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ABSTRACT. We establish the local Lipschitz continuity and the higher differentiability of
vector-valued local minimizers of a class of energy integrals of the Calculus of Variations.
The main novelty is that we deal with possibly degenerate energy densities with respect to
the x—variable.

1. INTRODUCTION

The paper deals with the regularity of minimizers of integral functionals of the Calculus
of Variations of the form

F(u):/gf(:v,Du)dx (1.1)

where Q@ C R®, n > 2, is a bounded open set, v : Q@ — RN, N > 1, is a Sobolev map.
The main feature of (1.1) is the possible degeneracy of the lagrangian f(z,&) with respect
to the z—variable. We assume that the Carathéodory function f = f (x, &) is convex and of
class C? with respect to & € RV*" with fee (2,€), fer (z,€) also Carathéodory functions and
f(-,0) € L'(Q2). We emphasize that the N x n matrix of the second derivatives f¢ (z,£) not
necessarily is uniformly elliptic and it may degenerate at some z € €.

In the vector-valued case N > 1 minimizers of functionals with general structure may lack
regularity, see [17],[48],[42], and it is natural to assume a modulus-gradient dependence for
the energy density; i.e. that there exists g = g(x,t) : Q x [0, +00) — [0, +00) such that

f(@,8) = g(a, [¢]). (1.2)

Without loss of generality we can assume g(x,0) = 0; indeed the minimizers of F' are
minimizers of u — [, (f(z, Du) — f(x,0)) dx too. Moreover, by (1.2) and the convexity of
f, g (z,t) is a non-negative, convex and increasing function of t € [0, +00).

As far as the growth and the ellipticity assumptions are concerned, we assume that there
exist exponents p, ¢, nonnegative measurable functions a(z), k(x) and a constant L > 0 such
that

{a(m) L+ P TIAP < el AN S LO+EP) TP 2<p<a (g
fealz, ) < k(@) (L4 [6P)T
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for a.e. € Q and for every £, X € RV*". We allow the coefficient a (x) to be zero, so that
(1.3); is a not uniform ellipticity condition. As proved in Lemma 2.2, (1.3); implies the
following possibly degenerate p, g—growth conditions for f, for some constant ¢ > 0,

ca(@)(L+[EP) 2| < fla, &) LA+ EP)E, ae 2€Q, VEERYV™, (1.4)

Our main result concerns the local Lipschitz regularity and the higher differentiability of
the local minimizers of F'.

Theorem 1.1. Let the functional F in (1.1) satisfy (1.2) and (1.3). Assume moreover that

1
5 S Lfoc(Q>7 k€ LITOC(Q>7 (15)
with r, s >n and
q S 1 1
- < 1+—-——-. 1.6
p s+1 ( + n r) (16)
Ifu e W'l})cl(Q) 15 a local minimizer of F', then for every ball Br, € () the following estimates
9
| Dull2oe(B, n) < CKp, (/ (14 f(x, Du)) d:v) (1.7)
Br,

9
/B a(l+ ]Du|2)¥ |D2u|2 de < C'IC%O (/B (1+ f(z, Du)) dx) ) (1.8)
Rg/2 R

hold with the exponent ¥ depending on the data, the constant C' also depending on Ry and
where K, = 1+ ||a]71||LS(BRO)||k||2LT(BRO)'

0

It is well known that to get regularity under p, g—growth the exponents ¢ and p cannot be
too far apart; usually, the gap between p and ¢ is described by a condition relating p, ¢ and
the dimension n. In our case we take into account the possible degeneracy of a(x) and the
condition (1.3); on the mixed derivatives fg, in terms of a possibly unbounded coefficient
k(x); then we deduce that the gap depends on s, the summability exponent of a~! that
“measures” how much a is degenerate, and the exponent r that tell us how far k(z) is from
being bounded. If s = r = oo then (1.6) reduces to z% <1+ % that is what one expects,
see [12] and for instance [39]. Moreover, if s = oo and n < r < +00, then (1.6) reduces to
% <14 + — & and we recover the result of [22].

Motivated by applications to the theory of elasticity, recently Colombo and Mingione
[8],19] (see also [2],[24],[18],[19]) studied the so-called double phase integrals

/ \Dul” + b(z)|Dulfdz, 1<p<q. (1.9)
Q

The model case we have in mind here is different: we consider the degenerate functional
with non standard growth of the form

I(w) = /B A DU )L+ D) e (1.10)

with 0 < a(z) < b(x) < L for some L > 0. The integrand of I(u) satisfies (1.3)y with
k(x) = |Da(x)| + |Db(x)|. It is worth mentioning that in the literature a(z) is usually
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assumed positive and bounded away from zero, see e.g. [2],[8], which is not the case here
since a(z) may vanish at some point. The counterpart is that we consider the powers of
(1+|Dul?)? instead of | Du|. We notice that the regularity result of Theorem 1.1 is new also
when p = ¢ > 2, for example for the energy integral

Fi(u) = /B o a(z)(1 + |Dul?)? da (1.11)

with a(z) > 0, 2 € L*(Q) and |Da| € L™ with £ + 1 < L. As far as we know, the results
proposed here are the first approach to the study of the Lipschitz continuity of the local
minimizers in the setting of degenerate elliptic integrals under p, g—growth.

As well known, weak solutions to the elliptic equation in divergence form of the type

—div (A(z, Du)) =0 in 2.

are locally Lipschitz continuous provided the vector field A :  x R" — R is differentiable
with respect to & and satisfies the uniformly elliptic conditions

A1+ €T AP < (A, )N A) < Ao(1 4 [€]2)"7 A%

Trudinger [49] started the study of the interior regularity of solutions to linear elliptic equa-
tion of the form

“~ 0 ou n
where the measurable coefficients a;; satisfy the non-uniform condition

M2)IE? <) ay(@)é8; < nul@)le) (1.13)
ij=1
for a.e. x € Q and every £ € R". Here A(z) is the minimum eigenvalue of the symmetric
matrix A(x) = (ai;(2)) and p(r) := sup;; |a;;|. Trudinger proved that any weak solution of
(1.12) is locally bounded in €2, under the following integrability assumptions on A and p
1 1 2
AMrte Ll (Q) and pp=A"'pre LT (Q) with -~ + = < =, (1.14)
r n

It 1
oc oc o

The equation (1.12) is usually called degenerate when A\=! ¢ L>(Q), whereas it is called
singular when p ¢ L*(€2). These names in this case refer to the degenerate and the singular
cases with respect to the z—variable, but in the mathematical literature these names are often
referred to the gradient variable; this happens for instance with the p— Laplacian operator
—div (]Du|p -2 Du). We do not study in this paper the degenerate case with respect to the
gradient variable, but we refer for instance to the analysis made by Duzaar and Mingione
[21], who studied an L*—gradient bound for solutions to non-homogeneous p—Laplacian
type systems and equations; see also Cianchi and Maz'ya [7] and the references therein for
the rich literature on the subject.

