REGULARITY OF THE FREE BOUNDARY FOR THE TWO-PHASE
BERNOULLI PROBLEM
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ABSTRACT. We prove a regularity theorem for the free boundary of minimizers of the
two-phase Bernoulli problem, completing the analysis started by Alt, Caffarelli and Fried-
man in the 80s. As a consequence, we also show regularity of minimizers of the multiphase
spectral optimization problem for the principal eigenvalue of the Dirichlet Laplacian.

1. INTRODUCTION

We consider the two-phase functional Jpp defined, for every open set D C R? and every
function v : D — R, as

Jrp(u, D) ::/ IVu?dz + \2|Qf N D]+ A2[Q, N D, (TP)
D

where the constants Ay > 0 and A_ > 0 are given and fixed, and the two phases
QF ={u>0} and Q, ={u<0}
are the positivity sets of the functions u* := max{u,0} and u~ := max{—u,0}.
We say that a function u : D — R is a local minimizer of Jrp in D if
Jrp (u, Q) < Jrp (v, Q),

for all open sets  and functions v : D — R such that Q € D and v = u on D \ €.

In this paper we aim to study the regularity of the free boundary 992 U 9Q;, N D for
local minimizers of Jyp in D. Our main result is a full description of 9Q; and 9, around
two-phase points:

Tpp = 0% NOQY, N D.
More precisely, we prove that, in a neighborhood of a two-phase point, the sets ;' and
Q. are two C''"-regular domains touching along the closed set I'yp.

Theorem 1.1 (Regularity around two-phase points). Let u: D — R be a local minimizer
of Jrp in the open set D C R:. Then, for every two-phase point xg € T'wp N D, there exists
a radius ro > 0 (depending on xq) such that 0 N By, (xo) are CY" graphs for some n > 0.

Combining Theorem 1.1 with the known regularity theory for one-phase problem, one
obtains the following result, which provides a full description of the free boundary of local
minimizers of Jyp.

Corollary 1.2 (Regularity of the free boundary). Let u : D — R be a local minimizer
of Jrp in the open set D C R%. Then, each of the sets OQ%F N D and 082, N D can be
decomposed as a disjoint union of a reqular and a (possibly empty) singular part

O0F N D = Reg(9QF) U Sing(9Q),
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with the following properties.

(i) The regular part Reg(0QF) is a relatively open subset of OUE N D and is locally
the graph of a CY"-reqular function, for some n > 0. Moreover, the two-phase free
boundary is reqular, that is,

Trp N D C Reg(9Q).

(ii) The singular set Sing(0QF) is a closed subset of OQUE N D of Hausdorff dimension
at most d — 5. Precisely, there is a critical dimension' d* € [5,7] such that
- if d < d*, then Sing(9QF) = 0;
- if d = d*, then Sing(0SXY) is locally finite in D;
- if d > d*, then Sing(9SYF) is a closed (d — d*)-rectifiable subset of O%E N D
with locally finite H~%" measure.

As a second corollary of our analysis, by applying the same type of arguments as in
[43] we obtain a complete regularity results for the following shape optimization problem,
studied in [8, 6, 45], where the optimal sets have the same qualitative behavior as the sets
QF and Q, in Corollary 1.2, contrary to the classical optimal partition problem studied
in [13, 14, 19, 20, 21] (which corresponds to the case of zero weights m; = 0, for every 1).

Corollary 1.3 (Regularity for a multiphase shape optimization problem). Let D be a
CY 7 -reqular bounded open domain in RY, for some v > 0 and d > 2. Let n > 2 and
m; >0,i=1,...,n be given. Let (,...,Qy) be a solution of the following optimization
problem:

min{Z(Al(Qi)—i—mi\QiD : Q; C D open; ;NQ =0 for z;éj} (SOP)

=1

where A1(€;) is the first eigenvalue for the Dirichlet Laplacian in ;.

Then, the free boundary 0X); of each of the sets ;, i = 1,...,n, can be decomposed
as the disjoint union of a reqular part Reg(0%;) and a (possibly empty) singular part
Sing(0€);), where:

(i) The regular part Reg(0Y;) is a relatively open subset of 0€); and is locally the graph
of a CY-regular function, for some n > 0. Moreover, both the contact set with the
boundary of the box and the two-phase free boundaries are reqular, that is,

0 NOD C Reg(09;) and 09 N 0Q; C Reg(08Y;)  for every j e {1,...,n}\ {i}.

(ii) The singular set Sing(9€Y;) is a closed subset of 0 of Hausdorff dimension at
most d — 5. Precisely,
- if d < d*, then Sing(99;) = 0,
- if d = d*, then Sing(0%);) is locally finite in D,
- if d > d*, then Sing(0);) is a closed (d — d*)-rectifiable subset of 0 with
locally finite HP™% measure,
where d* € {5,6,7} is the critical dimension from Corollary 1.2.

1.1. Regularity of local minimizers of the Bernoulli functional. The study of the
regularity of minimizers of Jpp started in the seminal paper of Alt and Caffarelli [1], which

IThe critical dimension d* is the first dimension, for which there exists a one-homogeneous non-negative
local minimizer of the one-phase functional with a singular free boundary. Currently, it is only known that
5<dr <7, (12, 34, 30).
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was dedicated to the one-phase case, in which u is non-negative. In this case, it is sufficient
to work with the one-phase functional

Jop(u, D) ::/ IVul? dz + A3 |QF N D, (OP)
D

as the negative phase  is empty. In [1] it was proved that for a local minimizer u
of Jop, the free boundary 9} N D decomposes into a C-regular set Reg(9Q;) and a
closed singular set Sing(9§2}) of zero H?~!-Hausdorff measure. A precise estimate on the
Hausdorff dimension of Sing(d€2;) was then given by Weiss in [46] as a consequence of his
monotonicity formula and its rectifiability was established by Edelen-Engelstein in [31].
In fact, the results in Corollary 1.2 are an immediate consequence of Theorem 1.1 and the
known regularity for the one-phase parts

Il = (0 \0Q,)nD and Lop = (09, \ 0%} ) N D.
Indeed:

e the regularity of Reg(992F) (Corollary 1.2 (i)) follows by Theorem 1.1 and [1,
Theorem 8.1];

e the estimates on the dimension of the singular set Sing(9Q:F) (Corollary 1.2 (ii))
are again a consequence of Theorem 1.1 (which shows that singularities can appear
only on the one-phase parts of the free boundary) and the results in [46, 31].

The regularity of local minimizers with two-phases (that is, local minimizers of Jpp
which change sign) was first addressed by Alt, Caffarelli and Friedman in [2], where the
authors consider free boundary functionals that weight also the zero level set of w:

Jacr(u, D) ::/ \Vul? dz + A1 |QF N D[+ A2, N D]+ Aj|{u=0}nD|, (ACF)
D

where Ay > Ao > 0 and A_ > X9 > 0. When D C R? is a planar domain, and under the
additional assumptions

Ay F A and Ao = Ay or A_,

they showed that the free boundaries Q7 N D and 98, N D are C'-regular curves. The
key observation here is that the additional assumption

)\0 = )\+ or )\0 =A_ s (1.1)

forces the level set {u = 0} to have zero Lebesgue measure. Thus, the two boundaries
9QF N D and 09, N D coincide and the solution u satisfies the transmission condition

IVur]? = [Vu =21 = A2 on 09 =09,. (1.2)

The free boundary regularity for local minimizers of J,¢p in the case (1.1) is already known
in any dimension. Indeed, the regularity of the free boundary 9Q} = 99, for functions
which are harmonic (or solve an elliptic PDE) in Q} U, and satisfy the transmission
condition (1.2), is today well-understood, after the seminal work of Caffarelli [9, 10, 11]
(see also the book [15]) and the more recent results of De Silva-Ferrari-Salsa [27, 28, 29],
which are based on the techniques introduced by De Silva in [26] and which are central
also in the present paper.
On the other hand, in the general case,

/\+ > A and A_ > Ag, (13)
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one can easily construct solutions of (ACF) for which the zero set {u = 0} has positive
measure, preventing the application of the existing results and techniques about two-
phase free boundary problems, as for instance [9, 10, 11, 27, 28, 29|, which rely on the
transmission condition (1.2).

To the best of our knowledge, the only known regularity result for minimizers of (ACFE)
under the condition (1.3) is due to the second and third authors in [42], where it is proved
that, in dimension d = 2, the free boundaries 9§} and 99, are C'" regular. The proof
relies on a novel epiperimetric type inequality which applies only in dimension two and
it was recently extended (still in dimension two) to almost-minimizers by the same two
authors and Trey in [43].

In this paper, we complete the analysis started by Alt, Caffarelli and Friedman in [2],
by proving a regularity result for the free boundaries of local minimizers of (ACF), in the
general case (1.3) and in any dimension d > 2. Indeed, Theorem 1.1 and Corollary 1.2 ap-
ply directly to (ACFE) as the local minimizers of (ACFE), corresponding to the parameters
Ao, A+ and A_, are local minimizers of (TP) with parameters

=X =22 and M= /A2 - 2.

1.2. One-phase, two-phase and branching points on the free boundary.
Let u : B — R be a (local) minimizer of Jyp in B; and let, as above, Qf = {+u > 0}.
Notice that, the zero level set {u = 0} might have positive Lebesgue measure in By and
also non-empty interior, contrary to what happens with the minimizers of (ACF) with
A+ = Ag. This introduces a new element in the analysis of the free boundary, which can
now switch from one-phase to two-phase at the so-called branching points, at which the
zero level set looks like a cusp. Precisely, this means that the free boundary 992 N By
(the same holds for the negative phase 092, N B;) can be decomposed into:

e a set of one-phase points I'f, := 9Q} \ 92, N By, and

e a set of two-phase points I'yp := 9QF NN, N By.

By definition the set of one-phase points I'S, is relatively open in Q. Precisely, if
xo € T'fp, then there is a ball B,(xg) which does not contain points from the negative
phase, B,(z9) N, = (. Thus, u is a minimizer of the one-phase functional Jop in By (z)
and the regularity of 9Q N B, () follows from the results in [1, 46].

