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Abstract

For two classes of Mean Field Game systems we study the convergence of solutions as the
interest rate in the cost functional becomes very large, modeling agents caring only about
a very short time-horizon, and the cost of the control becomes very cheap. The limit in
both cases is a single first order integro-partial differential equation for the evolution of the
mass density. The first model is a 2nd order MFG system with vanishing viscosity, and the
limit is an Aggregation Equation. The result has an interpretation for models of collective
animal behaviour and of crowd dynamics. The second class of problems are 1st order MFGs
of acceleration and the limit is the kinetic equation associated to the Cucker-Smale model.
The first problem is analyzed by PDE methods, whereas the second is studied by variational
methods in the space of probability measures on trajectories.
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1 Introduction

The aim of this work is to show a rigorous connection between two different mathematical
theories modelling the dynamics of large populations of individuals, human or animal, that
behave with some degree of rationality. The two theories are Mean Field Games (MFG),
introduced by Lasry and Lions [28] and Huang, Caines, and Malhame [27], and agent based
models and kinetic equations, which have a large literature, see for instance [7, 9, 10, 19,
23, 25, 34|, the survey [18], and the references therein. Both describe the population in a
continuous way via its distribution in space. In MFG each agent anticipates the expected
future behaviour of the population and solves a stochastic control problem to minimize his
cost at a given terminal time. In agent-based models, instead, each individual reacts to the
current distribution of the others according to a prescribed rule. Therefore his behaviour
is much less rational than in MFG. We consider two classes of problems where the control
acts, respectively, on the velocity and on the acceleration. For both the parameter measuring
the rationality is the interest rate in the cost functional of a MFG: as it increase the agents
become less interested in the future and therefore more myopic and less rational. In the
limit the system of PDEs of the MFG degenerates into a single nonlocal equation of the type
arising in individual based models.

Motivations. Our results are inspired on one hand by the last part of [8], in which the
authors show how to derive a McKean-Vlasov equation from a mean field game system and,
on the other hand, by [24] (see also [4, 5]) which discusses how multi-agent control problems
where the players have limited anticipation of the future converge to aggregation models.
Let us briefly recall the content of both papers. In [8], the authors study MFG systems of
the form

—0uuy — vAuy + H(x, Duy,myx(t)) + Au = 0 in R? x (0,7),
dymy — vAmy — div(myDyH (z, Duy,my(t)) = 0 in R? x (0,7T), (1)
ux(T, ) = ur(z), mx(0) = mg in RY.

Here v > 0 is fixed, A > 0 is a large parameter which describes the impatience of the players
and H = H(x,p,m) is the Hamiltonian of the problem which includes interaction terms
among the players. Under suitable assumptions on the data, [8] states that, as A tends to oo
and up to subsequences, uy, Duy — 0 and m) converges to a solution of the McKean-Vlasov
equation

oym — vAm — divimD,H(z,0,m(t)) =0 in R? x (0,7), )
m(0) = my in R?.

Possible variants and extensions (to MFG models with relative running costs and to higher
order approximation) are also discussed in [8].

Although [24] shares some common features with [8], it is quite different. It proposes
a deterministic model where the agents have little rationality, as in [8], in the sense that
they anticipate the behaviour of the other players only on a short horizon (here through
time discretization). On the other hand, and this is in contrast with [8], the agents are
supposed to pay little for their move. The paper [24] explains, at least at a heuristic level,
that the optimal feedback control of each agent should converge to the gradient descent
of the running cost, which the authors call “Best Reply Strategy”. They also discuss the
limit of the distribution of agents as their number goes to infinity and the related 1st order
McKean-Vlasov equation.

In the present paper we consider a continuous time variant of the model in [24] which
contains its two main features: the fact that the players minimize a cost on a very short
horizon, that we model as in [8] by a large discount factor, and the fact that they pay little
for their moves. To fit also better with aggregation or kinetic models, we work with problems
with a vanishing viscosity (v = vy — 0% as A — +00) and in infinite horizon. In particular,
our result makes rigorous the approach of [24].



MFG with control on the velocity. We prove two convergence results. In the first one,
our model (in its simplest version) takes the form of the parabolic system

A
—Oruy — UaAuy + Auy + §‘DUA|2 = F(x,mx(t)) in R? x (0, 4+00)

ormy — vaAmy — div(myADuy) = 0 in R x (0, 4+00) (3)
mx(0) = mo, in RY, uy bounded,

associated to a stochastic MFG. Under some natural assumptions on F' (typically, continuous
on R? x P;(R?%) and uniformly Lipschitz continuous and semi-concave in the space variable),
we show that, as A tends to infinity (meaning that players become more and more myopic
in time and that their control is increasingly cheap), v, — 0%, and along subsequences, m
converges to a solution m of the aggregation model

Orm — div(mD,F(x,m)) =0 in RY x (0, +0) @)
m(0) = my, in RY.

Moreover, the optimal feedback —ADuy for the generic agent in the MFG (3) converges a.e. to
the vector field —D, F'(-,m), which is the gradient descent of the running cost corresponding
to the limit distribution of agents m. Note that this limit is not obvious to guess, whereas
in the problem of [8] one expects that (2) is the limit of (1).

The limit equation in (4) covers most examples of the so-called Aggregation Equation

@m+dw<m K@—ymmg@>=m

Rd
because the kernel of the convolution is usually the gradient of a potential, K = —DFk. This
equation describes the collective behaviour of various animal populations, its derivation and
the choice of the kernel are based on phenomenological considerations, see, e.g., [34, 7] and
the references therein. In Subsection 2.3 we show that the examples of Aggregation Equation
most studied in the mathematical biology literature fit the assumptions of our convergence
theorem, as well as some known models of crowd dynamics taken from [21, 22]. Therefore
our result gives a further justification of such models within the framework of dynamic games
with a large number of players.

MFG with control on the acceleration. Our second result concerns deterministic MFG
with control on the acceleration [1, 12], whose first order PDE system is of the form

A
—0guy + Auy — v - Dyuy + §|Dvu)\|2 = F(z,v,mx(t)) in R?¢ x (0,7)
Oymy + v - Dymy — divy (maxADyuy) = 0 in R?? x (0,7) ()
m)\(o) = My, U)\(II?,’U7T) =0 in R2d7

where the unknowns u) and m) depend on the position x and the velocity v of the generic

agent, and on the time ¢. In this case we prove the convergence to kinetic equations of the
form

oym +v - Dym — div,(mD,F(x,v,m)) =0  inR* x (0,T), 6

{ m(0) = my, in R??, (6)

as A\ — +00. To fix the ideas we work in the case where the coupling term F' corresponds to
the celebrated Cucker-Smale model [23, 25]:

F(z,v,m(t)) = k+m(x,v,t) = / kE(x — y,v — v )m(y, vy, t)dyduy,
R2d

where
k(z,v) [v* >0, 0
T,0) = —————,  « ,B8=0.
(o + [z]2)P



Note that, in contrast with the first result, the coupling function F' is no longer globally
Lipschitz continuous: as we explain below, this is a source of major difficulties and it obliges
us to change completely the methods of analysis. Other models of swarming and flocking
can be treated by these methods.

Methods of the proofs. Let us briefly explain the mechanism of proofs and the differences
with the existing literature. In [8], the rough idea is that uy converges to 0 and therefore
Duy, converges to 0 as well. In addition, the fact that the diffusion is nondegenerate (v > 0)
provides C?+®1+2/2 hounds on uy and m,, thanks to which one can pass to the limit.

