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ABSTRACT. We study for the first time a two-phase free boundary problem in which the
solution satisfies a Robin boundary condition. We consider the case in which the solution
is continuous across the free boundary and we prove an existence and a regularity result
for minimizers of the associated variational problem. Finally, in the appendix, we give an
example of a class of Steiner symmetric minimizers.

1. INTRODUCTION

For a fixed a constant § > 0 and a smooth bounded open set D C R?, d > 2, we consider
the functional
T(u, Q) = / VulPde+8 [ u?dut,
D o0*Q
defined on the couples (u, ), where u € H'(D), Q C R? is a set of finite perimeter in the
sense of De Giorgi (see Section |2)) and 0*(2 denotes the reduced boundary of 2 (see Section
. Recall that, when € is smooth, 0%} is the topological boundary of 2.

In this paper we study the existence and the regularity of minimizers of the functional
Jg among all couples (u, ), which are fixed outside the domain D. Precisely, throughout
the paper, we fix a set E C R? of finite perimeter, a constants m > 0 and a function

ve HL (RY) suchthat v>m in R? and / v dH < 400
o*E

we define the admissible sets
V={ue H (RY : u—ve H&(D)},

E={Qc R? : Per(Q) < 400 and Q=F in Rd\D},
and we consider the variational minimization problem
min {Jz(u,Q) : ueV, Qe&}. (1.1)
Our main result is the following.

Theorem 1.1 (Existence and regularity of minimizers). Let § > 0, D C R%, v, E, V and
E be as above. Then the following holds.

(i) There ezists a solution (u,) €V x € to the variational problem (L.1]).
(ii) For every solution (u,$) of (L.1)), u is Holder continuous and bounded from below by
a strictly positive constant in D.
(iii) If (u, Q) is a solution to , then the free boundary 0Q N D can be decomposed as
the disjoint union of a regular part Reg(0€2) and a singular part Sing(0S2), where :
e Reg(00) is a C* hypersurface and a relatively open subset of OS), and the function
u is C*° smooth on Reg(0);
e Sing(0N) is a closed set, which is empty if d < 7, discrete if d = 8, and of
Hausdorff dimension d — 8, if d > 8.

Key words and phrases. Free boundary problems, two-phase, Robin boundary conditions, regularity.
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Remark 1.2. We notice that if (u, ) is a solution to (1.1]), then u is harmonic in the interior
of @ and D\ Q. Thus, as a consequence of Theorem (iii), in a neighborhood of a regular
point zg € Reg(9Q), the functions u : @ -+ R and u : D\ Q — R are C* up to the free
boundary 0f2.

1.1. Outline of the proof and organization of the paper. The main difficulty in the
proof of Theorem is to prove the existence of a minimizing couple (u,€2) and to show
that the function u is Holder continuous and bounded from below by a strictly positive
constant in D. The almost-minimality of the solutions is proved in Theorem Finally,
in the Appendix, we give examples of minimizers in domains D symmetric with respect to
the hyperplane {z4 = 0}.

1.1.1. Emistence. The existence of a solution (u,{2) and the regularity of v (Holder regu-
larity and non-degeneracy) are treated simulatenously. The reason is that if (uy,€,) is
a minimizing sequence for , then in order to get the compactness of 2,, we need a
uniform bound (from above) on the perimeter Per(2,), for which we need the functions
u;, to be bounded from below by a strictly positive constant. Now, notice that we cannot
simply replace u, by u, V ¢, for some € > 0; this is due to the fact that the second term in
Jj is increasing in w :

/ u? dH! g/ (e Vuy)2dHI L.
0*Qp, 0*Qp,

Thus, we select a minimizing sequence which is in some sense optimal. Precisely, we take
(tn, ) to be solution of the auxiliary problem

1
min{Jﬁ(u,Q) ueV, Qef u>—in D}, (1.2)

for which the existence of an optimal set is much easier (see Section (3| Proposition .
Still, we do not have a uniform (independent from n) bound from below for the functions
Up, SO we still miss the uniform bound on the perimeter of €2,,.

On the other hand, we are able to prove that the sequence w, is uniformly Holder
continuous in D (see Section [3| Lemma [3.5)). This allows to extract a subsequence u,, that
converges locally uniformly in D to a non-negative Holder continuous function us : D — R
(see Section [4). Now, on each of the sets {us > t}, t > 0, the sequence €, has uniformly
bounded perimeter. This allows to extract a subsequence €2, that converges pointwise
almost-everywhere on {us, > 0} to some Q. Thus, we have constructed our candidate for
a solution: (Uso, Qo).

In order to prove that (usc, o) is an admissible competitor in (1.1)), we need to show
that (2o, has finite perimeter. We do this in Section We first use the optimality of (u,, )
to prove that (uco, o) is optimal when compared to a special class of competitors. This
optimality condition can be written as (we refer to Lemma for the precise statment) :

I3 (oo, o) < Jp(ug, )  where wp =us Vit and Q = Qoo U {us <t} (1.3)

for any ¢ > 0. Next, from this special optimality condition we deduce that the function e
is bounded from below by a strictly positive constant (see Proposition [4.2). From this, in
Section 4} we deduce that Q0 has finite perimeter in R? and that the couple (tso, Qoo) is
a solution to (|1.1]).

1.1.2. Hélder continuity and non-degeneracy of u. Let now (u,2) be any solution of .
In order to prove the Holder continuity and the non-degeneracy of w it is sufficient to exploit
some of the estimates that we already used to prove the existence. Indeed, we can test the
optimality of (u,(2) with the competitors from (L.3). Thus, for ¢ > 0 small enough, we have

Jg(u, ) < Jg(ug, ) where wp=uVt and Q =QU{u <t} (1.4)
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In particular,

/|Vu|2dx+5/ u2§/ IV(uVt)|*de+ 3 u?
D Q D

8 (QU{u<t})

< / IV(uV t)|? dz + pt* Per({u < t}) + 3 u?,
D {u>t}No*Q

which proves that u satisfies the optimality condition (4.1) from Lemma
/ |Vul|? de < Bt Per({u < t}). (1.5)
{u<t}

Now, applying Proposition [{.2] we get that u is bounded from below by a strictly positive
constant in D. Finally, Proposition |3.5| gives that u is Holder continuous in D. This proves

Theorem (ii).

1.1.3. Regularity of the free boundary. In order to prove the regularity of the free boundary
(Theorem [1.1] (iii)), we use the Holder continuity and the non-degeneracy of u to show
that a solution (2 is an almost-minimizer of the perimeter. We do this in Theorem
Now, from the classical regularity theory for almost-minizers of the perimeter (see [11]), we
obtain that (inside D) the free boundary 92 can be decomposed into a C'l®-regular part
Reg(0f?) and a (possibly empty) singular part of Hausdorff dimension smaller than d — 8.

