On sequences of maps with finite energies
in trace spaces between manifolds

Domenico Muccs

Abstract. We deal with mappings defined between Riemannian manifolds that belong to trace spaces of Sobolev
functions. Such mappings are equipped with a natural energy, equivalent to the fractional norm. We study the class
of Cartesian currents that arise as weak limits of sequences of mappings with equibounded energies. Under suitable
topological assumptions on the domain and target manifolds, we prove a density property of graphs of smooth maps.
As a consequence, we discuss the corresponding relaxed energy. For mappings with values into the sphere, an explicit
formula for the relaxed energy is obtained.
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1 Introduction

In the last decades there has been a growing interest in variational problems for vector valued mappings
with geometric constrains, as e.g. for mappings defined between smooth manifolds isometrically embedded
in Euclidean spaces. A central role is played by the analysis of the Dirichlet integral

D(u) = %/ | Du(z)|? dz

of maps u : B® — R3, where B™ is the unit ball in R™, that are constrained to take values into the unit
sphere S? of R3. The problem is naturally set in the Sobolev class W'2(B" S?), where

wtP(B" §?) .= {u € W"?(B",R?) : |u(z)|=1 forae xz€B"}, p>1.

It is well known that during the process of relaxation in W12(B" §?), the functional D(u) may produce
energy concentration. In the physical model n = 3, the weak W'2-limits of sequences of smooth maps wuy



from B? into S? with equibounded Dirichlet energies, sup, D(uy) < oo, may in general be Sobolev maps
u € W12(B? S?) with point singularities that are positioned in correspondence with “holes” in the graph
of u, as e.g. for the map wu(z) := z/|z|.

In the same spirit as Lebesgue’s relaxed area functional, the relazed Dirichlet energy of maps u €
Wh2(B",S?) is defined by

D(u) := inf{likminfD(uk) | {ur} € WH2(B™,S*) N C* | uy — u strongly in L?*(B™,R?)}.

By Schoen-Uhlenbeck density theorem [29], in low dimension n = 2 we always have D(u) = D(u).
Moreover, as shown by Bethuel-Brezis-Coron [3] in dimension n = 3, see also Giaquinta-Modica-Soucek [9],
and by Tarp [30] in higher dimension n > 4, for every u € WH%(B",S?), where n > 3, we have

D(u) = D(u) + 47 L(u) , L(u) >0, (1.1)

the gap L(u) being the measure of the minimal integral connection of the singularities of wu.

More precisely, the singularities of a map u € W12(B",S?) are represented by an (n — 3)-dimensional
current P(u) € D,_3(B"), and correspond to "holes” in the graph of u. For example, if n = 3 and
u(z) = z/|x|, we have P(u) = —dp, where gy is the unit Dirac mass at the origin. Then L(u) may be seen
as the mass of the mass-minimizing integer multiplicity (say i.m.) rectifiable current L € R,,_(B"™) such
that (OL)L B™ = P(u).

The theory of Cartesian currents, introduced by Giaquinta-Modica-Soucek in 1989, and extensively
studied in the monograph [10], has revealed to be a satisfactory approach to deal with such kind of geometric
problems, especially in higher dimension n.

The naive idea is to look at a map v in W12(B" S?) as a current G, carried by its graph. The Dirichlet
energy is extended to the class of i.m. rectifiable currents in R,,(B" x S?) that naturally arise as weak limits
of sequences of graphs G, of smooth maps uy : B® — S? with equibounded Dirichlet energies. The weak
limit currents 7T describe the energy concentration phenomenon, and preserve geometric invariants as the
degree. Any element T in the corresponding class of Cartesian currents is given by the sum of a graph G,
for some ur € WH2(B",S?), and a vertical current of the type Ly x [S?], where L is an i.m. rectifiable
current of codimension 2 in B™ (that is, a sum of signed unit Dirac masses in the 2-dimensional case, and
of oriented lines in the physically relevant 3-dimensional case). This Ly closes the holes created by the
singularities, i.e., (0Lr)L B™ = —P(u). If e.g. n =3 and ur(x) = x/|z|, then Lr may be given by the
current integration of 1-forms in B3 over an oriented rectifiable arc with initial point at the boundary 683
and final point at the origin of B3. As to the Dirichlet energy, we have

D(T) = D(up) +4n-M(Ly) if T =Gy, + Ly x [S?].

Therefore, the relaxed energy (1.1) may be seen as the minimum of the Dirichlet energy D(T) computed
among all the Cartesian currents as above and such that the corresponding function ur agrees with w.

Since T — D(T) is lower semicontinuous with respect to the weak convergence as currents, using a
density property of smooth graphs, the representation formula (1.1) for the relaxed energy has been extended
to the case of W1 2-mappings from B™ into RY that take values into more general submanifolds ) of RY,
see [14] and [15].

For p > 2 non integer, p ¢ Z, in [21] it is shown that a map in WP (B",S?) belongs to the sequential
weak W1P-closure of smooth maps in W?(B" S?)NC" if and only if it belongs to the strong W!P-closure
of smooth maps from B" into S?. Moreover, as to the relaxed W1 P-energy, defined by

~ 1
D,(u) = inf{likminfm/ |Dug|P dz @ {u} € C*(B™,S?), u, — u strongly in LP} ;
—0oo P Bn

for 2 <p <3 and for v in WHP(B", S?) we have, see [17, Sec. 5.6],

1
-~ p 1 =
D)= por2 /Bn|Du| de if P(u)=0
+o0 if P(u)#0



where P(u) € D,,—3(B™) is the current of the singularities of w.

We finally remark that in the case of integer exponents p > 3, the situation is much more complicated
due to the fact that the higher order homotopy groups of the 2-sphere are not all trivial, e.g., 73(S?) = Z. If
h:S?® — §? is the Hopf map, i.e., the map that generates the third homotopy group of S?, and u : B* — S?
is given by u(z) := h(x/|z|), then u belongs to W13(B* S?) and P(u) = 0. However, the topological
singularity at the origin is relevant, even if it cannot be treated by means of a homological theory as above,
compare [23].

Much less is known if one consider variational problems concerning fractional Sobolev classes of maps
defined between manifolds. We address to the bibliography in [27] for a related list of recent results. One
of the aims of this paper is to discuss the relaxed energy of mappings defined between manifolds that are
traces of Sobolev mappings. In order to discuss the content of the paper, we first fix some notation.

TRACE SPACES. We let X and Y be two smooth, connected, compact, oriented Riemannian manifolds
that are isometrically embedded into R! and RY, respectively. We shall equip X and ) with the metric
induced by the Euclidean norms on the ambient spaces, and we let n := dim X. We shall also assume that
the target manifold ) is without boundary. The domain manifold X may have a (possibly empty) smooth
boundary X', a manifold of dimension n— 1, the standard cases being X = B™, the unit n-ball, or X = S",
the unit n-sphere.

For the sake of simplicity, in the sequel we shall always denote

wl/p .— Wlfl/pyp’ p>1,

and we recall, see e.g. [1], that for any real exponent p > 1 the fractional Sobolev space Wl/”(X) is the
Banach space of real valued functions u in LP(X) which have finite W'/P-seminorm

uf? — /X Ju(z) —uly)? dH™(z) dH" (y) < oo,

1/p,& v |z —ynte-1
where H* is the k-dimensional Hausdorff measure, endowed with the norm
lall? ) o= lll? ey + [ul? ) - (1.3)

W/r(x ,RN) is the space of vector valued maps u = (u',...,u") such that v/ € W¥P(X) for every
j=1,...,N. If X = OM for some smooth manifold M, e.g., X = S", then Wl/p(aM,RN) can be
characterized as the space of functions wu that are traces on M of functions U in the Sobolev space
WP(M,RY). More generally, since X C R!, denoting by C"*! the (n + 1)-dimensional ”cylinder”

Ctl=XxIcR xR, I:=[0,1],

W/P(x,RN) can be seen as the space of functions u that are traces on X x {0} of functions U in the
Sobolev space WhP(C"*t1 RY). Since Y C RY, we also let

WYP(x, V) = {ue WYP(X,RN) | u(z) €Y for H"-ae. z € X}.

