Je× (σ−1∇×H)K = 0(3.13b)

hold along Σ for a.e. 0 ≤ t ≤ T .



ELECTROMAGNETIC HYPOGENE CO-SEISMIC SOURCES 11

Proof. Because H0 ∈H 1
0 , a vector field H is a weak solution if and only if it is a strong one, i.e.,

(3.1) holds for all ψ ∈H 1
0 . In that case, choosing first test fields ψ with support either contained

in Ω+ or in Ω− we see that equations (1.6a) and (1.6b) hold in Ω+ ∪Ω− = Ω \Σ. Combining those
equations with (3.1) when the support ψ has non-empty intersection with Σ, after an integration
by parts we arrive at∫

Σ

ψ · e×
(
µ
∂H

∂t

)
dS = 0 ,

∫
Σ

ψ · e× (σ−1∇×H) dS = 0 .

As ψ can be any element of H 1
0 , we infer that

s
e× ∂H

∂t

{
= 0 , Je× (σ−1∇×H)K = 0 ,

and (3.13b) is proved. Because, by assumption, H0 must not jump across Σ, the first identity in
the latter implies Je ×HK = 0. That Je ·HK = 0 too, follows from (1.6c) by divergence theorem.
This proves also (3.13a) and concludes the proof. �

Remark 3.8. When in force for solutions, condition (3.13a) is valid not just in the sense of traces,
becauseH is continuous across Σ in view of Theorem 3.5. On the other hand, condition (3.13b) lim-
its the regularity of H in the scale of Hölder spaces, and indicates that it must not be continuously
differentiable: any jump in the coefficient σ must be compensated by the curl of H.

4. Hyperbolic estimates and their singular limit

We devote this section to some comments on the asymptotic behaviour of electro-magnetic fields
in media with vanishing dielectricity. This issue, in the case of homogeneous media, has been
already considered in literature, even for quasi-linear models: we refer the interested reader to [17].
The problem in heterogeneous media does not give rise to particular additional issues, at least if
the conducivity is described by a smooth function; for sake of simplicity, in the present section we
will limit our attention to this simpler case.

Let Eε, Hε solve the complete set of Maxwell equations (1.4) under the boundary conditions
(1.9). From (1.4a), we arrive at the estimate

(4.1)

∫ T

0

‖Eε‖2L2(σ) dt+ max
0≤t≤T

[
‖Eε‖2L2(ε) + ‖Hε‖2L2(µ)

]
≤ C

∫ T

0

‖J0‖2L2 dt+ 2L2
0ε

where the constant C is independent of ε, and L0ε = ‖E0ε‖L2 + ‖H0ε‖L2 where E0ε and H0ε are
the data involved in the initial conditions (1.5).

Differentiating in time equations (1.4a), multiplying the first one by ∂tEε and the second one by
∂tHε, integrating by parts, and using (1.9), by a similar argument we may also get

(4.2)

∫ T

0

∥∥∥∥∂Eε

∂t

∥∥∥∥2

L2(σ)

dt+ max
0≤t≤T

[∥∥∥∥∂Eε

∂t

∥∥∥∥2

L2(ε)

+

∥∥∥∥∂Hε

∂t

∥∥∥∥2

L2(µ)

]
≤ C

∫ T

0

∥∥∥∥∂J0

∂t

∥∥∥∥2

L2

dt+ 2M2
0ε ,

with a constant C that is also independent of ε. In this case, the right hand side involves the
quantity M0ε = ‖∂tEε(0)‖L2 + ‖∂tHε(0)‖L2 , which does not depend on the data directly, but
rather through the solutions.

Note that both L0ε and M0ε depend on ε. When considering the limit as ε→ 0+ it is therefore
natural to dictate some additional requirement on the initial data so as to provide uniform bounds
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for these quantities. In particular, a uniform bound for L0ε in (4.1) is a minimal requirement. This
would be ensured, for example, by conditions

(4.3) H0ε ∈H n
0 , E0ε ∈H n

0

and

(4.4) A0 := lim sup
ε→0+

(
‖H0ε‖H n

0
+ ‖E0ε‖H n

0

)
< +∞ .

In fact, if (4.3) and (4.4) hold then we further have that

(4.5) lim inf
ε→0+

‖H0ε −H0‖H n−1
0

= 0 ,

for a suitable H0 ∈H n
0 .

Here and henceforth, we make use of a fixed ρ ∈ C∞0 (R3), with 0 ≤ ρ ≤ 1 and
∫
ρ(x) dx = 1,

assumed to be even and have compact support in the unit ball, and for every δ ∈ (0, 1) we set
ρδ(x) = δ−3ρ (x/δ), for all x ∈ R3. For every single δ > 0 and for all (scalar, vector-, or tensor-
valued) functions (or distributions) u we shall denote by

u ? ρδ(x) =

∫
ρδ(x− y)u(y) dy , x ∈ R3 ,

the (componentwise) convolution product of u by the mollifier ρδ. We recall that u∗ρδ ∈ C∞(R3),
and that u ∈H n

0 implies that u ? ρδ → u, as δ → 0+, strongly in H n
0 .