Finally, in Theorem we prove the C* regularity of Reg(9€2). In order to do so, we
first show (see Lemma that in a neighborhood of a regular point zg, the restrictions
uy and u_ of uw on  and D \ Q are solutions of the following transmission problem:

AU+:O n Q,
Au_=0 in D\,

Uy =u_=u on 0%,

0 ou_

Gt 9= L9080 —0 on 09,

ovq  Ovg
where vq is the normal derivative to 9€2. Now, using the recent results [4] and [6], we get
that uy and u_ are as regular as the free boundary 0 (see Lemma . On the other
hand, using variations of u along smooth vector fields, we obtain that Reg(9€)) solves an
equation of the form

“Mean curvature of 09" = F(Vuy,Vu_,uy) on 09,

where F' is an explicit (rational) function of Vug and u. In particular, this implies that 9
gains one more derivative with respect to u, that is, u € C** = 9Q € C*+1:®, Thus, by a
bootstrap argument, we get that the regular part of the free boundary is C'*°.

1.2. On the non-degeneracy of the solutions. We notice that the competitors (ug, )
in are the two-phase analogue of the ones used by Caffarelli and Kriventsov in [3],
where the authors study a one-phase version of . Nevertheless, the functional in [3]
involves the measure of €2, which means that the optimality condition there corresponds to

Ja(u, Q) + CIQN{u < t}| < Jz(us, %) where wy=uVt and Q =Q\{u<t},

where C' > 0. The presence of the constant C' allows to prove the bound from below by
using a differential inequality for a suitably chosen function f(t), which is given in terms of
u and {u < t} (see Proposition[4.2)and [3, Theorem 3.2]). In Proposition [£.2] we exploit the
same idea, but since we do not have the constant C, we can only conclude that f(t) > et
(which is not in contradiction with the fact that f(¢) is defined for every ¢ > 0). So, we
continue, and we use this lower bound to obtain a bound of the form

¢ < B7Per({u < t1)?|{u < t}|'* for every t >0, (1.6)
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where u := us and c¢ is a constant depending on 8 and d. Then, we notice that this entails
¢ < B Per({u < tH)*{u < t}|* for every ¢ > 0.
and we use an iteration procedure to get that
¢ < B Per({u < t1)V2 |{u < £}V 2" for every ¢ > 0.
Passing to the limit as n — oo, we get that if v is not bounded away from zero, then
c < B{u <t} <B|ID| forevery t>0. (1.7)

Now, this means that the measure of the zero-set |{u = 0}| is bounded from below. Thus,
using again the optimality of u, we get that holds with an arbitrary small € > 0 in
place of 3, we get that

c<el{u<t} forevery t>0,

which is impossible.

A similar non-degeneracy result was proved by Bucur and Giacomini in [I] by a De
Giorgi iteration schemeﬂ Precisely, one can prove that any solution to satisfies the
optimality condition from [I, Remark 3.7]. Thus, [I, Theorem 3.5] also to the solutions
of . Conversely, the argument from can be applied to the minimizers from [I] to
obtain the bound from below from [I, Theorem 3.5].

1.3. One-phase and two-phase problems with Robin boundary conditions. The
problem is the first instance of a two-phase free boundary problem with Robin bound-
ary conditions. Precisely, we notice that if 2 is a fixed set with smooth boundary and if «
minimizes the functional Js(-,Q) in H'(D), then the functions

ug:=u on and u_:=u on D\Q,
are harmonic respectively in Q and D \ 2, and satisfy the following conditions on QN D:

0 Ou_
uy =u_ and <8uyi + §u+> + <812j + §u> =0 on 00QND, (1.8)
where v and v_ are the exterior and the interior normals to 0. Notice that (1.8) is a

two-phase counterpart of the one-phase problem

Au=0 in gZ—l—ﬁu:O on 90N D, (1.9)

which was studied by Bucur-Luckhaus in [2] and Caffarelli-Kriventsov in [3]. As explained
in [3], the Robin condition in naturally arises in the physical situation in which the
heat diffuses freely in (2, the temperature is set to be zero on the surface 9€), which is
separated from the interior of €2 by an inifinitesimal insulator. The two-phase problem
also may be interpreted in this way, in this case the heat diffuses freely both inside
Q and outside, in D \ ; the temperature is set to be zero on the surface 99, which is
insulated from both sides; the continuity of the temperature means that the heat transfer
is allowed also across €2, which happens for instance if the surface 0f2 is replaced by a very
thin (infinitesimal) net.

Even if the problems in [2]-[3] and in the present paper lead to the free boundary condi-
tions of the same type, the techniques are completely different. For instance, the problem
studied in [2]-[3] is a free discontinuity problem as the function u jumps from positive in
Q to zero in D\ Q. Thus, the corresponding variational minimization problem can be
naturally stated in the class of SBV functions, which clearly influences both the existence
and the regularity techniques; roughly speaking, the existence is obtained through a com-
pactness theorem in the SBV class, while the regularity relies on techniques related to the
Mumford-Shah functional.

lWe are grateful to the anonymous referee for bringing to our attention the reference [IJ.
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In our case, the problem can be stated for the functions (uj,us) with disjoint supports
(u1ug = 0 almost-everywhere in D) which satisfy the following constraints: the sum g + ug
should be a Sobolev function (this corresponds to the continuity condition in ); u? and
u3 are SBV funtions whose jump sets are contained in the boundary of the positivity sets
{u; > 0} and {uz > 0}. Now, it is reasonable to expect that an existence result can be
proved also in this class, but then, in order to prove that a solution to exists, one
should show that u; and ug are of the form u; = ulg and uz = ulp\q for a set of finite
perimeter  C R, u being the sum u; + uo. Summarizing, working in the class of SBV
functions would allow to state ([L.1]) in a weaker form, but it doesn’t seem to be a shortcut
to the existence of a solution (o) as it will require the analysis of the jump sets of the
optimal couples in the SBV class. Thus, we prefer not to rely on the advanced compactness
results for SBV functions, but to prove the existence of a solution from scratch.

Finally, as explained in Section once we know that an optimal couple (u,(2) exists,
and that u is non-degenerate and Holder continuous, the regularity of the free boundary
05} follows immediately since the set ) becomes an almost-minimizer of the perimeter.

