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Abstract. We deal with mappings defined between Riemannian manifolds that belong to trace spaces of Sobolev

functions. Such mappings are equipped with a natural energy, equivalent to the fractional norm. We study the class

of Cartesian currents that arise as weak limits of sequences of mappings with equibounded energies. Under suitable

topological assumptions on the domain and target manifolds, we prove a density property of graphs of smooth maps.

As a consequence, we discuss the corresponding relaxed energy. For mappings with values into the sphere, an explicit

formula for the relaxed energy is obtained.
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1 Introduction

In the last decades there has been a growing interest in variational problems for vector valued mappings
with geometric constrains, as e.g. for mappings defined between smooth manifolds isometrically embedded
in Euclidean spaces. A central role is played by the analysis of the Dirichlet integral

D(u) :=
1
2

∫

Bn

|Du(x)|2 dx

of maps u : Bn → R3, where Bn is the unit ball in Rn, that are constrained to take values into the unit
sphere S2 of R3. The problem is naturally set in the Sobolev class W 1,2(Bn,S2), where

W 1,p(Bn,S2) := {u ∈ W 1,p(Bn,R3) : |u(x)| = 1 for a.e. x ∈ Bn} , p > 1 .

It is well known that during the process of relaxation in W 1,2(Bn,S2), the functional D(u) may produce
energy concentration. In the physical model n = 3, the weak W 1,2-limits of sequences of smooth maps uk
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from B3 into S2 with equibounded Dirichlet energies, supk D(uk) < ∞, may in general be Sobolev maps
u ∈ W 1,2(B3, S2) with point singularities that are positioned in correspondence with “holes” in the graph
of u, as e.g. for the map u(x) := x/|x|.

In the same spirit as Lebesgue’s relaxed area functional, the relaxed Dirichlet energy of maps u ∈
W 1,2(Bn, S2) is defined by

D̃(u) := inf{lim inf
k→∞

D(uk) | {uk} ⊂ W 1,2(Bn, S2) ∩ C1 , uk → u strongly in L2(Bn,R3)} .

By Schoen-Uhlenbeck density theorem [29], in low dimension n = 2 we always have D(u) = D̃(u).
Moreover, as shown by Bethuel-Brezis-Coron [3] in dimension n = 3, see also Giaquinta-Modica-Souček [9],
and by Tarp [30] in higher dimension n ≥ 4, for every u ∈ W 1,2(Bn,S2), where n ≥ 3, we have

D̃(u) = D(u) + 4π L(u) , L(u) ≥ 0 , (1.1)

the gap L(u) being the measure of the minimal integral connection of the singularities of u.
More precisely, the singularities of a map u ∈ W 1,2(Bn, S2) are represented by an (n − 3)-dimensional

current P(u) ∈ Dn−3(Bn), and correspond to ”holes” in the graph of u. For example, if n = 3 and
u(x) = x/|x|, we have P(u) = −δ0, where δ0 is the unit Dirac mass at the origin. Then L(u) may be seen
as the mass of the mass-minimizing integer multiplicity (say i.m.) rectifiable current L ∈ Rn−2(Bn) such
that (∂L) Bn = P(u).

The theory of Cartesian currents, introduced by Giaquinta-Modica-Souček in 1989, and extensively
studied in the monograph [10], has revealed to be a satisfactory approach to deal with such kind of geometric
problems, especially in higher dimension n.

The näıve idea is to look at a map u in W 1,2(Bn,S2) as a current Gu carried by its graph. The Dirichlet
energy is extended to the class of i.m. rectifiable currents in Rn(Bn×S2) that naturally arise as weak limits
of sequences of graphs Guk

of smooth maps uk : Bn → S2 with equibounded Dirichlet energies. The weak
limit currents T describe the energy concentration phenomenon, and preserve geometric invariants as the
degree. Any element T in the corresponding class of Cartesian currents is given by the sum of a graph GuT

,
for some uT ∈ W 1,2(Bn, S2), and a vertical current of the type LT × [[S2 ]], where LT is an i.m. rectifiable
current of codimension 2 in Bn (that is, a sum of signed unit Dirac masses in the 2-dimensional case, and
of oriented lines in the physically relevant 3-dimensional case). This LT closes the holes created by the
singularities, i.e., (∂LT ) Bn = −P(u). If e.g. n = 3 and uT (x) = x/|x|, then LT may be given by the
current integration of 1-forms in B3 over an oriented rectifiable arc with initial point at the boundary ∂B3

and final point at the origin of B3. As to the Dirichlet energy, we have

D(T ) = D(uT ) + 4π ·M(LT ) if T = GuT + LT × [[S2 ]] .

Therefore, the relaxed energy (1.1) may be seen as the minimum of the Dirichlet energy D(T ) computed
among all the Cartesian currents as above and such that the corresponding function uT agrees with u.

Since T 7→ D(T ) is lower semicontinuous with respect to the weak convergence as currents, using a
density property of smooth graphs, the representation formula (1.1) for the relaxed energy has been extended
to the case of W 1,2-mappings from Bn into RN that take values into more general submanifolds Y of RN ,
see [14] and [15].

For p > 2 non integer, p /∈ Z, in [21] it is shown that a map in W 1,p(Bn,S2) belongs to the sequential
weak W 1,p-closure of smooth maps in W 1,p(Bn, S2)∩C1 if and only if it belongs to the strong W 1,p-closure
of smooth maps from Bn into S2. Moreover, as to the relaxed W 1,p-energy, defined by

D̃p(u) = inf
{

lim inf
k→∞

1
pp/2

∫

Bn

|Duk|p dx : {uk} ⊂ C1(Bn,S2) , uk → u strongly in Lp

}
,

for 2 < p < 3 and for u in W 1,p(Bn,S2) we have, see [17, Sec. 5.6],

D̃p(u) =





1
pp/2

∫

Bn

|Du|p dx if P(u) = 0

+∞ if P(u) 6= 0
(1.2)
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where P(u) ∈ Dn−3(Bn) is the current of the singularities of u.
We finally remark that in the case of integer exponents p ≥ 3, the situation is much more complicated

due to the fact that the higher order homotopy groups of the 2-sphere are not all trivial, e.g., π3(S2) = Z. If
h : S3 → S2 is the Hopf map, i.e., the map that generates the third homotopy group of S2, and u : B4 → S2

is given by u(x) := h(x/|x|), then u belongs to W 1,3(B4, S2) and P(u) = 0. However, the topological
singularity at the origin is relevant, even if it cannot be treated by means of a homological theory as above,
compare [23].

Much less is known if one consider variational problems concerning fractional Sobolev classes of maps
defined between manifolds. We address to the bibliography in [27] for a related list of recent results. One
of the aims of this paper is to discuss the relaxed energy of mappings defined between manifolds that are
traces of Sobolev mappings. In order to discuss the content of the paper, we first fix some notation.

Trace spaces. We let X and Y be two smooth, connected, compact, oriented Riemannian manifolds
that are isometrically embedded into Rl and RN , respectively. We shall equip X and Y with the metric
induced by the Euclidean norms on the ambient spaces, and we let n := dimX . We shall also assume that
the target manifold Y is without boundary. The domain manifold X may have a (possibly empty) smooth
boundary ∂X , a manifold of dimension n−1, the standard cases being X = Bn, the unit n-ball, or X = Sn,
the unit n-sphere.

For the sake of simplicity, in the sequel we shall always denote

W 1/p := W 1−1/p,p, p > 1 ,

and we recall, see e.g. [1], that for any real exponent p > 1 the fractional Sobolev space W 1/p(X ) is the
Banach space of real valued functions u in Lp(X ) which have finite W 1/p-seminorm

|u|p1/p,X :=
∫

X

∫

X

|u(x)− u(y)|p
|x− y|n+p−1

dHn(x) dHn(y) < ∞ ,

where Hk is the k-dimensional Hausdorff measure, endowed with the norm

‖u‖p
1/p,X := ‖u‖p

Lp(X ) + |u|p1/p,X . (1.3)

W 1/p(X ,RN ) is the space of vector valued maps u = (u1, . . . , uN ) such that uj ∈ W 1/p(X ) for every
j = 1, . . . , N . If X = ∂M for some smooth manifold M, e.g., X = Sn, then W 1/p(∂M,RN ) can be
characterized as the space of functions u that are traces on ∂M of functions U in the Sobolev space
W 1,p(M,RN ). More generally, since X ⊂ Rl, denoting by Cn+1 the (n + 1)-dimensional ”cylinder”

Cn+1 := X × I ⊂ Rl × R , I := [0, 1] ,

W 1/p(X ,RN ) can be seen as the space of functions u that are traces on X × {0} of functions U in the
Sobolev space W 1,p(Cn+1,RN ). Since Y ⊂ RN , we also let

W 1/p(X ,Y) := {u ∈ W 1/p(X ,RN ) | u(x) ∈ Y for Hn-a.e. x ∈ X} .

Our model case will be Y = Sp−1, the unit (p− 1)-sphere in Rp, with p ≥ 2, where the positive integer
p in this paper will always denote

p := [p] the integer part of p .

We thus have

W 1/p(X , Sp−1) := {u ∈ W 1/p(X ,Rp) : |u(x)| = 1 for Hn-a.e. x ∈ X} .

The E1/p-energy. In the sequel, instead of working with the W 1/p-norm (1.3), we shall work with the
equivalent energy E1/p(u) defined as follows. For u ∈ W 1/p(X ,Y) we define the extension of u

Ext(u) ∈ W 1,p(Cn+1,RN )
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as the Hölder continuous function which minimizes the p-energy integral

Dp(U) :=
1

pp/2

∫

Cn+1
|DU(x, t)|p dHn+1(x, t) (1.4)

among all functions U ∈ W 1,p(Cn+1,RN ) that agree with u on X × {0}. We also set

E1/p(u) := Dp(Ext(u)) ,

so that clearly E1/p(u) ' ||u||1/p,X . More precisely, by uniform convexity, and since Y is compact, it is
readily checked that for maps in W 1/p(X ,Y) the strong convergence uk → u in W 1/p is equivalent to the
convergence in energy, i.e., uk → u in Lp with E1/p(uk) → E1/p(u). We shall also denote by Ω a generic
open set Ω ⊂ X , and

E1/p(u, Ω) := Dp(Ext(u),Ω× I) =
1

pp/2

∫

Ω×I

|D Ext(u)|p dHn+1 . (1.5)

The relaxed energy. If u ∈ W 1/p(X ,Y) for some p > 1, for any open set Ω ⊂ X we define

Ẽ1/p(u,Ω) := inf{lim inf
k→∞

E1/p(uk, Ω) | {uk} ⊂ W 1/p(Ω,Y) ∩ C1 , uk → u strongly in Lp(Ω,RN )} , (1.6)

where E1/p(u,Ω) is given by (1.5), and we let

Ẽ1/p(u) := Ẽ1/p(u,X ) .

In order to discuss the relaxed energy, we first introduce the class

H
1/p
S (X ,Y) := {u ∈ W 1/p(X ,Y) | there exists {uk} ⊂ C∞(X ,Y)

such that uk → u strongly in W 1/p} .
(1.7)

It is well-known, see [2, 4], that

H
1/p
S (X ,Y) = W 1/p(X ,Y) if p ≥ n + 1 . (1.8)

Moreover, for low exponents 1 < p < 2, the equality (1.8) holds true in any dimension n, see [27, Cor. 4].
Therefore, in the case of low dimension n ≤ p− 1, i.e., n < p := [p], or low exponent 1 < p < 2, we have

Ẽ1/p(u) = E1/p(u) ∀u ∈ W 1/p(X ,Y) . (1.9)

On the other hand, in case of higher dimension n > p− 1 ≥ 1, in general the strict inclusion

H
1/p
S (X ,Y) (W 1/p(X ,Y) (1.10)

holds. More precisely, Bethuel [2] noticed that if πp−1(Y) 6= 0, and n > p − 1 ≥ 1, i.e., n ≥ p ≥ 2, even
in the case X = Bn or X = Sn, there exist functions u ∈ W 1/p(X ,Y) which cannot be approximated in
W 1/p by sequences of smooth maps in W 1/p(X ,Y). For this reason, in the sequel we shall assume

n := dim(X ) ≥ p := [p] ≥ 2 .

Maps into the sphere. In the model case Y = Sp−1, and for open sets Ω ⊂ Rn, Hang-Lin [19] defined
the singularity of a map u in W 1/p(Ω, Sp−1) as the (n− p)-dimensional current in Ω, say Ju ∈ Dn−p(Ω),
acting on compactly supported smooth (n− p)-forms φ ∈ Dn−p(Ω) as

Ju(φ) :=
1
|Bp|

∫

Ω×[0,1]

dφ̃ ∧ U#(dy1 ∧ · · · ∧ dyp) , (1.11)

where |Bp| is the measure of the unit p-ball, U := Ext(u) ∈ W 1,p(Ω× [0, 1],Rp), and dφ̃ is the differential of
the (n−p)-form in Ω×[0, 1] given by φ̃ := φ∧η, for some smooth decreasing cut-off function η : [0, 1] → [0, 1]
such that η(t) = 1 for t ∈ [0, 1/4] and η(t) = 0 for t ∈ [3/4, 1].
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They showed that the minimal integral connection of the singularities is bounded in terms of the W 1/p-
seminorm of u. More precisely, for every map u in W 1/p(Ω,Sp−1) there exists an i.m. rectifiable current
L ∈ Rn−p+1(Ω× [0, 1]) such that

(∂L) (Ω× [0, 1[) = Ju and M(L) ≤ c |u|1/p,Ω ,

where c = c(n, p) > 0 is an absolute constant.
This result was extended in [27] to the class W 1/p(X , Sp−1), for general domain manifolds X as above.

We also notice that the integral connection L can be chosen with support in X , provided that its mass is
bounded by an extra term depending on the Lp-norm of the extension Ext(u). More precisely, setting for
Γ ∈ Dn−p(Ω), where Ω ⊂ Rn,

mi,Ω(Γ) := inf{M(L) | L ∈ Rn−p+1(Ω) , (∂L) Ω = Γ} ,

for every u ∈ W 1/p(Ω, Sp−1) we have, see [27],

mi,Ω(Ju) ≤ c
(|u|1/p + ‖Ext(u)‖p

Lp

)
< ∞ . (1.12)

In this paper, in analogy with the representation formula (1.1) about the relaxed Dirichlet energy of
mappings into the 2-sphere, we shall characterize the relaxed energy of maps u ∈ W 1/p(Ω,Sp−1), where
Ω ⊂ Rn is a bounded open set, in terms of the minimal connection of their singular set, also showing a
different feature in the case p > 2 non-integer.

To this purpose, we shall introduce the class cart1/p(Ω×Sp−1) of currents in Dn(Ω×Sp−1) that naturally
arise as weak limits of sequences of graphs of smooth maps uk : Ω → Sp−1 with equibounded E1/p-energies.
Similarly to the case p = 2 from [11], every Cartesian current T ∈ cart1/p(Ω× Sp−1) can be written as

T = GuT
+ LT × [[Sp−1 ]] , (1.13)

where GuT
is the current carried by the graph of a map uT ∈ W 1/p(Ω, Sp−1) and LT is an i.m. rectifiable

current in Rn−p+1(Ω). Now, if Gu is the current integration on the graph Gu of a smooth W 1/p-map
u : Ω → Sp−1, since the boundary ∂Gu is supported in ∂Ω× Sp−1, by Stoke’s theorem we have

∂Gu(ω) := Gu(dω) =
∫

Gu

dω =
∫

∂Gu

ω = 0

for every compactly supported smooth form ω ∈ Dn−1(Ω × Sp−1), whereas condition ∂Guk
(ω) = 0 is

clearly preserved by the weak convergence as currents. As a consequence, T also satisfies the null-boundary
condition

(∂T ) Ω× Sp−1 = 0 (1.14)

that, according to (1.11), reads as
(∂LT ) Ω = (−1)p−1JuT

.

The E1/p-energy is naturally extended to currents T in cart1/p(Ω× Sp−1), see (1.13), by setting

E1/p(T ) = E1/p(uT ,Ω) + |Bp| ·M(LT ) ,

so that the functional T 7→ E1/p(T ) turns out to be lower semicontinuous with respect to the weak conver-
gence as currents. Moreover, we shall prove the following strong density property:

Theorem 1.1 For every T ∈ cart1/p(Ω×Sp−1) there exists a sequence of smooth W 1/p-maps uk : Ω → Sp−1

such that Guk
weakly converges to T and E1/p(uk, Ω) → E1/p(T ) as k →∞.

As a consequence of (1.12) and of Theorem 1.1, we shall then prove:

Theorem 1.2 Let Ω ⊂ Rn be a bounded open set. For every integers n ≥ p ≥ 2 and for every u ∈
W 1/p(Ω,Sp−1) the relaxed energy satisfies

Ẽ1/p(u,Ω) = E1/p(u, Ω) + |Bp| ·mi,Ω(Ju) < ∞ .
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In terms of currents, this means that the relaxed energy is equal to the minimum of the E1/p-energy of
the Cartesian currents with corresponding function uT equal to u, i.e.,

Ẽ1/p(u, Ω) = inf{E1/p(T ) | T ∈ cart1/p(Ω× Sp−1) , uT = u in (1.13)} .

Moreover, for non-integer exponents, similarly to (1.2) we shall prove

Theorem 1.3 Let Ω ⊂ Rn be a bounded open set, where n ≥ p := [p], and p > 2 non-integer. Then for
every u ∈ W 1/p(Ω,Sp−1) we have

Ẽ1/p(u, Ω) =
{ E1/p(u, Ω) if Ju = 0

+∞ if Ju 6= 0 .

Density properties. In order to extend Theorems 1.1, 1.2, and 1.3 to more general domain and target
manifolds, we first recall some density results for W 1/p-mappings between manifolds.

Due to (1.10), in the case n ≥ p Bethuel introduced in [2] the classes R∞1/p(X ,Y) and R0
1/p(X ,Y), given

by all the maps u ∈ W 1/p(X ,Y) which are smooth, respectively continuous, except on a singular set Σ(u)
of the type

Σ(u) =
r⋃

i=1

Σi , r ∈ N , (1.15)

where Σi is a smooth (n − p)-dimensional subset of X with smooth boundary, if n ≥ p + 1, and Σi is a
point if n = p. The following density property holds true:

Theorem 1.4 For every 1 < p < n + 1, where n = dim(X ), the class R∞1/p(X ,Y) is sequentially dense in
W 1/p(X ,Y).

In the case n = p = 2, Theorem 1.4 was proved in [28], compare also [4], for X = S2 and with Y = S1,
the standard unit circle. For p = 2, it was extended in [12] to the case X = Bn or Sn, in higher dimension
n ≥ 2 and for general target manifolds Y, see also [17]. A complete proof in the general case is given in
[26]. Moreover, denoting by πk(Y) the kth free homotopy group of Y, in [26] we also proved:

Proposition 1.5 If n ≤ p < n+1, and p > 1, then H
1/p
S (X ,Y) = W 1/p(X ,Y) if and only if πn−1(Y) = 0.

In case of higher dimension n > p, i.e., n ≥ p + 1, following observations by Hang-Lin [20], we showed
in [26] that the possibly non-trivial topology of the domain manifold X plays a role. To this purpose, we
recall that X is said to satisfy the k-extension property with respect to Y, where k ∈ N, if for any given
CW-complex X on X , denoting by Xk its k-dimensional skeleton, any continuous map f : Xk+1 → Y is
such that its restriction to Xk can be extended to a continuous map from X into Y. In [26] we obtained
the following characterization, that we state here for the case ∂X = ∅.
Theorem 1.6 If n > p > 1, smooth maps in C∞(X ,Y) are sequentially dense in W 1/p(X ,Y), i.e.,
H

1/p
S (X ,Y) = W 1/p(X ,Y), if and only if πp−1(Y) = 0 and X satisfies the (p− 1)-extension property with

respect to Y.

In particular, in the standard case X = Sn we obtain that for any n + 1 > p > 1, smooth maps in
C∞(Sn,Y) are sequentially dense in W 1/p, i.e., H

1/p
S (Sn,Y) = W 1/p(Sn,Y), if and only if πp−1(Y) = 0.

Moreover, for low exponents 1 < p < 2 we recover the equality (1.8) in any dimension n. Finally, if the
manifold X has a non-zero boundary, we recall that analogous density results hold for maps in W 1/p(X ,Y)
with prescribed boundary data.