Our model case will be ) = SP~! the unit (p — 1)-sphere in R, with p > 2, where the positive integer
p in this paper will always denote

p = [p] the integer part of p.
We thus have
WYP(x,SP71) = {u e WYP(X,RP) : |u(z)] =1 for H"-ae. z € X}.

THE gl/p—ENERGY. In the sequel, instead of working with the W'/P-norm (1.3), we shall work with the
equivalent energy & ,(u) defined as follows. For u € W'/P(X,)) we define the extension of u

Ext(u) € WhP(Cc"1 RY)



as the Holder continuous function which minimizes the p-energy integral

1

Dp(U) = W

/ |DU (x,t)|P dH" " (2, t) (1.4)
cn+t

among all functions U € W1P(C" 1 RYN) that agree with u on X x {0}. We also set
E1yp(u) = Dyp(Ext(u)),

so that clearly &,,(u) =~ ||ul|1/p,x. More precisely, by uniform convexity, and since ) is compact, it is

readily checked that for maps in W/P(X,)) the strong convergence u, — u in WP is equivalent to the
convergence in energy, i.e., ux — u in LP with & /,(ux) — &1,(u). We shall also denote by Q a generic
open set ) C X, and

1
£1/(1, Q) := D, (Exct(u), Q x I) = 72/ |D Exct(u)[? dH™. (1.5)
PP'? Joxr

THE RELAXED ENERGY. If u € Wl/P(X,y) for some p > 1, for any open set 2 C X we define

gl/p(u, Q) = inf{likm inf & /p(ug, Q) [ {ur} C WYP(Q, )N C, uy, — wstrongly in LP(Q, RN},  (1.6)
where & /,(u, ) is given by (1.5), and we let

Eiyp(u) == E1ypu, X).
In order to discuss the relaxed energy, we first introduce the class

HYP(X, ) :={u e WYP(X,)) | there exists {uy} C C®(X,))
such that u, — u strongly in W1/P} .

It is well-known, see [2, 4], that
HY"(X,Y)=WYr(x,y) if p>n+1. (1.8)

Moreover, for low exponents 1 < p < 2, the equality (1.8) holds true in any dimension n, see [27, Cor. 4].
Therefore, in the case of low dimension n < p—1, i.e., n < p := [p], or low exponent 1 < p < 2, we have

E1p(u) = Epp(u)  Yue WYP(X,Y). (1.9)
On the other hand, in case of higher dimension n > p — 1 > 1, in general the strict inclusion
HY"(X,9) ¢ WYP(x,)) (1.10)

holds. More precisely, Bethuel [2] noticed that if m,_1(Y) # 0, and n >p—12>1,1ie, n >p > 2, even
in the case X = B™ or X = S", there exist functions u € Wl/p(X, Y) which cannot be approximated in
W/P by sequences of smooth maps in Wl/p(X, V). For this reason, in the sequel we shall assume

n:=dim(X) >p:=[p| > 2.

MAPS INTO THE SPHERE. In the model case J) = SP~!, and for open sets 2 C R", Hang-Lin [19] defined
the singularity of a map u in W/P(€,SP~1) as the (n — p)-dimensional current in Q, say J, € D,_y(Q),
acting on compactly supported smooth (n — p)-forms ¢ € D" ?(2) as

Ju(®) : L do ANU#(dy' A+ Ady?), (1.11)

"B Jaxo
where |BP| is the measure of the unit p-ball, U := Ext(u) € WL (Qx [0,1],RP), and dé is the differential of
the (n—p)-form in Qx [0, 1] given by ¢ := ¢pAn, for some smooth decreasing cut-off function 7 : [0,1] — [0, 1]
such that n(t) =1 for ¢ € [0,1/4] and n(t) =0 for ¢ € [3/4,1].



They showed that the minimal integral connection of the singularities is bounded in terms of the W1/?-
seminorm of u. More precisely, for every map u in W1/?P(€,SP~1) there exists an i.m. rectifiable current
L eRy_ps+1(2 x[0,1]) such that

(OL)L (2 x[0,1]) = J, and M(L) < cluly/pa,

where ¢ = ¢(n,p) > 0 is an absolute constant.

This result was extended in [27] to the class W/P(X,SP~1), for general domain manifolds X as above.
We also notice that the integral connection L can be chosen with support in X, provided that its mass is
bounded by an extra term depending on the LP-norm of the extension Ext(u). More precisely, setting for
I' € D,—p(Q), where Q@ C R”,

mio(l) :=inf{M(L) | L € Rp—p41(Q), (OL)LQ =T},
for every u € W/P(Q,SP~1) we have, see [27],
mia(Ju) <c (|u|1/p + Ext(u)||’zp) < 00. (1.12)

In this paper, in analogy with the representation formula (1.1) about the relaxed Dirichlet energy of
mappings into the 2-sphere, we shall characterize the relaxed energy of maps u € W1/® (€2,SP~1), where
Q C R" is a bounded open set, in terms of the minimal connection of their singular set, also showing a
different feature in the case p > 2 non-integer.

To this purpose, we shall introduce the class cart'/? (2 xSP~1) of currents in D,,(2xSP~1) that naturally
arise as weak limits of sequences of graphs of smooth maps ug :  — SP~! with equibounded &; /p-energies.

Similarly to the case p = 2 from [11], every Cartesian current T € cart'/?(Q x SP~1) can be written as
T =Gy + Ly x[SP7], (1.13)

where G, is the current carried by the graph of a map ur € W/?(Q,SP~!) and Ly is an i.m. rectifiable
current in R, _p4+1(?). Now, if G, is the current integration on the graph G, of a smooth W'/P-map
w:Q — SP~L since the boundary 9G, is supported in 9Q x SP~!, by Stoke’s theorem we have

0G (W) = Gu(dw) = / d = /Bgu w=0

for every compactly supported smooth form w € D"~}(Q x SP~1), whereas condition 9G,, (w) = 0 is
clearly preserved by the weak convergence as currents. As a consequence, T also satisfies the null-boundary
condition

OT)LQ xSt =0 (1.14)

that, according to (1.11), reads as
(OLr)LQ = (=1 T, .

The &, /p-energy is naturally extended to currents 7' in cart!/?(Q x SP~1), see (1.13), by setting
E1yp(T) = E1yp(ur, Q) +|B?[- M(Lr),

so that the functional T+ & ,,(T) turns out to be lower semicontinuous with respect to the weak conver-
gence as currents. Moreover, we shall prove the following strong density property:

Theorem 1.1 For every T € cart'/?P(QxSP~1) there exists a sequence of smooth W'/P-maps uy, : Q — SP~1
such that G, weakly converges to T and & jp(ur, ) — E1/p(T) as k — oc.

As a consequence of (1.12) and of Theorem 1.1, we shall then prove:

Theorem 1.2 Let Q@ C R™ be a bounded open set. For every integers n > p > 2 and for every u €
W/P(Q,SP~1) the relazed energy satisfies

E1p(u, Q) = E1/p(u, Q) + |BP| - mya(Jy) < 0.



In terms of currents, this means that the relaxed energy is equal to the minimum of the &; /,-energy of
the Cartesian currents with corresponding function ur equal to wu, i.e.,

gl/p(u,Q) =inf{€/p(T) | T € cart’P(Q x SP71), ur = u in (1.13)}.
Moreover, for non-integer exponents, similarly to (1.2) we shall prove

Theorem 1.3 Let Q@ C R™ be a bounded open set, where n > p := [p|, and p > 2 non-integer. Then for
every u € WYP(Q,SP~1) we have

5 E1p(u, if Ju=0
gl/P(uag) = { _:ég( ) Z; Ju 7& 0.

DENSITY PROPERTIES. In order to extend Theorems 1.1, 1.2, and 1.3 to more general domain and target
manifolds, we first recall some density results for W'/P-mappings between manifolds.