The result by Trudinger was extended in many settings and directions: firstly, by Trudinger
himself in [50] and later by Fabes, Kenig and Serapioni in [28]; Pingen in [47] dealt with sys-
tems. More recently for the regularity of solutions and minimizers we refer to [3],[5],[10][15],
[16],[31]. For the higher integrability of the gradient we refer to [32] (see also [6]). Very
recently Calderon-Zygmund’s estimates for the p—Laplace operator with degenerate weights
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have been established in [1]. The literature concerning non-uniformly elliptic problems is
extensive and we refer the interested reader to the references therein.

The study of the Lipschitz regularity in the p, g—growth context started with the papers
by Marcellini [34],[35] and, since then, many and various contributions to the subject have
been provided, see the references in [41],[39]. The vectorial homogeneous framework was
considered in [36],[40] and by Esposito, Leonetti and Mingione [26],[27]. The condition
(1.3)2 for general non autonomous integrands f = f(x, Du) has been first introduced in
[22],[23],[24]. It is worth to highlight that, due to the z—dependence, the study of regularity
is significantly harder and the techniques more complex. The research on this subject is
intense, as confirmed by the many articles recently published, see e.g. [11],[13],][20],[29],
[37],[38],[39],[44],[45],[46].

Let us briefly sketch the tools to get our regularity result. First, for Lipschitz and higher
differentiable minimizers, we prove a weighted summability result for the second order deriva-
tives of minimizers of functionals with possibly degenerate energy densities, see Proposition
3.2. Next in Theorem 3.3 we get an a-priori estimate for the L*°-norm of the gradient. To
establish the a-priori estimate we use the Moser’s iteration method [43] for the gradient and
the ideas of Trudinger [49]. An approximation procedure allows us to conclude. Actually,
if u is a local minimizer of (1.1), we construct a sequence of suitable variational problems
in a ball Bg CC 2 with boundary value data u. In order to apply the a-priori estimate
to the minimizers of the approximating functionals we prove a higher differentiability result
(Theorem 4.1) for minimizers of the class of functionals with p, g—growth studied in [22],
where only the Lipschitz continuity was proved. By applying the previous a-priori estimate
to the sequence of the solutions we obtain a uniform control in L*> of the gradient which
allows to transfer the local Lipschitz continuity property to the original minimizer u.

Another difficulty due to the z—dependence of the energy density is that the Lavrentiev
phenomenon may occur. A local minimizer of F' is a function u € VV&;(Q) such that

f(x,Du) € LL _(Q) and

/f(:(;,Du)d:cg/f(:c,Du+Dg0)dx
0 Q

for every ¢ € C3(€). If u is a local minimizer of the functional F', by virtue of (1.4) we have
that a(z)|DulP € L .(Q) and, by (1.5), u € VVl Gl () since

s 1
ps s+1 1 s+
/ | Du|+1 dx < (/ a|Dul? d:v) (/ — dx) < 400 (1.15)
Br Br By @°

for every ball B C 2. Therefore in our context a-priori the presence of the Lavrentiev
phenomenon cannot be excluded. Indeed, due to the growth assumptions on the energy
density, the integral in (1 1) is well defined if v € W* ‘757 but a-priori this is not the case if

uwe WhHT(Q) \ VVIO’CQT '(©2). However, as a consequence of Theorem 1.1, under the stated
assumptions (1.2),(1.3),(1.5),(1.6) the Lavrentiev phenomenon for the integral functional F’
in (1.1) cannot occur. For the gap in the Lavrentiev phenomenon we refer to [51],[4],[27],[25].

We conclude this introduction by observing that even in the one-dimensional case the

Lipschitz continuity of minimizers for non-uniformly elliptic integrals is not obvious. Indeed,
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if we consider a minimizer u to the one-dimensional integral
1

F(u):/_ a(@) | @) de,  p>1, (1.16)

1
then the Euler’s first variation takes the form

1
/ o (2)pld (@) 2w (2) ¢ (z) de =0, ¥ eCl(—1,1).
-1
This implies that the quantity a (z) |u/ (z)[P >« (z) is constant in (—1,1); it is a nonzero
constant, unless u (z) itself is constant in (—1,1), a trivial case that we do not consider here.
In particular the sign of «' () is constant and we get

u' (z p—1:L, ae.x € (—1,1).

o @ = (1.1
Therefore if a (x) vanishes somewhere in (—1,1) then |u’ (x)| is unbounded (and viceversa),
independently of the exponent p > 1. Thus for n = 1 the local Lipschitz regularity of the
minimizers does not hold in general if the coefficient a (z) vanishes somewhere.

We can compare this one-dimensional fact with the general conditions considered in the

Theorem 1.1. In the case a(z) = |z|* for some a € (0,1) then, taking into account the

assumptions in (1.5), for the integral in (1.16) we have k (z) = d’ (z) = o|2|* >z and

loc

y=d el (-1,1) & r(a-1)>-1 & a>1—1

loc

lel; (—1,1) & l-as>0 &  a<i
Ek(x
These conditions are compatible if and only if 1 — % < % Therefore, also in the one-
dimensional case we have a counterexample to the L>®—gradient bound in (1.7) if

1 1
- +->1. (1.17)
r o s

This is a condition that can be easily compared with the assumption (1.6) for the validity

of L>—gradient bound (1.7) in the general n—dimensional case. In fact, being 1 < 1, (1.6)

implies
s 1 1 1 1 1
1< l+-—=) & -—+-<-,
s+1 nor r S n

which essentially is the complementary condition to (1.17) when n = 1.

The plan of the paper is the following. In Section 2 we list some definitions and preliminary
results. In Section 3 we prove an a-priori estimates of the L>°-norm of the gradient of local
minimizers and an higher differentiability result, see Theorem 3.3. In Section 4 we prove
an estimate for the second order derivatives of a minimizer of an auxiliary uniformly elliptic
functional, see Theorem 4.1. In the last section we complete the proof of Theorem 1.1.

2. PRELIMINARY RESULTS

We shall denote by C' or ¢ a general positive constant that may vary on different occasions,
even within the same line of estimates. Relevant dependencies will be suitably emphasized
using parentheses or subscripts. In what follows, B(z,r) = B.(x) ={y e R": |y — x| < r}
will denote the ball centered at x of radius r. We shall omit the dependence on the center
and on the radius when no confusion arises.
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To prove our higher differentiability result ( see Theorem 4.1 below) we use the finite
difference operator. For a function u : Q — R¥, Q open subset of R", given s € {1,...,n},
we define

Tspt(x) = u(z + hey) — u(x), x € Qppy, (2.1)
where e, is the unit vector in the z, direction, h € R and
Q= {z € Q : dist (z,00) < |h|}.
We now list the main properties of this operator.
(i) if w e WH(Q), 1 <t < o0, then 7, ,u € WH(Q),) and
Di<Ts,hU) = Ts,h(Diu)y

(ii) if f or g has support in €5, then

/fTs,hgdx:/gTs,hfdxa
Q Q
(iii) if w,u,, € LY(Bg), 1 <t < oo, and 0 < p < R, then for every h, |h| < R — p,

/ 7y wula)| dz <[B! / g, ()] d,
B

B, R
(iv) if u € L*(Bg), 1 <t < oo, and for 0 < p < R there exists K > 0 such that for
every h, |h| < R — p,

Z/B 7o) da < KB, (2.2)
s=1 4

then letting & go to 0, Du € LY(B,) and ||u,,||¢(5,) < K for every s € {1,...,n}.

