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Abstract

We formulate an Hamilton–Jacobi partial differential equation

H(x, Du(x)) = 0

on an dimensional manifoldM , with assumptions of convexity of the sets{p :
H(x, p) ≤ 0} ⊂ T ∗x M , for all x.

In this paper we reduce the above problem to a simpler problem: this shows that
u may be built using an asymmetric distance (this is a generalization of the “dis-
tance function” in Finsler Geometry): this brings forth a ’completeness’ condition,
and a Hopf–Rinow theorem adapted to Hamilton–Jacobi problems. The ’com-
pleteness’ condition implies thatu is the unique viscosity solution to the above
problem.

WhenH is moreover of classC1,1, we show how the completeness condition
is equivalent to a condition expressed using the characteristics equations.

7 Introduction

In this article 1 we will study the Dirichlet Hamilton–Jacobi PDE{
H(x,Du(x)) = 0 in M \K
u(x) = u0(x) whenx ∈ K.

(7.1)

whereM is a borderless smooth manifold,K ⊂ M is a closed subset,u0 is a
continuous real function onK,H is a continuous real function onT ∗M such that

Zx
.={p ∈ T ∗xM | H(x, p) ≤ 0}

is convex for allx ∈M .
In the first part [26] we studied the regularity properties of a generalized solutionu.

The main aim of this second part is to prove results on the existence and uniqueness of
the solutionu.

?Scuola Normale Superiore Piazza dei Cavalieri 7, 56126 Pisa, Italy. This work was partially done while
visiting LIDS in MIT, supported by an Intel grant.

1This is a longer version of the paper, with all detailed proofs and more remarks and examples.
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2 7 INTRODUCTION

7.1 Problem environment

We have stated the problem (7.1) in a quite general environment: Hamilton–Jacobi
equations commonly havelRn (with the usual norm| · |) as the ambient spaceM . We
simbolically represent this common setting as

((lRn, | · |), H,K, u0) (7.2)

It may be interesting to generalize the problem setting: for example, we may as-
sume that the Euclidean space(lRn, | · |) is substituted by a Riemannian manifold
(M, g); we may then reasonably think that the class of problems

((M, g), H,K, u0) (7.3)

share all the properties and results of the common problems (7.2).
If we wish to further generalize the problem (7.3), we are faced by an obstacle:

most results that are found in common literature regarding the problem (7.1) are stated
using the distance and the distance–related properties ofM ; that is, they use some
geometrical structure of the manifoldM .

This comment is reversable: isn’t it possible that most results are strongly influ-
enced by the geometrical structure lying under them? that is,what can be said of the
problem (7.1), “as is”?

Se we decided to look for general hypotheses on problem (7.1), to provide existence
and uniqueness of viscosity solution. In the course of our study, while we where search-
ing these hypotheses, we have found that the problem (7.1) itself imposes a“geometric
structure” on the manifoldM : 2 this structure takes the form of a Finsler asymmetric
distanceb; moreover whenH ∈ C1,1, the distanceb is the generated by the metric
of a Finsler Geometry(M,L) 3 whereL is Legendre–Fenchel dual (see (12.25)) to
Ĥ : T ∗M → lR; whereasĤ is easily derived from the HamiltonianH (see (12.3)).

The studied problem takes then the form

((M, b), H,K, u0) (7.4)

The (asymmetric) metric structure(M, b) is powerful enough to express hypotheses
for uniqueness of viscosity solutions to (7.1). For example we will present in theorem
9.5 a result on uniqueness of viscosity solutions4 to problem (7.1), which basically
states that�given a strict subsolutionu, there exists an unique viscosity solution in the
class of all continuous functions bigger thanu�. We will then show in examples in
§10 that we need a “completeness hypotheses” on the metric space(M, b) to state the
above result.

7.2 Equivalent problems

We further discuss on the quality of hypotheses that are usally asked when studying
problem (7.1).

In the equation (7.1) we may perform independent and dependent change of vari-
ables, as shown in§2 in [21], and in 12.3 in this paper. As an example of change of
independent variable, we state this simple proposition

2and this is mainly due to the fact that we will assume that{p | H(x, p) ≤ 0} is convex
3See 13.1 for a definition; but we anticipate that this Finsler geometryL : TM → lR is C1 and strictly

convex in the second variable: this hypotheses are weaker than what is commonly found in books on Finsler
geometry, so we provide in appendix 13 the needed results.

4 viscosity solutions are properly defined in 8.4
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Proposition 7.5 Consider the two problems (7.1) and{
H̃(x,Du(x)) = 0 in M \K
u(x) = u0(x) whenx ∈ K.

(7.5.?)

if

signH(x, p) = signH̃(x, p) ∀x, p ∈ T ∗M

then the definition of viscosity solution immmediatly implies that (7.1) and (7.5.?) have
the same viscosity solutions

This fact is trivially proved; at the same time, it is not widely exploited in the
literature (with some exceptions; to cite some examples, [24], [5], [18]).

For example, consider a Riemannian manifoldM ; theeikonal equation5{
|du(x)|2 − 1 = 0 onM \K
u = 0 onK

(7.6)

has the same viscosity solutions of the problem{
(|du(x)|4 − 1)3 = 0 onM \K
u = 0 onK

, or of

{
2|du(x)| − 2 = 0 onM \K
u = 0 onK

For this reason, in sec.12.1 we will reduce the problem (7.1) to a canonical problem.

Actually, we may generalize the definition of viscosity solution and simply require
thatu be aviscosity solution by inclusion(see 8.34) of{

(x, du(x)) ∈ Z for x ∈M \K
u = 0 onK

where

Z
.=
{
(x, p) | H(x, p) ≤ 0

}
⊂ T ∗M

This does not, though, provide a more general setting than (7.1). (See also 8.35).

Given the above behavior, we will seek results on the problem (7.1) that use hy-
potheses that are robust w.r.t a change to an equivalent problem; that is,what can be
said of the problem (7.1), “up to equivalences”?

Remark 7.7 Intuitively, the remark 7.5 should hold also for solutions defined using the
method of characteristics (such asmin solution, that was introduced in the first part);
but the situation is slightly more complicated; indeed, if for example

H̃(x, p) = H(x, p)3

then the problem (7.5.?) is degenerate,̃H(x, p) = 0 ⇒ ∂
∂pH̃ = ∂

∂xH̃ = 0 so that the
characteristics (9.9) are constant int: it is impossible to use them to define a solution.

For this reason we will introduce a condition(Hnd) : see equation (9.12.?), lemma
12.10 and 12.11.

5for a more detailed description, see [21], or in§3.v in [26]
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Remark 7.8 The reader will also notice that there is no hypothesis, in this paper, about
the behaviour ofH(x, p) for genericalx, p 6. The theorems in this paper depend onH
only through the setZ, and the regularity ofH in a neighbourhood of the zero set

{H = 0} .={(x, p) | H(x, p) = 0}

and indeed we remarked above that the fact thatu be a viscosity solution to (7.1)
depends only on the sign ofH and not onH.

We may go as far as saying that, whenever we focus on the Hamilton-Jacobi prob-
lem (7.1),7 thenit is not a natural approach to the problemto ask any hypothesis about
H outside a neigbourhood of{H = 0}.

8 Prelims

We now properly define all notations and objects. We then reintroduce briefly some
concepts from the first part [26] and from [23]. And we proceed to integrate this whole
in a study of solutions to the Hamilton-Jacobi equation (7.1).

8.1 Notation

We fix some notations.

• M will be a connected boundaryless differentiable manifold of classC∞ and of
dimensionn;

• K will be a closed subset ofM

• H will be a real function defined on the cotangent bundleT ∗M ;

• andu0 will be a continuous real function defined onK.

We will use the notationp · v to mean that a covectorp ∈ T ∗xM is applied to a
vectorv ∈ TxM .

If f : M → lR is a regular function, we will writedf(x) orDf(x) for its differen-
tial in the pointx; if g : lR×M → lR is a regular function,g = g(t, x), we will write
ġ for ∂g

∂t (and notg′, which will be a different function).
We conclude the introduction with a remark on definitions

Definition 8.1 Letf : Ω → lR whereΩ ⊂ lRn is convex. We define that

1. “ f is strongly convex”whenf ∈ C2 and the HessianD2f(x) = ∂2f
∂xx (x) is

positive definite8 ∀x; whereas

2. “ f is strictly convex”when

f(λx+ (1− λ)y) < λf(x) + (1− λ)f(y)

for all x, y ∈ Ω, 0 < λ < 1

We must warn the reader that some authors use different definitions (and call the first
definition “strictly convex”).9

6like, superlinearity ofp 7→ H(x, p), see condition (57) in chapter 2 in [19]; or condition 3.2 in [31] (see
(11.1.?) here)

7and not on a variational problem like (1.12) or (1.13) of which (7.1) is the dual problem; or on a class of
problems such as (9.18)

8that is,〈α ·D2f(x)α〉 > 0 for all α ∈ lRn, α 6= 0
9This unfortunately happens also in some papers referenced from this paper.
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8.2 Asymmetric metric spaces

We recall some concepts from [23].

Definition 8.2 LetM be a generic set.
b : M ×M → lR+ is anasymmetric distance10 if b satisfies

• b ≥ 0 andb(x, y) = 0 iff x = y

• b(x, y) ≤ b(x, z) + b(z, y) ∀x, y, z ∈M .

We call the pair(M, b) anasymmetric metric space.

We agree thatb defines a topologyτ onM , generated by the symmetric distance

d(x, y) .=b(x, y) ∨ b(y, x) (8.3)

This is the topology that we will always associate to(M, b).

We define that

Definition 8.4 A sequence(xn) ⊂M is called “forward Cauchy” if

∀ε > 0, ∃N ∈ lN such that∀n,m, m ≥ n ≥ N, b(xn, xm) < ε (8.4.?)

We say that(M, b) is “ forward complete” if any forward Cauchysequence(xn)
converges to a pointx. 11

The above definitions agree with those used in Finsler Geometry (as defined in ch. VI
in [3]).

Remark 8.5 For any forwarddefinition above there is a correspondingbackwarddef-
inition, obtained by using theconjugate distanceb defined by

b(x, y) = b(y, x) .

We induce fromb the lengthlenb γ of a continuous curveγ : [α, β] →M , by using
the total variation

lenb γ
.=sup

T

n∑
i=1

b
(
γ(ti−1), γ(ti)

)
(8.6)

where the sup is carried out over all finite subsetsT = {t0, · · · , tn} of [α, β] and
t0 ≤ · · · ≤ tn.

We definebg

bg(x, y) = inf lenb γ (8.7)

where the inf is taken in the class of all Lipschitz curvesγ connectingx to y. If the inf
is a minimum, the curve providing the minimum is called ageodesic.

If the space(M, b) is Lipschitz-arcwise connected, then it is easily proved thatbg

is an asymmetric distance.
We say that the (asymmetric) metric space(M, b) is a path-metric spaceif b = bg.

(Note that this property depends on the pair(M, b): if we chooseN ⊂ M and define the space
(N, b|N ) by restrictingb to N × N , then we can only say that(bg)|N ≤ (b|N )g; but it may
happen that(M, b) is path-metric while(N, b|N ) is not, or viceversa.)

10b is also known as aquasi metric; the differences between these two theories are in the choice of the
topology and of the definition of “Cauchy sequences” and “completeness”, as is explained in sec.§2.v in
[23].

11idem est,xn → x according to the topologyτ : cf. 2.3 and§2.v.1 in [23] on the notion of convergence
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8.2.1 Tilting the distance

The realm of asymmetric distances admits a nice operation which is not allowed when
dealing with symmetric metrics. Letb be an asymmetric distance onM , and letϕ :
M → lR be a function; we define that

b̃(x, y) = b(x, y)− ϕ(x) + ϕ(y) (8.8)

is atilted versionof b by means ofϕ.
It is readily seen that̃b satisfies the triangular inequality; if moreoverb̃(x, y) ≥ 0

(with equality only forx = y), thenb̃ is an asymmetric distance; we have then proved

Proposition 8.9 Supposeϕ is strictly-1-Lipschitz with respect tob, that is,

b(x, y) ≥ ϕ(x)− ϕ(y) ∀x, y, with equality only forx = y (8.9.?)

then
b̃(x, y) .=b(x, y)− ϕ(x) + ϕ(y)

is an asymmetric distance.

Note that by (8.9.?) follows that

d(x, y) ≥ |ϕ(x)− ϕ(y)|, with equality only forx = y (8.10)

that is,ϕ must be strictly-1-Lipschitz w.r.t. tod : thenϕ must be continuous.
The tilting relation is invertible:b is a tilted versionof b̃ by means of−ϕ: thenϕ

must be strictly-1-Lipschitz w.r.t. to

d̃(x, y) .=b̃(x, y) ∨ b̃(y, x) (8.11)

as well.12

The tilting relation is also transitive: if̃b is atilted versionof b by means ofϕ and̃̃b
is atilted versionof b̃ by means of̃ϕ, theñ̃b is atilted versionof b by means of̃ϕ+ ϕ.

As aforementioned, thetilting operation is not useful in the realm of symmetric
distances: if bothb and b̃ are symmetric distances, thenϕ must be constant, that is,
b = b̃. It is instead possible to tilt a symmetric distance to obtain an asymmetric
distance: for example, ifb derives from a Riemannian geometry, then its tiltedb̃ would
be aRanders metric.13

Tilted metrics are equivalent in many respects

Theorem 8.12 Let b and b̃ as in proposition above: then

• the topologies generated byd and d̃ (cf. (8.3) and (8.11)) are the same.

• Suppose that(M, b) is forward locally compact. Then the forward topology
generated byb is finer than the forward topology generated byb̃.

• let ξ : [0, 1] →M : then

lenb̃ ξ = lenb ξ − ϕ(ξ(0)) + ϕ(ξ(1))

As a consequence,b and b̃ share the same minimal geodesics; and(M, b) is
path–metric iff(M, b̃) is path–metric.