Other new results. In this paper, Theorems 1.1, 1.2, and 1.3 are then extended to open subsets Ω
of manifolds X as above, provided that X satisfies the (p− 1)-extension property with respect to Sp−1, if
n := dim(X ) ≥ p + 1. In particular, in dimension n ≥ p + 1 one may assume that X is p-connected, i.e.,
that the k-dimensional free homotopy groups πk(X ) are trivial, for k = 0, 1, . . . , p.

In order to deal with more general target manifolds Y, we shall denote by Hsph
p−1(Y) the spherical subgroup

of the singular homology group Hp−1(Y), see [10, Vol. II, Sec. 5.4.2] and Definition 4.3 below.
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We shall discuss the relaxed W 1/p-energy of maps defined between smooth, connected, compact, oriented
Riemannian manifolds X and Y, isometrically embedded into Rl and RN , respectively, that satisfy the
following hypotheses:

(H1) both Hp−1(Y) and the quotient space Hp−1(Y)/Hsph
p−1(Y) are torsion-free;

(H2) in the case p = 2, the first homotopy group π1(Y) is commutative; in the case p ≥ 3, alternatively,
π1(Y) = 0 and the Hurewicz homomorphism from the (p − 1)th free homotopy group πp−1(Y) onto
the (p− 1)th real homology group Hp−1(Y;R) is injective;

(H3) if n := dim(X ) ≥ p + 1, then X satisfies the (p− 1)-extension property with respect to Y.

As in the model case Y = Sp−1, we shall first introduce the class cart1/p (X × Y), see [13] for the case
p = 2 and X = Bn. Roughly speaking, a Cartesian current T ∈ cart1/p (X × Y) is a semi-current in
Dn,p−1(X × Y), i.e., its action is well-defined on compactly supported smooth n-forms in X × Y with at
most (p − 1) differentials in the vertical Y-variables. Moreover, T satisfies a null-boundary condition that
is analogous to (1.14), and can be decomposed as T = GuT

+ ST , where GuT
is the current carried by the

graph of some map uT ∈ W 1/p(X ,Y). Also, the second term ST is a ”completely vertical” semi-current,
i.e., its action is non-zero only on n-forms in X × Y with exactly (p − 1) differentials in the Y-variables.
By (H1), and according to (1.13), it turns out that ST is a finite sum of Cartesian products of currents of
the type Ls × γs, for some i.m. rectifiable currents Ls ∈ Rn−p+1(X ), where the equivalence classes [γs]
generate the spherical homology group Hsph

p−1(Y).
The E1/p-energy is naturally extended to cart1/p (X × Y) in such a way that E1/p(T ) = E1/p(uT ) if

T = GuT
, and the functional T 7→ E1/p(T ) is lower semicontinuous with respect to the weak convergence as

currents. Moreover, if (H2) and (H3) are satisfied, we shall prove the following density property:

Theorem 1.7 For every T ∈ cart1/p (X × Y) there exists a sequence of smooth W 1/p-maps uk : X → Y
such that Guk

weakly converges to T as k →∞ and

lim sup
k→∞

E1/p(uk) ≤ (
2c(p,Y)− 1

) · E1/p(T ) < ∞ ,

where c(p,Y) ≥ 1 is an absolute constant, only depending on p and Y.

As a consequence of Theorem 1.7 and of a result from [27] concerning the minimal connection of the
singularities of maps in W 1/p(X ,Y), see Theorem 4.9 below, we shall then prove that for any integers
n ≥ p ≥ 2 and for every u ∈ W 1/p(X ,Y) the relaxed energy Ẽ1/p(u) is always finite. Roughly speaking,
the gap between the relaxed energy and the energy E1/p(u) is bounded from above by an absolute constant
times the minimal connection of the singularities of u, Proposition 6.4.

If p = 2, the optimal constant c(2,Y) in Theorem 1.7 is always equal to one. By lower semicontinuity
of the E1/p-energy, this yields that in the case p = 2 we find a smooth sequence uk : X → Y such that
Guk

weakly converges to T and E1/2(uk) → E1/2(T ) as k → ∞, compare [13] for the case X = Bn. In
particular, for p = 2 we obtain an explicit formula for the relaxed energy Ẽ1/2(u), Corollary 6.5.

Finally, for non integer exponents p > 2, and n ≥ p := [p], we shall extend Theorem 1.3, showing that
for every u ∈ W 1/p(X ,Y) we have

Ẽ1/p(u) =
{ E1/p(u) if P(u) = 0

+∞ if P(u) 6= 0 ,

where P(u) is the (n− p)-current that describes the homological singularities of u, compare Sec. 4 below.

Plan of the paper. Sections 2 and 3 are dedicated to the model case Y = Sp−1, see Theorems 1.1,
1.2, and 1.3. In Sec. 4, we recall from [27] the definition of current Gu carried by the graph of a function
u ∈ W 1/p(X ,Y), and discuss the homological singularities of u. In Sec. 5, we introduce the class of Cartesian
currents in X × Y with finite W 1/p-energy, collecting their main properties. In Sec. 6, using the density
property of graphs of smooth maps in cart1/p (X × Y), see Theorem 1.7, we discuss the relaxed E1/p-energy
of mappings in W 1/p(X ,Y) for general target manifolds. In order to prove Theorem 1.7, in Sec. 7 we show
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how to approximate a spherical (p−1)-cycle of Y. We shall first focus on the model case Y = Sp−1, for which
we shall give an optimal energy estimate, yielding to Theorem 1.1. Sec. 8 is then dedicated to give a sketch
of the proof of the density theorems 1.1 and 1.7 in the easier cases of low dimension n := dim(X ) = p − 1
and n = p. Moreover, in the higher dimension n ≥ p + 1, using an idea from [16], we shall reduce the
proof of the density theorem to Theorem 8.4 below. Since the proof of Theorem 8.4 is more technical, but
it cannot be easily deduced from previously published results, it has been postponed to the Appendix.

2 Mappings into the sphere and singularities

In this section we collect some properties of mappings in W 1/p(X ,Sp−1), for which we refer to [27]. Here
Sp−1 is the unit (p−1)-sphere of Rp and p := [p] is the integer part of p, where p ≥ 2. Due to (1.8), we shall
then assume n := dim(X ) ≥ p. We first recall the notion of current carried by the graph of a W 1/p-map u
and of singularities of u. Both of them are defined by means of the extension map Ext(u) ∈ W 1,p(Cn+1,RN ).

Currents carried by graphs. If U is a Sobolev map in W 1,p(Cn+1,Rp), the (n + 1)-current
GU in Cn+1 × Rp carried by its graph is defined (in an approximate sense) by GU := (Id ./ U)#[[ Cn+1 ]],
where (Id ./ U)(z) := (z, U(z)), compare [10]. For example, if ω = γ ∧ η ∈ Dn+1(Cn+1 × Rp), where
γ ∈ Dn+1−h(Cn+1), η ∈ Dh(RN ), and 0 ≤ h ≤ min{n + 1, p}, we have

GU (γ ∧ η) = [[ Cn+1 ]]((Id ./ U)#(γ ∧ η)) = [[ Cn+1 ]](γ ∧ U#η) =
∫

Cn+1
γ ∧ U#η . (2.1)

Actually, GU is an integer multiplicity (say i.m.) rectifiable current in Rn+1(Cn+1×Rp), with finite mass,

M(GU ) := sup{GU (ω) | ω ∈ Dn+1(Cn+1 × Rp), ‖ω‖ ≤ 1} < ∞ ,

where ‖ω‖ is the comass norm of ω. In fact, by using the parallelogram inequality we infer that

M(GU ) ≤ C (Hn(X ) + Dp(U))

for some absolute constant C = C(n, p,X ) > 0, not depending on U .

Definition 2.1 To any map u ∈ W 1/p(X ,Sp−1) we associate an n-current Gu in Dn(X ×Sp−1) by setting

Gu := (−1)n−1(∂GU ) ((X × {0})× Rp) on Dn(X × Sp−1) , (2.2)

where U := Ext(u) ∈ W 1,p(Cn+1,Rp).

Remark 2.2 The above definition holds true for every u ∈ W 1/p(X ,Rp) ∩ L∞, yielding to a semi-current
Gu in Dn,p−1(X × Rp), see Sec. 4 below. However, if u ∈ W 1/p(X , Sp−1), by Federer’s support theorem
[5], we infer that the current Gu actually belongs to Dn(X × Sp−1). Notice that in general Gu is not i.m.
rectifiable, even for X = Bn and in low dimension n = p, and for p = 2.

We recall that the boundary of a current T̃ in Dn+1(Cn+1×Rp) is defined, by duality, for every compactly
supported smooth n-form ω in Cn+1 × Rp by

∂T̃ (ω) := T̃ (dω) , ω ∈ Dn(Cn+1 × Rp) ,

yielding to an n-current ∂T̃ in Cn+1 × Rp. If T̃ = GU for some Sobolev map U ∈ W 1,p(X ,Rp), we have

∂GU (ω) = 0 ∀ω ∈ Dn(int(Cn+1)× Rp) . (2.3)

In fact, this condition is readily checked if U is smooth, by Stoke’s theorem, and holds true in general by a
standard density argument, as p = [p].

In a similar way, the boundary of a current T ∈ Dn(X × Sp−1) is well defined by

∂T (ω) := T (dω) , ω ∈ Dn−1(X × Sp−1) .
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Notice that for maps u ∈ W 1/p(X , Sp−1) in general the boundary ∂Gu is non zero.
Finally, we recall that the weak convergence on currents is defined in a dual sense. Namely, a sequence

{Tk} ⊂ Dn(X ×Sp−1) weakly converges to T ∈ Dn(X ×Sp−1), say Tk ⇀ T , if Tk(ω) → T (ω) for every test
form ω ∈ Dn(X × Sp−1).

Singularities. Let ωSp−1 denote the normalized volume (p− 1)-form in Sp−1

ωSp−1 :=
1
αp

p∑

j=1

(−1)j−1yj dy1 ∧ · · · ∧ dyj−1 ∧ dyj+1 ∧ · · · ∧ dyp , (2.4)

where αp := Hp−1(Sp−1), so that [[Sp−1 ]](ωSp−1) =
∫
Sp−1 ωSp−1 = 1. Moreover, let π : X × Rp → X and

π̂ : X × Rp → Rp denote the orthogonal projections onto the two factors.

Definition 2.3 The singularities of a map u in W 1/p(X , Sp−1) are represented by the (n− p)-dimensional
current P(u) in Dn−p(X ) defined by

P(u)(φ) := (−1)p ∂Gu(π#φ ∧ π̂#ωSp−1) , φ ∈ Dn−p(X ) .

We write explicitly the action of P(u), recovering the definition (1.11) of singularities introduced by
Hang-Lin [19], for X an open set of Rn. We recall that η : [0, 1] → [0, 1] is a smooth decreasing cut-off
function such that η(t) = 1 for t ∈ [0, 1/4] and η(t) = 0 for t ∈ [3/4, 1].

Proposition 2.4 For every u ∈ W 1/p(X , Sp−1) and every φ ∈ Dn−p(X ) we have

P(u)(φ) =
1
|Bp|

∫

Cn+1
dφ̃ ∧ U#(dy1 ∧ · · · ∧ dyp) ∀φ ∈ Dn−p(X ) ,

where U := Ext(u) and φ̃ ∈ Dn−p(Cn+1) is given by φ̃ := φ ∧ η.

Proof: We can assume that U := Ext(u) takes values into the closure B
p

of the unit p-ball. We then
denote by ω̂Sp−1 a (p − 1)-form in Dp−1(Rp) that agrees with the right-hand side of (2.4) on B

p
. By the

definition (2.2) and by (2.3) we have

∂GU (π#dφ̃ ∧ π̂#ω̂Sp−1) = (−1)n−1Gu(π#(dxφ̃ + dtφ̃)|t=0 ∧ π̂#ωSp−1)
= (−1)n−1Gu(π#dφ ∧ π̂#ωSp−1) .

Since dπ̂#ωSp−1 = π̂#dωSp−1 = 0, we compute

P(u)(φ) = (−1)pGu(dπ#φ ∧ π̂#ωSp−1) = (−1)pGu(π#dφ ∧ π̂#ωSp−1)
= (−1)n−p+1∂GU (π#dφ̃ ∧ π̂#ω̂Sp−1) = GU (π#dφ̃ ∧ dπ̂#ω̂Sp−1)
= GU (π#dφ̃ ∧ π̂#dω̂Sp−1) .

(2.5)

Therefore, it suffices to observe that since αp = p |Bp| and U(Cn+1) ⊂ B
p
, then

U# dω̂Sp−1 = U#ωBp , ωBp :=
1
|Bp| dy1 ∧ · · · ∧ dyp ,

and recall the action (2.1) of the current GU . ¤

Cartesian maps. Of course, a map u ∈ W 1/p(X , Sp−1) has zero homological singularities, i.e., satisfies
P(u) = 0, if and only if the current Gu associated to its graph has no inner boundary, i.e.,

∂Gu = 0 on Dn−1(X × Sp−1) . (2.6)

For this reason, we give the following

Definition 2.5 Let p := [p] ≥ 2. A map u : X → Sp−1 is said to be a Cartesian map in cart1/p(X , Sp−1)
if u belongs to W 1/p(X , Sp−1) and satisfies the null-boundary condition (2.6).
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Trivially, condition P(u) = 0 holds true if u is smooth, say Lipschitz. Moreover, since the null-boundary
condition (2.6) is preserved by the weak convergence in Dn(X × Sp−1), and the strong convergence uk → u
in W 1/p(X ,Rp) yields the weak convergence Guk

⇀ Gu, according to (1.7) we immediately obtain that

H
1/p
S (X ,Sp−1) ⊂ cart1/p(X ,Sp−1) .

Moreover, in [27] we showed that under suitable hypotheses on X , every map in cart1/p (X ,Y) can be
approximated by sequences of smooth maps in W 1/p.

Theorem 2.6 Let p ≥ 2 and n ≥ p := [p]. If n ≥ p + 1, assume that X satisfies the (p − 1)-extension
property with respect to Sp−1. Then

H
1/p
S (X ,Sp−1) = cart1/p(X ,Sp−1) . (2.7)

We recall that X is said to be p-connected if πk(X ) = 0 for k = 0, . . . , p. In particular, we have:

Proposition 2.7 If n := dim(X ) ≥ p+1, assume that X is p-connected. Then (2.7) holds for every n ≥ p.

Since both Bn and Sn are p-connected for n ≥ p + 1, we then obtain:

Corollary 2.8 If X = Bn or Sn, then (2.7) holds for every n ≥ p.

Proof of Proposition 2.7: In [27, Thm. 3.2] we showed that every map u ∈ cart1/p(X , Sp−1) is the
strong W 1/p-limit of a sequence of maps in R∞1/p(X , Sp−1) ∩ cart1/p. Therefore, by a diagonal argument it

suffices to show that R∞1/p(X ,Sp−1) ∩ cart1/p is contained in H
1/p
S (X ,Sp−1).

Let now u ∈ R∞1/p(X ,Sp−1) ∩ cart1/p and let X be a cubeulation of X in dual position with respect
to u, compare [27], so that the (p− 1)-skeleton Xp−1 is disjoint from the (n− p)-dimensional singular set
Σ(u) of u, see (1.15). By [26, Thm. 3], it suffices to show that the restriction u|Xp−1 has a continuous
extension g : X → Sp−1. To this purpose, since the restriction of u to each (p − 1)-simplex of Xp−1 has
zero degree, we infer that u|Xp−1 has a continuous extension f : Xp → Sp−1. This gives the claim, for
n = p. If n ≥ p+1, since X is p-connected, arguing as in [32, Sec. 6], we find a continuous map φ : X → X
homotopic to the identity map and such that the restriction φ|Xp is constant. Then f ◦ φ is homotopic to
f and f ◦ φ|Xp is constant. Whence, f|Xp can be extended to a continuous map, as required. ¤

Integral connections. The current P(u) carrying the singularities of any map u ∈ W 1/p(X , Sp−1)
is an integral flat chain.

Proposition 2.9 Let n ≥ p ≥ 2. For every u ∈ W 1/p(X , Sp−1) there exists an i.m. rectifiable current
L ∈ Rn−p+1(X ) such that

(∂L) int(X ) = P(u) and M(L) ≤ C
(E1/p(u) + ‖Ext(u)‖p

Lp(Cn+1)

)
,

where C > 0 is an absolute constant, not depending on u, and Ext(u) ∈ W 1,p(Cn+1,RN ) is the extension
of u.

This property (and its local version) was first proved by Hang-Lin [19] for p ≥ 2 integer and for X = Rn.
In [27] we gave a proof based on the previous definitions. Notice that the extra term ‖Ext(u)‖p

Lp(Cn+1) in
the above formula can be removed if we require that the integral connection L belongs to Rn−p+1(Cn+1), as
in [19]. Finally, a result similar to Proposition 2.9 holds true for mappings with prescribed boundary data,
compare [27].

3 The relaxed energy of mappings into the sphere

In this section we discuss the relaxed E1/p-energy for mappings into the (p−1)-sphere. We shall always assume
n := dim(X ) ≥ p := [p] ≥ 2. Moreover, on account of Theorem 2.6, Proposition 2.7, and Corollary 2.8, if
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n ≥ p + 1, we shall assume that X is p-connected or, more generally, that X satisfies the (p− 1)-extension
property with respect to Sp−1.

We recall that by (1.6), for every open set Ω ⊂ X and u ∈ W 1/p(X , Sp−1) we have

Ẽ1/p(u, Ω) := inf{lim inf
k→∞

E1/p(uk, Ω) | {uk} ⊂ W 1/p(Ω,Sp−1) ∩ C1 , uk → u strongly in Lp(Ω,Rp)} ,

where E1/p(u,Ω) is given by (1.5), and we let Ẽ1/p(u) := Ẽ1/p(u,X ). We first consider the case of integer
exponents p ≥ 2. We shall then consider the case p > 2 non integer.

Real and integral mass. Recall:

Definition 3.1 For every Γ ∈ Dn−p(Ω) we denote by

mr,Ω(Γ) := inf{M(D) | D ∈ Dn−p+1(Ω) , (∂D) Ω = Γ}
mi,Ω(Γ) := inf{M(L) | L ∈ Rn−p+1(Ω) , (∂L) Ω = Γ}

the real mass and integral mass of Γ relative to Ω, respectively.

In case mi,Ω(Γ) < ∞, the infimum is always attained, i.e., there exists an i.m. rectifiable current
L ∈ Rn−p+1(Ω) such that (∂L) Ω = Γ and M(L) = mi,Ω(Γ). Any such current is called an integral
minimal connection for the mass of Γ allowing connections to the boundary of Ω.

Cartesian currents. Proposition 2.9 yields that for every u ∈ W 1/p(X , Sp−1) we have

mi,int(X )(P(u)) ≤ C ‖Ext(u)‖p
W 1,p(Cn+1) < ∞ . (3.1)

This motivates us to introduce the following

Definition 3.2 A current T ∈ Dn(X × Sp−1) is said to be a Cartesian current in cart1/p(X × Sp−1) if

∂T = 0 on forms in Dn−1(X × Sp−1) (3.2)

and T can be decomposed as
T = GuT + LT × [[Sp−1 ]] (3.3)

for some map uT ∈ W 1/p(X , Sp−1) and some i.m. rectifiable current LT in Rn−p+1(X ).

In fact, from Definition 2.3 and the null boundary condition (3.2), it is readily checked that for every
T ∈ cart1/p(X × Sp−1) we have

(∂LT ) int(X ) = (−1)p−1P(uT ) . (3.4)

As a consequence, denoting for every u ∈ W 1/p(X ,Sp−1) by

T 1/p
u := {T ∈ cart1/p(X × S2) | uT = u in (3.3)}

the subclass of Cartesian currents T with corresponding function uT equal to u, it turns out that

T 1/p
u = {Gu + L× [[Sp−1 ]] : L ∈ Rn−p+1(X ) , (∂L) int(X ) = (−1)p−1P(u)} . (3.5)

Remark 3.3 By (3.1) we thus obtain that for every u ∈ W 1/p(X , Sp−1) the class T 1/p
u is non-empty.

We finally notice that according to Definition 2.5, for every u ∈ W 1/p(X ,Sp−1) we have

Gu ∈ cart1/p(X × Sp−1) ⇐⇒ u ∈ cart1/p(X ,Sp−1) .