For what concerns the two-phase points, we can further divide them into interior and
branching points:

e we say that xg is an interior two-phase point, zq € ' if 2y € I'rp and

’Br(wo)ﬂ{u:O}’:0 for some r >0;

e conversely, we say that xg is a branching point, xg € FIT’}”,, if xp € I'tp and

!Br(xo) N{u= O}! >0 forevery r>0.

By definition, T is an open subset of Q7 N By. In particular, u is a minimizer of the
Alt-Caffarelli-Friedman functional (ACF) with Ay = A¢ in a small ball B,(zp) and the
regularity of T is a consequence of the results in [2, 9, 10, 11, 15, 27, 28, 29)].

In order to complete the study of the regularity of the free boundaries one has then to
focus on the branching points. Note that by the previous discussion |[Vu™t| is a Holder
continuous function on I'§, UTHt. By relying on the results of [26], to prove Theorem 1.1
one has to show that |[Vu™|: 9Q} N By — R is Holder continuous across the branching
points

o = (094 N Bi) \ (T, UTHY) .
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By following [42] and [43] this will be consequence of
uniform “flatness” decay at the two-phase points xg € I'rp,
which is the main result of our paper.

1.3. Flatness decay at the two-phase points. By the Weiss’ monotonicity formula
(see [46]), at every two-phase point xg € I'1p, the limits of blow-up sequences

w(zo + rrY)
Uzg,r, (Y) = T

are two-plane solutions of the form
Hoe(z) = a(z-e)t —B(z-e),
with  eeS¥ o —p2=X2 - )2, and a>)\;, B>A_.

However, a priori the limiting profile might depend on the chosen sequence. As it is usual
in this type of problems, uniqueness of the blow-up profile (and thus regularity of u) is a
consequence of a uniform flatness (or excess) decay.

Given u, its flatness in B, (zg) with respect to H = H,, ¢ is defined as

(TpS)

1
flatp, (z0) (v, H) = ;HU — H| o0 (B, (w0))-

In particular, we can assume that the flatness becomes small at a uniform scale in a
neighborhood of any zg € I'tp. Precisely, for every € > 0 and x¢ € I'yp, there is 7 > 0 and
a neighborhood U of zq, such that

flatp, (yo) (u, H) <& for every yo €U Ny

vo)
Our aim is to prove that there is a universal threshold ¢ > 0 such that

flatp, (o) (u, H) < & for some two-plane solution H = Hge,

then it improves in the ball B.;(zo), which means that there exists another two-plane
solution H = Hg ¢ such that

flatp, , (oo (u, H) < 277 flatp, (4,) (u, H), (1.4)

for some small, but universal, v > 0.
In order to prove (1.4), we argue by contradiction. That is, there is a sequence of
minimizers u; and a sequence of two-plane solutions Hy, such that

€ = Huk — HkHLOO(Bl) — 0 but iIlf ||uk — ﬁ||Loo(Bl/2) > 27 ¢ ,
H

where the infimum is taken over all H of the form (TpS).

Now, the two key points of the argument are to show that the sequence
ug — Hy
Vp i = ——————

€k
is (pre-)compact in a suitable topology and that any limit point v, is a solution of a
suitable “linearized” problem (that turns out to be a non-linear one); then the regularity
theory for the limiting problem allows to obtain the desired contradiction.

While the linearized problem can be guessed by formal computations, in order to transfer
back regularity estimates for v, to vg, it is crucial to establish the uniform convergence of
v (which is a priori only bounded in L*) to v. In our case, as well as for other variational
problems, this is not just a technical issue but is where the proof of e-regularity-type
theorems may actually fail, even if the ”formal” linearized problem enjoys all the desired
estimates. Instances of this phenomena are well known in literature. For example, while
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an e-regularity theorem for minimizers of quasi-convex functions holds true (as proved by
Evans in [32]), a similar result is false for critical points, as shown by Muller and Sverak
[36], eventhough the two problems share the same formal linearization. A similar issue
happens for harmonic maps: an e-regularity theorem is true for minimizers but it is false
for critical points as it was proved by Riviere in [37]; also in this case the formal linearized
problem is the same namely the Laplace equation. In general, in many variational problems
which exhibit singular behavior (as in our situation), the linearization is well-understood,
but the compactness is still out of reach.

Let us now briefly analyze these two main steps of the proof.

The “linearized” problem. The nature of the limiting problem depends on the type of
free boundary point one is considering. At branching points (the ones that we are most
interested in), vo turns out be the the solution of a two-membrane problem, (3.10). At
interior two-phase points T, we instead recover a transmission problem as in [27].

Note that in the first case, the “linearized” problem is actually non-linear. Similar phe-
nomena have been already observed in a number of related situation: in this same context,
a derivation of the limiting problem was done in [4], while for Bernoulli type problems a
similar fact appears in studying regularity close to the boundary of the container, [18].
See also [33, 41] for similar issues in studying the singular set of obstacle type problems.
Heuristically linearizing to an “obstacle” type problem is due to the fact that there is a nat-
ural “ordering” between the negative and the positive phases of any possible competitor.
Note instead if one linearizes the plain one phase problem, the natural linearized problem
is the Neumann one, this was observed in [3] (in the parabolic case) and fully exploited in
[26], see also [16, 17] where other non-local type problems appear as linearization.

Compactness of the linearizing sequence vy. We follow the approach introduced by De Silva
in [26], which is based on a partial Harnack type inequality, introduced in different context
by Savin in [39, 40]. This is a weaker form of the flatness decay estimate (1.4) that does
not take into account the scaling of the functional (which means that it cannot be used
to obtain the regularity of the free boundary in a direct way). The rough idea is that if
lu — H|| oo (B, (x0)) falls below a certain (universal) threshold, then u is closer to H in the
ball B, (z0), precisely:

lu = Hl| oo (B, (x0)) < 270w — H|| oo (B, (x0)) (1.5)

for some 0 > 0. This estimate implies the compactness of the sequence v by a classical
(Ascoli-Arzela type) argument.

For local minimizers of the one-phase functional (OP) or the two-phase functional
(ACF) with coefficients satisfying the condition (1.1), the functions H can be chosen
in the respective class of blow-up limits. In fact, for the one-phase problem, it is sufficient
to take H to be the (possibly translated and rotated) one-homogeneous global one-phase
solution H(z) = Ayx} (as in [26]); for the two-phase problem in the case (1.1), it is suffi-
cient to take H in the class of two-plane solutions (TPS), precisely as in [27]. However, in
our case, it turns out that the class of two-plane solutions is not large enough. The reason
is that there exist solutions which are arbitrarily close to a two-plane solution of the form
H), e, but which are not a smooth perturbation of it. For instance the function,

H(z) = My (za +e1)" — A_(2q — €)™, (1.6)

is max{ey,ea}-close to the two-plane solution Hy, ¢, but (1.5) fails for it.

This is not just a technical difficulty. In fact, in order to get the compactness of the
linearizing sequence, the partial improvement of flatness (1.5) is not needed just at one
two-phase point zg, but in all the points in a neighborhood of xy. Now, since at a branching
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point, the behavior of the free boundary switches from two-phase (which roughly speaking
corresponds to the case when the two free boundaries Q" and 9, coincide) to one-phase
(in which the two free boundaries 9 and 9, are close to each other but separate, as
on FIGURE 1 below), the class of reference functions H has to contain both the two-plane
solutions (T'PS) and the solutions of the form (1.6).

FIGURE 1. In a neighborhood of a branching point xg the solution
u might get closer to the solution of the form (1.6).

Structure of the paper. This paper is organized as follows: in Section 2 we recall some
basic properties of minimizers and we fix the notation; in Section 3 we establish the excess
decay lemma; in Section 4 we prove our main results; in Appendices A and B we collect
the proofs of some technical facts.

Acknowledgements. L.S. was partially supported by NSF grant DMS-1951070. B.V.
was partially supported by the project ERC VAREG - Variational approach to the regu-
larity of the free boundaries (grant agreement No. 853404) and by the projects GeoSpec
(LabEx PERSYVAL-Lab, ANR-11-LABX-0025-01) and CoMeDiC (ANR-15-CE40-0006).

At the final stage of the preparation of this work, the authors have been informed by
personal communication that two other groups are working on similar problems, namely
in [4] the authors aim to establish a result analogous to the ours via variational techniques,
while in [24] the goal is to prove the same result for almost minimizers. At our knowledge,
at this date, none of these works has appeared in a journal or on arxiv.

2. BASIC PROPERTIES OF MINIMIZERS

In this section we recall (mostly without proof) some basic properties of local minimizers
of Jrp. In particular, in Section 2.1 we recall Lipschitz-regularity and non-degeneracy
property of u; Section 2.2 is dedicated to the study of blow-up limits of u at two-phase
points and in Section 2.3 we show that wu satisfies an optimality condition in viscosity
sense.

2.1. Regularity of minimizers. Let u be a local minimizer of Jyp. Then, it is well-
known that u is locally Lipschitz continuous and non-degenerate.
Throughout this paper, we will assume that the weights in (TP) are ordered as follows:

Ap > A >0. (2.1)
Notice that this is not restrictive as one can always replace u by —u in Jrp.
Proposition 2.1 (Lipschitz regularity and non-degeneracy of local minimizers). Let D C

R? be an open set, Ay > A_ > 0, and u be a local minimizer of Jrp. Then the following
properties hold:

(i) Lipschitz continuity. u € C2!(D).

loc



REGULARITY OF THE TWO-PHASE FREE BOUNDARIES 8
(ii) Non-degeneracy. There is constant o = a(d, \x) > 0 such that

][ ut>ar for every xy € Qizutﬂ D and every 0 < r < dist(xg,dD).
OBy (o)

Proof. The second claim was first proved in [2, Theorem 3.1] and depends only on the
fact that each of the two phases Q and €2 is optimal with respect to one-sided inwards
perturbations (see for instance [8] and [44, Section 4]). The Lipschitz continuity of u is
more involved and requires the use of the Alt-Caffarelli-Friedman monotonicity formula
and the non-degeneracy of vt and u~. It was first proved in [2, Theorem 5.3], see also
the recent paper [23] for quasi-minimizers. O

2.2. Blow-up sequences and blow-up limits. Let u be a local minimizer of Jyp in the
open set D C R%. For every o € 9, N D and every0 < r < dist(zg, 9D), we consider the

function
u(zo + 1)

() i= S,

which is well-defined for |z| < I dist(zo, D) and vanishes at the origin. Give a sequence
ry > 0 such that r, — 0, we say that the sequence of functions uy, ,, is a blow-up sequence.
Note that, for every R > 0, and k£ > 1, the functions ug,,, are defined on the ball Bg,
vanish at zero and are uniformly Lipschitz in Bg. Hence, there is a Lipschitz continuous
function v : R? — R and a (no relabeled) subsequence of 1, ,, such that u, ,, converges
to v uniformly on every ball Br C R?. We say that v is a blow-up limit of u at z. Notice
that v might depend not only on xy and u but also on the (sub-)sequence r;. We will
denote by BU(zg) the collection of all possible blow-up limits of u at xg.