2. PRELIMINARIES

2.1. Sets of finite perimeter. Let A C R¢ be a an open set in R?. We recall that the
set F C R? is said to have a finite perimeter in A if

Per(E, A) = sup {/ dive(z)dr : € € CHA;RY), sup |¢(z)] < 1}, (2.1)
A z€R4
is finite. We say that F has a locally finite perimeter in A, if for every open set B C R¢
such that B C A, we have that Per(E, B) < co. We say that E is of finite perimeter if
Per(E) := Per(E,R?) < +oo.

By the De Giorgi structure theorem (see for instance [0, Theorem I11.4.9]), if the set £ C R¢
has locally finite perimeter in A, then there is a set 9*E C ANJE called reduced boundary
such that

Per(E,B) = H"Y(BNJ*E) for every set B CC A,
where H%! is the (d — 1)-dimensional Hausdorff measure in R%. Moreover, there is a
H?1-measurable map vg : 9*FE — R, called generalized normal such that |vg| =1 and

/ divé(x)dr = / v - EAHTY for every € € CHA;RY).
E OE
2.2. Capacity and traces of Sobolev functions. We define the capacity (or the 2-
capacity) of a set £ C R? as

cap(F) = inf{HquzLIl(Rd) : uwe HY(R?), u > 1 in a neighborhood of E}

Suppose now that d > 3. It is well-known that the sets of zero capacity have zero d — 1
dimensional Hausdorff measure (see for instance [7, Section 4.7.2, Theorem 4]), that is,
If cap(E)=0, then HI¥Y(E)=0.

Moreover, the Sobolev functions are defined up to a set of zero capacity (i.e. quasi-
everywhere), that is, if A C R? is an open set and u € H'(A), then there is a set A, C R?
such that cap (V) = 0 and
1
u(zg) = lim / uw(z)dr  for every  xg€ A\ N,.
|Br| J B, (20)

r—0

Moreover, for every function u € H'(A) there is a sequence u,, € C*(A) N H'(A) and a
set N/ C A of zero capacity such that:

e u, converges to u strongly in H'(A);
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o u(z) = ILm up () for every x € A\ (N UN).

In particular, if E C R? is a set of locally finite perimeter in the open set A C R¢ and if
u € H(A), then the function u? is defined H? !-almost everywhere on 0*F and is H? !
measurable on 9*E. Thus, the integral

I(u, E) := / u? dHT is well-defined.
ANO*E

As a consequence of the discussion above, we have the following proposition.

Proposition 2.1. Suppose that D is a smooth bounded open set in R¢ and that uw € H'(D)
is a Sobolev function. Then, there is a set N, C D such that H™Y(N,,) = 0 and

u(zo) = lim 1/ w(x)dx  for every w9 € D\ N,.
1Bl J B, (o)

r—0

Moreover, if E C R® is a set of locally finite perimeter in RY, then the function u :
P*END — R is defined H¥'-almost everywhere and is H* '-measurable on O*E N D.
In particular, the integral Z(u, D) is well-defined.

Remark 2.2. In the case d = 2, (2.1 still holds. In fact, it is sufficient to notice that if
u € HY(D), then u € W'P(D) for any 1 < p < 2. In particular, it is sufficient to results
from [7], this time in the space W1P(D), for p close to 2.

In the next subsection, we will go through the main properties of this functional, which
we will need in the proof of Theorem

2.3. Properties of the functional Z. We first notice that we can use an integration by
parts to write Z as in (2.1)).

Lemma 2.3. Let E C R be a set of locally finite perimeter in the open set A C R* and
let w € HY(A) be locally bounded in A. Then, the following holds.

(i) For every & € CH(A;RY) we have
/ (€ vp)u?dHT! = / div (u?¢) dz . (2.2)
ANO*E A
(ii) We have the formula
/ u? dH = sup {/ (€-vp)utdHT! - e CHARY), ¢ < 1} . (2.3)
ANO*E ANO*E

Proof. The first claim follows by a classical approximation argument with functions of the
form ¢, *xu, where ¢, is a sequence of mollifiers. In order to prove claim (ii), we notice that

[ et <o { [ (empant s ceclar, el < 1} .
ANO*E ANO*E
Thus, it is sufficient to find a sequence &, € C}(A4;R?), |€,| < 1, such that

/ u? dHT! = lim (&n - vp)u? dHOL
ANO*E =00 JANO*E
Let A, be a sequence of open sets such that A, CC A and 14, — 14. Then
/ u? dHT! = lim u? dHL.
ANO*E

n—=0 JA,no*E

Setting M,, = supu?, we can find &, € C}(A;R?) such that |£,| < 1, and
An

1
< Per(E, A,) — novE)dHT < ——
0 Per(BA) = [ (6 vy antt <
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In particular, this implies that

1
0 < / U2 d?‘[d_l _/ (én . VE)U2 de—l < -,
ApNO*E ApnNO*E n

which concludes the proof. O

Lemma 2.4 (Main semicontinuity lemma). Suppose that A C R? is a bounded open set
and that h : A — R is a non-negative function in L'(A). Let u, € H*(A) be a sequence of
functions and 0, C R% be a sequence of sets of locally finite perimeter in A such that:
(a) 0 <wu, < hin A, for every n € N;
(b) there is a function us, € H'(A) such that u, converges to us, weakly in H'(A) and
pointwise almost-everywhere in A;
(c) there is a set Qoo C RY of locally finite finite perimeter in A such that the sequence
of characteristic functions lq, converges to lq_ pointwise almost-everywhere in A.

Then,

n—oo

/ u? dH! < liminf / uZ dHI1 (2.4)
ANO* Qoo ANoO*Qy,

Proof. Notice that, for every u € H'(A) and every set of finite perimeter 2, we have

[t s {/ (€ vo)udHi € CHARY), [g] < 1} ,
ANo*Q) ANo*Q
where v denotes the exterior normal to 0*{2. We use the notation

Vp 1= VQ, and Voo i= V-

Let now ¢ € C1(A;R?), €] <1 be fixed. By the divergence theorem, we have

lim inf u? dH > lim inf/ div(uif) dr = lim inf/ ]lgndiv(uif) dx
ANQy A

n—oo

= lim inf 2(un1 - Vuy, ol n di d

imin /A( (unlq,€) - Vg + (un 1a,) (u 1v§)) T

— [ (20109 - Vi + (1 1) (v ivE))
A

= / div(ugof) dr = / (€ - voo) U2, dHL,
ANQoo

ANO* Qo

where in order to pass to the limit we used that the sequence u,lq, converges strongly

in L? (A) to uslo,, as a consequence of the fact that it converges pointwise a.e. and is

bounded by h. Now, taking the supremum over &, we get ([2.4)). O

3. A FAMILY OF APPROXIMATING PROBLEMS
We use the notations D, 8, E,v, £,V from Section (1 Moreover, we fix a constant
e €[0,m),
where m is the lower bound of the function v, and we consider the auxiliary problem
min {J3(Qu) : Q€& uel, u>ein R (3.1)

Proposition 3.1 (Existence of a solution). Let €& and V be as above. Then, for every
0 < & < m, there is a solution to the problem (3.1).