Theorem 4.1 (weak convergence). Let Ω ⊂ R3 satisfy (2.4), let σ be a smooth function, satisfying
(2.5a), with ‖σ‖C3(Ω;R3×3) ≤ σ−1

0 , and let µ be a positive constant, with µ > σ0. Let n ∈ {1, 2, 3},
let J0 ∈W 1,2(0, T ; H n

0 ), and let H0 ∈H n
0 . For all ε > 0, let (E0ε,H0ε) satisfy (4.3) and (4.4),

and let (Eε,Hε) be a solution of Maxwell’s equations (1.4) with boundary conditions (1.9) and
initial conditions (1.5). Then, as ε→ 0+,

Hε
∗
⇀H weakly-∗ in L∞(0, T ; H n

0 ),(4.6a)

Eε ⇀ E weakly in L2(0, T ; H n
0 ),(4.6b)

∂Hε

∂t
⇀

∂H

∂t
weakly in L2(0, T ; H n−1

0 ),(4.6c)

where (E,H) is the solution of (1.6) with boundary conditions (1.9) and initial conditions (1.7).

Proof. Let s = (s1, s2, s3) be a multi-index of lentgth |s| = s1 + s2 + s3 ≤ n. We use notation

∂s = ∂s1

∂x
s1
1

∂s2

∂x
s2
1

∂s3

∂x
s3
1

. Let δ > 0, and let Js = ∂sJ0 ? ρδ. Then Es = ∂sEε ? ρδ and Hs = ∂sHε ? ρδ

are weak solutions of the system

(4.7)


∇×Hs − ε∂tEs − σ0Es = fs in Ω× (0, T ),

µ
∂Hs

∂t
+ ∇×Es = 0 , in Ω× (0, T ),

n×Hs = 0 , on ∂Ω× (0, T ),

with the source being defined by fs = Js − (σ − σ0)ψs −Rs, where

Rs =
∑
β≤s
β 6=s

(
s
β

)
(∂s−βσ∂βψ) ? ρδ .
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As a consequence of the energy identity

d

dt

(
ε‖Es‖2L2 + ‖Hs‖2L2

)
+ 2 (σEs ,Es)L2 = 2 (Js +Rs ,Es)L2

after a finite recursion argument we arrive at∑
|s|≤n

[
d

dt

(
ε‖Es‖2L2 + ‖Hs‖2L2

)
+ ‖Es‖2L2

]
≤ c1‖Js‖2H n

0

where c1 depends on σ0 and on n, only. We recall that for every ψ ∈H n
0

c−1
2 ‖ψ‖2H n

0
≤
∑
|α|≤n

‖∂sψ‖2L2 ≤ c2‖ψ‖2H n
0

where c2 only depends on n. Hence, in view of (4.4),∑
|s|≤n

[
sup

0≤t≤T

(
ε‖Es‖2L2 + ‖Hs‖2L2

)
+

∫ T

0

‖Es‖2L2 dt

]
≤ 2c1

∫ T

0

‖J‖2H n
0
dt+ 2c2A

2
0 .

where c2 is an absolute constant. Thus, by setting

c3 =

√√√√2c2

(
c1

∫ T

0

‖J‖2H n
0
dt+A2

0

)
,

the mapping that takes every pair of fields (ϕ,ψ), with ϕ(0) = Eε and ψ(0) = Hε, to the solution
of system (1.4), with (1.9), subject to the initial conditions (1.5), maps the space

(4.8)
{

(ϕ,ψ) ∈ X : ‖
√
εϕ‖L∞(0,T ;H n

0 ) + ‖ψ‖L2(0,T ;H n
0 ) + c1‖ϕ‖L2(0,T ;H n

0 ) ≤ c3
}
,

where X = C([0, T ]; H n
0 ×H n

0 )∩C1([0, T ]; H n−1
0 ×H n−1

0 ), into itself. Also, it is easily seen that
this mapping is a contraction if we equip the vector space (4.8) with the distance induced by the
norm

(ϕ,ψ) 7−→ ‖(
√
εϕ ,ψ)‖L∞(0,T ;L2(Ω;R3×R3)) .

By uniqueness, we infer the estimate

lim sup
ε→0

[
sup

0≤t≤T

(
ε‖Eε‖2H n

0
+ ‖Hε‖2H n

0

)
+

∫ T

0

‖Eε‖2H n
0
dt

]
≤ 2c1 c2

∫ T

0

‖J‖2H n
0
dt+ 2c2 ·A2

0 .