The following lemma classifies all the possible elements of BU(xzg) when xy € T'rp.The
result is well-known and we only sketch the proof for the sake of completeness.

Lemma 2.2 (Classification of the blow-up limits). Let u be a local minimizer of Jpp in
the open set D C R%, and let v be a blow-up limit of v at the two-phase point o € I'p.
Then, v is of the form

v(7) = Hye(r) = a(r-e)" —B(z-e)7,
where e € S*1, and o, f are such that
o —pf2=2 -2 and a>X;, B>

Proof. Let v be a blow-up limit of u at ¢ and let u,, », be a blow-up sequence converging
to v (locally uniformly in R?). First, notice that the non-degeneracy of u, Proposition 2.1
(i), implies that v is non trivial and changes sign: v # 0 and v~ # 0. Moreover, since
every Ug,r, is a local minimizer of Jyp ( it is standard to infer that v is also a local
minimizer of Jrp in R? (see for instance [44, Section 6]). Thus, v is harmonic on Q and
Q. On the other hand, by the Weiss monotonicity formula, [46], v is one-homogeneous,
in polar coordinates:

v(p,0) = pV(0)
In particular V is an eigenfunction of the spherical Laplacian Ag on the spherical sets
QFnsi-L
—AsVE=(@d-1)V* in QFnsit (2.2)

We now choose ¢ > 0 such that

/ (VY —eVT)dH = 0.
Sd—1
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Using the (2.2) and integrating by parts, we get that
/ IVo(VFT — V) 2dHT! = (d - 1)/ VT — eV 2aHiL
§d-1 631

This means that VT — ¢V~ is an eigenfunction of the spherical Laplacian on S¢1, cor-
responding to the eigenvalue (d — 1). Since the (d — 1)-eigenspace contains only linear
functions one easily deduce that v is of the form (TPS).

Conditions (2.2) can be obtained by a smooth variation of the free boundary {v = 0}.
Indeed, if considering competitors of the form v (z) = v(x + t{(z)) for smooth compactly
vector fields &, and taking the derivative of Jpp(vy, B1) at t — 0, we get that

/{ o © O(IVoH 2 = [Vu P = (2~ 22)) am? ! =,

which by the arbitrariness of £ is precisely the first part of (2.2). The second part of (2.2) is
analogous and follows by considering competitors of the form vi(z) = vt (z) —v™ (x+t&(z))
for vector fields with £ - e < 0 so that it moves negative phase only inwards, that is,
{v; < 0} C {v < 0}. Taking the derivative of the energy at ¢ > 0, we get

/ (€-e)(IVo P — A2) and! <o,
{UZO}OBl

which gives > A_. The estimate on « is analogous. O

We record the following consequence of Lemma 2.2 which says that the “flatness” can
be chosen uniformly small in a neighborhood of a two-phase point.

Corollary 2.3. Let u be a local minimizer of Jrp in the open set D C R%, and let xq be
a two-phase point rg € U'tp. Then, for every e > 0 there are r > 0 and p > 0, and a
function H, e of the form (TPS) such that:

Huyom - Hoc,e”LOO(Bl) <e forevery yo € By(xo).
Proof. By Lemma 2.2, there exists 7 > 0 and H such that |[uz,, — H|| e (p,) < /2. On
the other hand, by the Lipschitz continuity of u
L
it~ g0 o= ) < Zlo — 30l
Choosing p small enough (such that % < ¢/2), we get the claim. O

2.3. Optimality conditions at the free boundary. Let u : D — R be a local minimizer
of Jrp. In this section, we will show that u satisfies the following optimality conditions at
two-phase free boundary points:
IVut > — |[Vu |2 = A1 - A2 and |Vut| > s on  Tpp. (2.3)
We notice that if u was differentiable at g € I'rp, that is,
ut(z) = (x — x0) - VuT(zg) + o(|z — x9|) for every z € QF, (2.4)
u” () = (x —x0) - Vu (z0) + o(|]z — zo|) for every =z €y, '

then (2.3) would be an immediate consequence of Lemma 2.2. Of course, differentiability
of ut and u~ (and the uniqueness of the blow-up limits?) is not a priori known, so we will

2It is immediate to check that, if the blow-up is unique at xp € I'rp, that is,

lin}) luag,r — H| Loo(By) =0 for some H as in (TPS),
r—

then a = |Vu™|(x0), 8 = |Vu ™ |(z0) and (2.4) does hold.
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use the optimality condition in some weak (viscosity) sense, based on comparison with
(more regular) test functions.

Definition 2.4. Let D be an open set.

(i) We say that a function @Q : D — R touches a function w : D — R from below
(resp. from above) at a point xo € D if Q(zo) = w(xo) and

Q(z) —w(x) <0 (Tesp. Q(x) —w(x) > O),
for every x in a neighborhood of xo. We will say that Q) touches w strictly from
below (resp. above), if the above inequalities are strict for x # xg.
(ii) A function Q is an admissible comparison function in D if
(a) Qe C'({Q >0}nD)NnC({Q <0} N D);
(b) Qe C?*({Q >0} ND)NC*({Q <0} N D);
(c) 0{Q > 0} and 0{Q < 0} are smooth manifolds in D.

The optimality conditions on u are given in the next lemma. Before we give the precise
statement, we recall that 99, N D = T'{, UT5, U 'p, where

L =00, \0Q, ND, Ty, :=00,\00ND and Ty :=0Q, NI ND.

Lemma 2.5 (The local minimizers are viscosity solutions). Let u be a local minimizer of
Jrp in the open set D C R, Then, u in harmonic in QF U, and satisfies the following
optimality conditions on the free boundary 02, N D.
(A) Suppose that Q is a comparison function that touches u from below at x.
(A1) If zg € TS, then |[VQ (x0)| < Ay s
(A.2) if zg € Tgp, then QT =0 in a neighborhood of o and [VQ™ (xo)| > A\_;
(A.3) if xg € T'yp, then |[VQ ™ (x0)| > A= and
IVQ™ (x0)” = [VQ™ (o) < A% — AZ.
(B) Suppose that Q is a comparison function that touches u from above at xg.
(B.1) If zg € TS, then @~ =0 in a neighborhood of xo and |[VQT (x0)| > Ay ;
(B.2) if zg € Top, then |VQ™ (z0)| < A_;
(B.3) if 29 € T'p, then [VQT (x0)] > Ay and
IVQ™ (20)” = [VQ™ (o) > A} — AZ.
Proof. If xy is a one-phase point, then the gradient bounds in (A.1), (A.2), (B.1) and
(B.2) follow by [44, Proposition 7.1], the claims Q™ = 0 in (A.2) and @~ = 0 in (B.2)
being trivially true. Suppose now that g € I'rp and that @ touches u from below at xg.
Let ugr, and Qg r, be blow-up sequences of u and @ at zp. Then, up to extracting

a subsequence, we can assume that ug, ,, converges uniformly to a blow-up limit H, &

BU(xo) of the form
Hu(@) = a(z - €)s — flz-e)_.

On the other hand, since Q" and Q~ are differentiable at x( (respectively in ﬁg and ﬁé),
we get that @, r, converges to the function

Hq(z) = [VQT (z0)l(z - €)+ = [VQ™ (z0)l(z - €')—,

where €' = |[VQ T (20)|71VQT (20) = —|VQ~ (20)|"'VQ~ (z0). Now since, Hg touches H,,
from below (and since a # 0 and § # 0), we have that €/ = e and

VQT(20)* = [VQ (mo) <o =52 and  [VQ¥(m)| <o, [VQ(z0)| = 5.
Combined with (2.2), this gives (A.3). The proof of (B.3) is analogous. O
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In particular, if u : D — R is a continuous function such that the claims (A) and (B) hold
for every comparison function (), then we say that u satisfies the following overdetermined
condition on the free boundary in viscosity sense:

Vut? — [Vu™ 2= X2 =22, |[Vut| > Apand [Vu™ | > A2 on Qf NQ, ND;
|Vut| = A\t on DNQF\Q;; (2.5)
|IVu™| = A on DNQ, \ Q.

Thus, Lemma 2.5 can be restated as follows: If u is a local minimizer of Jrp in D, then
it satisfies (2.5) in viscosity sense.

We conclude this section by recording the following straightforward consequence of def-
inition of viscosity solution, where we consider what happens when a function is touching
only one of the two phases (note that in the second item we are restricting the touching
points only to the one-phase free boundaries)

Lemma 2.6. Let u: D — R be a continuous function which satisfies (2.5).

(i) Assume that Q is a comparison function touching u from above at xo € O}
(resp. —u~ from below at xoy € O, ) , then

VQHlo) = A (resp. [VQ7|(x0) = A-).

(i) Assume that Q is a comparison function touching u™ from below at xo € 'S, (resp.
—u~ from above at xg € I'gp) , then

VQHlwo) <A (resp. [VQ7I(w0) < A-).

Proof. The claim (i) simply follows by, for instance, noticing that the assumption implies
that Q@ > u™ > 0 so that Q touching u from above and thus one can apply B.1 and the
first part of B.3 in the definition of viscosity solution and that a symmetric argument
holds for u~.