For our first result, (Theorem 2.1, on the convergence of (3) to (4)), we have to use a
different argument. The key idea is that Auy behaves like F(z,m)), because A1 F(x,my)
is almost a solution to (3). Therefore ADuy is close to DF(x,m)), which explains the limit
equation (4). Compared to [8], an additional difficulty comes from the lack of (uniform in
A) smoothness of the solutions, since we have no diffusion term in the limit equation. In
particular, the product myADu) has to be handled with care, since m) could degenerate as
a measure while Duy could become singular. We overcome this issue by proving a uniform
semi-concavity of Auy, which provides at the same time the L} . convergence of ADu, and,
thanks to an argument going back to [28] (see also [16]) a (locally in time) uniform L* bound
on the density of m), and hence a weak-* convergence of m,).

For the second result (Theorem 3.2, on the convergence of (5) to (6)), the fact that the
coupling function F grows in a quadratic way with respect to the (moment of) the measure
prevents us from using fixed point techniques (as in [1, 12]) to show the existence of a solution
to the MFG system (5) and to obtain estimates on the solution (this would also be the case
in the presence of a viscous term). This obliges us to give up the PDE approach of the
previous set-up and to use variational techniques, first suggested for MFG problems in [2§]
and developed by several authors since then: see, for instance, [6, 14, 15, 17, 30] and the
references therein. For that very same reason, we have to work with a finite horizon problem
and with initial measure having a compact support. In contrast with the first result, we
do not prove the convergence of all the solutions of the MFG system, but only for the ones
which minimize the energy written formally as

T
/ e_)‘t/ (i|a(x,v7t)|2 + / k(x — o4, v — ve)m(day, dvg, t))m(de, dv, t)dt (7)
0 R2d 2\ R2d

where dym + v - Dym + div, (ma) = 0. We formulate this problem in the space of probability
measures on curves (7, ), and the main technique of proof consists in obtaining estimates on
the solution based on the dynamic programming principle in such space. This is reminiscent
of ideas developed in [33| that we discuss below. Such an approach naturally involves weak
solution of the MFG system and does not require the initial measure mg to be absolutely
continuous. In this case the natural notion of solution for the limit equation (30) is the
measure-valued solution developed in [10] for (6).

We could also have developed this second approach for the first type of results (i.e., the
convergence of (3) to (4)), assuming that the coupling function F' derives from an energy
(the so-called potential mean field games), i.e.,

F(z,m) = g—i(m, x)

(see [2] for the notion of derivative). Then it is known [28] that minimizers (my, ay) of the
problem

inf {/;Oo N (/R %\a|2dx + )\]-'(m(t))) dt, drm + div(ma) = 0, m(0) = mo} L @®)

are solutions to the MFG system (3) (with vy = 0 and if F is smooth enough) in the sense
that there exists uy such that (uy,my) solves (3) and ay = —ADuy. The convergence of



minimizers, as A\ — 400, is studied in the nice paper [33], where this convergence is called
“Weighted Energy-Dissipation”: the authors prove that, under suitable assumptions on the
function F (which allow for singular coupling functions), minimizers converge to a solution
of the gradient flow associated to F, i.e., at least at a formal level, to a solution of (4). Let us
note that, in contrast with our setting, the solution of the limit equation can be singular and
that [33] works in general metric spaces. It would be interesting to understand the precise
interpretation of the results of [33] in terms of limits of MFGs, but this exceeds the scope of
the present paper. Note however that our second result (i.e., the convergence of (5) to (6))
does not fit in the framework of [10]. Indeed, the key idea of [10] is that m) is a gradient
flow for the value function associated with Problem (8); as this value function converges to
F, (my) has to converge to the gradient flow for F, which is precisely m; this gradient flow
structure is completely lost in our framework of MFG of acceleration (5): we have therefore
to design a different approach.

Notation

We denote by P(R?) the set of Borel probability measures on R%, and for p > 1 P,(R?) (or,
in short P,) is the subset of measures with finite p—order moment M,,:

Mpy(m) = /Rd |x|Pm(dz).

The sets P,(R?) are endowed with the corresponding Wasserstein distance. Given a positive
constant k, we denote by M, .(R) the set of measures m € P,(R?) absolutely continuous
with respect to the Lebesgue measure and with a density bounded by x. We set M,, (R%) :=
U,.z0 Mp.(R?). In Section 3 we will also use, for m € P(R? x R?),

My, (m) ::/ lv]Pm(dz, dv).
R2d

For functions depending only on x and t we will denote with Du(x,t) = D,u(z,t) the
gradient with respect to the space variable z, and with d;u(z,t) the partial derivative with
respect to time.
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2 Convergence for classical MFG systems

In this section we consider MFG systems of the form

—0puy — vaAuy + Muy + APH(ADuy, x) = F(x,my(t)) in R? x (0, +o0),
dymy — vaAmy, — div(myD,H(ADuy,z)) =0  inR? x (0, +0), (9)
mx(0) = mo, in RY,

where A > 0, vy > 0 and vy — 0 as A > +00. By a solution of (9) we mean a pair (uy,m))
solving the PDEs in the classical sense, where my(t) € Po(R?) for all ¢, it has bounded
density, and is continuous up to time t = 0.



Our aim is to prove the convergence (up to a subsequence) of my as A\ — +00 to a solution
m of

{ oym — div(mD,H (D, F(xz,m(t)),z)) =0 in R? x (0, +00), (10)

m(0) = my, in RY,

and to show also that

Aup(z,t) > F(xz,m(t)) loc. uniformly, ADuy(x,t) > D,.F(x,m(t)) a.e.

2.1 The convergence results
We work under the following conditions: we assume that the initial measure my satisfies
mg € Po(R?) is absolutely continuous with a bounded density. (11)

The kind of costs we are interested in are non-local and regularizing. A possible assumptions
on F is that F : R? x M;(R?) — R is continuous in a suitable topology, has a linear growth
and is Lipschitz continuous and semi-concave in x. More precisely, we suppose the existence
of a constant C, > 1 such that:

For any k > 0, the restrictions of F' and D, F' to R? x Ml,l{(Rd)

are continuous in both variables for the topology of R? x P;(R?), (12)
[F(z,m)| < Co(L+[zf),  |F(z,m) = F(y,m)| < Colz -y, (13)
F(x + h,m) + F(x — h,m) — 2F(z,m) < C,|h|?, VYme M;(R%),heRY, (14)

(recall that M, ,(R?) and M, (R?) are defined in the introduction). We assume that H :
R? x R — R is convex with respect to the first variable and satisfies,

~Co < H(p,z) < Co(1+[pl*), D2, H(p,z)>C; ', (15)
|H(p, =) — H(p,y)| + |DpH(p,z) — DpH(p, y)| < Colz —y|(1 + [p]), (16)
|H(p,xz) — H(q,z)| < Colp — q|(1 + |p| + |q]), (17)

H(p,x +h)+ H(p,x — h) — 2H (p,z) = —C,|h|*(1 + |p|). (18)

Note that, if H is smooth, then conditions (16), (17) and (18) can be equivalently rewritten
as
|DmH(p,CC)| + |DP1H(p7 l’)‘ < Co(]- + |p‘)7
D H(p,2)| < Coll +[pl), D2, H(p,) > —Co(1 +[p).

Similarly, if F' is smooth, the second condition in (13) and (14) can be rewritten as
|D.F(z,m)| < C,,  D2,F(xz,m) < C,.