The E1/p-energy on currents. We equip the class cart1/p(X ×Sp−1) with the E1/p-energy defined
for every T as in (3.3) and every open set Ω ⊂ X by

E1/p(T, Ω× Sp−1) := E1/p(uT ,Ω) + |Bp| ·M(LT Ω) ,

see (1.5), where |Bp| is the measure of the p-dimensional unit ball. We also let

E1/p(T ) := E1/p(T,X × Sp−1) = E1/p(uT ) + |Bp| ·M(LT ) . (3.6)

In the following sections we shall deduce the following semicontinuity and closure-compactness properties:
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Proposition 3.4 We have, see Sec. 5 below:

i) the energy functional T 7→ E1/p(T ) is sequentially lower semicontinuous in cart1/p(X × Sp−1) with
respect to the weak convergence in Dn(X × Sp−1);

ii) the class cart1/p(X × Sp−1) contains the Dn-weak limit points of sequences {Guk
} of currents carried

by graphs of smooth maps in W 1/p(X , Sp−1) with equibounded energies, supk E1/p(uk) < ∞;

iii) the class cart1/p(X × Sp−1) is closed with respect to the weak Dn-convergence along sequences {Tk}
with equibounded energies, supk E1/p(Tk) < ∞;

iv) if {Tk} ⊂ cart1/p(X ×Sp−1) satisfies supk E1/p(Tk) < ∞, possibly passing to a subsequence Tk weakly
converges in Dn(X × Sp−1) to some current T in cart1/p(X × Sp−1).

A density result. Finally, we shall prove the following strong density property:

Theorem 3.5 For every T ∈ cart1/p(X × Sp−1) there exists a sequence of smooth W 1/p-maps uk : X →
Sp−1 such that Guk

⇀ T weakly in Dn(X × Sp−1) as k →∞ and

lim
k→∞

E1/p(uk) = E1/p(T ) .

Remark 3.6 Definition 3.2 holds true even in dimension n = p − 1. In this case, LT is a finite sum of
signed unit Dirac masses, and actually Gu belongs to cart1/p(X × Sp−1) for every u ∈ W 1/p(X , Sp−1).
Moreover, Proposition 3.4 and Theorem 3.5 continue to hold.

A representation formula. As a consequence of Proposition 3.4 and Theorem 3.5, we now obtain
the following representation formula for the relaxed energy, in the case p ≥ 2 integer.

Proposition 3.7 For every u ∈ W 1/p(X , Sp−1) the relaxed energy Ẽ1/p(u) is finite. Moreover, we have

Ẽ1/p(u) = inf{E1/p(T ) | T ∈ T 1/p
u }

= E1/p(u) + |Bp| ·mi,int(X )(P(u)) .
(3.7)

Proof: Let T ∈ T 1/p
u , see Remark 3.3, and let {uk} be the approximating sequence given by Theorem 3.5.

Since the weak convergence as currents yields the Lp-convergence of uk to the W 1/p-function uT corre-
sponding to T , see (3.3), and uT = u, we have that uk → u in Lp(X ,Rp), hence Ẽ1/p(u) ≤ E1/p(T ) < ∞.
The inequality ”≤” in the first line of (3.7) follows by taking the infimum on T ∈ T 1/p

u . Conversely, for every
sequence {uk} ⊂ W 1/p(X , Sp−1) ∩ C∞ such that uk → u strongly in Lp(X ,Rp), with supk E1/p(uk) < ∞,
by closure-compactness, and possibly passing to a subsequence, the currents Guk

∈ cart1/p(X×Sp−1) weakly
converge to some T ∈ cart1/p(X × Sp−1). We again have uT = u, whence T ∈ T 1/p

u . Moreover, by lower
semicontinuity, we have

E1/p(T ) ≤ lim inf
k→∞

E1/p(Guk
) = lim inf

k→∞
E1/p(uk) ,

which yields the inequality ”≥” in the first line of (3.7), by the arbitrariness of {uk}. The second equality
follows from the definition of E1/p-energy and from (3.5) and Definition 3.1. ¤

A local formula. A local version of Proposition 2.9 holds true, concerning the integral mass of the
singularity P(u) relative to any open set Ω ⊂ X , see Definition 3.1. We have, see [27]:

Corollary 3.8 For every u ∈ W 1/p(X ,Sp−1) and every open set Ω ⊂ X we have that

mi,Ω(P(u) Ω) ≤ C ‖Ext(u)‖p
W 1,p(Ω×[0,1]) < ∞ .

Moreover, Proposition 3.4 and Theorem 3.5 hold true for Cartesian currents in Ω×Sp−1. As a consequence,
similarly to Proposition 3.7 we readily obtain:

Proposition 3.9 For every u ∈ W 1/p(X , Sp−1) and every open set Ω ⊂ X we have

Ẽ1/p(u, Ω) = E1/p(u, Ω) + |Bp| ·mi,Ω(P(u) Ω) < ∞ .
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The case p non-integer. A different feature occurs if the exponent p is non-integer. We first
recall that if 1 < p < 2, by (1.8) we have (1.9) in any dimension n. Arguing as in [17, Sec. 5.6] we prove:

Proposition 3.10 Let n ≥ p and p > 2 non-integer. Then for every u ∈ W 1/p(X ,Sp−1) we have

Ẽ1/p(u) =
{ E1/p(u) if P(u) = 0

+∞ if P(u) 6= 0 ,

where P(u) ∈ Dn−p(X ) is the current of the singularities of u, see Definition 2.3.

Proof: If P(u) = 0, then u ∈ cart1/p(X ,Sp−1), and the assertion follows from Theorem 2.6. Conversely,
we now show that

Ẽ1/p(u) < ∞ =⇒ P(u) = 0 .

Let {uk} ⊂ C∞(X ,Sp−1) satisfy supk E1/p(uk) < ∞ and uk → u strongly in Lp(X ,Rp). Since
supk E1/p(Guk

) < ∞, possibly passing to a subsequence, by Proposition 3.4 the currents Guk
∈ cart1/p(X ×

Sp−1) weakly converge to some current T ∈ cart1/p(X×Sp−1). Write T as in (3.3), where LT ∈ Rn−p+1(X )
satisfies (3.4) and, of course, uT = u, hence T ∈ T 1/p

u . In order to prove that P(u) = 0, it then suffices to
show that LT = 0.

Since we use a local argument, without loss of generality we may and do assume X = Bn. Suppose by
contradiction that M(LT ) > 0, and let L be a compact subset of the set of points of LT which have non-
zero density, L with positive Hn−p+1-measure. For x ∈ L, we denote by Πx the intersection with Bn of
the (p−1)-dimensional plane containing x and orthogonal to the approximate tangent (n−p+1)-space to L
at x. Since L is compact, for Hn−p+1-a.e. x ∈ L, the (p−1)-dimensional restrictions of Guk

to Πx×Sp−1

yield (possibly passing to a subsequence) a sequence of graphs of smooth functions uk|Πx
: Πx → Sp−1 with

equibounded E1/p-energies. Moreover, let Uk := Ext(uk|Πx
) ∈ W 1/p(Πx × I,Rp) be the W 1,p-extension of

uk|Πx
, so that

sup
k

∫

Πx×I

|DUk|p dHp ≤ C̃ < ∞ .

For r > 0 small, let Dr(x) := Bn
r (x) ∩ Πx denote the (p − 1)-dimensional disk of radius r, centered at x

and contained in Πx. Since p > p, the Hölder inequality yields
∫

Dr(x)×I

|DUk|p dHp ≤
(∫

Dr(x)×I

|DUk|p dHp
)p/p

· Hp(Dr(x)× I)1−p/p

≤ C̃ r(p−1)(p−p)/p ,

(3.8)

where the exponent (p − 1)(p − p)/p > 0. On the other hand, by a slicing argument, and by Remark 3.6,
the (p − 1)-dimensional currents Guk|Πx

have to converge ”near” the point x to the graph Gu|Πx
of the

restriction u|Πx
plus a vertical part of the type σδx × [[Sp−1 ]], where σ is some non-zero integer. By lower

semicontinuity, this is in contradiction with (3.8), for r > 0 small enough, hence LT = 0, as required. ¤

4 Graphs of W 1/p-maps and singularities

In order to extend the results of the previous section to more general target manifolds Y, in this section we
recall from [27] the definition of current Gu carried by the graph of a function u ∈ W 1/p(X ,Y). We shall
then discuss the homological singularities of u. As before, we assume n := dim(X ) ≥ p := [p] ≥ 2. We also
set M := dim(Y), and recall that Y ⊂ RN .

Dk,r-currents. Every compactly supported smooth differential k-form ω ∈ Dk(X × Y), where k ≤ n,
splits as a sum ω =

∑k
j=0 ω(j), k := min(k,M), where the ω(j)’s are the k-forms that contain exactly j

differentials in the vertical Y variables. For fixed r = 1, . . . , k we denote by Dk,r(X × Y) the subspace of
Dk(X ×Y) of k-forms of the type ω =

∑r
j=0 ω(j), and by Dk,r(X ×Y) the dual space of Dk,r(X ×Y). Of

course we have Dk,k = Dk, the space of all k-currents. Moreover, a sequence {Tk} ⊂ Dk,r(X ×Y) is said to
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converges weakly in Dk,r, say Tk ⇀ T , if Tk(ω) → T (ω) for every ω ∈ Dk,r(X ×Y). The class Dk,r(X ×Y)
is closed under the weak convergence in Dk,r. A similar notation holds by replacing X and Y with Cn+1

and RN , respectively.

Example 4.1 If U ∈ W 1,p(Cn+1,RN ), then GU is a well defined (n + 1, p)-current in Dn+1,p(Cn+1 ×RN )
and, in an approximate sense, GU := (Id ./ U)#[[ Cn+1 ]]. Formula (2.1) continues to hold, where this time
0 ≤ h ≤ min{n + 1,M, p}. Setting moreover

‖GU‖ := sup{GU (ω) | ω ∈ Dn+1,p(Cn+1 × RN ), ‖ω‖ ≤ 1} ,

where ‖ω‖ is the comass norm of ω, by using the parallelogram inequality we infer that

‖GU‖ ≤ C (Hn(X ) + Dp(U)) < ∞
for some absolute constant C = C(n, p,X ) > 0, not depending on U . Similarly to Definition 2.1, we set:

Definition 4.2 To any map u ∈ W 1/p(X ,RN )∩L∞ we associate an (n, p−1)-current Gu in Dn,p−1(X ×
RN ) by setting

Gu := (−1)n−1(∂GU ) ((X × {0})× RN ) on Dn,p−1(X × RN ) , (4.1)

where U := Ext(u) ∈ W 1,p(Cn+1,RN ), see Example 4.1.

In particular, if u ∈ W 1/p(X ,Y), by Federer’s support theorem [5] we infer that the current Gu in
Definition 4.2 belongs to Dn,p−1(X × Y).

Boundaries. The exterior differential of forms in X ×Y splits into a horizontal and a vertical differential,
d = dx + dy. Of course ∂xT (ω) := T (dxω) defines a horizontal boundary operator ∂x : Dk,r(X × Y) →
Dk−1,r(X×Y). However, the vertical differential dyω of any form ω ∈ Dk−1,r(X×Y) belongs to Dk,r(X×Y)
if and only if dyω(r) = 0. Therefore, for every T ∈ Dk,r(X ×Y) the vertical boundary operator ∂yT makes
sense only as an element of the dual space of Zk−1,r(X × Y), where

Zk,r(X × Y) := {ω ∈ Dk,r(X × Y) | dyω(r) = 0} .

For future use, we also set

Bk,r(X × Y) := {ω ∈ Dk,r(X × Y) | ∃ η ∈ Dk−1,r−1(X × Y) : ω(r) = dyη}
and

Hk,r(X × Y) :=
Zk,r(X × Y)
Bk,r(X × Y)

,

and recall, see e.g. [17, Prop. 4.23], that

Hk,r(X × Y) ' Dk−r(X )⊗Hr
dR(Y) , (4.2)

where Hr
dR(Y) is the r-th de Rham cohomology group.

Spherical cycles. The current P(u) carrying the singularities of maps u ∈ W 1/p(X ,Y) only depends
on the spherical subgroup Hsph

p−1(Y) of Hp−1(Y).

Definition 4.3 We say that an integral (p−1)-cycle C ∈ Zp−1(Y) is of spherical type if its homology class
contains a Lipschitz image of the (p − 1)-sphere Sp−1, i.e., if there exist a (p − 1)-cycle Z ∈ Zp−1(Y), an
i.m. rectifiable p-current R ∈ Rp(Y), and a Lipschitz function φ : Sp−1 → Y, such that

C − Z = ∂R and Z = φ#[[Sp−1 ]] .

Moreover, denote

Hsph
p−1(Y) := {[γ] ∈ Hp−1(Y) | ∃ φ ∈ Lip(Sp−1,Y) | φ#[[Sp−1 ]] ∈ [γ]} .
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By the assumption (H1), we infer that we may find a family γ1, . . . , γes of integral cycles (with finite mass)
in Zp−1(Y) such that the corresponding equivalence classes generate the spherical subgroup Hsph

p−1(Y), i.e.,

Hsph
p−1(Y) =

{ es∑
s=1

ns [γs] | ns ∈ Z
}

.

We shall denote by [σ1], . . . , [σes] a dual basis of spherical (p− 1)-forms in Hp−1
dR (Y), so that γs(σr) = δsr.

Remark 4.4 In the case p = 2, every integral 1-cycle in Z1(Y) is of S1-type.

The homological singularities of W 1/p-maps. Let u ∈ W 1/p(X ,Y). For each s = 1, . . . , s̃,
we define the current Ps(u) ∈ Dn−p(X ) by setting for any φ ∈ Dn−p(X )

Ps(u)(φ) := (−1)p∂Gu(φ ∧ σs) , φ ∈ Dn−p(X ) . (4.3)

Formally, we have
Ps(u) := (−1)p (−1)(n−p)(p−1)π#((∂Gu) π̂#σs) ,

where π : X × RN → X and π̂ : X × RN → RN denote the orthogonal projections onto the first and
second factor, respectively. Moreover, it turns out that Ps(u) does not depend on the representative in the
cohomology class [σs].

Also, for every s we define the current Ds(u) ∈ Dn−p+1(X ) by

Ds(u)(γ) := GU (γ̃ ∧ dσ̂s) , γ ∈ Dn−p+1(X ) . (4.4)

Here U := Ext(u), γ̃ := γ∧η ∈ Dn−p+1(Cn+1), and σ̂s ∈ Dp−1(RN ) satisfies i#σ̂s = σs, where i : Y ↪→ RN

is the injection map. This time, we formally have

Ds(u) := (−1)p(n−p+1) π#(GU π̂#dσ̂s) .

Moreover, Ds(u) is a current of finite mass in Dn−p+1(X ), as U = Ext(u) is a W 1,p-function and dσ̂s ∈
Dp(RN ), with p = [p], see Example 4.1.

It turns out that for every ω ∈ Zn−1,p−1(X × Y) the action ∂Gu(ω) only depends on the cohomology
class of ω. Therefore, the boundary current ∂Gu induces a functional (∂Gu)∗ on Hn−1,p−1(X × Y),

(∂Gu)∗(ω + Bn−1,p−1) := ∂Gu(ω + Bn−1,p−1) = ∂Gu(ω) , ω ∈ Zn−1,p−1 .

By (4.2) the homology map (∂Gu)∗ is uniquely represented as an element of Dn−p(X ;Hp−1(Y;R)). We
thus set

P(u) := (∂Gu)∗ ∈ Dn−p(X ;Hp−1(Y;R)) .

More explicitly, we find that

P(u) = (−1)p
es∑

s=1

Ps(u)⊗ [γs] . (4.5)

The above notation reduces to Definition 2.3 in the model case Y = Sp−1. Moreover, for general target
manifolds Y, similarly to Proposition 2.4 we obtain that for every u ∈ W 1/p(X ,Y)

Ps(u) = ∂ Ds(u) on Dn−p(X ) ∀ s . (4.6)

Therefore, we have

Ps(u)(φ) = Ds(u)(dφ) = GU (dφ̃ ∧ dσ̂s) =
∫

Cn+1
dφ̃ ∧ U#(dσ̂s)

for every φ ∈ Dn−p(X ). Finally, if u ∈ R∞1/p(X ,Y) we obtain that P(u) is an integral flat chain.

Proposition 4.5 If u ∈ R∞1/p(X ,Y), then Ps(u) is i.m. rectifiable in Rn−p(X ) for every s = 1, . . . , s̃.
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Cartesian maps. A map u ∈ W 1/p(X ,Y) has zero homological singularities, i.e., it satisfies P(u) = 0,
if and only if the current Gu associated to its graph has no inner boundary:

∂Gu = 0 on Zn−1,p−1(X × Y) , p := [p] ≥ 2 . (4.7)

For this reason, we extend Definition 2.5 as follows:

Definition 4.6 A map u : X → Y is said to be a Cartesian map in cart1/p(X ,Y) if u belongs to
W 1/p(X ,Y) and satisfies the null-boundary condition (4.7).

In the sequel we shall tacitly assume that dim(Y) ≥ p − 1 and that the homology group Hsph
p−1(Y) is

non-trivial, so that in general P(u) 6= 0, i.e., the strict inclusion cart1/p (X ,Y) ( W 1/p(X ,Y) holds. As
in the model case Y = Sp−1, since the null-boundary condition (4.7) is preserved by the weak convergence
in Dn,p−1, and the strong convergence uk → u in W 1/p(X ,Y) yields the weak convergence Guk

⇀ Gu in
Dn,p−1, according to (1.7) we obtain again that

H
1/p
S (X ,Y) ⊂ cart1/p (X ,Y) .

Under suitable hypotheses on X and Y, in [27] we showed that every map in cart1/p (X ,Y) can be
approximated by sequences of smooth maps in W 1/p.

Theorem 4.7 Let X and Y satisfy the hypotheses (H1), (H2) and (H3). For every n ≥ p ≥ 2 we have

cart1/p (X ,Y) = H
1/p
S (X ,Y) .

Remark 4.8 Even in the case X = Bn, and n = p, the hypothesis (H2) on the commutativity of the first
homotopy group, in the case p = 2, or on the injectivity of the Hurewicz maps, in the case p ≥ 3, cannot
be dropped from the statement of Theorem 4.7, compare [27].

Integral connections. Assume now that X and Y satisfy the hypotheses (H1) and (H2). Similarly
to Proposition 2.9, in [27] we proved the following upper bound for the integral connection of the singularities.

Theorem 4.9 Let n ≥ p := [p] ≥ 2 and u ∈ R∞1/p(X ,Y). Then for every s = 1, . . . , s̃ there exists an i.m.
rectifiable current Ls ∈ Rn−p+1(X ) such that (∂Ls) int(X ) = Ps(u) and the mass

M(Ls) ≤ C
(E1/p(u) + ‖Ext(u)‖p

Lp(Cn+1)

)
,

where C > 0 is an absolute constant, not depending on u.

A similar result is satisfied in the case with prescribed boundary data. Moreover, according to Defini-
tion 3.1, the following local version holds true:

Corollary 4.10 For every u ∈ R∞1/p(X ,Y) and every open set Ω ⊂ X we have

mi,Ω(Ps(u) Ω) ≤ C ‖Ext(u)‖p
W 1,p(Ω×[0,1]) ∀ s = 1, . . . s̃ .

In the case n = p, or n ≥ p = 2, we finally have:

Proposition 4.11 If n = p or p = 2, Theorem 4.9 and Corollary 4.10 hold true for the whole classes of
maps in W 1/p(X ,Y).

5 Cartesian currents with finite W 1/p-energy

In this section we introduce the class of Cartesian currents with finite W 1/p-energy, see Definitions 5.2 and
5.10, collecting their main properties. We assume n := dim(X ) ≥ p − 1 ≥ 1, with p integer, and that X
and Y satisfy the assumptions (H1), (H2), and (H3). We shall extend analogous results proved in [13] in
the case p = 2 and X = Bn. Therefore, we shall omit almost all the proofs, as they can be readily deduced
by using arguments very similar to the corresponding ones given in [13] for p = 2, see also [17, Ch. 6].

Integral flat cycles. We shall make use of the following
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Definition 5.1 We say that an i.m. (p − 1)-cycle C ∈ Zp−1(Y) is an integral flat cycle if there exists an
i.m. rectifiable current R ∈ Rp(RN ) such that ∂R = C.

This definition has to do with the relative integral homology classes Hp−1(A,B;Z) in the case A = Y and
B = ∂Y = ∅. In fact, compare [10, Vol. I, Sec. 5.4.1], one has

Zp−1(Y, ∅;Z) = {C ∈ Zp−1(Y) | C is an integral flat (p− 1)-cycle}
whereas, on account of Federer’s flatness theorem,

Bp−1(Y, ∅;Z) = {∂W | W ∈ Rp(Y)} .