Concerning claim (ii), we note that since x9 € I'S,, u > 0 in a neighborhood of z. In
particular, the function Q7 is touching u from below at x¢ and thus the conclusion follows
by (B.2) in the definition of viscosity solution. O

3. FLATNESS DECAY

In this section we prove that, at two-phase points, the flatness decays from one scale to
the next. Our main result is the following theorem, which applies to any viscosity solution
of the two-phase problem.

Theorem 3.1 (Flatness decay for viscosity solutions). For every L > Ay > A_ > 0 and
v € (0,1/2), there exist g > 0, C > 0 and p € (0,1/4) such that the following holds.
Suppose that the function u : By — R satisfies:

(a) w is L-Lipschitz continuous;

) zero is on the two-phase free boundary, 0 € T'rp = 0T N OQ, ;
) w is harmonic in QF UQy, ;

) u satisfies the optimality condition (2.5) in viscosity sense;

e) u is eg-flat in By, that is,

|lu — Haegllzoo(Br) < €0 for some L>a> ). (3.1)

(b
(c
(d
(

Then, there are e € ST and & > Ay such that

e —eal +|d — o] <Cllu— HaeyllLo(s), (3.2)
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and
lup — Haellpoo () < 07 |u— Haeyllnoo(B,)- (3.3)
The proof of Theorem 3.1 follows easily combining the two upcoming lemmas. In the
first one we deal with the situation where the two-plane solution is, roughly, Hy,. Note
that this is the situation where one might expect the presence of branching points and it
is indeed in this setting that we will obtain the two membrane problem as “linearization”.
In the second lemma, we deal with the case when the closest half-plane solution has a
gradient much larger than A;. We will later show that in this case the origin is an interior
two-phase point.

Lemma 3.2 (Improvement of flatness: branching points). For every L > Ay > A_ > 0,
v € (0,1)2), and M > 0, there exist e1 = e1(v,d,L, M), C; = Ci(v,d,L,M) and p =
p(v,d, L, M) such that the following holds. For every function u : B — R satisfying
(a)-(b)-(c)-(d) of Theorem 3.1 and such that

lu— Haelloop) <1, with 0 <a— A < Mllu— Haeyllzo(By):
there exist e € ST™1 and & > Ay, for which (3.2) and (3.3) hold.

Lemma 3.3 (Improvement of flatness: non-branching points). For every L > Ai >
A >0 and v € (0,1), there exist e3 = ea(7,d, L), M = M(v,d,L) and p = p(7,d, L)
Cy = Ca(v,d, L) such that the following holds. For every function u : By — R satisfying
(a)-(b)-(c)-(d) of Theorem 3.1 and such that

|u— Hueyllpoo(pyy <2, with o — Ay > Mllu— Hge,llpo(5y)
there exist e € S¥™1 and & > Ay, for which (3.2) and (3.3) hold.
Let us first show that Theorem 3.1 follows from Lemma 3.2 and Lemma 3.3.

Proof of Theorem 3.1. Fix v € (0,1/2) and notice that o« < 2L, where L is the Lipschitz
constant of u. Next choose M = 2M in Lemma 3.2, where M is as in Lemma 3.3. Let
o = min {2(2M),1/2}. Then, we can apply either Lemma 3.2 or Lemma 3.3. O

In order to prove Lemma 3.2 and Lemma 3.3, we will argue by contradiction. Hence in
the following we consider a sequence u; of minimizers such that

€k = Huk - HamedHLO"(Bl) =0 and A Sap = L (3.4)

where
Vug||poo () < L for every k> 1.

We also set

2 _ )2 2 _ )2
= 2 tim QM g2 gy B A (3.5)
k—oo  20Eg k—oo  20y€k

which we can assume to exists up to extracting a subsequence. It might be useful to keep
in mind that ¢ = oo will correspond to Lemma 3.3 while 0 < ¢ < M < oo to Lemma 3.2.

In order to prove Lemma 3.3 and Lemma 3.2, we will first show that the sequence

up(z) — oy

(z) S  aper ve Q;rk nh (3.6)
vg(x) = _ .
v_(z) == W r€Q, NB;

is compact in some suitable sense; we give the precise statement in Lemma 3.4 below
and we postpone the proof to Section 3.1. We then establish in Lemma 3.5 the limiting
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problem solved by its limit v. Note that this problem depends on the value of ¢ which is
distinguishing whether we are or not at branching points.

Finally, in Section 3.3 we show how to deduce Lemma 3.3 and Lemma 3.2 from Lemma 3.4
and Lemma 3.5. For the remainder of the paper we will denote with

BF =B, n{a; >0}, for every r > 0.

Lemma 3.4 (Compactness of the linearizing sequence vy). Let uy be a sequence of func-
tions satisfying (a), (b), (c) and (d) of Theorem 3.1 uniformly in k and let € and oy, be
as in (3.4) and let vy be defined by (3.6). Then there are Hélder continuous functions

vy: B, =R and v_ : By,

1/2 1/2 —>R7

with
vy < v on By, N {zg =0}, v4(0) =v_(0) =0,
and such that the sequences of closed graphs

rf = { (@ ven@) : 2 €95 N B},

converge, up to a (non-relabeled) subsequence, in the Hausdorff distance to the closed
graphs

ri:{@mﬂ@):xeB@}
In particular, the following claims hold.

(i) For every d >0, vy converges uniformly to vt on Bijy N {+rg > 0}.

(ii) For every sequence xy, € Q?fk N By converging to x € Bljjz, we have
Ui(iv) = lim U:t,k(mk)-
k—o00

iii) For every x € {xq = 0} N B1s, , we have
/

T - €
for any sequence Gka Sz — .

v4(x) = F lim
i( ) :Fkaoo OEL

In particular, {zq =0} N E1/2 decomposes into a open jump set

J ={vy <wv_}n{zqg=0}NBiy,
and its complementary contact set
C={vy =v_}n{zxy=0} ﬂ§1/2.
Furthermore, if x € J, then
lim inf dist (2, 9y, N1 0Q,,) > 0. (3.7)

+

+
k.op such that x;; — x.

In particular for all x € J, there exists two sequences ZE% el

In the next lemma we determine the limiting problem solved by the function v defined
as

v_(z) for xz € By, (3:8)

{v+(x) for $€B1727
1/27

where v and v_ are as in Lemma 3.4.
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Lemma 3.5 (The “linearized” problem). Let uy, € and ay be as in (3.4), v be defined
by (3.6) and ¢ as in (3.5). Let also vy be as in Lemma 3.4:

L =00 : Then J =0 and v+ are viscosity solutions of the transmission problem:

Avy =0 in BE
2 Buos 62 s (39)
az0qvy = Bs0qv— on By, N {zq =0}

where oy = limg ap and Boo = limy, By, which we can assume to exist up to extracting a
further subsequence.

0 < £ < oo: Then v is a viscosity solution of the two membrane problem.:

'Avi =0 mn Bljz
/\iadvi +4>0 m B1/2 N{zq =0}
M Ogvy +£=0 in J . (3.10)
Ai@dmr =X 9_ inC

v+ <o in By, N{zq =0}

Remark 3.6. Here by viscosity solution of (3.9) and (3.10) we mean a function v as in
(3.8) such that vy are continuous in Bljz, Avy =0 in Blj;Q and such that the following
holds.

- If we are in case (3.9), let p,q € R and let P be a smooth function such that
04P = 0. Suppose that P is subharmonic (superharmonic) and that the function

P::px;rfq$;+15
touches v strictly from below (above) at a point xg € Bij, N {z4 = 0}, then

ap < B2q (agop > 5§oq) .

- If we are in case (3.10) then
(1) if Py is a smooth superharmonic function in Blﬂz touching vy strictly from

above at xg € B, N {xg = 0}, then A2.04Px > 0;

(2) if Py is a smooth subharmonic function in Bi touching vy strictly from
below at xg € J, then A\19,P+ < 0;

(3) if p,q € R and P is a smooth subharmonic (superharmonic) function such
that 8;P = 0 and such that the function

P:=pz} —qv; + P
touches v strictly from below (above) at a point xg € Bij N {z4 = 0}, then

Mp <A (/\ip > A2_q> :

3.1. Compactness of the linearizing sequence. Proof of Lemma 3.4. The key
point in establishing a suitable compactness for vy is a “partial Harnack” inequality, in
the spirit of [26, 27]. As explained in the introduction, in dealing with branching points
one needs to work separately on the positive and negative part. An additional difficulties
arise also at pure two-phase points since we want also to deal with the case \_ = A\ ;. Let
us briefly explain the ideas of the proof.

If w is close in By to a global solution of the form H, ¢, with o > A4, then we expect that
in a small neighborhood B, of the origin the level set {u = 0} has zero Lebesgue measure
and that all the free boundary points in B, are “interior” two-phase points (indeed, at
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the end, this will be a consequence of the C' regularity of u and of the free boundary).
In this case one expects to be able to do the same argument as in [27]. This is true
except for the following caveat, if one wants to deal with the case A_ = A4 then the
sliding arguments used in [26, 27] (see also [9, 10]) does not yield the desired contradiction
since the positive term might actually be zero. For this reason one has first to “increase”
the slope of the trapping solution, so that the sliding argument would give the desired
contradiction. Namely if u is trapped between two translation of a two-plane solution:

Ha,ed(x +b) <u< Ha,ed(x +a)

in say Bj and at the point P = (0,...,0,1/2) w is closer to Hy e, (- +a) then to Hy e, (- +b),
we can increase in a quantitative way the slope of the positive part of the lower two-plane
solution in half ball, i.e.

u>d(z+b)" —-Bx+b)T > a,
see Lemma 3.7. The sliding argument of [26, 27] then allows to translate this to a a
(quantitative) increase of b, yielding the partial decay of flatness of the free boundary.
This is the situation studied in Lemma 3.9.
If instead wu is close to H), e, then the free boundary can behave in several different

ways. Indeed, in this case the origin can be either an interior two-phase point, a branching
two-phase point but it might also happen that

u(x) = Ap(xg+e1)y —A_(xg—e2)- with 0<ej,e0 < 1.