12Note that there is no easy algebraic relation relatingd andd̃
13Randers metrics are a particular case of a Finsler metrics: they have the formF (x, v) =p
αi,j(x)vivj + βi(x)vi whereα is a Riemannian metric andβ is a 1-form; see§1.3C in [3]; if β is

exact then the distance corresponding toF is a tilted version of the Riemannian distance induced byα.
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Proof. • If d(x, y) < r then

d̃(x, y) .=b̃(x, y)∨b̃(y, x) = (b(x, y)−ϕ(x)+ϕ(y))∨(b(y, x)−ϕ(y)+ϕ(x)) ≤ 2r

by (8.10): so

B(x, r) .={y | d(x, y) < r} ⊂ B̃(x, 2r) .={y | d̃(x, y) < 2r}

• Let δ > 0 be small so thatD
.={y | b(x, y) ≤ δ} is compact. By lemma 2.16

in [23], there exists a continuous monotonically (weakly) increasing function
ω : lR+ → lR+, with ω(0) = 0, such that

∀x, y ∈ D, b(x, y) ≤ ω(b(y, x))

(ω is called amodulus of symmetrization).

Then choose any0 < ε < δ: if b(x, y) < ε

b̃(x, y) = b(x, y)− ϕ(x) + ϕ(y) ≤

(by (8.9.?))
≤ b(x, y) + b(y, x) ≤ ε+ ω(ε)

so

B+(x, ε) .={y | b(x, y) < ε} ⊂ B̃+(x, ε+ ω(ε)) .={y | b̃(x, y) < ε+ ω(ε)}

• by directly substituting (8.8) in (8.6)

But tilted metrics are not equivalent w.r.t. completeness

Example 8.13 ConsiderM = lR andb(x, y) = |x− y|: then(M, b) is complete. Let

ϕ(x) .=
{
−x2/(1 + x) for x > 0
0 for x ≤ 0

ϕ satisfies (8.9.?) since−1 < ϕ′ ≤ 0. Defineb̃ as before: (M, b̃) is not forward
complete since the sequencexn = n is forward Cauchy.

(The example 10.2 shows the same phenomenon.)
So we understand that the class ofϕ that preserve completeness is smaller than the

class allowed by (8.9.?).

Definition 8.14 (limit at infinity) Given af : M → lR, we define14

lim inf
x→∞

f(x) .= sup
C⊂⊂M

inf
y 6∈C

f(x)

This is equivalent to using Alexandroff compactification to add the point∞ to M .
We agree that, wheneverM is compact, thenlim infx→∞ f(x) = ∞. We remark
that lim infx→∞ f(x) = ∞ if and only if there exists a sequence of compact sets
Kn such thatM =

⋃
nKn and for any sequence(xn)n with xn 6∈ Kn we have

limn f(xn) = ∞
14lim infx→∞ f(x) is called “the liminf forx exiting all compact sets”.
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We can then for example prove that

Proposition 8.15 Suppose thatϕ satisfies (8.9.?), and moreover

∀x, lim inf
y→∞

b(x, y) + ϕ(y) = ∞

or equivalently
∃x, lim inf

y→∞
b(x, y) + ϕ(y) = ∞

There follows
lim inf
y→∞

b̃(x, y) = ∞

this is equivalent to asking that any forward disc

D̃+(x, r) .={y | b̃(x, y) ≤ r}

is compact, which in turn implies that(M, b̃) is forward complete.

This proposition is generalized in 8.31. The proof is easy, it follows from the triangular
inequality and the definition of the topology.

8.3 Finsler Metric

We would like to derive an asymmetric distanceb from the problem (7.1). To this end
we define

Z
.={(x, p) ∈ T ∗M | H(x, p) ≤ 0} (8.16)

We then define, for anyx ∈ M , thefiguratrix setZx by slicingZ along the fibers
of T ∗M :

Zx
.=Z ∩ T ∗xM = {p ∈ T ∗xM | (x, p) ∈ Z} = {p ∈ T ∗xM | H(x, p) ≤ 0} (8.17)

Zx can be seen as a set-valued mapx 7→ Zx from M to the fibers ofT ∗M (see the
discussion in§A.ii).

We will then actually induce an asymmetric metricF from Zx, and a distanceb
from F .

8.3.1 Finsler Metric from Z

We always assume thatZ is closed (then any sliceZx is closed). As done in other
papers (e.g. [5]), we define theslicewise support function

σ : TM → [−∞,∞]

to be the support function of the setZx:

σ(x, v) .=sup
{
p · v | p ∈ Zx

}
(8.18)

Lemma 8.19 LetA = Z̊ and letAx be the slicing ofA.
Suppose thatAx is non-empty andZx = Ax for all x. Thenσ is the support ofAx,

namely

σ(x, v) = sup
{
p · v | p ∈ Ax

}
(8.19.?)

andσ is lower–semi–continuous.
Suppose moreover thatZx is convex and compact for allx: thenσ is continuous

and locally bounded.
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Proof. SinceZx = Ax then (8.19.?) holds.
We use the definition of Kuratowski convergence, and the results, exposited in ap-

pendix A. By A.13 we know thatx 7→ Ax is l.s.c.: then by A.15 and (8.19.?), σ is
l.s.c.

If moreover everyZx is convex and compact, then, by A.12,x 7→ Zx is u.s.c.; since
lim infx→x Zx ⊃ lim infx→xAx ⊃ Ax 6= ∅ then by A.16 we know thatσ is u.s.c. and
locally bounded.

We (almost always) assume in this paper that

Hypothesis 8.20 (( ∃u) ) There exists a smooth functionu onM such that

du(x) ∈ Ax ∀x ; (8.20.?)

or equivalently (see though 8.35)

H(x, du(x)) < 0

Thisu is called astrict subsolution15 of problem (7.1). A discussion of this condition
is in section 9.5.1.

Given a choice of a strict subsolutionu, we define then

F : TM → [0,∞]

so thatF (x, ·) is the support function of the setZx corrected bydu(x),

F (x, v) .= σ(x, v)− v · du(x) = (8.21)

= sup
{
p · v | (p+ du(x)) ∈ Zx

}
(8.22)

By the definition it is clear thatF ≥ 0, andF (x, v) = 0 iff v = 0: indeed, we know
thatdu(x) ∈ Z̊x (and soZ̊x 6= ∅).

We summarize all the above in a set of hypotheses onZ:

Hypotheses 8.23SupposeZ is closed. LetA = Z̊ and letAx be the slicing ofA: we
suppose that, for allx, Zx is nonempty, convex and compact andZx = Ax.

and in a theorem:

Theorem 8.24 Assume 8.23. Choose a strict subsolutionu, and defineF . ThenF is a
Finsler metric, satisfying

• F ≥ 0, andF (x, v) = 0 iff v = 0,

• F is continuous and locally bounded.

Note that the thesis above implies the hypotheses 3.2 in [23] (and then it implies all
results there).

We conclude this section with two remarks on the conditionZx = Ax:

15note that we do need to speak of “strict subsolution in the viscosity sense”, since such a solution may be
mollified, as shown in Lemma 6.3 in [12]
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Example 8.25 LetM = lR and

Zx
.=

{
[−1, 1] if x ≤ 0
[−1 + 1/x, 1 + 1/x] if x > 0

ThenZ is closed, and any sliceZx is convex and compact, butσ is not locally bounded
and continuous.

Remark 8.26 The conditionZx = Ax implies thatZ = Z̊.
In general,Ax ⊂ Z̊x andAx ⊂ Zx. If Ax 6= ∅ andZx is convex16 for all x, the conditions

(i) Zx = Ax

(ii) Ax = Z̊x

(iii) (∂Z)x = ∂(Zx)

are equivalent.

Proof. BeingZx convex, if (ii) thenZx = Z̊x = Ax, so (i) holds.
Suppose (ii) is false, there is ap ∈ Z̊x, p 6∈ Ax, (that is(x, p) 6∈ Z̊); this means that there

exists a sequence(xn, pn) 6∈ Z converging to(x, p). We work in local coordinates, identifying
T ∗xn

M to lRk, k = dim M . SinceZxn is convex, there are closed semispacesαn containing
Zxn but notpn; up to a subsequence,αn converges to a semispaceα. We know by A.13 that
x → Ax is l.s.c. in the Kuratowski sense, so thatAx ⊂ lim inf Axn : thenAx ⊂ α; at the same
timep 6∈ α̊, butp ∈ Z̊x so there is aq ∈ Z̊x such thatq 6∈ α ⊃ Ax, and this contradicts with (i).

We know that
(∂Z)x = (Z \A)x = Zx \Ax

so (ii) implies (iii); viceversa if (iii) then

Zx = ∂(Zx) ∪ Z̊x = (∂Z)x ∪ Z̊x = (Zx \Ax) ∪ Z̊x

since the union is disjoint, this implies (ii).

8.3.2 Finsler distance fromZ

We define thelengthlenL γ of a locally Lipschitz curveξ : [0, 1] →M as

lenL γ =
∫ 1

0

F (ξ(s), ξ̇(s)) ds (8.27)

As in §2.ix in [23], we then define the asymmetric distance

b(x, y) = lenL γ (8.28)

where the infimum is computed in the class of all locally Lipschitzξ with given extrema
ξ(0) = x, ξ(1) = y.

Under the hypotheses 8.23 above,b is an asymmetric distance. Further properties
are listed in the proposition below.

b is itself also called aFinsler metric,17 and is naturally associated to Hamilton-
Jacobi equations; see [31] and references therein.

We recall 3.6 and 3.7 from [23]:

16if we drop the assumption thatZx be convex, then it is easy to find examples where (i) holds but (ii)
does not, and so on

17whereas in this paper we usually prefer to callF “the metric” andb “the distance”
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Proposition 8.29 Assume 8.23. Assumeu of eq.(8.20.?) exists. DefineF andb.

1. The topologyτ induced byd (cf. (8.3)) coincides with the topology of the mani-
foldM

2. (M, b) is path-metric, that is,b = bg

3. for any Lipschitzγ, lenL γ coincides with thelenb γ defined in (8.6).

4. For anyx ∈ M there exists a neighbourhoodU where,∀y ∈ U , there exists a
geodesicγ connectingx to y with

F (ξ(s), ξ̇(s)) = 1 ∀s. (8.29.?)

Remark 8.30 We define (as in [12] and many other papers)

S(x, y) = inf
∫ 1

0

σ(ξ(s), ξ̇(s))ds (8.30.?)

where the infimum is computed in the class of all locally Lipschitzξ with given extrema
ξ(0) = x, ξ(1) = y. This quantityS(x, y) does not depend onu, but it may fail to be
positive (and hence to be an asymmetric distance).

By (8.21),(8.27),(8.28),(8.30.?) and direct calculation

S(x, y) = b(x, y) + u(x)− u(y)

that is,b is obtained fromS by a tilting operation.
This means that the family of all possible asymmetric metrics that we may associate

to (7.1) using strict subsolutions, are equivalent up to tilting.
Moreover (by reasoning as in 8.12) we see that there is Lipschitz curve that provides

the minimumS(x, y) in (8.30.?), if and only if there is a geodesic in(M, b) connecting
x to y.

We can then state this version of theHopf-Rinowtheorem that is adapted to Hamilton-
Jacobi problems

Theorem 8.31 (Hopf-Rinow for Hamilton-Jacobi) Assume all hypotheses 8.23 onZ.
Choose a strict subsolutionu (as in eq.(8.20.?)), and defineF andb with it, as above.
Then the conditions 1-5 here following are equivalent.18

1. (M, b) is backward-complete,

2. backward bounded closed sets are compact,

3. backward closed balls are compact, that is,

∀r > 0, D−(x, r) .={y | b(y, x) ≤ r} is compact (8.31.?)

4.
lim inf
y→∞

b(y, x) = ∞, (8.31. ? ?)

18As remarked in 8.5, correspondingforward conditions may be obtained by using the conjugate distance
b(x, y) = b(y, x) and the conjugateS(x, y) = S(y, x): theseforward conditions would be equivalent as
well.
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5.
lim inf
y→∞

S(y, x) + u(y) = ∞ (8.31.�)

We remark that:∀x (8.31.??) iff ∃x (8.31.??); and similarly for (8.31.�) and
(8.31.?).

If the above conditions hold, then, for any fixedx, y ∈ M , there is a Lipschitz
geodesicξ connecting them that minimizes the lengthlenL ξ defined in (8.27), and that
satisfies (8.29.?); this curveξ is also a minimum forS(x, y) in (8.30.?).

Theorem 9.14 will add a sixth condition to the above, and Theorem 13.7 will add two
more.

Proof. The equivalence1 ⇐⇒ 2 of the first two statements, and the existence of
geodesics, follows from the more general Hopf-Rinow theorems in 2.37 and 3.9 in
[23]. The other equivalences are easy (and does not need any special hypotheses on
(M, b)) they may be proven using the triangular inequality and the definition of the
topology (as in 8.15). Moreover (8.31.�) is just a rewriting of (8.31.??).

8.4 Viscosity solutions

Now we briefly reintroduce the definition of viscosity solutions of PDE on manifolds.
As in the standard caseM = lRn, we begin with the definition of the following gener-
alized differentials. LetΩ be an open subset ofM .

Definition 8.32 Given a continuous functionu : Ω → lR and a pointx ∈ M , the
superdifferentialof u at x is the subset ofT ∗xM defined by

∂+u(x) =
{
dψ(x) |ψ ∈ C1(M), ψ(x)− u(x) = min

M
(ψ − u)

}
.

Similarly, the set

∂−u(x) =
{
dψ(x) |ψ ∈ C1(M), ψ(x)− u(x) = max

M
(ψ − u)

}
is called thesubdifferentialof u at y.

Definition 8.33 We say that a continuous functionu is aviscosity solutionof equation

H(x,Du(x)) = 0

in Ω if for everyx ∈ Ω, {
H(x, p) ≤ 0 ∀p ∈ ∂+u(x),
H(x, p) ≥ 0 ∀p ∈ ∂−u(x). (8.33.?)

If only the first condition is satisfied (resp. the second),u is called aviscosity subsolu-
tion (resp. aviscosity supersolution).

We equivalently define here the viscosity solutions to the Hamilton-Jacobi problem
using the setZ:
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Definition 8.34 (Viscosity solutions by inclusion)LetZ ⊂ T ∗M , defineZx = Z ∩
T ∗xM .

We say that a continuous functionu is aviscosity solutionof differential inclusion

(x,Du(x)) ∈ Z (8.34.?)

in the open setΩ ⊂M if for everyx ∈ Ω,{
p ∈ Zx ∀p ∈ ∂+u(x),
p 6∈ Z̊x ∀p ∈ ∂−u(x). (8.34. ? ?)