By Banach-Alaouglu theorem, we deduce that (4.6) holds, along a suitable sequence εj → 0+,
for an appropriate limit (E,H). The fact that the limit solves (1.6) with (1.9) is a consequence.
By uniqueness, (4.6) holds then for any sequence εj → 0+, as desired. �

Remark 4.2. As a consequence of the proof of Theorem 4.1 and of the second equation in (1.4a),
there exists a constant c > 0, depending only σ0, such that the solution satisfies the estimate

(4.9) sup
0≤t≤T

(
ε‖Eε‖2H 3

0
+ ‖Hε‖2H 3

0

)
+

∫ T

0

‖Eε‖2H 3
0
dt+

∫ T

0

∥∥∥∥∂Hε

∂t

∥∥∥∥2

H 2
0

dt ≤ c2

for all ε ∈ (0, c−1), provided that ∫ T

0

‖J‖2H n
0
dt+A2

0 ≤ c .
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The material above suggests one to consider the formal expansion of solutions of the hyperbolic
Maxwell system (1.4)

Eε = E +
√
εϕ+ o(

√
ε) , Hε = H +

√
εψ + o(

√
ε) ,

in which the solution of the magneto-quasistatic Maxwell system (1.6) is the first term. We see
that the higher order term (ϕ,ψ) is provided, formally, by equations

(4.10)


∇×ψ − σϕ =

√
ε∂tE ,

∇×ϕ+ µ
∂ψ

∂t
= 0 ,

n×ψ = 0 .

In particular, by applying the parabolic estimate (3.8) of Theorem 3.3 to the system (4.10), and by
combining the result with (4.9), we see that for the hope of giving rigour to the expansion to be
legit it becomes relevant to consider the limit

lim
ε→0+

H0ε −H0√
ε

.

The existence of the limit, with respect to an appropriate topology, may be useful in order to give
an initial value to ψ and solve (4.10). This is related to the following theorem.

Theorem 4.3 (singular convergence). Under the assumptions made in Theorem 4.1, and under
the additional assumption that

(4.11) ‖H0ε −H0‖H 1
0

= O(
√
ε) , as ε→ 0+,

as ε→ 0+ we have

‖Hε −H‖L∞(0,T ;H 1
0 ) = O(

√
ε) and ‖Eε −E‖L2(0,T ;H 1

0 ) = O(
√
ε) .

Moreover, for every T0 ∈ (0, T )

sup
t∈[T0,T ]

‖Eε(t)−E(t)‖H 1
0

= O(ε1/4) , as ε→ 0+.

Proof. In view of Remark 4.2, after the limit procedure we know that

(4.12) E ∈ C(0, T ; H 2
0 ) ∩W 1,2(0, T ; H 1

0 ) ,

and that

(4.13) lim sup
ε→0+

sup
t∈[0,T ]

‖Eε(t)‖H 2
0
≤ c1 ,

∫ T

0

‖∂tE(t)‖2H 1
0
dt ≤ c2 .

for appropriate positive constants c1 and c2. Setting ξε = Eε −E and χε = Hε −H, we see that
ηε = ∇× ξε and ζε = ∇× χε solve the system

∇× ζε − σηε − ε
∂ηε
∂t

= ε∇× ∂E

∂t
, in Ω× (0, T ),

µ
∂ζε
∂t

+ ∇× ηε = 0 in Ω× (0, T ),

n× ζε = 0 on ∂Ω× (0, T ),

whence if follows that

(4.14)
1

2

d

dt

(
ε‖ηε‖2L2 + µ‖ζε‖2L2

)
+ (σηε,ηε)L2 = −ε

(
∇× ∂E

∂t
,ηε

)
.
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Then, thanks to (4.13), from this energy identity we deduce that

sup
t∈[0,T ]

(
ε‖ξε‖2H 1

0
+ µ‖χε‖2H 1

0

)
+ σ0

∫ T

0

‖ξε‖H 1
0
dt ≤ c2 · ε+ ε‖ξε(0)‖2H 1

0
+ ‖χε(0)‖2H 1

0
.

Using now (4.11) and recalling the first inequality in (4.13), we infer

sup
t∈[0,T ]

(
ε‖ξε‖2H 1

0
+ ‖χε‖2H 1

0

)
+

∫ T

0

‖ξε‖H 1
0
dt ≤ c4 · (c1 + c2 + c3) · ε

where the constant c4 > 0 is independent of ε, which ends the first part of the proof.

In order to prove the last statement, we use (4.12) and (4.13) to estimate the right hand side in
identity (4.14). By doing so, we find a constant c5 > 0, independent of ε, such that

εe−
t
ε
d

dt

(
e
t
ε ‖ξε(t)‖2H 1

0

)
+
d

dt
‖χε(t)‖2H 1

0
=

d

dt

(
ε‖ξε‖2H 1

0
+ ‖χε‖2H 1

0

)
+ ‖ξε‖2H 1

0
≤ c5ε‖∂tE‖H 1

0
.