Since as explained in the introduction we have to deal with all the of the above situations
we have to prove a decay in this situation is to improve separately the positive and the
negative parts of u. More precisely if in By

A (za+b) T <ut(@) <A (atan)™. A (2a+b )" < —u () < —A_(za+a )"

for suitable a4, b4, one wants to find new constants a4, by € with

(b-—a_)<(b-—a)  (bs—as) < (bs —ay)
and for which, in half the ball,
At ($d+5+)+ <ut(z) <Ay (azd+é+)+. A (zg+b-)” < —u () < —A_(zq+a—) .
Here one has to distinguishes the case in which, say, the lower function
Ao (g +b2) " = A (wq+b2)”

is looks like a two plane solution, i.e by — b_ < 1, or not and to perform different
comparisons according to the situation. This dealt in Lemma 3.8.

We start with the following simple lemma which allows to “increase” the slope of the
comparison functions.

Lemma 3.7. There is a dimensional constants 7 = 7(d) > 0 such that the following hold.
Assume that v: By — R is a continuous function with Av =0 on {v > 0} and such that

)\(a:d + b)+ <v< /\(xd + a)+ ,
for some a,b € ( — /100, 1/100). Let P =(0,...,0,1/2), then for all € € (0, %)
1 +
w(P) < A1 — @(5 + a) — o< Ml—79)(zat+a)t in Bi(0),
and

v(p)zx(ue)(%wf —  uAA4re)(wa )T in Biu0).
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Proof. We prove only the first implication, since the second one can be obtained by the
same arguments. First, we notice that, since b < 1/100, both v and (x4 + @) are positive
and harmonic in Bi/,(P). Thus,
Mzg+a)T—v>0 in Biy(P)
and 1 1 49
+ +
A5 +a) —o(P) 2 (5 +a) = A
2+a v()_)\52+a 2 1007
Hence, by Harnack inequality and the bound |a| < 1/100 there are dimensional constants ¢
and ¢ such that
v(z) < AMzq + a)Jr —Xee < A(1 —ce)(zq + a)+ for all z € Bij(P).

We now let w be the solution of the following problem

Aw =0 in B1(0) \ Bis(P) N {xqg > —a}
w=0 on By N{zxy = —a}
w = A(zq+ a)+ on 0B1(0) N {xq > —a}

w= X1 - ce)(zqg+ a)+ on OBy (P) N{xq > —a}.
By the Hopf Boundary Lemma,
w(z) < (1—7e)(xga+a)™ forevery xin BijyN{xqg > —a},
for a suitable constant 7 = 7(d). Since, by the comparison principle, u < w, this concludes
the proof. 0
We next prove the two partial Harnack inequalities:
We distinguish two cases:

The proof of the partial Harnack inequality is based on comparison with suitable test
functions. In order to build these “barriers”, we will often use the following function .
Let Q@ = (0,...,0,1/5) and we let ¢ : B; — R be defined by:

1 ifz e B1/100(Q),
o@) =S ra(le—QI = () ")  ifz€ Bu(@\Bywl(@),  (3.11)
0 otherwise,

where the dimensional constant k4 is chosen in such a way that ¢ is continuous.
It is immediate to check that ¢ has the following properties:
©1) 0<p<1inR% and ¢ =0 on JBj;
©.2) Ap >cqg>0in {p >0} \ Bl/mo(Q);
©.3) Og > 0in {p > 0} N {|zyg| < 1/100};
(p4) ¢ >cqg>0in By
where ¢4 is a dimensional constant.
Lemma 3.8 (Partial Boundary Harnack I). Given Ay > A_ > 0 there exist constants
g€ =¢&(d,A\y) > 0 and ¢ = é(d,\s) € (0,1) such that, for every function v : By — R
satisfying (a), (c¢) and (d) in Theorem 3.1, the following property holds true.
Let ay,by € (—1/100,1/100) be such that

b-<a_, by <ay, b <by, a_ <ay,

and
(CL_ — b_) + (CL+ — b+) <e.
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Assume that for x € By:
A (zq + b+)Jr <ut(z) < Ap(za+ a+)+

and
“A(zg+b) < —u (@) < -A_(zg+a_)

Then, one can find new constants @+, by € (—1/100,1/100), with

b <a_, by <ay, b_ <b,, a_ <ag,
and B -

a_ — b, S E(a, — b,) C_L+ — b+ § E(a+ — bJr)
such that for x € Bij:

)\+ (.’Ed + B+)+ < u+(x) < )\4_ (.’L'd + C_L_|_)+

and
“A(zg+b) < —u (@) < -A_(zqg+a-)

Proof. Let us show how to improve the positive part. More precisely we show how given
a4,a_,by,b_ as in the statement we can find a4 and by.. The proof for b_ and a_ works
in the same way and is left to the reader.

We let

and we distinguish two cases:

e Case 1. Improvement from above. Assume that, at the point P, u™ is closer to A4 (2 +
b1 )T than to the upper barrier A (2 + ay)*. Precisely that
At (ay —by)
5 .
In this case, we will show that u is below Ay (z + @+)" in a smaller ball centered at the
origin for a4 strictly smaller than a.
We start by setting

ut(P) < A (24 ay)t -

= a4 — b+ S E.
Then \
wH(P) SA24an)t = T <A1 -e)2+an)t

for a suitable (universal) constant c. We can thus apply (the scaled version of) Lemma 3.7
to ™, to infer the existence of a dimensional constant 7 such that

ut <AL (1—7e)(wa + a+)+ in Bj. (3.12)
For ¢ as in (3.11) and ¢ € [0, 1] we set
fr =21 —7¢/2)(zq + ag — tcap)+
where ¢ = ¢(d) is a small constant chosen such that for all x € Bi/,,,(Q) and t € [0, 1),
u(z) < A (1—7e)(2q + a+)+
<AL(1—7e/2)(zq + ay —cg) " < fi(=)

where we have used that (z4 + a4 ) is within two universal constant for for z € Bi40(Q).
We now let ¢t € (0,1] the largest ¢ such that f; > u in By and we claim that ¢ = 1.
Indeed assume that ¢ < 1, then there exists Z € By such that

u(z) — fi(z) <wu(z) — fr(z) =0 forall =z € Bj. (3.14)

(3.13)
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Note that by (3.13), T & Bi40(Q), while, by (¢.1) and (3.12), = € {¢ > 0}. Moreover
z € {fr = 0}, indeed otherwise, by (¢.2), Aff(Z) < 0 and Au(z) = 0, a contradiction with
(3.14). Assume now = € {ff = 0}, since u is a viscosity solution we get that, by (¢.3),

A< V()P = M(1 = 7¢/2)% — 2cetA 4 0gp(T) + O(e?) < A3

provided & < &(d,\;) < 1 (note that necessarily u(Z) = 0 and thus z € {|zq4] < 1/100}).
This contradiction implies that ¢ = 1. Hence, by (¢.4), we get for all z € B, Jo-

u(z) < A (1—7¢/2)(wq + ag — c&p)+ <Ay (g +ay — Es)+
for a suitable dimensional constant ¢. Setting
G4+ = ay — Ce, by =by
and recalling that € = (by — a4 ) allows to conclude the proof in this case.

e Case 2. Improvement from below. We now assume that, at the point P, u™ is closer to
Ay (2 +ay)t than to A\ (2 + by)™. Hence, we have

At(ay —by)

Wt (P) 2 0 2+ by )t + T

and we set again
e:=ay —by <E.
Arguing as in Case 1, by Lemma 3.7, there exists a dimensional constant 7 such that
ut > A (1+7e)(za+04)" in By (3.15)
We need now to distinguish two further sub-cases:

e Case 2.1: Suppose that
0 < b+ —b_ < ne

where n < 7 is a small universal constant which we will choose at the end of the proof.

In this case, for x € By,
u2)\+(1+76)($d+b+)+—)\,(:L'd%—b,)_ (3.16)
> AL (1+7e) (za+by) T = A (1 —ene)(za+by) .

for a suitable universal constant ¢;. We now take ¢ as in (3.11) and we set, for ¢t € [0, 1],
fi@) = A (14 7¢/2) (24 + by + catp) ™ = A_(1 — c1me) (x4 + by + cat)
for a suitably small universal constant 0 < ¢ < 7, chosen so that for all z € Bi,(Q):
(1+7e) (za + b+)+ > (1+7¢/2)(zg+ by + CQE)+.
This together with (3.15) implies that
u(w) > Ay (1+7e) (zq + b+)+ > A (14 72/2) (wq + by + 02)+
> fi(z) > fi() for all x € Bl/lOO(Q)v t€0,1].

Furthermore u > f in B; thanks to (3.16).
As in Case 1 we let t the biggest ¢ such that f; < wu in By and Z the first contact point,
so that

(3.17)

u(z) — fi(x) > w(x) — fi(z) =0 for all x € Bj.
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Since Afy > 0 on {f; # 0} N B1,0(Q), as in Case 1, T is a free boundary point. Moreover,
since f; changes sign in a neighborhood of Z:
either el =00\ 09,
or T €D =00 NONY, .
In the first case, by definition of viscosity solution and (¢.3),
A > V@) = AL(1+ 7e/2)% + 2ceth 04p(T) + O(e%) > A3,

a contradiction for € < 1. In the second case we have a contradiction as well, provided
n < T, since (recall also that Ay > A\—, (2.1)):

M =X VAP - VP

=M (1+7/2)? = A2 (1 — c1me)? + 2eaet( Ay — A_)0ap(Z) + O(e?)