We recall the following estimate for the auxiliary function
2

Ve = (141) e (2.3

which is a convex function since p > 2 (see the Step 2 in [33] and the proof of [30, Lemma
8.3]).

Lemma 2.1. Let 1 < p < oco. There ezists a constant ¢ = ¢(n,p) > 0 such that

p—2

= V(&) = V() s
(Ll aP) T < I < o(1s16p 4 o)

for any &, n € R™.

In the next lemma we prove that (1.3); implies the, possibly degenerate, p,¢—growth
condition stated in (1.4).

Lemma 2.2. Let [ = f(x,€) be convex and of class C? with respect to the E—wvariable.
Assume (1.2) and
p—2 q=2
a(@) (1+ [§]%) = [A]* < (Deef (2, N A) < (@) (L+ [¢%) = [AP (2.4)

for some exponents 2 < p < q and nonnegative functions a,b. Then there exists a constant
c such that

ca(@)(1+ €712 < fl@,€) < ba)(1 + |€%)F + f(=,0).
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Proof. For x € Q and s € R, let us set ¢(s) = g(z, st), where we recall that ¢ is linked to
f by (1.2). The assumptions on f imply that ¢ € C*(R) and that g; is increasing in the
gradient variable t € [0; +00) with g;(x,0) = 0. Since

©'(s) = gi(m,st)-t, "(s) = gulx,st) -2,
Taylor expansion formula yields that there exists ¢ € (0, 1) such that

o(1) = (0) + ¢/(0) + 5¢"(9).

Recalling the definition of ¢, we get

g(z,t) = g(x,0) + gi(x,0) - t + %gtt(:v,l%) 2 = g(r,0) + %gtt(x,ﬁt) 12 (2.5)
Assumption (2.4) translates into
a(z) (1+ 12" < gula,t) < blz) (1+12)=. (2.6)
Inserting (2.6) in (2.5), we obtain
a( )

(14 (9627 2+ g(x,0) < gz, 1) < g(x,0) + @ 1+ W)Y (2.7)

Note that, since ¢ < 1 and ¢ > 2, the right hand side of (2.7) can be controlled with

gla,t) < gla,0) + b(z) [1 + (96)2]"T 2 < g(x,0) + b(x) [1 + 2] = ¢2

Moreover since g(x,0) > 0 and p > 2, the left hand side of (2.7) can be controlled from
below as follows
a(z)

S 92524 1 g(.0) > W) (1 4 pyp) e

g(xvt) 2 T
> @(WJF(Q%)?)”TQ# 9P (2)(1—1—152)

Combining the last two estimates and recalling that f(x,£) = g(z,|£|), we conclude that
there exists a constant ¢ = ¢(¢) such that

c(W)a(x)(1 + |E1) T € < f(w,€) < b(x) (1 + [€%) T ¢ + f(x,0)
and the conclusion follows. O

We end this preliminary section with a well known property. The following lemma has
important applications in the so called hole-filling method. Its proof can be found for example
in [30, Lemma 6.1] .

Lemma 2.3. Let h : [r, Ry] — R be a nonnegative bounded function and0 <9 <1, A,B >0
and 8 > 0. Assume that

h(s) < Oh(t) +

forallr <s<t<Ry. Then

where ¢ = c¢(9,5) >0
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3. THE A-PRIORI ESTIMATE

The main result in this section is an a-priori estimate of the L*°-norm of the gradient of
local minimizers of the functional F' in (1.1) satisfying weaker assumptions than those in
Theorem 3.3. Precisely, in this section we consider the following growth conditions

{ a(@) (14 €)% AP < (fee(a, )N, A) < bla) (1+1€7) T AP (3.1)
el O < k(2) (1 + €)=,

for a.e. x € Q and for every £, A € RV*". Here, a, b, k are non-negative measurable functions.
We do not require a,b € L*, but, in the main result of this section, see Theorem 3.3, we
assume the following summability properties:

1 _rs
S EL(Q).  a€LiT(Q).  bkeLi(Q), withr>n (3.2)

loc loc loc

Moreover, we assume (1.6). We use the following weighted Sobolev type inequality, whose
proof relies on the Holder’s inequality, see e.g. [16].

Lemma 3.1. Let p > 2, s > 1 and w € Wol’m(Q;RN) (w e WyP (4 RY) if s = 00). Let
A — [0,+00) be a measurable function such that A\™' € L*(Q2). There exists a constant
¢ = c(n) such that

P

(/ | daz> gc(n)H)\1]L5(9)/)\|Dw|pdx, (3.3)
Q Q

where 0 = 15 (0 =p if s = +0o0).

Q

In establishing the a-priori estimate, we need to deal with quantities that involve the
L?-norm of the second derivatives of the minimizer weighted with the function a(z). Next

result tells that a W2 assumption on the second derivatives implies that they belong to
the weighted space L?(a(x)dx). More precisely, we have

Proposition 3.2. Consider the functional F' in (1.1) satisfying the assumption (3.1) with

2s
-1

ab€ L (Q), k€ Ly (9, (3.4)

25
for some s > 1. Ifu € Wh>(Q)n VV;’;“ (Q) is a local minimizer of F' then
a(z)| D*ul* € Ly, ().

Proof. Since u is a local minimizer of the functional F', then u satisfies the Euler’s system
/ ng;x (z, Du)y (z) dz =0 Vo € C°(Q; RY),
Q [Ne"

and, using the second variation, for every s = 1,...,n it holds

/ { D feags (@, DU, + nggzs(x,DU)wi‘i} dr =0 Yy e CFP(QRY). (3.5)
Q t 7,00

i7j7a7/3
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Fix s =1,...,n, a cut off function n € C§°(2) and define for any v > 0 the function
Y= 774u;‘5 a=1,...,N.

Thanks to our assumptions on the minimizer u, through a standard density argument, we
can use ¢ as test function in the equation (3.5), thus getting

0:/4773 Z fgag@(%D“)%“gs“gsw-dx
o) t J

Z’7j757a76

+/Q774 Z f£?55<x7Du)ugs$iugsl‘j dx

1,7,8,0,3
+ / 4773 Z féf‘:ﬂs (I’, DU)%“% dx
Q 2,8,00
i / - Z feow, (2, Du)ug . dr
Q 1,8,Q

=:J1 + Jo + J3 + Ja.

