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Abstract

We formulate an Hamilton—Jacobi partial differential equation
H(z,Du(z)) =0

on an dimensional manifoldV/, with assumptions of convexity of the sdfs :
H(z,p) <0} C T, M, forall z.

In this paper we reduce the above problem to a simpler problem: this shows that
u may be built using an asymmetric distance (this is a generalization of the “dis-
tance function” in Finsler Geometry): this brings forth a 'completeness’ condition,
and a Hopf-Rinow theorem adapted to Hamilton—Jacobi problems. The 'com-
pleteness’ condition implies that is the unique viscosity solution to the above
problem.

When H is moreover of clas§'’>!, we show how the completeness condition
is equivalent to a condition expressed using the characteristics equations.

7 Introduction

In this article * we will study the Dirichlet Hamilton—Jacobi PDE

(7.1)

{H(m,Du(m))—O in M\ K
u(x) = uo(z) whenz € K.

where M is a borderless smooth manifold C M is a closed subsety is a
continuous real function o', H is a continuous real function dfii* M such that

Zy={peT; M| H(z,p) <0}

is convex for allz € M.

In the first part [26] we studied the regularity properties of a generalized solution
The main aim of this second part is to prove results on the existence and uniqueness of
the solutionu.

*Scuola Normale Superiore Piazza dei Cavalieri 7, 56126 Pisa, Italy. This work was partially done while
visiting LIDS in MIT, supported by an Intel grant.
1This is a longer version of the paper, with all detailed proofs and more remarks and examples.
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7.1 Problem environment

We have stated the problem (7.1) in a quite general environment: Hamilton—Jacobi
equations commonly havR™ (with the usual norn - |) as the ambient spadd. We
simbolically represent this common setting as

(R",[-]), H, K, uo) (7.2)

It may be interesting to generalize the problem setting: for example, we may as-
sume that the Euclidean spa@®”,| - |) is substituted by a Riemannian manifold
(M, g); we may then reasonably think that the class of problems

((M,9), H, K, u) (7.3)

share all the properties and results of the common problems (7.2).

If we wish to further generalize the problem (7.3), we are faced by an obstacle:
most results that are found in common literature regarding the problem (7.1) are stated
using the distance and the distance—related propertiéd;ofhat is, they use some
geometrical structure of the manifold .

This comment is reversable: isn't it possible that most results are strongly influ-
enced by the geometrical structure lying under them? thattiat can be said of the
problem (7.1), “as is"?

Se we decided to look for general hypotheses on problem (7.1), to provide existence
and unigueness of viscosity solution. In the course of our study, while we where search-
ing these hypotheses, we have found that the problem (7.1) itself imptgesraetric
structure” on the manifold): 2 this structure takes the form of a Finsler asymmetric
distanceb; moreover whentH € O, the distance is the generated by the metric
of a Finsler GeometryM, L) 2 where L is Legendre—Fenchel dual (see (12.25)) to
H : T*M — IR; whereasH is easily derived from the HamiltoniaH (see (12.3)).

The studied problem takes then the form

((M7b>7 H»Kauo) (7.4)

The (asymmetric) metric structuf@/, b) is powerful enough to express hypotheses
for uniqueness of viscosity solutions to (7.1). For example we will present in theorem
9.5 a result on uniqueness of viscosity solutidghgo problem (7.1), which basically
states thakgiven a strict subsolution, there exists an unique viscosity solution in the
class of all continuous functions bigger thas. We will then show in examples in
§10 that we need a “completeness hypotheses” on the metric §pAde to state the
above result.

7.2 Equivalent problems

We further discuss on the quality of hypotheses that are usally asked when studying
problem (7.1).

In the equation (7.1) we may perform independent and dependent change of vari-
ables, as shown i§2 in [21], and in 12.3 in this paper. As an example of change of
independent variable, we state this simple proposition

2and this is mainly due to the fact that we will assume fhat H (z, p) < 0} is convex

3See 13.1 for a definition; but we anticipate that this Finsler geondetrf’ M — IR is C and strictly
convex in the second variable: this hypotheses are weaker than what is commonly found in books on Finsler
geometry, so we provide in appendix 13 the needed results.

4 viscosity solutions are properly defined in 8.4
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Proposition 7.5 Consider the two problems (7.1) and

{ H(zx, Du(x)) = in M\ K (75%)

() = uo(x) whenz € K.

signH (z, p) = signH (z,p) Va,p e T*M

then the definition of viscosity solution immmediatly implies that (7.1) and{have
the same viscosity solutions

This fact is trivially proved; at the same time, it is not widely exploited in the
literature (with some exceptions; to cite some examples, [24], [5], [18]).

For example, consider a Riemannian manifbfd the eikonal equatior?

{ ldu(z)]2—1=0 onM\K (76)
u=20 onK

has the same viscosity solutions of the problem

{(|du(x)|41)30 onM\K o {zldum_gzo onM\ K
u=0 on K ' u=0 onkK

For this reason, in sec.12.1 we will reduce the problem (7.1) to a canonical problem.

Actually, we may generalize the definition of viscosity solution and simply require
thatu be aviscosity solution by inclusiofsee 8.34) of

{(x,du(a:)) €eZ forre M\ K
u=20 onK

where
Z={(z,p) | H(z,p) <0} CT*M

This does not, though, provide a more general setting than (7.1). (See also 8.35).

Given the above behavior, we will seek results on the problem (7.1) that use hy-
potheses that are robust w.r.t a change to an equivalent problem; thvigiscan be
said of the problem (7.1), “up to equivalences”?

Remark 7.7 Intuitively, the remark 7.5 should hold also for solutions defined using the
method of characteristics (such asn solution, that was introduced in the first part);
but the situation is slightly more complicated; indeed, if for example

H(z,p) = H(z,p)*

then the problem (7.5) is degenerateH (z, p) = 0 = H H = 0 so that the
characteristics (9.9) are constant init is impossible to use them to define a solution.

For this reason we will introduce a conditighind) : see equation (9.12), lemma
12.10 and 12.11.

Sfor a more detailed description, see [21], 0§Bv in [26]
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Remark 7.8 The reader will also notice that there is no hypothesis, in this paper, about
the behaviour ofd (z, p) for genericalz, p 8. The theorems in this paper dependin
only through the se¥, and the regularity off in a neighbourhood of the zero set

{H = 0}={(z,p) | H(z,p) =0}
and indeed we remarked above that the fact thdie a viscosity solution to (7.1)
depends only on the sign &f and not onH.
We may go as far as saying that, whenever we focus on the Hamilton-Jacobi prob-
lem (7.1)! thenit is not a natural approach to the problerto ask any hypothesis about
H outside a neigbourhood ¢fHf = 0}.

8 Prelims

We now properly define all notations and objects. We then reintroduce briefly some
concepts from the first part [26] and from [23]. And we proceed to integrate this whole
in a study of solutions to the Hamilton-Jacobi equation (7.1).

8.1 Notation
We fix some notations.

e M will be a connected boundaryless differentiable manifold of afa¥sand of
dimensionn;

e K will be a closed subset aff
e H will be a real function defined on the cotangent buritité/;

e andug will be a continuous real function defined &n

We will use the notation - v to mean that a covecter € 7> M is applied to a
vectorv € T,, M.

If f: M — Ris aregular function, we will writelf (z) or D f () for its differen-
tial in the pointz; if g : R x M — R is a regular functiong = g(¢, ), we will write
g for % (and notg’, which will be a different function).

We conclude the introduction with a remark on definitions

Definition 8.1 Let f : O — IR whereQ) C IR" is convex. We define that

1. “ f is strongly convex"whenf € C? and the HessiamD?f(z) = g%(x) is
positive definité Vz; whereas

2. “ f is strictly convex"when
fOz+ (1 =Ay) <Af(z)+ (1= A)f(y)
forall z,y € 2,0 < A < 1

We must warn the reader that some authors use different definitions (and call the first
definition “strictly convex”)?

Slike, superlinearity op — H (z,p), see condition (57) in chapter 2 in [19]; or condition 3.2 in [31] (see
(11.1x) here)

“and not on a variational problem like (1.12) or (1.13) of which (7.1) is the dual problem; or on a class of
problems such as (9.18)

8thatis,(a - D? f(x)a) > Oforalla € R™, o # 0

9This unfortunately happens also in some papers referenced from this paper.
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8.2 Asymmetric metric spaces
We recall some concepts from [23].

Definition 8.2 Let M be a generic set.
b: M x M — R" is anasymmetric distané&if b satisfies

e b>0andb(z,y) =0iff x =y
o b(z,y) <b(z,z) +b(z,y) Vr,y,z € M.
We call the pair( M, b) an asymmetric metric space
We agree that defines a topology on M, generated by the symmetric distance
d(z,y)=b(z,y) V by, x) (8.3)
This is the topology that we will always associate i, b).
We define that
Definition 8.4 A sequencéz,,) C M is called “forward Cauchyif
Ve >0, IN € Nsuchthatvn,m, m >n > N, b(z,,xm) <e (8.4%)

We say tha{ M, b) is “forward completéif any forward Cauchysequencez,,)
converges to a point. 11

The above definitions agree with those used in Finsler Geometry (as defined in ch. VI
in [3]).

Remark 8.5 For anyforwarddefinition above there is a correspondibgckwarddef-
inition, obtained by using theonjugate distanckdefined by

b(l‘, y) = b(y> .’17)

We induce frond the lengthen® y of a continuous curve : [, B] — M, by using
the total variation

len® y= Sl%pz b(y(ti-1),7(t:)) (8.6)
i=1
where the sup is carried out over all finite subsBts= {¢q,--- ,t,} of [«, ] and
lo < - <ty
We defineb¥
b(z,y) = inflen” 5 (8.7)

where the inf is taken in the class of all Lipschitz curgesonnectinge to y. If the inf
is a minimum, the curve providing the minimum is callegedesic

If the spacg M, b) is Lipschitz-arcwise connected, then it is easily proved that
is an asymmetric distance.

We say that the (asymmetric) metric sp&dé, b) is a path-metric spacé b = b9.
(Note that this property depends on the faif, b): if we chooseN C M and define the space
(N, bjn) by restrictingb to N x N, then we can only say th#b?),y < (bjx)?; but it may
happen that)/, b) is path-metric whilgV, b)) is not, or viceversa.)

10y is also known as guasi metric the differences between these two theories are in the choice of the
topology and of the definition of “Cauchy sequences” and “completeness”, as is explained §&.s&n.
[23].

Uidem estx,, — x according to the topology: cf. 2.3 and§2.v.1 in [23] on the notion of convergence
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8.2.1 Tilting the distance

The realm of asymmetric distances admits a nice operation which is not allowed when
dealing with symmetric metrics. Létbe an asymmetric distance @, and lety :
M — IR be a function; we define that

b(x,y) = bz, y) — »(z) + 9(y) (8.8)

is atilted versionof b by means ofp. 5
It is readily seen thal satisfies the triangular inequality; if moreovér:, y) > 0
(with equality only forz = y), thenb is an asymmetric distance; we have then proved

Proposition 8.9 Suppose is strictly-1-Lipschitz with respect tg that is,
b(x,y) > ¢o(x) —(y) Vx,y, with equality only forr = y (8.9.%)

then y

bz, y)=b(x,y) — () + ¢(y)
is an asymmetric distance.

Note that by (8.9) follows that
d(z,y) > |e(z) — ¢(y)|, with equality only forz = y (8.10)

that is,¢o must be strictly-1-Lipschitz w.r.t. td : theny must be continuous.
The tilting relation is invertibled is atilted versionof b by means of-¢: theny
must be strictly-1-Lipschitz w.r.t. to

d(z,y)=b(x,y) V by, z) (8.11)

as well!?

The tilting relation is also transitive: ifis atilted versionof b by means of, andb
is atilted versionof b by means ofz, thenb is atilted versionof b by means of5 + ¢.