> A2 A2
provided n = n(d) < 7 and € < 1 (only depending on d and A\y). Hence, t = 1, u > f1
which implies the desired conclusion by setting

Ay = ag, by = by + Goe
and by recalling that € = (a4 — by).
e Case 2.2: Assume instead that:
by —b_>ne

where 17 = 7(d) has been chosen according to Case 2.1. In this case we consider the family
of functions

fir() = A (1 + 7¢/2) (wq + by + 17tg0)Jr — A (zg+b-)".
Being ¢ < 1, this is well defined since by > b_ 4+ n. Moreover u > fy and, thanks, to
(3.15) and by possibly choosing 7 smaller depending only on the dimension,

u(x) > fl(x> > ft(x> for all x € Bl/mo(Q)7 te [07 1]'

We consider again the first touching time ¢ and the first touching point Z. Note that this
can not happen where u # 0. Moreover, by the very definition of f;, * € 9Q} \ 99, .
However, again by arguing as in Case 2.1, this is in contradiction with u being a viscosity
solution. We now conclude as in the previous cases.

Since either the assumption of Case 1 or the one of Case 2 is always satisfied, this
concludes the proof. O

The next lemma deals with the case in which the origin is not a branching point.

Lemma 3.9 (Partial Boundary Harnack IT). Given L > Ay > A_ > 0 there exist constants
g€ =¢&(d, s, L) >0, M = M(d, s, L) and ¢ = c(d, \s,L) € (0,1) such that for every
function v : By — R satisfying (a), (¢) and (d) in Theorem 3.1 the following property
holds true. If there are constants a,b € (—1/100, 1/100) with

0<a-b<¢&
such that for © € By
Hye,(z+beq) <u(x) < Hye,(z+ aeq)

and
Ay +Me<a<2L,



REGULARITY OF THE TWO-PHASE FREE BOUNDARIES 20

then there are constants a,b € (—1/100,1/100) with
0<b—a<c(b—a)
such that for x € By
Hye,(z 4+ beg) < u(r) < Hye,(z + aey).
Proof. We consider the point P = (0, ...,0,2) and we distinguish the two cases (note that

one of the two is always satisfied):

—-b
either Hye, (P + bed) + M <u(P),

or H, e, (P + aed> - %

Since the argument in both cases is completely symmetric we only consider the second
one. If we set

>u(P).

e=(a—0b),
by Lemma 3.7 and by arguing as in Lemma 3.8 we deduce the existence of a dimensional
constant 7 such that
u< ol —7e) (g + OL)+ —B(zg+a)”

in B;. We let ¢ as in (3.11) and we set

fix) = a1 = 7¢/2)(za+a — ctp) " — B(zg+a —ctp)”
where c is a dimensional constant chosen such that

u(z) < fi(z) < fi(x) for all z € Bi,00(Q), t € [0,1].

where, again, @ = (0,...,0,1/5). As in Lemma 3.8 we let ¢ and T be the first contact time
and the first contact point and we aim to show that ¢ = 1. For, we note that, by the same
arguments as in Lemma 3.8, necessarily z € {u = 0}. We claim that

T €Ty =00 NOQY,.

Indeed otherwise T € 99, \ 9, the case T € IO} \ 9N, being impossible since f7 is
negative in a neighborhood of Z. By definition of viscosity solution this would imply

AL > |V (3)]* = B2~ O() > A2 + 2M A je — Oe) (3.18)

where the implicit constants in O(e) depends on Ay, L and d and we exploited that, since
o> >\+ + ME,

BE=a® =2+ 22 > A2 +2M )\ e
Inequality (3.18) is impossible if M is chosen sufficiently large. Hence T € Q,, N9Q,. This
however implies:

N = ALV @) - IV (@)
= a?(1 — 1¢/2)% — 5% — 2cte(a — B)Ogp(z) + O(e?)
<AL -2 —aPre + O(eY).
where we have used (.3), the equality
M-\ =a? - B
and that since Ay > A_, a > . This is a contradiction provided € is chosen small enough.
Hence t = 1 and , as in Lemma 3.8, this concludes the proof. ]

With Lemmas 3.8 and 3.9 at hand we can use the same arguments as in [26, 27] to
prove Lemma 3.4.
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Proof of Lemma 3.4. We distinguish two cases:
0 < ¢ < +o0o : By triangular inequality we have
Huk - HA-&-,edHL‘X’(Bl) < (2€ + 1)5k

for k sufficiently large. In particular we can repeatedly apply Lemma 3.8 as in [26], see
also [44, Lemma 7.14 and Lemma 7.15] for a detailed proof, to deduce that if we define
the sequence (wy)x by

up(z) — Apxt
WE(T) = —
+ A
w_’k(g;) = W x € Q’;k N Bl

then the sets }
T = {(x,wi,k(x)) czeQin B1/2},
converge, up to a not relabeled subsequence, in the Hausdorff distance to the closed graphs
fi:{@w&@»:xeBi}
where w € C%® for a suitable a. Since

Hy o, — H ATl if
() = owea “Hitea |, f 25 bra ifa >0
A_Azy lfl"d<0,

€k
the original sequence vy, satisfies that their graphs,
e ={(@vele) : we B},
converges to the graph of a limiting function v as we wanted, this in particular proves (i),
(ii) and (iii).
Since 0 € 9Q;f NI, then 0 is in the domain of vy and
v+,(0) =0
which implies that v4(0) = 0. To show that vy (x) < v_(x) for x = (2/,0) € {xg = 0}N By,
we simply exploit (iii) at the points xf = (2, tf) where
t =sup{t: («/,t) € 0} } and ty =inf{t: («',t) € 0, }

and by noticing that —tﬁ < —t, . Finally to show the last claim it is enough to note that

if z € O NOKY, is converging to x then vy k() = v_ j(xx) and thus vy (z) = v_(z),
yielding z € C.

£ = oo : In this case the conclusion follows exactly as in [27] by using Lemma 3.9 and
noticing that its assumptions are satisfied since ¢ = oo. O

3.2. The linearized problem: proof of Lemma 3.5. The following technical lemma
is instrumental to the proof of Lemma 3.5. We defer its proof to Appendix A below.

Lemma 3.10. Let ug, € and oy be as in the statement of Lemma 3.4, vi be defined by
(3.6) and vy be as in Lemma 3.4. Then:

(1) Let Py a strictly subharmonic (superharmonic) function on BL touching v strictly
from below (above) at a point xo € {wq = 0} N Biy,. Then, there exists a sequence
of points 8912 S x — xo and a sequence of comparison functions Qi such that
Qy, touches from below (above) u} at xy, and such that

VQ; (z1) = ageq + arer VP (20) + oleg). (3.19)
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(2) Let P_ be a strictly subharmonic (superharmonic) function on By, and touching
v_ strictly from below (above) at a point xg € {xq = 0} N Biy. Then, there exists
a sequence of points 0, > xp — o and a sequence of comparison functions Q
such that Qy, touches from below (above) —u, at xy, and such that

VQ,;(xk) = —Preq + Brex VP-_(xo) + o(ex). (3.20)

(3) Let p,q € R and P be a function on By, such that 4P = 0. Suppose that P is
subharmonic (superharmonic) and that the function

P::px;;—qx;—l—ls
touches v strictly from below (above) at a point xo € C. Then, there exists a

sequence of points xp — xg and a sequence of comparison functions Qy, such that
Qi touches from below (above) the function uy at xy € 0, , and such that

VQ;i (zr) = aweq + arerp + o(ey)
VQy (zr) = —Preq + Brerg + o(ex).

In particular, if p > 0 and Qy touches uy from below then xj, ¢ o, \8(2;;, while
if ¢ <0 and Qy, touches uy from above then x) ¢ O \ 0, .

(3.21)

Proof of Lemma 3.5. We note that v,f converge uniformly to vy on every compact subset
of {z4 > 0} N Bij,. Since these functions are harmonic there, by elliptic estimates the
convergence is smooth and in particular vy are harmonic on the (open) half balls Bf;Q.
Hence we only have to check the boundary conditions on {z; = 0}. We distinguish two
cases.

£ = oo. In this case we first want to show that J = (). Assume not, since the set {v_ > vy}
is open in {4 = 0}, it contains a (d — 1)-dimensional ball
Bl(y') = B=((y/,0)) N{za =0} C J .
Next let P be the polynomial
P(z)=A((d - o)z — |2’ — y’|2) — Bxy, where z= (2/,24),
for some constants A, B. We first choose A > 1 large enough so that
P <ot on {2’ —y|=¢e}n{xg=0}

and then we choose B > A so that

P<vt on B.((y,0)).

Now we can translate P first down and then up to find that there exists C' such that
P + C is touching v* from below at a point o € B:((y/,0)) N {zq > 0}. Since AP > 0,
the touching point can not be in the interior of the (half) ball and thus z € BL(y') C J.

By using Lemma 3.10, there exists a sequence of points 89% 3> x — xo and of functions

Q@ touching u; from below at zj; and such that
VQj (z1) = aweq + arer VP(x0) + o(ek).
Since 29 € J, by (3.7) in Lemma 3.10, 3 € 9} \ 99, . Hence, by (ii) in Lemma 2.6
)\3_ > |VQ$(:E]€)’2 > Oz% + QOziskadP(m)) + o(eg)

Hence, recalling the definition of ¢,

)\i—a%
—B = 0,4P < == 1) —» —c0.
1P (10) < 207, +0(1) 00



REGULARITY OF THE TWO-PHASE FREE BOUNDARIES 23

This contradiction proves that J = ().
We next prove the transmission condition in (3.9). Let us show that

o2 0qvy — B2 0qv_ <0,
the opposite inequality can then be proved by the very same argument. Suppose that
there exist p and ¢ with a?_p > 32 ¢ and a strictly sub-harmonic function P with 93P = 0
such that .
P= p:r; —qr; + P
touches v strictly from below at a point 29 € {zq = 0} N Biy, (note that the last set
coincide with C by the previous step). By Lemma 3.10 there exists a sequence of points
0y, 2 T — xo and a sequence of comparison functions @) touching wuy, from below at x,
and satisfying (3.21). In particular zy ¢ 0, \ 0Q, . We claim that x; € 9 N, .
Indeed, otherwise by (A.1) in Lemma 2.5,
2 2
AL 2> |VQz(93k)|
and, by arguing as above, this contradicts ¢ = +00. Hence, by Lemma 2.5 (A.3)
2 2 2 - 2
A= A2 >V (z)? — [VQy (k)]
= aj — B + 2er(akp — Big) + oler)
=\ — A2 + 2 (aip — Brg) + o(ek).
Dividing by € and letting & — oo, we obtain the desired contradiction.
0 < £ < oco. We start by showing that A1dqv+ > — on Bij, N {2q = 0}. We focus on v_
since the argument is symmetric. Let us assume that there exists ¢ € R with A2q < —/¢
and a strictly subharmonic function P with 93P = 0 such that function
P =qxq+ P
touches v_ strictly from below at a point oy € {zg =0} N Bij,. Let now z and @y be as
in Lemma 3.10 (2). By the optimality conditions
N2 < VQy ()P = B7 + 2ex87q + olew)-
Since ¢ < 0o, we have B = A_ + O(gg) and so the above inequality leads to

l A2 — 32 l
e = lim =Ry -
)\2_ k—o00 25kﬁ]% =4 )\2_
which is a contradiction.
We now show that A39;0+ = —¢ on J and again we focus on v_. By the previous

step it is enough to show that if there exists a strictly superharmonic polynomial P with
d4P = 0 such