Proof. Let (un,€),) be a minimizing sequence for (3.1]). Since

/ \Vun\zdaz—f—/ uZ dH = Tg(up, Q) < J5(v, B),
D 0*Qp
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for every n € N, we have

1
/D \Vun|? dz < Jg(v, E) and Per(Qy,) < = J3(v, E).

Thus, there are subsequences u,, and €2, such that:

e wu, converges strongly in L?(D), weakly in H'(D) and pointwise almost-everywhere
to a function us, € H'(D);
e 1q, converges to 1o strongly in L'(D) and pointwise almost-everywhere.

Moreover, we can assume that u, < h on D, where h is the harmonic function :
Ah=0 in D, h—veH)D).

Indeed, we have
/\Vun\de:/ \V(un/\h)\de—F/ \V(unvh)\de—/ \Vh|2dx2/ |V (un A h)|? da
D D D D D

and / u? dHO! 2/ (un A R)? dHT
*Q *Q

which gives that

Jg(un A h, Q) < Jg(un, Q).
On the other hand, we have that

Jg(un V 0,Q) < Jg(tn, ).

Thus, we can assume that 0 < u,, < h, for every n € N, and so the hypotheses of Lemma
are satisfied, which means that (2.4)) holds. Moreover, by the semicontinuity of the H'!

norm we have
/ |Vt |? dz < liminf/ \Vu,|? dz,
D n—oo D
which finally implies that
J5(Uoo, Qo) < liminf Jg(uy, Q). O

n—oo

Lemma 3.2 (Subharmonicity of the solutions). Let m > 0, 8 > 0 and € € [0,m) be fized.
Let the function u. € H'(D) and the set of finite perimeter Q. be such that the couple
(ue, Q) is a solution to the problem . Then ue is subharmonic in D and there is a
positive Radon measure u. such that

_/ Vug-Vgpd;y—/gpd,ue for every goeHé(D).
D D

Remark 3.3. p. is the distributional Laplacian of u.. We will use the notation p. = Au,.

Proof. Let ¢ < u. be a function in H'(D) such that ¢ = u. on dD. Then, testing the
optimality of (u., Q) with (¢ V &,Q.) and using the fact that u. > ¢ Ve, we get

/ Vol de > / V(e ve)de
D D

2/ |Vu5]2da:+/ ugdﬂdl—/ (goVe)Qd’Hdlz/ |V, |* de,
D 0*Q 0*Qe D

which concludes the proof. O

We will next show that the family of solutions {ug} is uniformly Holder continuous.

e€(0,m)
We will use the following lemma, which can be proved in several different ways. Here, we
give a short proof based on the mean-value formula for subharmonic functions. Similar
argument was used to prove the Lipschitz continuity of the solutions to some free boundary

problems (see for instance [12] and the references therein).
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Lemma 3.4 (A general condition for the Holder continuity). Let D be a bounded open set
in R and let h € L3 (D). Suppose that uw € H'(D) is such that

(a) 0 <u<hin D;
(b) u is subharmonic in D;
(c) there are constants K > 0 and o € [0,1) such that

_ )
Au(Br(aﬁo)) < Kr¥ = for every zg€ Ds and every 0<r < 2 (3.2)

where § > 0 and
Ds:={z €D : dist(z,0D) > 4}. (3.3)
Then, there is a constant C' depending on 6, h, a and K such that
lu(z) —u(y)| < Clz — y[é%g for every z,y € Ds.
Proof. We first notice that the following formula is true for every subharmonic function
u € HY(D) and for every 29 € D and 0 < s < t < dist(zg, D).
1 t
][ wdH4 — ][ wdH = / rl_dAu(Br(:ro)) dr.
8Bt (x0) Bs (o) dwg Js
In particular, the function

I U d?-ld_l,
OBr(z0)

is monotone and we can define the function u pointwise everywhere as

u(zp) := lim wdH L,
r—0 dBy(z0)
As a consequence, for every R < dist(xg, D), we have
1 R
][ wdH — u(zo) = d/ rl_dAu(Br(xo)) dr.
dBRr(z0) Wd Jo

Now, applying (3.2)), and integrating in r, we get that if 2o € Ds and R < %, then

K
0< ][ wdH4 — u(zg) < C R where Ci=—, (3.4)
9B (z0) dwq(1 — a)
which, by the subharmonicity of u, implies
0< ][ wdx —u(xg) < C R, (3.5)
Br(wo)
Let now zg,yo € Ds be such that
5
[zo =yl <1 and  R:=|zo—yo" <
where v € (0,1) will be chosen later.
Now, since Br(z0) C Br|zg—yo|(¥0) C B2r(y0) C D, we can estimate
d
R+ |zg —yo
u(zo) — u(yo) < ][ u(z) dr — u(yo) < (f+] Rd ) f u(z) dz — u(yo)
Br(zo0) BR|z—yo| (¥0)
_nd
— (+lzo -l )" f u(a) dz — u(yo)
BRt 20—y (¥0)
< (14 a2 oo~ wol) f u(a) dz — u(yo),
BRy|zg—yo| (¥0)
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where in the last inequality we used that |xg — yo|!™” < 1. Now, using (3.5, we get

u(ao) ~ u(w) <  f

u(z)dr — u(yo)) +d2% Ha — y0|1_7HU||L°°(BzR(yo))
BR-‘rIOCo—yO\(yO)

11—« — —
< C(R + |zo — yo‘) + d2? 1’330 - yO’l ’y||h”L°°(B2R(y0))
< (20 + d2 1My, ) o — 9o,

where M;, is the maximum of h on the set E5/2 and where we choose v = Cy which
1l -«
2 —a
Proposition 3.5 (Holder continuity of the solution). Let m > 0, 8 > 0 and ¢ € [0,m)
be fived. Let the function u. € H'(D) and the set of finite perimeter Q. be such that the

couple (uz, Q) is a solution to the problem (3.1) with some v € H(D) and E C RY. Then,
for every 6 > 0, there is a constant C' depending on D, § and v (but not on €) such that

O

implies that vy(1 —a) =1—~yand 1 — v =

lue(z) — us(y)| < Clz — y\l/?’ for every x,y € Ds.

