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Abstract

In this short note we provide a proof of the importance of the connectedness assumption in the
statement of the optimal p-compliance problem with length penalization and in the statement of the

constrained form of this problem for the existence of solutions.

1 Introduction

A spatial dimension N > 2 and an exponent p € (1,+00) are given. Let {2 be an open bounded set in
RY and let f belong to L% () with

q@ = (p*) if 1<p<N, g >1if p=N, qgo=1if p> N, (1.1)

where p* = Np/(N — p) and (1/p*) + (1/(p*)’) = 1. In this paper, every open set is nonempty.
In view of the Sobolev embeddings (see, for instance, [9, Theorem 7.10]), the functional E o defined
over W, (Q) by

1
Ef’Q(’U,)Z*/ |Vul? dm—/fu dx
PJa Q

is finite. It is a well-known fact that for each closed proper subset X of Q the functional E; ¢ admits a
unique minimizer u; o 5 over Wy ?(Q\X). Furthermore, the Sobolev function uy.q 5 is a unique solution
to the Dirichlet problem

—Ayu=fin Q\%, uec Wy Q\D).

The latter means that ufo 5 € Wy (Q\X) and
/ |Vuras|P*VurasVe dr= / fo de  Yoe WyP(Q\D).
Q Q

Notice that if a closed set ¥ C Q has zero p-capacity (for the definition of capacity, see Section 2), then
ufayx = urag (see Remark 2.8). The dependence of uys o s on p is neglected in this paper. For each
closed proper subset ¥ of Q, the p-compliance functional at ¥ is defined by

1 1
Cra(¥)=-Era(urax) = 7/ VusoslP de= 7/ fupoys dz.
D Ja D Ja

The purpose of this paper is to prove the importance of the connectedness assumption in the state-

ments of the following two shape optimization problems for the existence of solutions to these problems.
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Problem 1.1. Let p € (N — 1,+00). Given A > 0, find a set ¥ C 2 minimizing the functional Fy f
defined by
FrpaE) =Cra(®) + AH(X)

among all sets X' in the class K(Q) of all closed connected proper subsets of Q.

Problem 1.2. Let p € (N — 1,+00). Given L > 0, find a set ¥ C Q minimizing the p-compliance
functional Cyqo among all sets X' in the class A () of all closed connected subsets of Q satisfying the
constraint 0 < H'(X') < L.

These two problems were studied in [6, 11, 12, 7, 5, 4], however, until this paper, the importance
of the connectedness of admissible sets in their statements for the existence of solutions had not been
proved, but it was simply mentioned as a remark without proof in [7] for the special case N = p = 2. In
this paper, we provide a detailed proof in any spatial dimension N > 2 for every p € (N — 1,+00) and
for the sharp integrability assumption on the source term f € L% ().

It is worth noting that any closed set ¥/ C Q with H!(X’) < 400 is removable for the Sobolev space
WyP(Q)if p € (1, N—1] (see, for instance, Theorem 2.2 and Remark 2.8), namely, W, (Q\X') = W, 7 (Q)
and this implies that Cfo(X') = Cfo(0). Thus, defining Problem 1.1 for some exponent p € (1, N — 1],
we would get only trivial solutions to this problem: every point zo in Q and the empty set. On the
other hand, every set ¥ in A () would be a solution to Problem 1.2 if this problem were defined for
p € (1, N —1]. Also, if ¥’ C Q is a closed set such that ¥’ N Q is of Hausdorff dimension one and with
finite 7!-measure, then ¥’ is not removable for W, ?(Q) if and only if p € (N — 1, +00) (see Corollary 2.4
and Remark 2.8). Furthermore, a point zy € Q is not removable for W, **(2) if and only if p € (NN, +00)
(see Theorem 2.2, Remark 2.3 and Remark 2.8). Therefore, Problem 1.1 and Problem 1.2 are interesting
only in the case when p € (N — 1, +00).

We also assume that f # 0 in L%(€), because otherwise the p-compliance functional Cy () would
be reduced to zero, and then each solution to Problem 1.1 would be either a point zo € © or the empty
set, and any set in Ay, (£2) would be a solution to Problem 1.2.