Due to (1.10), in the case n > p Bethuel introduced in [2] the classes R7 (X,)) and R(f/p(/'\,’, Y), given

by all the maps u € W'/P(X,)) which are smooth, respectively continuous, except on a singular set X(u)
of the type

S(w)=J%i, reN, (1.15)

where %; is a smooth (n — p)-dimensional subset of X with smooth boundary, if n > p + 1, and X; is a
point if n = p. The following density property holds true:

Theorem 1.4 For every 1 < p <n+ 1, where n = dim(X), the class Rf‘;p()(,y) 1s sequentially dense in
WHP(x, D).

In the case n = p = 2, Theorem 1.4 was proved in [28], compare also [4], for X = S? and with J = S!,
the standard unit circle. For p = 2, it was extended in [12] to the case X = B™ or S", in higher dimension
n > 2 and for general target manifolds ), see also [17]. A complete proof in the general case is given in
[26]. Moreover, denoting by m()) the k" free homotopy group of Y, in [26] we also proved:

Proposition 1.5 If n < p <n+1, and p > 1, then H;/p(X,y) =WYP(X,Y) if and only if T,_1(Y) = 0.

In case of higher dimension n > p, i.e., n > p+ 1, following observations by Hang-Lin [20], we showed
in [26] that the possibly non-trivial topology of the domain manifold X plays a role. To this purpose, we
recall that X is said to satisfy the k-extension property with respect to ), where k € N, if for any given
CW-complex X on X, denoting by X¥ its k-dimensional skeleton, any continuous map f: X*+1 — ) is
such that its restriction to X* can be extended to a continuous map from X into ). In [26] we obtained
the following characterization, that we state here for the case 0X = ().

Theorem 1.6 If n > p > 1, smooth maps in C®(X,Y) are sequentially dense in WYP(X,)), i.e.,
H;/p()c,y) =WYP(X.Y), if and only if my_1(Y) =0 and X satisfies the (p — 1)-extension property with
respect to ).

In particular, in the standard case X = S™ we obtain that for any n+ 1 > p > 1, smooth maps in
C>®(S™,)) are sequentially dense in W'/P, i.e., Hé/p(S”,y) = WYP(S™, ), if and only if mp_1(Y) = 0.
Moreover, for low exponents 1 < p < 2 we recover the equality (1.8) in any dimension n. Finally, if the
manifold X' has a non-zero boundary, we recall that analogous density results hold for maps in W1/ P(X,))
with prescribed boundary data.

OTHER NEW RESULTS. In this paper, Theorems 1.1, 1.2, and 1.3 are then extended to open subsets
of manifolds X as above, provided that X satisfies the (p — 1)-extension property with respect to SP~1, if
n := dim(X) > p + 1. In particular, in dimension n > p + 1 one may assume that X is p-connected, i.e.,
that the k-dimensional free homotopy groups 7 (X) are trivial, for £k =0,1,...,p.

In order to deal with more general target manifolds ), we shall denote by H';p_ hl (V) the spherical subgroup
of the singular homology group H,_1(Y), see [10, Vol. II, Sec. 5.4.2] and Definition 4.3 below.



We shall discuss the relaxed W'/P-energy of maps defined between smooth, connected, compact, oriented
Riemannian manifolds X and Y, isometrically embedded into R and RY, respectively, that satisfy the
following hypotheses:

(H1) both H,—1(Y) and the quotient space Hp_l(y)/H;p_hl (Y) are torsion-free;

(H2) in the case p = 2, the first homotopy group m1()) is commutative; in the case p > 3, alternatively,
71(Y) = 0 and the Hurewicz homomorphism from the (p — 1)** free homotopy group m,_1()) onto
the (p — 1)*" real homology group H,—_1(Y;R) is injective;

(H3) if n:=dim(X) > p + 1, then X satisfies the (p — 1)-extension property with respect to Y.

As in the model case Y = SP~! we shall first introduce the class cart'/? (X x ))), see [13] for the case
p =2 and X = B". Roughly speaking, a Cartesian current 7 € cart'/? (X x ))) is a semi-current in
Drp-1(X x ), ie., its action is well-defined on compactly supported smooth n-forms in X' x Y with at
most (p — 1) differentials in the vertical Y-variables. Moreover, T satisfies a null-boundary condition that
is analogous to (1.14), and can be decomposed as T = G, + S, where G,,,. is the current carried by the
graph of some map up € W/?(X,)). Also, the second term Sy is a ”completely vertical” semi-current,
i.e., its action is non-zero only on n-forms in X x ) with exactly (p — 1) differentials in the )-variables.
By (H1), and according to (1.13), it turns out that St is a finite sum of Cartesian products of currents of
the type Ls X 7, for some i.m. rectifiable currents Ly € R, _p41(X), where the equivalence classes [7]
generate the spherical homology group H,” " ().

The & jp-energy is naturally extended to cart'/P (X x V) in such a way that & ,,(T) = & p(ur) if
T = Gy, and the functional T'— &;,,(T') is lower semicontinuous with respect to the weak convergence as
currents. Moreover, if (Hs) and (Hs) are satisfied, we shall prove the following density property:

Theorem 1.7 For every T € cart!/P (X x Y) there exists a sequence of smooth Wl/"-maps ug : X — Y
such that G, weakly converges to T as k — oo and

li]rgnsupé’l/p(uk) < (2c(p,y) — 1) “E17p(T) < 0,

where ¢(p,Y) > 1 is an absolute constant, only depending on p and Y.

As a consequence of Theorem 1.7 and of a result from [27] concerning the minimal connection of the
singularities of maps in W/?(X,)), see Theorem 4.9 below, we shall then prove that for any integers
n>p>2 and for every u € WY/P(X,Y) the relazed energy gl/p (u) is always finite. Roughly speaking,
the gap between the relaxed energy and the energy &;/,(u) is bounded from above by an absolute constant
times the minimal connection of the singularities of u, Proposition 6.4.

If p =2, the optimal constant ¢(2,)) in Theorem 1.7 is always equal to one. By lower semicontinuity
of the & /,-energy, this yields that in the case p = 2 we find a smooth sequence uy : X — Y such that
Gy, weakly converges to T and & /o(ux) — &12(T) as k — oo, compare [13] for the case &X' = B". In
particular, for p =2 we obtain an explicit formula for the relaxed energy €~1 /2(u), Corollary 6.5.

Finally, for non integer exponents p > 2, and n > p := [p], we shall extend Theorem 1.3, showing that
for every u € Wl/p(X,y) we have

. Evpp(u) if P(u) =0
E1/p(u) ={ L it P(u) £0,

where P(u) is the (n — p)-current that describes the homological singularities of u, compare Sec. 4 below.

PLAN OF THE PAPER. Sections 2 and 3 are dedicated to the model case J = SP~!, see Theorems 1.1,
1.2, and 1.3. In Sec. 4, we recall from [27] the definition of current G, carried by the graph of a function
u € WYP(X,Y), and discuss the homological singularities of u. In Sec. 5, we introduce the class of Cartesian
currents in X x ) with finite WW'/?P-energy, collecting their main properties. In Sec. 6, using the density
property of graphs of smooth maps in cart!'/? (X x Y), see Theorem 1.7, we discuss the relaxed &; /,-energy
of mappings in W/?(X,)) for general target manifolds. In order to prove Theorem 1.7, in Sec. 7 we show



how to approximate a spherical (p—1)-cycle of J. We shall first focus on the model case ) = SP~!, for which
we shall give an optimal energy estimate, yielding to Theorem 1.1. Sec. 8 is then dedicated to give a sketch
of the proof of the density theorems 1.1 and 1.7 in the easier cases of low dimension n := dim(X) =p —1
and n = p. Moreover, in the higher dimension n > p + 1, using an idea from [16], we shall reduce the
proof of the density theorem to Theorem 8.4 below. Since the proof of Theorem 8.4 is more technical, but
it cannot be easily deduced from previously published results, it has been postponed to the Appendix.