Proof. By Lemma we have that wu. is subharmonic and, in particular, 0 < u. < h in
D, where h is the harmonic extension of v in D. Thus, it is sufficient to prove that (3-2)
holds. Let zp € Ds and R < . Let ¢ € C°(Bsrp(z0)) be such that

3
p=1 on Br(zo), [Vol< 5 in Bsnp(zo).

Now, we test the optimality of (ue, Q) with (&, (), where
Ue = Ue + R1/2g0 and Q. = 0. U Bsr(20).
Thus, we get

/\Vua\2dx+ﬁ/ ugcmdlg/ |V'd€|2dx+ﬁ/ w2 dH!
D 0*Qe D 0*Qe

/ CWRdHT < / u? dHAt + / u? dH
0*Qe 6*Q€\B3R/Q(m0) 8B3R/2(330)

g/ u dH + CaRYT M,
0* Qe

and

where M, :=sup {h(z) : € D,}. Thus, we obtain

231/2/3 ( )—Vua -Vepdr <R - )\Vgp|2dx +BCaRITI M, < Ca(1+ BM3,) R,
3R /2(Z0 3R /2(Z0

which implies that
Auc(Br(o)) < Ca(1+ BMZ,) R,
which concludes the proof of (3.2) with o =1/2. O

4. EXISTENCE OF AN OPTIMAL SET

4.1. Definition of (ug, ). Now, for any € € (0, m), we consider the solution (ue,(2.) of
. As a consequence of Proposition , we can find a sequence £, — 0 and a function
ug € H'(D) N C%'/3(D) such that :

e u., converges to ug uniformly on every set Ds, 6 > 0, where D; is defined in ;

e u., converges to ug strongly in L?(D);

e u., converges to ug weakly in H'(D).
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Our aim in this section is to show that wug is a solution to .

The construction of €2y is more delicate. First, we fix ¢t > 0 and § > 0 and we notice
that the perimeter of €., is bounded on the open set {ug > t} N Ds. Indeed, the uniform
convergence of u.,, to ug implies that, for n large enough (n > N, s, for some fixed N; 5 € N),

n

t
Ug 25 on Dsn{ug > t}.

Thus, we have

2
Jsg(v, E) > f8 u? dH > i Per (Q,,; Ds N {uo > t}).
DsN{uo>t}Nd*Qe,, 2

Now, if we choose t such that Per({ug > t}) < oo (which, by the co-area formula, is true
for almost-every ¢ > 0), then we have that

Per(an NA{ug >t} N D5) < Cis forevery n > Nyg,

for some constant Cy 5 > 0. Now, since all the sets 2, N {ug >t} N Ds are contained in D
and have uniformly bounded perimeter, we can find a set 2y and a subsequence for which

Lo, n{uo>tinDs (T) = Logn{ue>tynps(z) for almost-every =z € D.

Thus, by a diagonal sequence argument, we can extract a subsequence of &, (still denoted
by €,,) and we can define the set Qg C R? as the pointwise limit

Loy (x) = lim 1o Ague>0(z) for almost-every = € {ug > 0},
n— 00 "
and we notice that, by construction, Qy C {ug > 0}. Notice that, we do not know a priori
that Qg has finite perimeter. We only know that
Per (9 N{up >t} N Ds) < oo forevery 0 >0 and almost-every ¢ > 0.

which means that Qg N {uy > t} has locally finite perimeter in D for almost-every ¢t > 0.

4.2. An optimality condition. As pointed out above, we do not know if the couple
(uo, ) is even an admissible competitor for (1.1]) (we need to show that Qg € £). Never-
theless, we can still prove that it satisfies a suitable optimality condition.

Lemma 4.1 (The optimality condition at the limit). Let ug and Qo be as in Section [4.1]
Then, for almost-every t > 0, we have

/ |Vug|? dz < B t* Per ({ug < t}). (4.1)
{uo<t}

Proof. Let now t > 0 be fixed and such that the set {up < ¢t} has finite perimeter. Then,
for n large enough, we can use the couple (ug V t,Q0 U {ug < t}) to test the optimality
of (ue,, €, ). Notice that the set Qg U {up < t} has finite perimeter for a.e t € (0, m), as
observed in the previous section. For the sake of simplicity, we write u., = up, Q, = Qn,
ug = u and Qg = Q. Thus, we have

/ |Vun|2d:r:+ﬁ/ u? dH !
D {u>t}No*Q,

§/ |Vun|2d:17—|—ﬂ/ u? dH !
D 0*Qn

g/ IV(uVt)*de+ 3 u? dH!
D o+ (Qu{u<t})

< / V(uV )R dz + B2 Per({u < 1)) + WAL (4.2)
D {u>t}No*Q
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Now, by the weak convergence of u,, to u, we get that

/D |Vu|* de < linni}gf/D |V, | dz .
On the other hand, setting Uy s to be the open set
Urs =R\ (Ds n{u < 1}),
for some fixed § > 0, and applying Lemma we have that

/ u? dH4T < liminf / u? dH?! < lim inf / uZ dHIT
Uy N0* N0 Jy, sno*Qn =00 Jlu>t3nd*Q,

Taking the limit as § — 0, by the monotone convergence theorem, we get that

u? dH!

lim u? dH! 2/
0—0Jy, sno*Q (RA\(DN{us<t})) o+

Now since
u(z) = h(z) for quasi-every z € R4\ D and for H? l-almost-every z € R%\ D,
and since h > m >t on 0D, we have that

/ u? dHI = / u? dHI (4.3)
(Re\(DN{ust}))no*Q {u>t}Nd*Q

Thus, we get that

/ u? dH < liminf uZ dH (4.4)
{u>t}No*Q =0 JDN{u>t}Nd* Qy,
Now, using (4.4]) and (4.2), we obtain
/ \Vu|? de+f u? dH!
D {u>t}no*Q
< liminf/ |Vun|2 dx + ﬁ/ ui dH
n—=eo Jp {u>t}No*Qy,
< / V(v )2 dz+ B2 Per({u < 1)) + A 2 MY,
D {u>t}No*Q

which gives (4.1)). O

4.3. Non-degeneracy. The crucial observation in this section is that the functions u sat-
isfying the optimality condition (4.1)) are non-degenerate in the sense of the following propo-
sition.

Proposition 4.2 (Non-degeneracy). Let 3 > 0, m > 0, D be a bounded open set of R?
and uw € HY(D) be a non-negative function in D such that u > m on OD. Let Q C D be a
set of finite perimeter in D. Suppose that u and Q) satisfy the optimality condition

|Vu|? dz < Bt* Per(Q;) where Q= {u < t}, (4.5)
Q
for almost-every t € (0,m). Then, || =0 for somet > 0.
Proof. By contradiction, suppose that
|9 >0 forevery ¢>0.