P =qxqs+ P
touches v_ strictly from above at a point zg € 7, then A2 ¢ < —¢. Again, by Lemma 3.10,
we find points x, — xo and functions Q) satisfying (3.20) and touching —u, from below
at xj. Since xo € J, by (3.7) in Lemma 3.4, z; € 09, \ 9S4} . Hence, by Lemma 2.5,

A2 > |\VQy (zk)|* = B + 2Bierq + o(ek),

which by arguing as above implies that A2 ¢ < —£.
It then remain to show the transmission condition in (3.10) at points in C. Again by
symmetry of the arguments we will only show that

Ai@dmr — A2 9qv_ <0, on C.
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Let us hence assume that there exist p and ¢ with )\%rp > A2 ¢ and a strictly subharmonic
polynomial P with d;P = 0 such that
P = jmc;r —qr, + P

touches v and v~ strictly from below at xg € C. By Lemma 3.10, we find points x;, — xg
and functions Qy, satisfying (3.21). In particular zj ¢ 09, \ 9%} . By the previous step

we know that A2 ¢ > —¢ and thus /\ip > —/, since we are assuming )\ip—i— >A2q>0. We
now distinguish two cases:

1) x are one-phase points, namely zj € 8(2;% \BQ;k. In this case
M > |VQ (k) ]? = af + 2ajekp + oley),
which implies that
2 2
ay — A
Ap+l=)2 I ( M) <0
Pt + kggo Pt 204%%

in contradiction with )\ip > —/.
2) x, are two-phase points, namely zj, € 8(2;; No,, . Arguing as in Case 1, we have
that, by Lemma 2.5,
A=A > VQ () — V@ (wi)l
= af — B + 2er(adlp — Bia) + olex)
=M = A2 + 25, (Mip — Aq) + o(ex)
which gives a contradiction with /\ip > Mg, as e — 0.
O

3.3. Proof of Lemmas 3.2 and 3.3. We recall the following regularity results for the
limiting problems.

Lemma 3.11 (Regularity for the transmission problem). There ezists a universal constant
C = C(oos Boo,d) > 0 such that if v € C°(Buy,) is a viscosity solution of (3.9) with
||/UHLLX>(Bl/2) < 1 then there exists v € RY™1, p,q € R with o2, p = B2 q such that

_ O _ . /_|_ + _ -
sug ‘U(:B) v(0) (vrf PP qxd)‘ <cC (3.22)
rEDLr

The proof of this fact can be found in [27, Theorem 3.2]. A similar result holds for the
linearized problem (3.10).

Lemma 3.12 (Regularity for the two-membrane problem). There exists a universal con-
stant C' = C(Ax,d) > 0 such that if v € C°(Bip,) is a viscosity solution of (3.10) with

HUHLOO(Bl/z) < 1 then there exists v € R*!, p,q € R satisfying Mp =22 q > —( such that

lv(z) = v(0) — (v-2' + pa —qzy)|
sup 7
rEB, T

<C(+19) (3.23)

The proof of the above lemma reduces easily to the one of the thin obstacle problem,
since we were not able to find the statement of this fact in the literature, we sketch its
proof in Appendix B.

It is by now well known that the regularity theory fo the limiting problems and a
classical compactness argument prove Lemmas 3.2 and 3.3. We sketch their arguments
here:
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Proof of Lemma 3.2. We argue by contradiction and we assume that for fixed v €
(0,1/2) and M we can find a sequences of functions uj and numbers «y such that

E = ||Uk_Hak’ed||Loo(Bl) —>0, and Ofak—)\+ SMﬁk,

but for which (3.2) and (3.3) for any choice of p and C. Note that by the second assumption

above
M

(< —

"
We let (v)1 be the sequence of functions defined in (3.6) and we assume that they converge
to a function v as in Lemma 3.4, note that [|v[|f(p, ) < 1. By Lemma 3.5, v solves (3.10)

and thus by Lemma 3.12 there exists v € R%1 p, ¢ € R satisfying )\ip =\2 ¢ > —¢ such
that for all » € (0,1/4)
lv(z) = v(0) = (v-2' + pa) —qzy)|

sup <r*P0(1 + M) (3.24)
reB), 7

Hence we can fix p = p(Ay,y, M) such that

.
sup |v(a:) —v(0) — (v-2' + px) — qx;)} < . (3.25)
zeB, 2
We now set
- €4+ ERv
ag = a(l + egp) + Okek and ey = d T -k

1/1+6i|v|2

where §;, — 0 is chosen so that dj > «y, note that the existence of such a sequence is due
to the condition )\%rp > —/ since

1
ar(l +egp) = ()\+ + Gk + o(sk)> (1 +erp) > Ay + o(ek).
+

We let Hj, := Hg, e, and we note that
lar — al + |ex — eq| < Cey,
for a universal constant C' > 0, hence the proof will be concluded if we can show that

sup |ug(x) — Hi(x)| < pleg

BP

where p is defined so that (3.25) holds. This however easily follows from the convergence
of v; to v in the sense of Lemma 3.4 since the functions defined by

Hk(x)iH&k,ed
E\T)—Hayp ey
751&1@ Tqg < 0

converges (again in the sense of Lemma 3.4) to the function
v-2' +prl —qzy.
O

Proof of Lemma 3.3. Arguing by contradiction one assume for fixed v € (0,1) the
existence of a sequence of of functions u; and numbers ay, M — oo such that

ap — A
€k = Huk — HakyedHLoo(Bl) — 0, and -kt > M, — oo,

€k
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but for which (3.2) and (3.3) for any choice of p and C. This implies that ¢/ = oo and that
the limiting functions v obtained in Lemma 3.4 are solutions of (3.9). One then concludes
the proof as above by using (3.11). O

4. PROOF OF THE MAIN RESULTS

4.1. Proof of Theorem 1.1 and Corollary 1.2. The final step to obtain the desired
regularity result is to show that |Vu®| are C" for a suitable > 0 up to the boundary. This
indeed implies that u* are solutions of the classical one-phase free boundary problem in
its viscosity formulation and the regularity will follows form [26]. The argument is similar
to the one in [42], therefore we only sketch the main steps and refer the reader to that
paper for more details.

Lemma 4.1. Suppose that u is a local minimizer of Jyp in D. Then at every point of I'rp
there is a unique blow-up, that is,

BU(xO) = {Ha(xo),e(:ro)}‘

Moreover there exists n > 0 such that for every open set D' € D there is a constant
C(D', Ay, d) > 0 such that, for every xg,yo € T'rp N D', we have

a(zo) — a(yo)| < Cloo —wol”  and  [e(xo) — e(yo)| < Colzo — yol”, (4.1)
where He(z0) a(z0) 074 He(zp) a(zo) aT€ the blow-ups at xo and yo respectively. In particular,

Lop N D' is locally a closed subset of the graph of a C1" function.

Proof. We first notice that by Corollary 2.3 and the definition of BU(x¢), given g9 > 0 as
in Theorem 3.1 we can find 9 > 0 and py such that (3.1) is satisfied by uy, , for some
H, e € BU(xg) and for all yo € By, (o).

We can thus repeatedly apply Theorem 3.1 together with standard arguments to infer
that for all yo € By, (7o) there exists a unique He(yq) a(yy) Such that

a0 = He(yo),atyo) 2B, o)) < Cor? (42)

where v € (0,1/2). A covering argument implies the validity of the above estimate for all
xg € D'yp N D'. Next, for zo,y0 € Tpp N D’ set r := |zg — yo|' ™" and 7 := 7/(1++), and
recall that w is L-Lipschitz (with constant depending on D’) to get

[ He(zo),atz0) — Helyo).atwo) | L= (B1)

S HU/T,ZO - He(x()),a(:(:())”LOO(Bl) + ||ur,x0 - uT,yOHLOO(Bl) + Hur,yg - He(yo),oé(yo)HLoo(Bﬂ
L
< <C'07” + ;|l‘0 —yo| + Co”) = (L +2Cy) |xo — yol|" .

The conclusion now follows easily from this inequality. O

Lemma 4.2. Under the same assumptions of Lemma 4.1, there are CO" continuous func-
tions a: O — R, B: 0Q, — R such that o > Ay , B > A—, and u™ are viscosity
solutions of the one-phase problem

Aut =0 in QF, Vut|=a on 09 .
and

Au” =0 in Q, IVu™| =8 on 09, .

Proof. We will sketch the argument for u™, u~ being the same. Clearly Au™ = 0 in Q.
By (4.2) we have that, if g € T'yp N D', then

[t (z) — a(zo)(z — z0) - e(z0)| < Colz — 20| for every x € Byy(zo) NQF, (4.3)
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where 79 and Cy depends only on D’. In particular, v is differentiable on Q" up to xq
and |Vu't(z9)| = a(zg). On the other hand if zg € T'f, := QF\ 9Q7, then |Vu™(zg)| = At
is constant, in the viscosity sense.