Integrating in time, by Theorem 4.3 we arrive at

et/ε‖ξε(t)‖2H 1
0
≤ ‖ξε(0)‖2H 1

0
+ c5

∫ t

0

eτ/ε‖∂tE(τ)‖H 1
0
dτ .

By (4.13) and Cauchy-Schwartz inequality, the latter implies

(4.15) et/ε‖ξε(t)‖2H 1
0
≤ ‖ξε(0)‖2H 1

0
+ c5

√
c2
2 · e

t/ε
√
ε

whence the conclusion. �

Theorem 4.4 (non-singular convergence). Under the assumptions of Theorem 4.3, and assuming
furthermore that

(4.16) ‖∇×H0ε − σE0ε − J0(0)‖H 1
0

= O(
√
ε) , as ε→ 0+,

we have
sup
t∈[0,T ]

‖Eε(t)−E(t)‖L2(Ω;R2) = O(
√
ε) , as ε→ 0+.

Proof. By triangle inequality, (4.11) and (4.16) imply

‖σE(0)− σE0ε‖H 1
0

= O(ε1/2) , as ε→ 0+.

Then, repeating the proof of Theorem 4.3 all the way up to (4.15), we finally obtain

‖Eε(t)−E(t)‖2H 1
0
≤ C1e

−t/εε+ C2ε
1/2 ,

for suitable constants C1, C2 > 0. �

5. A forward model with singular sources

We introduce in this section a model that suites the case of sources very concentrated in limited
regions, rather than being spread over a wide area. To this aim, we consider sources described by
vector-valued (current) distributions J0 ∈ E ′(R3×R)3 with compact support in Ω× (0, T ). In this
case, solutions to the magneto-quasistatic Maxwell equations (1.6) are understood in the sense of
distributions, viz.

(5.1)

∫ ∫
Ω

H ·∇×∇× (σ−1ϕ) dx dt−
∫ ∫

Ω

µH · ∂ϕ
∂t

dx dt = 〈J0 ,ϕ〉 ,

for all ϕ ∈ C∞0 (Ω× (0, T )), where 〈· , ·〉 denotes the distributional duality pairing.
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5.1. Subsurface sources. In particular, J0 may be concentrated along, and tangent to, a given
surface Σ. If in addition it belongs to the space defined in (2.1), then formally a vector field
H ∈W 1,2(0, T ;L2(Ω;R3)) solving Equation (1.8) is such that

(5.2) µ
∂H

∂t
+ ∇×

(
σ−1∇×H) = ∇× (σ−1J0) , in D′((Ω \ Σ)× (0, T ))

together with the transmission conditions

(5.3) Jn×HK = J0 across Σ.

To see that (5.3) holds, we introduce the electric field by setting E = σ−1(∇×H − J0). Then

(5.4)

∫
Ω

H ·∇×ϕ dx−
∫

Ω

σE ·ϕ dx =

∫
Σ

J0 ·ϕ dΣ

for any arbitrary test field ϕ ∈ C∞0 (Ω;R3). Considering a region D ⊂ Ω, with D ⊂ Ω, that is split
into un upper part D+ and a lower one D− by Σ, the validity of the previous equation for all field
supported in D \ Σ implies that (1.6a) and (1.6b) hold locally in D+ and in D−. Thus, we have

∇×H − σE = 0 , in (Ω \ Σ)× (0, T ),

µ
∂H

∂t
+ ∇×E = 0 , in Ω× (0, T ).

(5.5)

Therefore, if in (5.4) we choose ϕ with support intersecting Σ, then integrating by parts and using
the first equation in (5.5) we get∫

Σ

ϕ · JH × nK dΣ =

∫
Σ

ϕ · J0 dΣ ,

and that implies (5.3) because ϕ can have any arbitrary trace along Σ.

5.2. Signals in free homogeneous space. Incidentally, we consider a fictitious model in which
signals are free to propagate in a free space, without boundary conditions, filled with a homogeneous
isotropic medium.

We fix κ > 0 and we recall that the function Γκ ∈ C∞(R3 × R) defined by

(5.6) Γκ(x, t) =


( κ

4πt

) 3
2

e−
κ
4t (x2+y2+z2) , if x = (x, y, z) ∈ R3 and t > 0,

0 if x = (x, y, z) ∈ R3 and t ≤ 0,

solves

κ
∂

∂t
Γ−∇2Γ = 0 , in R3 × (0,+∞),

where ∇2 denotes the Laplace operator, with

lim
t→0+

∫
R3

Γ(x, t)φ(x) dx = φ(0) .

As a consequence, given constants µ > 0 and σ > 0, a particular solution of

µ · σ · ∂
∂t
H −∇2Hσ0 = ∇× J0 , in D′(R3 × R),
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is provided us setting Hσ0 = Γκ ? (∇× J0), where κ = µ · σ and the vector valued convolution in
space-time is defined for all u ∈ C∞(R3×R) and for all T ∈ E ′(R3×R)3 componentwise, according
to the formula

u ? T (x, t) =

∫
R

∫
R3

u(x− y, t− s)T (y, s) dy ds .