Let t € (0,m) be fixed. By the co-area formula, the Cauchy-Schwartz inequality and the
optimality condition (4.5), we get

t 1/2
V| = / Per(Q,) ds < (/ |Vu!2> 1|2 < t8"2Per(9)'/2 Q2. (4.6)
Q 0 Q4
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We now set .
ft) = / Per(Q) ds = |Vu| dx .
0 Qy
Using (4.6), we will estimate f(¢) from below.

Step 1. Non-degeneracy of f. By the isoperimetric inequality and the estimate (4.6[), there
is a dimensional constant Cy such that

t 1 2d—1
/ Per(Q2,) ds < tg 2oy Per(0;)24-2 .
0
Using the definition of f, we can re-write this inequality as
2d—2 2d—2 1/2 2d—2 ,
f(t)2d—1 < tad-1 (6 Cd) 241 f(¢)

After rearranging the terms and integrating from 0 to ¢, we obtain

J)=T ~ f(0)7 >

Now, since u is non-negative in D, we have that f(0) = 0. Thus

t
t) > ——m— .
f( ) - (/Bl/gcd)Qd—Q
Setting
C=(pCa)" ", (4.7)
we obtain the lower bound
f(t) > Ct.

In particular, as a consequence of (4.6)), we get that

C < BY2Per() /2] 2. (4.8)

Step 2. Non-degeneracy of |Q%|. Let o € (0,1) be fixed. Then, we have that

t t o t 11—«
/ Per(02,)* |Qs]1_°‘ds < </ Per(Qs) ds> </ 194 ds)
0 0 0

o l1—a
< (t8"Per(Q) |l )" (i) = t8°Per(e) |~

Thus, we obtain that for fixed T' € (0, m) and C > 0, the following implication holds :

If O < Per(Q)¥Q)!™ for every t e (0,7),
then C < B*?Per(Qy)?|Q' = for every t € (0,T).
We claim that, for every n > 1 and every t € (0,m), we have the inequality
C < BY Per ()2 Q) (4.10)

In order to prove (4.10), we argue by induction on n. When n =1, (4.10) is precisely (4.8)).
In order to prove that the claim (4.10) for n € N implies the same claim for n+ 1, we apply

(4.9) for a = 27", n € N, which gives precisely (4.10) with n + 1. This concludes the proof
of (10}

. Next, passing to the limit as n — oo, we obtain that

(4.9)

C < B for every te (0,7),
where C' is given by . Thus, there is a dimensional constant Cy > 0 such that
B0y < || for every te[0,m). (4.11)
Step 3. Conclusion. We now notice that

hm|Qt\ = ’QO| > 0.
t—0
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Thus, for every € > 0, there is T, such that for all ¢ € (0,7;) we have
t /2
Vu| = / Per(Q,) ds < (/ \VuP) 1\ Qo' < te'PPer(Q) 2|02, (4.12)
Qt 0 Qt

Now, repeating the argument fro Step 1 and Step 2, we get that (4.11) should hold with ¢
in place of 8. Since € > 0 is arbitrary, this is a contradiction. O

4.4. Existence of a solution. We are now in position to prove that the couple (ug, Qo),
constructed in Section is a solution to (1.1).

Proposition 4.3 (Existence of a solution). There is a dimensional constant Cq > 0 such
that if D is a bounded open set of R% and 8 > 0 is a given posiotive constant, then the
following holds. For every set E C R? of finite perimeter and every v € H'(R?) satisfying

v>m on D for some constant m > 0,
there is a solution (u,Y) of the problem (L.1)).

Proof. Let (up, ) be as in Section Then, by Lemma (up, Qo) satisfies the opti-
mality condition (4.5). Now, by Proposition we get that ug > ¢ in D, for some ¢t > 0.
In particular, 2y has finite perimeter in D. Precisely, for every § > 0, we have

4
Per(Qo; Ds) < liniinf Per(9.,; Ds) < 2 lim inf u? dH?

2
o0 JDsno* ey

< 4 lim inf Jg (ugn, Qan)

ﬁt2 n—00

Gi 2Jﬁ(v E).

Passing to the limit as § — 0, we get

Per(Qo; D) < =5 J5(v, E).

5 B2
In particular, this implies that Qg is a set of finite perimeter in R%. Indeed,
Per() < Per(Qo; D) + 2Per(D) + Per(Qo; R%\ D)

< ,Bt2 Js(v, E) + 2Per(D) + Per(E; R\ D).

Thus, the couple (ug, ) is admissible in (1.1)); it now remains to prove that it is optimal.
Let w € H'(D) be non-negative on D and such that « — v € H3(D). Let Q C R? be a set
of finite perimeter such that Q = E on R¢ \ D. It is sufficient to prove that

Jp(uo, ) < J5(T, Q).
Let £ > 0 be fixed. We now use the couple (u V ¢, (~2) to test the optimality of (usn, an) :
Tg(ue,, Q) < Ja(@ Ve, Q).
Passing to the limit as € — 0, we get
Tp(ue,, Q) < J5(@, Q).

Now, Lemma n and the semicontinuity of the H' norm gives that Js(ug, Q) < J(4, Q),
which concludes the proof. O
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5. REGULARITY OF THE FREE BOUNDARY

In this section, we prove the regularity of the free boundary. In Theorem we prove
that the solutions of are almost-minimizers for the perimeter in D. As a consequence,
09 can be decomposed into a regular and a singular part and that the regular part is C1'®
manifold. Then, in Theorem we prove that the regular part of the free boundary is
C* smooth.

Theorem 5.1. Let (u,$2) be a solution to (L.1)). there is a constant C' > 0 such that § is
an almost-minimizer of the perimeter in the following sense:

Per (0; By(x0)) < (1+ Cr'?) Per (; By (x0)),

for every ball B.(xg) C D and every set Q' C R? such that Q = Q' outside B, (zo).
In particular, the free boundary 02 N D can be decomposed as the disjoint union of a
reqular part Reg(0$) and a singular part Sing(0SY), where

(i) Reg(99Q) is a relatively open subset of OQ and is a C1* smooth manifold;
(ii) Sing(9Q) is a closed set, which is empty if d < 7, discrete if d = 8, and of Hausdorff
dimension d — 8, if d > 8.

Proof. We first notice that by Lemma u e C%'B(D). Let § >0, x9 € Ds and r < 9/2.
We consider a set ' C R such that ’AQ CC B,(x9). Testing the optimality of (u,)
against (u, Q') we get that

/ u?dH ! §/ w2dH L,
By (x0)No*Q By (z0)No* QY
which implies that

(Brﬁixno)W) Per(Q; By (z0)) < (ggg}é) u2) Per(Q'; By (z0)).