It is clear that replacing the class K(f2) in the statement of Problem 1.1 by the class of all closed
connected subsets X’ of Q) satisfying the estimate C o (') +AH(X') < Cf o (D) does not actually change
Problem 1.1. Thus, from now on we shall talk only about those admissible sets ¥’ for Problem 1.1 for
which the estimate Cto(X') + AH (') < Cfo(0) holds.

The connectedness assumption, together with the bounds on the length (i.e., H!-measure) of admis-
sible sets for Problem 1.1 and Problem 1.2, gives the necessary compactness to prove that these two
problems admit a solution (see [14] for p = 2 and [3] for the general case).

In this paper, we prove the following two theorems.

Theorem 1.3. Let Q C RY be open and bounded, A\ > 0, p € (N —1,+00), f € L®(Q), f #0, qo is
defined in (1.1). Then the existence of minimizers for the functional Fy .o over the class of all closed

proper subsets of Q fails.

Theorem 1.4. Let Q C RN be open and bounded, L > 0, p € (N —1,+00), f € L(Q), f # 0, qo is
defined in (1.1). Then the existence of minimizers for the p-compliance functional Cyq over the class

{2 cQ: ¥ is closed, 0 <H'(X') < L} fails.

2 Preliminaries

For any nonempty open set U C RN, WP(U) is the Sobolev space of functions defined on U whose
distributional gradient Vu belongs to LP(U;RYN). We denote by Wy (U) the closure of C§°(U) in
WLP(U), where C$°(U) is the space of functions in C*°(U) with compact support in U. By C°(X)
we shall denote the space of continuous functions on X. For each set A C RY, the set A° will denote



its complement in RY, that is, A° = RV\A. We shall denote by H%(A) the d-dimensional Hausdorff
measure of A.
Let us recall the notion of the Bessel capacity (see e.g. [1], [13]).

Definition 2.1. For p € (1,+00), the Bessel (1,p)-capacity of a set E C RY is defined as
Cap,(E) = inf{ | f |}, : 9% f>1 on E, feLP(RY), f>0},
where the Bessel kernel g is defined as that function whose Fourier transform is
36 = em~F 1+ 1)

We say that a property holds p-quasi everywhere (abbreviated as p-q.e.) if it holds except on a set
A where Cap,,(A) = 0. It is worth mentioning that, by [1, Corollary 2.6.8], for every p € (1, +o0), the
notion of the Bessel capacity Cap,, is equivalent to the following

—

Cap,(F) = inf / |VulP dz +/ |u|P dx :w >1 on some neighborhood of E
P ueWLP(RN) ( JrN RN

in the sense that there exists C' = C(N,p) > 0 such that for any set £F C RY,

1
c

The notion of capacity is crucial in the investigation of the pointwise behavior of Sobolev functions.

Cap,,(E) < Cap,(E) < CCap, ().

For convenience, we recall the next theorems and propositions.

Theorem 2.2. Let E C RY and p € (1,N]. Then Cap,(E) = 0 if HN-P(E) < +oo. Conversely, if
Cap,(E) =0, then HN"P(E) = 0 for every e > 0.

Proof. For a proof of the fact that Cap,(E) = 0 if HVP(E) < 400, we refer to [1, Theorem 5.1.9]. The
fact that if Cap,(E) = 0, then HN~P+¢(E) = 0 for every ¢ > 0 follows from [1, Theorem 5.1.13]. O

Remark 2.3. Let p € (IV,4+00). Then, there exists C = C(N,p) > 0 such that for any nonempty set
E c RV, Cap,(E) > C. We can take C = Cap,({0}), which is positive by [1, Proposition 2.6.1 (a)], and
use the fact that the Bessel (1, p)-capacity is an invariant under translations and is nondecreasing with
respect to set inclusion.

Recall that for all E ¢ RY the number
dimy (E) = sup{s € [0,400) : H*(E) = +oo} = inf{t € [0,400) : H'(E) =0}
is called the Hausdorff dimension of E.