Theorem 2.1. Assume (11), (12), (13), (14), (15), (16), (17) and (18). Let (ux,my) be
a solution to (9). Then (my) is relatively compact in C°([0,T],P1(R?)) and is bounded in
L*(R? x [0,T]) for any T > 0. Moreover, the limit m, as A\, — 4+, of any converging
subsequence (my, ) in C°([0,T],P1(RY)) is a solution of (10) in the sense of distributions
and

Anuy, (z,t) = F(x,m(t)) locally uniformly and A,Duy, (x,t) = D, F(z,m(t)) a.e.

The existence of a solution to (9) under the assumptions above can be established by
standard arguments, using the estimates in Section 2.2 below, see Remark 2.4. A typical
example of a Hamiltonian satisfying our assumptions is

1
H(p,z) = —v(z) - p+ glp\Q,

where the vector field v : R* — R? is bounded and with bounded first and second order
derivatives.



Remark 2.1. Under somewhat stronger assumptions than in Theorem 2.1 we can also prove
that the whole family my converges to m as A — +00. This is achieved if the solution m of
(10) is unique, as in the problem of Section 3.

The first additional assumption is that mg has compact support. Then the support of
any solution of (10) is compact in z, as it can be proved, e.g., by the superposition principle
in [2] as in [13].

Next we assume that the vector field G appearing in the limit equation (10), G(x, m) :=
—D,H(D,F(z,m),z), is such that, for all m € M;(R?), z+— G(z,m) is C* and

|G($,m) - G(yvm” < Ol"x - y| s HG(vm) - G(7m)”00 < Cldl(m’ m)’

where d; is the 1-Wasserstein distance. Then it is proved in [31] that there is a unique
solution m of (10) with compact support in x.

Remark 2.2. In the case of deterministic MFGs, vy = 0 for all A, the solution (uy,m))
is not smooth and the proof of convergence by PDE methods is harder. We can prove a
result analogous to Theorem 2.1 under the additional assumption that |F(-,m)|cz < C for
all m € M;(R%), and the support of mg is compact, using the methods of [13]. Moreover
the whole family m) converges to m under the additional condition on G of the preceding
remark.

Remark 2.3. The case of vy — vy > 0 can be treated as in the proof of Theorem 2.1 and
leads in the limit to the viscous Fokker-Planck equation

Oym — vy Am — div(mDpH (D, F(z,m(t)),z)) =0 in R? x (0, +00).

2.2 Proof of Theorem 2.1

In this part, assumptions (11), (12), (13), (14), (15), (16), (17) and (18) are in force. We
start with some estimates for a solution to (9).

Proposition 2.2. Let (ux,mx) be a solution of (9). Then |ux(z,t)] < ATEC( + |z]) for
some constant C' independent of X =1 + 4d + 16CZ such that vy < 1.

Proof. We note that w*(z,t) := if\_lé’(l + |z|?)"/? is a supersolution (for +) and a subso-
lution (for -) of (9) for a suitable C. Let us determine C' such that w = —A~'C(1 + |z|?)"/?
is a subsolution, the other case being easier. By the growth assumptions (13) and (15), and
for vy <1,

— Opw — vAAw + w + N H(ADw, x) — F(2,my(t))<

Cdvx 212, 1 —Cx
st S 1 _ —Cz B 3
A1+ ‘x|2)1/2 C(1+ |z]?) + )\H i+ |$|2)1/2,x F(x,mx(t))
Cd C CO 02|z|2

If we choose C' = 4C the right hand side can be bounded above by

4 1+ 16C?
C)\Od—CQ-‘rCOi—i_)\GCOﬁO

if A >1+4d + 16C2. |

Proposition 2.3. Let (ux,my) be a solution of (9). Then |Duy|e < 4X"1C, for X = 2C,,.

Proof. We use an a priori estimate, proving that, if uy is Lipschitz continuous and if H
and (z,t) — F(x,mx(t)) are smooth, then u) satisfies the required estimate. One can
then complete the proof easily, approximating the Hamilton-Jacobi (HJ) equation by HJ



equations with smooth and globally Lipschitz continuous Hamiltonians and right-hand sides
and passing to the limit. We omit this last part which is standard and proceed with the
argument.

Given a direction ¢ € R? with |¢| < 1, let w := Duy - €. Then w satisfies

—0w — vAAw + Mw + Dy H(ADuy, z) - Dw + A" D, H(ADuy, x) - € = D, F(z,m(t)) - €.
In view of assumptions (13) and (16) we have therefore
—0yw — VyAw + Aw + D, H(ADuy, x) - Dw — Co A (1 + M| Duyllw) < Co.
So by the maximum principle we have
Duy - & =w < A 'C,(1+ A7 + | Duy| o).

Taking the supremum over |£] < 1, gives the result for A larger than 2C,,. |

Proposition 2.4. Let (ux,my) be a solution of (9). Then D?*uy < A\~'C, where C' does not
depend on \ = 2C,.

Proof. Here again we focus on a priori estimates for smooth data. Given a direction ¢ € R?
with €] < 1, let w := Duy - € and 2z := D?u)¢ - €. Then

— 04z — vAAz + Az + DyH(ADuy, x) - Dz + 2D . H(ADuy, 2)¢ - Dw
+AD2, H(ADux, z)Dw - Dw + X' D2, H(ADuy, z)§ - & = D2, F(z,mx(t)€ - €.

Since F is semiconcave in x (14), the right hand side D2, F¢-¢ is bounded above by Cy. The
uniform bound on ADuy proved in Proposition 2.3 and the assumption (16) imply

2D2 H(ADuy, z)§ - Dw = —2Co(1 + A|Duy|)|Duy| = —C1.
The same bound on ADuy and the assumption (18) imply
ATID2 H(ADuy, )¢ - € = —Co(1 + A Duy|) = —Cs.
Since H is convex in p, Dng > 0 and we infer that z satisfies
— Oz —UAAz + Az + DyH(ADuy,z) - Dz < C,

where the constant C' does not depend on A and |€] < 1. We conclude again by the maximum
principle. |

Proposition 2.5. Let (uy, my) be a solution of (9). For any T > 0, the family (m)) satisfies

sup sup |z|?mp(z, t)dz < +oo,
A>2C, te[0,T] J R4

is relatively compact in C°([0,T],P1), and bounded in L*(R? x [0,T1]).

Proof. We do the proof again for smooth data. For the bound on the second order moment
of my(t) on [0, T] we recall that my(t) is the law £(X;) of the solution X; of the SDE

dX; = —DpH()\Du,\(Xt),Xt)dt + A/ 2udWy, ﬁ(Xo) = My,

where W is a standard Brownian motion. Since the vector field D, H(ADuy, x) is uniformly
bounded by Proposition 2.3, we have E[|X;|?] < C(E[|X([?] + 1)e“t. Then

Ma(ma(t) = [

|z2m (2, t)dz = B|X;|? < C(Ma(mg) + 1)eT, ¥t < T.
Rd



For the L* bound on m), we rewrite the equation of m, as

Ormy — vaAmy — myTr (DM,H()\DUA, x)D2u>\ + Dpr H(ADusy, :v))
— Dmy - DyH(Duy,z) =0  inR? x (0, +»)

where, by convexity of H, (15) and Proposition 2.4 on the one hand, and by (16) and
Proposition 2.3 on the other hand, we have

Tr (DppH(ADuy, z)D?uy) < C and Tr (Dpe H(ADuy, 7)) < C,

where C' does not depend on A. Therefore, by the maximum principle again, the L* norm
of m) has at most an exponential growth in time, uniform with respect to A. |

Proof of Theorem 2.1. By Proposition 2.5, (my) is relatively compact in C°([0,T], P; (R%))
and is bounded in L*(R? x [0,T]) for any 7' > 0. Let (my,) be a converging subsequence
in C°([0,T],P;) for any T > 0. Then (my,) converges to m in L®—weak-* on R? x [0, 7]
for any T' > 0. In particular, by our continuity assumption on F' in (12), the maps (x,t) —
F(xz,my, (t)) and (z,t) > D,F(x,my,(t)) converge locally uniformly to the maps (z,t) —
F(z,m(t)) and (x,t) —> D, F(x,m(t)) respectively.