2 Mappings into the sphere and singularities

In this section we collect some properties of mappings in W'/P(X,SP~1), for which we refer to [27]. Here
SP~1 is the unit (p—1)-sphere of R? and p := [p] is the integer part of p, where p > 2. Due to (1.8), we shall
then assume 7 := dim(X) > p. We first recall the notion of current carried by the graph of a W'/P-map u
and of singularities of u. Both of them are defined by means of the extension map Ext(u) € W1P(C"HL RN).

CURRENTS CARRIED BY GRAPHS. If U is a Sobolev map in WHP(C"*1 RP), the (n + 1)-current
Gy in C""! x RP carried by its graph is defined (in an approximate sense) by Gy = (Id > U)g[C"T],
where (Id > U)(z) := (2,U(2)), compare [10]. For example, if w = v An € D" L(C" x RP), where
v € DR (Cn ) e DM(RY), and 0 < h < min{n + 1,p}, we have

Gu(yAn) =[C"T I(Tdsa U)* (v An)) = [C"TH (v AU#n) = / yAU#y. (2.1)

cnti
Actually, Gy is an integer multiplicity (say i.m.) rectifiable current in R,,41(C" T x R?), with finite mass,
M(Gp) :=sup{Gy(w) | w € D"THC" ™! x RP), |lw| <1} < o0,
where ||w|| is the comass norm of w. In fact, by using the parallelogram inequality we infer that
M(Gy) < C(H"(X) + Dy(U))
for some absolute constant C' = C(n,p, X) > 0, not depending on U.
Definition 2.1 To any map v € W'/P(X,SP~1) we associate an n-current Gy in D, (X x SP~1) by setting
Gu = (—1)""H0Gy)L ((X x {0}) xR?)  on D"(X xSP™1), (2.2)
where U = Ext(u) € WhP(C"1 RP).

Remark 2.2 The above definition holds true for every u € W/P(X,RP) N L™, yielding to a semi-current
G, in Dy p_1(X x RP), see Sec. 4 below. However, if u € W/P(x,SP~1), by Federer’s support theorem
[5], we infer that the current G, actually belongs to D, (X x SP~1). Notice that in general G, is not i.m.
rectifiable, even for X = B™ and in low dimension n = p, and for p = 2.

We recall that the boundary of a current T in Dy 11(CH xRP) is defined, by duality, for every compactly
supported smooth n-form w in C"*! x RP by

T (w) :=T(dw), weDC"! xRP),
yielding to an n-current OT inC"*! x RP. If T = Gy for some Sobolev map U € W1P(X RP), we have
0Gy(w)=0  VweD"(int(C"™') x RP). (2.3)

In fact, this condition is readily checked if U is smooth, by Stoke’s theorem, and holds true in general by a
standard density argument, as p = [p].
In a similar way, the boundary of a current 7' € D,,(X x SP~!) is well defined by

T (w) :=T(dw), weD" A xS,



Notice that for maps u € W/P(X,SP~1) in general the boundary 0G,, is non zero.

Finally, we recall that the weak convergence on currents is defined in a dual sense. Namely, a sequence
{T%} C Dy(X x SP~1) weakly converges to T' € D,,(X x SP71), say Ty — T, if Ti(w) — T(w) for every test
form w € D*(X x SP71).

SINGULARITIES. Let wgy—1 denote the normalized volume (p — 1)-form in SP~!

(=1 Yyl dyt Ao Ady TNy TN A dyP (2.4)

p
=1

1
Wgp—1 1= —
Qp

J

where ap, := HP~1(SP™1), so that [SP~! J(wse-1) = fg-1 wee—1 = 1. Moreover, let 7 : X x R® — X and
7:X xRP — RP denote the orthogonal projections onto the two factors.

Definition 2.3 The singularities of a map u in WYP(X,SP~1) are represented by the (n — p)-dimensional
current P(u) in Dp_y(X) defined by

P(u)(¢) := (—1)P G (77 A T wsp-1), ¢ €D P(X).

We write explicitly the action of P(u), recovering the definition (1.11) of singularities introduced by
Hang-Lin [19], for X an open set of R™. We recall that 7 : [0,1] — [0,1] is a smooth decreasing cut-off
function such that n(t) =1 for ¢ € [0,1/4] and n(t) =0 for t € [3/4,1].

Proposition 2.4 For every u € W'/P(X,SP~1) and every ¢ € D" P(X) we have

1

= 57 CquZ/\U#(dyl/\--J\dyp) V¢ eDP(X),

P(u)(¢)

where U := Ext(u) and ¢ € D*P(C"*Y) is given by ¢ := ¢ A1.

PrOOF: We can assume that U := Ext(u) takes values into the closure B” of the unit p-ball. We then
denote by @gp—1 a (p — 1)-form in DP~!(RP) that agrees with the right-hand side of (2.4) on B”. By the
definition (2.2) and by (2.3) we have

Gy (n#dd N7#Tg—1) = (1) Gu(m# (dud + @) 10 A THwsp 1)
= (=) G, (77dp N THwse—1) .

Since dr#wgp—1 = T#dwsp—1 = 0, we compute

P)() = (~1)PGuldrton7tus ) = (~1)PGu(r#dd A 7Fuws1)
(—1)"=PH1AGy (- dg A 7 Bgr1) = Gu (T d A di*Bge 1) (2.5)
= GU(W#d(Z)/\%#dagp—l).

Therefore, it suffices to observe that since a, = p|B?| and U(C"*!) C B”, then

U# dCAUSpfl = U#pr 5 wpr

= ——dyt A A dyP
B Yy yP,

and recall the action (2.1) of the current Gy. O

CARTESIAN MAPS. Of course, a map u € W/P(X,SP~1) has zero homological singularities, i.e., satisfies
P(u) = 0, if and only if the current G, associated to its graph has no inner boundary, i.e.,

0G, =0 on D" Hx xS, (2.6)
For this reason, we give the following

Definition 2.5 Let p:=[p] > 2. A map u: X — SP~! is said to be a Cartesian map in cartl/p(X,S"_l)
if u belongs to WYP(X,SP~1) and satisfies the null-boundary condition (2.6).



Trivially, condition P(u) = 0 holds true if w is smooth, say Lipschitz. Moreover, since the null-boundary
condition (2.6) is preserved by the weak convergence in D, (X x SP~1), and the strong convergence u — u
in WP(X,RP) yields the weak convergence G, — G, according to (1.7) we immediately obtain that

Hé/p(X,Sp_l) C cart!/P(x,SP7Y).

Moreover, in [27] we showed that under suitable hypotheses on X, every map in cart’/? (X,Y) can be
approzimated by sequences of smooth maps in W/P.

Theorem 2.6 Let p > 2 and n > p:=[p|. If n > p+ 1, assume that X satisfies the (p — 1)-extension
property with respect to SP~1. Then

Hé/p(X,Sp_l) = cart'/P(x,SP71). (2.7)
We recall that X is said to be p-connected if m(X) =0 for k =0,...,p. In particular, we have:
Proposition 2.7 If n:=dim(X) > p+1, assume that X is p-connected. Then (2.7) holds for every n > p.
Since both B™ and S™ are p-connected for n > p + 1, we then obtain:
Corollary 2.8 If X = B™ or S™, then (2.7) holds for every n > p.

PROOF OF PROPOSITION 2.7: In [27, Thm. 3.2] we showed that every map u € cart!/P(X,SP~!) is the
strong W'/P-limit of a sequence of maps in R‘f?p(X ,SP~1) N cart'/P. Therefore, by a diagonal argument it

suffices to show that RP7 (X, SP=1) N cart’/? is contained in Hé/p(X, SP=1).