If only the first condition is satisfied (resp. the second),u is called aviscosity subsolu-
tion (resp. aviscosity supersolution).

Remark 8.35 Assume thatZ = {H ≤ 0} and Z is closed: then any solution of
(8.34.??) will be also a viscosity solution of (7.1), but not viceversa, as shown in this
simple example:u ≡ 0 is a viscosity solution toH(x, du(x)) = 0 when

H(x, p) .=max{0, (|p| − 1)}

but0 is not a solution to (8.34.??), since

0 ∈ Z̊x = {p | |p| < 1}

(contradicting the second condition in (8.34.??)).
Obviously, the two problems coincide if we further assume that

Z̊ = {H < 0} (8.35.?)

(or equivalently∂Z = {H = 0}).

9 Solutions to Hamilton-Jacobi equations

9.1 Metric case

We assume in this section that

Hypotheses 9.1LetZ
.={H ≤ 0}; we assume 8.23 onZ. Supposing that a strict sub-

solutionu exists (see eq.(8.20.?)), we associate to the problem (7.1) a metric structure
(M, b), as was explained in§8.3.1. We suppose moreover that∂Z = {H = 0}. 19

We know that

Proposition 9.2 Fix a ∈M . The function

u(x) .=S(a, x) = b(a, x) + u(x)− u(a) (9.2.?)

is a viscosity solution ofH(x,Du(x)) = 0 if x 6= a, and a viscosity subsolution of
H(x,Du(x)) = 0 for all x.

19otherwise in the following we would obtain solutions of (8.34.?) but possibly not of (7.1).
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the proof being standard20.

We define thevalue function

V (x) .= inf
(
u0(ξ(0)) +

∫ 1

0

σ(ξ(s), ξ̇(s))ds
)

(9.3)

where the infinimum is in the class of Lipschitz pathsξ with ξ(1) = x andξ(0) ∈ K.
By combining all identities we can rewriteV in many different ways: for example,

V (x) = inf
z∈K

(u0(z) + S(z, x)) =

= u(x) + inf
z∈K

(
u0(z)− u(z) + b(z, x)

)
This formula is the inf-convolution of the solution (9.2.?): then this builds a solu-

tion to (7.1):

Theorem 9.4 Assume 9.1. ThenV is a viscosity solution toH(x, du(x)) = 0 on
M \K.

If moreover
u0(x) ≤ S(y, x) + u0(y) (9.4.?)

for all x, y ∈ K, thenV = u0 onK: soV is the viscosity solution to (7.1).

Proof. Again, the proof is standard, and may be carried on in many different fashions;
for example:V solves a “minimum time problem”

V (x) = inf
γ,γ(T )=x

(u0(γ(0)) + T )

where the infimum is computed in the class of locally Lipschitz curvesγ : lR+ → M
s.t. γ(T ) = x for aT > 0 and s.t.F (γ(s), γ̇(s)) ≤ 1 for almost alls; then the proof
follows from prop. 2.3 in ch. IV in [4].

If we add acompleteness hypothesis, we get more interesting results

Theorem 9.5 We add these hypotheses to to 9.1: we assume (9.4.?) onu0; we suppose
there is a subsolutionu (as in eq.(8.20.?)) such thatu < u0,and the (asymmetric)
metric space(M, b) is backward-complete (or any other equivalent condition from
8.31).

(uniqueness) Let A be the class of all continuous functionsf : M → lR such that
f = u0 onK andinfM (f − u) > −∞
ThenV is the unique viscosity solution to problem (7.1), in the classA.

The proof follows from the comparison theorem 12.7.

(variationality) For eachx, the value problem (9.3) has a minimum, attained by a Lip-
schitz curveξ such thatF (ξ, ξ̇) is (almost everywhere) constant.

In this case we say that the problem (7.1) is variational, since it comes from a
variational problem that admits minimum. We symbolize this fact by the symbol
(∃minV).

The proof follows from 8.31.

20in thelRn case, see for example Theorem 2.1 in [31]; or see Prop.4.2 in [12]
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We discuss other results in sec.11 and examples in sec.10.

We conjecture that some of our sufficient conditions are also necessary

Conjecture 9.6 Letu be a strict subsolution, but suppose that(M, b) is not backward
complete with this choice ofu. Then there is a choice ofK ⊂ M closed andu0 ≥ u
such that the value problemV does not admit minimum.

(the proof of this proposition should be simply a generalization of the idea in example
10.1).

Remark 9.7 (Conjugate problems) If we define a problem conjugate to (7.1) by us-
ing the HamiltonianH(x, p) .=H(x,−p), then we may restate all above theorems by
usingforwardconditions, and using the conjugate distanceb(x, y) = b(y, x) and the
conjugateS(x, y) = S(y, x). (cf. 8.5)

9.2 Characteristics’ flow

We considerT ∗M as a symplectic manifold:21 we define the symplectic 2–form

ω
(
(ẋ, ṗ), (ẏ, q̇)

) .=
∑

i

q̇iẋi −
∑

i

ṗiẏi

and the dualityω# betweenTT ∗M andTTM , given by

ω#(ν) · ν′ = ω(ν, ν′) ∀ν′ ∈ T ∗M . (9.8)

Suppose thatH is of classC1,1 in a neighborhood of{H = 0}.
We define thecharacteristics’ flow

(X(·, z, q), P (·, z, q))

as the solution of the system of ordinary differential equations
Ẋ(s) = ∂H

∂p (X(s), P (s))
X(0) = z
Ṗ (s) = −∂H

∂x (X(s), P (s))
P (0) = q

(9.9)

and we defineU by{
U̇(s) = P (s) · ∂H

∂p
(X(s), P (s)), U(0) = 0

that is,(X,P ) is theHamiltonian flowfor the symplectic manifold for(T ∗M,ω).
If H(z, q) = 0, thenH(X,P ) = 0 for all times, so the above O.D.E. is well

defined: the solution(X,P ) exists and is unique for small times.
We define themaximal timesof (9.9) to be

t+(z, q) .= sup{t > 0 such that the characteristic

X(t, z, q), P (t, z, q) exist up to timet} (9.10)

and

t−(z, q) .= inf{t < 0 such that the characteristic

X(t, z, q), P (t, z, q) exist down to timet} (9.11)

note thatt+ is l.s.c,t− is u.s.c.
21More details are in appendix in the preprint version [25] of [26].
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9.3 Weak Finsler case

We assume 8.23, and that there exists a subsolutionu. We assume that

Hypothesis 9.12 ((Hnd) ) H ∈ C1,1 in a neighbourhood of{H = 0}, and

∀(x, p) ∈ T ∗M, H(x, p) = 0 =⇒ ∂

∂p
H(x, p) 6= 0 (9.12.?)

In this case, the characteristic curves (9.9) arenon degenerate(as explained in 7.7; see
also 12.20 ).

The hypothesis(Hnd) (on p. 16) implies some regularity on the setZ (see 12.19);
but (Hnd) does not imply thatZx be convex and compact, so we will still need some
of the hypotheses 8.23.

We will show in sec.13.1 that if we assume(Hnd) then the problem (7.1) induces
aweaker Finsler Geometry(M,L). We postpone the precise definition of what(M,L)
is to section§12.5 and appendix 13.2, to concentrate on Hamilton–Jacobi theory.

We moreover propose these conditions

(MCu),(MCu +),(MCu -) Suppose(Hnd) . The condition(MCu+) states that there
exists a strict subsolutionu such that

lim
t→t+(z,q)

U(t, z, q)− u(X(t, z, q)) = ∞ (9.13)

while (MCu-) holds when

lim
t→t−(z,q)

U(t, z, q)− u(X(t, z, q)) = −∞

for all (z, q) such that forH(z, q) = 0; if both conditions hold for the sameu,
we say that(MCu) holds.

Note that the conditions(MCu),(MCu +),(MCu -) are robust wrt a change of
dependent and independent variable, as requested in the introduction (see§12.3 for
details).

We refer to the above(MCu),(MCu +),(MCu -) asbilateral/forward/backward
subsolution completeness: the reason is in this thm (that adds a sixth condition to 8.31):

Theorem 9.14 We assume 8.23, and(Hnd) . We suppose thatZx is strictly convex,
for all x.

For any choice of a strict subsolutionu (see (8.20.?)), we define the metric space
(M, b): then

1. the metric space(M, b) is backward-complete (resp. forward), if and only

6. the condition(MCu-) (resp.(MCu+) ) holds.22.

The proof is a consequence of 12.24, of 12.28 and of the Hopf-Rinow thm.13.7.

22Note also that, ifH is C1,1, then stating each one of(MCu+) and(MCu-) implicitely implies (9.12.?)
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9.3.1 Relation to [26].

We use 9.5 to reconnect to the theory developed in [26].
For convenience of the reader, we redefine some quantities from [26].
Suppose(u 0K1) holds, namely

(u 0K1) K is aC1-regular closed embedded submanifold ofM of dimensionk with
0 ≤ k ≤ dim(M)− 1, andu0 is aC1 real function defined onK. (from 3.2).

We define the setO as

O
.=TK⊥u0 ∩ {H = 0} =
={(x, p) ∈ T ∗M | x ∈ K, H(x, p) = 0, ∀v ∈ TxK, p · v = du0(x) · v}

(from (3.4)).
We assume thatO is a submanifold ofT ∗M (see 3.13).
We define thereachable set

Ω .={x ∈M | x = X(s, z, q) for s ≥ 0, (z, q) ∈ O}

(from (3.5)).
We define theminsolutionu : Ω → lR by using the method of characteristics

u(x) .= inf(
t ≥ 0, (z, q) ∈ O
s.t.X(t, z, q) = x

U(t, z, q) + u0(z) (9.15)

(from (3.6)).

Proposition 9.16 Suppose 8.23 andZx is strictly convex; suppose there exists a strict
subsolution such thatu < u0 and (MCu-) holds (or any other equivalent condition
from 8.31 and 9.14). Then

• the reachable setΩ covers allM ; that is, givenx ∈ M , there always exists a
characteristicX such thatx = X(t, z, q) and(z, q) ∈ O

• the value functionV coincides with themin solutionu

• this condition (from (3.11.?)) holds:

(OXUp) if C is a compact subset ofM , a ∈ lR, then

{(t, y) ∈ lR+×O | X(t, y) ∈ C, (U(t, y)+u0(z)) ≤ a} is compact.(9.16.?)

Then the infimum in (9.15) is a minimum.

Proof. By 9.5, letz be the minimum forV (x) in (9.3) andξ∗ be the minimum curve
for S(z, x); from 13.18, we know thatξ is a minimum of the energyE(ξ) defined in
(13.4.?), and thenb(z, x) =

√
E(ξ∗).

From standard results of calculus of variation, the optimal curveξ∗ must satisfy
a constraint: ifξ(t, ε) is any deformation ofξ∗ havingξ(t, 0) = ξ∗(t) andξ(0, ε) ∈
K, ξ(1, ε) = x, we must have

d

dε

(
2
√
E(ξ(·, ε)) + u0(ξ(0, ε))

)
|ε=0 = 0



18 9 SOLUTIONS TO HAMILTON-JACOBI EQUATIONS

which implies∫ 1

0
∂L
∂x

d
dε ξ(t, 0) + ∂L

∂v
d
dε ξ̇(t, 0) dt√

E(ξ(·, ε))
+ du0(z)

d

dε
ξ(0, 0) = 0

0 =
∫ 1

0

∂L

∂x

d

dε
ξ(t, 0)− d

dt

∂L

∂v

d

dε
ξ(t, 0) dt−

−∂L
∂v

(z, ξ̇(0, 0))
d

dε
ξ(0, 0) +

√
E(ξ(·, ε))du0(z)

d

dε
ξ(0, 0)

which by the Euler equation becomes

−∂L
∂v

(z, ξ̇(0, 0))
d

dε
ξ(0, 0) + du0(z) ·

(
d

dε
ξ(0, 0)

) √
E(ξ(·, 0)) = 0

which, by arbitrariness ofddε ξ(0, 0) ∈ TzK, implies

p∗|TzK = du0(z)
√
H(x, p∗)

(wherep∗ = ∂L
∂v (z, ξ̇(0, 0))), and then, forp = p∗/

√
H(x, p∗),

p|TzK = du0(z)

We have then that(z, p) ∈ O. By the reasonings in 12.23 on the reparameterization
of the geodesics, we have proved that there exists(t, x, p) ∈ lR+ × O such thatx =
X(t, z, p).

9.4 Finsler case

Assume(Hnd) and moreover that

(H2) H ∈ C2 andH is strongly convex in thep variable (cf. 8.1) in a neighbourhood
of {H = 0},

and assume 8.23: thenZx is always strongly convex, and∂Zx is aC2 submanifold of
T ∗xM ; note that this implies most of the hypotheses in 8.23.

Assume moreover that a strict subsolutionu does exist: in these hypotheses

Theorem 9.17 The geometry(M,L) defined in sec.13.1 is a regular Finsler Geometry,
and

1. V is locally semiconcave inM \K (as defined in 2.3 in [26]), andΣ = {x | 6
∃du}

2. the closure ofΣ coincides withΣ ∪ Γ;

where the setsΣ andΓ are defined in 4.1 and 4.2 in part I.

Proof. 1. the proof uses the theorem 5.3 in [19], by expressing the PDE (12.1) in
local coordinates (it is the same as the proof of prop. 8 in [21]).

2. it is enough to prove that there are no conjugate pointsx ∈ Γ outside ofΣ. If B
is any open set containing no points ofΣ, V is C1 in B, by the semiconcavity
of V (see prop. 5,9 and 10 in [21]), and the flow is a local homeomorphism. If
there would be a neighbourhoodB of x ∈ Γ containing no points ofΣ, then,
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then there would a pointy ∈ B and an optimal geodesicξ for V (y) that would
pass throughx; the initial segment of this geodesic would be the optimal curve
for V (x): but this is impossible, since a geodesic ceases to be minimal after it
meets a conjugate point; see the first statement in prop. 14 in [21] for details.

“Semiconcavity ofV ” implies some interesting properties ofΣ, like:

• the setΣ may be covered by a countable number ofC2 manifolds (see [1])

• moreover the singularities ofdu (i.e. the setΣ) propagate in a way that is related
to the shape of∂+u(x). See [2].