As uy solves (9), wy := Auy solves

A" P0pwn — AT A Awy + wy + AT EH(Dwy, x) = F(z,my(t)) in R? x [0, +o0). (19)

Hence the half-relaxed limits w* and wy of (wy) (see, e.g., [3] for their definitions and prop-
erties), are locally uniformly bounded in view of Proposition 2.2 and, respectively, viscosity
sub- and super-solutions of the zero-th order equation

w=F(zx,m(t)) inRx[0,+0). (20)

By a comparison principle we get w* = wy, and this proves the locally uniform convergence
of (Aquy,) to F(z,m) in R? x [0, +c0).

Next we use Theorem 3.3.3 in [11]. By Proposition 2.2 (Auy) is uniformly locally bounded,
and by Proposition 2.4 it is uniformly semi-concave in space (locally in time). Then any
sequence (Apuy, ) has a subsequence such that (A, Duy,) converges to D, F(z,m) a.e. and
therefore also in L} (R? x [0, +)). One easily derives from this that m solves (10) in the

loc
sense of distribution. [ |

Remark 2.4. The existence of a solution (ux,my) of the system (9) can be proved by
approximating with solutions of the following system with finite time-horizon

—owu” —vyAu” + 2T + NP HOADUT  2) = F(z,m™(t)) inR? x (0,7)

oymT — vaAm™ — div(m® D,H(ADu™ ,x)) = 0 in R? x (0,7) (21)

uT(T) =0, m”(0) = my, in RY.
The existence of a classical solution (u?, m7T) for fixed A > 0 follows from standard argument
(see for instance Lions’ course [29]). The estimates of Propositions 2.2, 2.3, 2.4, and 2.5 hold
for (u”,mT) with the same proof (using comparison principles for Cauchy problems with
constant terminal data). They show in particular that m” () € P2 (R?) and it has a bounded
density for all ¢. Then there is enough compactness to pass to the limit as T' — +00, as in
the proof of Theorem 2.1, and see that the limit satisfies (9).

2.3 Examples

In this section we present several examples of coupling functions F' of the form

F(z,m) =k=m(x,t) = / k(z — y)m(dy), (22)

Rd
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where the convolution kernel k£ can take different forms and is at least globally Lipschitz
continuous.

H(pa .’ﬂ) = |p|2/2 - ’U(LL') "D,

with the vector field v bounded together with its first and second derivatives. Then

D,H(D,F(z,m),z) = g Dk(xz — y)m(dy) — v(x),

and the limit equation (10) becomes

dym + div (m(v — Q[m])) = 0in R x (0, +0), Q[m](z,t) = Dk(x — y)m(y, t)dy,

Rd
m(0) = my, in R?.
(23)
Note that the condition (12) is satisfied. In addition, we suppose that Dk is bounded, which
implies condition (13), and the semi-concavity of k, which ensure condition (14). Under these
assumptions Theorem 2.1 holds. Next we review some special cases that arise in applications.

2.3.1 The Aggregation Equation

The special case of (23) with v = 0 is often called the Aggregation Equation. For suitable
choices of the kernel k it models the collective behaviour of groups of animals, see, e.g.,
[9, 34] and the references therein. Most kernels used in the aggregation models are of the
form k(x) = ¢(|z|) with ¢ smooth but ¢'(0) not necessarily 0, so k can be not differentiable
in the origin. However, most of them satisfy the assumptions above.

Example 2.1. The kernel
k(z) = ae™ el a>0, (24)

considered, e.g., in [9, 34] is bounded, globally Lipschitz continuous, and semiconcave if
a > 0. Note that the case o > 0 describes repulsion among individuals at all distances,
because k(z) = ¢(|z|) with ¢(r) = ae™*" and hence ¢'(r) < 0 implies repulsion. The case
a < 0, describing attraction, does not fit into our theory because k ~ |z| near 0, so it is not
semiconcave, which is consistent with the fact that solutions of the Aggregation Equation
(23) are known to blow up in finite time for suitable initial data (at least in dimension d = 1,
see [9]).

Example 2.2. The kernel
k(z) = —|z|e” !, a>0, (25)

considered in [9] is also bounded, globally Lipschitz continuous and semiconcave because
k ~ —|z| near 0. Note that this kernel describes repulsion at small distance and attraction
at distance |z| > 1/a. Our theory is consistent with the global existence of solutions of the
Aggregation Equation (23) in this case, at least for d = 1, proved in [9].

Example 2.3. To model repulsion at short distance and attraction at medium range, de-
caying at infinite, a commonly used kernel is the so-called Morse potential

k(z) = el —Ge /L 0<G<1, L>1, (26)

see [7] and the references therein. It is again bounded and globally Lipschitz continuous. It
is also semiconcave because k ~ 1 — G + |z|(G/L — 1) near 0, and G/L — 1 < 0.

10



2.3.2 Models of crowd dynamics

There is a large and fast growing literature on models of the interactions among pedestrians,
see the survey in the book [22]. They split into first order models, where the velocity of the
pedestrian is a prescribed function of the density of individuals and position, and second
order models, where the acceleration is prescribed. In the next Section 3 we study second
order models, focusing on the celebrated Cucker-Smale model of flocking, see Remark 3.4 for
more references on crowd dynamics.

A first order model fitting in the assumptions of the present section is the one proposed in
[21], where the velocity of each agent at position x and time ¢ is of the form v(z)—Q[m(t)](x),
v being the desired velocity of the pedestrian, and the other term @ accounting for the
interaction with the other agents. If we assume that () does not depend on the angular focus
of the walker in position x, then the model in [21] can be written as

QImt)](z) = | Dk(z —y)mly, t)dy, k(z) = ¢(|z])
R L
with ¢ € Lip([0, +00)), decreasing in (0, r), increasing in (r, R), and constant in [R, +00), so
with a behaviour similar to the Morse kernel (26) and to (25). If we take ¢ € C%((0, +00))
with ¢” bounded, then F given by (22) satifies the assumptions of Theorem 2.1.

2.3.3 On uniqueness of solutions

If we assume in addition that k € C?(RY) with D?k bounded, then the limit equation (23)
has a unique solution with compact support in space, as observed in Remark 2.1. This
occurs, for instance, in Section 2.3.2 if ¢ € C?([0,+0)) and ¢'(0) = ¢”(0) = 0 (recall that
kE(x) = ¢(Jz|)). Uniqueness is also known for the Aggregation Equation with kernels like
those of Section 2.3.1: see [9, 20] and the references therein. However, we expect uniqueness
of solutions to the Mean-Field Game system (3) with F given by (22) only for the exponential
kernel (24), and not in all other models where there is attraction among individuals in some
range of densities. In fact, the uniqueness of solutions in Mean Field Games is strongly
connected with a property of mononicity of F discovered by Lasry and Lions [28]. For
coupling functions of the form (22) such monotonicity is equivalent to the property that k is
a positive semidefinite kernel, namely,

/Rd /]R k(= y)o(y)o(z) dyde >0 Vo.