As aforementioned, thtlting operationis not useful in the realm of symmetric
distances: if botth andb are symmetric distances, thenmust be constant, that is,
b = b. Itis instead possible to tilt a symmetric distance to obtain an asymmetric
distance: for example, if derives from a Riemannian geometry, then its tilkedould

be aRanders metrid®
Tilted metrics are equivalent in many respects

Theorem 8.12 Letb andb as in proposition above: then
e the topologies generated kyandd (cf. (8.3) and (8.11)) are the same.

e Suppose thatM,b) is forward locally compact. Then the forward topology
generated by is finer than the forward topology generatediby

e leté:[0,1] — M: then
len® ¢ = len” € — (£(0)) + (£(1))

As a consequencé, and b share the same minimal geodesics; &dd, b) is
path—metric iff( M, b) is path—-metric.

12Note that there is no easy algebraic relation relatirzgndd

13Randers metrics are a particular case of a Finsler metrics: they have the A¢iw) =

a; j(T)vivd + B;(z)v? wherea is a Riemannian metric and is a 1-form; se€1.3C in [3]; if 8 is
exact then the distance correspondingdté a tilted version of the Riemannian distance inducedby
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Proof. o If d(z,y) < rthen

d(z, y)=b(z, y)Vb(y, x) = (b(x,y)—p(x)+oy))V (b(y, ) —p(y)+¢(x)) < 2r
by (8.10): so
B(a,r)={y | d(z.y) <r} C B(z,2r)={y | d(z,y) < 2r}
e Letd > 0 be small so thaD={y | b(x,y) < J} is compact. By lemma 2.16

in [23], there exists a continuous monotonically (weakly) increasing function
w: Rt — RT, withw(0) = 0, such that

Ve,y € D, bz,y) <w(b(y,x))

(w is called amodulus of symmetrizatipn
Then choose anfy < ¢ < ¢6: if b(z,y) < e

b(z,y) = b(z,y) — p(z) + p(y) <

(by (8.9%))
<b(z,y) +b(y,z) <e+w(e)

SO
Bt (z,6)={y | b(z,y) < e} C BY(x,e +w(e)={y | b(z,y) < e +w(e)}

e by directly substituting (8.8) in (8.6)

But tilted metrics are not equivalent w.r.t. completeness

Example 8.13 ConsiderM = R andb(z,y) = |« — y|: then(M, b) is complete. Let

L f—2?/(1+2) forz>0
@(x)_{o forz <0
¢ satisfies (8.9) since—1 < ¢’ < 0. Defineb as before: (M, b) is not forward
complete since the sequenge = n is forward Cauchy.

(The example 10.2 shows the same phenomenon.)
So we understand that the classgaathat preserve completeness is smaller than the
class allowed by (8.9).

Definition 8.14 (limit at infinity) Given af : M — IR, we defin&

liminf f(x)= sup inf f(x)

T—00 cccM ygC
This is equivalent to using Alexandroff compactification to add the psintio M.
We agree that, whenevédl is compact, thediminf, .., f(z) = oco. We remark
that liminf,_ ., f(x) = oo if and only if there exists a sequence of compact sets
K,, such thatM = (J,, K,, and for any sequencgr,), with z,, ¢ K, we have
lim,, f(z,) = c

Miminf,— oo f() is called “the liminf forz exiting all compact sets”.
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We can then for example prove that
Proposition 8.15 Suppose thap satisfies (8.%), and moreover
Vv, liyrgiorgf b(z,y) + p(y) = oo
or equivalently
Iz, liyrriggf b(x,y) + ¢(y) = 0
There follows

lim inf b(z, y) = oo
Y—00

this is equivalent to asking that any forward disc
D*(z,r)={y [ b(z.y) <7}
is compact, which in turn implies thai/, E) is forward complete.

This proposition is generalized in 8.31. The proof is easy, it follows from the triangular
inequality and the definition of the topology.

8.3 Finsler Metric

We would like to derive an asymmetric distaricom the problem (7.1). To this end
we define
Z={(z,p) € T*M | H(z,p) <0} (8.16)

We then define, for any € M, thefiguratrix setZ, by slicing Z along the fibers
of T*M:

Z,=ZNTM = {peT:M|(x,p) € Z} = {pe T:M| H(z,p) <0} (8.17)

Z, can be seen as a set-valued map-» Z, from M to the fibers ofl™* M (see the
discussion irgA.ii).

We will then actually induce an asymmetric metficfrom Z,,, and a distancé
from F.

8.3.1 Finsler Metric from Z

We always assume that is closed (then any slic&, is closed). As done in other
papers (e.g. [5]), we define tisticewise support function

o:TM — [—00, ]
to be the support function of the sgt:
o(x,v)=sup {p~v |pe Zm} (8.18)

Lemma 8.19 Let A = Z and letA, be the sll:ing ofd.
Suppose thatl, is non-empty and,, = A, for all . Theno is the support of4,,,
namely

o(z,v) =sup{p-v|pe€ A} (8.19%)

ando is lower—semi—continuous.
Suppose moreover that, is convex and compact for all: theno is continuous
and locally bounded.



8.3 Finsler Metric 9

Proof. SinceZ, = A, then (8.1%) holds.

We use the definition of Kuratowski convergence, and the results, exposited in ap-
pendix A. By A.13 we know that — A, is l.s.c.: then by A.15 and (8.19, o is
l.s.c.

If moreover everyZ,, is convex and compact, then, by A.12— Z, is u.s.c.; since
liminf,_z Z, D liminf,_.z A, D Az # () then by A.16 we know that is u.s.c. and
locally bounded. 0

We (almost always) assume in this paper that
Hypothesis 8.20 (Ju) ) There exists a smooth functiaron M such that
du(z) € Ay Vx5 (8.20.%)
or equivalently (see though 8.35)
H(z,du(z)) <0

This u is called astrict subsolutiort® of problem (7.1). A discussion of this condition
is in section 9.5.1.

Given a choice of a strict subsolutiafywe define then
F:TM — [0,00]
so thatF'(«, -) is the support function of the s&t, corrected bylu(x),

F(z,v) = o(z,v)—v-du(z) = (8.21)
= sup{p-v|(p+du(r)) € Z,} (8.22)

By the definition it is clear that” > 0, and F(z,v) = 0 iff v = 0: indeed, we know
thatdu(z) € Z, (and soZ, # 0).

We summarize all the above in a set of hypothesegon

Hypotheses 8.23Suppos€ is closed. Letd = Z and letA, be the slicing ofA: we
suppose that, for alt, Z, is nonempty, convex and compact and= A,.

and in a theorem:

Theorem 8.24 Assume 8.23. Choose a strict subsolutipand define”. ThenF is a
Finsler metri¢ satisfying

o FF>0,andF(z,v) =0iff v =0,
e Fis continuous and locally bounded.

Note that the thesis above implies the hypotheses 3.2 in [23] (and then it implies all
results there).

We conclude this section with two remarks on the condifign= A,:

L5note that we do need to speak of “strict subsolution in the viscosity sense”, since such a solution may be
mollified, as shown in Lemma 6.3 in [12]
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Example 8.25Let M = IR and

g2 {[11] if2 <0
-1+ Y2 14+ 1) ifx>0

ThenZ is closed, and any slicg, is convex and compact, batis not locally bounded
and continuous.

Remark 8.26 The conditionZ, = A, implies thatZ = 7.
In general, A, C Z, andA, C Z,. If A, # () and Z,. is convex® for all z, the conditions

are equivalent.

Proof. Being Z, convex, if (ii) thenZ, = Zy = Ay, SO (i) holds.

Suppose (ii) is false, there ispac Zu\p ¢ Az, (thatis(z,p) ¢ Z); this means that there
exists a sequende., p.) ¢ Z converging ta(z, p). We work in local coordinates, identifying
T, M to R*, k = dim M. SinceZ,,, is convex, there are closed semispaagscontaining
Z,, but notp,; up to a subsequenca,, converges to a semispaae We know by A.13 that
x — A, isl.s.c. in the Kuratowski sense, so thi C liminf A,,,: thenA, C «; at the same
timep & &, butp € Z, sothere is g € Z, such thaly ¢ o > A,, and this contradicts with (i).

We know that

(02)s = (Z\ A)a = Zz \ As

so (ii) implies (iii); viceversa if (iii) then
Zyo = (Zo) U Zy = (02)0 U Zy = (Zo \ Ax) U Z

since the union is disjoint, this implies (ii). O

8.3.2 Finsler distance fromZ

We define theengthlen” ~ of a locally Lipschitz curve : [0,1] — M as

1
lenty = [ F(6(5),€(s)) ds (8.27)
0
As in §2.ix in [23], we then define the asymmetric distance
b(z,y) = len” v (8.28)

where the infimum is computed in the class of all locally Lipschitgth given extrema
£(0) = z,6(1) = y.

Under the hypotheses 8.23 abotés an asymmetric distance. Further properties
are listed in the proposition below.

b is itself also called d@insler metrig!’ and is naturally associated to Hamilton-
Jacobi equations; see [31] and references therein.

We recall 3.6 and 3.7 from [23]:

16if we drop the assumption thaf, be convex, then it is easy to find examples where (i) holds but (ii)
does not, and so on
"whereas in this paper we usually prefer to dalithe metric” andb “the distance”
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Proposition 8.29 Assume 8.23. Assumef eq.(8.20x) exists. Defing” andb.

1. The topology- induced by (cf. (8.3)) coincides with the topology of the mani-
fold M

2. (M, b) is path-metric, that ish = b9
3. for any Lipschitzy, len” ~ coincides with théen® » defined in (8.6).

4. For anyx € M there exists a neighbourhodd where,Yy € U, there exists a
geodesicy connectinge to y with

F(£(s),€(s)) =1 Vs. (8.29.%)

Remark 8.30 We define (as in [12] and many other papers)

S(z,y) = in /0 o (£(5), £(s))ds (8.30.%)

where the infimum is computed in the class of all locally Lipschitith given extrema
£(0) = z,£(1) = y. This quantityS(z,y) does not depend om, but it may fail to be
positive (and hence to be an asymmetric distance).

By (8.21),(8.27),(8.28),(8.30.and direct calculation

S(z,y) = b(z,y) + u(z) — u(y)

that is,b is obtained fromS by a tilting operation.

This means that the family of all possible asymmetric metrics that we may associate
to (7.1) using strict subsolutions, are equivalent up to tilting.

Moreover (by reasoning as in 8.12) we see that there is Lipschitz curve that provides
the minimun®S(x, y) in (8.30x), if and only if there is a geodesic {4, b) connecting
z toy.

We can then state this version of tHepf-Rinowtheorem that is adapted to Hamilton-
Jacobi problems

Theorem 8.31 (Hopf-Rinow for Hamilton-Jacobi) Assume all hypotheses 8.236n
Choose a strict subsolutiom (as in eq.(8.20:)), and defineF" and b with it, as above.
Then the conditions 1-5 here following are equivaléft.

1. (M,b) is backward-complete,
2. backward bounded closed sets are compact,

3. backward closed balls are compact, that is,

Vr >0, D™ (z,7)={y]|b(y,z) < r}is compact (8.31.%)
4.
liminf b(y, x) = oo, (8.31. x )
y—00

B 18As remarked in 8.5, correspondifgward conditions may be obtained by using the conjugate distance
b(z,y) = b(y, z) and the conjugats(z,y) = S(y,x): theseforward conditions would be equivalent as
well.
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liminf S(y, z) + u(y) = oo (8.31.0)

Yy—oo

We remark that:Va (8.31xx) iff 3z (8.31xx); and similarly for (8.31¢) and
(8.31x).

If the above conditions hold, then, for any fixedy € M, there is a Lipschitz
geodesic connecting them that minimizes the lentih” ¢ defined in (8.27), and that
satisfies (8.29); this curve¢ is also a minimum foS(x, y) in (8.30x).

Theorem 9.14 will add a sixth condition to the above, and Theorem 13.7 will add two
more.

Proof. The equivalencd <= 2 of the first two statements, and the existence of
geodesics, follows from the more general Hopf-Rinow theorems in 2.37 and 3.9 in
[23]. The other equivalences are easy (and does not need any special hypotheses on
(M, b)) they may be proven using the triangular inequality and the definition of the
topology (as in 8.15). Moreover (8.3).is just a rewriting of (8.3%x). O

8.4 Viscosity solutions

Now we briefly reintroduce the definition of viscosity solutions of PDE on manifolds.
As in the standard cade = IR", we begin with the definition of the following gener-
alized differentials. Lef2 be an open subset af .