9.5 Some remarks

9.5.1 on the hypothesis( ∃u)

We comment on the hypothesis( ∃u) of existence of a strict subsolution (see (8.20.?)).
For any choice ofc ∈ lR, consider the problem

{H(x, du(x)) = c x ∈M (9.18)

These family of problems has been studied in many papers; the result most relevant
to our current interest is

Theorem 9.19 (Weak KAM) Suppose thatH ∈ C2 andH(x, ·) is strongly convex
(cf. 8.1); suppose that there is a reference Riemannian Geometry such that∀k ∈ lR
∃a ∈ lR

H(x, p) ≥ k|p| − a, ∀x, p (9.19.?)

and∀r ∈ lR
sup{H(x, p) | |p| ≤ r} <∞ (9.19. ? ?)

Then there existsc(H) ∈ lR, such that the Hamilton-Jacobi equation above admits
a global viscosity solutionu : M → lR for c ≥ c(H) and does not admit any such
solution forc < c(H). c(H) is called the critical value.

In the case whereM is the n-dimensional torusTn, this theorem is due to P.L. Li-
ons, G. Papanicolaou & S.R.S. Varadhan [28]; forM an arbitrary compact connected
manifold it is due to A. Fathi [10]. A more complete discussion of history and applica-
tions of this result may be found in [11].

Remark 9.20 It may be interesting also to study whether the hypotheses (9.19.?) and
(9.19.??) may be replaced by more intrinsic hypotheses: indeed they imply that the
Finsler metric spaces associated to (9.18) whenc > c[h] are complete; so, maybe, it
should be enough to assume directly that those Finsler metric spaces are backward
complete, without resorting to an auxiliary Riemannian structure.

More recently, in the case whereM is the n-dimensional torusTn, some results on
the regularity of critical solutions have appeared in [12]

Theorem 9.21 (6.2 in [12])SupposeM = Tn. Suppose thatH is continuous, and for
all x ∈ Tn, a ∈ lR,

• {p | H(x, p) ≤ a} is convex
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•
lim inf
p→∞

H(x, p) = ∞

uniformly inx (see also 8.14 and (11.1.?))

• ∂{p | H(x, p) ≤ a} = {p | H(x, p) = a} 23

LetA be the generalized projected Aubry set.
There exists aC1 critical subsolution, which is strict in every open subset whose

closure is disjoint fromA.

In view of these theories, we understand that our assumption( ∃u) is roughly say-
ing that for our problem (7.1)24 the critical valuec(H) < 0 is negative.

Note that the hypotheses in above theorems are quite stringent; since our problem
(7.1) is obtained from (9.18) fixingc = 0, we are asking hypotheses (such as 8.23)
only onZ, or onH in a neighbourhood of{H = 0}: this allows for much generalized
hypotheses.

9.5.2 . . . on completeness, and the time parameter:

In the case of the eikonal problem (7.6) on Riemannian manifolds, if we setu ≡ 0,
sinceU(t, z, q) = 2t for geodesics, we obtain that the condition(MCu) defined in 9.3
is exactly saying that the Riemannian spaceM is (geodesically) complete.

Indeed, it was shown in thm 3.1 in [21] that

Theorem 9.22 problem (7.6) has an unique viscosity solutionu in the class of contin-
uous functions that are bounded from below, andu(x) = d(x,K) whered(x,K) is the
Riemannian distance fromx toK

all this under the assumption that the spaceM be complete.
In the more general case that we are studying here, the completeness hypothesis is

substituted by the hypothesis(MCu-) (in the weak Finsler case); this suggests that

U(t, z, q)− u(X(t, z, q))

is anatural choice of time parameterfor the characteristics (a sort of “arc parameter”).

9.5.3 Boundary value problems

Let Ω be an open subset of a differentiable manifold. Consider the problem{
H(x,Du(x)) = 0 in Ω
u(x) = u0(x) whenx ∈ ∂Ω.

(9.23)

The theory in this paper does not directly include boundary value problems. To
include it, we may setM = Ω, K = ∂Ω and considerM to be a manifold with
boundary. This needs many adjustments in the hypotheses.

23as noted in 8.26, this last hypothesis is equivalent to the hypothesis{p | H(x, p) ≤ a} =

{p | H(x, p) < a}; this is as askingZx = Ax (that was required in 8.23) for all problemsH − a = 0.
24or maybe for the equivalent problem (12.1)
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10 Examples

The other uniqueness results that we know of do not explicitely state a “completeness”
hypothesis;25 we now provide some examples where this hypothesis is relevant.

Example 10.1 If we state the simple problemM = (−1, 1) ⊂ lR, K = {0}, u0(0) =
0, H(x, p) = |p|2 − 1, then 26 we are giving toM the usual euclidean structure
Ĥ = | · |2; we readily see that this problem has two viscosity solutions bigger than
u ≡ −2: but this problem violates the hypothesis on completeness.

Another (graphically much nicer) example is:

Example 10.2M = lR2,H(x, p) = |p|2 − 1,K = {x | x1 = −x2
2/4}, u0(x) = x1.

u(x,y)
       2
       1
       0
      -1
      -2
      -3

-4
-3

-2
-1

0
1

2

x_1

-3
-2

-1
0

1
2

3

x_2

-4

-3

-2

-1

0

1

2

Figure 1:u∗∗(x) in example 10.2

This example satisfies condition( ∃u) , and we may chooseu(x) = −
√
|x|2 + 1

(as in (3.18) in [26]), but there is no strict subsolutionu such thatu ≤ u0 onK, and
which satisfies(MCu-) . This problem has two viscosity solutions:

u∗(x) .= x1

u∗∗(x) .= max
{
x1,

(
1−

√
x2

2 + (x1 + 1)2
)}

the second solution is a patchwork of a cone and a plane, which intersect in the
parabola{(x1, x2, x3) | x1 = x3 = −x2

2/4}. See fig. 1.

10.1 Asymmetric eikonal example

LetM = lR, let

Ĥ(x, p) =
{
p2e−2x if p ≥ 0
p2e2x if p < 0

25sometimes the “backward completeness” is implicitely assumed: this is the case when the ambient space
M is compact

26note that we assumed thatM must be a borderless manifold: then, ifM ⊂ lR, M must be an open
subset
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We formulate the Hamilton-Jacobi eikonal problem{
Ĥ(x,Du(x))− 1 = 0 for x 6= 0
u(0) = 1

(10.3)

The above has two regular solutions,

u1(x) = ex, u2(x) = e−x

We setu = 0.
We can easily solve for the characteristic functions (9.9) satisfyingĤ(X,P ) = 1:

for the caseP (0) = q > 0 we definez = log q,X(0) = z

Ẋ = 2Pe−2X , Ṗ = 2P 2e−2X , U̇ = 2P 2e−2X

If we chooseĤ(z, q) = 1 thenĤ(X,P ) = 1 for all t, and these become

Ẋ = 2P−1, Ṗ = 2, U̇ = 2

and sincedu(X(t)) = P (t) = eX(t) = P (0) + 2t, we obtain

X(t) = log(q + 2t), P (t) = q + 2t, U(t) = 2t

that is defined fort ∈ (t−, t+) with t− = −q/2, t+ = ∞. Similarly if P (0) = q < 0,
we definez = − log(−q),X(0) = z, then

X(t) = − log(−q + 2t), P (t) = q − 2t, U(t) = 2t

that is defined fort ∈ (t−, t+) with t− = q/2, t+ = ∞.
Coupling them with the initial conditions in (10.3), they become

X(t) = log(1 + 2t), P (t) = 1 + 2t, U(t) = 1 + 2t

and
X(t) = − log(1 + 2t), P (t) = −1− 2t, U(t) = 1 + 2t

Let L̂ be a Lagrange dual tôH, as per (12.25):

L̂(x, p) =
{

1
4v

2e2x if v ≥ 0
1
4v

2e−2x if v < 0

and(lR, L̂) is a Finsler Geometry27. We then define the Finsler distanceb(x, y) as in
(8.28); in this specific case,

2b(x, y) =
{
ey − ex if y > x
e−y − e−x if y < x

(10.4)

From the above equations and theorem 9.14, we derive that the space(lR, L̂) is for-
ward complete, but not backward complete; and indeed there are 4 viscosity solutions
that are bounded from below, namely

u1, u2, u1 ∧ u2, u1 ∨ u2

27according to our definition in sec.13.1
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We reformulate (10.3) with different conditions{
Ĥ(x,Du(x))− 1 = 0 for x 6∈ lN
u(x) = u0(x)

.=2e−x for x ∈ lN
(10.5)

In this case, the problem

V (x) = inf
z∈lN

u0(z) + 2b(z, x)

has no minimum: indeed
V (0) = inf

y∈lN
e−y + 1

11 Comparison with previous results

11.1 Comparison with [31]

We compare our approach to Hamilton-Jacobi problems with this result, found as
Proposition 3.1 in Siconolfi’s [31]

Proposition 11.1 Let M = lRn. 28 Suppose thatH(x, 0) < 0. 29 SupposeH is
continuous, and

∂(Z̊x) = {p | H(x, p) = 0} ∀x

and
lim inf
|p|→∞

H(x, p) > 0 (11.1.?)

locally uniformly inx.
ThenZx is compact (uniformly w.r.tx), andF is locally bounded (by (11.1.?)).

Moreover the mapsx 7→ Zx andx 7→ ∂Zx are Hausdorff–continuous. Consequently
F is continuous.30

Following the discussion in 7.8, we state that we prefer to avoid an hypotheses as
(11.1.?), which is not local around{H = 0}; the above theorem may be compared
then to theorem 9.4.

We point out that [31] addresses also the case whenZx is not convex: it then builds
a solution of (7.1) by a sup-inf formula, which provides a viscosity solution of the
convexified of (7.1). We do not address the case whereZx is not convex in this paper.

Again, in the caseM = lRn, Proposition 2.2 in [31] proves that

Theorem 11.2 SupposeM = lRn. Suppose thatH(x, 0) < 0. Suppose thatH is
continuous and (11.1.?) andZx is convex and

∂(Z̊x) = {p | H(x, p) = 0} ∀x

Assume the condition 2.9 in [31], namely there exista, b > 0

H(x, p) < 0 ∀x, p with |p| < a

|x|+ b
(11.2.?)

28The original proposition assumesM = lRn; but the adaptation to havingM a manifold would be
straightforward.

29We may generalize the conditionH(x, 0) < 0 to (8.20.?), by using 12.15
30SinceZx is compact (uniformly w.r.tx) thenx 7→ Zx is Hausdorff–continuous iff it is Kuratowski–

continuous.
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Then
u(x) .=S(a, x)

is the unique viscosity solution ofH(x, du(x)) = 0 (for x 6= 0) in the class of continu-
ous functionsv : M → lR such that

lim inf
|x|→∞

v(x) = ∞ (11.2. ? ?)

andv(0) = 0.

We now understand that (11.2.?) is a “completeness condition”, since it implies
that the space(M, b) (defined withu = 0) is complete. Indeed the condition (11.2.?)
is equivalent to: there exista, b > 0

L(x, v) ≥ a|v|
|x|+ b

(11.3)

(that is the condition 1.7 in [31]).
In this paper we have shown that, indeed, a completeness assumption is fundamen-

tal to achieve uniqueness of solution; we have also remarked that, due to the asymme-
try of the equation and of the metric, we may distinguish a backward and a forward
completeness hypothesis, and that the correct one is the “backward completeness as-
sumption”. So our theorem 9.5 clearly generalizes the above theorem.

11.2 Comparison with [24]

We show how this paper naturally follows and generalizes the paper [24]. We assume
(Hnd) and 8.23, and thatZx is strictly convex for allx.

Consider the conditions that were introduced in [24]:

(MC) ((M,H) is characteristically complete)we can solve (9.9) for all times, that is,
we have a flow(X,P ) : lR × T ∗M → T ∗M whenever the initial conditions
X(0) = z, P (0) = q satisfyH(z, q) = 0.

(Gu) there exists a strict subsolutionu and constantsc′ > c > 0 such that

c′ ≥ d

dt
U − d

dt
(u(X)) ≥ c

for any characteristic(X,P,U) (such thatH(X,P ) = 0), that is,

c′ ≥ (p− du(x)) · ∂
∂p
H(x, p) ≥ c

for all (x, p) ∈ T ∗M such thatH(x, p) = 0.

These conditions were used in [24], were it was proven that they imply existence
and uniqueness of the viscosity solution.

We show a sequence of simple implications that involve these conditions.

Proposition 11.4 • if M is compact, then the maximal times (defined in (9.10)
and (9.11)) aret+ ≡ ∞ , t− ≡ −∞, and this is equivalent to saying that(MC)
holds;
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suppose thatZx is strictly convex; take anyx ∈ M , andp in the border ofZx,
that is,H(x, p) = 0; let TpZx ⊂ T ∗xM be the hyperplane tangent toZx in the
point p: this hyperplane intersectsZx only in the boundary, and it is perpendic-
ular to ∂

∂pH(x, p) (see fig. 2); whereas the point(x, du(x)) is contained in the
internal part ofZx; then, we obtain that

(p− du(x)) · ∂
∂p
H(x, p) > 0 (11.4.?)

•

Zx

TpZx

∂
∂p

H(x, p) (applied top)

(x, p)

du(x)

Figure 2: condition(Gu)

The above reasoning shows that, ifM is compact and ifZx is strictly convex and
C1, we obtain that any strict subsolutionu satisfies(Gu)

• the conditions(Gu ,MC) readily imply(MCu) : indeed,(MC) says thatt+ =
∞, t− = −∞, and(Gu) implies,

c′t ≥ U(t, z, q)− u(X(t, z, q))−
(
U(0, z, q)− u(X(0, z, q))

)
=

=
∫ t

0

(P (t, z, q)− du(X(t, z, q))) · ∂
∂p
H(X,P ) ≥ ct

so that
c′t ≥ U(t, z, q)− u(X(t, z, q)) ≥ ct

The last point shows that the hypotheses(MCu) generalizes the conditions(Gu ,MC) :
then the results in this paper generalize the results in [24].

12 Proofs

12.1 Reduction to a simpler problem

The main tool to prove the results is to reduce the model problem (7.1) to an equivalent
simpler problem.