We make the assumption that the source is concentrated in a region where the electric conduc-
tivity introduced in (2.5a) is isotropic and homogeneous, say σ(x) = σ0 at all points x belonging to
the support of J0. Then, by the material above the auxiliary system

∇×Hκ − σEκ = J0 , in D′(R3 × R),

∇×Eκ + µ
∂

∂t
Hκ = 0 , in D′(R3 × R),

is equipped with a solution (Eκ,Hκ) ∈ C∞((R3 × R) \ supp(J0)) given by

Hκ = Γκ ? (∇× J0) ,(5.7a)

Eκ =
1

σ
(∇×Hκ − J0) .(5.7b)

Eventually, since ∇ · J0 = 0 we have

(5.8) ∇×Hκ = Γκ ? (∇×∇× J0) = Γκ ? (−∇2J0) = −(∇2Γκ) ? J0 .

5.3. Renormalised signals. Now we consider the signals propagating, virtually, in the medium
defined by difference between the real medium and the fictitious one that was introduced in the
previous section.

Given a solution of (1.6) in the sense of distributions, the fields defined by difference setting
u = H −Hκ and v = E −Eκ solve a system of the form

∇× u− σv = f ,

∇× v + µ
∂

∂t
u = 0 ,

(5.9)

in D′(Ω×(0, T )). Equivalently, the magnetic part u is dictated by the magneto-quasistatic problem

(5.10) µ
∂u

∂t
−∇× (σ−1∇× u) = f

In both (5.9) and (5.10), we set

(5.11) f(x) =

µ(σ − σ)
∂Γκ
∂t

? J0 in {σ 6≡ σ0}
0 in {σ ≡ σ0}

By [3, Appendix A.1], the boundary values u×n = −Hκ×n belong to the space H−
1
2 (divτ ; ∂Ω),

defined in as in (2.1) with Σ = ∂Ω, because their tangential divergence equals −∇ ·Hκ × n and

∇ ·Hκ = Γκ ?∇ · (∇ × J0) = 0. Hence they extend to a suitable function F κ ∈ L2(0, T ; H 1
0 ).

Setting w = u− F κ we then have

∇×w − σv = f + ∇× F κ , in Ω× (0, T ),

∇× v + µ
∂w

∂t
= 0 , in Ω× (0, T ),

w × n = 0 , on ∂Ω× (0, T ).

(5.12)
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Equivalently, we have that w ∈ L2(0, T ; H 1
0 ) and

(5.13) µ
∂w

∂t
+ ∇×

(
σ−1∇×w

)
= ∇×

(
σ−1 (f + ∇× F κ)

)
.

Since we are assuming the singular source J0 to be supported in the level set {σ(x) = σ}, (5.11)
implies f ∈ L∞(Ω× (0, T )), whence it follows that f ∈ L2(0, T ;L2(Ω;R3)), because Ω is bounded.

Hence, by Theorem 3.3, there exists a unique w ∈ W 1,2(0, T ; H 1
0 ) solving (5.13), with w(0) = 0.

Then, setting v = σ−1 (∇× w − f + ∇× F κ), we have∫
Ω

w ·∇×ϕ dx−
∫

Ω

σv ·ϕ dx =

∫
Ω

(f + ∇× F κ) ·ϕ dx∫
Ω

v ·∇×ψ dx+

∫
Ω

µ
∂

∂t
w ·ψ dx = 0 ,

(5.14)

for all ϕ ∈H 1, for all ψ ∈H 1
0 , and for a.e. t ∈ (0, T ). We thus have proved the following.

Theorem 5.1. Let Ω ⊂ R3 satisfy (2.4), let µ, σ be positive constants and set κ = µ · σ. Let σ

be a piecewise constant positive bounded function, and let H0 ∈ H 1
0 . Let J ∈ E ′(R3 × R) be a

vector-valued distribution with support contained in the level set {σ(x) = σ}. Then there exist a
unique solution (E,H) of (1.6) in D′(Ω× (0, T )), that takes the form E = Eκ + v, and

(5.15) H = Hκ + F κ +w ,

where

(i) (Eκ,Hκ) is defined as in (5.7),

(ii) F κ is any element of L2(0, T ; H 1
0 ) agreeing with −Hκ on ∂Ω× (0, T ), and

(iii) w is the solution of (5.13), with f being defined by (5.11), under the initial condition w(0) =
0.

Theorem 5.1 provides a split formula (5.15) that can be used to compute the values of the
magnetic field H due to the singular source J0. The first two summands in the right hand side are
the result of representation formulas involving convolution with explicit kernels, see (5.7a). The
extra term w is the solution of the magneto-quasistatic system (5.14), with a diffuse source (also
defined by convolution, see (5.11)), that falls in the theory discussed in Section 3.