By the use of Cauchy-Schwartz and Young’s inequalities and by virtue of the second inequal-
ity of (3.1), we can estimate the integral I; as follows

1 1
2 2
L] < 4/{){772 Z fgggf(%DU)miUgS%jUi} {774 Z fg?gf(‘x?Du)ugsziugsxj}

1,5,8,0,3 1,5,5,0,

< c / 2| Dnf2b(x) (1 + | Duf?) da
Q

1 A .y
+§/977 Z fﬁ?ff(vau)stziumsxj dr.

1,5,5,0,0

Moreover, by the last inequality in (3.1) we obtain

g—1 @
< 4 / (@) (1 + | Duf) 3 et

,8,0

4/773\D77]k(x)(1+ Duf?)?} da.
Q

dx

IN

and also
< [ k@) DuP)'E Dl da
Q

Therefore we get

1
4 @ B8 - 4 et B
[nt Y fegle Dol de <5 [0 3D felo Duus i, da

i7j7s7a9/8 i!j!‘sia’/g

+0/n2|Dn|2b(x)(1+|Du|2)%dx+4/n3|pn|k(x)(1+ |Dul?)? dx
Q Q
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+/ 7*k(2)(1 + | Dul?) T | D%u| da.
Q

Reabsorbing the first integral in the right hand side by the left hand side we obtain

/5\2774 Z fé‘f‘é‘f (x7 Du)ug§$zugéxj d'T

1,7,8,a,3
< C [ PIDuPba)(1 + DuP)E e+ 4 | o Dalk(a)(1+ 1Duf)? da
Q Q
+/ n*k(z)(1 + |Dul?) T | D%l dx.
Q
By the ellipticity assumption in (3.1) and since u € W,2>(Q) we get

loc
/ a(z)(1 + |Duf?) 52| D2uf? da
Q
< C||1+|Du|||qLoo(suppn)/9772|D77|2b(x)dx+0||1+|Du|||‘ioo(suppn)/9773|Dn|k(x)
O+ DUl /Qn%@)wm da.
Holder’s inequality yields

/ rta(@)(1 + | Duf?) 7 | D?uf? da
Q

< O+ DUl e / 71 Dnfb(z) dz + C1 + [ Dul L upony / | Dnlk(z)

s+1

s % s 2s
O+ 1Dl |5 (/Q g dx) (/Q | D2 dx) | (3.6)

Since k € Lfbcl (Q) and u € I/Vl T (Q) then estimate (3.6) implies that
a(z)| D*ul* € Ly ().

We are now ready to establish the main result of this section.

Theorem 3.3. Consider the functwnal F in (1.1) satisfying the assumptions (3.1), (3.2),

(1.2) and (1.6). If u € W,22(Q) N VVZOCS+1 (Q) is a local minimizer of F then for every ball
BRO Ry

9
|Dull (5, ) < OKR, ( | s ) d:c> (3.7)

(1+ f(z, Du) da:) , (3.8)

X

a(1+ |Dul?)" }DQU‘ dr <c (/
R

P 0
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hold, for any p < %. Here
Kro =1+ [la™|

LB 1k + bll7- (Br,) T llall

L4 (Bp,)’

¥ > 0 is depending on the data, C' is depending also on Ry and c is depending also on p and
Kr,-

Proof. Since u is a local minimizer of the functional F', then u satisfies the Euler’s system
| Yt Dugs (@yds =0 Ve CRRY),
Q 7,00

and, using the second variation, for every s = 1,...,n it holds

/{Z fgagﬂ z, Du)py. zgm +Zf§°‘ (x, Du)ys } dr=0 Ve OrQ;RY). (3.9
Q

7]7 76
Fix s =1,...,n, a cut off function n € C§°(?) and define for any v > 0 the function

" =" (1+ |Du)®)? a=1,...,N.
One can easily check that
o, =4 (1+ | Duf®)® + y'us, (14 [Dul)? +yn*ug, (1+ [Dul) ™= | Dul(|Dul), .

Thanks to our assumptions on the minimizer u, through a standard density argument, we
can use ¢ as test function in the equation (3.9), thus getting

0= / 4P (1 + |Duf)} Z s (. Dupn il
Q

+/774(1+|Du| )2 Z fgaga x, Du)uy de
Q
1,5,5,0,3
o [0 D) Dl 3 S D i (D) o

7‘7 S a?B

+ / 11+ [DUPE Y fesa, (2, DYy, do
Q

1,8,0

+ [0 D) Y . (o Dui o
Q

1,8,00

+7/774(1+ |Dul?)"Z[Dul Y feou, (&, Du)ug (|Dul), dz
Q

2,8,0

::II+[2+I3+[4+I5+[6' (310)

ESTIMATE OF I;
By the use of Cauchy-Schwartz and Young’s inequalities and by virtue of the second inequal-
ity in (3.1), we can estimate the integral I; as follows
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1

! %
L] < 4/(1+|Du| { Z fgagﬁ z DU)%U%%J zs} {774 Z fgggf(xa Du)ugsxiugsmj}

1,7,8,0,3 1,5,8,0,

< Ce) / 1Dy Pb() (1 + [Duf?) 5 de

+8/n4(1+ |Dul?)? E fgafg x, Du)ug ]dx, (3.11)
Q
1,7,8,0,3

where € > 0 will be chosen later.

ESTIMATE OF I3

e (16D oo ) o)
g\, é- g\, g B ge\ T, g
faﬂ$,f:< — )556‘4—75&;%
e Tl T e )T e e
and
([Dul)e, N T (3.12)
~ Du ,Z ;
then
Z fgggf(z7Du)ugsugsm]ﬂDqui
1,7,8,0,3
gu(z,|[Dul)  gi(z,[Dul)
= D
( |DU|2 ’D’LL|3 Z];Buzs TsTj xz ac (l u|)
gt([B,|DU|) a o
+ " Da] ;%SU%MDUDM
(z,1Dul)  qu(e, |Du]) 2
gtt x, u gt xZ, u
- - (| Dul),
+ gi(a, | Dul)| D(| Dul)|*. (3.13)
Thus,

I :7/9 (14 [Dul)*# | Du ’{<gtt(|xl;)|1ﬁu|) B gt(ﬁ;ﬁ“‘)) 3 (ZU%UD“D%)

+ gz, |Dul) | D(|Du))*} da

Using the Cauchy-Schwartz inequality, i.e.

> (Zummmi) < |DuP|D(| D)

and observing that
g¢(x,|Dul) >0
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we conclude

2
D
Lz [ 01+ |DuP) = Du |WZ<Z%(|D%) 4> 0,
Q « )

ESTIMATE OF 1,4
By using the last inequality in (3.1) we obtain

Ll < 4/Qn B(x)(1+ [Dul?)