Corollary 2.4. Let £ C R, dimy(E) = 1 and H'(E) < +oo. Then Cap,(E) > 0 if and only if
p € (N —1,+400).

Proof of Corollary 2.4. 1f p > N, then by Remark 2.3, Cap,(E) > 0. Assume by contradiction that
Cap,(E) = 0 for some p € (N —1,N]. Takinge = (p — N +1)/2so that 0 < N -p+e <1, by
Theorem 2.2 we get, HV ~P+¢(E) = 0, but this leads to a contradiction with the fact that dimy(FE) = 1.
On the other hand, if p € (1, N — 1], then #HV"P(E) < 400 and by Theorem 2.2, Cap,(E) = 0. This
completes the proof of Corollary 2.4. O

Proposition 2.5. Let t € (0,1] and A; = [0,t] x {0}VN~=1. Then the following assertions hold.

(i) If p € (N — 1, N), then there exists a constant C = C(N,p) > 0 such that

tN=r < CCap,(Ay).



(i) If p= N, then there exists a constant C = C(N) > 0 such that

foe(€))"" < con,a.

Proof. Since diam(A;) <1, (¢) and (i) follows from [1, Corollary 5.1.14]. O

Definition 2.6. Let the function u be defined p-q.e. on R or on some open subset. Then u is said to
be p-quasi continuous if for every e > 0 there is an open set A with Cap,,(A) < e such that the restriction

of u to the complement of A is continuous in the induced topology.

Theorem 2.7. Let Y C RN be an open set and p € (1,+00). Then for each u € WHP(Y) there exists
a p-quasi continuous function uw € WYP(Y), which is uniquely defined up to a set of Cap,,-capacity zero

andu=1u a.e. inY.

Proof. We refer the reader, for instance, to the proof of [5, Theorem 2.8], which actually applies for the

general spatial dimension N > 2. O

Remark 2.8. A Sobolev function u € WP (RY) belongs to W, (Y) if and only if its p-quasi continuous
representative @ vanishes p-q.e. on Y¢ (see [2, Theorem 4] and [10, Lemma 4]). Thus, if Y’ is an open
subset of Y and u € Wol’p(Y) such that @ =0 p-q.e. on Y\Y’, then the restriction of u to Y’ belongs to
Wy (Y') and conversely, if we extend a function u € Wy?(Y’) by zero on Y\Y”, then u € Wy (Y). It
is worth mentioning that if ¥ C Y and Cap,,(X) = 0, then Wy P(Y) =Wy P(Y\X). Indeed, u € Wy*(Y)
if and only if u € W1P(RY) and % = 0 p-q.e. on Y that is equivalent to say u € W1P(RY) and u = 0
p-q.e. on YUY (since Cap,(X) = 0 and Cap,(-) is a subadditive set function, see [1, Proposition 2.3.6])
or u € WyP(Y\2). In the sequel we shall always identify v € W'?(Y) with its p-quasi continuous
representative u.

Proposition 2.9. Let D C RY be a bounded extension domain and let w € WYP(D). Consider the set
E =Dn{x:u(z) =0}. If Cap,(E) > 0, then there exists a constant C = C(N,p, D) > 0 such that

/ lulP dz < C(Cap,(E / [VulP dz.

Proof. For a proof, see, for instance, [13, Corollary 4.5.3, p. 195].

3 Proofs of Theorem 1.3 and Theorem 1.4

To prove Theorem 1.3 and Theorem 1.4, we need the following two lemmas.