This property is deeply studied and has several characterizations. If k(z — y) = ¥(|lz — y|?)
with 1 € C*((0, +0)) and continuous in 0, then it is known that k is a positive semidefinite
kernel if and only if 1 is completely monotone, namely, 1" < 0 and all other derivatives have
alternating signs [26]. In all examples describing attraction it occurs that ¢', and therefore
1), is instead positive in some range. Then the MFG is not expected to have a unique
solution and our result also says that the distance among the possibly multiple solutions of
the MFG system tends to 0 as A becomes large.

3 Convergence for some MFGs of acceleration towards
the Cucker-Smale model

For A > 0 and 0 < T < +00, we now consider the MFG systems of acceleration, which is
written in a formal way as:

A
—0ruy + Auy —v- Dyuy + §|Dvu>\\2 = F(x,v,mx(t)) in R?? x (0,7)

ormy + v - Dymy — divy, (maADyuy) =0 in R2? x (0, +00) (27)
mx(0) = mo, ux(z,v,T) =0 in R%4,

11



Here the space variables are denoted by (x,v), with (z,v) € R? x R%. System (27) models a
Nash equilibrium of a game in which the (small) players, given the flow (m(¢)) of probability
measures on R2¢, try to minimize over v the quantity

T
[ e (55BOP + FO050.m) )

while the flow (my(t)) is the evolution of the positions and the velocities of the players when
they play in an optimal way.
We assume that the coupling function F' is a cost associated to the Cucker-Smale model:

F(z,v,m(t)) = kxm(z,v,t) = /]R?d k(x —y,v—vge)m(y, vy, t)dydvoy, k(z,v) = %7 (28)

where g : R? — R is bounded below by a positive constant, is even, smooth and such that
|Dg|/g is globally bounded. For instance,

g(x) = (a+ |;E|2)B, a>0,8=0. (29)

In this case D, k(x,v) = g%;) and so

D, F(z,v,m(t)) = (Dyk) = m(z,v,t) = / Mm(y,v*,t)dydv*.

r2e g(T —y)
The aim of this section is to show that my — m as A — 400, where m solves the
continuous version of the Cucker-Smale model:

orm + v - Dym — divy(mD, F(z,v,m)) = 0 in R?? x (0, +0), (30)
m(0) = my, in R4,
3.1 The convergence result
Throughout this section, we assume that mg and F' satisfy the following conditions:
mo € P(R?*?) has a compact support, (31)

and

F is given by (28) where g : R? — R is bounded below by a positive constant, (32)
is even, smooth, and |Dg|/g is globally bounded.
Let us start by describing what we mean by a weak (variational) solution of the MFG

problem. Let I' = C1([0,T],R¢) endowed with usual C' norm and P(T') be the set of Borel
probability measures on I'. We consider, for n € P(T'),

T T
) = [ [ e gphwPam@n) + [ e Fm o)

where m"(t) = én (with & : T' — R4, &,(y) = (y(t),%(t))) and
1

F(m) = 5 /R4d kE(x — g, v — ve)m(dz, dv)m(dxy, doy) vm e P(R*?).

Lemma 3.1. For any A > 0, there exists at least a minimizer fy of Jx under the constraint
ey = mq. It is a weak solution of the MEF'G problem of acceleration, in the sense that, for
m—a.e. yel,

T
| M GRROP + Fa@.50.m™ o)) (33
0

T

1 _

= inf / e M(=5(t) ]2 + F(y(t),4(t), m™ (t)))dt.
veH2, (7(0),4(0))=(3(0),7(0)) Jo (2/\| )l (9310 (®)
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The link between the equilibrium condition (33) and the MFG system (27) is the following:
if we set

T
1 _
ux(z,v,8) = inf / e M (5O + F(y(b), 4(t), m™ (¢)))dt,
Mows) =t (5 P + FO(0), (1), m™ (1))

then the pair (uy,m™) is (at least formally) a weak solution of (27), in the sense that
uy is a viscosity solution to the first equation in (27) while m™ is a solution in the sense
of distribution of the second equation in (27). Existence of a solution to the equilibrium
condition (33) for more general MFG systems is obtained in [12], however under a much
more restrictive growth condition on F. In addition, [1, 12| show that there exists a weak
solution to the MFG system of acceleration (27).

We postpone the (quite classical) proof of Lemma 3.1 to the next section and proceed
with the notion of solution for the kinetic equation (30). Following [10], we say a map
m € C°([0,T],P2(R?9)) is a measure-valued solution to (30) if m(t) = P®?(t)fmy where
PY(t) = (PP (t), Py (t)) € R? x R? solves the ODE

4PI(0) = PP (),
Epg’v(t = _DUF(Plx’v(t)a P;’v(t)vm(t))a (34)
Pzv(0) = (x,v).

In [10], the authors propose several conditions under which such a measure-valued solution
exists and is unique. This include the case of the Cucker-Smale model studied here, under
the assumption that mg has a compact support.

Our main result is the following:

Theorem 3.2. Let 1), be a minimizer of Jx under the constraint égfiijy = mqg. Then (m™)

converges as A — +o0 to the unique measure-valued solution to (30) in CY ([0,T), Pa(R??)).

Remark 3.1. Note that we do not prove the convergence of all the equilibria (7, ) of (33),
but only of the minimizers of J). The reason is that we were not able to obtain enough
estimates for the other equilibria.

3.2 Proof of the convergence result

Before starting the proof, let us note that, by our assumptions, there is a constant Cy > 0
such that

g=0Ct, 0< F < Co(1+|vf*+Maz,(m)), where My, (m) := / [v*m(dz, dv). (35)
R2d

| Dy F(z,v,m)| < CoF(z,v,m), | Dy F(z,v,m)| < CoFY?(xz,v,m). (36)

Indeed,

Do F (2, 0,m)| </ Dy — )| L=y dvw) < Do/l F(z,v,m)

x » Yo = R24 g * (g(xfx*))Q * *) = 9/9lloo s Y )
while, as g > Co_l,
2|v — vy

D,F < ———m(dxy, d
| Dy F(z,v,m)| /1R2d g(x—x*)m( T, AUy

|v — vg]? 1/2 4 1/2 12 12
s (/R2d g(x — Z*)m(dx*’dv*)) ( r2a (T — x*)m(dl‘*,dv*)) < 26 FE (@, v,m).

Throughout the proof (and unless specified otherwise), C' denotes a constant which may vary
from line to line and depends only on T', d, mg and the constant Cy in (35) and (36).
Let us now explain the existence of a minimizer for 7.
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Proof of Lemma 3.1. Let € > 0 and 7. be e—optimal for J) with constraint epfin. = mg. We
define ne P(I') b

/¢ n(dy) = /¢t—>m+tv)m0(d:vdv) Vo e CY(T).

Let mp : R2? — RY defined by ma(z,v) = v. Then mfm"(t) = mefimg for any t € [0,T]
because, for any ¢ € CP(R9),

[ stwmtman.t) = [ otenntan = [ oGt o+ to)moldedo) = [ s(w)mstma(a).

Hence, by e—optimality of 7.,

T
Ta(n) <+ Taln) =+ / / e F (m (1))t

where, for any ¢ > 0, and as mofm(t) = mafimy,

F(m(t)) < Co/ [v—vy [Pm (2, v, )M (T4, Vs, ) < 200/ [o*m™ (z,v,t) = 2Co My, ,,(mo).
R4d R2d

This shows that
._7)\<’I’]5> <e+ 2)\_1CQM2’,U(’ITL0).

As F is nonnegative, this implies that

/ / (O)2dtn.(dy) < Tn(12) < & + 221 CoMa o (mo).