Let now u € R‘f?p(X,Sp_l) N cart’’? and let X be a cubeulation of X in dual position with respect
to u, compare [27], so that the (p — 1)-skeleton XP~! is disjoint from the (n — p)-dimensional singular set
Y(u) of wu, see (1.15). By [26, Thm. 3], it suffices to show that the restriction ux»-1 has a continuous
extension g : X — SP~L. To this purpose, since the restriction of u to each (p — 1)-simplex of X?~! has
zero degree, we infer that wu| x»-1 has a continuous extension f : X¥ — SP=1. This gives the claim, for
n=p. If n>p+1,since X is p-connected, arguing as in [32, Sec. 6], we find a continuous map ¢ : X — X
homotopic to the identity map and such that the restriction ¢ x» is constant. Then f o ¢ is homotopic to
f and fo¢xe is constant. Whence, fixr can be extended to a continuous map, as required. O

INTEGRAL CONNECTIONS. The current P(u) carrying the singularities of any map u € W/P(x,SP~1)
is an integral flat chain.

Proposition 2.9 Let n > p > 2. For every u € Wl/p(X,Spfl) there exists an i.m. rectifiable current
LeRu_pi1(X) such that

(OL)L int(X) =P(u) and M(L) < C (& p(u) + || Ext(u)”’ip(cnﬂ)) ,
where C > 0 is an absolute constant, not depending on u, and Ext(u) € Wl”’(C”“‘l,RN) is the extension
of u.

This property (and its local version) was first proved by Hang-Lin [19] for p > 2 integer and for X = R".
In [27] we gave a proof based on the previous definitions. Notice that the extra term || Ext(u)HiP(an) in

the above formula can be removed if we require that the integral connection L belongs to R, _p+1(C""1), as
in [19]. Finally, a result similar to Proposition 2.9 holds true for mappings with prescribed boundary data,
compare [27].

3 The relaxed energy of mappings into the sphere

In this section we discuss the relaxed & /,-energy for mappings into the (p—1)-sphere. We shall always assume
n = dim(X) > p := [p] > 2. Moreover, on account of Theorem 2.6, Proposition 2.7, and Corollary 2.8, if
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n > p+ 1, we shall assume that X is p-connected or, more generally, that X satisfies the (p — 1)-extension
property with respect to SP~1.
We recall that by (1.6), for every open set Q C X and u € WYP(X,SP~1) we have

gl/p(u,ﬂ) = inf{likminfé'l/p(uk,ﬂ) | {ur} € WYP(Q, SN CY, up — u strongly in LP(,RP)},

where & ,(u, Q) is given by (1.5), and we let gl/p(u) = gl/p(u, X). We first consider the case of integer
exponents p > 2. We shall then consider the case p > 2 non integer.

REAL AND INTEGRAL MASS. Recall:
Definition 3.1 For every I' € D,,_,(Q) we denote by

myo(T) = inf{M(D) | D € Dp_p1(Q), (@D)LQ=T}
mio(T) = inf{M(L) | L € Rp_ps1(Q), (AL)LQ =T}

the real mass and integral mass of I' relative to §2, respectively.
In case m; o(I') < oo, the infimum is always attained, i.e., there exists an i.m. rectifiable current
L € Ry—p+1(9Q) such that (OL)LQ =T and M(L) = m;o(I"). Any such current is called an integral
minimal connection for the mass of I' allowing connections to the boundary of €.
CARTESIAN CURRENTS. Proposition 2.9 yields that for every u € W/?(X,SP~1) we have
mi,int(X)(P(U)) <C| Ext(u)||§vl,p(cn+1) < 00. (3.1)
This motivates us to introduce the following
Definition 3.2 A current T € D,,(X x S*~1) is said to be a Cartesian current in cart!/P(X x SP~1) if
AT =0 on formsin D" (X x SP~1) (3.2)

and T can be decomposed as
T=Gup + Ly x[SP71] (3.3)

for some map up € WYP(X,SP~1) and some i.m. rectifiable current L in Ry_pi1(X).

In fact, from Definition 2.3 and the null boundary condition (3.2), it is readily checked that for every
T € cart!/?(X x SP~1) we have
(OL7)L int(X) = (=1)P " 'P(ur). (3.4)

As a consequence, denoting for every u € W1/P(X,SP~1) by
TP .= {T € cart'/P (X x $?) | ur = u in (3.3)}
the subclass of Cartesian currents T with corresponding function up equal to wu, it turns out that
TP ={Gu+Lx[SP'] : LERu_ps1(X), (L)L int(X) = (-1)’"'P(u)}. (3.5)
Remark 3.3 By (3.1) we thus obtain that for every v € W/?(X,SP~1) the class TP s non-empty.
We finally notice that according to Definition 2.5, for every u € W/?(X,SP~1) we have
G € cart!/P(X x SP7Y) = u € cart?/P(x,SP71).

THE 51/p—ENERGY ON CURRENTS. We equip the class cart!/?(X x SP~1) with the &1 /p-energy defined
for every T asin (3.3) and every open set @ C X' by

Evyp(T, 2 x SP7Y) 1= &y (up, Q) + [BP| - M(L7LQ),
see (1.5), where |BP| is the measure of the p-dimensional unit ball. We also let
E1yp(T) =& p(T, X x Sp_l) =& yp(ur) + |BP|-M(L7). (3.6)

In the following sections we shall deduce the following semicontinuity and closure-compactness properties:
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Proposition 3.4 We have, see Sec. 5 below:

i) the energy functional T — & ,,(T) is sequentially lower semicontinuous in cart!/?(X x SP~1) with
respect to the weak convergence in D, (X x SP~1);

ii) the class cart'/?(X x SP~1) contains the D, -weak limit points of sequences {Gy,} of currents carried
by graphs of smooth maps in W'/P(X SP~1) with equibounded energies, sup, E1yp(ug) < 005

iii) the class cart'/P(X x SP=1) is closed with respect to the weak D,,-convergence along sequences {T}}
with equibounded energies, supy, £, (Tk) < 00;

iv) if {Tp} C cart!/?P(X x SP~1) satisfies sup, E1/p(Th) < 00, possibly passing to a subsequence Ty, weakly
converges in Dp(X x SP~1) to some current T in cart'/P(X x SP—1).

A DENSITY RESULT. Finally, we shall prove the following strong density property:

Theorem 3.5 For every T € cart’/?P(X x SP~=1) there exists a sequence of smooth W/ -maps uy : X —
SP=L such that G, — T weakly in D, (X x SP~1) as k — oo and

kh_)ngo 51/p(uk~) = gl/p (T) .

Remark 3.6 Definition 3.2 holds true even in dimension n = p — 1. In this case, Ly is a finite sum of
signed unit Dirac masses, and actually G, belongs to cart'/?(X x SP=1) for every u € W/P (X, SP—1).
Moreover, Proposition 3.4 and Theorem 3.5 continue to hold.

A REPRESENTATION FORMULA. As a consequence of Proposition 3.4 and Theorem 3.5, we now obtain
the following representation formula for the relaxed energy, in the case p > 2 integer.

Proposition 3.7 For every u € WY/?(X,SP~1) the relazed energy gl/p(u) is finite. Moreover, we have

Ep(u) = inf{&,(T) | T € T}

= Eip(u) + B my ine(x) (P(w)) - (3.7)

PrOOF: Let T € T,/ sce Remark 3.3, and let {ur} be the approximating sequence given by Theorem 3.5.
Since the weak convergence as currents yields the LP-convergence of uj to the VV~1/ P_function wur corre-
sponding to T, see (3.3), and ur = u, we have that up — u in L¥ (X, R?), hence & /,(u) < & /p(T) < o0.

The inequality ”<” in the first line of (3.7) follows by taking the infimum on T € TP Conversely, for every
sequence {uy} C W1/P(X,SP~1) N C> such that uy — u strongly in L (X, RP), with sup, &, (ux) < oo,
by closure-compactness, and possibly passing to a subsequence, the currents G,, € cart/? (X xSP~1) weakly

converge to some T € cart!/?P(X x SP~1). We again have ur = u, whence T € TP, Moreover, by lower
semicontinuity, we have
E1p(T) < likm inf &/, (Gu,) = likm inf & /p (us),
— 00 — 00

which yields the inequality 7> in the first line of (3.7), by the arbitrariness of {uy}. The second equality
follows from the definition of &; /,-energy and from (3.5) and Definition 3.1. g

A LOCAL FORMULA. A local version of Proposition 2.9 holds true, concerning the integral mass of the
singularity P(u) relative to any open set © C X, see Definition 3.1. We have, see [27]:

Corollary 3.8 For every u € W'/P(X,SP~1) and every open set Q C X we have that

mia(P(u)LQ) <O EXt(u)”%ﬂw?(Qx[OJ]) < 00.