To conclude we only need to prove that a € C%7(9€2,). Since « is  Holder continuous
on 'ty by Lemma 4.1 and constant on I'j,, we just need to show that if zg € I'rp is such
that there is a sequence x;, € I'l, converging to zg, then a(xg) = Ay. To this end, let
yr € I'rp be such that

dist(z, Drp) = |21 — Yi| -

Let us set
rr = |TK — YKl and ug(z) = lequ(xk + i),
and note that uy is a viscosity solution of the free boundary problem
Aup =0 in Qf NBy, [Vug| = Ay on Ofur >0}NBy.

Since uy are uniformly Lipschitz they converge to a function u., which is also a viscosity
solution of the same problem, [26]. On the other hand, by (4.3), we have that

Uoo () = a(z0) (2 - e($0))+,

which gives that a(zg) = Ay. O

Proof of Theorem 1.1. Let xy € Iyp = 00 N 0Q, and let € be the constant in [26,
Theorem 1.1]. Thanks to the classification of blow-ups at points of I'rp, we can choose
ro > 0, depending on xg, such that

| Ug,ro — Ha,e”LOO(Bl) <é

so that thanks to Lemma 4.2, we can apply [26, Theorem 1.1] to conclude that locally
at xg € I'yp the free boundaries 92F are C' graphs. By the arbitrariness of xg this
concludes the proof. O

Proof of Corollary 1.2. The proof of the corollary is straightforward. Indeed by Theo-
rem 1.1 there exits an open neighborhood W of the two-phase free boundary I';p such
that 9QF NW C Reg(0QF). Outside W, u* are (local) minimizers of the one-phase prob-
lem and thus the desired decomposition and the stated properties follows by the results
in [1, 31, 46]. 0

4.2. Proof of Corollary 1.3. In this section we prove the regularity of the solutions to
the shape optimization problem (SOP). The proof is a consequence of Theorem 1.1 and
the analysis in [43]. Indeed, the existence of an optimal (open) partition (€q,...,,) was
proved in [8] and (in dimension two) in [6]. Moreover, in [8] and [45], it has been shown
that each of the eigenfunctions u; on §2; is Lipschitz continuous as a function defined on
R? (extended as zero outside ;). Furthermore, there are no triple points inside the box
D and no two-phase points on the boundary 0D, that is,

e 0Q; NN, N O, = 0 for every set of different coefficients {i,j,k} C {1,...,n};
e 00, NN NOD = ( for every i # j € {1,...,n}.

The regularity of 9€2; can then be obtained as follows.

e By [43, Lemma 7.3], the function u = u; — u; is a almost of (OP) with A2 = m;,
and \2 = m;, in the sense that

Jre(u, Br) < Jrp(v, By) + Crt2  for all v = u on 9B,

provided r is sufficiently small.
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e By the classification of the blow up limits in [43, Proposition 4.3] and the arguments
in Section 2.3, u is a viscosity solution of

Au = =X (Q)u; + A (25)u; on {u # 0}

[Vut]? — |Vu > = m; —my, [Vut| > /m; and  |[Vu~| > /m;  on 00 NoKY, ;
|Vut| = /m; on 9QF\ 9y ;
|Vu™| = /mj on 99, \ 0.

e (' regularity of the one-phase part 0€2; \ (8DU (U# j 8Qj)) follows by techniques
in [1], see [7];

o Cl-regularity of 9€; in a neighborhood of 9€; NAD was proved in [38]; the main
argument boils down to the regularity result from [18];

o Cl-regularity of 9€; in a neighborhood of 9€; N A€, follows by using the same
arguments® in the proof of Theorem 1.1, using Theorem 4.3 in place of Theorem 3.1.

Theorem 4.3. Let 0 < A\, < A_ <L, f € C°By) and let u : B — R be a L-Lipschitz
viscosity solution of

Au=f on {u # 0}

[Vut? — [Vu™ 2= X2 =22, |[Vut| > Ay and |[Vu™| > A- on 997 NQ, ;
|[Vut| = At on 9QF \ 0Qy, ;
|[Vu~| = A on 9, \ Q.

Then for every v € (0,1/2), there exist e > 0, C' > 0 and p € (0,1/1) depending only on
A+, L and v such that if

|[u — Haegllzoo(By) < €0 for some L>a> ).
then, there are e € S™! and & > Ay such that
le — ea| +16 — af < C(llu— Haeyllosy) + 1 o)) (4.4)
and
lup — HaellLoo(y) < 7 [u = Haeyll ooy + Cllfll oo my)
Proof. Note that (4.3) is satisfied with @ = @ and e = eq4, p = 1/4 and C' = C(e) if
[ fllzoo (1) = €llu — Haeyll oo (By)-

Hence it is enough to show that there exists €y universal such that the conclusion of the
theorem holds provided

lu — HueyllLoo(By) < €0 for some L>a>\;

and
[ fllzoo (1) < €ollu — HaeyllLoo(By)- (4.5)

We can then argue by contradiction as in the proof of Theorem 3.1 by noticing that,
thanks to (4.5) the contradicting sequence satisfies

Auy, = o(e).

This allows to almost verbatim repeat the proofs in Section 3, see for instance [26, 27]. O

3Note that Au,(z) = rAu(rz). Hence, since Au is uniformly bounded in L™, ||Au, |z~ = O(r) and
thus this does not interfere with the iteration argument.
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APPENDIX A. PROOF OF LEMMA 3.10

Here we prove Lemma 3.10. The idea to construct the comparison functions is to
perform (the inverse of ) the changed of variable used in [35] (and attributed to Friederichs)
which maps, for smooth solutions, the free boundary problem, to a fixed boundary (non
linear) problem on a fixed domain, see [35, Section 3].

Proof of Lemma 3.10. We divide the proof into several steps:

e Step 1: Given a > 0 function P € Cl(BlJ;z) DCQ(Bi;Q) there exist £ < 1, depending only

on the C! norm of P such that for all ¢ < & there exists a function Q € C1({Q > 0}) N
C%({Q > 0}) such that

Q:(y',ya —eaP(y',yq))) = ayq  forally = (v, ya) € {Q > 0} (A1)

To this end we define the following map T : Bf;Q — R%:

T-(2',2q) = (2,24 — eaP (', 24)) = (2',24) € Bf/?.

Note that if e < ||PH6} , Te induces a bijection between 3172 and U, := TE(B;;Q) C B.
We let Q. be its inverse and we define . as its d-th component times «, namely
QE = a(Qz—: ’ Bd) U — (O? 1/2)’
and we extend it to zero on Bij, \ {Q > 0}. It is now immediate to verify that (A.1) is
satisfied. Furthermore, with the notation y. = Te(x),
VQ.(y.) = aeq + acVP(z) + O(e?) (A.2)
and

AQ(y.) = a®cAP(z) + O(e?) (A.3)

e Step 2: Let us now prove item (i) of the statement, item (ii) can be obtained by a
symmetric argument. Let ag, €, a be as in the statement. Let us assume that P is a
strictly subharmonic function touching v, strictly form below at z¢. By assumption, for
all 6 < 1 the function vy — P_ 4+ § has a strictly positive minimum at zg as § — 0. Let
Qi be the functions constructed in Step 1 with € = €, « = a, and P = P_ — §. Let us

define
1) +
Qk — QT

Pia) =

and

Ty = {(z,P)(x)) 2€{Q)>0}NBiy}.
One easily checks that they converge in the Hausdorff distance to

I'={(z, PL(z) - ) :UEEJ;Q}

By using that the graphs I‘; defined in Lemma 3.4 converges in the Hausdorff distance to
= {(z,v4(2)) xer;z}.
We claim that
{Q) > 0} N By, € {uy >0} N By,
Indeed otherwise one would find a sequence of points xjp such that Qg(xk) > 0 and
ut(z) = 0 which implies that
P (1) > vy ()
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where v, i is define in Lemma 3.4. Assuming that z, — Z we get PT(Z) — § > v4(Z) in
contradiction with P — 60 < v.

In particular there exists o = O() such that Q(- — oey) touches ut from below at
some point z9. Note also that, arguing as above) 28 — xg as k goes to infinity. By (A.3)

and the strict subharmonicity of P one has that
AQS >0 on Q2 >0
Hence the touching point lies on the free boundary 09, . Furthermore by (A.2)
VQi(zp) = aea + acVPL(Q,, (7)) + O(e?)
= aeq + aeV Py (20) + 0 (|z¥ — 20|) + O(£?)
Choosing a sequence d; — 0 we obtain the desired conclusion.

e Step 3: We now prove item (iii). The proof goes exactly as above, more precisely we let
P be as in the statement and we define P* as P restricted to Bli/z. We let also T : Bljz
be the corresponding transformations as in Step 1(with T~ defined in the obvious way on
3172). The key point is to note that

TH(Bf )N T (B,,) =0

1/2
Hence, with obvious notation, the function *
Q=Q"+Q

is a well defined comparison function. Arguing as in Step 2 gives the desired sequence. [J

APPENDIX B. PROOF OF LEMMA 3.12

Give a solution v we define w

wi(z) = v4(x) x € Bli/Q.

2
>‘:i:

It is straightforward to check it is a viscosity solution of

Awy =0 in Bli/2

Oqwy >0 in 31/2 N{zq =0}
3dwi =0 in J

Ai@duur =X 9;w_ inC

wi < w_ in Bij N{zqg =0}

Furthermore one can easily check that

1
w(a', xq) = )\TWN(OEQ Frq) —ws(z', Fra),
+

where wp solves the Neumann problem

{AwN =0 on Bl_/2

Jdqgwy =0 on Bl_/2ﬂ{xd =0}’

4Note that if Q™ is the d-th component of the inverse of T~ then it is negative!
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and wg is a solution of the thin obstacle problem
Awg =0 on Bl/,f
ws >0 on Bf/Qﬂ{a:d:O}
Oqwg > 0 on Bf/Q N{xy =0}
wg Oqwg =0 on Bl_/2 N{zq =0}

Clearly wy € Cm(ﬁ) with
lwnllers, ) < Cellwn|Le(s,,)-
On the other hand, by [5, Corollary pg. 58], wg € C1'/2 (ﬁ) with

HwS||CL1/2(Bl/4) < CHwSHLw(Bl/g)'

From the last two estimates and the definition of w it is easy to deduce the conclusion of
the Lemma. g
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