Therefore, an element q in Hp−1(Y, ∅;Z) is an equivalence class of integral flat (p− 1)-cycles of Y, where

C ∼ Z ⇐⇒ ∃W ∈ Rp(Y) : C − Z = ∂W .

It turns out that Hp−1(Y, ∅;Z) is isomorphic to the integral homology group Hp−1(Y). We shall then
denote by Hsph

p−1(Y, ∅;Z) the subgroup of Hp−1(Y, ∅;Z) that is isomorphic to Hsph
p−1(Y). Correspondingly,

in the sequel an integral flat (p − 1)-cycle is said to be of spherical type if its homology class belongs to
Hsph

p−1(Y, ∅;Z). Moreover, we denote by [γ̃1], . . . , [γ̃es] a family of generators of Hsph
p−1(Y, ∅;Z), in such a way

that γ̃s = γs + ∂Rs for some Rs ∈ Rp(Y), and hence γ̃s(σr) = γs(σr) = δsr, as σr ∈ Zp−1(Y) is closed.
Finally, we notice that for every s there exists a mass minimizing i.m. rectifiable current R ∈ Rp(RN )

such that ∂R belongs to the homology class [γ̃s]. Therefore, we shall denote

M̃s := min{M(R) | R ∈ Rp(RN ) , ∂R ∈ [γ̃s]} , s = 1, . . . , s̃ . (5.1)

E1/p-graphs and extensions. We now give the following

Definition 5.2 Let T ∈ Dn,p−1(X × Y). We say that T is in E1/p-graph(X × Y) if

∂T = 0 on Zn−1,p−1(X × Y) (5.2)

and T can be decomposed as

T = GuT + ST , ST :=
∑

q∈Hsph
p−1(Y,∅;Z)

Lq ×Cq , on Zn,p−1(X × Y) . (5.3)

Here uT ∈ W 1/p(X ,Y) and Lq is an i.m. rectifiable current in Rn−p+1(X ), Lq := τ(Lq, 1,
−→L q), where the

(n− p + 1)-rectifiable sets Lq are pairwise disjoint. Finally, Cq is an integral flat (p− 1)-cycle of spherical
type in the homology class q, according to Definition 5.1.

Remark 5.3 Notice that ST is completely vertical, i.e., ST (ω) = 0 if ω(p−1) = 0. Moreover, currents in
E1/p-graph(X × Y) are defined in a homological sense. More precisely, the decomposition (5.3) does not
depend on the choice of the representative Cq in the homology class q. In fact, if C̃q − Cq = ∂W for some
W ∈ Rp(Y), then for every φ ∈ Dn−p+1(X ) and σ ∈ Dp−1(Y)

(Lq ×C̃q)(φ ∧ σ)− (Lq ×Cq)(φ ∧ σ) = Lq(φ) ·W (dyσ) ,

hence it is non-zero if and only if dyσ 6= 0, i.e., if and only if φ ∧ σ /∈ Zn,p−1(X × Y).

Similarly to [11], we extend currents in E1/p-graph(X × Y) to suitable currents in Dn+1,p(Cn+1 × RN ).

Definition 5.4 Let T ∈ E1/p-graph(X × Y) be such that (5.3) holds. We denote extension of T , say
T̃ = Ext(T ), the current T̃ in Dn+1,p(Cn+1 × RN ) such that

T̃ = (−1)n−1
(
GUT

+ (−1)p
∑

q∈Hsph
p−1(Y,∅;Z)

Lq ×Rq

)
, (5.4)

where UT = Ext(uT ) ∈ W 1,p(Cn+1,RN ) and Rq is the i.m. rectifiable current of least mass among all
currents in Rp(RN ) such that Zq = ∂Rq is in the homology class q, see Remark 5.3.
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Remark 5.5 Even if Rq minimizes the mass among all currents in Rp(RN ) such that ∂Rq is in the
homology class q, a priori the mass of ∂Rq is not finite. Moreover, by an isoperimetric theorem, see e.g.
[17, Thm. 1.101], the infimum of the mass of the Rq’s is bounded from below by a positive constant CY > 0,
only depending on Y, i.e.,

inf{M(Rq) | Rq ∈ Rp(RN ) , ∂Rq ∈ q , q ∈ Hsph
p−1(Y, ∅;Z) , q non trivial} ≥ CY > 0 . (5.5)

In particular, according to (5.1) we have M̃s ≥ CY for every s.

Remark 5.6 From Definition 5.4 and (4.1) we infer that the restriction to (X × {0})×Y of the boundary
of the current T̃ in (5.4) is equal to T on forms in Zn,p−1(X × Y). In fact, for every q ∈ Hsph

p−1(Y, ∅;Z)

∂(Lq ×Rq) = ∂ Lq ×Rq + (−1)n−p+1 Lq ×∂Rq

and hence, since ∂Rq = Cq ∈ q, whereas ∂ Lq ×Rq = 0 on Dn,p−1(X × RN ), we have

(−1)n−1+p∂(Lq ×Rq) = Lq ×Cq on Zn,p−1(X × Y) .

Remark 5.7 In the model case Y = Sp−1, the class E1/p-graph(X × Sp−1) agrees with cart1/p(X × Sp−1),
and the extension of T = GuT

+ LT × [[Sp−1 ]] is the current T̃ in Dn+1(Cn+1 × Rp) given by

T̃ = (−1)n−1
(
GUT

+ (−1)pLT × [[Bp ]]
)

, UT = Ext(uT ) ∈ W 1,p(Cn+1,Rp) . (5.6)

The E1/p-energy. If T̃ ∈ Dn+1,p(Cn+1×RN ), we denote by Dp(T̃ ) the parametric polyconvex extension
of the p-energy (1.4) on T̃ , compare [10, Vol. II, Sec. 1.2.4]. It turns out that T̃ 7→ Dp(T̃ ) is sequentially
weak-Dn+1,p lower semicontinuous on the class {T̃ = Ext(T ) | T ∈ E1/p-graph(X × Y)}. Moreover, if
T̃ ∈ Dn+1,p(Cn+1 × RN ) satisfies (5.4), we have

Dp(T̃ ) =
1

pp/2

∫

Cn+1
|DUT |p dHn+1 +

∑

q∈Hsph
p−1(Y,∅;Z)

M(Lq) ·M(Rq) , (5.7)

with Dp(GU ) = Dp(U) if T̃ = GU for some U ∈ W 1,p(Cn+1,RN ). We shall refer to (5.7) as the p-energy
of T̃ .

Definition 5.8 Let T be in E1/p-graph(X × Y), so that (5.3) holds. The E1/p-energy E1/p(T ) of T is
defined as the p-energy Dp(T̃ ) of the extension T̃ := Ext(T ), see (5.4) and (5.7).

Moreover, for any open set Ω ⊂ X , any u ∈ W 1/p(X ,Y), and T ∈ E1/p-graph(X × Y), we shall denote

E1/p(u, Ω) := Dp(Ext(u),Ω× I) ,
E1/p(T, Ω× Y) := Dp(Ext(T ), Ω× I × RN )

= Dp(UT , Ω× I) +
∑

q∈Hsph
p−1(Y,∅;Z)

M(Lq Ω) ·M(Rq) .
(5.8)

Finally, if T = Gu for some u ∈ W 1/p(X ,Y) and U = Ext(u), we let

Ext(Gu) := (−1)n−1GU , E1/p(Gu) := Dp(GU ) = Dp(U) .

Remark 5.9 Of course, if Y = Sp−1 and T̃ ∈ Dn+1(Cn+1 × Rp) satisfies (5.6), we have

Dp(T̃ ) = Dp(UT ) + |Bp| ·M(LT ) ,

hence Definition 5.8 reduces to (3.6).

Cartesian currents. We now give the following
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Definition 5.10 Let T ∈ Dn,p−1(X × Y). We say that T is a Cartesian current in cart1/p(X × Y) if T
belongs to E1/p-graph(X × Y) and the E1/p-energy E1/p(T ) of T is finite, see Definitions 5.2 and 5.8.

If T = Gu for some u ∈ W 1/p(X ,Y), we infer that Gu ∈ cart1/p (X × Y) if and only if u is a Cartesian
map in cart1/p (X ,Y), see Definition 4.6. Moreover, for Y = Sp−1 we obtain the class of Cartesian currents
in Definition 3.2.

Now, if T ∈ cart1/p(X × Y), since γ̃s(σr) = δsr, we may decompose

T = GuT +
es∑

s=1

Ls(T )× γ̃s on Zn,p−1(X × Y) , (5.9)

where Ls(T ) ∈ Rn−p+1(X ) only depends on the cohomology class of σs and is defined by

Ls(T )(φ) := ST (π#φ ∧ π̂#σs) , φ ∈ Dn−p+1(X ) ,

ST being the second component of T in (5.3). As a consequence, on account of (4.3) and (5.2), similarly to
(3.4) we infer that

∂ Ls(T ) int(X ) = (−1)p−1 Ps(uT ) ∀ s = 1, . . . , s̃ . (5.10)

According to (5.1), we thus infer that for every open set Ω ⊂ X

E1/p(T, Ω× Y) = E1/p(u, Ω) +
es∑

s=1

M̃s ·M(Ls(T ) Ω) . (5.11)

Remark 5.11 Conversely, if T ∈ Dn,p−1(X × Y) satisfies (5.2) and (5.9), with uT ∈ W 1/p(X ,Y) and
Ls(T ) ∈ Rn−p+1(X ), arguing as in [7], see also [17, Prop. 4.6.6], we may decompose T as in (5.3), whereas
E1/p(T ) < ∞, whence T belongs to cart1/p (X × Y).

The weak convergence. We say that {Tk} ⊂ Dn,p−1(X × Y) converges to T ∈ Dn,p−1(X × Y)
weakly in Zn,p−1 if Tk(ω) → T (ω) for every ω ∈ Zn,p−1(X × Y). Moreover, if {Tk} ⊂ cart1/p(X × Y) we
say that Tk ⇀ T weakly in cart1/p if Tk ⇀ T weakly in Zn,p−1 and in addition supk E1/p(Tk) < ∞.

Remark 5.12 For future use, we observe that if u ∈ cart1/p(X ,Y), by Theorem 4.7 we find a smooth
sequence {uk} ⊂ W 1/p(X ,Y) ∩ C1 that strongly converges to u in the W 1/p-sense as k → ∞. The
dominated convergence theorem yields that Guk

⇀ Gu weakly in Zn,p−1, with E1/p(uk) → E1/p(u).

The (p− 1)-dimensional case. Definition 5.10 is motivated by the following facts that hold true in
low dimension n := dim(X ) = p− 1.

Theorem 5.13 Let n = p−1 and {uk} ⊂ C1(X ,Y) be a sequence of smooth maps with supk |uk|1/p < ∞.
Possibly passing to a subsequence, Guk

⇀ T weakly in cart1/p to some current T ∈ cart1/p(X × Y).

Therefore the class cart1/p(X × Y) contains the weak limits in cart1/p of sequences of graphs of smooth
maps with equibounded E1/p-energies. Moreover, the following lower semicontinuity property holds.

Proposition 5.14 Let n = p − 1 and {uk} ⊂ C1(X ,Y) be a smooth sequence with supk |uk|1/p < ∞
and such that Guk

⇀ T weakly in Zp−1,p−1 to some current T ∈ E1/p-graph(X × Y). Then T belongs to
cart1/p(X × Y) and

E1/p(T ) ≤ lim inf
k→∞

E1/p(Guk
) .

Finally, the following closure theorem holds.

Theorem 5.15 Let n = p − 1. The class cart1/p(X × Y) is closed under the sequential weak convergence
in cart1/p.

Density results. In the sequel of this paper we shall prove the following weak density result.
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Theorem 5.16 Assume that X and Y satisfy (H1), (H2), and (H3). Let n ≥ p ≥ 2 integers. Then for
every T ∈ cart1/p (X × Y) there exists a sequence of smooth maps {uk} ⊂ C∞(X ,Y) such that Guk

⇀ T
weakly in cart1/p as k →∞ and

lim sup
k→∞

E1/p(uk) ≤ (
2c(p,Y)− 1

) · E1/p(T ) ,

where c(p,Y) ≥ 1 is an absolute constant, only depending on p and Y.

In the model case Y = Sp−1, the optimal constant c(p, Sp−1) is equal to one for every p ≥ 2, by Propo-
sition 7.1 below. Moreover, if p = 2, the optimal constant c(2,Y) is always equal to one, see Remark 7.4
below. As a consequence, by the lower semicontinuity of the E1/p-energy, we immediately obtain the follow-
ing strong density result, that reduces to Theorem 3.5, if Y = Sp−1, and to the density result from [13], if
p = 2 and X = Bn.

Theorem 5.17 Under the hypotheses of Theorem 5.16, if p = 2 or if Y = Sp−1, then for every T ∈
cart1/p (X × Y) there exists a sequence of smooth maps {uk} ⊂ C∞(X ,Y) such that Guk

⇀ T weakly in
cart1/p as k →∞ and

lim
k→∞

E1/p(uk) = E1/p(T ) .

Closure-compactness. Taking into account the closure theorem 5.15 and the approximation theorem
5.16, we obtain in any dimension n ≥ p the following closure property.

Theorem 5.18 In any dimension n ≥ p, the class cart1/p(X × Y) is closed under the sequential weak
convergence in cart1/p.

Proof: Let T be the weak Zn,p−1-limit of a sequence {Tk} ⊂ cart1/p (X × Y) with supk E1/p(Tk) < ∞.
By Theorem 5.16 and a diagonal argument, we may and do assume that each Tk is equal to Guk

for some
smooth map uk ∈ W 1/p(X ,Y). As in the proof of [13, Thm. 2.12], writing T as in (5.9), and on account
of Remark 5.11, we reduce to show that the Ls(T )’s are flat chains. This property is obtained arguing in a
way similar to the proof of [13, Thm. 2.15]. We omit any further detail. ¤

As a consequence of the closure property, we finally obtain the following lower semicontinuity and com-
pactness properties in any dimension n ≥ p− 1.

Proposition 5.19 Let {Tk} ⊂ cart1/p(X × Y) be such that Tk ⇀ T weakly in cart1/p to some current
T ∈ E1/p-graph(X × Y). Then T ∈ cart1/p(X × Y) and

E1/p(T ) ≤ lim inf
k→∞

E1/p(Tk) . (5.12)

Proposition 5.20 Let {Tk} ⊂ cart1/p(X × Y) be such that supk E1/p(Tk) < ∞. Possibly passing to a
subsequence, we have that Tk ⇀ T weakly in cart1/p to some current T ∈ cart1/p(X × Y).

The previous properties clearly reduce to Proposition 3.4 in the model case Y = Sp−1.

6 The relaxed W 1/p-energy

In this section we discuss the relaxed E1/p-energy (1.6) of mappings in W 1/p(X ,Y) for general target
manifolds. We shall assume that X and Y satisfy the hypotheses (H1), (H2), and (H3). We first consider
the case p = p ≥ 2 integer.

The case p integer. Following the notation from Sec. 5, for any u ∈ W 1/p(X ,Y) we let

T 1/p
u := {T ∈ cart1/p(X × Y) | uT = u} (6.1)

denote the subclass of Cartesian currents T for which the corresponding function uT ∈ W 1/p(X ,Y) in (5.3)
agrees with u. On account of (5.10) and Remark 5.11, we actually have

T 1/p
u =

{
Gu +

es∑
s=1

Ls × γ̃s : Ls ∈ Rn−p+1(X ) , (∂Ls) int(X ) = (−1)p−1 Ps(u) ∀ s
}

. (6.2)

Moreover, we observe:
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Proposition 6.1 For every u ∈ W 1/p(X ,Y) we have

Ẽ1/p(u) < ∞ ⇐⇒ T 1/p
u 6= ∅ .

Proof: Assume that Ẽ1/p(u) < ∞, and let {uk} ⊂ W 1/p(X ,Y) ∩ C1 be such that uk → u strongly in
Lp(X ,RN ), with supk E1/p(uk) < ∞. By Proposition 5.20, possibly passing to a subsequence, the currents
Guk

∈ cart1/p(X ×Y) weakly converge in cart1/p to some T ∈ cart1/p(X ×Y). Since the weak convergence
as currents yields the Lp-convergence of uk to the W 1/p-function uT corresponding to T , see (5.3), we have
uT = u, whence T ∈ T 1/p

u . Conversely, let T ∈ T 1/p
u , and let {uk} be the approximating sequence given

by Theorem 5.16. Since uk → uT = u in Lp(X ,RN ), we obtain that Ẽ1/p(u) < ∞. ¤

We now show that the relaxed energy is always finite.

Theorem 6.2 For every u ∈ W 1/p(X ,Y) the relaxed energy Ẽ1/p(u) < ∞.

Proof: Let u ∈ W 1/p(X ,Y) and let {uk} ⊂ R∞1/p(X ,Y) be strongly converging to u in W 1/p, see
Theorem 1.4. Possibly passing to a subsequence, we can assume that

E1/p(uk) ≤ 2 E1/p(u) and ‖Ext(uk)‖p
Lp(Cn+1) ≤ 2 ‖Ext(u)‖p

Lp(Cn+1) ∀ k .

Therefore, by Theorem 4.9 for every k and every s = 1, . . . , s̃ we can find an i.m. rectifiable current
Lk

s ∈ Rn−p+1(X ) such that (∂Lk
s) int(X ) = Ps(uk) and the mass

M(Lk
s) ≤ 2 C

(E1/p(u) + ‖Ext(u)‖p
Lp(Cn+1)

)
.

According to (6.2), the current

Tk := Guk
+ (−1)p−1

es∑
s=1

Lk
s × γ̃s

belongs to cart1/p (X × Y), and actually Tk ∈ T 1/p
uk , with energy

E1/p(Tk) = E1/p(uk) +
es∑

s=1

M̃s ·M(Lk
s) ,

where the numbers M̃s are given by (5.1), so that by the previous estimates

E1/p(Tk) ≤ 2
(
1 + C

es∑
s=1

M̃s

) (E1/p(u) + ‖Ext(u)‖p
Lp(Cn+1)

)
< ∞ .

By applying Theorem 5.16 to Tk, for each k we find a sequence {uk
h}h ⊂ C∞(X ,Y) such that Guk

h
⇀ Tk

as h →∞ weakly in cart1/p and

lim sup
h→∞

E1/p(uk
h) ≤ (

2c(p,Y)− 1
) · E1/p(Tk) .

Since uk
h → uk as h → ∞ strongly in Lp(X ,RN ), by a diagonal argument we find a sequence {vk} ⊂

C∞(X ,Y) that converges to u in Lp and satisfies

sup
k
E1/p(vk) ≤ 2

(
2c(p,Y)− 1

) (
1 + C

es∑
s=1

M̃s

) (E1/p(u) + ‖Ext(u)‖p
Lp(Cn+1)

)
< ∞ .

This yields the assertion. ¤

Remark 6.3 As a consequence of Proposition 6.1 and Theorem 6.2, for every u ∈ W 1/p(X ,Y) and every
s = 1, . . . , s̃ we infer that Ps(u) is an integral flat chain, i.e., mi,int(X )(Ps(u)) < ∞, compare Definition 3.1.
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We finally obtain the following upper bound for the relaxed energy:

Proposition 6.4 For every u ∈ W 1/p(X ,Y) we have

Ẽ1/p(u) ≤ (
2c(p,Y)− 1

) ·
(
E1/p(u) +

es∑
s=1

M̃s ·mi,int(X )(Ps(u))
)

,

where the numbers M̃s are given by (5.1), and c(p,Y) by Theorem 5.16.

Proof: Let Ls ∈ Rn−p+1(X ) be such that (∂Ls) int(X ) = Ps(u) and M(Ls) = mi,int(X )(Ps(u)) < ∞
for every s = 1, . . . , s̃, see Remark 6.3. We apply Theorem 5.16 to the Cartesian current T ∈ T 1/p

u given by

T = Gu + (−1)p−1
es∑

s=1

Ls × γ̃s ,

and find {uk} ⊂ C∞(X ,Y) such that uk → u strongly in Lp(X ,RN ), with

lim sup
k→∞

E1/p(uk) ≤ (
2c(p,Y)− 1

) · E1/p(T ) ,

whereas by (5.11)

E1/p(T ) = E1/p(u) +
es∑

s=1

M̃s ·mi,int(X )(Ps(u)) .