We now report some basic strategy for the methods in numerical approximation of w. The
following material does not make, by any means, any pretence of completeness. For a modern
and comprehensive exposition of the topic, we refer the interested reader to the book [3]. For an
introduction to the more general magneto-hydrodynamic setting we mention the nice treatise [20].

5.4. Curl-conforming elements. For k ∈ {0, 1, 2, 3}, the standard k-simplex in R3 is the closed
convex hull 4k of {0, e1, . . . , ek}. Any non-degenerate affine image of 4k is called an affine k-
simplex. Given k ∈ {1, 2, 3}, the convex hull of any proper nonempty subset of the k+1 points that
define4k is called a face of4k and we say that F is a face of the affine k-simplex4 if F = T4(F k),
where T4 is the unique affine map with T4(4k) = 4 and F k is a face of 4k; if that happens,
clearly F itself is a (k − 1)-simplex. An affine simplical complex K in R3 is comprised of pairwise
disjoint simplices such that every face of a simplex of K also belongs to K, with the intersection of
any two simplices in K being a face to each of them.

Any subfamily of simplices of K containing the faces of all of its elements is also an affine
simplicial complex and is called a subcomplex of K; the one that contains all simplices of K having
dimension at most k is called the k-skeleton of K.
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An affine simplicial triangulation T of a polytope Q in R3 is a simplicial complex whose union
gives Q. Formal finite linear combinations of k-simplices in T with integer coefficients are called
k-chains and form a module Ck(T ;Z) over the ring Z of integers. Group homomorphisms from
Ck(T ;Z) to R are called k-cochains and form an abelian group denoted by Ck(T ;Z).

We introduce a set of piecewise linear 1-forms setting

P(T ) =
{
ω ∈ C(Ω ; (R3)∗) : ∀ 3-simplex 4 ∈ T , ∃ α, β ∈ (R3)∗ with T ∗4ω = α+ ?(β ∧ ξ)

}
where T ∗4ω stands for the pull-back of ω under the mapping T4, ? is Hodge operator and ξ is the

differential form defined by ξ(x) = x1dx1 + x2dx2 + x3dx3. We associate every ω ∈ P(T ) with the
1-cochain defined on 1-simplices by e 7→

∫
e
ω and extended to C1(T ;Z) by linearity. This describes

an algebraic homomorphism from P(T ) into C1(T ;Z). Indeed, given a 3-simplex 4 ∈ T and two
covectors α, β ∈ (R3)∗, assuming

∫
e
(α+?β∧ξ) = 0 for all of six edges e of4 implies that α = β = 0.

Then, the knowledge of ϕ ∈ P(T ) is equivalent to that of all the degrees of freedom

(5.16) |detT4|
∫

e

(
ϕ|4 ◦ T4

)
· τ , for all 3-simplices 4 ∈ T ,

with τ being the vector associated to the edge e.
The mapping that takes any differential form ϕ having precise values on segments to the element

ωϕ ∈ P(T ) with the same degrees of freedom is called interpolation and introduces an error

‖ϕ− ωϕ‖HΛ1(Ω) ≤ max
4∈T

|detT4|
1
3 ‖ϕ‖HΛ1(Ω)

(see [3]). In the simpler situation in which Ω = Q is a convex polytope, we assume T to be an affine
simplicial triangulation that is the union of many subcomplices, all consisting of 3! = 6 affine 3-
simplices. In each subcomplex, one simplex4 is obtained from43 by a translation and a homotetic
transformation of ratio h = |detT4|

1
3 . If ω ∈ C0,αΛ1(Ω) and we call ψ[ω] an element of L∞Λ1(Ω)

that agrees with ω on 4, then

‖ω −ψ[ω]‖L∞Λ1(Ω) ≤ chα .

Also, given any ω1, ω2 ∈ C0,αΛ1(Ω) ∩ P(T ), with T ∗4ωi = α4i + ?(β4i ∧ ξ), for i = 1, 2 and for all
4 ∈ T , we have

(σ−1dψ[ω1] , dψ[ω2])L2Λ1 ∼ h

6

∑
4∈T

β41 · β
4
2 .

Remark 5.2. Every vector field w with precise values on segments is associated uniquely to a
differential form that has well defined degrees of freedom. For example, formula (5.16) makes sense
if ϕ ∈ C(Ω)3, or else if ϕ ∈ Hs(Ω)3 ∩∇ × Lp(Ω)3 with s > 1

2 and p > 2. If w is the remainder

term in (5.15), then the corresponding form belongs to C0,αΛ1(Ω) by Theorem 3.5. This material
suggests a convenient approximation of w, with error O(hα).