Lemma 3.1. Letp € (N —1,+00), a € (0,1), 5 > 0 and u € WHP((0,8)N) satisfying u = 0 p-q.e. on
[6/2—ab/2,6/2+ ad/2] x {5/2}N_1. Then there exists C = C'(N,p) > 0 such that

/ lul? dx < C87(Cap,([0,d] x {O}Nfl))*l/ IVl da.
(0,6)N 0,6)N

Proof. Define a function v € W1P((0,1)") by v(-) = u(d(-)). Then we observe that v = 0 p-q.e. on
[1/2—a/2,1/2+a/2] x {1/2}N71. By Proposition 2.9 and the fact that the Bessel (1, p)-capacity is an
invariant under translations and is nondecreasing with respect to set inclusion, there exists a constant
C = C(N,p) > 0 such that

/ wfP dy < C(Cap,(0,a] x {0}V=1))! / Vol dy.
(0,1)N (0,1~

Finally, using the change of variables x = dy, we recover the desired estimate. O



Lemma 3.2. Let Q C RY be open and bounded, ¥ be a closed proper subset of Q, p € (1,+0c0) and
f1, fo € L1(Q), where qo is defined in (1.1). Let z : [0,4+00) — [0, +00) be defined by

4 . / ! 2_p .
)=t if2<p<—4oo,  2(t) = (||f1||7£q0(9) + ||f2\\§qo(m) #oifl<p<2.
Then there exists a constant A = A(p) > 0 such that
Cpa(B) <2°71Cp a(2) + Az(If1 = fallLao ()

Proof. According to [8, Theorem 2.3], there exists C = C(p) > 0 such that
[ 1Vus.05 - Vupasl? do <O~ o)
Q

Since for any nonnegative numbers ¢ and d, (¢ + d)P < 2P~1(cP + dP), we deduce that

-1
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LéWwwaW%-pLLWme—W%@E

p—1

7 P dx

1 2
51/|Vuhﬂﬂv)¢3§
Q

op—1
v / |V’U/f2’Q)E|p d:c+2p_1Cz(||f1 _f2||qu(Q)).
Q
Thus, defining A = 2P~1C, we complete the proof of Lemma 3.2. O

Proof of Theorem 1.3. Since () is bounded, there exists R > 0 such that € is contained in the N-cube
Q= (_R7 R)N'

Step 1. We start by proving that for any g € L' (Q), inf{F) 40(X): S € is closed } = 0. First of all,
notice that inf{Fy 4o(X) : £ S Q is closed} is equal to

1 ’ —_— ’
iﬁ{ﬂ/Wﬂpdx+AH%m:zggzmdmm,anwQRN%—mmﬂzwinDﬂmz%, (3.1)
Q

which is a direct consequence of [5, Lemma A.3]. Fix an arbitrary e € (0,1). We construct a sequence

{(0n, Sn)}nen+ of admissible pairs for problem (3.1) such that

limsup(ll/ o | dx—i—)\?-ll(Sn)) < X2V Re.
P Ja

n—-+oo

For each integer n > 1 and each point £” in the set {jR/n 1 j € {—n, vy T — 1}}N, we define the open
“local N-cube” Q(£™) C Q by

rR\N

mwzew(a)>7

n

the “crack” set S(£™) C Q(¢") by
R e¢R R ¢R RN
ny __ n - _ [ —_
S(f)—(f +[2n 2nN72n+2nN]X{2n} )

(see Figure 3.1), and the space W consisting of the Sobolev functions w € WP (Q(£™)) vanishing p-q.e.
on S(&m), that is,
Wen = {w € WP(Q(€")) : w=0 p-ge. on S(E")}.

Notice that Wen is closed in W1P(Q(£")). Indeed, assume that (w.,)men C Wen and wy, — w in
WhP(Q(€™)). We fix a function x € C§°(Q(£")) such that y = 1 on S(£"). For each m € N, we
have w,x € WHP(Q(€™)) and w,,x = 0 p-q.e. on (Q(£"))¢ U S(£"). Then, according to Remark 2.8,
(Wi X)men € WP (Q(EM\S(£™)). In addition, w,x — wy in WP (Q(")\S(£")) and hence wy = 0
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Figure 3.1: Construction of the N-cubes Q(£™) and the crack sets S(£™) in the proof of Theorem 1.3.

p-q.e. on (Q(€"))°U S(E™) (see Remark 2.8). But this implies that w = 0 p-q.e. on S(£™) and therefore

w € We, . For convenience, we define the set

c N-1
AE,n = |:O, ’n]\[l:| X {O} .