This proves the assertion. ¤

By lower semicontinuity, as in the proof of Proposition 3.7 we infer that for every u ∈ W 1/p(X ,Y)

Ẽ1/p(u) ≥ E1/p(u) +
es∑

s=1

M̃s ·mi,int(X )(Ps(u)) . (6.3)

Therefore, in the case p = 2, since c(2,Y) = 1, we obtain the explicit formula:

Corollary 6.5 For every u ∈ W 1/2(X ,Y) we have

Ẽ1/2(u) = E1/2(u) +
es∑

s=1

M̃s ·mi,int(X )(Ps(u)) .

Remark 6.6 We conjecture that the equality sign holds true in (6.3) for every integer p ≥ 2. Of course,
this would be obtained if we could show that the constant c(p,Y) ≥ 1 in Theorem 5.16 is equal to one, see
Remark 7.4 below.

A local formula. We may also obtain a local version of the density theorem 5.16, i.e., with X
replaced by any open set Ω ⊂ X . As a consequence, we readily infer the following local estimates, compare
Proposition 3.9:

Proposition 6.7 For every u ∈ W 1/p(X ,Y) and every open set Ω ⊂ X we have

Ẽ1/p(u, Ω) ≤ (
2c(p,Y)− 1

) ·
(
E1/p(u, Ω) +

es∑
s=1

M̃s ·mi,Ω(Ps(u) Ω)
)

< ∞ .

In particular, for p = 2 we have

Ẽ1/2(u, Ω) = E1/2(u, Ω) +
es∑

s=1

M̃s ·mi,Ω(Ps(u) Ω) .
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The case p non-integer. If 1 < p < 2, by (1.8) we have (1.9) in any dimension n. For p > 2
non-integer, as in Proposition 3.10 we obtain:

Proposition 6.8 Let n ≥ p = [p], with p > 2 non-integer. Then for every u ∈ W 1/p(X ,Y) we have

Ẽ1/p(u) =
{ E1/p(u) if P(u) = 0

+∞ if P(u) 6= 0 ,

where P(u) := (∂Gu)∗ ∈ Dn−p(X ;Hp−1(Y;R)), see (4.5).

Proof: We follow the proof of Proposition 3.10, to which we refer for further details. If P(u) = 0,
then u ∈ cart1/p (X ,Y), and the assertion follows from Theorem 4.7. Conversely, if Ẽ1/p(u) < ∞, and
{uk} ⊂ C1(X ,Y) satisfies supk E1/p(uk) < ∞ and uk → u strongly in Lp(X ,RN ), by Proposition 5.20,
possibly passing to a subsequence the currents Guk

∈ cart1/p (X × Y) weakly converge in cart1/p to some
current T ∈ cart1/p (X × Y). Write T as in (5.9), where Ls(T ) ∈ Rn−p+1(X ) satisfies (5.10) and, of
course, uT = u, hence T ∈ T 1/p

u . By (4.5), condition P(u) = 0 holds true if we show by contradiction that
Ls(T ) = 0 for every s. To this purpose, assume X = Bn, and let L be a compact subset of the union of the
set of points of Ls(T ) which have non-zero density, L with positive Hn−p+1-measure. For x ∈ L, we use
the notation from Proposition 3.10, and obtain again (3.8), whereas the (p−1)-dimensional currents Guk|Πx

have to converge ”near” the point x to the graph Gu|Πx
plus a vertical part of the type δx × C, for some

non-trivial integral flat (p− 1)-cycle C ∈ Zp−1(Y). On account of the isoperimetric property (5.5), and by
lower semicontinuity, Proposition 5.19, this is in contradiction with (3.8), for r > 0 sufficiently small, hence
Ls(T ) = 0 for every s, as required. ¤

7 Weak approximation of spherical cycles

In this section we show how to approximate spherical (p− 1)-cycles of Y. We shall first focus on the model
case Y = Sp−1, and fix some notation. To this purpose, we choose n = p− 1 and denote

Bp := {(x, t) ∈ Rp−1 × R | |x|2 + t2 < 1} , B+ := {(x, t) ∈ B
p | t ≥ 0} ,

∂+B := {(x, t) ∈ ∂Bp | t > 0} , J := ∂B+ \ ∂+B = B
p−1 × {0} .

Proposition 7.1 Let P ∈ Sp−1 and q ∈ Z. For every ε > 0 there exists a smooth W 1,p-map Uε : B+ → B
p

satisfying the following properties:

i) the restriction fε := Uε|J is a smooth map fε : J → Sp−1;

ii) the restriction Uε|∂+B is constantly equal to P ;

iii) Uε#[[ B+ ]] = q [[Bp ]] and fε#[[ J ]] = q [[Sp−1 ]];

iv) Dp(Uε, B
+) ≤ |q| · |Bp|+ ε.

Proof: We divide the proof in three steps.

Step 1: a conformal map into the disc. Consider the complex map

h(z) :=
1− iz̄

z̄ − i
, z ∈ C \ {−i} .

It is readily checked that h is a biholomorphic map between the half-space H := {z ∈ C | Im z > 0} and
the unit disc E := {z ∈ C : |z| < 1}, and that h(z) → −i as |z| → +∞. Setting z = ρ + it for ρ ∈ R and
t > 0, we have h(z) = f(ρ, t) + i g(ρ, t) where

f(ρ, t) :=
2ρ

∆(ρ, t)
, g(ρ, t) :=

1− (ρ2 + t2)
∆(ρ, t)

, ∆(ρ, t) := ρ2 + (t + 1)2 .
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Therefore, the following Cauchy-Riemann equations are satisfied:

f,ρ = −g,t =
2

∆(ρ, t)2
(
(t + 1)2 − ρ2

)
, f,t = g,ρ =

4ρ(t + 1)
∆(ρ, t)2

.

In particular, the mapping Φ(ρ, t) := (f, g)(ρ, t) is conformal, i.e.,

〈DiΦ(ρ, t), DjΦ(ρ, t)〉R2 = δij
4

∆(ρ, t)2
, 1 ≤ i ≤ j ≤ 2 .

We also observe that the trace on t = 0 of Φ satisfies

Φ(ρ, 0) =
( 2ρ

1 + ρ2
,

1− ρ2

1 + ρ2

)
, |Φ(ρ, 0)| = 1 ∀ ρ ∈ R .

In the half-space
Rp

+ := {(x, t) ∈ Rp−1 × R | t > 0}
we now define the map U : Rp

+ → Bp by

U(x, t) :=
( 2
|x|2 + (t + 1)2

x,
1− (|x|2 + t2)
|x|2 + (t + 1)2

)

or, equivalently,
U(x, t) :=

(
f(|x|, t) x

|x| , g(|x|, t)
)

.

Using that

(f,ρ(ρ, t))2 + (f,t(ρ, t))2 =
(f(ρ, t)

ρ

)2

=
4

∆(ρ, t)2
,

it turns out that U is a conformal map, as

〈DiU(x, t), DjU(x, t)〉Rp = δij
4

∆(|x|, t)2 , 1 ≤ i ≤ j ≤ p .

This yields that the p-dimensional Jacobian Jp(DU) is equal to p−p/2 |DU |p. As a consequence, since U
is a.e. one to one and onto, by the area formula we infer that

Dp(U,Rp
+) :=

1
pp/2

∫

Rp
+

|DU(x, t)|p dx dt =
∫

Rp
+

Jp(DU) dx dt = |Bp| .

Moreover, U(x, t) converges to the south pole PS := (0Rp−1 ,−1) as |(x, t)| → +∞ .
We finally observe that the trace on t = 0 of U satisfies

U(x, 0) =
( 2

1 + |x|2 x,
1− |x|2
1 + |x|2

)
, |U(x, 0)| = 1 ∀x ∈ Rp−1 ,

hence it agrees with the inverse σ−1 : Rp−1 → Sp−1 of the stereographic projection map σ of the unit sphere
Sp−1 onto Rp−1 from the south pole PS . We recall, see [10, Vol. I, Sec. 4.1.1], that the map (−1)p−1 σ−1

is an orientation preserving conformal diffeomorphism, provided that Sp−1 is equipped with the natural
orientation induced from the outward unit normal; in particular, σ−1

# [[Rp−1 ]] = (−1)p−1[[Sp−1 ]].

Step 2: a modification of the conformal map into the disc. Following [10, Vol. II, Sec. 4.1.1],
write

σ−1(x) =
(

x

|x| sin θ(|x|),− cos θ(|x|)
)

, x ∈ Rp−1 ,

where θ(ρ), for ρ > 0, is the angular distance, i.e. the geodesic distance of σ−1(∂Bp−1
ρ ) from the south pole

PS . For ε > 0 we set

θε(ρ) :=





θ(ρ) if ρ < Rε

ε (2Rε − ρ)/Rε if Rε ≤ ρ ≤ 2Rε

0 if ρ > 2Rε ,
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where Rε := θ−1(ε), and we define ϕ̃ε : Rp−1 → Sp−1 by

ϕ̃ε(x) :=
(

x

|x| sin θε(|x|),− cos θε(|x|)
)

, x ∈ Rp−1 .

The function ϕ̃ε is Lipschitz-continuous, with ϕ̃ε(x) = σ−1(x) for |x| < Rε and ϕ̃ε(x) ≡ PS for |x| > 2Rε,
and the image current satisfies

ϕ̃ε#[[Rp−1 ]] = ϕ̃ε#[[Bp−1
2Rε

]] = (−1)p−1[[Sp−1 ]] .

Moreover, for our purposes we recall that if Rε < |x| < 2Rε we have |Dϕ̃ε(x)| ≤ c(p) ε/Rε.
We notice that

|U(x, t)− PS | = 2√
∆(|x|, t) ,

i.e., U maps the set of points of Rp
+ that are distant d to the south pole PS into the set of points of Bp

that are distant 2/d to PS , for every d > 1. We then denote

Ωρ := {(x, t) ∈ Rp
+ | ∆(|x|, t) < 1 + ρ2} , ρ > 0 ,

and define Vε(x, t) := U(x, t) on ΩRε
whereas Vε(x, t) ≡ PS on Rp

+ \Ω2Rε
. In order to extend in a smooth

way Vε to the whole of Rp
+, we observe that for Rε < |x| < 2Rε we have

|ϕ̃ε(x)− PS | = δε(|x|) :=
√

2(1− cos θε(|x|)) .

We thus define Vε on Ω2Rε \ ΩRε by

Vε(x, t) := U
(
PS +

2
δε(|x|)

(x, t + 1)√
∆(|x|, t)

)
.

We now check that for (x, t) ∈ Ω2Rε \ ΩRε

|DVε(x, t)| ≤ c(p)
ε1/2

Rε
, (7.1)

where c(p) > 0 is an absolute constant, possibly depending on p. In fact, changing coordinates by translation
of the origin to the south pole PS , we write

U(x, t) = 2
(x, T )
|(x, T )|2 + PS , T = t + 1 ,

and for 1 + R2
ε < |(x, T )|2 < 1 + 4R2

ε we have

Vε(x, t) = δε(|x|) (x, T )
|(x, T )| + PS .

Since |δ′ε(ρ)| ≤ c |θ′ε(ρ)| = c ε/Rε, whereas |δε(ρ)| ≤ c
√

θε(ρ) ≤ c ε1/2 and Rε > 1, this yields (7.1).
By conformality, and since U : B+ → Bp is a.e. one to one, we have

1
pp/2

∫

ΩRε

|DVε|p dx dt =
∫

ΩRε

|JpU | dx dt = Hp(U(ΩRε)) ≤ |Bp| ,

whereas by using (7.1)

1
pp/2

∫

Ω2Rε\ΩRε

|DVε|p dx dt ≤ c(p) |Ω2Rε |
εp/2

Rp
ε
≤ c(p) εp/2 .

This yields that Vε(x, t) ≡ PS on ∂Ω2Rε and

Dp(Vε,Ω2Rε) ≤ |Bp|+ c(p) εp/2 .
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Step 3: the approximating map. We now observe that we can suitably re-parameterize the function
(−1)p−1 Vε on the half disc Bp

2Rε
∩ {(x, t) | t > 0} by means of a bilipschitz map ΨRε with Lipschitz

constants Lip(ΨRε), Lip(Ψ−1
Rε

) ≤ 1 + o(ε). Using that in dimension p the p-energy is invariant under
homothetic dilatations (x̃, t̃) = λ (x, t), λ > 0, we readily obtain the map Uε : B+ → B

p
satisfying the

required properties i)–iv), in the case q = 1 and P = (−1)p−1PS . For a general P ∈ Sp−1, it suffices
to compose Uε on the right with a rotation of Sp−1 that maps the pole (−1)p−1PS into P . Finally, for
a general q ∈ Z, we consider |q| copies of the function sgn(q) Ũε, where Ũε is the function obtained in
the case q = 1, each copy ”re-parameterized” in a suitable subdomain Di of B+, obtained by means of
a dilatation λ (x, t), with 0 < λ ¿ 1, plus a translation in the x-variables, so that the Di’s are pairwise
disjoint and all contained in B+, and set Uε ≡ P elsewhere on B+. ¤

Approximating spherical (p − 1)-cycles. We would like to have a similar result to Proposi-
tion 7.1 for integral flat spherical (p− 1)-cycles in Y. To this purpose, we first give the following

Remark 7.2 We set
Yε := Uε(Y) ,

where Uε(A) := {y ∈ RN | dist(y,A) < ε} is the ε-neighborhood of A ⊂ RN . Since Y is smooth, there exists
ε0 > 0 such that for 0 < ε < ε0 the nearest point projection Πε of Yε onto Y is a well defined Lipschitz
map with Lipschitz constant Lip(Πε) ≤ (1 + c ε) → 1+ as ε → 0+.

By adapting the proof of [13, Prop. 4.6], we readily obtain:

Proposition 7.3 Let C ∈ Zp−1(Y) be an integral flat (p−1)-cycle of spherical type and let R ∈ Rp(RN ) be
the i.m. rectifiable current of least mass in RN such that ∂R = C. Let P ∈ Y be a given point. Then there
exists a sequence of Lipschitz functions fε : B+ → RN such that fε|∂+B ≡ P , fε(J) ⊂ Y2ε, fε#[[B+ ]] ⇀ R

and fε#[[J ]] ⇀ C weakly in Dp(RN ) and Dp−1(Yε0), respectively, and

lim
ε→0

A(fε, B
+) = M(R) ,

where A(fε, B
+) is the p-dimensional mapping area of fε, i.e., A(fε, B

+) :=
∫

B+ |Jpfε|.

Remark 7.4 Now, for p = 2, by Morrey’s ε-conformality theorem [25, Thm. 2.1], in [13] we defined a
suitable orientation preserving diffeomorphism Ψε : B+ → B+ such that, if f̃ε := fε ◦Ψε, then

D2(f̃ε, B
+) ≤ (1 + ε) A(f̃ε, B

+) = (1 + ε)A(fε, B
+) .

This yields that for p = 2 we find fε as in Proposition 7.3 such that

lim
ε→0

D2(fε, B
+) = M(R) .

However, we do not have an analogous of Morrey’s ε-conformality theorem for p ≥ 3. This yields that
we are not able to find a strong approximation theorem for integral flat (p − 1)-cycles of spherical type in
the case p ≥ 3. For this reason, we now obtain a weak estimate, arguing in a different way.

Proposition 7.5 Let p ≥ 3 integer. Let q ∈ Hsph
p−1(Y, ∅;Z) and let Rq ∈ Rp(RN ) be the i.m. rectifiable

current of least mass in RN such that ∂Rq ∈ Zp−1(Y) belongs to q. Also, let P ∈ Y be a given point. Then
there exists a Lipschitz function fq : B+ → RN such that fq|∂+B ≡ P , fq(J) ⊂ Y, fq#[[J ]] ∈ q, and

Dp(fq, B
+) ≤ c(p,Y)M(Rq) ,

where c(p,Y) ≥ 1 is an absolute real constant, only depending on p and Y.

Proof: We divide the proof into three steps.
Step 1: For (x, t) ∈ Rp−1 × R, denote

Ω := {(x, t) ∈ Bp | 1/2 < |(x, t)| < 1 , t > 0} ,
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so that Ω ⊂ B+, and let

∂+Ω := {(x, t) ∈ ∂Ω | t > 0} , ∂0Ω := ∂Ω \ ∂+Ω .

We now define a suitable Lipschitz map F : Ω → B
p

such that

F (∂0Ω) ⊂ Sp−1 , F|∂0Ω# [[ ∂0Ω ]] = [[Sp−1 ]] , F|Ω# [[ Ω ]] = [[Bp ]] .

Such a function is generated by the mapping (y1, y2) 7→ (z1, z2) given by

(z1, z2) =
2
π

φ · (sin(2π(1− ρ)), cos(2π(1− ρ))
)
,

where in polar coordinates we have set

(y1, y2) = ρ (sin φ, cosφ) , 0 < φ < π/2 , 1/2 < ρ < 1 .

More precisely, we define F (x, t) for (x, t) ∈ Ω by

F (x, t) :=
2
π

φ(x, t)
(
sin(2π(1− ρ(x, t)))

x

|x| , cos(2π(1− ρ(x, t)))
)

,

where

φ(x, t) := arctan
( |x|

t

)
, ρ(x, t) := |(x, t)| .

Step 2: For s = 1, . . . , s̃, since γ̃s ∈ Hsph
p−1(Y, ∅;Z), there exists a Lipschitz map fs ∈ Lip(Sp−1,Y) such

that fs#[[Sp−1 ]] ∈ [γ̃s]. Let Φs ∈ Lip(B
p
,RN ) be such that Φs|∂Bp = fs and

Dp(Φs) ≤ inf{Dp(Φ) | Φ ∈ Lip(B
p
,RN ) , Φ|∂Bp = fs}+ 1 .

The Lipschitz function Ψs : Ω → RN given by Ψs(x, t) := (Φs ◦ F )(x, t) satisfies:

Ψs(∂0Ω) ⊂ Y , Ψs|∂0Ω#[[ ∂0Ω ]] ∈ [γ̃s] , Ψs|Ω#[[ Ω ]] = Φs#[[Bp ]] ∈ Rp(RN ) .

For 0 < λ ≤ 1 and for any X ⊂ Rp we set

λX := {λ (x, t) | (x, t) ∈ X}
and define Ψ±λ,s : λ Ω → RN by

Ψ±λ,s(x, t) := Ψs(λ−1(±x1, x2, . . . , xp−1, t)) ,

so that we have

Ψ±λ,s(∂
0Ω) ⊂ Y , Ψ±λ,s|∂0Ω#[[ ∂0Ω ]] ∈ ±[γ̃s] , Ψ±λ,s|Ω#[[ Ω ]] = ±Φs#[[Bp ]] ∈ Rp(RN ) .

Moreover, it is readily checked that for every 0 < λ ≤ 1

Dp(Ψ±λ,s, λ Ω) = Dp(Ψs, Ω) < ∞ .

Finally, denoting by

∂eΩ := {(x, t) ∈ ∂+Ω : |x| = 1} , ∂iΩ := {(x, t) ∈ ∂+Ω : |x| = 1/2}
the ”exterior” and ”interior” part of the boundary ∂+Ω, respectively, and accordingly

∂eλ Ω := λ∂eΩ , ∂iλ Ω := λ∂iΩ ,

for every 0 < λ ≤ 1 we have

Ψ±λ,s(∂
eλΩ) = P e

s := fs(0Rp−1 , +1) , Ψ±λ,s(∂
iλΩ) = P i

s := fs(0Rp−1 ,−1) .
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The target manifold Y being connected, we also let ΓP,Q denote a geodesic arc between any two points
P and Q in Y, and let L(ΓP,Q) be the length of ΓP,Q. If ΓP,Q : [0,L(γP,Q)] → Y also denotes the
arc-length parameterization of ΓP,Q, with initial point P and final point Q, setting Ψ̃P,Q : Ω → Y by

Ψ̃P,Q(x, t) := ΓP,Q

(
2L(ΓP,Q) · (1− |(x, t)|)) ,

and defining Ψ̃λ,P,Q : λ Ω → Y by

Ψ̃λ,P,Q(x, t) := Ψ̃P,Q(λ−1(x, t)) ,

for every 0 < λ ≤ 1 we have Ψ̃λ,P,Q|∂eλ Ω ≡ P , Ψ̃λ,P,Q|∂iλ Ω ≡ Q, and

Dp(Ψ̃λ,P,Q, λ Ω) = Dp(Ψ̃P,Q, Ω) ≤ C(p)L(ΓP,Q)p ,

where C(p) > 0 is an absolute constant, whereas

Ψ̃λ,P,Q#[[λ Ω ]] = 0 ∈ Dp(RN ) , Ψ̃λ,P,Q|∂0λ Ω#[[ ∂0λ Ω ]] = 0 ∈ Dp−1(Y) .