6. Inverse source problems

6.1. Nonuniqueness of volume currents. It is known since the work of Helmholtz that the
reconstruction of electric sources from tangential boundary measurements is generally an ill-posed
problem. For the existence of non-radiating volume source currents in time-harmonic regime, we
refer to [1] in the complete hyperbolic setting and to [4] in the eddy current case. There are little
differences between the problem considered in the literature and the one surveyed in these pages,
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but we present however some details on this topic. An expedient integral identity holds: denoting
by Θ∗ the adjoint mapping to the linear “Dirichlet-to-Neumann” map

n×H 7−→ n×
(
σ−1 ∇×H

)
we see that the forward parabolic equation (1.8) with initial conditionH(0) = 0, implies the identity

(6.1)

∫ T

0

∫
Ω

H ·P∗(ξ) dx dt+

∫ T

0

〈
σ−1∇×ξ+ Θ∗(ξ) ,n×H

〉
dt =

∫ T

0

∫
Ω

∇× (σ−1J0) ·ξ dx dt ,

for all smooth vector fields ξ such that ξ(T ) = 0. We introduced the backward parabolic operator

(6.2) P∗(ξ) = −µ∂tξ + ∇×
(
σ−1∇× ξ

)
.

Thus, tangential boundary measurements will be blind to any source that is orthogonal, in a suitable
fractional Sobolev space, to the kernel of the adjoint operator P∗ with vanishing final data

K(Ω) =
{
ξ ∈W 1,2(0, T ; H 1

0 ) : P∗(ξ) = 0 , ξ(T ) = 0
}
.

For a more precise appreciation of this point, it is convenient to introduce the space S (Ω) of
radiating sources, consisting of the closure in L2(0, T ;L2(Ω;R3)) of the vector space{

ξ ∈ K(Ω) : ξ = ∇× (σ−1v) for some v ∈ L2(0, T ;L2(Ω;R3))
}
.

It can be seen that

N (Ω) = {g ∈ L2(0, T ;L2(Ω;R3)) : (g , f)L2 = 0 , for all f ∈ S (Ω)}

is not a trivial space. N (Ω) is said to collect non-radiating sources because of the following result.

Theorem 6.1. Let Ω ⊂ R3 satisfy (2.4), let µ > 0, let σ ∈ L∞(Ω;R3×3), and assume that (2.5)
holds. Let J0 ∈ L2(0, T ;L2(Ω;R3)), with ∇× (σ−1J0) = f + g where f ∈ S (Ω) and g ∈ N (Ω),
and let (E,H) be the solution of (1.6), with (1.9), subject to the initial condition H(0) = 0. Then

(i) the knowledge of n×H on ∂Ω× (0, T ) uniquely determines f ;
(ii) if f = 0, then n×H = 0 on ∂Ω× (0, T ).

Proof. If n×H = 0 on ∂Ω× (0, T ), then by (6.1) we have (f , ξ)L2 = 0 for all ξ ∈ S (Ω) and that
implies (i). As for (ii), we note that, for every element η of the trace space defined by (2.1) with
Σ = ∂Ω, the backward-in-time parabolic problem

P∗(ξ) = 0 in Ω× (0, T ),

ξ(T ) = 0 in Ω× {T},
σ−1∇× ξ + Θ∗(ξ) = η on ∂Ω× (0, T ),

has a unique solution, for which (6.1) implies∫ T

0

〈η , n×H〉 = 0 .

Since η was arbitrary, we obtain that n×H = 0. �
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6.2. Uniqueness for atomic sources. In view of non-uniqueness of volume currents, when con-
sidering the inverse problem one is lead to postulate a priori assumptions on the structure of the
source. In particular, we restrict our attention to sources that satisfy precise properties related to

• the geometry of their support;
• the vector-valued information on their orientation
• the scalar information about their intensity as currents.

The simplest situation is related to a source with a trivial orientation, which brings one to
consider scalar equations, rather than systems. Also, we may assume a uniform electric current
density. Then, we are led to the consider the following equation

µ0σ0
∂u

∂t
(x, t)−∇2u(x, t) = 0 , (x, t) ∈ R3 × (0, T )

u(x, 0) =

N∑
j=1

δ(x− aj) , in R3,
(6.3)

where the positive integer N and the points a1, . . . , aN are unknown, and δ is Dirac’s delta.

Toy Problem. Given points x1,x2,x3 ∈ R2 × {0} in general position, and given a sequence
(tj)j ⊂ (0, T ) determine N and a1, . . . , aN from the knowledge of u(x, t1), u(x, t2), u(x, t3), etc.
assuming that (6.3) holds.

The toy problem is easier to consider if we further assume that N = 1. Then, given a and b in
the horizontal plane, the corresponding solutions of (6.3) are given by

u(x, t) = Γ(x− a, µσ0t) , v(x, t) = Γ(x− b, µσ0t) ,

where Γ is as in (5.6) with κ = µ0σ0. Then, by assumption, the three points x1, x2, and x3 are
at the same euclidean distance r to a: in particular, as in Figure 6.2, the point a belongs to the
vertical circle obtained intersecting the spheres of radius r centred at x1 and x2, respectively. If x3

Figure 1. The case N = 1

is not on the line joining x1 and x3, then the sphere of radius centred at x3 hits the circle exactly
at two points, among which the relevant one is a.