As my has a compact support (say contained in Bg,) and the set

T
{vel, [(+(0),%(0))] < Ro, /0 e M (1)Pdt < C}

is compact in T" for any C, we conclude that the family (7.) is tight. By lower semi-continuity
of Jx we can then conclude that there exists a minimizer 7, of J under the (closed) con-
straint €gfn, = mg. Note for later use that, in view of the above estimates,

/ / (t)[*dtqa(dy) < 227" CoMa (o),
so that, as mg has a compact support,
sup M, (m™(t)) < Cy, (37)
te[0,T]

for some constant C depending on mg, Cy and A.

Next we show equality (33). Let o belong to the support of 7, and set (zg,vg) =
(70(0),%(0)). Fix 71 € H?([0,T],R%) with (71(0),%1(0)) = (z0,v0). For £,6 > 0, let
E.={yel, |v—7lct <¢e}, m. = &(f|E:) and define the Borel measure 7, 5 on I" by

/ S()e.5(dy) = / (1)) + (1 ) / o) ()
r Ee E.

+0 (b(t—vyl(t) +(x —xo —&-t(v—vo)))ma(dx,dv,())

for any ¢ € CP(I). Let 7. (t) be the Borel measure on R?? defined by

o(x,v)re(dx, dv, t) = /R?d (1 () + (z—zo+t(v—19)))Me(dx, dv,0), Vo e C’S(RM).

R2d
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‘We note that
m"d (t) = m™ (t) + 6(me(t) — me(t),  m"(0) = mo. (38)

Hence, testing the optimality of 7, for J\ against 7. s and using the definition of 7, 5, we
obtain after simplification

5 / / () Pdenn () + | " M (1)t

T T
< ( /R e(da, dv, 0))( / e*“%wl(t)\?dt) T /0 e M F (m7= (1)) dt.

0

By definition of F and the fact that k is even, (38) implies that

R2d

T
o/ / ()Pt () < (| | el v, 0)( [ e 5o

+9 k(x — 24,0 — v )m™ (day, dvg, t) (he — M) (dx, dv, t)dt
0 Rid

+ 5/ e_’\t/ k(x — Ty, v — vyg) (Me — Me)(dTy, dvg, t) (e — me)(dx, dv, t)dt.
0 R4d

We divide by § > 0 and let § — 0 to obtain, using the definition of F:

/ / (D dtis(dy) < / e (dz, dv 0))(/:6‘“2&%(75)120175)
* /O /de z, v, m™ (t)) (1. (dz, dv, t) — e (dz, dv,t))dt.

Rearranging, we find by the definition of m. and m.:
/. [ RO + FO 0,40, )t (@) (39)

/ / A 2)\ 1O + F(y(t) + 2 — 20, %1(t) + v — v, m™ (t)))dt m.(dz, dv,0).
R2d
(40)

Fix x > 0 small. By lower-semicontinuity on I' of the functional

- / NP + F (), 40, m™ (),

we have, for any € > 0 small enough, that, for any v € E.,
T 1 )
| e G5 HnOF + Pln(®): 300, m™ 0))de
0

T
< [ G HOR + FO@LA®m @)+

On the other hand, by the regularity of F in (36) and the bound on Ms ,,(m™(t)) in (37),
we have, for |(z,v)| <e and € € (0, 1),

T
/ e ME(yi(t) + & — 20, 31 (t) + v — vo, m™ (t))dt
0

T
< / M (8),An (6), m™ (8))dt + O, Ve
0
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Plugging the inequalities above into (39) gives

T
(B[ e G o) + Ful).do(0).m™ (1) dt + )

< ([ e do.0)( [N GEEOF + PO 510 m™ ()it + Cln.N)e).

As 7\ (Ez) = ([gea Me(dz, dv,0)), we can divide the inequality above by this quantity (which
is positive since 7 is in the support of 7)) and then let ¢ — 0, kK — 0 to obtain

| G o0 + Fou(e) Aol m™ )t
< T*Atl“tQ F(y (), A1 (t), m™ (t)))dt
< [ MG OF  Fon(o). a0 m™ 0))at
which gives (33). u

From now on we fix 77, a minimizer of Jy under the constraint yfifjy = mg and set
ux(z,v,8) = inf /T eI (- : B + F(y(),4(t), m™ (t)))dt.
YEH?,(4(s)3(s)=(2,v) J 5 2X
We now note that this value function is bounded:

Lemma 3.3. We have

T (7n) < 200\~ My, (my), (41)
and, for any 0 < s <t <T,
My, (m™ (1)) = / [v|2m™ (dx, dv, t) < 2(1 + 4CoA " M) My, (m™ (s)) (42)
R2d

and
0 < ur(z,v,5) < OXNTH(L+ |v]? + My, (m™(s))).

Remark 3.2. We use here the fact that we work in a finite horizon problem to obtain the
last inequality from (42): see the end of the proof.

Proof. The key point of the proof consists in refining the estimate (37) obtained in the
proof of Lemma 3.1. For this we need to introduce a few notations. Given s € [0,T), let
Iy = CY([s,T],R%) and, for n e P(Ty),

T
Tns(n / / ts) (t)\zdtn(dfy)+ / e M) F(m(t))dt.

By dynamic programming principle (see Lemma 3.4 below), the restriction 7 s of 7, defined
by

/ B(7) e () 1= / (. 2 )ia(dy) Vo COT,),
Iy N

is a minimizer of n — J s(n) on P(I';) under the constraint ésfn = €,f7x.
Defining n € P(T's) by

/ o()n(dn) = / o(t > 2 + toym™ (e, dv,s) Ve CY(T,),
r. R2d

Tns(Mns) < // F(m"(t))dt,
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where, as in the proof of Lemma 3.1, for any ¢ > s,

F(m"(t)) < Co/ [v — v |*m (2, v, )M (24, Vs, 1) < 2C0 My, (m™ (s)).
R2d

This shows that )
j)\,s(ﬁ)\,s) < 2>\71C0M2,v(m77/\ (3)) (43)

and inequality (41) holds if we choose s = 0.
Next we note that Ms ,(m(¢)) is finite: we have, for fjy—a.e. 7, and any 0 < s <t < T,

() = 3(s)] < (/t eﬂ(T*S)I""%(T)IQdT) i (/t ex(rde) 2

S

so that (by the elementary inequality a? — 2b% < 2|a — b|?),

t
FOP < 25)2 + 2710 ([F N5 Par).

S

Integrating with respect to 7y s gives, using (43) in the last inequality,
[ ol odv,t) = [ FOPm@n = [ F0Pma()
R2d T s
. T .
<2 [ o) Pma(an) + 221N [ [T A o)y ()
Iy I'sJs

< 2/ [v]2m™ (dz, dv, 5) + 49 Ty ((7ir.s)
R2d

<2(1+ 4C’0)\_16A(t_5))M2 o(m™ (5)).

)

This proves (42). Finally, using (t) =  + (t — s)v as a test function for uy(z, v, s), we have:

T
ur(z,v,8) < / e M E (2 + (¢ — s)v, v, m™ (t))dt

S

T
< / e M=) Co(1 4 (o] + Mo (m™ (£)))dt,

which gives the result thanks to (42). Note that if we were working with an infinite horizon
problem, the right-hand side of the inequality above could be unbounded. |

Lemma 3.4. Under the notation of the proof of Lemma 3.3 and for any s € [0,T), 7z, is
a minimizer of 1 — Jx.s(n) under the constraint ésfn = ésfna.

Proof. Let us set, for m € P(R??) and s € [0,7),
Va(m, s) = nf{Tx <(n), n € P(L's), &fin = m}.