Next, changing variables if necessary and applying Lemma 3.1 with a = ¢/n’¥ =1 and § = R/n, we deduce

that for each w € Wen, the inequality

/ lw|? dx < %(Capp(Asﬁn))*l/ [Vw|P dx (3.2)
Q™) " Q&™)

holds for some C' = C(N,p,R) > 0. Since (Wen,
functional F¢n : Wen — R defined by

1
Fen(w) = 7/ [Vw|? d:E—/ gw dz
D JqQem) QM)

is lower semicontinuous, coercive (thanks to (3.2)) and strictly convex, using the direct method in the

| - [[wir(Qeny)) is a reflexive Banach space and the

Calculus of Variations, we deduce that F¢» admits a unique minimizer ue» over Wen. It should be noted
that the same is true in the case when g € L%(Q) thanks to the Sobolev embeddings, but we shall use, in
particular, the fact that g € LPI(Q) to derive some nice estimates below. It follows from the minimality
of ugn that

1 1
Jm = (Fen(ugn +tw) — Fen(ugn)) 20 and - Lim - (Fen (ugn — tw) — Fen(ugn)) 20 Yw € Wen.

This implies that
/ (Vg |P~2Vuen Vw da :/ gw dx Yw € Wen (3.3)
Q™) Q™)

and, in particular,

/ |Vuen |P dm:/ guen dz.
Q™) QE™)

Applying Holder’s inequality to the right-hand side of the latter formula and then the inequality (3.2)

to uen, we obtain that

1 1
1 - -
Cov , P P
/ |Vuen|P da < —(Capp(Ae)n))*% </ lg|P dx) (/ |Vugen [P dsc)
Q(E™) n Q™) Q(E™)

and hence

s / ,
[ Vue do < Cap (A [ gl d (3.4
QE™) " Q™)



where C = C(N,p,R) > 0. Here we have used the fact that g € L? (Q). For each n € N*, let
op € Lpl(Q; R™M) be defined as follows

Onlgen) = |Vaugn|P~2Vuen for each Q(£") C Q.

Also, for each n € N*| define the compact set ¥,, C Q by X,, := |JS(£"™), where the union is taken over
all S(£™) in Q. Then

, B4) O , ,
joal?' dz = / VuenP de < < (Cap, (Ae)) " / g de
/Q 2 Qe nb P 2 Q

(€39
C

= Tp’

(Cap,(4.)) 7 [ Jg da. (35)
Q
where the summations are taken over all N-cubes Q(£") C Q. On the other hand,
HY(Z,) = 2V Re. (3.6)

Let us now fix an arbitrary function ¢ € C§°(Q\X,). We extend ¢ by zero outside Q\3,, and keep the
same notation for this extension. It is clear that the restriction of ¢ on each Q(£™) C @ belongs to Wen.
Then, using the optimality condition (3.3) and the fact that ¢ =0 on Q°UX,,, we get

oV dz = / |Vu5n|p_2Vu5nV<p der = gp dr = / gp dx,
/Q Z Q&™) Z Q&™) Q

where the summations are taken over all N-cubes Q(£") C @. This implies that
—div(o,) =g in D'(Q\Z,).

So for each n € N*, defining S,, by S, = ¥, N Q, we observe that (¢,,S5,) is an admissible pair for
problem (3.1). Let us consider the next three cases.
Case 1: p € (N —1, N). By Proposition 2.5 (i) applied with t = £/n™N =1, there exists Cy = Co(N, p) > 0
such that
eN-p

s < CoCap,(Aes)
and hence

(Capp(Aem))lfp/ < CpW-DW-p)(»'~1)

for some C' = C(g,p, N) > 0. Since p € (N — 1, N), we observe that (N —1)(N —p)(p' — 1) < p'.
Case 2: p = N. By Proposition 2.5 (i) applied with t = £/n™N =1, there exists Cy = Co(N) > 0 such that

N-1 1-p
<log <C’On€>> < Cocapp(Ae,n)

and hence
(Cap,(A.n))' ™" < Clog(Cn)

for some C = C(g,N) > 0.
Case 8: p > N. In this case, by Remark 2.3, there exists C = C(N,p) > 0 such that

(Cap,(A:0) 77 < C.