Finally, we let Ωk := 2−k Ω, for k ∈ N, and observe that the family {Ωk}k is pairwise disjoint and
satisfies ∪kΩk = B

+
.

Step 3: Now, for any q ∈ Hsph
p−1(Y, ∅;Z), we have

q =
es∑

s=1

nq
s [γ̃s]

for some integers nq
s ∈ Z. Without loss of generality, we may and do assume that nq

s 6= 0 if and only if
s = 1, . . . , sq, for some sq ∈ {1, . . . , s̃}.

We first define fq = Ψ̃P,P e
1

on Ω0 = Ω. For k = 2j−1, where j = 1, . . . , |nq
1|, we then set fq = Ψ±

2−k,1
on

Ωk, where the orientation ± is chosen according to the sign of nq
1. If |nq

1| ≥ 2, we also let fq = Ψ̃2−k,P i
1 ,P e

1

on Ωk, for k = 2h and h = 1, . . . , |nq
1| − 1.

Setting A1 :=
⋃2|nq

1|
k=1 Ωk−1 and ∂0A1 :=

⋃2|nq
1|

k=1 ∂0Ωk−1, this way we have defined fq on A1 so that

fq
#[[ ∂0A1 ]] ∈ nq

1 [γ̃1] , Dp(fq, A1) ≤ |nq
1|Dp(Ψ1, Ω) + c(p) [L(ΓP,P e

1
)p + (|nq

1| − 1)L(ΓP i
1 ,P e

1
)p] ,

where c(p) > 1 is an absolute constant.
We then proceed as above, by iteration on s = 2, . . . , sq. For k = Ks := 2

∑s−1
l=1 |nq

l |, we define
fq = Ψ̃2−k,P i

s−1,P e
s

on Ωk. Then, for k = Ks + 2j − 1, where j = 1, . . . , |nq
s|, we set fq = Ψ±

2−k,s
on Ωk,

where the orientation ± is chosen according to the sign of nq
s. If |nq

s| ≥ 2, we also let fq = Ψ2−k,P i
s ,P e

s
on

Ωk, for k = Ks + 2h and h = 1, . . . , |nq
s| − 1.

Setting As :=
⋃2|nq

s|
k=1 Ωk+Ks−1 and ∂0As :=

⋃2|nq
s|

k=1 ∂0Ωk+Ks−1, we have defined fq on As so that

fq
#[[ ∂0As ]] ∈ nq

s [γ̃s] , Dp(fq, As) ≤ |nq
s|Dp(Ψs, Ω) + c(p) [L(ΓP i

s−1,P e
s
)p + (|nq

s| − 1)L(ΓP i
s ,P e

s
)p] .

Setting fq ≡ P i
sq

on B+ \ ⋃sq

s=1 As, we infer that fq : B+ → RN is a Lipschitz function satisfying
fq|∂+B ≡ P , fq(J) ⊂ Y, fq#[[ J ]] ∈ q, and

Dp(fq, B
+) ≤

es∑
s=1

|nq
s|Dp(Ψs, Ω) + c(p)

sq∑
s=1

[L(ΓP i
s−1,P e

s
)p + (|nq

s| − 1)L(ΓP i
s ,P e

s
)p] ,

where we have set P i
0 := P . Recalling (5.1), we now set

c1(p,Y) := sup
1≤s≤es Dp(Ψs,Ω)

M̃s

, c2(p,Y) := sup
1≤s≤es L(ΓP i

s ,P e
s
)p

M̃s

,
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c3(p,Y) := sup
1≤s≤es sup

l 6=s

L(ΓP i
l ,P e

s
)p

M̃s

, c4(p,Y) := sup
1≤s≤es sup

P∈Y

L(ΓP,P e
s
)p

M̃s

.

All the constant ci(p,Y) are finite and only depend on p and Y, by the smoothness and compactness
of Y. Since M(Rq) =

∑es
s=1 |nq

s| M̃s, we obtain the assertion by setting c(p,Y) := c(p) ·∑4
i=1 ci(p,Y). ¤

8 The density theorem

The rest of the paper is dedicated to give the proof of the density theorem 5.16. We first give a proof in the
case of low dimension n := dim(X ) = p− 1. We then consider the easier case of dimension n = p. Finally,
in higher dimension n ≥ p + 1, we show how the proof is reduced to the validity of Theorem 8.4 below, that
will be proved in the Appendix.

Density in dimension n = p − 1. In this case, it suffices that Y satisfies (H1). In particular, no
topological conditions on Y as in (H2) is required.

Sketch of the proof: Recall from Sec. 5 that if n = p− 1 any current T ∈ cart1/p(X ×Y) has the form

T = GuT +
i0∑

i=1

δxi × Ci on Zp−1,p−1(X × Y) ,

where δx is the Dirac mass in x, xi ∈ X , and the Ci ∈ Zp−1(Y) are integral flat (p− 1)-cycles of spherical
type and with non trivial homology. Moreover, we choose the representative Ci in such a way that if
Ri ∈ Rp(RN ) minimizes the mass among all the i.m. rectifiable currents R ∈ Rp(RN ) such that Z = ∂R
is in the homology class of Ci, then Ci = ∂Ri. The E1/p-energy of T is then defined as the p-energy of its
extension T̃ , compare Definition 5.4, i.e.,

E1/p(T ) := Dp(T̃ ) =
1

pp/2

∫

Cp

|DuT |p dHp +
i0∑

i=1

M(Ri) ,

where T̃ = Ext(T ) := (−1)pGUT +
∑i0

i=1
δxi ×Ri, with UT := Ext(uT ) ∈ W 1,p(Cp,RN ).

Adapting an argument by Schoen-Uhlenbeck [29], as in [2, Sec. 2.1] we can find a sequence of smooth
maps Uk : Cp → RN such that Uk → Ext(u) strongly in W 1,p(Cp,RN ) and for which there exists a positive
number t0 > 0 such that Uk(X × [0, t0]) ⊂ Yε0 for every k. In particular the traces uk := T(Uk) belong to
W 1/p(X ,Yε0) and uk → u in W 1/p(X ,RN ).

Since we use a local argument, without loss of generality we assume that X = Bp−1 and Cp := Bp−1 ×
[0, 1]. Arguing exactly as in [13, Thm. 4.1] for the case p = 2, it suffices to apply Proposition 7.5 in order to
approximate each vertical part δxi ×Ci by paying an amount of energy estimated by c(p,Y)M(Ri), where
c(p,Y) > 0 is the absolute constant in Proposition 7.5. ¤

Remark 8.1 In the case p = 2, by Proposition 7.3 and Remark 7.4 we have c(2,Y) = 1, whence we obtain
the strong approximation with energy, Theorem 5.17. Finally, in the model case Y = Sp−1, we have

T = GuT +
i0∑

i=1

δxi × [[Sp−1 ]] .

Using Proposition 7.1, we obtain the strong density of smooth maps as in Theorem 3.5 (for n = p− 1).

Density in dimension n = p. In this case, for every u ∈ W 1/p(X ,Y) we first obtain that P(u) is
an integral flat chain.

Proposition 8.2 Let n = p. Let u ∈ W 1/p(X ,Y) and {uk} be a sequence in R∞1/p(X ,Y) that strongly
converges in W 1/p to u, see Theorem 1.4. Then we have:
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(i) M(Ds(uk)− Ds(u)) → 0 as k →∞ for each s = 1, . . . , s̃, see (4.4);

(ii) there exists L ∈ R1(X ;Hsph
p−1(Y)), with M(L) < ∞, such that P(u) = (∂L) int(X ); in particular

P(u) is an integral flat chain;

(iii) if Ls
uk,u denotes an i.m. rectifiable current in R1(X ) of least mass such that

(∂Ls
uk,u) int(X ) = Ps(u)− Ps(uk) , s = 1, . . . , s̃ , (8.1)

then M(Ls
uk,u) → 0 as k →∞;

(iv) if ∂X = ∅, or u = ϕ on ∂X for some smooth W 1/p-map ϕ : X → Y, then for each s = 1, . . . , s̃ there
exist points ai, bi ∈ X such that

Ps(u) =
∞∑

i=1

(δai
− δbi

) ,

∞∑

i=1

distX (ai, bi) < ∞ ,

where distX is the geodesic distance in X .

Proof: The proof of property (i) is similar to the one in [13, Prop. 1.4], and holds true even in higher
dimension n ≥ p+1. As to the rest of the proof, similarly to [10, Vol. II, Sec. 4.2.5], we observe that Ps(uk)
is an i.m. rectifiable current in Rn−p(X ). Theorem 4.9 yields mi,int(X )(Ps(uk)) < ∞. By Federer’s theorem
[6], for n = p we then infer that

mi,int(X )(Ps(uk)) = mr,int(X )(Ps(uk)) ∀ s = 1, . . . , s̃ , (8.2)

see Definition 3.1. Therefore, (i) and (4.6) give mi,int(X )(Ps(uk)− Ps(u)) → 0, and the claims follow. ¤

In the case n = p, we thus have a simple proof of Theorems 5.16, 5.17, and 3.5.

Sketch of the proof: Let {uk} in R∞1/p(X ,Y) be strongly converging to uT in W 1/p, see Theorem 1.4.
On account of Proposition 8.2, let Ls

uk,uT
be given by (8.1), and set

Tk := Guk
+

es∑
s=1

Ls
k ×γ̃s , Ls

k := (−1)pLs
uk,uT

+ Ls(T ) .

By (5.10) we have
∂ Ls

k = (−1)p−1 Ps(uk) ,

which is a finite sum of Dirac masses. Moreover, see (4.3), we have

∂Guk
= (−1)p

es∑
s=1

Ps(uk)× γ̃s on Zp−1,p−1(X × Y) ,

whence Tk belongs to cart1/p(X ×Y), see Remark 5.11. Since M(Ls
k −Ls(T )) = M(Ls

uk,uT
) → 0, we infer

that Tk ⇀ T and E1/p(Tk) → E1/p(T ). Since the mass of the boundary of Ls
k is finite for every s and

k, we then may proceed in four steps along the lines of the proof of [13, Thm. 6.1]. Roughly speaking, in
Step 1 we reduce to the case of a current T such that uT has a finite number of point singularities. In
Step 2, we reduce to the case of T such that the Ls(T )’s are (curvilinear) polyhedral 1-chains. In Step 3, we
reduce to the case of T as in (5.3) such that each Lq is the union of a finite number of oriented curvilinear
segments S which only intersect at boundary points, the supports of the Lq’s are pairwise disjoint, and
uT ∈ R0

1/p(X ,Y) is locally Lipschitz on X \⋃
q spt ∂ Lq. In Step 4 we use a dipole-type construction based

on Proposition 7.5 to approximate the vertical parts Lq ×Cq, and reduce to a current T = Gu for some
Cartesian map u ∈ cart1/p (X ,Y). By using Theorem 4.7 and Remark 5.12, and by a diagonal argument, we
prove Theorem 5.16. Finally, in the case p = 2, or Y = Sp−1, the dipole-type construction is based on the
argument of Proposition 7.3 and Remark 7.4, or Proposition 7.1, respectively, yielding to the strong density
of graphs of smooth maps, Theorems 5.17 and 3.5. ¤
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Remark 8.3 It is in the last step, when applying Theorem 4.7 to remove the homologically trivial point
singularities, that we make use of the additional hypothesis (H2). We recall that such hypothesis cannot be
removed, even in the case X = Bn, compare Remark 4.8.

We also observe that in the case p = 2, since Theorem 4.9 yields mi,int(X )(Ps(uk)) < ∞, Hardt-Pitts’
theorem [22] gives (8.2) and hence the statements (ii) and (iii) in Proposition 8.2, for any n ≥ 2. Therefore, a
similar proof holds in any dimension n ≥ 2, compare [13, Sec. 7]. However, even in the simple case X = Bn,
if p ≥ 3, and n ≥ p + 1, the proof of Theorem 5.16 cannot be obtained by a simple adaptation of the above
argument. In this case, in fact, we do not know whether (8.2) holds true, compare [24, 31], or even if

mi,int(X )(Ps(uk)) ≤ c ·mr,int(X )(Ps(uk))

for some absolute constant c > 0, not depending on uk, a weaker condition that would give the assertion of
Proposition 8.2, and hence a simple proof of the density theorem.

Density in dimension n ≥ p + 1. In order to give a general proof of Theorem 5.16, we first recall
that any T ∈ cart1/p (X × Y) satisfies (5.3), where u = uT ∈ W 1/2(X ,Y) and the Lq’s are i.m. rectifiable
currents in Rn−p+1(X ) with multiplicity one such that, writing Lq = τ(Lq, 1, τq), the (n− p+1)-rectifiable
sets Lq := set(Lq) are pairwise disjoint. Moreover, the E1/p-energy of T is given by (5.7), where Rq

minimizes the mass among all currents in Rp(RN ) such that ∂Rq is in the homology class q. We denote by
µT the finite Radon measure on X given for every Borel set B ⊂ X by

µT (B) :=
∑

q∈Hsph
p−1(Y,∅;Z)

M(Rq) ·M(Lq B) , (8.3)

and we set
E1/p(T, B) := E1/p(uT , B) + µT (B) , (8.4)

where E1/p(uT , B) is defined as in (1.5), so that E1/p(T,X ) = E1/p(T,X × Y).
We finally denote by F(T ) the flat norm

F(T ) := sup{T (ω) | ω ∈ Zn,p−1(X × Y) , F(ω) ≤ 1} ,

where for ω ∈ Zn,p−1(X × Y)

F(ω) := max
{

sup
z∈X×Y

‖ω(z)‖ , sup
z∈X×Y

‖dω(z)‖
}

.

As |T (ω)| ≤ F(T )F(ω), we infer that Tk ⇀ T weakly in Zn,p−1(X × Y) provided that F(Tk − T ) → 0.
Similarly to [16], the proof of Theorem 5.16 is based on the following density theorem, the proof of which

is postponed to the Appendix.

Theorem 8.4 Let ε ∈ (0, 1/2) and k ∈ N+. For every T ∈ cart1/p (X × Y) we can find a current
T̂ ∈ cart1/p (X × Y) such that

E1/p(T̂ ) ≤ E1/p(T ) + εk +
(
c(p,Y)− 1

)
µT (X ) ,

F(T̂ − T ) ≤ εk and µbT (X ) ≤ 1
2
· µT (X ) ,

where c(p,Y) ≥ 1 is the absolute constant given by Proposition 7.5. Moreover, c(2,Y) = 1 for every Y and
c(p,Sp−1) = 1 for every p ≥ 2.

In fact, by Theorem 8.4, for every ε > 0 we find a current Tε ∈ cart1/p (X × Y) such that E1/p(Tε) ≤
E1/p(T ) + 2ε + 2

(
c(p,Y)− 1

)
µT (X ), whereas µTε(X ) = 0 and F(Tε − T ) ≤ 2ε. Using a diagonal argument

on ε, we then find a sequence {Tk} ⊂ cart1/p (X × Y) that weakly converges to T in cart1/p with

lim sup
k→∞

E1/p(Tk) ≤ E1/p(T ) + 2
(
c(p,Y)− 1

)
µT (X ) ≤ (

2c(p,Y)− 1
) E1/p(T )

and such that µTk
(X ) = 0. Therefore, Tk agrees with the current Guk

for some uk ∈ W 1/p(X ,Y), see
(4.1), where uk belongs to cart1/p (X ,Y). By Theorem 4.7, and by means of a diagonal argument, we
obtain Theorem 5.16. Finally, since c(2,Y) = 1 for every Y and c(p, Sp−1) = 1 for every p, by lower
semicontinuity we obtain Theorems 5.17 and 3.5. ¤
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A Appendix

The appendix is dedicated to the proof of Theorem 8.4.

A.1 The density theorem, Part I

First, by the definition (8.3) we have µT = θT Hn−p+1 LT , where LT is the (n− p + 1)-rectifiable set

LT :=
⋃

q∈Hsph
p−1(Y,∅;Z)

set(Lq) , Hn−p+1(LT ) < ∞ . (A.1)

Moreover, the density θT is the positive Hn−p+1 LT -summable function θT : LT → [CY , +∞), where
CY > 0 is given by (5.5), defined by

θT (x) := M(Rq) if x ∈ set(Lq) . (A.2)

On account of Definition 5.4 and Remark 5.6, for every open set Ω ⊂ X we shall denote by F(T, Ω)
the class of currents T ∈ Dn+1,p((Ω× I)×RN ) such that (−1)n−1∂T = T on Zn,p−1((Ω× {0})×Y) and
T = GU on Dn+1,p((Ω×]0, 1]) × RN ) for some ”smooth” map U ∈ W 1,p(Ω×]0, 1],RN ). In this case, we
shall write

T = TU ∈ F(T, Ω) , Dp(T ,Ω) := Dp(T , (Ω× I)× RN ) . (A.3)

Slicing properties. Let T ∈ cart1/p (X × Y), and write T = GuT
+ ST , see (5.3). Similarly to the

case of normal currents, for every point x0 ∈ X and for a.e. radius r ∈ (0, r0), where r0 = r0(x) > 0 is
sufficiently small, in dependence of x, the sliced current

〈T, dx0 , r〉 = 〈GuT , dx0 , r〉+ 〈ST , dx0 , r〉 ,

where dx0(x, y) = δx0(x) := distX (x0, x), is a well-defined Cartesian current in cart1/p(∂Br(x0)×Y), where
Br(x0) denotes the geodesic ball of radius r centered at x0, and ∂Br(x0) its boundary. More precisely, we
have

〈GuT
, dx0 , r〉(ω) = (−1)n−1〈∂GUT

, d̃x0 , r〉(ω) , ω ∈ Dn−1,p−1(∂Br(x0)× Y) ,

where UT = Ext(uT ) and d̃x0(x, t, y) := δx0(x), so that the restriction UT |∂Br(x0)×I of UT to ∂Br(x0)× I
is a Sobolev function in W 1,p(∂Br(x0)× I,RN ). Also, by (5.3),

〈ST , dx0 , r〉 =
∑

q∈Hsph
p−1(Y,∅;Z)

〈Lq, δx0 , r〉 × Cq on Zn−1,p−1(∂Br(x0)× Y) .

As a consequence, we infer that for every Borel set B ⊂ X the E1/p-energy of 〈T, dx0 , r〉 on B × Y is
bounded by

E1/p(〈T, dx0 , r〉, B × Y) ≤ Dp(UT |∂Br(x0)×I , B) +
∑

q∈Hsph
p−1(Y,∅;Z)

M(Rq) ·M(〈Lq, δx0 , r〉 B) , (A.4)

where

Dp(UT |∂Br(x0)×I , B) :=
1

pp/2

∫

(∂Br(x0)∩B)×I

|DτUT |∂Br(x0)×I |p dHn ,

the derivative Dτ being computed w.r.t. an orthonormal frame τ tangential to ∂Br(x0)× I. We also let

E1/p(〈T, dx0 , r〉) := E1/p(〈T, dx0 , r〉, ∂Br(x0)× Y) .

Remark A.1 On account of Remark 7.2, for y ∈ Y and 0 < ε < ε0 we denote by

BY(y, ε) := B
N

(y, ε) ∩ Y
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the intersection of Y with the closed N -ball of radius ε centered at y, so that we have Πε(B
N

(y, ε)) =
BY(y, ε). Moreover, we let Ψ(y,ε) : RN → BY(y, ε) be the retraction map given by Ψ(y,ε)(z) := Πε ◦ ξ(y,ε),
where

ξ(y,ε)(z) :=





z if z ∈ B
N

(y, ε)

ε
z − y

|z − y| if z ∈ RN \B
N

(y, ε)
(A.5)

so that Ψ(y,ε) is a Lipschitz continuous function with LipΨ(y,ε) = LipΠε → 1+ as ε → 0+.

As in [8, Sec. 4], Theorem 8.4 is based on the following local arguments, the proof of which is postponed
to the next section. First, Proposition A.2, we show how to “deform” a current T , satisfying suitable energy
estimates on the boundary of a ball, into a current satisfying a bound on the oscillation, see (A.8). Secondly,
Propositions A.3 and A.4, we use a local approximation argument. In the sequel we shall denote by c > 0
an absolute constant, possibly varying from line to line.