Moreover, Proposition 3.4 and Theorem 3.5 hold true for Cartesian currents in 2 x SP~1. As a consequence,
similarly to Proposition 3.7 we readily obtain:

Proposition 3.9 For every u € W'Y/?(X,SP~1) and every open set Q C X we have

éi/p(U,Q) =&1p(u, Q) + |B?| - myq(P(u) LQ) < oo
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THE CASE p NON-INTEGER. A different feature occurs if the exponent p is non-integer. We first
recall that if 1 < p < 2, by (1.8) we have (1.9) in any dimension n. Arguing as in [17, Sec. 5.6] we prove:

Proposition 3.10 Let n>p and p > 2 non-integer. Then for every u € WYP(X,SP~1) we have

- E1/p(u) if P(u)=0
Erpp(u) = { _i_éo if P(u) #0,

where P(u) € Dy, (X) is the current of the singularities of u, see Definition 2.3.

PrOOF: If P(u) = 0, then u € cart’/?(X,SP~'), and the assertion follows from Theorem 2.6. Conversely,
we now show that _
Eip(u) < oo = P(u) =0.

Let {up} C C®(X,SP71) satisfy sup,&ijp(ur) < oo and up — wu strongly in LP(X,RP). Since
supy, £1/p(Gu,,) < 00, possibly passing to a subsequence, by Proposition 3.4 the currents G, € cartl/p(X X
SP~1) weakly converge to some current T € cart!/? (X' x SP~1). Write T' as in (3.3), where Ly € Ry—pi1(X)
satisfies (3.4) and, of course, ur = u, hence T € T,/ In order to prove that P(u) = 0, it then suffices to
show that L7 = 0.

Since we use a local argument, without loss of generality we may and do assume X = B"™. Suppose by
contradiction that M(Ly) > 0, and let £ be a compact subset of the set of points of Ly which have non-
zero density, £ with positive H" P*!l-measure. For = € £, we denote by II, the intersection with B" of
the (p—1)-dimensional plane containing = and orthogonal to the approximate tangent (n—p+1)-space to £
at z. Since £ is compact, for H" PTlae. x € L, the (p— 1)-dimensional restrictions of G, to IT, x SP~1
yield (possibly passing to a subsequence) a sequence of graphs of smooth functions Upr, ¢ e — SP 1 with
equibounded & /,-energies. Moreover, let Uy, := Ext(ugy,) € W/P(I, x I,RP) be the W!P-extension of
Up|r, , SO that

sup/ |DUL|P dHP < C < 0.
k JI,xI
For r > 0 small, let D,(x) := B(z) NI, denote the (p — 1)-dimensional disk of radius r, centered at x
and contained in II,. Since p > p, the Holder inequality yields

p/
/ |DULP dHP < (/ | DU|P de) p - HP(D,(z) x I)lfp/p
D, (z)xI D, (z)xI "
< Cre=De=p)/p

(3.8)

where the exponent (p — 1)(p — p)/p > 0. On the other hand, by a slicing argument, and by Remark 3.6,
the (p — 1)-dimensional currents G have to converge "near” the point z to the graph G, of the
restriction w, plus a vertical part of the type od, x [SP~!], where o is some non-zero integer. By lower
semicontinuity, this is in contradiction with (3.8), for r > 0 small enough, hence L = 0, as required. O

Uk |y

4 Graphs of W'/P-maps and singularities

In order to extend the results of the previous section to more general target manifolds ), in this section we
recall from [27] the definition of current G, carried by the graph of a function u € W'/?(X,)). We shall
then discuss the homological singularities of u. As before, we assume n := dim(X) > p := [p] > 2. We also
set M := dim())), and recall that J ¢ R¥.

'Dk,T-CURRENTS. Every compactly supported smooth differential k-form w € D¥(X x ), where k < n,
splits as a sum w = Zfzow(j), k := min(k, M), where the w(/)’s are the k-forms that contain exactly j

differentials in the vertical ) variables. For fixed r = 1,...,k we denote by D’”’(X x ) the subspace of
D*(X x Y) of k-forms of the type w = Z;:()w(j), and by Dy (X x V) the dual space of DF" (X x ). Of
course we have Dy, = Dy, the space of all k-currents. Moreover, a sequence {Tj} C Dy (X x Y) is said to
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converges weakly in Dy, say Ty, — T, if Tj(w) — T(w) for every w € D*"(X x V). The class Dy .(X x V)
is closed under the weak convergence in Dy . A similar notation holds by replacing X and ) with cntt
and R, respectively.

Example 4.1 If U € W1P(C""1 RY), then Gy is a well defined (n + 1,p)-current in Dy, 41 ,(C"H x RY)
and, in an approximate sense, Gy := (Id > U)4[C™']. Formula (2.1) continues to hold, where this time
0 <h <min{n+ 1, M,p}. Setting moreover

Gl := sup{Gu (w) | w € D"HPP(C™H! x RY), ||| < 1},
where ||w|| is the comass norm of w, by using the parallelogram inequality we infer that
[Gull < C(H"(X) +Dp(U)) < oo
for some absolute constant C' = C(n,p, X) > 0, not depending on U. Similarly to Definition 2.1, we set:

Definition 4.2 To any map u € WYP(X,RN)NL> we associate an (n,p—1)-current Gy, in Dy p—1(X x
RN) by setting

Gu = (—1)""H0Gy)L (X x {0}) xRY)  on D"P~1(X xRY), (4.1)
where U = Ext(u) € WhP(C"HL RY), see Example 4.1.

In particular, if « € W/P(X,)), by Federer’s support theorem [5] we infer that the current G, in
Definition 4.2 belongs to Dy, y—1(X x Y).

BOUNDARIES. The exterior differential of forms in X x ) splits into a horizontal and a vertical differential,
d =dy +dy,. Of course 9,T(w) := T'(dyw) defines a horizontal boundary operator 0y : Dy (X x V) —
Dj—1.,(X xY). However, the vertical differential d,w of any form w € D*~17(X xY) belongs to D¥" (X xY)
if and only if d,w( = 0. Therefore, for every T' € Dy (X x ) the vertical boundary operator 9,7 makes
sense only as an element of the dual space of Z¥~17(X x )), where

ZRr(X x V) = {we D (X x V) | dyw™ =0}.
For future use, we also set
BF (X x V) = {weDF (X xY)|IneD VL xY) : w™ =d,mn)}

and

Zhr(X x Y)
ko o
H (Xxy)~ Bk7T(XXy)7
and recall, see e.g. [17, Prop. 4.23], that
HET (X x V) =~ DY) @ HR(Y), (4.2)

where H} () is the r-th de Rham cohomology group.

SPHERICAL CYCLES. The current P(u) carrying the singularities of maps v € W'/?(X,)) only depends
on the spherical subgroup H;Tihl(y) of Hy—1(Y).

Definition 4.3 We say that an integral (p—1)-cycle C € Z,_1(Y) is of spherical type if its homology class
contains a Lipschitz image of the (p — 1)-sphere SP~1, i.e., if there exist a (p — 1)-cycle Z € Z,_1(Y), an
i.m. rectifiable p-current R € Ry(Y), and a Lipschitz function ¢ : SP~+ — Y, such that

C—Z=0R and Z=¢x[S"'].
Moreover, denote

H (V) = {l] € Hp-1(V) | 36 € Lip(S* V) | o4[SP '] € ]}
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By the assumption (H; ), we infer that we may find a family ~, ...,z of integral cycles (with finite mass)
in Z,_1(Y) such that the corresponding equivalence classes generate the spherical subgroup H;p_ hl(y), ie.,

H () = {bz:ﬂs [Vs] | ns € Z} :

We shall denote by [ol],...,[0°] a dual basis of spherical (p — 1)-forms in ’Hzl_%l(y), so that vs(0") = gy

Remark 4.4 In the case p = 2, every integral 1-cycle in Z;())) is of Sl-type.