Z ‘7712 CCS

ZSO{

< 4 [ |Dalk(a)(1 + D) do.
Q

ESTIMATE OF I5
Using the last inequality in (3.1) and Young’s inequality we have that

Il < [ 0'k(@)(1+ |Duf’)=
Q

u| dx

p— 2+“/

< 0/774a(1:)(1+ | Dul?) | D?u|? dx
Q

4k2( ) q P+"/
+CU/Q77 oy (L D)

where o € (0,1) will be chosen later and a is the function appearing in (3.1).

ESTIMATE OF Ij
Using the last inequality in (3.1) and (3.12), we get

Ll <+ / 7*k(2)(1 + [ Duf?) 5 | D(|Dul)| do
< o [ DU k@)D do
Q
< a/n4a(x)(1+|Du|2)p2 ! dx
Q

29— p+’y

k2
+C'072/77 (@ )(1—|—|Du| ) dz,

o a()
where we used Young’s inequality again.
Since the equality (3.10) can be written as follows

L+Iy=—-L —1s— I —1Is,
by virtue of (3.14), we get
Iy < || + [La] + |I5] + [ 6]
and therefore, recalling the estimates (3.11), (3.15), (3.16) and (3.17), we obtain

/7]4(1 + |Dul?)2 Z fgaga x, Du)ul z; AT
Q

1,4,8,0,3

13

(3.14)

(3.15)

(3.16)

(3.17)
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< / PO DU} Y fgae Dupil il d
Q

1,4,8,0,3

+4/ | Dnlk(z) (1 + [Dul?) " da
Q

+20/Q77 a(x)(1+ |Dul?) ul® dz
2 k2( ) 29— p+’y
+a,(1+7>/9n 1+ Du) " o
+C’s/n2|Dn|2b(x)(1+ |Dul?)*5 = dr. (3.18)
Q

Choosing ¢ = 1

29

side thus getting

/7}4(1—1— |Dul?)? Z fgagg x, Du)u ]dx
Q

1,5,8,0,3

we can reabsorb the first integral in the right hand side by the left hand

ul? dv

< 10 [ wa(w)(1+ Duf)"
Q

2q— P+’Y

+C/773|D77|k(1’)(1+ |Du|2)q+TW dx + Cy(1 ++7) ( + | Dul?) dx
Q

K\
3
=
2%
/—\/_\
3\/

c / 72| Dnf2b(x) (1 + | Duf2) F da. (3.19)

Now, using the ellipticity condition in (3.1) to estimate the left hand side of (3.19), we get

02/774a(x)(1+ | Dul?)* +V\D2u|2 dx
Q

ul? dx

< 40/774a(x)(1+ |Du|2)1772+7
Q

29— P+"/

dx

+O/Qn3|Dn|k;(x)(1+|Du| )T dx + C, (1+72)/n4k (z )(1+|Du| )

o a(z)
+C/n2|D77|Zb(x)(1—l—|Du| )= = dr.

We claim that k € LS ST (Q). Since by assumption (3.2), k € Lj .(€2), we need to prove that

loc

32—_81 < r that is equivalent to % + % < 1. This holds true, because by (1.6) and ¢ > p we get

S 1 1 n o n
l+-—-)>le—+-<1
s+ 1 nor T S

and we conclude, because n > 2. Therefore, since by the assumption u € VVlifo (Q)nN

25
W (Q), we can use Proposition 3.2, that implies that the first integral in the right hand

loc
side of previous estimate is finite. By choosing o = 2, we can reabsorb the first integral in

8 Y
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the right hand side by the left hand side thus getting

/Q nta(z)(1 + | Duf?)

p—

2 | D?ul? da

e / 7P| Dalk(@)(1 + [Duf?) ™ de + C(1 + 7?) / it
Q Q

+C/772|Dn|26(x)(1+ |Dul?)"" dz
Q

Pty

c / (21Dl + 1 Dl) a(x)(1 + | Duf?) " de
9]

+C (v + 1)2/9774—162(%&;)2@)

where we used Young’s inequality again. Now, we note that

IN

29—p+~y

(1+|Dul*)" = dz, (3.20)

p—2+y

2
< c(p+7y)%a(z)n* (1 + [Dul*) 7= |D*uf?

wa(e) | D((1+|Du?)"+)

and so fixing % <p <t <t< R < Ry with Ry such that Bg, € €, and choosing
n € C5°(B;) a cut off function between By and By, by the assumption a=! € L{ () we can

loc
Pty

use Sobolev type inequality of Lemma 3.1 with w = n?(1+ |Dul?)™* , A = a and p = 2, thus

obtaining

2
2s s

(/B (0 + |Du|2)T>(S“>* dx)w < (tcfnt),)? /B a(z)(1 + | Dul?)™F dz

+e(n)(p+ ) / n'a (14 |Dul?) 7" |D?u|? dx,
By

with a constant ¢(n) depending only on n.
Using (3.20) to estimate the last integral in previous inequality, we obtain

n(s+1)—2s
4ns 2 (p+y)ns ns
fr]n(s+1)—23 (1 _|_ |Du| )2(n(s+1)—25) dx
By

C((p+7)2 (p+7)2)

02 i)

/ a(z)(1+ \Du|2)erTV dx

By

Fep + ) /B %(1 D)2 dy

c((p”)z + (p”)Q)/B a(2)(1 + [Du) ¥ da

t—t) " (t—t)

+c(p +7)* (/Bt%dxf (/Bt(kr—i—br)dx)%

rs—2s—r

(2g—p+~)rs TS
« ( / (14 | Dul?) 225 dx) ,
By

where we used assumptions (3.2) and Holder’s inequality with exponents s, %

’ 2

rs

and —22—.
rs—2s—r
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Using the properties of 1 we obtain

rs—2s—r

— Qa—piy)rs s
< clp+ e e mrg 1k + bl Lr 5y, (/B (1+ |Duf?)2s=2:=0) dw)

e ((p+7)2 (p+7)2>

n(s+1)—2s
ns

+)n
(1 + |Du| )2(n(s+1) 25) d:l?)

+/

G2 (=t

L+(Bg,) |k + b]

/ a(z)(1 + |Dul )pﬂ dx

Bt
rs—2s—r

~pty)rs rs
R ( / (1 + | Duf2) S5 dx)
rs—2s—r

P+7)? , (p+7)?
+C ((t _ tl)? + (t . 2(/./)4 ||aHL#L(BRO) 5 (]. + |D’U,| )2(” 25 7‘) daj ,

where we used the assumption a € Lif: "(€2). Setting

IN

cp+7)*a!