We claim that

Mma0) = ot e[ @R + R ))dr e V()0

neP(T),Eotin=mo

[ e g bPI ) + Fo @) + (s, (4

which proves the lemma. The proof of (44) is a straightforward application of the usual
techniques of dynamic programming, the only point being to be able to concatenate at time
s two measures 71 € P(I") and 1y € P(T) such that m := ésfin; = ésfne. For this, let us
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denote by v1 A 72 (for 71 € T and v € T's such that (v1(s),%1(s)) = (12(s),%2(s))) the map

in I" such that 0 0. 4]
~f m@) ifte]0,s],
N ATt = { wa(t) iftel[s,T)

In order to define the concatenation 1 A 12, we disintegrate 7, (respectively 7y) with respect
to the measure m. We have

m@) = [ m(@mide.dn)  (resp.m(an) = |

02,20 (dy)m(dz, dv)),
R2d

where for m—a.e. (z,v) and for (91 4.4 + 72,2,0)—a.e. 7y, one has (y(s),¥(s)) = (x,v). We
then define n; A 3 € P(T) by

Lot ami@) = [ [ ot nrehm ol deimide.ds) Vo CYT).
By construction we have m™""2(t) = m™(t) if t € [0, s], m™ "2 (t) = m"2(t) if t € [s,T] and
4 1
[ e 3@ A m@) + Fm 2 (m))dr
0 r
" 1.
= [ e siimPadn) + Fomm ())r
0 r
T 1
we [Fe (| e () + Fn (7))
The rest of the proof of (44) follows then the usual arguments of dynamic programming. W

As uy is the value function of an optimal control problem with smooth (in space) co-
efficients, it is locally Lipschitz continuous. We now evaluate its derivative with respect to
v:

Lemma 3.5. For any e > 0, A > 32¢2, we have
|Dyun(z,v,8)| < Cl(/\_l/Qu}\/Q(x,v,s) + euy(z,v,8)) for a.e. (z,v,s) e R?? x [0,T — €],
where Cp = Cy + 1.

Proof. Let € > 0, (z,v,s) be a point of differentiability of wy with s € [0,T — ¢]. Let
2% : [0,400) — R be defined by 2°(t) = t — % + g on [0,¢] and 2°(t) = 0 on [e, +0).
Then 25(0) = 25(¢) = 2°() = 0, 25(0) = 1 and 2° € H%([0, +0)). Therefore, if 4 is optimal
for uy(x,v,s), we have, for any h € R? and using ¢t — 7(t) + 25(t — s)h as a competitor in
va(x,v + h,s):

ux(z,v + h, s)
< / e—W—S)(%ﬁ(t) + 35(t — )R + F(3(t) + 25(t — 8)h, 3(t) + 2°(t — s)h, m™ (t)))dt
o)+ [ I (T50- (- 9h) + 5l ) PIAP

+/0 (DoF - (25(t — 8)R) + DoF - (£°(t — s)h))dT)dt

where for simplicity we have omitted the argument (F(¢) + 72°(¢t — s)h,¥(t) + T72°(t —
s)h,m"™(t))) after D, F and D,F. Dividing by |h| and letting h — 0 shows that

s+e _ _ 1 .. . )
Duus(ecvs) < [ NI (SRO (- 9]+ D] 15— 5)| + [D,F| 25(t = 5)])
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where, from now on, F', D, F and D, F have for argument (5(t),75(t), m"(t)). Recalling (36)
and the expression of z° we get

s+e

s+e
IDyus(z, v, 5)] < A~ / A9 (1) Par) Y / A=) |52 (¢ ) 2dp) /2

s+e s+e
+ Coe / e M= Fat + O / e M= L2y
2 161 — e\ "
< ()\) <€2§> uim(x,v, s) + Coeuy(z,v,8) + Co)\_l/Qui/Q(x,v, s).
So, if A > 3272, we obtain
|Dyun(z,v,8)| < (Co + 1))\*1/21&/2(‘%,1)7 s) + Coeur(z,v, s).
|

Lemma 3.6. For any e > 0, A > 32e72, (z,v) € R%? and 5 optimal for ux(z,v,0), we have,
for any t € [0,T — €],

()] < 200 (N2 (3(0),3(8), 1) + 2haa (3(0),5(8),1) )
where Cy is the constant in Lemma 3.5.

Remark 3.3. In fact we expect that () = —AD,ux(5(t),¥(t),t) for any t € (0,7, which
would imply the lemma (without the “2” in the right-hand side) thanks to Lemma 3.5. This
equality is known to hold in several frameworks [3, 11], but we are not aware of a reference
for our precise setting. The estimate in Lemma 3.6, much simpler to prove, suffices however
for our purpose.

Proof. As % is a minimizer of a calculus of variation problem with smooth coefficients and
with quadratic growth, it is known that 7 satisfies the Euler-Lagrange equation

A ez d
E()\ e () = dt(

Therefore 7 is actually of class H* and, in particular, C3.
Fix h > 0 small and let v, (s) = 4(¢) + (s — t)¥(t). By dynamic programming principle
and the optimality of 4 we have:

ux(3(£),¥(t), 1)

t+h
= /t e‘“s‘”(%ﬁ(sw+F(ﬁ(s>ﬁ(s>7m“(s)))d8+e‘*”u (3(t + h),3(t + h),t + h)

e N Dy F (A (1), (), m™ (¢))) — e Do F(a (1), A (1), m™ (1)).

< /tt+h e ATV E(y(s), A(s), m™ (s)))ds + e Muy(y(t + h),5(t + h),t + h). (45)

Note that, by C? regularity of 7, |7(t + h) — v(t + h)| < C,h? (where, here and below, C.,
depends here on v and on \). So, as uy is locally Lipschitz continuous and (¢ + h) = ¥(t),
we get

ux(y(t + h), 4t + h), t + h) —ur(3(t + h),
< ur(y(t +h),y(t),t + h) —ux(3(t +

Still by C® regularity of 4 we also have |5(t + h) — ”y(t
D,uy of Lemma 3.5 yields (setting (z,v) = (5(t),¥(t)))
(&

UA(’Yh(t+h)7;Yh<t+h)vt+ )*U)\ (t ) _(t+h)7t+h)
< Cy (AU (2, 0,8) + cun (@, v,8))[5(E) |h + Cy b2

At +h),t+h)
h),3(t + h),t + h) + C,h*.
) —7(t)h] < Cyh?. Now the bound on
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Plugging this inequality into (45) gives, after dividing by h and letting h — 07,

%I%@IQ + F(3(),3(t), m™ (8)) < F(y(t),¥(t), m™(¢))
+ C A2 (0, 1) + eun (@, 0, 1) [5(0)].

Recalling that (y(t),%(t)) = ((t),5(t)) gives the result. u

In order to state the next Lemma, let us denote by 7 . the restriction of 7 to [0,T —¢]:
more precisely 7y . = 7. where 7. : C*([0,T],R?) — C([0,T — €], R?) is the canonical
restriction.

Lemma 3.7. There exists ¢g > 0 and a constant C > 0 such that, for any e € (0,e0], any
A= (32672)v1 and any t € [0, T — €], the support of m™(t) is contained in Bc and

¥ = (o, 7—ep < C for 7y — a.e. 7.
In particular, (7x.c) is tight and the family (m™ (t)) is relatively compact in C°([0, T], P2 (R2%)).