THE HOMOLOGICAL SINGULARITIES OF W1/P-MAPS. Let u € W/P(X,Y). For each s =1,...,5,
we define the current Pg(u) € D,—p(X) by setting for any ¢ € D" P(X)

Ps(u)(¢) := (=1)P0Gu (¢ No®), o €D"P(X). (4.3)

Formally, we have
P.(u) == (=1)P (1) PV, ((G,) _7%0%),

where 7 : X x RV — X and 7 : X x RV — R denote the orthogonal projections onto the first and
second factor, respectively. Moreover, it turns out that Ps(u) does not depend on the representative in the
cohomology class [0°].

Also, for every s we define the current Ds(u) € Dy—p41(X) by

D.(u)(7) = Gu(FAG*),  yeD"PH(X). (4.4)

Here U := Ext(u), 7 := yAn € D" PTL(C"*1), and 5° € DP~1(RY) satisfies i#5° = o*, where i : J — RV
is the injection map. This time, we formally have

Ds(u) == (—l)p(nierl) W#(GU L %#dﬁs) .

Moreover, Ds(u) is a current of finite mass in Dy,_p11(X), as U = Ext(u) is a WHP-function and do* €
DP(RY), with p = [p], see Example 4.1.

It turns out that for every w € Z"~1P=1(X x Y) the action dG,(w) only depends on the cohomology
class of w. Therefore, the boundary current dG,, induces a functional (9G,). on H"~1MP=1(x x V),

(0G)(w+ B" P71 1= 0G, (w+ B" P = 0G, (w), we 2"

By (4.2) the homology map (0G,). is uniquely represented as an element of D,_,(X;H,—1(Y;R)). We
thus set
P(u) := (0Gu)+ € Dn—p(X;Hp-1(V;R)).

More explicitly, we find that
P = (-1 Y Pew) @ [ (15)
s=1

The above notation reduces to Definition 2.3 in the model case ) = SP~!. Moreover, for general target
manifolds ), similarly to Proposition 2.4 we obtain that for every u € WY?(X,))

Ps(u) = 0Ds(u) on D" F(X) Vs. (4.6)
Therefore, we have

BL(0(¢) = Dy(u)(ds) = Gu(ddndz) = [ a3 nU¥(a5)

for every ¢ € D" P(X). Finally, if u € Rf‘/’p(X,y) we obtain that P(u) is an integral flat chain.

Proposition 4.5 If u € RY) (X, V), then Ps(u) is i.m. rectifiable in Ryp_p(X) for everys=1,....5.
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CARTESIAN MAPS. A map u € W/P(X,)) has zero homological singularities, i.e., it satisfies P(u) = 0,
if and only if the current G, associated to its graph has no inner boundary:

0G, =0 on Z" P L x)), p:=[p>2. (4.7)
For this reason, we extend Definition 2.5 as follows:

Definition 4.6 A map u : X — Y s said to be a Cartesian map in cart'/?(X,)) if u belongs to
W/P(X,Y) and satisfies the null-boundary condition (4.7).

In the sequel we shall tacitly assume that dim()) > p — 1 and that the homology group H,” h’l () is

non-trivial, so that in general P(u) # 0, i.e., the strict inclusion cart'/? (X,Y) € W/P(X,Y) holds. As
in the model case ) = SP~!, since the null-boundary condition (4.7) is preserved by the weak convergence
in Dy p—1, and the strong convergence uj — u in Wl/p(X,y) yields the weak convergence G,, — G, in
Dy, p—1, according to (1.7) we obtain again that

HYP(X,Y) C cart'/? (X,)).

Under suitable hypotheses on X and ), in [27] we showed that every map in cart’/? (X,)) can be
approzimated by sequences of smooth maps in W/P.

Theorem 4.7 Let X and Y satisfy the hypotheses (Hy), (Hz) and (Hs). For every m > p > 2 we have
cartV/? (X,¥) = HYP(X,Y).

Remark 4.8 Even in the case X = B™, and n = p, the hypothesis (Hz) on the commutativity of the first
homotopy group, in the case p = 2, or on the injectivity of the Hurewicz maps, in the case p > 3, cannot
be dropped from the statement of Theorem 4.7, compare [27].

INTEGRAL CONNECTIONS. Assume now that X and ) satisfy the hypotheses (H;) and (Hz). Similarly
to Proposition 2.9, in [27] we proved the following upper bound for the integral connection of the singularities.

Theorem 4.9 Let n >p:=[p]|>2 and u € jop(x,y). Then for every s =1,...,s there exists an i.m.
rectifiable current Ls € Ry_p41(X) such that (OLs)L int(X) = Ps(u) and the mass

M(Ls) < C (Ep(u) + [ Ext(u)||7, oniy) »
where C > 0 is an absolute constant, not depending on w.

A similar result is satisfied in the case with prescribed boundary data. Moreover, according to Defini-
tion 3.1, the following local version holds true:

Corollary 4.10 For every u € Rfjp(X,y) and every open set Q0 C X we have
mio(Ps(u) L Q) < || Ext(u)|510x0.17) Vs=1,...5.

In the case n =p, or n > p = 2, we finally have:

Proposition 4.11 If n =p or p = 2, Theorem 4.9 and Corollary 4.10 hold true for the whole classes of
maps in WYP(X,)).

5 Cartesian currents with finite W1/P-energy

In this section we introduce the class of Cartesian currents with finite W'/?-energy, see Definitions 5.2 and
5.10, collecting their main properties. We assume n := dim(X) > p — 1 > 1, with p integer, and that X
and Y satisfy the assumptions (H;), (Hz), and (Hs). We shall extend analogous results proved in [13] in
the case p =2 and X = B™. Therefore, we shall omit almost all the proofs, as they can be readily deduced
by using arguments very similar to the corresponding ones given in [13] for p = 2, see also [17, Ch. 6].

INTEGRAL FLAT CYCLES. We shall make use of the following

16



Definition 5.1 We say that an i.m. (p —1)-cycle C € Z,_1(Y) is an integral flat cycle if there exists an
i.m. rectifiable current R € Ry,(R™) such that OR = C.

This definition has to do with the relative integral homology classes H,_1(A, B;Z) in the case A =) and
B =0Y =1. In fact, compare [10, Vol. I, Sec. 5.4.1], one has

Zy1(V,0;Z) ={C € Z,_1(Y) | C is an integral flat (p — 1)-cycle}
whereas, on account of Federer’s flatness theorem,
By 1(V,0;Z) = {OW | W € Ry(V)} -
Therefore, an element ¢ in H,_1(Y,0;Z) is an equivalence class of integral flat (p — 1)-cycles of Y, where
C~27Z = 3IJWeR,():C—-Z=0W.

It turns out that H,_1(Y,0;Z) is isomorphic to the integral homology group H,_1(Y). We shall then
denote by Hf,’lhl (¥,0;Z) the subgroup of H,_1(Y,0;Z) that is isomorphic to H;p_hl (¥). Correspondingly,
in the sequel an integral flat (p — 1)-cycle is said to be of spherical type if its homology class belongs to

H;’ihl (¥,0;7Z). Moreover, we denote by [Y1],...,[Vs] a family of generators of H;p_hl (¥,0;7Z), in such a way

that 55 =75 + OR, for some Ry € Ry(Y), and hence 75(0") = v5(0") = b5y, as 0" € ZP~1(Y) is closed.
Finally, we notice that for every s there exists a mass minimizing i.m. rectifiable current R € R, (RM)
such that OR belongs to the homology class [¥s]. Therefore, we shall denote

M, :=min{M(R) | Re R,(RY), R [.]}, s=1,...,5. (5.1)
gl/p—GRAPHS AND EXTENSIONS. We now give the following
Definition 5.2 Let T € D, p_1(X x V). We say that T is in & jp-graph(X x ) if
T =0 on Z" Y"1 X x)) (5.2)
and T can be decomposed as

T=Gu, +8r, Sp:= Y LgxCq, on Z2™PTHX X)), (5.3)
a€H"" (V,0:2)

Here up € WY/ (X,Y) and L, is an i.m. rectifiable current in Ry—p+1(X), Lq := 7(Ly, 1,2,1), where the

(n —p + 1)-rectifiable sets L, are pairwise disjoint. Finally, Cy is an integral flat (p —1)-cycle of spherical
type in the homology class q, according to Definition 5.1.