Definition 8.32 Given a continuous function : Q@ — R and a pointz € M, the
superdifferentiabf v at x is the subset df s M defined by

0% u(w) = {du(e) [¥ € C'(M), (x) — u(2) = min(s — )}

M

Similarly, the set
0~ u(w) = {dv(x) | € C" (M), ¥(x) - u(z) = max(v — u) |
is called thesubdifferentialof u at y.
Definition 8.33 We say that a continuous functiaris aviscosity solutiorof equation
H(z,Du(z)) =0

in Q if for everyz € Q,

(8.33.%)

{H(l‘,p) <0 Vpedtu(w),
H(z,p) >0 Vpe i u(x).

If only the first condition is satisfied (resp. the second} called aviscosity subsolu-
tion (resp. aviscosity supersolution

We equivalently define here the viscosity solutions to the Hamilton-Jacobi problem
using the sef:
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Definition 8.34 (Viscosity solutions by inclusion)Let Z C T*M, defineZ, = Z N

TrM.
We say that a continuous functiaris aviscosity solutiorof differential inclusion
(x,Du(z)) € Z (8.34.%)

in the open sef C M if for everyzx € ,

{p €Z, Ypecdtu(z), (8.34. % %)

p&Z, Vpedu(x).

If only the first condition is satisfied (resp. the second} called aviscosity subsolu-
tion (resp. aviscosity supersolution

Remark 8.35 Assume thatZ = {H < 0} and Z is closed: then any solution of
(8.34xx) will be also a viscosity solution of (7.1), but not viceversa, as shown in this
simple exampleu = 0 is a viscosity solution té7 (z, du(xz)) = 0 when

H(z,p)=max{0, (|p| — 1)}
but0 is not a solution to (8.34«), since
0€Z,={pl|lpl <1}

(contradicting the second condition in (8.34)).
Obviously, the two problems coincide if we further assume that

7 ={H <0} (8.35.%)

(or equivalentlypZ = {H = 0}).

9 Solutions to Hamilton-Jacobi equations

9.1 Metric case

We assume in this section that

Hypotheses 9.1Let Z={H < 0}; we assume 8.23 of. Supposing that a strict sub-
solutionu exists (see eq.(8.20), we associate to the problem (7.1) a metric structure
(M, b), as was explained i§8.3.1. We suppose moreover tied = {H = 0}. 1

We know that
Proposition 9.2 Fix a € M. The function
u(z)=S(a,x) = b(a,x) + u(x) — u(a) (9.2.%)

is a viscosity solution off (z, Du(x)) = 0 if z # a, and a viscosity subsolution of
H(z, Du(x)) = 0forall z.

19therwise in the following we would obtain solutions of (8:84but possibly not of (7.1).
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the proof being standard.
We define thevalue function

V()= inf (uo(¢(0)) + /0 1 o(€(s),€(s))ds ) (9:3)

where the infinimum is in the class of Lipschitz pathwith £(1) = z and£(0) € K.
By combining all identities we can rewrilé in many different ways: for example,
V(@) = inf(uo(z) +S(za)) =
=u(z) + Inf (uo(2) —u(2) +b(z, )

This formula is the inf-convolution of the solution (92. then this builds a solu-
tion to (7.1):
Theorem 9.4 Assume 9.1. Thelr is a viscosity solution td? (z, du(z)) = 0 on
M\ K.

If moreover

uo(z) < S(y, @) + uo(y) (9.4.%)

forall z,y € K, thenV = ug on K: soV is the viscosity solution to (7.1).

Proof. Again, the proof is standard, and may be carried on in many different fashions;
for example:V solves a “minimum time problem”

V()= inf_ (u0(2(0)+T)

where the infimum is computed in the class of locally Lipschitz curve®R™ — M
st.y(T) =z foraT > 0and s.t.F(y(s),¥(s)) < 1 for almost alls; then the proof
follows from prop. 2.3 in ch. IV in [4]. O

If we add acompleteness hypothesige get more interesting results

Theorem 9.5 We add these hypotheses to to 9.1: we assume) @4 ; we suppose
there is a subsolutiomn (as in eq.(8.20:)) such thatu < wg,and the (asymmetric)
metric space(M,b) is backward-complete (or any other equivalent condition from
8.31).

(uniqueness) Let A be the class of all continuous functiofis: M — IR such that
f=uoonK andinf (f —u) > —oc0
ThenV is the unigue viscosity solution to problem (7.1), in the cldss
The proof follows from the comparison theorem 12.7.

(variationality) For eachz, the value problem (9.3) has a minimum, attained by a Lip-
schitz curve such thatF'(¢, €) is (almost everywhere) constant.

In this case we say that the problem (7.1) is variatigrsihce it comes from a
variational problem that admits minimum. We symbolize this fact by the symbol
(I minV).

The proof follows from 8.31.

20in theIR™ case, see for example Theorem 2.1 in [31]; or see Prop.4.2 in [12]
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We discuss other results in sec.11 and examples in sec.10.
We conjecture that some of our sufficient conditions are also necessary

Conjecture 9.6 Letu be a strict subsolution, but suppose taf, b) is not backward
complete with this choice ef. Then there is a choice df C M closed andiy > u
such that the value problei does not admit minimum.

(the proof of this proposition should be simply a generalization of the idea in example
10.1).

Remark 9.7 (Conjugate problems) If we define a problem conjugate to (7.1) by us-
ing the HamiltonianH (x, p)=H (z, —p), then we may restate all above theorems by
usingforward conditions, and using the conjugate dista¢e, y) = b(y, z) and the
conjugateS(x,y) = S(y, ). (cf. 8.5)

9.2 Characteristics’ flow

We considefl™ M as a symplectic manifold we define the symplectic 2—form
w((@0)y @)= D0 didie = > il
and the dualityw# betweerll'T* M andT'T M, given by

W) vV =w,v) W eT*M . (9.8)

Suppose thatl is of classC!'! in a neighborhood of H = 0}.
We define theharacteristics’ flow

(X(v 2 q)v P(7 2, Q))
as the solution of the system of ordinary differential equations
X(s) = 32 (X(s), P(s))

X(0) ==
Pls) = —2(X(s), P(s)) 59)
P(0)=¢q
and we definé/ by
{U(s>=P<s>-B£< (), P(s),  U(0)=0

that is,(X, P) is theHamiltonian flowfor the symplectic manifold fofT™* M, w).

If H(z,q) = 0, thenH(X,P) = 0 for all times, so the above O.D.E. is well
defined: the solutioiX, P) exists and is unique for small times.

We define thenaximal time®f (9.9) to be

tT(z,9)= sup{t >0 such that the characteristic
X(t, z,q), P(t, z,q) exist up to time } (9.10)
and

t~(z,q)= inf{t <0 such thatthe characteristic
X(t,z,q), P(t, z,q) existdown to timg}  (9.11)

note that* is I.s.c,t~ is u.s.c.

21More details are in appendix in the preprint version [25] of [26].
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9.3 Weak Finsler case

We assume 8.23, and that there exists a subsolutide assume that

Hypothesis 9.12 (Hnd) ) H € C'*! in a neighbourhood of H = 0}, and

V(z,p) € T°M, H(z,p)=0= g—pH(x,p) #0 (9.12.%)

In this case, the characteristic curves (9.9)rave degeneratéas explained in 7.7; see
also 12.20 ).

The hypothesigHnd) (on p. 16) implies some regularity on the gefsee 12.19);
but(Hnd) does not imply thaZ, be convex and compact, so we will still need some
of the hypotheses 8.23.

We will show in sec.13.1 that if we assurtténd) then the problem (7.1) induces
aweaker Finsler GeometryM/, L). We postpone the precise definition of wiiaf, L)
is to sectior12.5 and appendix 13.2, to concentrate on Hamilton—Jacobi theory.
We moreover propose these conditions

(MCu),(MCu_+),(MCu_-) Supposé¢Hnd) . The conditiofMCu+) states thatthere
exists a strict subsolution such that

lim U(t z2,q9) —uw(X(t, 2q) =000 (9.13)

t—t+(z,q)
while (MCu-) holds when

lim U(t z,q) —u(X(t 2q) =—o0

t—t~(2,9)

for all (z, ¢) such that forH (z,¢) = 0; if both conditions hold for the same,
we say tha{MCu) holds.

Note that the condition@MCu),(MCu_+),(MCu_-) are robust wrt a change of
dependent and independent variable, as requested in the introductiofil2s@dor
details).

We refer to the abovéMCu),(MCu_+),(MCu_-) asbilateral/forward/backward
subsolution completenedbe reason is in this thm (that adds a sixth condition to 8.31):

Theorem 9.14 We assume 8.23, arind) . We suppose that, is strictly convex,
for all x.

For any choice of a strict subsolutian (see (8.20:)), we define the metric space
(M,b): then

1. the metric spacéM, b) is backward-complete (resp. forward), if and only
6. the conditio(MCu-) (resp.(MCu+) ) holds.??.

The proof is a consequence of 12.24, of 12.28 and of the Hopf-Rinow thm.13.7.

22Note also that, iff is C'1+1, then stating each one @¥1ICu+) and(MCu-) implicitely implies (9.12«)
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9.3.1 Relation to [26].

We use 9.5 to reconnect to the theory developed in [26].
For convenience of the reader, we redefine some quantities from [26].
Suppos€u (K1) holds, namely
(u oK1) K is aC'-regular closed embedded submanifoldidfof dimensionk with
0 < k < dim(M) — 1, andug is aC* real function defined o (from 3.2).
We define the seb as

O=TK**“n{H =0} =
={(x,p) €eT"M | z€ K, H(z,p)=0, YveT,K,p-v=dug(x)- v}
(from (3.4)).

We assume thad is a submanifold of * M (see 3.13).
We define theeachable set

Q={z e M |z = X(s,2,q)fors > 0,(z,q) € O}

(from (3.5)).
We define thamin solutionu : Q — R by using the method of characteristics

u(x)= inf U(t,z,q) +up(z 9.15
( {tzo, e (t,z,q) + uo(2) (9.15)
st.X(tzq) ==z

(from (3.6)).

Proposition 9.16 Suppose 8.23 and,. is strictly convex; suppose there exists a strict
subsolution such thai < ug and (MCu-) holds (or any other equivalent condition
from 8.31 and 9.14). Then

e the reachable sef2 covers allM; that is, givenx € M, there always exists a
characteristicX such thatr = X (¢, z,¢q) and(z,q) € O

e the value functiorV coincides with thenin solutionu
e this condition (from (3.1%)) holds:
(OXUp) if C'is a compact subset éff, a € R, then

{(t,y) e RTxO| X(t,y) € C, (U(t,y)+uo(z)) < a} is compact.(9.16.%)

Then the infimum in (9.15) is a minimum.

Proof. By 9.5, letz be the minimum fo/(z) in (9.3) and$* be the minimum curve
for S(z,z); from 13.18, we know thag is a minimum of the energy'(£) defined in
(13.4x), and therb(z, z) = \/E(£*).

From standard results of calculus of variation, the optimal cgivenust satisfy
a constraint: if¢(¢, ) is any deformation of* having&(¢,0) = £*(¢) and£(0,¢) €
K,£(1,e) = x, we must have

4 (QVEEC2) + uolE(0.9))) o = 0
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which implies

15L4d AL d_¢
Oz dsf(t 0) + ng(tao) dt d .
: RO + dug(2) -€(0,0) = 0
OLd d OLd
O:/o éTaTw 0) = % v gt B0 dt -
gL(z £(0,0)) d 0,0) + VE(&(- €))dug () ,0)

which by the Euler equation becomes
-G 0,00 2600.0) + o) - (60.0)) VEEE0) =0
which, by arbitrariness 0%?5(07 0) € T, K, implies
p'lr.x = duo(z)v/ H(z,p*)
(wherep* = 9L (2,£(0,0))), and then, fop = p* /\/H(z, p*),
plr. k= duo(2)

We have then thatz,p) € O. By the reasonings in 12.23 on the reparameterization
of the geodesics, we have proved that there exists p) € R* x O such thatr =
X(t, z,p). O

9.4 Finsler case

Assume(Hnd) and moreover that

(H2) H € C?andH is strongly convex in the variable (cf. 8.1) in a neighbourhood
of {H = 0},

and assume 8.23: thef, is always strongly convex, ar@Z,, is aC? submanifold of
T M; note that this implies most of the hypotheses in 8.23.
Assume moreover that a strict subsolutiodoes exist: in these hypotheses

Theorem 9.17 The geometryM, L) defined in sec.13.1 is a regular Finsler Geometry,
and

1. Vis locally semiconcave i/ \ K (as defined in 2.3 in [26]), an& = {z | /
Idu}

2. the closure oE coincides with> U T
where the set& andT are defined in 4.1 and 4.2 in part I.