We assume that( ∃u) holds (see (8.20.?)).
We substitute the problem (7.1) that we are studying, with the problem{

Ĥ(x,Du(x))− 1 = 0 in M \K
u(x) = û0(x) whenx ∈ K.

(12.1)

We then study how the conditions and hypotheses are affected. To this end, we
constructĤ in two steps:
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1. We define
H̃(x, p) .=H(x, p+ du(x)) , û0

.=u0 − u . (12.2)

As shown in 8.12 and 12.15, ifV is the value of 7.1,̃V = V − u is the value
solution of {

H̃(x,Dũ(x)) = 0 in M \K
ũ(x) = ũ0(x) whenx ∈ K.

and similarly for viscosity solutions.

The above transformation implies that̃H(x, 0) < 0, and basilarly say that we
can assume thatu = 0 in our proofs, with no loss of generality.

2. Assume 8.23. We now define

Z̃x
.=

{
p | H̃ (x, p) ≤ 0

}
Z̃x is a convex set; we define then the gauge functionjz of Z̃x as

jx(p) .= inf
{
t > 0 | p/t ∈ Z̃x

}
and eventually we define

Ĥ(x, p) .=
(
jx(p)

)2

Summarizing,Ĥ is built fromH (or fromZ) by

Ĥ(x, p) .= inf
{
t2

∣∣∣ t > 0 s.t.H
(
x,
p

t
+ du(x)

)
≤ 0

}
=

= inf
{
t2

∣∣∣ t > 0 s.t.
(p
t

+ du(x)
)
∈ Zx

} (12.3)

We callĤ the gauge Hamiltonian.

Remark 12.4 A similar transformation is used in studying the existence of periodic
solutions to (9.9) in symplectic manifolds; see thm 3.4 in§3.5 in [22], or chap. I sec.
7 ex. 2 in [8]; the main difference being that in those theorems it is assumed that
{(x, p) | H(x, p) ≤ 0} is convex, and̂H is built from{H ≤ 0}, and not sectionwise
as above.

By the definition,Ĥ is positively 2-homogeneous, ie

∀λ ≥ 0 Ĥ(x, λp) = λ2Ĥ(x, p) (12.5)

It is easily proved (by the definition of̂H) that(Ĥ(x, p)− 1) has the same sign of
H̃(x, p): then,u is a viscosity solution for̂H iff it is a viscosity solution forH̃.

Suppose thatH ∈ C1,1 in a neighbourhood of{H = 0}, andĤ as well. We do
not know a priori if the characteristics curves ofH and the characteristics curves ofĤ
are related: the idea being that, they are related if(Hnd) holds forH. We explore this
idea in sections 12.3 and 12.4.

Remark 12.6 We easily see that, ifp 6= 0, there is only one value oft such that

H̃
(
x,
p

t

)
= 0 ,

and it ist =
√
Ĥ(x, p).
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12.2 Comparison Theorem

This section is devoted to the proof of this result.

Theorem 12.7 Assume 8.23 onZ, thatu exists, and that the asymmetric metric space
(M, b) is backward complete. Suppose thatu is a viscosity subsolution andv is a
supersolution ofH(x, du(x)) = 0 for x ∈ M \K whereasu ≤ v onK, and suppose
thatv ≥ u+ c for a constantc ∈ lR: thenu ≤ v.

If M is a complete Riemannian manifold andH(x, p) = |p|2 − 1, we may choose
u ≡ 0: thenb is equal to the Riemannian distanced; when moreoveru0 = 0, problem
(7.1) reduces to the eikonal equation (7.6), whose viscosity solution is the distance
dK(x) .=d(x,K) fromK; Thm. 3.1 in [21] (see 9.22 here) proves thatdK is the unique
solution in the class of continuous functions bounded from below.31

To prove the above theorem, we will use the following result from prop. 4.3 in
Camilli and Siconolfi [5]32

Proposition 12.8 (prop. 4.3 in [5]) Let Ω ⊂ M be open. For anyf : Ω → lR contin-
uous, we define the Clarke generalized differential as

∂f(x) .=co{p ∈ T ∗xM | ∃(xn) ⊂ Ω,∃df(xn) .=pn, (xn, pn) → (x, p) in T ∗M}

where co(A) is the convex envelope of a setA ⊂ T ∗xM . Consider a problemH(x, du(x)) =
0 such that 8.23 holds onZ

.={H ≤ 0}.

• v is a supersolution ofH(x, dv(x)) = 0 in Ω iff for anyx ∈ Ω and any Lipshitz
continuousφ which is subtangent tov at x there existsp ∈ ∂φ(x) such that
H(x, p) ≥ 0

• Any subsolution ofH(x, du(x)) = 0 is Lipshitz continuous, and for allp ∈
∂u(x) we haveH(x, p) ≤ 0

Using this result we can simplify the proof in [21], and yet prove the general theo-
rem 12.7 here proposed.

By means of the transformation in (12.2), we assume without loss of generality that
u ≡ 0, and we replace the problem at hand with the problem (12.1). Let

h(x, p) .=
√
Ĥ(x, p)

in the following.
As in the work of Krǔzhkov [16], we consider the transformed functionsũ = −e−u

andṽ = −e−v, which are respectively a viscosity subsolution and a supersolution of{
h(x, dv) + v = 0 in M \K,
v = −e−u0 onK

(12.9)

(see proposition 6 in [21]) moreover,0 > ṽ ≥ −e− inf v ≥ −e−c andũ < 0.
We establish a comparison result for this last problem (12.9): this clearly implies

the above theorem. We fixC
.=e−c. We argue by contradiction, and suppose thatũ and

ṽ are resp. a subsolution and a supersolution of (12.9),0 > ṽ ≥ −C, ũ < 0, and that
at a pointx we haveũ(x) = 2ε+ ṽ(x) with ε > 0.

We apply the Krǔzhkov transformation to above proposition 12.8 and state that

31Moreover the proof of Thm. 3.1 contains a comparison result between super and sub solution.
32The proof in [5] is stated assuming thatΩ ⊂ lRn, but the result can be generalized to manifolds, using

local coordinates
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• for anyx ∈M \K and any Lipshitz continuousφ which is subtangent tõv atx
there existsp ∈ ∂φ(x) such thath(x, p) + ṽ(x) ≥ 0

• ũ is locally Lipshitz continuous, and for anyx ∈ M \K and for allp ∈ ∂ũ(x)
we haveh(x, p) + ũ(x) ≤ 0

Let B(x) .=b(x, x). By 9.2 and 9.7 we know thatB is a viscosity solution of
h(x,−p)− 1 = 0 for x 6= x: then for allx ∈M and allp ∈ ∂B(x), h(x,−p) ≤ 1.

Let
Ψ(x) = ũ(x)− ṽ(x)− εB(x)

This function is bounded from above byC; moreoverΨ(x) = 2ε: thensupΨ will be
positive, and realized in the region{x | εB(x) ≤ C} which is a backward closed ball.
By the Hopf–Rinow–like theorem 8.31 since the metric space(M, b) is backward com-
plete, then the backward closed balls are compact: soΨ(x) has a positive maximum in
a pointx̂. This means that the functioñu(x)− εB(x) is a Lipschitz subtangent of̃v(x)
at x̂.

We know thatΨ(x̂) ≥ Ψ(x) = 2ε, while Ψ(x) ≤ 0 for all x ∈ K: thenx̂ 6∈ K.
Then by (the transformed version of) 12.8, there existsp ∈ ∂(ũ(x)− εB(x)) such that
h(x, p) + ṽ(x) ≥ 0.

At the same timep = p′ + p′′ with p′ ∈ ∂ũ(x) andp′′ ∈ ∂(−εB(x)): then (again
by 12.8)h(x̂, p′) + ũ(x̂) ≤ 0; at the same time, as noted above,h(x̂, p′′/ε) − 1 ≤ 0
that ish(x̂, p′′) ≤ ε.

Sinceh(x, ·) is convex and 1-homogeneous, summing up we obtain

h(x̂, p) ≤ h(x̂, p′) + h(x̂, p′′) ≤ −ũ(x̂) + ε

while h(x, p) + ṽ(x) ≥ 0: this entails

−ṽ(x) ≤ h(x, p) ≤ −ũ(x̂) + ε

or
ũ(x̂)− ṽ(x̂) ≤ ε

whereas
ũ(x̂)− ṽ(x̂) ≥ Ψ(x̂) ≥ Ψ(x) ≥ 2ε

achieving contradiction.

12.3 Equivalent problems

We remarked in 7.5 that the viscosity solution does not depend on the values ofH, but
only on its sign. We also foretold in 7.7 that this holds (roughly speaking) for themin
solution, that is defined in (9.15) by means of characteristics; but we need to find a
relationship between characteristics of different problems:

Lemma 12.10 Suppose that

H̃(x, p) = ρ̃(x, p)H(x, p) (12.10.?)

whereρ̃ : T ∗M → lR is a positive function; suppose thatρ is locally Lipschitz in a
neighbourhood of{H = 0}; and H̃(x, p) isC1,1

loc in a neighbourhood of{H = 0}.
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The value functioñV of {
H̃(x, dũ(x)) = 0 on M
ũ = u0 on K

, (12.10. ? ?)

coincides with the value functionV of (7.1); the same holds also for themin solution,
and (sincẽρ > 0, see 7.5) for viscosity solutions.

We indeed note that the characteristicsX̃, P̃ , Ũ of H̃ are related to the character-
isticsX,P,U of H through a reparameterization of thet variable: fix y = (z, q)
s.t. H(z, q) = 0, and leta, b, ã, b̃ > 0 be such that(−a, b) is the maximal interval of
definition forX,P,U , and (−ã, b̃) is the maximal interval of definition for̃X, P̃ , Ũ ;
then there is a diffeomorphismϕy : (−ã, b̃) → (−a, b) s.t.

(X̃(t, y), P̃ (t, y), Ũ(t, y)) = (X(ϕy(t), y), P (ϕy(t), y), U(ϕy(t), y)) (12.10.�)

that is defined by

ϕy(t) =
∫ t

0

ρ̃(X̃(s, y), P̃ (s, y)) ds = (12.10.��)

=
∫ t

0

ρ̃(X(ϕy(s), y), P (ϕy(s), y)) ds

indeed derivingX

Ẋ(ϕy(t), y)ϕ̇y(t) = ˙̃X(t, y) =
∂H̃

∂p
(X̃, P̃ ) =

ρ̃(X̃, P̃ )
∂H

∂p
(X̃, P̃ ) = ρ̃(X̃, P̃ )

∂H

∂p
(X(ϕy(t), y), P (ϕy(t), y))

sinceH̃(X̃, P̃ ) = 0 and derivingU

U̇(ϕy(t), y)ϕ̇y(t) = ˙̃U(t, y) = P̃ · ∂H̃
∂p

(X̃, P̃ ) =

P (ϕy(t), y) · ρ̃(X̃, P̃ )
∂H

∂p
(X̃, P̃ ) =

= P (ϕy(t), y) · ρ̃(X̃, P̃ )
∂H

∂p
(X(ϕy(t), y), P (ϕy(t), y))

A similar result is found in lemma 3.1 in§3.5 in [22].

Remark 12.11 Suppose that̃H satisfies(Hnd) (in p. 16) and similarly forH̃, and
suppose thatH, H̃ ∈ C1,1, and

signH(x, p) = signH̃(x, p) ∀x, p ∈ T ∗M

Then there exists ãρ > 0 locally Lipschitz such that (12.10.?) holds. So, in a sense,
(12.10.?) is the most general change of equation that preserves the viscosity solutions,
the characteristics flow, and themin solution.

Every time we will be able to transform the problem (7.1) in another problem
(12.10.??), so that the solutions are related by a simple algebraic relationship, we will
say that the two problems areequivalent.
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Definition 12.12 (Invariant conditions) Consider a conditionP on a problem such
as (7.1); suppose that (7.1) satisfiesP iff (12.10.??) satisfiesP: then we say that this
conditionP is invariantunder the equivalence of the two problems.

Proposition 12.13 The conditions( ∃u) , (MCu) , (MCu±) , and ( ∃minV) are in-
variant: indeed, the variablet does not play an explicit role in them, so that by (12.10.�)
we just need to change the time variable withϕy(t) in the definitions.

Remark 12.14 The conditions(MC),(Gu ) (that were proposed in [24] and are dis-
cussed here in§11.2) are not in general invariant. If the problem (12.10.??) satisfies
the condition(MC) and∀y s.t.H(y) = 0,∫ ∞

0

ρ̃(X̃(s, y), P̃ (s, y)) ds = ∞,

∫ 0

−∞
ρ̃(X̃(s, y), P̃ (s, y)) ds = −∞,

thenϕy is a diffeomorphism fromlR to lR and the problem (7.1) satisfies(MC) ; this
happens, e.g., wheninf ρ̃ > 0 on the set{(z, q) | H(z, q) = 0}; and vice versa. A
particular case is when there are constantsc′ > c > 0 such thatc′ > ρ̃ > c on the
set{H = 0}: then these conditions(MC),(Gu ) are invariant. This problem gave the
starting impulse to the study that eventually generated this whole paper.

Lemma 12.15 If ψ is any regular function onM , we can define

H̃(x, p) .=H(x, p+ dψ(x)) , ũ0
.=u0 − ψ ;

then, ifV is the value solution of 7.1,̃V = V − ψ is the value solution of{
H̃(x,Dũ(x)) = 0 in M \K
ũ(x) = ũ0(x) whenx ∈ K.

(12.15.?)

to prove this, it is sufficient to note that the characteristics ofH̃ are related to the
characteristicsX,P,U ofH through the relation

(X̃, P̃ , Ũ) = (X,P −Dψ(X), U − ψ(X) + ψ(X(0))) ;

and a similar statement holds for viscosity solutions andmin solutions.

Proposition 12.16 By the relation before mentioned between the characteristics, the
conditions(MC) , ( ∃u) , (OXUp) , ( ∃V) , (KXUp) , (CC) are invariant; if we relate
a strict subsolutionu of (7.1) to a strict subsolutioñu of (12.15.?) using the formula
ũ = u− ψ, then( ∃u),(MCu ±) are invariant, by construction.