Ko =1+ ™ oeoag Ik + bl ) + llall, 255 (Bro) (3.21)

and assuming without loss of generality that ¢ — ¢’ < 1, we can write the previous estimate

as follows
{
r§—2s—r

—p+y)rs rs
<clp+ ) ([ (04100 FE )
By

ns

y)ns
( + |Du| )2(n(s+1) 2s) d$>

i/

rs—2s—r

K (py)rs Ts
+ C(p“")’)z% (/ (1 + |Du’2)2<£7’;377ﬂ) d$> ,
By

t—1t)

and, using the a-priori assumption u € W,-°(Q), we get

loc
rs—2s—r

1 ) rs
c(p+7)*Krg, (HDuHi(i ZR) + (t—t’)4) (/B (1+ |Dul? )20“& 25— 7>dw) . (3.22)

ns

y)ns
(14 |Duf?)zot-2 da;>

t/

Setting now

and noting that
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we can write (3.22) as follows

2m

25 2%
(/ ((1 n |Du| >(p+w)m) m dl’)
B

t/
HDu“Loo BR

< 4m
c(p+ )" Kk, =y

/(1+]Du| ) (3.23)
By

where, without loss of generality, we supposed HDuH L B ) " > 1. Define now the decreasing
sequence of radii by setting

R—p
and the increasing sequence of exponents
2 25\
bPo = pm Di = Pi—1 2— = Po
m 2m

As we will prove (see (3.32) below) the right hand side of (3.23) is finite for v = 0 . Then
for every p < piy1 < pi < R, we may iterate it on the concentric balls B, with exponents
pi, thus obtaining

(/

. mwnﬁg>ﬂ pom  \70
< H C"KE (1+ |Dul?)? dx
Br

pj p]+1)

a1
i 4]m mHDuHi(ci p)Mm\ p; %
mim (Br) 2\ P0
= c"K / 1+ |Du|?)> dx)
H( e ( BR< Duf)

Jj=0

i 4 crC ||Du||L P o \ 70
= [ @iy (/ 1+ |Duf? 2da:) (3.4

1

Pit1
(1+ |Dul? ) " d

Pit+1

j=0 Jj=
Since
i L i \ oo -
H (4mpi™) P = exp — log(4™pi™) | < exp Z — log(4/"'p;™) | < c(n,r)
=0 j=0 Pi j=0 Ps
and

1

CmICR, || Dul e B ) i (c K | Dul e b )> °r;

g( (R —p)tm (R —p)tm

m 2550 p; - P —2m)
o (CrRRIDUEE G\ T CRRIDulE g |
B (R — p)im (R—p)*

*
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we can let i — oo in (3.24) thus getting

: X 1
ICR P ;72((1* p)fn pm pm
|1 Dull o5,y < C(n,7,p) ((1%704) HD |7 G2 ) / (14 |Dul?)=z dx ,
—p) Br

where we used that pg = pm. Since assumption (1.6) implies that

2(q — p)2
% <1, (3.25)
we can use Young’'s inequality with exponents
2% —2 2% —2
PR e
2(q — p)2; p(25 —2m) — 2(q — p)2;

to deduce that

1 Kr, 9 3
Dl < gIDulay + ) () ([ @+ 1ue)® ar) 329

with ¥ = J(p,q,n,s) and ¢ =<(p,q,n, s).
We now estimate the last integral. By definition of m and by the assumption on s, i.e.,

s
- ns
m< ————.
n(s+1)—2s
Thus, by Holder’s inequality,
T(?(sf;)fj)
/ (14 |Dul*)% dx < ¢(Ry,n,r, s) (/ (1+ |Du|2)2("<£r1>—25> dx) . (3.27)
Br Br

This last integral can be estimated by using (3.22) with v = 0. Indeed, let us re-define t',¢
and 7 as follows: consider R < t' <t < 2R — p < Ry and 1 a cut off function, n = 1 on By
and suppn C B;. By (3.22) with v =0,

(/

< (;((t i,)Q +5 i/)4) /BRO a(z)(1 + |Dul?) dx

+cp4ICBR0 (/ (K" +b") d:v)
B,
rs—2s—r

x (/ (14 |Duf?) 7= r>dx> T (3.28)
By

(2g — p)rs nps s
= -7 =— Ty = ,
rs—2s—r’ n(s+1)—2s° ° s+1

n(st1)=2s
ns

(1 + |Dul?)Toe+0-2 dx)

If we denote
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by (1.6)

T T
— <1< —.
T1 T2
Therefore there exists 6 € (0,1) such that
1=0-+(1-0)~
1 T2
The precise value of 0 is
ns(qr — pr +p) + qrn
rs(2¢ — p) '
By Holder’s inequality with exponents z- and i 0) we get

6 =

rs—2s—r

(/Bt(l—i—\Du] )rszwdx)T _ </B( + | Duf?)P5+0- 9)2daz>

(2¢—p)0 (2¢—p)(1-0)

- (/Bt(lJr |Du|2)%dx)” (/Bt(1+ IDuIQ)%de) =

29—

p

19

(3.29)

Hence, we can use the inequality above to estimate the last integral of (3.28) to deduce

that

n(s+1)—2s
ns

(/

t/

< c((t i,)Q +g i,)4) /BRO a(z)(1 + | Dul?)% dx

(1-6)(2¢—p)(s+1)

+CICBRO (/ (1 + ‘Du’2)2(fj1) dl‘) ps

By

(1 + |Dul?)zoG 029 dm)

6(ns+n—2s)(2q—p)

y </ (1+ |Duf?) s dx> " (3.30)
By
Note that, again by (1.6) and (3.29), we have
0(2q —
(2¢-p)
p
We can use Young’s inequality in the last term of (3.30) with exponents p_e(’;q_p) and 0(25_p)

to obtain that for every o < 1

(/.

<C ((t i,)2 +g i,)4> /BRO a(z)(1 + |Dul?)% da

(1-0)(2¢—p) s+1
p—0(29g—p) s

n(s+1)—2s
ns

(1 + |Dul? )m dx)

+CoKp, ) </ (1 + |Dul?)z+D d:c>
By
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n(st1)=2s

+o—(/ (14 | Duf?) =G d:v) b
By

By applying Lemma 2.3, and noting that 2R — p — R = R — p, we conclude that

n(s+1)—2s

(/ (1+ | Duf?) w529 dac)
Br

2

< (w2t ) 1+ 1D?

(1-6)(2¢—p) s+1
p—0(2¢g—p) s

+CKp (/B (1+ [ Duf?)zem dw) . (3.31)
Ro

Collecting (3.27) and (3.31) we obtain

/ (14 |DupP)% da
Br
2

= ¢ ((szp)2 i (R]i p)4) /BRO (@)1 +|Duf’)? do

(1-0)(2¢—p) s+1
p—0(2¢g—p) s

+CKE " (/B (1+ |Duf*)eD dm) : (3.32)
Ro

Notice that the right hand side is finite, because u is a local minimizer and (1.4) and (1.15)
hold. This inequality, together with (3.26), implies

]

1 ICBR >9 g
Dul|peo <—||Du| 00 +C<7° / a(x)(1 + |Dul?)z dx
1Dulloe(5,) <5 Dullz=(54) (R pF o (2)(1 + [Dul%)

+0( Ko )0 / (14 [Duf?) 7 |
JE— u 2(s+1 €T
(R—p)® Br,

with the constant C' depending on the data. Applying Lemma 2.3 we conclude the proof
of estimate (3.7). Now, we write the estimate (3.20) for v = 0 and for a cut off function
n e C’(C)"’(Bg)7 n=1on B, for some p < £. This yields