Projecting the image of a current. For n ≥ p + 1, and p ≥ 2, we set

Bn
ρ := Bn(0, ρ) , x = (x̃, x̂) ∈ Rn−p+1 × Rp−1 , Dρ := Bn−p+1(0, ρ) . (A.6)

Proposition A.2 Let 0 < R < δ < 1 and T ∈ cart1/p(Bn
δ × Y) be such that 0 < θT (0Rn) < ∞, see

(A.2), and let UT := Ext(uT ). There exists a positive constant σ0 ∈ (0, 1), only depending on n, p, on the
isoperimetric constant CY in (5.5), and on θT (0Rn), for which the following holds true. Assume that

E1/p(〈T, d0, R〉, (∂Bn
R \ (DR × {0Rp−1}))× Y) ≤ c σ θT (0Rn)Rn−p ,

E1/p(〈T, d0, R〉) ≤ c θT (0Rn)Rn−p ,∫

∂Bn
R×[0,R]

|UT (x)− y0|p dHn ≤ c σ Rn
(A.7)

for some y0 ∈ Y and for some σ > 0 smaller than σ0. Let εσ := c1 σ1/(6p), where c1 = c1(n, p) > 0 is
an absolute constant, and let m ∈ N+ be the integer part of σ−2α(n,p), where α(n, p) := 1/(4p(n− 1)) > 0.
Then we can find a Cartesian current T̂ ∈ cart1/p((Bn

R \ B
n

r )× Y), where r := R(1− 1/m), and a current
T = TU ∈ F(T̂ , Bn

R \B
n

r ), see (A.3), such that the following facts hold:

(a) 〈T̂ , d0, R〉 = 〈T, d0, R〉 and 〈T̂ , d0, r〉 = (ψR,r ./ Ψ(y0,εσ))#〈T, d0, R〉, where ψR,r(x) := rx/R and
Ψ(y0,εσ)(z) := Πεσ ◦ ξ(y0,εσ), see (A.5), so that spt〈T̂ , d0, r〉 ⊂ ∂Bn

r ×BY(y0, εσ);

(b) the smooth function U ∈ W 1,p((Bn
R \B

n

r )×]0, 1],RN ) corresponding to TU satisfies

U((Bn
R \B

n

r )× [0, R/m]) ⊂ B
N

(y0, εσ) ; (A.8)

(c) T̂ has small energy on Bn
R \Bn

r , i.e.,

E1/p(T̂ , Bn
R \Bn

r ) ≤ Dp(T , (Bn
R \Bn

r )× I) ≤ c σα(n,p)Rn−p+1 ; (A.9)

(d) finally, the flat norm
F((T̂ −Gy0) (Bn

R \B
n

r )× Y) ≤ c σα(n,p)Rn−p+1 ; (A.10)

where Gy0 is the graph current of the constant map y0.

Approximation on a ball. Using the notation from (A.6), let

B+
r := {(x̂, t) ∈ Bp

r | x̂ ∈ Rp−1, t > 0} , B+ := B+
1 .

Moreover, let y(x̃) := (r− |x̃|Rn−p+1) denote the (signed) distance of x̃ ∈ Rn−p+1 from the boundary of the
(n− p + 1)-disk Dr, and for δ > 0 small let

φδ(x, t) := (x̃, ϕδ(y(x̃)) x̂, ϕδ(y(x̃)) t) , x̃ ∈ Dr , (x̂, t) ∈ B+ , ϕδ(y) := min{y, δ} , (A.11)
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so that Ωδ := φδ(Dr × B+) is a small neighborhood of the interior of the disk Dr × {0Rp} in Bn
R × I.

Finally, let

Ω̃δ := φδ(Dr ×B
+

1/2) = {(x̃, x̂, t) | x̃ ∈ Dr , (x̂, t) ∈ B
+

1/2 , ρ ≤ ϕδ(y(x̃))/2} , (A.12)

where in the sequel ρ := |(x̂, t)|Rp , and

Ω(r,δ) := Ωδ \ (Dr × {0Rp}) , Rn
x := Rn × {0} .

Proposition A.3 Let T ∈ cart1/p(Bn
r × Y), so that (5.3) holds, with X = Bn

r . Let T = TU ∈ F(T,Bn
r ),

see (A.3), where the smooth map U ∈ W 1,p(Bn
r×]0, 1],RN ) satisfies

U(Bn
r × [0, δ0]) ⊂ B

N
(y0, εσ)

for some fixed δ0 > 0 and y0 ∈ Y, where εσ = c1 σ1/(6p), for σ > 0 small. Moreover, assume that
Dr × {0Rp−1} ⊂ set(Lq) for some q ∈ Hsph

p−1(Y, ∅;Z), and let Rq ∈ Rp(RN ) be such that ∂Rq ∈ Zp−1(Y)
belongs to q. Then, for δ > 0 small enough, we can find a current T̂ ∈ cart1/p((Bn

r \ (Ω̃δ ∩ Rn
x))× Y) and

a current T̃ = T̃V ∈ F(T̂ , Bn
r \ (Ω̃δ ∩ Rn

x)), see (A.3), satisfying the following properties:

i) ∂T̃ = ∂(T (Bn
r × I)× RN )− [[ ∂Ω̃δ ]]× δy0 − [[ ∂Dr × {0Rp} ]]×Rq;

ii) Dp(T̃ , ((Bn
r × I) \ Ω̃δ)× RN ) ≤ Dp(T, ((Bn

r × I) \ Ωδ)× RN ) + c σ rn−p+1 + c µT (Ω(r,δ) ∩ Rn
x);

iii) F((T̂ − T ) (Bn
r \ (Ω̃δ ∩ Rn

x))× Y) ≤ c σ rn−p+1.

The dipole construction. We shall also make use of the following dipole argument, the proof of
which is omitted, being very similar to the one given e.g. in [13], on account of Proposition 7.5.

Proposition A.4 Let q, Rq, and c(p,Y) be as in Proposition 7.5, and let y0 ∈ Y be a given point. For
every σ > 0, there exists a function Vσ ∈ W 1,p(Ω̃δ,RN ), with δ > 0 sufficiently small, smooth on Ω̃δ \ Rn

x

and with trace vσ := T(Vσ) ∈ W 1/p((Ω̃δ ∩ Rn
x),Y), such that

Dp(Vσ, Ω̃δ) ≤ c σ rn−p+1 + c(p,Y) · Hn−p+1(Dr) ·M(Rq) (A.13)

and
∂GVσ = [[ ∂Ω̃δ ]]× δy0 + [[ ∂Dr × {0Rp} ]]×Rq . (A.14)

Of course, by Proposition 7.3 and Remark 7.4 we have c(2,Y) = 2. Moreover, in the case Y = Sp−1,
using this time Proposition 7.1, we obtain the following

Proposition A.5 Let Y = Sp−1 and y0 ∈ Sp−1 be a given point. For every integer q ∈ Z and every
σ > 0, there exists a function Vσ ∈ W 1,p(Ω̃δ,Rp), with δ > 0 sufficiently small, smooth on Ω̃δ \ Rn

x and
with trace vσ := T(Vσ) ∈ W 1/p((Ω̃δ ∩ Rn

x), Sp−1), such that

Dp(Vσ, Ω̃δ) ≤ c σ rn−p+1 +Hn−p+1(Dr) · |q| · |Bp|

and
∂GVσ = [[ ∂Ω̃δ ]]× δy0 + q [[ ∂Dr × {0Rp} ]]× [[Bp ]] .

We shall finally make use of the following

Lemma A.6 For every U ∈ W 1,p(Cn+1,RN ) and for Hn-a.e. point x ∈ X we have

lim
ρ→0+

−
∫

Bn(x,ρ)×I

|DU(z)|p dHn+1 =
∫

I

|DU(x, t)|p dt < ∞ .
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We are now ready to give the

Proof of Theorem 8.4: We divide the proof in four steps.

Step 1: Applying arguments as for instance in the proof of Federer [5, 4.2.19], by [5, 3.2.29] there exists a
countable family G of (n − p + 1)-dimensional C1-submanifolds Mj of X such that µT -almost all of X
is covered by G. Let σ ∈ (0, 1) to be fixed. By the Vitali-Besicovitch theorem, and by the properties of
the class cart1/p(X × Y), we can find a countable disjoint family of closed geodesic balls Bj := B(pj , rj),
contained in X and centered at points pj in LT , and numbers σj ∈ (0, σ), satisfying the properties listed
below. In the sequel we shall denote by c > 0 an absolute constant, possibly varying from line to line, which
is independent of σ, of the σj ’s, and of the radii rj of the balls Bj .

i) It holds µT (X \⋃
j Bj) = 0.

ii) For every j there is a manifold Mj of G such that the center pj of Bj belongs to Mj .

iii) Since Hn−p+1(LT ) < ∞ and θT : LT → [CY ,+∞) is Hn−p+1 LT -summable, see (5.5), then

∞∑

j=1

rj
n−p+1 ≤ cHn−p+1(LT ) < ∞ ,

∞∑

j=1

θT (pj) rj
n−p+1 ≤ c µT (X ) < ∞ . (A.15)

iv) Setting σj := min{σ, σ(pj)}, where σ(pj) is the positive constant given by Proposition A.2 in corre-
spondence of θT (pj), we can find a number t = tj ∈ (1/2, 1) such that

µT (B(pj , rj) \ (B(pj , tjrj) ∩Mj)) ≤ σj µT (B(pj , rj)) ∀ j .

v) According to (A.1), we have Mj ⊂ set(Lqj ) for some qj ∈ Hsph
p−1(Y).

vi) All the pj ’s are Lebesgue points of UT := Ext(uT ) with Lebesgue values UT (pj) = uT (pj) = zj ∈ Y,
and by a slicing argument

∫

∂B(pj ,tjrj)×[0,tjrj ]

|UT (x)− zj |p dHn ≤ c σj rj
n . (A.16)

vii) Using a blow-up argument at pj in the x-variables, we may and do assume that the current Sj :=
[[Bj ]]× δzj + [[Mj ]]× qj has small flat distance from T on Bj × Y, i.e.,

F((Sj − T ) Bj × Y) ≤ c σj rj
n−p+1 . (A.17)

viii) By a slicing argument, we may and will assume that for some R ∈ (trj , 2trj) the current 〈T, dpj , trj〉
belongs to cart1/p and satisfies

E1/p(〈T, dpj , trj〉, ∂B(pj , trj) \Mj) ≤ c

rj
E1/p(T, B(pj , R) \Mj) .

Also, by the construction, and by using iv) and Lemma A.6, we may assume that both

µT (B(pj , ρ) \ (B(pj , tjρ) ∩Mj)) ≤ σj · µT (B(pj , ρ)) (A.18)

and

µT (B(pj , ρ)) ≤ c θT (pj) ρn−p+1 , Dp(UT , B(pj , ρ)× I) ≤ c ρn

∫

I

|DUT (pj , t)|p dt < ∞ (A.19)

hold true for any 0 < ρ < 2rj . Therefore, taking rj small so that rp−1
j

∫
I
|DUT (pj , t)|p dt ≤ σj θT (pj),

we readily obtain that

E1/p(〈T, dpj , tjrj〉, ∂B(pj , tjrj) \Mj) ≤ c σj θT (pj) rj
n−p . (A.20)
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ix) Using a similar slicing argument and (A.19), we may and do assume that

E1/p(〈T, dpj
, trj〉) ≤ c θT (pj) rj

n−p . (A.21)

x) Since θT (pj) is the (n− p + 1)-dimensional density of µT at pj , and pj ∈ set(Lqj ), we also may and
do assume that

|µT (Bj)−M(Rqj ) · ωn−p+1 rj
n−p+1| ≤ σ · ωn−p+1 rj

n−p+1 , (A.22)

where ωn−p+1 := |Bn−p+1|.
xi) There exists a suitable bilipschitz homeomorphism ψσ from X onto itself, with Lip ψσ ≤ 2 and

Lipψ−1
σ ≤ 2, such that ψσ maps bijectively Bj onto Bj , with ψσ|∂Bj

= Id|∂Bj
, for all j, and ψσ is

equal to the identity outside the union of the balls Bj .

xii) We have ψσ(B(pj , tjrj) ∩Mj) = B(pj , ρj) ∩ (pj + Tan(Mj , pj)) and ψσ(∂B(pj , tjrj)) = ∂B(pj , ρj)
for every j, where ρj ∈ (rj/2, rj) and Tan(Mj , pj) is the tangent (n− p + 1)-space to Mj at pj .

Step 2: If T̃ := Ext(T ) ∈ Dn+1,p(Cn+1 × RN ), setting for any j

T̃σ
j := (ψσ ./ IdI×RN )#T̃ (int(Bj)× I × RN ) ,

Tσ
j := (−1)n−1T̃σ

j (int(Bj)× Y) on Zn,p−1(int(Bj)× Y) ,

Tσ
j belongs to cart1/p(int(Bj)×Y), and T̃σ

j = GUσ
j

on int(Bj)×]0, 1]×RN , where Uσ
j := (UT ◦ψ−1

σ )| int(Bj)×I

belongs to W 1,p(int(Bj) × I,RN ), whereas µT σ
j

= ψσ#(µT int(Bj)). Moreover, by (A.20), (A.21), and
(A.16) we infer that Tσ

j and Uσ
j satisfy the hypotheses (A.7) of Proposition A.2, where y0 = zj ∈ Y is the

Lebesgue value of UT at pj , with pj = 0, δ = rj and R = ρj , i.e.,

Bj = B
n

δ , B(pj , ρj) = Bn
R ,

B(pj , ρj) ∩ (pj + Tan(Mj , pj)) = DR × {0Rp−1} .

Denote A(pj) := B(pj , ρj)\B(pj , δj), where δj := ρj(1−1/mj), and mj is the integer part of σ
−2α(n,p)
j .

Proposition A.2 yields a Cartesian current Tj ∈ cart1/p(A(pj)×Y), and T̃j ∈ F(Tj , A(pj)), see (A.3), such
that by (A.9) and (A.10), and since σj ≤ σ for every j, we have

Dp(T̃j , A(pj)× I) ≤ c σα(n,p)rn−p+1
j , (A.23)

F((Tj −Gzj ) (A(pj)× Y)) ≤ c σα(n,p) rj
n−p+1 , (A.24)

whereas the support spt〈Tj , dpj , δj〉 ⊂ ∂B(pj , δj)×BY(zj , εσ). Moreover,

Tj = (−1)n−1∂T̃j on Zn,p−1((A(pj)× {0})× Y) ,

where T̃j = GUj on Dn+1,p((A(pj)×]0, 1]) × RN ) for some ”smooth” map Uj ∈ W 1,p(A(pj)×]0, 1],RN )
with image

Uj(A(pj)× [0, hj ]) ⊂ B
N

(zj , εσ) , (A.25)

compare (A.8), for a positive hj ∈]0, 1[.

Using Remark A.1, we now define ψj(x) := pj +
δj

ρj
(x− pj) and

T̆j := (ψj ./ Ψ(zj ,εσ))#(Tσ
j B(pj , ρj)× Y) ,

so that we have T̆j ∈ cart1/p(B(pj , δj),Y) with spt T̆j ⊂ B(pj , δj)×BY(zj , εσ), and by Proposition A.2

∂(Tj − T̆j) (∂B(pj , δj)× Y) = 0 . (A.26)

Write T̆j = Gvj + ST̆j
, so that vj ∈ W 1/p(B(pj , δj), BY(zj , εσ)), and let Vj ∈ W 1,p((B(pj , δj)× I),RN ) be

the function that minimizes the p-energy among all the smooth maps satisfying the following properties:
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(a) (−1)n−1∂GVj
= T̆j on Zn,p−1((B(pj , δj)× {0})× Y);

(b) ∂(GVj
−GUj

) ((∂B(pj , δj)×]0, 1])× RN ) = 0;

(c) Vj(B(pj , δj)× [0, hj ]) ⊂ B
N

(zj , εσ).

These condition are not in contradiction, on account of (A.25). Moreover, comparing the p-energy of Vj

with the one of a suitable reparametrization of Uj , see (A.23), and observing that TVj
∈ F(T̆j , B(pj , δj)),

according to the notation (A.3), it is readily checked that

Dp(TVj
, B(pj , δj)× I) ≤ c c(σ)σα(n,p) rj

n−p+1 + c(σ) E1/p(Tj , B(pj , ρj)× Y) , (A.27)

where c(σ) → 1+ as σ → 0+, whereas by (A.17), the definition of ψσ, ψj , and the triangular inequality

F((T̆j − T ) B(pj , δj)× Y) ≤ c σ rn−p+1
j . (A.28)

Step 3: By (A.25) we infer that T̆j and Vj satisfy the hypotheses of Proposition A.3, with B(pj , δj)
instead of Bn

r , y0 = zj , and q = qj , that yields a current T̂σ
j ∈ Dn+1,p(((B(pj , δj)× I) \ Ω̃j

δ)× RN ), where
Ω̃j

δ is defined similarly to (A.12), but in correspondence of B(pj , δj).
Moreover, by applying Proposition A.4, with B(pj , δj) instead of Bn

r and q0 = qj , we find a suitable
function V σ

j ∈ W 1,p(Ω̃j
δ,RN ). Setting then

S
σ

j := T̂σ
j + GV σ

j
, S̆σ

j := (−1)n−1∂S
σ

j (B(pj , δj)× Y) ,

(A.14) and i) in Proposition A.3 yield that S̆σ
j ∈ cart1/p(B(pj , δj)× Y) and also, using (A.26),

∂(S̆σ
j − Tj) (∂B(pj , δj)× Y) = 0 , (A.29)

whereas S
σ

j ∈ F(S̆σ
j , B(pj , δj)), see (A.3). Moreover, by (A.13) we have

Dp(V σ
j , Ω̃j

δ) ≤ c σ δj
n−p+1 + c(p,Y) · Hn−p+1(Drj ) ·M(Rqj ) .

Therefore, since δj ∈ (rj/2, rj), by (A.22) we get

Dp(V σ
j , Ω̃j

δ) ≤ c σ rj
n−p+1 + c(p,Y) · µT (Bj) . (A.30)

Finally, using (A.18) to estimate the last term in the right-hand side of ii) in Proposition A.3, by (A.27) and
(A.30) we obtain

E1/p(S̆σ
j , B(pj , δj)× Y) ≤ c(σ) E1/p(T σ

j , B(pj , δj)× Y)
+ c c(σ) σα(n,p) rj

n−p+1 +
(
c(p,Y)− 1 + c σ

)
µT (B(pj , rj)) ,

(A.31)

whereas by (A.17), (A.28), and the cited propositions we have

F((S̆σ
j − T ) B(pj , δj)× Y) ≤ c σ rn−p+1

j . (A.32)

Step 4: We now define
S̃σ

j := S
σ

j + T̃j + T̃σ
j (B(pj , rj) \B(pj , ρj))× RN

and Sσ
j := (−1)n−1∂S̃σ

j ((B(pj , rj) × {0}) × Y), so that by (A.29), and by the construction, Sσ
j belongs

to cart1/p(int(Bj)× Y). By (A.23), (A.27), and (A.31) we obtain that

E1/p(Sσ
j , Bj × Y) ≤ c(σ) E1/p(Tσ

j , B(pj , δj)× Y)
+ c c(σ)σα(n,p) rj

n−p+1 +
(
c(p,Y)− 1 + c σ

)
µT (Bj) .

(A.33)

Moreover, by (A.10), (A.24), and (A.32), we deduce that for ε, δ small enough

F((Sσ
j − T σ

j ) Bj × Y) ≤ c σα(n,p) rj
n−p+1 . (A.34)
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Setting now

T̃
(σ)
j := (ψ−1

σ ./ IdI×RN )#S̃σ
j int(Bj)× I × RN , T

(σ)
j := (ψ−1

σ ./ IdRN )#Sσ
j int(Bj)× Y ,

by (A.33) we infer that for every j

E1/p(T
(σ)
j , int(Bj)× Y) ≤ c(σ) E1/p(T,B(pj , δj)× Y)

+
(
c(p,Y)− 1 + c σ

)
µT (Bj) + c c(σ)σα(n,p) rj

n−p+1
(A.35)

whereas by (A.34)
F((T (σ)

j − T ) Bj × Y) ≤ c σα(n,p) rj
n−p+1 . (A.36)

We finally define T σ ∈ Dn,p−1(X × Y) by

T σ :=
∞∑

j=1

T
(σ)
j + T

(X \
∞⋃

j=1

int(Bj)
)× Y .