Proof. 1. the proof uses the theorem 5.3 in [19], by expressing the PDE (12.1) in
local coordinates (it is the same as the proof of prop. 8 in [21]).

2. itis enough to prove that there are no conjugate pairgsl” outside of. If B
is any open set containing no points®f V is C! in B, by the semiconcavity
of V (see prop. 5,9 and 10 in [21]), and the flow is a local homeomorphism. If
there would be a neighbourhodg of z € T containing no points oE, then,
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then there would a point € B and an optimal geodesicfor V' (y) that would
pass through:; the initial segment of this geodesic would be the optimal curve
for V(z): but this is impossible, since a geodesic ceases to be minimal after it
meets a conjugate point; see the first statement in prop. 14 in [21] for details.

O

“Semiconcavity ofl”” implies some interesting properties Bf like:
e the set” may be covered by a countable numbetBfmanifolds (see [1])

e moreover the singularities @k (i.e. the sek) propagate in a way that is related
to the shape of " u(z). See [2].

9.5 Some remarks
9.5.1 on the hypothesi¢ Ju)

We comment on the hypothegiSu) of existence of a strict subsolution (see (8:2D.
For any choice ot € IR, consider the problem

{H(z,du(z))=c z €M (9.18)

These family of problems has been studied in many papers; the result most relevant
to our current interest is

Theorem 9.19 (Weak KAM) Suppose thatf € C? and H(z, ) is strongly convex
(cf. 8.1); suppose that there is a reference Riemannian Geometry suctiithatR
Ja e R

H(z,p) > klp| —a, Vz,p (9.19.%)

andvr € R
sup{H (z,p) | [p| <r} < oo (9.19. % %)

Then there exists(H) € IR, such that the Hamilton-Jacobi equation above admits
a global viscosity solutiom : M — IR for ¢ > ¢(H) and does not admit any such
solution fore < ¢(H). ¢(H) is called the critical value

In the case wher@/ is the n-dimensional torug™, this theorem is due to P.L. Li-
ons, G. Papanicolaou & S.R.S. Varadhan [28]; féran arbitrary compact connected
manifold it is due to A. Fathi [10]. A more complete discussion of history and applica-
tions of this result may be found in [11].

Remark 9.20 It may be interesting also to study whether the hypotheses £9.4:8d
(9.19xx) may be replaced by more intrinsic hypotheses: indeed they imply that the
Finsler metric spaces associated to (9.18) when c[h] are complete; so, maybe, it
should be enough to assume directly that those Finsler metric spaces are backward
complete, without resorting to an auxiliary Riemannian structure.

More recently, in the case whehéd is the n-dimensional torus™, some results on
the regularity of critical solutions have appeared in [12]

Theorem 9.21 (6.2 in [12]) Supposéll = T™. Suppose thall is continuous, and for
alzeT" a€R,

e {p| H(z,p) < a}is convex
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liminf H(z,p) = oo

p— 00

uniformly inz (see also 8.14 and (114))

e dp| H(z,p) <a} ={p|H(z,p) =a}*

Let. A be the generalized projected Aubry set.
There exists a'! critical subsolution, which is strict in every open subset whose
closure is disjoint fromA.

In view of these theories, we understand that our assumption is roughly say-
ing that for our problem (7.1%* the critical value:(H) < 0 is negative.

Note that the hypotheses in above theorems are quite stringent; since our problem
(7.1) is obtained from (9.18) fixing = 0, we are asking hypotheses (such as 8.23)
only onZ, or onH in a neighbourhood of H = 0}: this allows for much generalized
hypotheses.

9.5.2 ...oncompleteness, and the time parameter:

In the case of the eikonal problem (7.6) on Riemannian manifolds, if we set0,
sinceU (t, z, q) = 2t for geodesics, we obtain that the conditidhCu) defined in 9.3
is exactly saying that the Riemannian spac¢es (geodesically) complete.

Indeed, it was shown in thm 3.1 in [21] that

Theorem 9.22 problem (7.6) has an unique viscosity solutiom the class of contin-
uous functions that are bounded from below, aifd) = d(x, K') whered(z, K) is the
Riemannian distance fromto K

all this under the assumption that the spaéede complete.
In the more general case that we are studying here, the completeness hypothesis is
substituted by the hypothedqi8ICu-) (in the weak Finsler case); this suggests that

U(ta 2, Q) - Q(X(t, 2, q))

is anatural choice of time parametéor the characteristics (a sort of “arc parameter”).

9.5.3 Boundary value problems

Let Q2 be an open subset of a differentiable manifold. Consider the problem

{ H(z,Du(z)) =0 in (9.23)

u(z) = up(x) whenz € 99.

The theory in this paper does not directly include boundary value problems. To
include it, we may se/ = Q, K = 00 and considefM to be a manifold with
boundary. This needs many adjustments in the hypotheses.

23a3s noted in 8.26, this last hypothesis is equivalent to the hypotHgsis H(z,p) < a} =
{p| H(x,p) < a}; thisis as asking, = A (that was required in 8.23) for all problenit — a = 0.
24or maybe for the equivalent problem (12.1)
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10 Examples

The other uniqueness results that we know of do not explicitely state a “completeness”
hypothesisZ® we now provide some examples where this hypothesis is relevant.

Example 10.1 If we state the simple proble™ = (—1,1) C R, K = {0}, uo(0) =

0, H(z,p) = |p|*> — 1, then?® we are giving toM the usual euclidean structure
H = | - |%; we readily see that this problem has two viscosity solutions bigger than
u = —2: but this problem violates the hypothesis on completeness.

Another (graphically much nicer) example is:

Example 10.2 M = R?, H(z,p) = |p|*> — 1, K = {z | x1 = —23/4}, uo(z) = z;.
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Figure 1:u**(x) in example 10.2

This example satisfies conditi¢riu) , and we may choose(z) = —/|z|2 + 1
(as in (3.18) in [26]), but there is no strict subsolutiansuch thatu < u on K, and
which satisfiegMCu-) . This problem has two viscosity solutions:

u*(z)= 1

u**(z)= max {xl, (1 — V2?4 (1 + 1>2)}

the second solution is a patchwork of a cone and a plane, which intersect in the
parabola{(z1,z2,73) | z1 = v3 = —x2%/4}. See fig. 1.

10.1 Asymmetric eikonal example

Let M = 1R, let

~ 22 jfp>0
H(x,p):{p2 22 P=

pe ifp<O

25sometimes the “backward completeness” is implicitely assumed: this is the case when the ambient space
M is compact

26note that we assumed thaf must be a borderless manifold: thenMf C IR, M must be an open
subset
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We formulate the Hamilton-Jacobi eikonal problem

{ H(z, Du(z)) —1=0 forz #0 (10.3)

u(0) =1

The above has two regular solutions,

We setu = 0. .
We can easily solve for the characteristic functions (9.9) satisfifg’, P) = 1:
for the case”(0) = ¢ > 0 we definez = log ¢, X (0) = 2

X =2Pe™2X P =2pP%2X U =2pP% X
If we chooseH (z, q) = 1 thenH (X, P) = 1 for all t, and these become
X=2P' P=2 U=2
and sincelu(X (t)) = P(t) = eX® = P(0) + 2t, we obtain
X (t) =log(q+2t), P(t)=q+2t, U(t)=2t

that is defined fot € (¢t—,¢") witht~ = —¢/2, t* = oo. Similarly if P(0) = ¢ < 0,
we definez = —log(—q), X (0) = z, then

X(t)=—log(—q+2t), P(t)=q—2t, U(t) =2t

that is defined for € (t—,¢") witht~ = ¢/2, t* = cc.
Coupling them with the initial conditions in (10.3), they become

X(t)=log(1+2t), P(t)=1+2t, U¥)=1+2t
and
X(t)=—-log(1+2t), Pt)=—-1—-2t, U(t)=1+2¢
Let L be a Lagrange dual t&, as per (12.25):

- L2022 ifo>0

Liz,p) = { ve ™ ifv <0
and(RR, L) is a Finsler Geometry’. We then define the Finsler distanige:, y) as in
(8.28); in this specific case,

e¥ —e” ify>ax

e V—e™ ify<z (10.4)

2(x,y) = {

From the above equations and theorem 9.14, we derive that the @akg s for-
ward complete, but not backward complete; and indeed there are 4 viscosity solutions
that are bounded from below, namely

ui, U2, uy A ug, uy V ug

27according to our definition in sec.13.1
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We reformulate (10.3) with different conditions

{ﬁf(x, Du(z)) —1=0 forz ¢ IN (10.5)

w(x) = up(z)=2e"" forz e N
In this case, the problem

V(z) = inf ug(z) + 2b(z,x)
z€N
has no minimum: indeed

V(0) = inf e7¥ +1
yeN

11 Comparison with previous results
11.1 Comparison with [31]

We compare our approach to Hamilton-Jacobi problems with this result, found as
Proposition 3.1 in Siconolfi's [31]

Proposition 11.1 Let M = R". ?® Suppose thaf{(z,0) < 0. ?° SupposeH is
continuous, and )
(Zz) ={p| H(z,p) = 0} v

and
l‘ir‘nian(%p) >0 (11.1.%)
p|—o0
locally uniformly inz.
ThenZ, is compact (uniformly w.r.t;), and F' is locally bounded (by (11.4)).
Moreover the maps — Z, andx — 0Z, are Hausdorff-continuous. Consequently
Fis continuous?°

Following the discussion in 7.8, we state that we prefer to avoid an hypotheses as
(11.1x), which is not local around H = 0}; the above theorem may be compared
then to theorem 9.4.
We point out that [31] addresses also the case wheis not convex: it then builds
a solution of (7.1) by a sup-inf formula, which provides a viscosity solution of the
convexified of (7.1). We do not address the case wlgres not convex in this paper.
Again, in the casé/ = IR", Proposition 2.2 in [31] proves that

Theorem 11.2 SupposeM = IR". Suppose that/(z,0) < 0. Suppose thaf is
continuous and (11.%4) and Z,, is convex and

0(Z) = {p| H(z,p) = 0} V&
Assume the condition 2.9 in [31], namely there exigt > 0

H(z,p) <0 Vz,pwith |p| < (11.2.%)

a
|z + b

28The original proposition assumég = IR™; but the adaptation to haviny/ a manifold would be
straightforward.

2%We may generalize the conditidii(x, 0) < 0 to (8.20x), by using 12.15

30Since Z,, is compact (uniformly w.r.t) thenz — Z, is Hausdorff—continuous iff it is Kuratowski—
continuous.
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Then
u(z)=S(a,x)

is the unique viscosity solution éf(z, du(x)) = 0 (for = # 0) in the class of continu-
ous functions : M — IR such that

liminf v(z) = o0 (11.2. % %)

|z]|— o0
andv(0) = 0.

We now understand that (11£2.is a “completeness condition”, since it implies
that the spacéM, b) (defined withu = 0) is complete. Indeed the condition (1%kp.
is equivalent to: there exist b > 0

alv|

|z] +b

L(z,v) > (11.3)
(that is the condition 1.7 in [31]).

In this paper we have shown that, indeed, a completeness assumption is fundamen-
tal to achieve unigueness of solution; we have also remarked that, due to the asymme-
try of the equation and of the metric, we may distinguish a backward and a forward
completeness hypothesis, and that the correct one is the “backward completeness as-
sumption”. So our theorem 9.5 clearly generalizes the above theorem.

11.2 Comparison with [24]

We show how this paper naturally follows and generalizes the paper [24]. We assume
(Hnd) and 8.23, and that, is strictly convex for allz.
Consider the conditions that were introduced in [24]:

(MC) ((M, H) is characteristically completeye can solve (9.9) for all times, that is,
we have a flow(X, P) : R x T*M — T*M whenever the initial conditions
X(0) = 2, P(0) = g satisfyH(z,q) = 0.