If N ≥ 1 is unknown, we assume that there exist two unordered sets of points A = {a1, . . . ,aN}
and B = {b1, . . . , bM} and we denote u, v the signals generated by A, B, respectively. The limit
as t→∞ in the following identity between analytic functions

(6.4)

N∑
j=1

e
−µ0σ0

|x1 − aj |2

4t =

M∑
j=1

e
−µ0σ0

|x1 − bj |2

4t



22 GIOVANNI FRANZINA

gives N = M . Before sending t→ 0+, we may arrange the points in increasing distance to, say, the
first reference point x1

|a1 − x1| ≤ |a2 − x1| ≤ . . . ≤ |aN − x1|
|b1 − x1| ≤ |b2 − x1| ≤ . . . ≤ |bN − x1|

Denoting by n1 (resp, m1) the maximal integer n (resp. m) for which |an − x1| = |a1 − x1| =: R1

(resp., for which |bm − x1| = |b1 − x1| =: S1), we have

exp

[
−µ0σ0

R2
1

4t

]
(n1 + o(1)) = exp

[
−µ0σ0

S2
1

4t

]
(m1 + o(1)) , as t→ 0+,

whence it follows that R1 = S1 and n1 = m1. Then from (6.4) we have arrived at

(6.5)

N∑
j=n1+1

e−µ0σ0
|x1−aj |

2

4t =

N∑
j=n1+1

e−µ0σ0
|x1−bj |

2

4t .

We can repeat this argument starting, this time, from (6.5) rather than from (6.4). By a finite
descent, we conclude that there exist k ≤ N , k positive integers n1 < . . . < nk, and k positive
numbers R1, . . . , Rk such that all points aj and bj , with n` < j ≤ n`+1, are at the same distance
R` to x1, for ` = 1, . . . , k − 1.

Also, we can arrive at similar conclusions arguing as done above except for replacing x1 by either
of x2 and x3. Therefore, for every single j ∈ {1, . . . , N} we have

(6.6) |x1 − aj | = |x2 − aj | = |x3 − aj |

As the points x1, x2, and x3 are in general position by assumption, as seen previously in the case
of a single source (6.6) determines aj . Thus, A = B.

Remark 6.2. For the purposes of applications, it would be interesting to consider the inverse
problem under the “dipole assumption” in the case of non-constant conductivities: we do not
consider this issue here.

6.3. Uniqueness of subsurface currents. It might be relevant to consider sources that are con-
centrated along surfaces such as fault planes, and to reconstruct them from boundary measurements.
We mention a result that applies to media described by smooth constitutive coefficients. Uniqueness
in this case results are available for surface currents that are a priori concentrated on the bound-
aries of subdomains: the following result, for example, requires the knowledge of a continuous set
of measurements, that holds for sources of the “separable” form

(6.7) J0(x, t) = h(t)f(x) .

Theorem 6.3. Let Ω satisfy (2.4), and let µ and σ be smooth positive functions satisfying (2.5).
Let B ⊂ Ω be a connected open set with a Lipschitz regular boundary Σ. Assume that J0 ∈
W 1,2(0, T ;L2(Ω)) is of the form (6.7) and that H is a solution of (1.6), with (1.9), subject to the
initial conditions H(0) = H0. Then, the knowledge of

(6.8) m(t,ψ) =

∫
Σ

µH × ν ·ψ dΣ

for all t ∈ [0, T ] and for all ψ ∈H 1
0 , uniquely determines J0.
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Proof. To replicate the proof done in [23] in hyperbolic setting, one needs the estimates (3.8), (3.9)
for the magnetic field and the higher order estimate

‖H‖W 1,∞(0,T ;H 1
0 ) + ‖H‖W 1,2(0,T ;H 2

0 ) ≤ c(ψ)

(∫ T

0

h2 dt

) 1
2

that holds under the additional assumption that σ is smooth (for, see the proof of Theorem 4.1). �

6.4. Inverse source problems with controllability. A different class of inverse source problems
presuppose the complete knowledge of the initial and final state of the system, and the full knowledge
of the initial value of the source. For the following result, we refer to [24] (which focus on the electric
field, with unessential changes).

Theorem 6.4. Let Ω satisfy (2.4), let µ, σ be positive functions satisfying (2.5), let H0 ∈ L2(Ω),

and let J0 ∈W 1,2(0, T ;L2(Ω)) and let H ∈ L2(0, T ; H 1
0 ), with ∂tH ∈ L2(0, T, (H 1

0 )∗), be a weak
solution of (1.6) and (1.9), with (1.7). Then, there exists T0 ∈ (0, T ) such that, for every τ < T0,
the knowledge of the final state H(τ) and of the initial source J0(x, 0) determine uniquely J0.
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