By regularity of u, we have that
C
max u? < min u?+ Cr'? < ( min u2> (1 + ?“1/3> )
By (z0) By (zo) By (z0) t

where in the second inequality, we used that u > ¢ > 0. Thus, we obtain
C
Per(Q; B, (z0)) < <1 + trl/3) Per(Q; By (o)),
which proves that 2 is an almost-minimizer of the perimeter in D. O

We next prove that regular part the free boundary Reg(99) is C*°.

Theorem 5.2. Let (u,Q) be a solution to (1.1). Let
D N oY = Reg(092) U Sing(092)

be the decomposition of the free boundary given by Theorem [5.1. Then, in a neighborhood
of any point xg € Reg(9N), 0 is C®-regular and the function u is C* on 0S).

Proof. We fix a point z¢ € Reg(92). Without loss of generality, we can assume that zo = 0.
Step 1. Notation. For any € R?, we use the notation z = (', 24), where 2/ € R1 and
rq € R. By the C1% regularity of Reg(d12), in a neighborhood of the origin B’ x (—¢,¢) C
R x R, 99 is the graph of a C1® regular function 7 : B’ — R, where B’ is a ball in
R?~1: the set  coincides with the subgraph of 7 in a neighborhood of the origin:

B' x (—e,e)NQ = {(a',2q) € B' x (—g;¢) : zq <n(z)}.
and the exterior normal vq is given by

0= ZVen 1) (5.1)

1+ Ve
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where V,/7 is the gradient of 7 in the first d —1 variables. Let u4 and u_ be the restrictions
of u on the sets 2 and D \ Q; since u is continuous across 92, we have u; = u_ on 9f.
Moreover, we write the gradients of uy and u_ as

Vuqs = (erui,amdui) e R x R.

Step 2. Transmission condition and C“% regularity of u. In Lemma we keep fixed and
free boundary 0f) and we use vertical perturbations of the function u to obtain a Robin-
type transmission condition on 0€2. We notice that the recent results [4] and [6] imply the
Ch@_regularity of uy and u_, up to the boundary 9. Thus, the gradient is well-defined
and the transmission conditions hold in the classical sense.

Step 3. Optimality condition and C*% reqularity of Reg(99)). In Lemma we perform
variatons of the optimal set to find the geometric equation solved by 0€2. Precisely, we find
that the curvature of the optimal set solves an equation of the form

“Mean curvature of 9Q” = F(Vuy,Vu_,us) on 0.

In particular, this implies that if u is C*®, for some k > 1, then 9Q is Ck+1e,

Step 4. Bootstrap and C*° regularity of 02. In Lemma we use the recent results of [0]
to show that if the boundary 9Q is C** for some k > 2, then the solutions u; and u_ are
also C* regular up to the boundary 9. Finally, applying this result (Lemma |5.4) and
the result from the previous step (Lemma , we get that 02 is C'°. O

Lemma 5.3 (Robin and continuity conditions on 92). Suppose that 9 is C1® regular in
the neighborhood of the origin. Let n: B' — R, uy and u_ be as above. Then, for every
2’ € B' we have

V‘T/T] ) Vx/U+ - v:v’77 : Vw'u— - _(6:Edu+ - 8wdu—) ‘Vx/n‘Q
\/W(a%ﬂ“r - 3xdu,) + Bu =0,

where u, u_ and their partial derivatives are calculated in (2',n(x')) € 0Q.

(5.2)

Proof. Let ¢ € C°(D) be a smooth function supported in B’ x (—¢,¢). Then, the optimality
of u gives that

)
0= aL:OJB(u Y16, Q) = /

OVu-Vodr+ 6 [ 2updH !
D\oS 9]

= /BQ 2(1/9 -Vuy —vg-Vu_ + Bu)qbd?-ld*l,
where in the last inequality we integrated by parts uy in Q and u_ in D\ Q. Since ¢ is
arbitrary we get that u satisfies the Robin-type condition on 0}
v - Vuy —vg - Vu_ + Bu on o9. (5.3)
Now, using , we can re-write this as
(= V- Vpuy + 0p,us) — (= Vo - Vpus + Oy u_) + Bur/1+ V|2 =0. (5.4)
On the other hand u is continuous across 9€2. This means that
Vorui (@', () + Ozus (2',n(2")) Vo = Vpu— (2", n(2")) + Op,u—(2', n(2")) Varn.
Multiplying by V,/n, we get
Vart - Vartiy + Opyuy [Varn* = Vo - Varu— + O yu |V, (5.5)
where u, u_ and their partial derivatives are calculated in (2/,n(z")). Putting together
and , we get . O

Lemma 5.4 (Smooth boundary = smooth function). Let (u,) be a solution of (1.1)).
Suppose that, in a neighborhood of zero, O is C*®-reqular for some k > 1. Then, in a
neighborhood of the origin, the functions uy and u_ are C*® up to the boundary 0.
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Proof. We argue by induction. The case k = 1 follows by [6]. We suppose that k£ > 2 and
that the claim holds for k — 1. Suppose that 9 is the graph of n: B’ — R, n € C**(B’),
and consider the functions

vi(@,xq) == up (@ xg + (') and v (2], 2q) = u_(2), g + n(a")),
defined on the half-space {zg > 0}. We set

A = Na-1 —(Vun)'
K =V |vx/77|2 ’

where N1 is the null (d — 1) x (d — 1) matrix and we notice that A, has C¥~1< regular
coefficients. Now, since uy and u_ are harmonic in Q and D \ Q, we have that vy and v_
are solutions to the transmission problem

—div((Id+ A,)Vvy) =0 in {z4 >0}

—div((Id+ A4,)Vu_) =0 in {z4 <0}

vy =v_- on {xg=0}

B
OpVp —Op v + ———ee(vy +v_) =0 on {xg =0}
U+ = Oy 5 1+!Vw}!2(+ ) {za =0}
We now fix k — 1 directions i1, ...,%;—1, ¢; # d for every j, and we consider the functions

Wy = 61'131'2 N aikillur and w_ = 82'18@'2 e 81']971’[),.