(Gu) there exists a strict subsolutianand constantg’ > ¢ > 0 such that

for any characteristicX, P, U) (such thatd (X, P) = 0), that is,

¢ 2 (p - dula)) - S H(wp) 2 ¢

for all (z,p) € T*M such thatd (x, p) = 0.

These conditions were used in [24], were it was proven that they imply existence
and uniqueness of the viscosity solution.
We show a sequence of simple implications that involve these conditions.

Proposition 11.4 e if M is compact, then the maximal times (defined in (9.10)
and (9.11)) are¢™ = 0o, t~ = —o0, and this is equivalent to saying thiC)
holds;
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suppose tha¥, is strictly convex; take any € M, andyp in the border ofZ,,
that is, H(z,p) = 0; let T,,Z,, C T M be the hyperplane tangent £, in the
point p: this hyperplane intersectg,. only in the boundary, and it is perpendic-
ular to g—pH(a:,p) (see fig. 2); whereas the poifit, du(x)) is contained in the
internal part of Z,; then, we obtain that

(p — du(z)) - g—pH(x,p) >0 (11.4.%)

3, H(z,p) (applied top)

Figure 2: conditionGu)

The above reasoning shows that)ifis compact and i, is strictly convex and
C', we obtain that any strict subsolutiansatisfieGu)

o the conditiondGu,MC) readily imply(MCu) : indeed,(MC) says that™ =
00,t~ = —oo, and(Gu) implies,

't > U(t,z,q) —w(X(t,2,q) — (U(0,2,9) —u(X(0,2,9))) =
t 0
:/0 (Plt.2.0) — dul(X(t.2.0))) - S-H(X.P) > o
so that
dt>U(t,z,q) —u(X(t,z,q)) > ct

The last point shows that the hypothef&€u) generalizes the conditiori&u ,MC) :
then the results in this paper generalize the results in [24].

12 Proofs

12.1 Reduction to a simpler problem

The main tool to prove the results is to reduce the model problem (7.1) to an equivalent
simpler problem.

We assume thgt3u) holds (see (8.2@)).

We substitute the problem (7.1) that we are studying, with the problem

{f[(x,Du(m))—l:O in M\ K

u(x) = p(x) whenz € K. (12.1)

We then study how the conditions and hypotheses are affected. To this end, we
constructH in two steps:
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1. We define

H(z,p)=H(z,p+du(z)) , dp=ug—1u . (12.2)

As shown in 8.12 and 12.15, if is the value of 7.1) = V — u is the value
solution of

u(x) = up(x) whenz € K.
and similarly for viscosity solutions.

The above transformation implies thét(:c,o) < 0, and basilarly say that we
can assume that = 0 in our proofs, with no loss of generality.

{f[(%D'ﬁ(x)) =0 in M\ K

2. Assume 8.23. We now define
Zy= {p | H (z,p) < 0}
Z, is a convex set; we define then the gauge funcfioof Z, as

Jolp)=int {t > 0| p/t € Z, |

and eventually we define
S a 2
H(z,p)=(jz(p))

Summarizingf[ is built from H (or from Z) by

H(z,p)=inf {tZ ’ t>0st.H (a:, Ig + dg(x)) < 0} —
— inf {t2 ’ t>0st. (1; + dg(a:)) € ch} (12.3)

We call H the gauge Hamiltonian

Remark 12.4 A similar transformation is used in studying the existence of periodic
solutions to (9.9) in symplectic manifolds; see thm 3.43rb in [22], or chap. | sec.

7 ex. 2 in [8]; the main difference being that in those theorems it is assumed that
{(x,p) | H(x,p) < 0} is convex, andd is built from {# < 0}, and not sectionwise

as above.

By the definition,H is positively 2-homogeneous, ie
YA>0  H(z,Ap) = N2H(x,p) (12.5)

Itis easily proved (by the definition ) that(H (z, p) — 1) has the same sign of
H(z,p): then,u is a viscosity solution fof iff it is a viscosity solution forH .

Suppose thatl € C*! in a neighbourhood of H = 0}, andH as well. We do
not know a priori if the characteristics curvesifand the characteristics curvesidf
are related: the idea being that, they are relat@drifd) holds for H. We explore this
idea in sections 12.3 and 12.4.

Remark 12.6 We easily see that, jf # 0, there is only one value @fsuch that
H (a:,]j) =0 ,
t

anditist = y/ H(z,p).
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12.2 Comparison Theorem
This section is devoted to the proof of this result.

Theorem 12.7 Assume 8.23 o#, thatu exists, and that the asymmetric metric space
(M, b) is backward complete. Suppose thats a viscosity subsolution and is a
supersolution off (x, du(x)) = 0 forx € M \ K whereasu < v on K, and suppose
thatv > u + ¢ for a constant € IR: thenu < v.

If M is a complete Riemannian manifold aft{z, p) = |p|?> — 1, we may choose
u = 0: thenb is equal to the Riemannian distanéewvhen moreover,, = 0, problem
(7.1) reduces to the eikonal equation (7.6), whose viscosity solution is the distance
di (x)=d(z, K) from K; Thm. 3.1in [21] (see 9.22 here) proves thatis the unique
solution in the class of continuous functions bounded from bétow.

To prove the above theorem, we will use the following result from prop. 4.3 in
Camilli and Siconolfi [5F?

Proposition 12.8 (prop. 4.3in [5]) LetQ € M be open. For any : 2 — IR contin-
uous, we define the Clarke generalized differential as

0 (w)=co{p € TEM | 3(wn) C 2 3df (v0)=pns (s pn) — (,p) In T* M}

where c@A) is the convex envelope of a setc T M. Consider a problent (x, du(x)) =
0 such that 8.23 holds od={ H < 0}.

e v is a supersolution off (z, dv(z)) = 0 in Q iff for any 2 € Q and any Lipshitz
continuousg which is subtangent te at x there existep € d¢(z) such that
H(z,p) >0

e Any subsolution off (x,du(x)) = 0 is Lipshitz continuous, and for a} €
Ou(x) we haveH (z,p) <0

Using this result we can simplify the proof in [21], and yet prove the general theo-
rem 12.7 here proposed.

By means of the transformation in (12.2), we assume without loss of generality that
u = 0, and we replace the problem at hand with the problem (12.1). Let

h(z, p)=y/ H ()

in the following.

As in the work of Krizhkov [16], we consider the transformed functigns: —e ™"
andv = —e~", which are respectively a viscosity subsolution and a supersolution of

h(z,dv)+v=0 inM\K,
{ v=—e U0 onkK (12.9)

(see proposition 6 in [21]) moreover,> & > —e~ ¥ > —e~¢ anda < 0.

We establish a comparison result for this last problem (12.9): this clearly implies
the above theorem. We fiX=c~¢. We argue by contradiction, and suppose thahd
¥ are resp. a subsolution and a supersolution of (12.9),0 > —C, @ < 0, and that
at a pointz we havei(z) = 2¢ + o(z) with e > 0.

We apply the Krizhkov transformation to above proposition 12.8 and state that

31Moreover the proof of Thm. 3.1 contains a comparison result between super and sub solution.
32The proof in [5] is stated assuming thatc IR™, but the result can be generalized to manifolds, using
local coordinates
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e foranyz € M \ K and any Lipshitz continuous which is subtangent to atz
there existp € d¢(z) such that(z,p) + v(z) > 0

e ¢ is locally Lipshitz continuous, and for anye M \ K and for allp € du(x)
we haveh(x,p) + a(z) <0

Let B(z)=b(z,z). By 9.2 and 9.7 we know thaB is a viscosity solution of
h(z,—p) — 1 =0forx # Z: thenforallx € M and allp € 9B(x), h(z,—p) < 1.
Let
U(z) =u(z) — o(x) — eB(x)

This function is bounded from above 6y, moreover? (z) = 2e: thensup ¥ will be
positive, and realized in the regidn | e B(z) < C} which is a backward closed ball.
By the Hopf—Rinow-like theorem 8.31 since the metric sgddeb) is backward com-
plete, then the backward closed balls are compaciz(sg has a positive maximum in
a pointz. This means that the functial{«) — ¢ B(x) is a Lipschitz subtangent of z)
atz.

We know that¥ () > U(z) = 2¢, while U(z) < 0 forall z € K: theni ¢ K.
Then by (the transformed version of) 12.8, there existso(a(x) — e B(x)) such that
h(z,p) + 9(x) > 0.

At the same time = p’ + p” with p’ € 9a(z) andp” € d(—eB(x)): then (again
by 12.8)h(z,p") + u(&) < 0; at the same time, as noted abokéf, p” /) — 1 < 0
that ish(z,p”) < e.

Sinceh(z, -) is convex and 1-homogeneous, summing up we obtain

while h(z,p) + o(x) > 0: this entails
—0(x) < h(z,p) < —u(®) + ¢

or
whereas

achieving contradiction.

12.3 Equivalent problems

We remarked in 7.5 that the viscosity solution does not depend on the valéedat

only on its sign. We also foretold in 7.7 that this holds (roughly speaking) fomine
solution, that is defined in (9.15) by means of characteristics; but we need to find a
relationship between characteristics of different problems:

Lemma 12.10 Suppose that

H(.’l?,p) = p(z,p)H (z,p) (12.10.%)

wherep : T*M — IR is a positive function; suppose thatis locally Lipschitz in a
neighbourhood of H = 0}; and H (z, p) is C;-! in a neighbourhood of H = 0}.

loc
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The value functio of

{H(:c,da(x)) =0 onM (12.10. % )
U = U on K

coincides with the value functidr of (7.1); the same holds also for tingin solution,
and (sincep > 0, see 7.5) for viscosity solutions.

We indeed note that the characteristi&s P, U of H are related to the character-
istics X, P,U of H through a reparameterization of thevariable: fixy = (z,q)
s.t. H(z,q) = 0, and leta, b,a,b > 0 be such that—a, b) is the maximal interval of
definition for X, P,U, and (—a, b) is the maximal interval of definition fok, P, U;
then there is a diffeomorphis, : (—a,b) — (—a,b) s.t.

(X(t,y). P(t,y). Ut,y) = (X(py(t),9), Py (1),9). Uy (1), %)) (12.10.0)

that is defined by

py(t) = /Oﬁ(X(s,y),P(s,y))ds: (12.1000)

/0 (X (0y(5),9), Pleoy(s), ) ds

indeed derivingX
Xy (1)) (1) = X(t,) = 3—5@?) -
ﬁ(X,P%—f(X,P) — A, P)‘Z—f@f«oyw,y), Ploy(t).9)

A similar result is found in lemma 3.1 i§8.5 in [22].

Remark 12.11 Suppose thaf] satisfies(Hnd) (in p. 16) and similarly forH, and
suppose thatl, H € C*!, and

SignH (z,p) = Signlff(x,p) Ve, p e T"M

Then there exists & > 0 locally Lipschitz such that (12.16). holds. So, in a sense,
(12.10%) is the most general change of equation that preserves the viscosity solutions,
the characteristics flow, and thwin solution.

Every time we will be able to transform the problem (7.1) in another problem
(12.10xx), so that the solutions are related by a simple algebraic relationship, we will
say that the two problems aeguivalent
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Definition 12.12 (Invariant conditions) Consider a conditior? on a problem such
as (7.1); suppose that (7.1) satisfiesff (12.10xx) satisfiesP: then we say that this
condition is invariantunder the equivalence of the two problems.

Proposition 12.13 The conditiony Ju) , (MCu) , (MCu+t), and ( 3minV) are in-
variant: indeed, the variabledoes not play an explicit role in them, so that by (12} 0.
we just need to change the time variable wit}(¢) in the definitions.

Remark 12.14 The conditiongMC),(Gu_) (that were proposed in [24] and are dis-
cussed here i§11.2) are not in general invariant. If the problem (1246). satisfies
the condition(MC) andVy s.t. H(y) = 0,

AWMX@w%ﬂ&wﬂkw,

0
/ (X (s,9), P(s,y)) ds = —oo

— 00

theny, is a diffeomorphism fronR to IR and the problem (7.1) satisfi¢®C) ; this
happens, e.g., wheinf 5 > 0 on the sef(z,q) | H(z,q) = 0}; and vice versa. A
particular case is when there are constants> ¢ > 0 such that?’ > 5 > ¢ on the
set{H = 0}: then these condition@C),(Gu_) are invariant. This problem gave the
starting impulse to the study that eventually generated this whole paper.