/ a(z)(1 + |Dul®)"= | D*u|? dz
By

2q

(1+ |Dul>) 72" da

IN

C(R)/B a(x)(1+|Du|2)§dx+(]/B k() + b°(2)

5 g 0@

< C(R) f(z, Du) dx+0||1+|DU|||ig€BR)/
2 Bpr

Bgr
7

k() + b*(x)

a() dz
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< C(R) f(z, Du) dx

Br
2

3N

- T T 1
ORI+ D, | [ @ +r@as) | [ )
2 R

, @

where we used Hélder’s inequality, since 1 4 2 < 1 by assumptions. Using (3.7) to estimate
the L> norm of |Du| and recalling the definition of Kg, at (3.21), we get

0
/ a(l+ |Du|2)p772|D2u|2dx <c (/ 1+ f(z, Du) dx) :
B, Br

i.e. (3.8), with ¢ depending on p,7,s,n, p, R, Kg,. O

4. AN AUXILIARY FUNCTIONAL: HIGHER DIFFERENTIABILITY ESTIMATE
Counsider the functional
H(v) = / h(z, Dv) dx
Q

where Q C R™, n > 2, is a Sobolev map and h : Q x R¥*" — [0, +00) is a Carathéodory
function, convex and of class C? with respect to the second variable. We assume that there
exists h : Q x [0,4+00) — [0, +00), increasing in the last variable such that

h(w,€) = h(w, |¢]). (4.1)
Moreover assume that there exist p,q, 1 < p < ¢, and constant ¢, v, L, L, such that
1+ €)% < h(w,€) < Ly (1+1¢]%)? (4.2)

for a.e. x € Q and for every £ € RV*". We assume that h is of class C? with respect to the
¢—variable, and that the following conditions hold
p—2 q=2
v (L4177 A < (hee(, A A) < Lo (L4 [€1) 7 [AP? (4.3)
for a.e. z € Q and for every £, € RV*". Moreover, we assume that there exists a non-
negative function k € L] (£2) such that

| Deohlw, )| < k(x)(1+ [€]7)F (4.4)

for a.e. x € Q and for every £ € RV*™,
The following is a higher differentiability result for minimizers of H, that, by the result in
[22], are locally Lipschitz continuos.

Theorem 4.1. Let v € W'™(Q) be a local minimizer of the functional H. Assume (4.1)-

loc

(4.4) for a couple of exponents p,q such that

11
Loy (4.5)
P nor
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Then u € W22(Q) and the following estimate holds
| IpviDw iz
By

\Dul d + |1 + \Duyuggp/ K (z) da

Br

20—
S+ Dule

c ¢
N (R_P) Bar

p—1 1
+e||1 + |Dul || (/ k;ppl(a:)d.r) ’ (/ \Du!”dw)p
Bg Baor

for every ball B, C Br C Bayg € ().

Proof. Since v is a local minimizer of the functional H, then v satisfies the Euler’s system
/ > hea(x, Du)gl (x)dz =0 VY € CR(RY).
2 7,00

Let Bop € 2 and let n € C5°(Bgr) be a cut off function between B, and By for some p < R.
Fixed 1 < s < n, and denoted e is the unit vector in the x, direction, consider the finite
differential operator 7, 1, see (2.1), from now on simply denoted 7,. Choosing ¢ = 7_p,(n*mu)
as test function in the Euler’s system, we get, by properties (i) and (ii) of 73,

|ttt D) D) = 0
and so
/ > Tulhea (x, D)) (2, mhu® + p°mhus,) dz = 0.
Q

N6

Exploiting the definition of 75,, we get
/ (hgg (x + hes, Du(z + heg)) — hee (x, Du(:v))) (201, THU™ + nzThuji) der =0
Q
1.e.
/ 0’ [hea (x + hes, Du(z + hey)) — hea (z + hey, Du(z))]mul, do
Q
_/ n* [heo (2, Du(w)) — heo (2 + hes, Du(x))]mhug, dx
Q
i / Nlhee (& + hew, Du(a + hey)) — hee (z + hes, Du(e)) e, myu®
Q

+ 2/ nlhes (x, Du(x)) — hea (z + hey, Du(x))|n,, Thu®.
Q

We can write previous equality as follows

1
Iy = / " / > heags (@ + hey, Du(x) + o7, Du(w))domyus, myus, do
Q 0 v

i7j7a7ﬂ

1
:h/n2/ Zh%gia(x—l—aheS,Du(x))daThugi dx
o Jo ‘3
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- 2/ / Z hgaga (x + hes, Du(z) + o Du(x))don,, Thu Thuﬂ,

i,5,0,0
+ 2h/ 7}/ Zh””sf? (x + ohes, Du(x))don,, Thu®
Q 0 i

::-[1 + [2 + 137

that implies
o < || + 1B + || (4.6)
The ellipticity assumption (4.3) yields

Iy > V/ n*(1+ |Du(x)]* + |Du(x + hes)]2)L52\ThDu\2 dx (4.7)
Q

By assumption (4.4) we get

L] < \h|/ / (x 4+ ohes)do(1 + |Du(z)| )%1|ThDu|dx
< \h\||1+|Du|||ooT/n2/ k(z + ohes)do(1 + |Du(x)2) 5 |7 Dul da
Q 0

= Z/ (1 + | Du(@) )7 |r Duf” de
Q
2

1
+e |1 + |Du|||gg—p/ 7 (/ k(x + ahes)da) dz, (4.8)
Q 0

where in the last line we used Young’s inequality. The right inequality in (4.3) yields

L] < (L) [ D1+ 1Du@)? + [Due + ke ) . Dulal do
Q

IN

c(Lo) |11 + | Dul||2 / [ Dn|(1+ [ Du(x)[> + | Du(z + hey)[?) " |7 Dul|myul do
Q

IN

2/”2(1 + [ Du(@)[? + [Du( + he,)|*) 7 |7 Dul® dx
Q

+cy,L2y|1+|Du|||gg—p/ Dl 2 da. (4.9)
Q
Finally, using again assumption (4.4) and Hoélder’s inequality, we obtain
1
L] < 2/h| / n|Dn|/ k(z + ohey)do(1 + | Du(z)2) = |mu| do
Q 0

1
< yhy||1+|Du|Hgol/n|Dm/ k(z + ohes)do|mul do
Q 0

p—1

1 25 P
A1+ (D] (/ ol D (/ k(:(:+ohes)do> d:c)
Q 0

IA
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1
« (/ n\Dn|yThu|pdx) | (4.10)
0
Inserting (4.7), (4.8), (4.9) and (4.10) in (4.6), we get