We notice that, in {x4 > 0} and {z4 < 0} the functions w; and w_ are solutions to

—div((Id+ Ay)Vws) + > div(8; 4,0, Vus) =0,
IJ
where the sum is over all multiindices I and J such that the sets I and J are disjoint subsets
of {iy,i9,...,ig_1}, I UJ = {i1,i2,...,ik—1} and I is non-empty. In particular, using that
Ay € CF=1e and Vu € CF~2< (since by hypothesis u+ € C*1%), we get that w. solve

—div((Id + A;) Vws) + div(Fy) = 0 in {xz4 > 0},

where Fy and F_ are C%® continuous functions (depending on i1,...,i;). On the other
hand, on the boundary {z; = 0} we have that w; = w_ and

Oy 10 — Oy + O Biy .. Ory (%) —0 on {wg=0}

Reasoning as above, we notice that this condition can be written as
Op W4 —Og,w— =g on {zqg=0},

where g is a C%* function. Now, applying [6, Theorem 1.2], we get that w, and w_ are
C1 regular up to the boundary {zq = 0}. Thus, the trace uy = u_ is C*® smooth
on {zg = 0}. Finally, the classical Schauder estimates give that u;, and u_ are C*“ on
{z4 > 0} and {z4 < 0}, respectively. O

Lemma 5.5 (Smooth function = smooth boundary). Let (u,Q) be a solution of (L.1)).
Suppose that, in a neighborhood of zero, O is CY®-regular and that the functions uy and
u_ are C* up to the boundary 0K, for some k > 1. Then, 0 is C**1 % regular in a
neighborhood of zero.

Proof. Let £ € C°(D;R?) be a given vector field with compact support in D and let ¥; be
the function

Uy (z) =z +t{(x) forevery x€ D.
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Then, for ¢t small enough, ¥; : D — D is a diffeomorphism and setting ®; := ¥, L the
function u; := u o ®; is well-defined and belongs to H'(D); the function t / |V |? da
D

is differentiable at ¢t = 0 and
;L:O /D |Vuy|* de = /D (—=2Vu D¢ - Vu + |Vul*dive ) do .
It is immediate to check that
—2Vu D¢ - Vu + |Vul*divé = div(|Vu?¢ = 2(¢ - Vu)Vu)  in D\ oQ.
We now take £ to be smooth outside 0f2 and such that
E=¢vg on 0N,

where vq is the exterior normal to 92 and ¢ : 90 — R is continuous and with compact
support. Integrating by parts, we get

0
at’tZO/DWUt\Qdfv: /m (IVus (€ v) = 2(¢ - Tuy)(vo - Vuy) ) ar™!

- / <\Vu,]2(§ ‘vg) —2(& - Vu_)(vq - Vu,)) dH,
onN
where u; :=w on €, and u_ := u on D \ Q. Now, if

£ = gey and v = (=Vern, 1)

L e =
V 1+ |va:’77|2

then
VIV (|9 (€ - vo) = 2(¢ - Vuy) (o - V)

— VT VP (Va2 va) = 26 Vu ) (va - Vu))

= o(IVus | — [Vu_]2)
= 20( Oygus (= V- Vst + Opyus) = Oy (= Vo Vs + Opgu) ).
We now suppose that zg € Reg(d9Q) and that 0 is the graph of the (C%%) function
n: B — R, where B’ is a ball in R, Taking ¢ = eg¢ and Q; = ®4(Q), we have
il /a want = 2 | R VI e VP

u? (@', n(a"))
1+ |Vx’77|2
— [ ) ) o) do
(Vm/u + 8xduvxxn) -V !
V 1+ |voc’77|2
In particular, combining these two computations and using the optimality of (u, 2), we get

= g — 2 / / /
0= 9 tZOJﬂ(ut,Qt) =/, Bu“H (z")p(2) dx

Vot - Vi ¢ da’

=2 [ ¢(a")u(a’,n(2))
B

+ /B (190 = [Vu P ) ot

- /B’ 2 (1 + IVZ’UIQ) ((azdu-‘r)Q - (827(1”—)2) ¢(w/) d.TU/
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Since ¢ is arbitrary, we obtain that n is a solution of the problem

—div, _ Vem ) f(x)) in B,
V 1+ |Vx’77|2

where

f@) 1 (90 = V0o ) = 2004 190) (@r0)? = @n0- )]

~ pu (e ()
and all the derivatives of uy and u_ are calculated at (a:’ ,n(x! )) Since the right-hand side
f is Ck¥=1 regular, we get that n is C¥T1® regular. This concludes the proof. (|

APPENDIX A. EXAMPLES OF MINIMIZERS

In this section, we use a calibration argument to prove that if £ = {zy > 0} and v =1,
then in any Steiner symmetric set D C RY, the solution (2, u) is unique, u is even with
respect to the hyperplane {xy = 0} and {2 is precisely the half-space E. Our main result is
the following.

Proposition A.1. Let D be an open set, Steiner symmetric with respect to the hyperplane
{zq = 0}. Let E be the half-ball E = B N {xq > 0}, for some large ball B containing D,
and let v = 1. Then there is a unique solution (u,$Q) to , where ) = E, u is positive
and even with respect to {xq = 0} and solves the equation

1
Au=0 in {xq>0}ND, axduziﬂu on Dn{xy=0} (A.1)

Proof. Let u € V and Q€& be given. We will prove that
Jp(u, Q) < Jg(@, Q)

with an equality, if and only if, (u, Q) = (u, Q). First, we notice that, since J3(1Au VO, Q) <
Js(u, ), we can suppose that 0 < & < 1. We then write & as i = 1 — ¢ for some ¢ € H}(D)
such that 0 < ¢ < 1 and we define the function u, = 1 — p,, where @, € H&(D) is the
Steiner symmetrization of ¢. We will show that

J5 (T, Q) < J3(@, Q) (A.2)

Indeed, it is well-known that the Steiner symmetrization decreases the Dirichlet energy:

/‘Vﬁ*de:/ yw*y?dxg/ ywy?da;:/ \V)? da.
D D D D

In order to estimate also the second term of the energy Jg, we use a calibration-type
argument. We first notice that, by construction, along every line orthogonal to {z4 = 0},
the symmetrized function achieves its maximum in zero. Precisely

(p(ﬁl, xd) < sup Qp(x/vxd) = @*(I/’O)'
zq

Thus, by the definition of ., we have

/ (2 wg) dHE > / w2 (2, 0)dHI > / _ui (2, 0)vg - eq dH!
BNos2 BNo BNoK

:/ az(x’,O)yQ.(_ed)de—1+/ _div (W2(2',0)eq) dr,
BN QAQ

where in order to get the last equality we used the divergence theorem in QAQ. Now, we
notice that div (u2(2,0)ey) = 0 and that vg = —eq. Thus, we get

/ (2 ) dHT > / uz dH,
Bnon Bnon
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which concludes the proof of (A.2). Finally, we notice that the problem
min{Jﬁ(u, Q) : wue H(DN{zg>0}), w=1o0ndDN{xy> O}},
has a unique solution u, which is Steiner symmetric, non-negative and satisfies (A.1)). O
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