Another way to relate two problems is in proposition 2.10 in [21].
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12.4 Equivalence of characteristics of̂H and H

We again define
Z̃

.={(x, p) | H̃ ≤ 0} = {(x, p) | Ĥ ≤ 1} (12.17)

Note thatZ andZ̃ are easily related by

Zx = Z̃x + du(x) (12.18)

As aforementioned, the hypothesis(Hnd) (that was defined in (9.12.?)) directly
implies some of the hypotheses we stated in 8.23 and in 9.1:

Proposition 12.19 Assume(Hnd) . Then∂Z = {H = 0}; moreover{H = 0} is a
regularC1,1 submanifold ofT ∗M ; andZx = Ax, whereA = Z̊. Assume moreover
thatZx is convex, choose au satisfying (8.20.?), and defineĤ: thenĤ is of classC1,1

onT ∗M ∩ {p 6= 0}.

The proof is by implicit function theorem.

Proof. We work in local coordinates(x, p) ∈ lR2k wherek
.=dim(M). By implicit

function theorem and(Hnd) , we can write{H = 0} locally as the graph of a function
p1 = f(x1, . . . , xk, p2, . . . , pk) wheref ∈ C1,1; this implies that{H = 0} is (locally)
of classC1,1. In local coordinatesZx is the slice of the closed epigraph off :

{p | p1 ≤ f(x1, . . . , xk, p2, . . . , pk)}

whereasAx is the slice of the open epigraph off :

{p | p1 < f(x1, . . . , xk, p2, . . . , pk)}

this proves thatZx = Ax.
Assume moreover thatZx is convex; we locally use spherical coordinatesr, θ for

T ∗xM (with r ∈ lR+ and θ ∈ Sk−1), andx ∈ lRk for M . We know thatZ̃x is

convex and0 ∈ ˚̃Zx; fix a point (x, r, θ) whereH̃ = 0; by (Hnd) we know that
(∂

∂r H̃,
∂
∂θ H̃) 6= 0, but moreover we can prove that∂

∂r H̃ 6= 0, otherwise the radious
connecting0 to (r, θ) in T ∗xM would be tangent tõZx. Apply again the implicit
function theorem, to express{H̃ = 0} as the graph of a functionr = g(x, θ), for
r ∈ I ⊂ lR, θ ∈ V ⊂ Sk−1, x ∈ U ⊂ lRk whereI, U, V are open sets: then in this
coordinates, forr ∈ lR+ andθ ∈ V , x ∈ U ,

Z̃x = {r ≤ g(x, θ)}

and

Ĥ(x, r, θ) = inf
{
t2 | r > 0,

r

t
≤ g(x, θ)

}
=

r2

g(x, θ)2

that is of classC1,1.

Remark 12.20 We may consider a more general condition than(Hnd) , that is

∀(x, p) ∈ T ∗M, H(x, p) = 0 =⇒
(
∂

∂p
H(x, p),

∂

∂x
H(x, p)

)
6= 0 (12.20.?)

This last condition avoids the problem of degeneracies of geodesics, but does not guar-
antee thatĤ isC1,1, as shown in the following example.
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Example 12.21LetM = lR, and suppose that, inside the region(−1, 1) × [0,∞) of
T ∗M ≡ lR2, the setZ coincides with the set

{(x, p) | x > (p− 2)3}

This setZ has a smooth boundary, so it is possible to build a smooth HamiltonianH
satisying (12.20.?), and such thatZ = {H ≤ 0}; but, at the same time, if we choose
u ≡ 0, whenx ∈ (−1, 1) andp > 0, Ĥ takes the value

Ĥ(x, p) =
p2

( 3
√
x+ 2)2

and this is not differentiable at(x, p) = (0, 1).

Since the functions̃H and Ĥ − 1 have the same zero set∂Z̃, their derivatives
DH̃(x, p) andDĤ(x, p) are parallel when(x, p) ∈ ∂Z̃; it is easily proved, (by using
homogeneity, see (12.23.??)), thatDĤ 6= 0 on∂Z̃; then the function

ρ̃(x, p) .=
H̃(x, p)

Ĥ(x, p)− 1

is positive and locally Lipschitz in a neighborhood of∂Z̃: applying the lemma 12.10
we are sure that the problem (12.1) and the problem (7.1) are equivalent, that is, they
share the same properties and the same solutions.

Lemma 12.22 Suppose thatH satisfies(Hnd) andZ satisfies 8.23. If we want to
compute the reparameterizationϕy between the characteristics of̃H and the charac-
teristics ofĤ, then by the lemma 12.10, we only need the value ofρ̃whereH̃(x, p) = 0;
there, by Ḧopital’s theorem,

ρ̃(x, p) =
ν ·DH̃(x, p)
ν ·DĤ(x, p)

for almost anyν ∈ TT ∗M ; in particular,

ρ̃(x, p) =
p · ∂

∂pH̃(x, p)

p · ∂
∂pĤ(x, p)

=
1
2
p · ∂

∂p
H̃(x, p) (12.22.?)

Lets callX̂, P̂ , Û the characteristics of̂H.
Using the above reduction we can easily prove that

Proposition 12.23 let y = (z, q) ∈ T ∗M then

d

dt
Û(t, y) = 2Ĥ(y) (12.23.?)

Proof. By deriving (12.5) wrtλ, we get the Euler identity

2Ĥ(x, p) =
∂Ĥ

∂p
(x, p) · p (12.23. ? ?)

sinceĤ(X̂(t, y), P̂ (t, y)) is constantly equal tôH(y), we get

2Ĥ(y) =
∂Ĥ

∂p
(X̂, P̂ ) · P̂ =

d

dt
Û(t, y)
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Remark 12.24 If the original problem (7.1) satisfies(MCu) , then the problem (12.1)
satisfies(MCu) . We have just seen that, for any(z, q) with Ĥ(z, q) = 1, we have

Û(t, z, q) = 2t

this means that, for the problem (12.1), the condition(MCu) is simply saying that
(M, Ĥ) is “ characteristically complete” 33: that is, the characteristics(X̂, P̂ ) of Ĥ
can be evolved for all times.

As we will show in (13.6), characteristics of̂H are geodesics of the weak Finsler
space(M,L) that will be defined in appendix: then the condition(MCu) is equivalent
to saying that(M,L) is “ geodesically complete”.

A similar statement holds for forward-only and backward-only completeness.

12.5 Towards a weaker Finsler Geometry

SupposeZ satisfies 8.23. Choose a strict subsolutionu. Let Ĥ be as in (12.3).
Let (M, b) be the asymmetric metric space associated to (7.1) in sec. 8.3.1. Because

of the relation (12.18) between{H ≤ 0} and{Ĥ ≤ 0}, we associate(M, b) to Ĥ as
well.

To prove thm. 9.14 we need to prove that:(M, Ĥ) is “characteristically back-
ward complete” (resp.forward) iff the metric space(M, b) associated to it is backward
complete (resp. forward). This suggests that we need a kind of Geometry, and a Hopf-
Rinow theorem.

To this end, we defineL : TM → [0,∞) using the Legendre-Fenchel transform,
namely

L(x, v) .= sup
p∈T∗x M

(
p · v − Ĥ(x, p)

)
(12.25)

Note that by 13.16
F = 2

√
L (12.26)

whereF was defined in (8.21).

Example 12.27 In the case of the eikonal equation (7.6) on a Riemannian Manifold,
we have thatH(x, p) = |p|2− 1, Ĥ(x, p) = |p|2, L(x, v) = |v|2/4 andF (x, v) = |v|;
andb(x, y) is the Riemannian distance.

We would like to view (12.1) as theeikonal problemfor the Geometry(M,L); but,
in the general case that we consider here,(M,L) is not a regular Finsler Geometry.

This proposition is the link between the above theory, and in particular 9.14, and
the theory in 13.2.

Proposition 12.28 Suppose thatH satisfies(Hnd) , Z satisfies 8.23 andZx is strictly
convex. Then̂H satisfies all properties in 13.1: this means thatĤ induces aweaker
Finsler Geometry(M,L).

Proof. SinceZx is strictly convex, thenĤ is strictly convex inp: this is property
( Ĥ3!) in 13.1. By 12.19,Ĥ isC1,1 whenp 6= 0: this is property( Ĥ1) in 13.1. By
its own definition (12.3),̂H is positively 2-homogeneus inp: this is property( Ĥ4) in
13.1.

33that is condition(MC) in page 24
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We will indeed prove that in this caseL ∈ C1 but in generalL 6∈ C2 (see 13.12 and
13.13). We will be able nonetheless to define an exponential map(M,L), and use it
to formulate an Hopf–Rinow theorem. The discussion of this ideas is postponed to the
section 13.3.

13 Weaker Finsler space

As an application of the theory that was shown in [23], we review here the approach to
the theory of Finsler spaces that we need to prove theorem 9.14.

13.1 Finsler Geometry

We present now a definition ofFinsler Geometry.
A Finsler Geometryis a pair(M,L) where

L : TM → [0,∞)

satisfies

(L1’) L(x, v) isC2 on theslit tangent bundleTM ∩ {v 6= 0}, andC1 globally;

(L2’) for any fixedx, the functionv 7→ L(x, v) is strongly convex at anyv 6= 0;

(L4’) L is positively homogeneous, of degree 2, in thev variable, ie

∀λ ≥ 0 L(x, λv) = λ2L(x, v) .

In the following, we will try to associate a “Finsler Geometry”(M,L) to the prob-
lem (7.1); but the functionL that we will get will not be, in general, be of classC2; for
this reason, we will talk ofa weaker Finsler structure.

Nonetheless, some results of Finsler Geometry hold true in the hypotheses that we
will assume on (7.1).

13.2 Weaker Finsler Geometry

We collect all needed hypotheses onĤ andZ.

Hypotheses 13.1We suppose that̂H : T ∗M → lR+ satisfies

( Ĥ1) Ĥ(x, p) is locally aC1,1 map onT ∗M ∩ {p 6= 0}.

( Ĥ3!) thefiguratrixset ofĤ

{p ∈ T ∗xM | Ĥ(x, p) ≤ 1}

is compact and strictly convex, or equivalently,Ĥ is strictly convex inp;

( Ĥ4) Ĥ(x, ·) is positively 2-homogeneous, that is,Ĥ(x, lp) = l2Ĥ(x, p) for l ≥ 0.

We recall that, in the hypotheses of theorem 9.14, thegauge Hamiltonian̂H defined
in (12.3) satisfies all the above (see the discussion in prop. 12.28).
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13.2.1 Hamiltonian flow ofĤ

Using the canonical coordinates ofT ∗M , we can define the Hamiltonian flow(X,P ) :
lR× T ∗M → T ∗M of Ĥ, as the solution of thesystem of characteristics{

Ẋi(s) = ∂Ĥ
∂pi

(X(s), P (s))

Ṗi(s) = − ∂Ĥ
∂xi

(X(s), P (s))
(13.2)

with initial conditions {
X(0) = z
P (0) = q .

(13.3)

that is, for the sake of this appendix, we agree that we denote by(X,P ) the Hamilto-
nian flow ofĤ (and not the flow ofH).

13.3 Summary

We now briefly express the main results, leaving details to the following sections.
We defineL : TM → lR as the Legendre–Fenchel transform ofĤ, as defined in

(12.25). If we assume hypotheses 13.1 onĤ, thenL is notC1,1 regular in general;
since this case is not covered in the most common books, we outline how some basic
facts do hold true:

Proposition 13.4 L is C1. Suppose thatξ is a critical curve of theenergy functional
(or, action functional)

E(ξ) .=
∫ 1

0

L(ξ(s), ξ̇(s)) ds (13.4.?)

then, by associating

p(s) .=
∂L

∂v
(ξ(s), ξ̇(s)) (13.4. ? ?)

we obtain that
(
ξ(s), p(s)

)
is a solution of the Cauchy problem (13.2); and thenξ is

C1 in thes variable.

We leave the proof and the discussion to the next section.
We then define

Definition 13.5 (Forward exponential map) For fixedx we define theforward expo-
nential map34

expx : TxM →M

as

expx(v) .=X
(

1, x,
∂L

∂v
(x, v)

)
and we will prove that

X(t, x, p) = X(1, x, tp) = expx(tv) (13.6)

when p, v are related by the Legendre relation (13.9.�). We postpone the proof to
section 13.5 (and in particular to (13.17.?)).

We can prove this addition to the previous (purely metric) Hopf-Rinow theorem
9.14

34We will in the following drop the attribute of “forward” from the definition, for simplicity
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Theorem 13.7 The following assertions are equivalent:

1. (M, b) is forward-complete

6. for a certainx, the forward exponential mapexpx(v) is defined for allv ∈
TxM (in this case we say that(M,L) is forward geodesically complete); or
equivalently for allx;

7. for a certainx, the forward exponential map is defined on allTxM and is sur-
jective, that is,expx(TxM) coversM ; or equivalently for allx;

Using the purely-metric Hopf-Rinow theorem in 2.37 in [23], the proof to this
theorem just needs simple extra arguments that are identical to those used for the Hopf–
Rinow theorem in [7], or in [3]. The proof is in section 13.6.

We recall that, following the discussion in 12.24 and in§12.5, (M,L) is “for-
ward geodesically complete” iff the original problem (7.1) satisfies(MCu+) (from
eq. (9.13)): so the above Theorem immediatly proves 9.14.

13.4 On the Legendre-Fenchel transform

This subsection is more of a comment on Calculus of Variations than on Finsler spaces:
so Ĥ will not be necessarily homogeneous inp; we will though suppose, for conve-
nience, thatĤ(x, ·) is superlinear, that is,

lim
p→∞

Ĥ(x, p)
|p|

= ∞ (13.8)

where|p| is any chosen norm onT ∗xM ; we know indeed that̂H(x, ·) is superlineariff
L is defined on the wholeTM , and proper on eachTxM (see thm. 1.4.11 in [9]).

Definition 13.9 the Legendre–Fenchel transformL of Ĥ is defined as in (12.25), that
is:

L(x, v) .= max
p∈T∗x M

(
p · v − Ĥ(x, p)

)
(13.9.?)

which can be inverted by the dual formula

Ĥ(x, p) .= max
v∈TxM

(
p · v − L(x, v)

)
(13.9. ? ?)

SinceĤ(x, ·) isC1 and strictly convex, then, by duality,v 7→ L(x, v) isC1 and strictly
convex; then the pointsp0 andv0, where the above maxima are realized, are related by
the Legendre reciprocity formula

p0 =
∂L

∂v
(x, v0), v0 =

∂Ĥ

∂p
(x, p0) (13.9.�)

Remark 13.10 The relationship (13.9.�) is obviously a homeomorphism.