V/ (1 + | Du(a)2 + |Du(z + hes)|?) = |raDul? dz
Q

<g/n2(1 D) + [Du(s + he,) )% 7 Dul? da
Q

T a1+ | D22 / Dyl de
Q

p—1

1 2
+ ¢, |h|?|]1 + \Du]Higp/ n’ (/ k(x +ahes)da) dx
0 0

1 Py ?
+ (AL + [ Dul||3* (/ n| Dl (/ k(x+ahes)d0> dx)
Q 0
1
X (/ n\DnHThu]pd:B) :
0

Reabsorbing the first integral in the right hand side by the left hand side and recalling the
properties of the cut off function 1, we obtain

/ (1 + |Du(z)? + |Dulz + hey)[?)'= |7 Dul? dz

By

c
< —|1+ |Du ggp/ Thul? do
Gl Dl [ ma

Br

2
p—1

1
+c|h?|]1 + |Du|||zg—1’/ (/ k(x+ahes)da) dx
Br \Jo

1 25 »
+c|h|||1 + |Dul||2! (/ (/ k(x + ahes)da) dx)
Br 0

1

X (/ |ThulP d:v) ’ ,
Br

where ¢ = ¢(v, Lo, n, N). By property (iii) of the finite difference operator we deduce that

/ (1+ |Du(@)2 + |Du(x + hes)|?)'= | Dul? dx
By
C
< O MR+ | Dl / Dul? dz
(R—p)? Bon
2

1
+c| |11 + \DuH]igp/ (/ k(z+ Uhes)do) dx
Br \Jo
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p—1

1 25 »
+clh?||1 + | Dul ||t </ (/ k(x4 Uhes)dcr) dx)
Br \Jo

1

< (/BR |Du|pdx)p. (4.11)

Dividing (4.11) by |h|* and using Lemma 2.1 in the left hand side, we get

2
/ |Tth(13U)| i
5 |7

c

< — |1+ |Du ggp/ Dul? dx
(R_p>2H | Dul|| BQR\ |

2

1
+c||1+|Du|||gg_p/ (/ k(x—l—ahes)da) dx
Br \Jo
1 ey i
e[l + | Dul ! / (/ k(:c—irahes)da) dz
Br 0
X (/ |Du|pdx)p
Bar

Letting h go to 0, by property (iv) of the finite difference operator, we conclude

/ DV,(Du)|? da
By

< Gl DulEe [ DuPde s+ Dallr [ i) da
(R - p) Bar Br
e[t + | Dul - (/ k5 (2) dm) ' (/ | Dul? dx) " (4.12)
Bgr Baor
Since k € L", with r > n > 2 > ;B3 estimate (4.12) implies the conclusion. O

5. PROOF OF THEOREM 1.1

Using the previous results and an approximation procedure, we can prove of our main
result.

Proof of Theorem 1.1. For f(z,&) satisfying the assumptions (1.3)—(1.6), let us introduce
the sequence

]- __ps
e €) = Fla,€) + (1 + ey, 65.)
Note that f;(z, &) satisfies the following set of conditions
1 bs q
F(LH 11270 < fala,€) < (1+ L) (1+[¢]%)2, (5.2)

h
L+ (€2 750 A < (Deeful, A N), (5.3)
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| Dee fu(, €)] < ea(1+ L) (1 + €)=, (5.4)

[Deafi(w, )| < kla)(1+ €)' (5.5)
for some constants c;,c; > 0, for a.e. x € Q and for every £ € RV*",
Now, fix a ball By € €2, and let v, € Wl’:Tsl(BR,RN) be the unique solution to the
problem

min{ fn(xz,Dv)dx : vy, € u+ W&’m(BR,RN)} : (5.6)
Bgr

Since f(x,&) satisfies (5.2), (5.3), (5.4) (5.5) with k € L™, r > n, and (1.6) holds, then by
the result in [22] we have that v, € VVli’COO(B r) and by Theorem 4.1, used with p replaced by
s 2,2
P, we also have v, € W7 (Bg).
Since fp,(x, &) satisfies (5.2), by the minimality of v, we get

ps 1
/ | Doy |5+ dx < cS/ a(x)|Duy|P + cs/ dx
Br Br B °(7)

1
Cs fn(x, Duy) dz + ¢4 / ——dx
Br Br @°(T)

1
Cs fr(z, Du) d:L’—i—Cs/ ——dx
Br By @°(T)

= o [ fla,Du)da+ <1+|Du|)£—sldx+(;5/

Br Br Br 0°(T)

1+ |Du %daﬁtcs/
(1+|Dul) e

IN

IN

dz

dz.

< ¢ f(x, Du) d:v—l—cs/
Br Br
s Lﬁ
Therefore the sequence vy, is bounded in W31 (Bg), so there exists v € u + W, * (Bg)
such that, up to subsequences,

vp = v weakly in W+ (Bg). (5.7)
On the other hand, we can apply Theorem 3.3 to f;(z, &) since the assumptions are satisfied,
with b replaced by 1+ L. Thus, we are legitimate to apply estimates (3.7) and (3.8) to the
solutions vy, to obtain

- S
HDvhHLOO(Bp) S CIC% (/ (1 + fh(iU,D’Uh)) dl‘)
B

R

IN

Ky (/BRu + fh(:v,Du))dx)g

- ps S
= CIC% (/ (1+ f(z, Du) + %(1 + | Dul?)2D) dx>
Br

< CKy (/B (1+f(x,Du)+(1+|Du|2)%)dg;>g, (5.8)

with C, 9, ¢ independent of h and 0 < p < R. Therefore, up to subsequences,
vy — v weakly* in W'>(B,). (5.9)
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Our next aim is to show that v = u. The lower semicontinuity of u + | B f(z, Du) and the
minimality of vy, imply

f(z, Dv) dr < liminf f(z, Dvy) do < liminf fn(x, Dvy) dz
Bgr h Bgr h Br

< liminf [ fi(z, Du) do

Br

1 ps
h s, h

= f(z, Du) dx.
Br

The strict convexity of f yields that u = v. Therefore passing to the limit as h — oo in (5.8)
we get

_ e <
HDuHLoo(Bp) < CIC% (/ (1+ f(z, Du) + (1 + |Du|2)2(s+1>)d:c) ,
Br

i.e. (1.7). Moreover, we are legitimate to apply estimate (3.8) to each v, thus getting

/ a(x)(1+ |Dyh|2)p—§2|D2vh|2 dr < ¢ (/ (1+ fh(x,Dvh))dx)
B, Br

< c(/BR(Hfh(x,Du))dx)Q
_ C</BR (1—|—f(:c,Du)+%(1+ \Duy2)2<i”il>> dx)é,

where we used the minimality of v;, and the definition of f(z,&). Since v, — u a.e. up to a
subsequence, we conclude that

/ a(x)(1+ |Du|2)”—;2|D2u|2 dx < limhinf/ a(z)(1+ |Dvhl2)%|D20h\2 dx
By

By

1 ps ¢
< climhinf (/ (1 + f(x, Du) + E(l + |Du|2)2(s+l)> dx)
Br

_ (/BR(lJrf(x,Du)) dx)g,

ie. (1.8). O
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