Lemma 12.15 If «) is any regular function od/, we can define

then, ifV is the value solution of 7.3 = V — 1) is the value solution of

H(z,Du(x)) =0 in M\ K

12.15.
{ u(x) = up(x) whenz € K. (12.15.%)

to prove this, it is sufficient to note that the characteristicsFbfare related to the
characteristicsX, P, U of H through the relation

(X, P.U) = (X, P~ DyY(X),U — (X) +9(X(0))) ;
and a similar statement holds for viscosity solutions amd solutions.

Proposition 12.16 By the relation before mentioned between the characteristics, the
conditions(MC), ( Ju) , (OXUp), (3IV), (KXUp) , (CC) are invariant; if we relate

a strict subsolution; of (7.1) to a strict subsolutiom of (12.15«) using the formula

u = u — v, then( 3u),(MCu_+=) are invariant, by construction.

Another way to relate two problems is in proposition 2.10 in [21].
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12.4 Equivalence of characteristics of/ and H

We again define } R .
Z={(z,p) | H <0} ={(z,p) | H <1} (12.17)

Note thatZ andZ are easily related by
Zy = Zy + du(z) (12.18)

As aforementioned, the hypothegidnd) (that was defined in (9.18) directly
implies some of the hypotheses we stated in 8.23 and in 9.1:

Proposition 12.19 AssumgHnd) . ThendZ = {H = 0}; moreover{H = 0} is a
regular C1:1 submanifold of*M; and Z, = A,, whereA = Z. Assume moreover
that Z, is convex, choose@satisfying (8.20:), and definefl: then H is of classC'+!
onT*M N {p # 0}.

The proof is by implicit function theorem.

Proof. We work in local coordinateéz, p) € R?* wherek=dim(M). By implicit
function theorem an¢Hnd) , we can write{ H = 0} locally as the graph of a function
p1 = f(x1,..., Tk, D2, - - -, pr) Wheref € Cb1; this implies thaf H = 0} is (locally)
of classC*!. In local coordinates,, is the slice of the closed epigraph ff

{p |p1 S f(xla"'a‘rk'7p27"'7pk)}

whereasA,, is the slice of the open epigraph 6f

{p |p1 < f(xla"'a‘rk'7p27"'7pk)}

this proves tha, = A,.
Assume moreover thdf, is convex; we locally use spherical coordinateg for
T*M (with 7 € R* andg € S*1'), andz € R" for M. We know thatZ, is

convex and) € Z,; fix a point (Z,7,0) where H = 0; by (Hnd) we know that
(&-H,9;H) # 0, but moreover we can prove thdt H # 0, otherwise the radious
connecting0 to (7,6) in T:M would be tangent tdZ=. Apply again the implicit
function theorem, to expregsi = 0} as the graph of a function = g(z,6), for
relcR,0eV cS1 2 eU cR"wherel,U,V are open sets: then in this
coordinates, for e Rt andf € V,z € U,

Zx = {7“ < g(]},e)}

and
] . — 3 2 f< - -
H(mﬂﬁ)—mf{t |r>0,t 79(93,0)} 9. 0)2

that is of clasg 1. O

Remark 12.20 We may consider a more general condition tlfeimd) , that is

Yap) € T, Hop) =0 — ().

o ,%H(x,p)> 40 (12.20.%)

This last condition avoids the problem of degeneracies of geodesics, but does not guar-
antee thatf{ is C'**, as shown in the following example.
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Example 12.21Let M = R, and suppose that, inside the regipnl, 1) x [0, o) of
T*M = IR?, the setZ coincides with the set

{(z,p) |z > (p—2)°}

This setZ has a smooth boundary, so it is possible to build a smooth HamiltoHian
satisying (12.26:), and such thaZ = {H < 0}; but, at the same time, if we choose
u =0, whenz € (—1,1) andp > 0, H takes the value

2
N p
H(xz,p) =

(Ve +27
and this is not differentiable dtc, p) = (0,1).

Since the functions? and H — 1 have the same zero s@¥, their derivatives
DH(z,p) andDH (x, p) are parallel wheriz, p) € 0Z; itis easily proved, (by using
homogeneity, see (12.23)), thatDH # 0 on9Z; then the function

. H(z,p)
P )

is positive and locally Lipschitz in a neighborhood@%: applying the lemma 12.10
we are sure that the problem (12.1) and the problem (7.1) are equivalent, that is, they
share the same properties and the same solutions.

Lemma 12.22 Suppose that/ satisfies(Hnd) and Z satisfies 8.23. If we want to
compute the reparameterizatiqr, between the characteristics éf and the charac-
teristics o/, then by the lemma 12.10, we only need the valygandfereH (z, p) = 0;
there, by Hopital's theorem,

. v-DH T,p

plx,p) = #
v-DH(x,p)
for almost any € T'T*M; in particular,

=_p- 8—pH(m,p) (12.22.%)

pla,p) = -
p- g H(,p) 2

Lets callX, P, U the characteristics off.
Using the above reduction we can easily prove that

Proposition 12.23lety = (z,q) € T*M then

%U(t, y) = 2H (y) (12.23.%)
Proof. By deriving (12.5) wrt\, we get the Euler identity
A H
2H(z,p) = %—(m,p) p (12.23. % %)
p

sinceH (X (t,y), P(t,y)) is constantly equal té{ (y), we get

_M e by b= Ly

2H(y) o i
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Remark 12.24 If the original problem (7.1) satisfigdICu) , then the problem (12.1)
satisfie{MCu) . We have just seen that, for aty, ¢) with H(z,¢) = 1, we have

Ult,z,q) =2t

this means that, for the problem (12.1), the condit{MCu) is simply saying that
(M, H) is “characteristically complete®: that is, the characteristic$ X, P) of H
can be evolved for all times.

As we will show in (13.6), characteristics &f are geodesics of the weak Finsler
space(M, L) that will be defined in appendix: then the conditidaCu) is equivalent
to saying that( M/, L) is “ geodesically complete

A similar statement holds for forward-only and backward-only completeness.

12.5 Towards a weaker Finsler Geometry

Suppose satisfies 8.23. Choose a strict subsolutiotet A be as in (12.3).

Let (M, b) be the asymmetric metric space associated to (7.1) in sec. 8.3.1. Because
of the relation (12.18) betweefH < 0} and{H < 0}, we associatéM, b) to H as
well.

To prove thm. 9.14 we need to prove thdtM/, H) is “characteristically back-
ward completé(resp.forward) iff the metric spac@\/, b) associated to it is backward
complete (resp. forward). This suggests that we need a kind of Geometry, and a Hopf-
Rinow theorem.

To this end, we definé : TM — [0, c0) using the Legendre-Fenchel transform,
namely

L(z,v)= sup (p ‘v — ﬁ(ac,p)) (12.25)
peT; M
Note that by 13.16
F=2VL (12.26)

whereF was defined in (8.21).

Example 12.271n the case of the eikonal equation (7.6) on a Riemannian Manifold,
we have thatf (x,p) = |p|*> — 1, H(x,p) = |p|?, L(z,v) = |[v|*/4 and F(z,v) = |v];
andb(z, y) is the Riemannian distance.

We would like to view (12.1) as theikonal problenfor the Geometry M, L); but,
in the general case that we consider héid, L) is not a regular Finsler Geometry.

This proposition is the link between the above theory, and in particular 9.14, and
the theory in 13.2.

Proposition 12.28 Suppose thatl satisfie{Hnd) , Z satisfies 8.23 and is strictly
convex. TherH satisfies all properties in 13.1: this means thétinduces aweaker
Finsler GeometryM, L).

Proof. Since Z,. is strictly convex, then is strictly convex inp: this is property
(H3!) in13.1. By 12.19H is C"! whenp # 0: this is property H1) in 13.1. By
its own definition (12.3)H is positively 2-homogeneus jn this is property H4) in
13.1. O

33that is condition(MC) in page 24
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We will indeed prove that in this cade € C* but in generall ¢ C? (see 13.12 and
13.13). We will be able nonetheless to define an exponential (g.), and use it

to formulate an Hopf—Rinow theorem. The discussion of this ideas is postponed to the
section 13.3.

13 Weaker Finsler space

As an application of the theory that was shown in [23], we review here the approach to
the theory of Finsler spaces that we need to prove theorem 9.14.

13.1 Finsler Geometry

We present now a definition &linsler Geometry
A Finsler Geometrys a pair(M, L) where

L:TM — [0,00)
satisfies
(LY)  L(=,v)is C? on theslit tangent bundld’ M N {v # 0}, andC! globally;
(L2)  for any fixedz, the functionv — L(x,v) is strongly convex at any # 0;
(L4) L is positively homogeneous, of degree 2, in theariable, ie

YA>0 Lz, \) = \L(z,v)
In the following, we will try to associate a “Finsler Geometiy/, L) to the prob-
lem (7.1); but the functiod that we will get will not be, in general, be of clag¥; for
this reason, we will talk o& weaker Finsler structure

Nonetheless, some results of Finsler Geometry hold true in the hypotheses that we
will assume on (7.1).

13.2 Weaker Finsler Geometry
We collect all needed hypotheses Brand Z.

Hypotheses 13.1We suppose thatl : T*M — R satisfies
(H1) H(x,p)islocally aC'* map onT™*M N {p # 0}.
(H3!) thefiguratrix set of
{peT;M | H(z,p) <1}
is compact and strictly convex, or equivalenttyjis strictly convex imp;
( H4) H(zx,-)is positively 2-homogeneous, thati#(z, Ip) = I2H (z,p) for I > 0.

We recall that, in the hypotheses of theorem 9.14gtheye Hamiltoniar defined
in (12.3) satisfies all the above (see the discussion in prop. 12.28).
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13.2.1 Hamiltonian flow of 7

Using the canonical coordinates’df M, we can define the Hamiltonian flo@k’, P) :
R x T*M — T*M of H, as the solution of theystem of characteristics

Xi(s) = G (X(s), P(s)) 13.2
{Pz(s) = —gﬁ(X(S),P(S)) .

with initial conditions X(0)
{P(o) - (13.3)

that is, for the sake of this appendix, we agree that we denofeby’) the Hamilto-
nian flow of H (and not the flow offf).

13.3 Summary

We now briefly express the main results, leaving details to the following sections.

We defineL : TM — IR as the Legendre—Fenchel transformff as defined in
(12.25). If we assume hypotheses 13.1/énthen L is not C*:! regular in general;
since this case is not covered in the most common books, we outline how some basic
facts do hold true:

Proposition 13.4 L is C'. Suppose tha{ is a critical curve of theenergy functional
(or, action functiona)

B©)= [ L6l £(s)) ds (1344
then, by associating
P()= 5 (€(5),E(5)) (13.4.5)

we obtain that(¢(s), p(s)) is a solution of the Cauchy problem (13.2); and titeis
C'in the s variable.

We leave the proof and the discussion to the next section.
We then define

Definition 13.5 (Forward exponential map) For fixedz we define théorward expo-
nential map**
exp, : IoM — M

as oL
exp, (v)=X (1,36, ay(x,v))
and we will prove that
X(t,z,p) = X(1,2,tp) = exp,(tv) (13.6)

whenp, v are related by the Legendre relation (18)9. We postpone the proof to
section 13.5 (and in particular to (13.1)).

We can prove this addition to the previous (purely metric) Hopf-Rinow theorem
9.14

34We will in the following drop the attribute of “forward” from the definition, for simplicity
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Theorem 13.7 The following assertions are equivalent:
1. (M,b) is forward-complete

6. for a certainz, the forward exponential magxp, (v) is defined for allv €
T, M (in this case we say thdtM, L) is forward geodesically completeor
equivalently for allz;

7. for a certainx, the forward exponential map is defined onBJIM and is sur-
jective, that isexp,, (T, M) coversM; or equivalently for allz;

Using the purely-metric Hopf-Rinow theorem in 2.37 in [23], the proof to this
theorem just needs simple extra arguments that are identical to those used for the Hopf—
Rinow theorem in [7], or in [3]. The proof is in section 13.6.