Proof. We have, by Lemmata 3.3 and 3.6, for any £ > 0 and A > 32¢72, and for 7y —a.e. v
and a.e. t€[0,T —¢],

F(6)] < 201 A2y (3(8), 7(1), 1) + Aeua(3(t), 5(1), 1)
< C(L+ [F(1)] + My (m™ () + Ce(1+ [FE) + Ma,(m™ (£))). (46)
For t € [0,T — ¢), let us set
Ry (t) = inf{r > 0, Spt(m™(t)) c R% x B,},

(with the convention R (t) = +o0 if there is no 7 > 0 such that Spt(m™ (t)) € R¢ x B,). As

a preliminary step, we first show that R is finite on a maximal time interval [0, 7)), with

T\ > 0, with either 7\ = T'—¢ or lim, - R\ (t) = +o0. For the proof of this fact, A > 3272
A

is fixed and all constants depend on A unless specified otherwise. By (42) and (46), we have,
for 0 <s<t<7T—¢andfr—ae. 7,

()] < C(L+ [3()] + A~YV2AED2 02 (™ (s))))
+ Ce(1+ |5(1))? + A1) My, (m™ (5))).

Then, as My ,(m™ (s)) < CR2(s) for some constant C' depending on dimension only,
: A

A < CA+ [3(8)] + A 2eX =92 Ry (s)))
+ Ce(1+ [F())? + AL R2 (5)). (47)

So, if Ry(s) is finite for some s and A = 1, £ < 1, one can find K depending only on Ry(s)
and the constant C in (47) such that

t
FOL< F) + K [ 1+ B+ eliPar,
0
Then we can compare |¥(t)| with the solution of the ODE

p=K(1+¢+ed%),  o(s) =7s)l,

which is given by



where

" 1
P = —dr.
(7) /0 1+7+er? g

So one can find g, 0 > 0 depending only on K such that, for all € € (0, g¢],
Y1) < 6(t) < Ra(s) +1, Vte[s,s+oa],

for any 4 € H? satisfying (47) and |Y(s)| < Rx(s). As, by definition of Ry, m"(s) has
a support contained in R? x Br, (s), this shows that m™ (t) has a support contained in
R? x Bp,(s)+1 for any t € [t,t + o]. In particular, as mg has a compact support, Rx(0)
is finite and thus Ry(t) is finite at least on a small time interval [0, 0] for some o > 0.
We denote by [0, 7)) the maximal time interval on which R) is finite. Let us assume that
™ < T —e. Lett, — 7, . If (Rx(ty)) remains bounded by a constant M, then by the
above argument Ry is bounded by M + 1 on [7x,7» + o] for some ¢ > 0 (depending on
M), which contradicts the definition of 7. Hence limt_w; R (t) = +0. So we have proved
that R) is finite on a maximal time interval [0, 7)), with 7, > 0, with either 7\ = T — ¢ or
lithTA— R(t) = +o0.

We now prove the bound on 4. By definition of m"(t), for any § > 0 and t € [0,7))
there exists 4 € I in the support of 7 such that |5(¢)| > Ry(t) — 6. Thus

Ry(t) — 6 < [5(0)] < [5(0)] + / 5(s)ds.

As (3(t),7(t)) belongs to the support of m"(t) for any ¢, we get by (46) and the definition
of RA:

Ry(t) — 6 < [3(0)] + C / (1+ ()] + M (m™ (5)))ds
L Oe / (14 [5(5)[2 + Moo (m™ (s)))ds
0

< Ro+ C/Ot(l + Ry(s) + eR3(s))ds.
As ¢ is arbitrary, this proves that
Ry\(t) < Ry + C/Ot(l + Ry(s) + eR3(s))ds Vi € [0, 7).
Arguing as above we get
R(t) < &7 ((I’E(Ro) + Ct).

For all € > 0 small enough (but independent of \) and A > (32¢72) v 1, we have therefore
that Ry is bounded by a constant C' independent of A on [0, 7). Thus 7\ =T — ¢ and R)
is bounded by C on [0,T — ¢].

This estimate gives immediately the bound on |§| and therefore, by (46), the bound on
|¥| for fjx—a.e. 4. As mg has a compact support, this also implies that the my(t) have a
support contained in a ball B¢, where C' is independent of A and t. In addition the sequence
M, is tight.

Finally, we have, for any 0 < s <t < T — ¢,
(170 = 3($)P + 173(8) = A(s)*) 7 (d7)

dy (m™ (s),m™ (1)) =

—

<ot [ ([ Bear) e < o -,

As the (m™ (¢)) have a support which is uniformly bounded, this shows that it is a relatively
compact sequence in C([0, T — ¢], P2(R%)). |
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We are now ready to prove the main result:

Proof of Theorem 3.2. In view of Lemma 3.7, the family (m™) is relatively compact in
CP ([0,T), Pa(RY)): let m be any limit, up to a subsequence, of (m™). We have to prove
that m is a measure valued solution to the kinetic equation (30). For this, still by Lemma
3.7 and a diagonal argument, we can find a subsequence \,, — 400 such that, for any € > 0,
(71r,, <) converges weakly to the restriction to [0, — €] of some 7 in P(C1([0,T),R?)) with
m(t) = éfn for any t € [0,T).
We now identify the lim sup(Spt (7, )). Let us recall that, by Lemma 3.1, for 7y —a.e. 7y,

4 minimizes problem (33). Hence by the Euler equation we have that 7, is of class H* and
for a.e. t€[0,T],

d® 1z d - = x —At - K a

E()‘ € 'YA(tD = a (e DUF(V)\(t)”y)\(t%m (t>)) —e€ DwF(’Y/\(t)fy/\(t)’m (t))
We rewrite this equality as

Ga(0) + DuF(a(8), 300, m™ (1)) = X~ (-A737(0) + 250 (1) + 5 DuF (3 (0) a6 m™ (1)

— D F(A(E), A (8), m™ (1))

We integrate this equation by parts against a test function z € C*((0,7),R?) to get
T
| (550200 + DuFGA®. 30 m™ (1) - 20 e
0

T
- )\—1/0 (A—lﬁx(t) CE(E) 4 29A(8) - 5(t) — Dy F(Fa(t), Aa(t), m™ (£)) - 2(t)
— D F(FA 1), 35 (t), m™ () - z(t))dt.

By Lemma 3.7 (%) is relatively compact in CL _([0,T),R?), and for any sequence \,, — 400
we can extract a subsequence such that 3y, — v € CL _([0,T),R%). As m™n — m €
CP ([0,T), Pa(R%)), we have therefore

loc

T
| (536020 + D.PGO, 30 m@) - 2(0)de =0, vz e CE(O.1),RY,
0
which means that it is a solution to

5(t) = =Dy F(y(t),%(t), m(t)).

In other words, (y(t),¥(t)) = P*"(t), where P is defined by (34) and (z,v) = (7(0),%(0)).
So we have proved that the support of 7 consists of solutions to (34). As éyfin = mg, we have

n= dpawmg(dz, dv),
R2d
so that
m(t) = éfn = PY(t)imo.
Hence m is the measure-valued solution to (30). Following [10] this solution is unique. We
have proved therefore that any converging subsequence of the relatively compact familiy
(m™™) has for limit the unique solution m to (30): the entire sequence converges. |

Remark 3.4. The Cucker-Smale model is usually associated to the collective animal be-
haviour, such as flocking of birds or swarming of insects, see [23, 25, 19]. More recent models
of consensus are reviewed in [18] and we believe that some of them can be treated by our
methods. Similar models where the acceleration of the agents is prescribed have been pro-
posed for describing the dynamics of crowds of pedestrians, and some of them fit in our
results. We refer to the book [22], in particular the section on mesoscopic or kinetic models,
and to the recent survey paper [32], where they are called social forces models.
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