Thus, returning to the estimate (3.5), we can now conclude that for any fixed p > N — 1 there exists a
nonnegative function 1, defined on (0, +00), such that t(n) — 0 as n — +oo and

/ 0P dx < (n).
Q



Letting n tend to +oco in the above estimate, taking into account the fact that H!(S,) < H(Z,) and
the estimate (3.6), we get that the infimum in problem (3.1) is less than or equal to A\2"¥ Re and hence
inf{Fxg0(X): £ CQ is closed} < A2V Re.

As e € (0,1) was arbitrarily chosen,
inf{Fxg0(X): X S Q is closed } = 0.

Step 2. We prove that inf{Fy ;o(X) : © CQis closed} = 0. Let us fix a sequence (fu)men C L (Q)
such that f,, — f in L9%(Q). Next, using Lemma 3.2 and if p € (1,2), then using also the fact that
the sequence (|| fim /L0 (Q))men is bounded, we deduce that there exist a constant A = A(p) > 0 and a
nonnegative function z € C°([0, +o0)) satisfying z(0) = 0 such that for all m € N,

_inf - Fupe®) <207t inf Fg, o) FAz(f — fullno @) = A2(f = fnllze @),
Zgﬂis closed Zgﬂis closed

where we have used the result of Step 1. Next, letting m tend to 400 in the above estimate, we deduce
that inf{./—'.)\7f7g2(2) IS Q is closed} =0.
Step 3. Assume by contradiction that there is a solution Y to the problem
inf{Fx ra(X) : £ S Q is closed }.
From Step 2 it follows that Cﬁg(i) =H1(Z) = 0. Then u

minimality of u (recall that u

—_ Q 17
ok 0 as an element of W1P(Q). By the

is a unique minimizer of Ef o over W, ” (Q\X)) and the fact that

.3 .3

Uios =0

0= i, H(Ern05+1€) - Bon{uy5)) = g, 1rot = - [ 6 ae G eCrion,

which implies that f = 0 a.e. in 2 and leads to a contradiction. This completes our proof of Theorem 1.3.
O

Proof of Theorem 1.4. There exists R > 0 such that Q C (=R, R)". Fix an arbitrary g € Lp/((—R, R)M).
This is a direct consequence of [5, Lemma A.3] that inf{Cyo(X): X C Q is closed, 0 < H*(X) < L} is

equal to
1 ’ J— ’

inf{// log|P" dx: X C Q is closed, 0 < H (%) <L, ox € LP (Q;RY), —div(ox) = ¢ in D/(Q\E)}.
P Ja

Then, proceeding in the same way as in Step 1 in the proof of Theorem 1.3, we can construct a sequence
(05, Jnen+ C LP (Q; RN) such that for each n € N*, ¥,, € Q is closed, 0 < H'(2,,) < L, —div(os,) = g
in D'(Q\X,) and, in addition,

lim / los, [P dx = 0.

n—-+00 Q

Thus inf{Cya(X) : ¥ C @ is closed, 0 < H'(X) < L} = 0. Now let (fim)men C LP (=R, R)N) be a
sequence such that f,, — f in L%(Q). We already know that for each m € N,

inf{Cy,, o(X): S CQ isclosed, 0 <H'(T) <L} =0.
This, together with Lemma 3.2 and the fact that || f — fm”qu(Q) — 0 as m — 400, implies that
inf{Cf () : X C Q is closed, 0 <H'(X) <L} =0.

Suppose now by contradiction that there is a solution Y to the above problem. Since Cﬁg(i) =0, we

have u 5= 0 as an element of W?(Q). Then, using the minimality of u ras we deduce that

[fcdn=0  wecr@s),
Q

which implies that f = 0 a.e. in 2 and leads to a contradiction. This completes the proof of Theorem 1.4.
O
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