We recall that, following the discussion in 12.24 andsitR.5, (M, L) is “for-
ward geodesically compléeteff the original problem (7.1) satisfie@MCu+) (from
eg. (9.13)): so the above Theorem immediatly proves 9.14.

13.4 On the Legendre-Fenchel transform

This subsection is more of a comment on Calculus of Variations than on Finsler spaces:
so H will not be necessarily homogeneousyinwe will though suppose, for conve-
nience, that{ (z, -) is superlinear that is,

lim &P _ (13.8)
p—oo |p|

where|p| is any chosen norm ofi* M ; we know indeed thakl (z, -) is superlineariff
L is defined on the whol& M, and proper on each, M (see thm. 1.4.11 in [9]).

Definition 13.9 the Legendre—Fenchel transforinof H is defined as in (12.25), that
is:
L(z,v)= max (p-v— ﬁ(x,p)) (13.9.%)

peTr M

which can be inverted by the dual formula

H(x,p)= max (p-v— L(z,v)) (13.9. % %)

veT, M
SinceH (z, ) is C* and strictly convex, then, by duality,— L(z,v) is C* and strictly
convex; then the poingg andv®, where the above maxima are realized, are related by
the Legendre reciprocity formula

O
_ 0 0_ 0
p = v (33,1} )a v ap (x,p ) (1390)

Remark 13.10 The relationship (13.8) is obviously a homeomorphism.

This would bring to the classical approath

35see§1.8 in [13], or§2.3 in [9].... and many other text in Calculus of Variations, or Hamilton—Jacobi
problems
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Proposition 13.11if H is C2 and strongly convex ip, thenL is C? and strongly
convex inv, and viceversa; and in this cadé is C" iff L is C" (r > 2), and the
relation (13.9) is a diffeomorphism for any fixee

If H is only strictly convex, then, in general, we cannot expect thiaé regular:

Example 13.12if we takeM = R, H(x,p) = p*"/2n, thenL(z,v) = %vfi—l
so, if we just say thatl € C'* and strictly convex irp, we don’t have any bound on

the Holder exponent of- L.

Moreover the relation (13.9) is notin general a diffeomorphism for fixed; 26 but
we show in the following that we may use all the common methods in Calculus of
Variations nonetheless.

Proposition 13.13 If H(a?,p) is locally aC"»! map onT™ M, strictly convex irp, then
it is easily proved thaf. € C' as a function orf’ M

Proof. We have noted that — L(z,v) is, by duality,C"*.
We will prove thatr — L(x, p) is derivable and that

OL, o o. OH, o o
— = — 13.13.

@ 0) = S (1313.4)
(wherez?, %, p° are related by (13.8)). We can assume without loss of generality
that M is substituted by an open subsetlRf, and %pH(0,0) =0, H(z,0) = 0,

20 = 0,9 = 0,p° = 0, so thatZ(0, 0) = 0: we will then prove that

(z

L(x,0) max, —H(z,p)
2] @ e

that is, thatd—L(0, 0) = 0. Obviously

0 < DA%y —H(z,p)
Ed
Lets callp* = p*(z) the point where the maximum is attained; then, by (13.8),
p*(z) is bounded; and by strict convexity; (x) is continuous, ang*(x) — 0 for
z — 0; then

max ~ 1w, p) = —H(w,"(¢) < ;ipmw (@) < Clallp* ()|

O

Suppose now that is an extremal of (13.4): then¢ satisfies the Euler condition
(in integral form)

Scwrémn= [ ets), € ds+e

By what we proved above, we substitute

P(3)= 0 (€(5),E(5))

38but it is an homeomorphism: see previous note
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and then, by the above proposition, the Euler condition becomes

L oH
ps) = | 566 p() ds e
then&(s), p(s) is a solution of the Cauchy problem (9.9); and then i€isin the s
variable.
This shows that an extremal is determined uniquely (and continuously) by the inital
values(£(0),£(0)), even if L is notC*!. This ends the proof of 13.4.

13.5 Exponential map

We briefly review how we define thexponential majn our weaker Finsler geometry;
we cannot use the common definition, sidce? C? in general.

We suppose thal satisfies all of 13.1.

The Finsler structuréM, L) is related toH as shown in the previous section; in
this case, moreove; — L(z,v) andp — H(x,p) are positively 2-homogeneous.
From this we obtain that

L) =vp-Hp) = 5 @p) o - Aep) = Alp) (1300

wheneverr, v, p are related by the duality (13<9. Moreover
Proposition 13.15 If £ is an extremal, them(f,é) =const; indeed,

87[1
ov

(by direct derivation and the Euler equation, see [14, pag. 76]); bui(Lay) |,

L) —¢ (¢,€) = constant
v %(x,v) =2L(z,v) .

Remark 13.16 Note by homogeneity, we may use the Legendre—Fenchel formulas

(p-v)? (p-v)?

L(z,v)=max ——— = max (13.16.%)
p#0 4H(l‘, p) ps.t I:I(a:,p)gl 4
. 2 . 2
H(z,p)= maXM =  max (p-v) (13.16. % *)

v£0 4L(z,v) wstL(zow)<t 4

which show that. = F2, whereF is the support function ofp | H (z,p) < 1}

To conclude the proof of (13.6), we then need this simple lemma

Lemma 13.17 for any A > 0 we have

X(tA, z,q) = X(t,2,Aq), (13.17%)
AP(tA, z,q) = P(t,z,\q)
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Proof. Note that, by(H4") , %—f is positively homogeneous jmof degree 2, ané"a%
of degree 1.
Lets call
X(t,2,0)=X (M, 2,q),
P(t,z,q)=\P(Xt, z,q)

the LHS of (13.1%); then
MX(t,,0) = AX (M, 2,0), P(t, 2,q) = \2P(t, 2,0),
Then these solve the equation
BE(t,2.0) = AGE (M 2,q) = AGE(X, P) = GE(X(t,2,9), P(t, 2,9))
%—?(t,z,q) = )\ZP(é,z,q) = —AQ%—I;(X,P) —O—H (X, P)
X(0,2,9) =2, P(0,2,9) =g\ ;
and the solution of this system coincides with the RHS of (13)17. O

13.6 Proof of 13.7

We outline here the proof of 13.7.
The implicationl = 6 is straightforward: indeed (by seeking contradiction) if
t — exp, (tv) were defined only on an intervfl, T'), then the sequence

tn=exp, (T —1/n)v)

would be forward—Cauchy, so it would have a limit point, from where we can prolong
the geodesic.
To prove6 = 7 (for a fixedz), we will need some preliminary results.

Proposition 13.18 Fix x, y € M and suppose that there exists a geodedieat gives
the minimum ob(z,y) in the class of paths connectingto y. As shown in sec. 3
in [23], we can reparameteriZé v to obtain another geodesi¢such thatF (¢, ) is
constant. By the Cauchy—Schwartz inequality, we have in general that

[ oo [V G

and there is equality iffL.(¢&, 5) is (almost everywhere) constant: then this geodesic
also a minimum of thenergy functiona{13.4x) and~(t) = exp, (tv) for the choice
ofv =4(0) € T, M.

Proposition 13.19 Fix x. Lete > 0 s.t. {y | b(z,y) < £} is compact3® Let
Bt (z,e)={y | b(z,y) < e} ,BY(z,e)={v € T,M | F(z,v) < €}

Then for anyy € B*(z, ), there is a minimal geodesic connectingo y (see lemma
2.34 in [23]); once reparameterized to constant parameterization, this geodesic is a

37see also 2.33in [23]
38We know that(M, b) is path—-metric, by 3.7 in [23]; thefly | b(z,y) < e} = BT (x,¢) (by 2.20 in
[23])
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minimum of the energy functional (134.so it is a characteristic: we have proved
that

exp, (B*(x,¢)) D Bt (z,¢)

conversely, any such characteristic has length less thao
exp, (BT (x,¢)) = BT (x,¢)

Remark 13.20 From the above, we understand thatp,, is locally surjective fore
small; we do not know, though, if it is injective (the usual proof relies on the local
inversion theorem, that needs the hypoth@di) ).

In spite of the possible lack of local injectivity, we can anyway prove

Proposition 13.21 Supposexxp, (v) is defined for allv: then for anyy € M there
exists a geodesic connectindo y.

indeed, the proof goes exactly as in prop. 6.5.1 [3]. Combining the above propositions,
we have obtained that, if for a certairthe condition 6 of 13.7 holds, then 7 holds.

To conclude, we prove that(for a fixedx) implies that forward—bounded closed
sets are compact: indeed, if a geis forward—bounded, then itis containedBr (x, )
for r large;° by hypothesis 7 and 13.21, we know that each pgiitt B+ (x, ) can
be reached by a geodesic, so again

exp, (BT (x,7)) D B (z,7r) D A

but then
exp, (Dt (z,7)) D A

where
D (x,r)={v € T,M | F(z,v) <r}

is compact: sad is compact. So 7 implies condition 2 in 8.31 that implies 1 (in their
forward form).

Since condition 1 does not involve a specific painthen conditions 6 and 7 can
be equivalently statedfor a certain =" or “for all =" .

A Kuratowski convergence
We review definition and results regarding the Kuratowski convergence, for conve-
nience of the reader. We will use many concepts of general topology, as defined in

Kelley [15]. Let in the followingY” be a Hausdorff topological space.

Definition A.1 (Kuratowski convergence [17]) Let (A, ),en be a sequence of sub-
sets ofY". We define theower Kuratowski limitlim inf,, ., A4, of (4,),

e liminf,, ., A, is the set ofy € Y such that any neighborhood gf meets
eventually all of the4,,.

3%he condition thatA is forward—bounded can be stated using any poiat will, as remarked i§2.iv in
[23]
40also known a$T2" or “separated” space; see [15], ch. 2
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e (If the topology oft” is characterized by converging sequen¢gsEquivalently
liminf, . A, is the set of all possible limits of sequenggswithy,, € A,,.

e (If (Y,d') is a metric space:) Equivalentlym inf,, ., A, is
e . 5
liminf A,= () [ (1) (47)
§>0meNn>m

where
AS={z|d (x,A) <&}

is the fattened ofi,,.
If (Y, |- ) is a normed vector space, then in particular
A=A, +Bs={y+z|y€An,z€ Bs} ={z |y € Ay, |z —y| < 5}

whereBs={z | |z| < } is the ball centered in 0 of radious> 0.
Theupper Kuratowski limitlim sup,, _, ., Ay, 0f (A,), IS

¢ the set of all pointg € Y such that any neighborhood gfmeets frequently all
of the A,,.

e Equivalently it is the set of all possible limits of sequenggwith y,, € A,, for
somen > m.

e Equivalentlyitis

limsup A, = ﬂ ﬂ U (Afb)

neo §>0meN n>m
In general,
liminf A,, C limsup 4,

n—oo n—oo

We will say thalim,, ., A, = A in the Kuratowski sensé

liminf A,, =limsup A4, = A

n— 00 n—00

Other equivalent conditions for the case whér= IR™ may be found in ch. 4 in [29].
The Kuratowski convergence enjoys many useful properties

Proposition A.2 LetA, A, C Y.
e liminf,, .. A, andlimsup,,_,. A, are closed.

e (Locality). ForanyV C Y open, we have

V Nlimsup(A, NV) =V N (limsup 4,)

V Nnliminf(4, NV) =V N (liminf A4,,)

e (Convexity). If Y is a topological vector space and all,, are convex, then
liminf A,, IS convex.

4Isuch is the case wher satisfiesthe first countability axiom” see [15], ch. 2
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Note that this last one does not hold if we replamgvexity by connectednessl et
indeedS'={z : |z| = 1} C IR? be the circle, and let

Ap = 8" N {(=1)"22 > 0}

A

AQ,AQ,A;},...:,Q Al,Ag,A5,...:’U

thenlim inf A,, = {(—1,0), (1,0)} is not connected.