We have Tσ ∈ cart1/p(X × Y); by (A.15) and (A.35), for σ > 0 small, so that c(σ) is near to 1, we obtain

E1/p(Tσ) ≤ E1/p(T ) +
(
c(p,Y)− 1 + c σ

)
µT (X ) + c σα(n,p)Hn−p+1(LT ) ,

so that if σ = σ(ε, k,LT , µT ) > 0 is small, we have

E1/p(Tσ) ≤ E1/p(T ) + εk +
(
c(p,Y)− 1

)
µT (X ) .

Moreover, by (A.18), taking σ small, the above construction yields that

µT σ (X ) ≤ c

∞∑

j=1

µT (B(pj , rj) \ (B(pj , trj) ∩Mj)) + µT (X \ LT )

≤ c σ µT (X ) <
1
2
· µT (X ) .

Finally, by (A.36) and (A.15) we have

F(T σ − T ) ≤
∞∑

j=1

F((T (σ)
j − T ) Bj × Y)

≤ c σα(n,p)

∞∑

j=1

rj
n−p+1 < εk ,

if σ = σ(ε, k,LT , µT , n, p) > 0 is small. Theorem 8.4 follows by taking T̃ = Tσ for σ > 0 small. ¤

A.2 The density theorem, Part II

In this section we conclude the proof of Theorem 8.4, by proving the local arguments stated in the previous
section.

Proof of Proposition A.2: We use an argument reminiscent of the one used in [18, Step 3] and [8,
Prop. 4.6]. For a given cubeulation of the boundary ∂Bn

R, we shall denote by Σk
R the family of k-faces of

the skeleton, and by Σ̃k
R the subset of k-faces that do not intersect DR×{0}. Moreover, we let T̃ := Ext(T ),

so that the slices satisfy

(−1)n−1〈T̃ , d̃0, R〉 = 〈T, d0, R〉 on Zn−1,p−1(∂Bn
R × Y) ,

and denote the restriction of the slices to the k-skeleton of the grid by

T k
R := 〈T, d0, R〉 Σk

R × Y , T̃ k
R := 〈T̃ , d̃0, R〉 (Σk

R × I)× RN .
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Finally, for simplicity we will denote

Dp(T̃ k
R, Σk

R) := Dp(T̃ k
R, (Σk

R × I)× RN )
Dp(T̃ k

R, Σ̃k
R) := Dp(T̃ k

R, (Σ̃k
R × I)× RN ) .

To our purposes, we want that T p−2
R agrees with the graph of a continuous W 1/p-map with image

contained in the geodesic ball BY(y, εσ), and the image of Σp−2
R × [0, R/q] by the extension map UT of uT

is contained in the ball B
N

(y, εσ).

We thus choose a suitable cubeulation of ∂Bn
R made of small (n− 1)-dimensional “cubes” of side R/m,

i.e., each one bilipschitz homeomorphic to the (n− 1)-cube [−R/m,R/m]n−1 by linear maps fi such that
‖Dfi‖∞ ≤ K, ‖Df−1

i ‖∞ ≤ K, where K > 0 is an absolute constant. Since DR × {0} has dimension
n − p + 1, we may and do assume that Σp−2

R ∩ (DR × {0}) = ∅, i.e., Σp−2
R = Σ̃p−2

R , and that the following
estimates hold for every k = p− 2, . . . , n− 1:

∫

Σk
R×[0,R]

|UT − y0|p dHk+1 ≤ c

(
m

R

)n−1−k ∫

∂Bn
R×[0,R]

|UT − y0|p dHn ; (A.37)

Dp(T̃ k
R, Σk

R) ≤ c

(
m

R

)n−1−k

E1/p(〈T, d0, R〉) ; (A.38)

Dp(T̃ k
R, Σ̃k

R) ≤ c

(
m

R

)n−1−k

E1/p(〈T, d0, R〉, ∂Bn
R \ (DR × {0Rp−1})) . (A.39)

By the first inequality in (A.7) we infer that (A.39) yields

Dp(T̃ k
R, Σ̃k

R) ≤ c σ θT (0Rn) Rk−p+1 mn−1−k . (A.40)

In particular, for k = p− 1, if
σ1/3 mn−p < 1/θT (0Rn) , (A.41)

condition that satisfied for σ > 0 small by the choice of m, we infer that

Dp(T̃
p−1
R , Σ̃p−1

R ) ≤ c σ2/3 .

Due to (5.5), taking σ > 0 small, it turns out that T p−1
R has no vertical part in Σ̃p−1

R × Y, hence agrees
with the graph of a W 1/p-map from Σ̃p−1

R with values into Y. We now prove the following

Claim: The image of Σp−2
R × [0, R/m] by UT := Ext(uT ) is contained in the ball B

N
(y0, εσ).

Proof of the claim: Since Σp−2
R = Σ̃p−2

R , the inequalities (A.40) and (A.41) yield that
∫

Σp−2
R ×I

|DUT |Σp−2
R ×I |p dHp−1 ≤ c σ2/3 m

R
. (A.42)

Let Q be any (p− 2)-cube of side R/m in Σp−2
R . By applying the Sobolev embedding theorem to the

W 1,p-function UT |Σp−2
R ×I on the (p − 1)-dimensional ”cube” Q × [0, R/m], and by a scaling argument, we

obtain that

sup
z1,z2∈Q×[0,R/m]

|UT (z1)− UT (z2)|p
|z1 − z2| ≤ c

∫

Q×[0,R/m]

|DUT |Σp−2
R ×I |pdHp−1 .

By (A.42), the diameter of Q× [0, R/m] being smaller than c (R/m), this yields that the oscillation of UT

on each (p− 1)-cube Q× [0, R/m] is bounded by c σ2/3p, and hence by εσ/2, for σ > 0 small.
Moreover, by (A.37) and the third inequality in (A.7), we have

∫

Σp−2
R ×[0,R/m]

|UT − y0|p dHp−1 ≤ c σ Rn

(
m

R

)n−p+1

= c σ Rp−1 mn−p+1 .
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For every (p− 2)-cube Q in Σp−2
R as above, since Hp−1(Q× [0, R/m]) ≥ c (R/m)p−1, we obtain

−
∫

Q×[0,R/m]

|UT − y0|p dHp−1 ≤ c σ mn .

Since n−1 ≥ p ≥ 2, we infer that (c σ mn)1/p
< εσ/2 for σ > 0 small, thus we find a point z ∈ Q× [0, R/m]

such that |UT (z)− y0| ≤ εσ/2. The claim follows. ¤

Using arguments reminiscent of [18], we now construct the current T̃ satisfying the above properties.
More precisely, we first define Φm : ∂Bn

R → ∂Bn
r by Φm(x) := (1 −m−1) x and π(R,r) : Bn

R \ Bn
r → ∂Bn

R

by π(R,r)(x) := R x/|x|. Setting for k = p− 1, . . . , n− 1

Mk
(R,r) := π−1

(R,r)(Σ
k−1
R ) , N k

(R,r) := Mk
(R,r) ∪ Σk

R ∪ Φm(Σk
R) ,

it turns out that N k
(R,r) is the k-skeleton of a family of n-dimensional ”cubes” {Ci}i0

i=1, where i0 = cmn−1,

each one bilipschitz homeomorphic to the n-cube [−R/m, R/m]n by linear maps f̃i such that ‖Df̃i‖∞ ≤ K,
‖Df̃−1

i ‖∞ ≤ K, where K > 0 is an absolute constant. We also let Nn
(R,r) :=

⋃i0
i=1 Ci = B

n

R \Bn
r .

We first define a p-current Sp on (N p−1
(R,r) × I)× RN by setting

Sp :=

{
T̃ p−1

R on (Σp−1
R × I)× RN

H#([[ 0, 1 ]]× T̃ p−2
R ) on (Mp−1

(R,r) × I)× RN ,

where H : [0, 1]× ∂Bn
R × I × RN → (Bn

R \Bn
r )× RN is the affine homotopy map

H(λ, x, t, y) :=
(

λr
x

|x| + (1− λ)x, t, y

)
.

Moreover, if F is any (p − 1)-face of Φm(Σp−1
R ), we define Sp on (F × I) × RN as the graph of the

W 1,p-map vF : F × I → RN

vF (x, t) :=





m

R
t UT

(
Φ−1

m (x), t
)

+
(

1− m

R
t

)
ξ(y0,εσ) ◦ UT

(
Φ−1

m (x), t
)

if 0 ≤ t ≤ R

m

UT

(
Φ−1

m (x), t
)

if
R

m
≤ t ≤ 1 .

Recall that T̃ p−1
R agrees with the p-current carried by the graph of the W 1,p-map UT |Σp−1

R ×I , and the

restriction UT |Σp−2
R ×[0,R/m] is a continuous function with image contained in B

N
(y0, εσ), by the claim.

Therefore, for every x ∈ ∂F we have

vF (x, t) = UT

(
Φ−1

m (x), t
) ∀ t ∈ [0, 1] ,

whereas for t = 0 we have

vF (x, 0) = Ψ(y0,εσ) ◦ uT

(
Φ−1

m (x)
) ∈ BY(y0, εσ) ∀x ∈ F , ∀F ∈ Φm(Σp−1

R ) .

As a consequence, for every (p− 1)-face F of N p−1
(R,r), the restriction Sp

F of Sp to (F × I)×RN agrees
with the graph of a W 1,p-map, with no interior boundary, so that if F1 and F2 intersect in a common
(p− 2)-face L, we have

Sp
F1

(L× I)× RN = −Sp
F2

(L× I)× RN .

Most importantly, we have

spt(Sp (N p−1
(R,r) × [0, R/m])× RN ) ⊂ (N p−1

(R,r) × [0, R/m])×B
N

(y0, εσ) . (A.43)
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Moreover, the energy estimate

Dp(Sp, (N p−1
(R,r) × I)× RN ) ≤ c

(
Dp(T̃

p−1
R , Σp−1

R ) +
R

m
Dp(T̃

p−2
R , Σp−2

R )
)

(A.44)

holds. In fact, Lip ξ(y0,εσ) ≤ 1, see (A.5), so that by the Poincaré inequality

(
m

R

)p ∫

F×[0,R/m]

|UT

(
Φ−1

m (x), t
)− ξ(y0,εσ) ◦ UT

(
Φ−1

m (x), t
)|p dHp−1

≤ c

(
m

R

)p ∫

Φ−1
m (F )×[0,R/m]

|UT − ξ(y0,εσ) ◦ UT |p dHp−1

≤ c

∫

Φ−1
m (F )×[0,R/m]

|DUT −D
(
ξ(y0,εσ) ◦ UT

)|p dHp−1

≤ c

∫

Φ−1
m (F )×I

|DUT |p dHp−1 ,

that clearly yields (A.44). Finally, since Φm(Σp−1
R ) contains cmn−1 such (p− 1)-faces F , for σ > 0 small

we have the Lp-estimate

∑

F∈Φm(Σp−1
R )

‖vF − y0‖p
Lp(F×[0,R/m]) ≤ c εσ

p mn−1

(
R

m

)p

. (A.45)

Arguing by iteration on the dimension k = p, . . . , n, we now define a (k + 1)-current Sk+1 on (N k
(R,r) ×

I) × RN . Using (A.43) for the case k = p, at the previous step we have defined Sk on (N k−1
(R,r) × I) × RN

in such a way that

spt(Sk ((N k−1
(R,r) × [0, R/m])× RN )) ⊂ (N k−1

(R,r) × [0, R/m])×B
N

(y0, εσ) . (A.46)

If Q is any k-face of N k
(R,r), we distinguish three cases.

Case 1: If Q is contained in Σk
R we set

Sk+1 ((Q× I)× RN ) := T̃ k
R ((Q× I)× RN ) .

Case 2: If Q is contained in Φm(Σk
R) we first define the k-current T k on Q× Y by

T k (Q× Y) := (ψR,r ./ Ψ(y0,εσ))#
(
T k

R (Q× Y)
)
.

Case 3: If Q is contained in Mk
(R,r), we first define the k-current T k on Q × Y by means of a ”radial”

extension of the boundary datum. More precisely, we set

T k (Q× Y) := Ĥ#([[ 0, 1 ]]× (Sk ((∂Q× {0})× Y))) , (A.47)

where Ĥ(λ, x, y) := (λxQ + (1− λ)x, y) and xQ is the barycenter of Q.

Remark A.7 The current T k given by the radial extension (A.47) may have a non-zero boundary of the
type δxQ × SQ, as we test with (k − 1)-forms in Zk−1,p−1. In the case k = p, SQ is the integral flat
(p− 1)-cycle in Y given by uT#[[ F ]]−Ψ(y0,εσ) ◦ uT#[[ F ]], where F is the (p− 1)-face of Q that intersects
the boundary ∂Bn

R. However, by the construction we infer that SQ is the boundary of a current RQ in
Rp(RN ) with mass lower than an absolute constant times the p-energy of the extension UT |F×I , which is
small with σ. Therefore, by (5.5) we infer that for σ > 0 small the (p− 1)-cycle SQ is homologically trivial
in Y, whence

∂T p (int(Q)× Y) = 0 on Zp−1,p−1(int(Q)× Y) .

On the other hand, in the case k ≥ p + 1 no extra-boundary is produced in the radial extension (A.47), as
currents of the type δx × S, where S ∈ Zk−1(Y), are always zero when tested on forms in Zk−1,p−1.
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In the Cases 2 and 3, we then define Sk+1 on (Q × I) × RN as the current GvQ
carried by the graph

of the W 1,p-map vQ : Q × I → RN that minimizes the p-energy among all maps v in W 1,p(Q × I,RN )
satisfying the following conditions as to the boundary and the image:

i) ∂Gv ((∂Q× I)× RN ) = Sk ((∂Q× I)× RN );

ii) ∂Gv (Q× {0})× RN = T k;

iii) v(Q× [0, R/m]) ⊂ B
N

(y0, εσ).

Notice that conditions i) and iii) are not in contradiction, due to (A.46). Moreover, in the Case 3 the
following energy estimate is readily checked:

Dp(Sk+1, (Q× I)× RN ) ≤ C
R

m
Dp(Sk, (∂Q× I)× RN ) , (A.48)

whereas in the Cases 1 and 2 we have

Dp(Sk+1, (Q× I)× RN ) ≤ C Dp(T̃ k
R ((Q× I)× RN )) . (A.49)

Once we have iterated the previous construction for k = p, . . . , n, we set for every n-cube Ci ∈ Nn
(R,r)

T ((Ci × I)× RN ) = Sn+1 ((Ci × I)× RN ) .

By (A.48) and (A.49) we obtain a bound of the p-energy of T on ((Bn
R \Bn

r )× I)× RN in terms of

c

n−1∑

k=p−1

(
R

m

)n−k

Dp(T̃ k
R,Σk

R) + c

(
R

m

)n−p+1

Dp(Sp, (N p−1
(R,r) × I)× RN ) ,

whence, on account of (A.44), in terms of

c

n−1∑

k=p−2

(
R

m

)n−k

Dp(T̃ k
R, Σk

R)

and hence, using (A.38), by c
(
R/m

) E1/p(〈T, d0, R〉) and definitively, by the second inequality in (A.7), and
taking σ small so that σα(n,p) < 1/θT (0Rn), in terms of the right-hand side of (A.9).

As to the flat distance, we observe that

F((T̂ −Gy0) (Bn
R \B

n

r )× Y) ≤ c
(
Dp(T , (Bn

R \Bn
r )× I)× RN ) + ‖UT − y0‖L1((Bn

R\Bn
r )×[0,R/m])

)
,

where UT is the W 1,p-function corresponding to T , i.e., such that T = GUT
in ((Bn

R \ Bn
r )×]0, 1]) × RN .

Since R/m < 1, we have

‖UT − y0‖p
L1((Bn

R\Bn
r )×[0,R/m]) ≤ ‖UT − y0‖p

Lp((Bn
R\Bn

r )×[0,R/m]) .

Moreover, by the construction, arguing as above it is readily checked that

‖UT − y0‖p
Lp((Bn

R\Bn
r )×[0,R/m]) ≤ c

n−1∑

k=p−2

(
R

m

)n−k

‖UT − y0‖p

Lp(Σk
R×[0,R/m])

+
(

R

m

)n−p+1 ∑

F∈Φm(Σp−1
R )

‖vF − y0‖p
Lp(F×[0,R/m]) .

Therefore, by (A.37) and (A.45)

‖UT − y0‖p
Lp((Bn

R\Bn
r )×[0,R/m]) ≤ c

∫

∂Bn
R×[0,R]

|UT (x)− y0|p dHn + c εσ
p Rn+1 m−2 .
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Finally, since c σRn + c εσ
p Rn+1 m−2 ≤ c εσ Rn−p+1, by (A.9) and the third inequality in (A.7) we obtain

(A.10). ¤

Proof of Proposition A.3: For 0 < δ ¿ δ0, let ψδ : Ωδ \ Ω̃δ → Ω(r,δ) be the bijective map

ψδ(x̃, x̂, t) :=
(

x̃,

(
2− ϕδ(y(x̃))

ρ

)
(x̂, t)

)
.

Similarly to [17, Sec. 5.5], letting

T̃1 := ((ψδ)−1 ./ IdRN )#(TU (int(Ω(r,δ))× RN ))

we see that T̃1 agrees on int(Ωδ \ Ω̃δ)×RN with the graph of the W 1,p-map W := U ◦ψδ : (Ωδ \ Ω̃δ) → RN .
Moreover, setting T1 := (−1)n−1∂T̃1 on Zn,p−1(((Ωδ \ Ω̃δ) ∩ Rn

x) × Y), we have T1 ∈ cart1/p(((Ωδ \ Ω̃δ) ∩
Rn

x)× Y) and
µT1((Ωδ \ Ω̃δ) ∩ Rn

x) ≤ µT (int(Ω(r,δ)) ∩ Rn
x) .

We now define w : (Ωδ \ Ω̃δ) → RN by

w(x, t) :=
(

2ρ

ϕδ(y(x̃))
− 1

)
·W (x, t) +

(
2− 2ρ

ϕδ(y(x̃))

)
· y0 .

Since the image of Ωδ \ Ω̃δ by W is contained in B
N

(y0, εσ), and εσ is small with σ, we infer that the
energy Dp(w, Ωδ \ Ω̃δ) is small if δ and σ are small. Moreover, the restriction of w to (Ωδ \ Ω̃δ) ∩ Rn

x

belongs to W 1/p((Ωδ \ Ω̃δ) ∩ Rn
x ,Y).

We then may and do define a current T̃2 ∈ Dn+1,p(int(Ωδ \ Ω̃δ) × RN ) that agrees on (int(Ωδ \ Ω̃δ) \
Rn

x)× RN with the graph of the W 1,p-map w and satisfies the energy estimate

Dp(T̃2, (int(Ωδ \ Ω̃δ) \ Rn
x)× RN ) ≤ c σ rn−p+1 + c µT (Ω(r,δ) ∩ Rn

x) ,

taking δ small, and the boundary condition

∂T̃2 = ∂(T Ωδ × RN )− [[ ∂Ω̃δ ]]× δy0 − [[ ∂Dr × {0Rp} ]]×Rq .

Notice that, setting T2 := (−1)n−1∂T̃2 on Zn,p−1(((Ωδ \ Ω̃δ) ∩ Rn
x) × Y), the current T2 belongs to

cart1/p(((Ωδ \ Ω̃δ) ∩ Rn
x)× Y). We finally set

T̃ := TU ((Bn
r × I) \ int(Ωδ))× RN + T̃2 (int(Ωδ) \ Ω̃δ)× RN .

Properties i)–iii) in Proposition A.3 readily follow, for δ > 0 small. ¤

Proof of Lemma A.6: Similarly to e.g. [10, Vol. I, Sec. 3.1.1], but this time making use of the ”maximal”
function

M̃(u)(x) := sup
r>0

−
∫

Bn(x,ρ)×I

|u| dHn+1 ,

we obtain that for every u ∈ Lp(Rn × I)

Hn({x ∈ Rn | M̃(u)(x) > t}) ≤ 6n

t

∫

Ωt

∫

I

|u(x, y)| dy dx ,

where Ωt := {x ∈ Rn | ∫
I
|u(x, y)| dy > t/2}. This yields that M̃(u)(x) is finite Hn-a.e.. Moreover, for

Hn-a.e. x we have
∣∣∣∣
∫

I

u(x, y) dy

∣∣∣∣ ≤ M̃(u)(x) and lim
ρ→0

∫

I

−
∫

Bn(x,ρ)

|u(x, t)− u(z, t)| dz dy = 0 .

This clearly yields the assertion, by choosing u := DiU
j . ¤
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