This would bring to the classical approach35:

35see§1.8 in [13], or§2.3 in [9].... and many other text in Calculus of Variations, or Hamilton–Jacobi
problems
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Proposition 13.11 if Ĥ is C2 and strongly convex inp, thenL is C2 and strongly
convex inv, and viceversa; and in this casêH is Cr iff L is Cr (r ≥ 2), and the
relation (13.9.�) is a diffeomorphism for any fixedx.

If Ĥ is only strictly convex, then, in general, we cannot expect thatL be regular:

Example 13.12 if we takeM = lR, H(x, p) = p2n/2n, thenL(x, v) = 2n+1
2n v

2n
2n−1 :

so, if we just say thatH ∈ C∞ and strictly convex inp, we don’t have any bound on
the Hölder exponent of∂∂vL.

Moreover the relation (13.9.�) is not in general a diffeomorphism for fixedx; 36 but
we show in the following that we may use all the common methods in Calculus of
Variations nonetheless.

Proposition 13.13 If Ĥ(x, p) is locally aC1,1 map onT ∗M , strictly convex inp, then
it is easily proved thatL ∈ C1 as a function onTM

Proof. We have noted thatv 7→ L(x, v) is, by duality,C1.
We will prove thatx 7→ L(x, p) is derivable and that

∂L

∂x
(x0, v0) =

∂Ĥ

∂x
(x0, p0) (13.13.?)

(wherex0, v0, p0 are related by (13.9.�)). We can assume without loss of generality
thatM is substituted by an open subset oflRn, and d

dx,pĤ(0, 0) = 0, Ĥ(x, 0) = 0,
x0 = 0, v0 = 0, p0 = 0, so thatL(0, 0) = 0: we will then prove that

L(x, 0)
|x|

=
maxp−Ĥ(x, p)

|x|
−−−→

x→0
0

that is, that∂∂xL(0, 0) = 0. Obviously

0 ≤ maxp−Ĥ(x, p)
|x|

Lets callp∗ = p∗(x) the point where the maximum is attained; then, by (13.8),
p∗(x) is bounded; and by strict convexity,p∗(x) is continuous, andp∗(x) → 0 for
x→ 0; then

max
p
−Ĥ(x, p) = −Ĥ(x, p∗(x)) ≤ d

dp
Ĥ(x, 0) · p∗(x) ≤ C|x||p∗(x)|

Suppose now thatξ is an extremal of (13.4.?): thenξ satisfies the Euler condition
(in integral form)

∂L

∂v
(ξ(t), ξ̇(t)) =

∫ t

0

∂L

∂x
(ξ(s), ξ̇(s)) ds+ c

By what we proved above, we substitute

p(s) .=
∂L

∂v
(ξ(s), ξ̇(s))

36but it is an homeomorphism: see previous note
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and then, by the above proposition, the Euler condition becomes

p(s) =
∫ t

0

∂H

∂x
(ξ(s), p(s)) ds+ c

thenξ(s), p(s) is a solution of the Cauchy problem (9.9); and then it isC1 in the s
variable.

This shows that an extremal is determined uniquely (and continuously) by the inital
values(ξ(0), ξ̇(0)), even ifL is notC1,1. This ends the proof of 13.4.

13.5 Exponential map

We briefly review how we define theexponential mapin our weaker Finsler geometry;
we cannot use the common definition, sinceL 6∈ C2 in general.

We suppose that̂H satisfies all of 13.1.
The Finsler structure(M,L) is related toĤ as shown in the previous section; in

this case, moreover,v 7→ L(x, v) andp 7→ Ĥ(x, p) are positively 2-homogeneous.
From this we obtain that

L(x, v) = v · p− Ĥ(x, p) =
∂Ĥ

∂p
(x, p) · p− Ĥ(x, p) = Ĥ(x, p) (13.14)

wheneverx, v, p are related by the duality (13.9.�). Moreover

Proposition 13.15 If ξ is an extremal, thenL(ξ, ξ̇) =const; indeed,

L(ξ, ξ̇)− ξ̇ · ∂L
∂v

(ξ, ξ̇) = constant

(by direct derivation and the Euler equation, see [14, pag. 76]); but, by(L4’) ,

v · ∂L
∂v

(x, v) = 2L(x, v) .

Remark 13.16 Note by homogeneity, we may use the Legendre–Fenchel formulas

L(x, v) .=max
p6=0

(p · v)2

4Ĥ(x, p)
= max

p s.t. Ĥ(x,p)≤1

(p · v)2

4
(13.16.?)

Ĥ(x, p) .=max
v 6=0

(p · v)2

4L(x, v)
= max

v s.t.L(x,v)≤1

(p · v)2

4
(13.16. ? ?)

which show that4L = F 2, whereF is the support function of{p | Ĥ(x, p) ≤ 1}

To conclude the proof of (13.6), we then need this simple lemma

Lemma 13.17 for anyλ ≥ 0 we have

X(tλ, z, q) = X(t, z, λq), (13.17.?)

λP (tλ, z, q) = P (t, z, λq)
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Proof. Note that, by(H4’) , ∂H
∂x is positively homogeneous inp of degree 2, and∂H

∂p
of degree 1.

Lets call

X̃(t, z, q) .=X(λt, z, q),
P̃ (t, z, q) .=λP (λt, z, q)

the LHS of (13.17.?); then

λ ˙̃X(t, z, q) = λẊ(λt, z, q), ˙̃P (t, z, q) = λ2Ṗ (t, z, q),

Then these solve the equation
∂X̃
∂t (t, z, q) = λ∂X

∂t (λt, z, q) = λ∂H
∂p (X,P ) = ∂H

∂p (X̃(t, z, q), P̃ (t, z, q))
∂P̃
∂t (t, z, q) = λ2Ṗ (t, z, q) = −λ2 ∂H

∂x (X,P ) = −∂H
∂x (X̃, P̃ )

X̃(0, z, q) = z, P̃ (0, z, q) = qλ ;

and the solution of this system coincides with the RHS of (13.17.?).

13.6 Proof of 13.7

We outline here the proof of 13.7.
The implication1 =⇒ 6 is straightforward: indeed (by seeking contradiction) if

t→ expx(tv) were defined only on an interval[0, T ), then the sequence

tn
.=expx

(
(T − 1/n)v

)
would be forward–Cauchy, so it would have a limit point, from where we can prolong
the geodesic.

To prove6 =⇒ 7 (for a fixedx), we will need some preliminary results.

Proposition 13.18 Fix x, y ∈M and suppose that there exists a geodesicγ that gives
the minimum ofb(x, y) in the class of paths connectingx to y. As shown in sec. 3
in [23], we can reparameterize37 γ to obtain another geodesicξ such thatF (ξ, ξ̇) is
constant. By the Cauchy–Schwartz inequality, we have in general that√∫ 1

0

L(ξ(s), ξ̇(s)) ds ≥
∫ 1

0

√
L(ξ(s), ξ̇(s)) ds

and there is equality iffL(ξ, ξ̇) is (almost everywhere) constant: then this geodesicξ is
also a minimum of theenergy functional(13.4.?) andγ(t) = expx(tv) for the choice
of v = γ̇(0) ∈ TxM .

Proposition 13.19 Fix x. Letε > 0 s.t.{y | b(x, y) ≤ ε} is compact.38 Let

B+(x, ε) .={y | b(x, y) < ε} ,B+(x, ε) .={v ∈ TxM | F (x, v) < ε}

Then for anyy ∈ B+(x, ε), there is a minimal geodesic connectingx to y (see lemma
2.34 in [23]); once reparameterized to constant parameterization, this geodesic is a

37see also 2.33 in [23]
38We know that(M, b) is path–metric, by 3.7 in [23]; then{y | b(x, y) ≤ ε} = B+(x, ε) (by 2.20 in

[23])
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minimum of the energy functional (13.4.?), so it is a characteristic: we have proved
that

expx(B+(x, ε)) ⊃ B+(x, ε)

conversely, any such characteristic has length less thanε, so

expx(B+(x, ε)) = B+(x, ε)

Remark 13.20 From the above, we understand thatexpx is locally surjective forε
small; we do not know, though, if it is injective (the usual proof relies on the local
inversion theorem, that needs the hypothesis(H2) ).

In spite of the possible lack of local injectivity, we can anyway prove

Proposition 13.21 Supposeexpx(v) is defined for allv: then for anyy ∈ M there
exists a geodesic connectingx to y.

indeed, the proof goes exactly as in prop. 6.5.1 [3]. Combining the above propositions,
we have obtained that, if for a certainx the condition 6 of 13.7 holds, then 7 holds.

To conclude, we prove that7 (for a fixedx) implies that forward–bounded closed
sets are compact: indeed, if a setA is forward–bounded, then it is contained inB+(x, r)
for r large;39 by hypothesis 7 and 13.21, we know that each pointy in B+(x, r) can
be reached by a geodesic, so again

expx(B+(x, r)) ⊃ B+(x, r) ⊃ A

but then
expx(D+(x, r)) ⊃ A

where
D+(x, r) .={v ∈ TxM | F (x, v) ≤ r}

is compact: soA is compact. So 7 implies condition 2 in 8.31 that implies 1 (in their
forward form).

Since condition 1 does not involve a specific pointx, then conditions 6 and 7 can
be equivalently stated“for a certain x” or “for all x” .

A Kuratowski convergence

We review definition and results regarding the Kuratowski convergence, for conve-
nience of the reader. We will use many concepts of general topology, as defined in
Kelley [15]. Let in the followingY be a Hausdorff40 topological space.

Definition A.1 (Kuratowski convergence [17]) Let (An)n∈lN be a sequence of sub-
sets ofY . We define thelower Kuratowski limit lim infn→∞An of (An)n

• lim infn→∞An is the set ofy ∈ Y such that any neighborhood ofy meets
eventually all of theAn.

39the condition thatA is forward–bounded can be stated using any pointx at will, as remarked in§2.iv in
[23]

40also known as“T2” or “separated” space; see [15], ch. 2
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• (If the topology ofY is characterized by converging sequences:41) Equivalently
lim infn→∞An is the set of all possible limits of sequencesyn with yn ∈ An.

• (If (Y, d′) is a metric space:) Equivalentlylim infn→∞An is

lim inf
n→∞

An
.=

⋂
δ>0

⋃
m∈lN

⋂
n≥m

(Aδ
n)

where
Aδ

n
.={x | d′(x,A) < δ}

is the fattened ofAn.

If (Y, | · |) is a normed vector space, then in particular

Aδ
n = An + Bδ

.
={y + z | y ∈ An, z ∈ Bδ} = {x | ∃y ∈ An, |x− y| < δ}

whereBδ
.
={z | |z| < δ} is the ball centered in 0 of radiousδ > 0.

Theupper Kuratowski limitlim supn→∞An of (An)n is

• the set of all pointsy ∈ Y such that any neighborhood ofy meets frequently all
of theAn.

• Equivalently it is the set of all possible limits of sequencesym with ym ∈ An for
somen ≥ m.

• Equivalently it is

lim sup
n→∞

An
.=

⋂
δ>0

⋂
m∈lN

⋃
n≥m

(Aδ
n)

In general,
lim inf
n→∞

An ⊂ lim sup
n→∞

An

We will say thatlimn→∞An = A in the Kuratowski senseif

lim inf
n→∞

An = lim sup
n→∞

An = A

Other equivalent conditions for the case whenY = lRn may be found in ch. 4 in [29].

The Kuratowski convergence enjoys many useful properties

Proposition A.2 LetA,An ⊂ Y .

• lim infn→∞An andlim supn→∞An are closed.

• (Locality). For anyV ⊂ Y open, we have

V ∩ lim sup
n→∞

(An ∩ V ) = V ∩ (lim sup
n→∞

An)

V ∩ lim inf
n→∞

(An ∩ V ) = V ∩ (lim inf
n→∞

An)
(A.2.?)

• (Convexity). If Y is a topological vector space and allAn are convex, then
lim inf An is convex.

41such is the case whenY satisfies“the first countability axiom”: see [15], ch. 2
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Note that this last one does not hold if we replaceconvexityby connectedness.Let
indeedS1 .={x : |x| = 1} ⊂ lR2 be the circle, and let

An = S1 ∩ {(−1)nx2 ≥ 0}

A0, A2, A4, . . . = A1, A3, A5, . . . =

thenlim inf
n→∞

An = {(−1, 0), (1, 0)} is not connected.

Proof. • x 6∈ lim infnAn iff there is an open neighbourhoodV of x s.t.V ∩An =
∅ frequently; butV is an open neighbourhood of eachz ∈ V , soV ⊂ Y \
lim infnAn. Similarly for lim supnAn.

• Let x ∈ V ; x ∈ lim supn→∞(An ∩ V ) iff for any neighbourhoodU of x,
(An ∩ V ) ∩ U 6= ∅ frequently inn; whereasx ∈ (lim supn→∞An) iff for any
neighbourhoodU of x, (An ∩ U) 6= ∅ frequently inn. The first implies the
second; the second implies the first if we replaceV by U ∩ V . Similarly for
lim infnAn.

• if x, y ∈ lim infn→∞An andτ ∈ [0, 1] then there arexn → x andyn → y with
xn, yn ∈ An and(xnτ + yn(1− τ)) → (xτ + y(1− τ)).

We moreover prove

Proposition A.3 (Equicompactness.)Suppose thatY is connected. Choose a sequence
An ⊂ Y . Suppose allAn are connected,lim infn→∞An is non-empty, andA

.= lim supn→∞An

is compact.
Then(An)n is eventually equicompact; and moreover for anyK ⊂ Y compact

such thatA ⊂ K̊, thenAn ⊂ K eventually inn.42

Proof. A proof may be found in prop. 3 in Salinetti–Wets [30], for the case whenY
is a finite dimensional normed vector space. We present here the more general proof.
We seek contradiction: letK be contradicting the thesis, that is,A ⊂ K̊ but there
is a (nk) such thatAnk

\ K 6= ∅. ThenK 6= Y : sinceY is connected, then∂K
is non-empty. ∂K dividesY in two disconnected open sets,̊K andY \ K. Since
lim infn→∞An is non empty, then there is a sequenceyn ∈ An s.t.yn converges to an
y; theny ∈ lim supAn ⊂ K̊; for n large,yn ∈ K̊, soAn ∩ K̊ 6= ∅; at the same time,

Ank
∩ (Y \K) = Ank

\K 6= ∅ :

sinceAnk
are connected, and they intersect both sets, then they must intersect also

∂K, so there existszk ∈ Ank
∩ ∂K. Since∂K is compact, then{zk} has a cluster

point z ∈ ∂K, (by thm. 5 in ch. 5 in [15]); by definition oflim sup, though,z ∈ A
contradicting the fact thatA ⊂ K̊.