Proof. e 1 ¢ liminf,, A, iff thereis an open neighbourhodtlof xs.t.VNA, =
0 frequently; butV is an open neighbourhood of eaeche V, soV C Y \
lim inf,, A,,. Similarly forlim sup,, A,,.

e letz € V; z € limsup,,_, . (4, N V) iff for any neighbourhood’ of z,
(A, NV)NU # () frequently inn; wherease € (limsup,,_, ., 4,) iff for any
neighbourhood’ of z, (4, N U) # 0 frequently inn. The first implies the
second; the second implies the first if we replacdy U N V. Similarly for
liminf,, A,,.

o if x,y € liminf, _,, A, andr € [0, 1] then there are,, — x andy,, — y with
Ty Yn € Ay and(z, 7+ y,(1 — 7)) — (27 +y(1 — 7).
O

We moreover prove

Proposition A.3 (Equicompactness.)Suppose that” is connected. Choose a sequence
A, C Y. Suppose alli,, are connectedjm inf,,_,, A, iSnon-empty, and=limsup,,_, ., A,
is compact.

Then(A,,), is eventually equicompactnd moreover for any’ C Y compact
such thatd C K, thenA4,, ¢ K eventually inn.42

Proof. A proof may be found in prop. 3 in Salinetti-Wets [30], for the case wken

is a finite dimensional normed vector space. We present here the more general proof.
We seek contradiction: lek be contradicting the thesis, that i4, C K but there

is a(ng) such thatd,,, \ K # 0. ThenK # Y: sinceY is connected, theA K

is non-empty. K dividesY in two disconnected open set&, andY \ K. Since
liminf, ., A, iS non empty, then there is a sequepges A, s.t.y,, converges to an

y; theny € limsup 4, C K; for n large,y,, € K, soA4, N K # (; at the same time,

Ankm(Y\K):ATLk\K#@ :

since 4,,, are connected, and they intersect both sets, then they must intersect also
0K, so there exists, € A,, N OK. SincedK is compact, ther{z;} has a cluster
pointz € 9K, (by thm. 5in ch. 5 in [15]); by definition ofim sup, though,z € A
contradicting the fact that C K. O

Remark A.4 The above proposition is trickY; it is easy to mistakenly state it using
wrong hypotheses. For example, it is not possible to replace the contlitioinf,, .., 4,

“2that is, there exist® € IN, such thatd,, C K Vn > N.
43and indeed it fouled the author in a preliminary draft version of this paper
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is non-empty’by the conditiorflim sup,,_, ., A iS non-empty; (asis doneincor. 4.12
in [29]). This is clearly shown by this example: ldt, C R be defined by

A= {0} forneven
"\ {n} fornodd

then eachd,, is connectedlim inf,, ., 4, = ) while lim sup,, ., A, = {0} is non-
empty and compact; but the sequeniggis not equicompact. (This is a very important
remark: basilar proofs in this paper depend on the above proposition.)

Here we show moreover some other examples and remarks on sequgntes
are noteventually equicompact

e LetY =R, and let4,, = {0,n} be disconnectediim,, A,, = {0} is compact
and non-empty

e LetY = IR, and letA,, = {n} so thatlim,, A,, = 0 (that is compact)

e Moreover in the thesis we assume that, given a compadt is possible to
find a compact neighbourhoad of A. We recall that: every point i has a
compact neighbourhood, iff any compact ddéh Y has an open neighbourhood
V with compact closurd{ = V. So this hypothesis means that the property
holds only in finite dimensional cases: indeed,Yebe an infinite dimensional
Hilbert space, and letd,={y | |y| < 1/n} be decreasing open balls: then
lim,, A,, = {0} is compact and non-empty.

We will moreover need to relate the Kuratowski convergence to the convergence of

support functions; we state a well known result

Proposition A.5 Supposé” is a finite dimensional normed vector space ahd,, C
Y are convex andl is compact and non-empty; &y : Y* — R,

Fa(v)=sup{p-v|p € A}

be the support function o, and similarlyF4, of A,; then the following are equiva-
lent

i. A, — Ainthe Kuratowski sense
ii. Fa, — Fy4locally uniformly
iii. F4, — F4 pointwise?*

Proof. WhenY is a generic reflexive Banach space ghdf : ¥ — (—o0, 00| (and
f, fn # 00), Mosco [27] defines thaf, — f wherf®

inf limsup fpn(2n) < < inf inf liminf f,,, (yn A5%
{(Z”')7Z”_)y} n—’OOpf ( ) f(y) {(”k)} {(yn)ayn_\y} k f k(y ) ( )

for all y € Y; in the above,z,) are sequences strongly convergingyto(y,,) are
sequences weakly convergingg@nd(n;) are subsequences. Then Mosco proves in
Theorem. 3.1in [27] thatl,, — A iff F4, — F4 in the above sense (AH.in Y*.

44pointwise convergence of support functions is knowsaaar convergencef A,, to A.
4SIndeed (A.5+) is now known asvlosco convergence of functions
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Suppose now that™ is finite dimensional: it is easy to prove that local uniform
convergence implies Mosco convergence (A.5that in turn implies pointwise con-
vergence: that igjii) = (i) = (ii3).

Suppose now thati) holds (and ther{iii) holds): sinceA is compact and non-
empty, then, by the above propositidi,,) is (eventually) equicompact: this implies
that (F},) is equi-Lipschitz; by the Ascoli-Arzaltheorem(ii) holds. (Summarizing:
(i) = ((iii) A (i) = (id).)

See also cor. P4A in Salinetti-Wets [30]. O
In this paper, things will be slightly more complicated, since we will fiberwise
support functionswe discuss the result in in the following section, where we will
moreover split the above in al.s.c. statement A.15 and a u.s.c. statement A.16.

The compactness hypothesis in the above is important: we present a counterexam-
ple (derived from the similar example 5.2 ihne—2alinescu [20])

Example A.6 Let A : R — PIR? be defined by
Ap={(z1,22) € R? | 2, cosf = x5 sin 0}

(A is aline passing through 0 with angew.r.t the vertical axis). Then for the support
function we have

0 if vo cosf = —v;sinf
400 if not

FAe(vl,vg)i{

The function
(0, v1,v2) — Fa,(v1,v2)

is I.s.c. inIR? but is not continuous.

§A.I .. on maps

Let then X be a Hausdorff topological space; we extend the above notions to maps
A: X - PY:

Definition A.7 We define théower Kuratowski limitlim inf, .z A, as the set of) €
Y such that
VVoy,Usz,VeeUxz#7, A, NV #0,

wherelV C Y andU C X are open. We define tlwpper Kuratowski limitlim sup,_,- A,
as the set oy € Y such that

VWoyVUSZ,IxelUx#T, A, NV #0,

We defindower-semi-continuous (and u.s.c.) maps in the Kuratowski sen$en
the lower Kuratowski limitim inf,_,z A, containsAz (resp. iflimsup,_,z A, C Az);
as usual.

In the following section we further extend the above notion to fiber bundles.

Proposition A.8 Ifthe topology ofX andY are characterized by converging sequences
(cf. note 41), then equivalently we say that the map X — PY is lower-semi-
continuous in the Kuratowski sensi for any sequencér,,),, C X with z,, # x and

xn, — z, foranyy € A, there is a sequenag, € A, S.t.y, — y; resp. upper-semi-
continuous in the Kuratowski sensé for any sequencéz,,),, C X with z,, # x and

x, — , for any converging sequengg € A, s.t.y, — y, we havey € A.
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Remark A.9 The above is different from the definition presented in [29], where it is
not assumed that,, # x; using the definition in [29], it would always hold that
lim sup A, D Az

and then some following results would have a different statement.

§A.ii .. on fiber bundles

We assume, for sake of ease, thasatisfies'the first countability axiom”. Suppose
thatY is a finite dimensional normable vector space; supposeXhata fiber bundle
with fiber Y, andw : N — X be the projection; letv, = 7—!(z) be the fiber.N is
equipped with an atlas diberwiselocal coordinates that are defined, for anyg U,
by a small oper/ C X containingz, and by an homeomorphism

¢:UxY —a 1) (A.10)

such that (for allz € U) ¢(x, -) is a linear isomorphism betwedn} x Y andNy,,).
We extend the above definitions on Kuratowski limits, to maps into the fiber bundle
N, using these local coordinates (this is OK in view of (A)2.

Definition A.11 (Slicing & graph) If B is a subset ofV, we will slice it to define the
map
x+— B,=N,NB

Conversely, if we considdiberwise mapsc — A, such thatdA, C N, is not
empty; we associate to any such map its graph

A=A,

For example in section 8.3, we considered maps A, from M to N = T* M, with
A, C T M, then we will for simplicity define the graph as

A={(x,p) € T"M |p € A} .

Lemma A.12 ChoosedA C N, let A, be the slicing ofd. If A is closed, them: — A,
is upper-semi-continuous. Viceversa if every sligeis closed, and the map — A,
is upper-semi-continuous in the Kuratowski sense, thénclosed.

Proof. Fix z € X. Pull backz — A, to a mapU — Y (using local coordinate$
aroundz), that we call4,.

Chooser,, — z in X. Choose any € limsup,,_, ., Azn: then there is a sequence
yn With y,, € Awm(m for somem(n) > n, such that,, — y. Frome(z,,(n), yn) € A
theng(z,y) € A: soy € A,.

Viceversa, letz,, be a sequence id converging to & € N; we write it in local
coordinates a$x,,y,) — (z,y); if 2, = x eventually, we use the fact that, is
closed; otherwise by:;, — z we know thaty € limsup, . A,, C A,, thatis,
z € A. L]

Lemma A.13 Supposed C N is open; letA, be the slicing ofA: then the map
x — A, is lower-semi-continuous in the Kuratowski sense.

Proof. Fix » € X. Pull backr — A, to a mapU — Y (using local coordinateg
aroundz), that we call4,. Choosey € A,. Choose anyr,, — z: then eventually
¢(zn,y) € A, thatisy € A, . Theny € liminf,, ., A O

Ln "
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gA.iii Dual of a set map

Suppose moreover that* is the dual bundle ofV, that is,7* : N* — X and
Ni=(m*)"1({z}) is isomorphic to¥ *.

We considefiberwise maps — A, with A, C N}; we suppose that any,, is
non empty. We define thidberwise support function

F: N — (—o00, ]
so thatF'(z, -) is the support function of the set,: in local coordinates,
F(z,v)=sup {p-v|p€Ax} . (A.14)

Lemma A.15 If the mapz — A, is lower-semi-continuous in the Kuratowski sense,
thenF' is lower-semi-continuous.

Proof. Fix z € X. Pull backx — A, toamapU — Y™* (using fiberwise local coordi-
natesy in a neighbourhood’ aroundz). Similarly, pull backF' in local coordinates.

e Fix z,v, and choose any < F(z,v). Choose sequences such that— v and
x, — x. Choosep such thap € A, andr < p-v < F(x,v).

Sincez — A, isl.s.c., there is a sequengg € A, such thap,, — p. So
F(xnavn) Z P Uy —pP-V2T

and then
liminf F(x,,v,) > F(z,v)

n—oo

by arbitrariness of.

e We also show the proof in caskis open (which is redundant, in view of A.13):
indeed we may seE'(z, v) as the supremum fgr € Y* of the I.s.c. functions

(2,0) = 4PV if (x,p) € A
’ —oo if not

O

Lemma A.16 Fix T € X. If the mapx — A, is upper-semi-continuous in the Ku-
ratowski sense at, any A, is connected]iminf, .z A, iS non-empty, anddz is
compact, then for any fixedwith 7*(Z) = =, F is locally bounded and upper-semi-
continuous at.

Proof. We again work in local coordinates. Supposgis compact: by A.3 there is a
neighbourhood’ of z and aK compact such that, C K forall x € U. Fix 7, and
V' a compact neighbourhood ©fin Y: then|F(z,v)| is bounded in a neighbourhood
UxVofz=(z,v)(bysup{lp-v|,p € K,v e V}).

Choose sequences I and U, such thatv, — v andz, — =, and suppose,
without loss of generality, that the sequeriter,,, v,,) is increasing.

Choosep,, € A,, such that

lim F(2y,,v,) = limp, - v,
n n

On the other handy,, € K so we may extract a subsequenpge, converging to a
limit point ¢: we have thag € limsup,,, 4,,, C A, and then

F(z,v) > q-v=limp,, -v,, =limF(x,,v,)
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