Remark A.4 The above proposition is tricky43: it is easy to mistakenly state it using
wrong hypotheses. For example, it is not possible to replace the condition“ lim infn→∞An

42that is, there existsN ∈ lN, such thatAn ⊂ K ∀n ≥ N .
43and indeed it fouled the author in a preliminary draft version of this paper
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is non-empty”by the condition“ lim supn→∞An is non-empty”, (as is done in cor. 4.12
in [29]). This is clearly shown by this example: letAn ⊂ lR be defined by

An
.=

{
{0} for n even
{n} for n odd

then eachAn is connected,lim infn→∞An = ∅ while lim supn→∞An = {0} is non-
empty and compact; but the sequenceAn is not equicompact. (This is a very important
remark: basilar proofs in this paper depend on the above proposition.)

Here we show moreover some other examples and remarks on sequencesAn that
are noteventually equicompact:

• LetY = lR, and letAn = {0, n} be disconnected:limnAn = {0} is compact
and non-empty

• LetY = lR, and letAn = {n} so thatlimnAn = ∅ (that is compact)

• Moreover in the thesis we assume that, given a compactA, it is possible to
find a compact neighbourhoodK of A. We recall that: every point inY has a
compact neighbourhood, iff any compact setA in Y has an open neighbourhood
V with compact closureK = V . So this hypothesis means that the property
holds only in finite dimensional cases: indeed, letY be an infinite dimensional
Hilbert space, and letAn

.={y | |y| < 1/n} be decreasing open balls: then
limnAn = {0} is compact and non-empty.

We will moreover need to relate the Kuratowski convergence to the convergence of
support functions; we state a well known result

Proposition A.5 SupposeY is a finite dimensional normed vector space andA,An ⊂
Y are convex andA is compact and non-empty; letFA : Y ∗ → lR,

FA(v) .=sup{p · v | p ∈ A}

be the support function ofA, and similarlyFAn ofAn; then the following are equiva-
lent

i. An → A in the Kuratowski sense

ii. FAn
→ FA locally uniformly

iii. FAn
→ FA pointwise.44

Proof. WhenY is a generic reflexive Banach space andfn, f : Y → (−∞,∞] (and
f, fn 6≡ ∞), Mosco [27] defines thatfn → f when45

inf
{(zn),zn→y}

lim sup
n→∞

fn(zn) ≤ f(y) ≤ inf
{(nk)}

inf
{(yn),yn⇀y}

lim inf
k

fnk
(yn) (A.5.?)

for all y ∈ Y ; in the above,(zn) are sequences strongly converging toy, (yn) are
sequences weakly converging toy,and(nk) are subsequences. Then Mosco proves in
Theorem. 3.1 in [27] thatAn → A iff FAn

→ FA in the above sense (A.5.?) in Y ∗.

44pointwise convergence of support functions is known asscalar convergenceof An to A.
45Indeed (A.5.?) is now known asMosco convergence of functions.
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Suppose now thatY is finite dimensional: it is easy to prove that local uniform
convergence implies Mosco convergence (A.5.?), that in turn implies pointwise con-
vergence: that is,(ii) =⇒ (i) =⇒ (iii).

Suppose now that(i) holds (and then(iii) holds): sinceA is compact and non-
empty, then, by the above proposition,(An) is (eventually) equicompact: this implies
that (Fn) is equi-Lipschitz; by the Ascoli–Arzelà theorem,(ii) holds. (Summarizing:
(i) =⇒ ((iii) ∧ (i)) =⇒ (ii).)

See also cor. P4A in Salinetti–Wets [30].

In this paper, things will be slightly more complicated, since we will usefiberwise
support functions; we discuss the result in in the following section, where we will
moreover split the above in a l.s.c. statement A.15 and a u.s.c. statement A.16.

The compactness hypothesis in the above is important: we present a counterexam-
ple (derived from the similar example 5.2 in Löhne–Z̆alinescu [20])

Example A.6 LetA : lR → PlR2 be defined by

Aθ
.={(x1, x2) ∈ lR2 | x1 cos θ = x2 sin θ}

(Aθ is a line passing through 0 with angleθ w.r.t the vertical axis). Then for the support
function we have

FAθ
(v1, v2)

.=
{

0 if v2 cos θ = −v1 sin θ
+∞ if not

The function
(θ, v1, v2) 7→ FAθ

(v1, v2)

is l.s.c. inlR3 but is not continuous.

§A.i .. on maps

Let thenX be a Hausdorff topological space; we extend the above notions to maps
A : X → PY :

Definition A.7 We define thelower Kuratowski limit lim infx→xAx as the set ofy ∈
Y such that

∀V 3 y,∃U 3 x,∀x ∈ U, x 6= x,Ax ∩ V 6= ∅,
whereV ⊂ Y andU ⊂ X are open. We define theupper Kuratowski limitlim supx→xAx

as the set ofy ∈ Y such that

∀V 3 y,∀U 3 x,∃x ∈ U, x 6= x,Ax ∩ V 6= ∅,

We definelower-semi-continuous (and u.s.c.) maps in the Kuratowski sensewhen
the lower Kuratowski limitlim infx→xAx containsAx (resp. iflim supx→xAx ⊂ Ax);
as usual.

In the following section we further extend the above notion to fiber bundles.

Proposition A.8 If the topology ofX andY are characterized by converging sequences
(cf. note 41), then equivalently we say that the mapA : X → PY is lower-semi-
continuous in the Kuratowski senseif, for any sequence(xn)n ⊂ X with xn 6= x and
xn → x, for anyy ∈ A, there is a sequenceyn ∈ Axn

s.t.yn → y; resp. upper-semi-
continuous in the Kuratowski senseif for any sequence(xn)n ⊂ X with xn 6= x and
xn → x, for any converging sequenceyn ∈ Axn

s.t.yn → y, we havey ∈ A.



§A.ii .. on fiber bundles 45

Remark A.9 The above is different from the definition presented in [29], where it is
not assumed thatxn 6= x; using the definition in [29], it would always hold that

lim sup
x→x

Ax ⊃ Ax

and then some following results would have a different statement.

§A.ii .. on fiber bundles

We assume, for sake of ease, thatX satisfies“the first countability axiom”. Suppose
thatY is a finite dimensional normable vector space; suppose thatN is a fiber bundle
with fiber Y , andπ : N → X be the projection; letNx = π−1(x) be the fiber.N is
equipped with an atlas offiberwiselocal coordinates that are defined, for anyx ∈ U ,
by a small openU ⊂ X containingx, and by an homeomorphism

φ : U × Y → π−1(U) (A.10)

such that (for allx ∈ U ) φ(x, ·) is a linear isomorphism between{x} × Y andNφ(x).
We extend the above definitions on Kuratowski limits, to maps into the fiber bundle

N , using these local coordinates (this is OK in view of (A.2.?)).

Definition A.11 (Slicing & graph) If B is a subset ofN , we will slice it to define the
map

x 7→ Bx
.=Nx ∩B

Conversely, if we considerfiberwise mapsx 7→ Ax such thatAx ⊂ Nx is not
empty; we associate to any such map its graph

A
.=

⋃
x

Ax

For example in section 8.3, we considered mapsx 7→ Ax fromM toN = T ∗M , with
Ax ⊂ T ∗xM , then we will for simplicity define the graph as

A
.={(x, p) ∈ T ∗M | p ∈ Ax} .

Lemma A.12 ChooseA ⊂ N , letAx be the slicing ofA. If A is closed, thenx 7→ Ax

is upper-semi-continuous. Viceversa if every sliceAx is closed, and the mapx 7→ Ax

is upper-semi-continuous in the Kuratowski sense, thenA is closed.

Proof. Fix x ∈ X. Pull backx 7→ Ax to a mapU → Y (using local coordinatesφ
aroundx), that we callÃx.

Choosexn → x in X. Choose anyy ∈ lim supn→∞ Ãxn
: then there is a sequence

yn with yn ∈ Ãxm(n) for somem(n) ≥ n, such thatyn → y. Fromφ(xm(n), yn) ∈ A
thenφ(x, y) ∈ A: soy ∈ Ãx.

Viceversa, letzn be a sequence inA converging to az ∈ N ; we write it in local
coordinates as(xn, yn) → (x, y); if xn = x eventually, we use the fact thatAx is
closed; otherwise byxn → x we know thaty ∈ lim supn→∞ Ãxn

⊂ Ãx, that is,
z ∈ A.

Lemma A.13 SupposeA ⊂ N is open; letAx be the slicing ofA: then the map
x 7→ Ax is lower-semi-continuous in the Kuratowski sense.

Proof. Fix x ∈ X. Pull backx 7→ Ax to a mapU → Y (using local coordinatesφ
aroundx), that we callÃx. Choosey ∈ Ãx. Choose anyxn → x: then eventually
φ(xn, y) ∈ A, that isy ∈ Ãxn . Theny ∈ lim infn→∞ Ãxn .
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§A.iii Dual of a set map

Suppose moreover thatN∗ is the dual bundle ofN , that is,π∗ : N∗ → X and
N∗

x
.=(π∗)−1({x}) is isomorphic toY ∗.
We considerfiberwise mapsx 7→ Ax with Ax ⊂ N∗

x ; we suppose that anyAx is
non empty. We define thefiberwise support function

F : N → (−∞,∞]

so thatF (x, ·) is the support function of the setAx: in local coordinates,

F (x, v) .=sup
{
p · v | p ∈ Ax

}
. (A.14)

Lemma A.15 If the mapx 7→ Ax is lower-semi-continuous in the Kuratowski sense,
thenF is lower-semi-continuous.

Proof. Fix x ∈ X. Pull backx 7→ Ax to a mapU → Y ∗ (using fiberwise local coordi-
natesφ in a neighbourhoodU aroundx). Similarly, pull backF in local coordinates.

• Fix x, v, and choose anyr < F (x, v). Choose sequences such thatvn → v and
xn → x. Choosep such thatp ∈ Ax andr < p · v ≤ F (x, v).
Sincex 7→ Ax is l.s.c., there is a sequencepn ∈ Axn

such thatpn → p. So

F (xn, vn) ≥ pn · vn → p · v ≥ r

and then
lim inf
n→∞

F (xn, vn) ≥ F (x, v)

by arbitrariness ofr.

• We also show the proof in caseA is open (which is redundant, in view of A.13):
indeed we may seeF (x, v) as the supremum forp ∈ Y ∗ of the l.s.c. functions

(x, v) 7→
{
p · v if (x, p) ∈ A
−∞ if not

Lemma A.16 Fix x ∈ X. If the mapx 7→ Ax is upper-semi-continuous in the Ku-
ratowski sense atx, anyAx is connected,lim infx→xAx is non-empty, andAx is
compact, then for any fixedz with π∗(z) = x, F is locally bounded and upper-semi-
continuous atz.

Proof. We again work in local coordinates. SupposeAx is compact: by A.3 there is a
neighbourhoodU of x and aK compact such thatAx ⊂ K for all x ∈ U . Fix v, and
V a compact neighbourhood ofv in Y : then|F (x, v)| is bounded in a neighbourhood
U × V of z = (x, v) (by sup{|p · v|, p ∈ K, v ∈ V }).

Choose sequences inV andU , such thatvn → v andxn → x, and suppose,
without loss of generality, that the sequenceF (xn, vn) is increasing.

Choosepn ∈ Axn
such that

lim
n
F (xn, vn) = lim

n
pn · vn

On the other hand,pn ∈ K so we may extract a subsequencepnm
converging to a

limit point q: we have thatq ∈ lim supmAnm
⊂ Ax and then

F (x, v) ≥ q · v = lim
m
pnm · vnm = lim

n
F (xn, vn)
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[20] Andreas L̈ohne and Constantin Zălinescu. On convergence of closed convex sets.
http://www.mathematik.uni-halle.de/reports/sources/2005/05-02report.pdf.

[21] C. Mantegazza and A. C. Mennucci. Hamilton–Jacobi equations and distance
functions on Riemannian manifolds.Applied Math. and Optim., 47(1):1–25, 2002.
arXiv.org:math.AP/0201296.

[22] Jean L. Mawhin and M. Willem.Critical point theory and hamiltonian systems.
Applied mathematical sciences 74. Springer–Verlag, New York, 1989.

[23] A. C. G. Mennucci. On asymmetric distances. preprint,
http://cvgmt.sns.it/papers/and04/ .

[24] A. C. G. Mennucci. Regularity of solutions to Hamilton-Jacobi equations. In
Djaferis and Schick [6]. (abridged version).

[25] A. C. G. Mennucci. Regularity and variationality of solutions to Hamilton-Jacobi
equations. part i: regularity.(version of [26] with more proofs and some corrections, online since 2002

athttp://cvgmt.sns.it/papers/men02/ ), 2002.

[26] A. C. G. Mennucci. Regularity and variationality of solutions to Hamilton-Jacobi
equations. part i: regularity.ESAIM Control Optim. Calc. Var, 10(3):426–451,
2004.

[27] U. Mosco. On the continuity of the Young–Fenchel transform.J. Math. Anal.
Appl, 35:518–539, 1971.

[28] G. Papanicolaou P.L. Lions and S.R.S. Varadhan. Homogenization of Hamilton-
Jacobi equations. (unpublished), 1987.

[29] R. T. Rockafellar and R. J-B. Wets.Variational analysis, volume 317 ofA series
of comprehensive studies in mathematics. Springer–Verlag, 1998.

[30] G. Salinetti and R. J. B. Wets. On the convergence of convex sets in finite dimen-
sions.SIAM Review, 21:18–33, 1979.

[31] Antonio Siconolfi. Metric character of Hamilton-Jacobi equations.Transactions
of the american mathematical society, 355(5):1987–2009, 2003. electronically
published on January 8, 2003.