Remark 5.3 Notice that Sp is completely vertical, i.e., Sp(w) =0 if w®P=1 = 0. Moreover, currents in
&1 /p-graph(X x )) are defined in a homological sense. More precisely, the decomposition (5.3) does not

depend on the choice of the representative C, in the homology class ¢. In fact, if C~’q — Cy = OW for some
W € Ry(Y), then for every ¢ € D" PTH(X) and o € D=1()

(Ly xCo)(9 A 0) = (Lg XCo) (# A 0) = Lq(9) - W (dyo),
hence it is non-zero if and only if dyo # 0, i.e., if and only if p Ao & Z™P~1(X x Y).
Similarly to [11], we extend currents in & /p-graph(X x V) to suitable currents in Dy, (C"T! x RY).

Definition 5.4 Let T € & p-graph(X x Y) be such that (5.3) holds. We denote extension of T, say
T = Ext(T), the current T in Dyy1,(C" x RY) such that

T=(-1""(Gup+ (-1 3 LyxR,), (5.4)
QEHI (V.0;2)

where Ur = Ext(ur) € WYP(C"TLRYN) and R, is the i.m. rectifiable current of least mass among all
currents in Ry(RN) such that Z, = OR, is in the homology class q, see Remark 5.3.
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Remark 5.5 Even if R, minimizes the mass among all currents in R,(R") such that OR, is in the
homology class ¢, a priori the mass of OR,; is not finite. Moreover, by an isoperimetric theorem, see e.g.
[17, Thm. 1.101], the infimum of the mass of the R,’s is bounded from below by a positive constant Cy > 0,
only depending on ), i.e.,

inf{M(R,) | Rg € Ry(RY), OR, € q, q € H"",(V,0;Z), q non trivial} > Cy > 0. (5.5)

In particular, according to (5.1) we have M, > Cy for every s.

Remark 5.6 From Definition 5.4 and (4.1) we infer that the restriction to (X x {0}) x Y of the boundary

of the current 7' in (5.4) is equal to T on forms in Z"P~1(X x Y). In fact, for every q € H;’i’“g(y, 0;7)

O(Lg xRg) = OlLq xRy + (=1)" P L, x0R,
and hence, since R, = C, € ¢, whereas 0L, xR, =0 on D™P~1(X x RY), we have
(—)"PO(L, xR,) =L, xC;  on Z™PTHA x ).

Remark 5.7 In the model case J = SP~1, the class & /,-graph(X x SP~1) agrees with cart’/?(X' x SP~1),
and the extension of T = G, + Ly x [SP7!] is the current T in D, +1(C"" x R?) given by

T= (—1)”*1<GUT +(“1)PLy x [BP ]]) . Ur = Ext(ur) € WhP(C™FL RP) (5.6)

THE 51/p-ENERGY. IfT e Dyi1,p(CTE X RY), we denote by D, (T) the parametric polyconvex extension
of the p-energy (1.4) on T, compare [10, Vol. I, Sec. 1.2.4]. It turns out that T — Dp(f) is sequentially
weak-Dy, 11, lower semicontinuous on the class {T = Ext(T) | T € & /,-graph(X x ¥)}. Moreover, if
T € Dpy1,(C" x RN) satisfies (5.4), we have

1

D, (T) = pr2

[ DU a3 ML) MR, (5.7)
¢ gEH" (V,0:2)

with D, (Gy) = D, (U) if T = Gy for some U € W (€1 RN). We shall refer to (5.7) as the p-energy
of T.

Definition 5.8 Let T be in & jp-graph(X x V), so that (5.3) holds. The &, p-energy &,,(T) of T s
defined as the p-energy Dp(f) of the extension T := Ext(T), see (5.4) and (5.7).

Moreover, for any open set Q C X, any u € W'/P(X,)), and T € &1/p-graph(X x V), we shall denote

E1/p(u, Q) = Dy(Ext(u),QxI),
E (T, xY) = Dy(Ext(T),Qx I xRN)
= Dy(Ur,QxI)+ > M(L, Q) -M(R,).

gEHT" (V,0:2)

(5.8)

Finally, if T = G, for some u € W'/?(X,Y) and U = Ext(u), we let
Ext(GL) = (-1 Gy, £45(Gu) = Dy(G) = Dy(U)
Remark 5.9 Of course, if Y = SP~! and T € D, 41(C"*! x R?) satisfies (5.6), we have
D, (T) = Dy(Ur) + |B?| - M(Ly).
hence Definition 5.8 reduces to (3.6).

CARTESIAN CURRENTS. We now give the following
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Definition 5.10 Let T € Dy, ,—1(X x V). We say that T is a Cartesian current in cart'/?(X x ) if T
belongs to & jp-graph(X x V) and the & j,-energy & ,,(T) of T is finite, see Definitions 5.2 and 5.8.

If T =G, forsome u e WYP(X,Y), we infer that G,, € cart'/? (X x V) if and only if u is a Cartesian
map in cart'/? (X,)), see Definition 4.6. Moreover, for ) = SP~! we obtain the class of Cartesian currents
in Definition 3.2.

Now, if T' € cart'/?(X x )), since J,(c") = 85, we may decompose

T=Gup+ Y Ls(T)x7, on  Z"™P 71X x ), (5.9)

s=1

where Ls(T") € Rn—p+1(X) only depends on the cohomology class of o® and is defined by
Ls(T)(¢) := Sr(x* o A7¥0%), ¢ e D" PH(X),

St being the second component of T' in (5.3). As a consequence, on account of (4.3) and (5.2), similarly to
(3.4) we infer that
OLs(T)L int(X) = (=)’ 'Py(ur) Vs=1,...,5. (5.10)

According to (5.1), we thus infer that for every open set Q C X

1o (T, x V) = & p(u, Q) + Z M, M(L,(T)L Q). (5.11)

s=1

Remark 5.11 Conversely, if 7' € D, ,_1(X x V) satisfies (5.2) and (5.9), with ur € W¥/?(X,)) and
Ls(T) € Ry—p+1(X), arguing as in [7], see also [17, Prop. 4.6.6], we may decompose T as in (5.3), whereas
E1/p(T) < oo, whence T belongs to cart!/? (X x Y).

THE WEAK CONVERGENCE. We say that {7} C Dy p_1(X x Y) converges to T' € Dy, ,_1(X x Y)
weakly in 2, ,_1 if Ti(w) — T(w) for every w € Z"P~1(X x Y). Moreover, if {T}} C cart'/P(X x )) we
say that T, — T weakly in cart!/? if T, = T weakly in Zpnp—1 and in addition supy, & /p(Tk) < 00.

Remark 5.12 For future use, we observe that if u € cart'/?(X,)), by Theorem 4.7 we find a smooth
sequence {ux} C W'Y/P(X,Y) N C' that strongly converges to u in the W'/P-sense as k — oco. The
dominated convergence theorem yields that G, — G, weakly in Z, , 1, with &/, (ur) — E1/p(u).

THE (p — 1)-DIMENSIONAL CASE. Definition 5.10 is motivated by the following facts that hold true in
low dimension n := dim(X) =p — 1.

Theorem 5.13 Let n=p—1 and {uy} C C*(X,Y) be a sequence of smooth maps with supy, [ug|1/, < co.
Possibly passing to a subsequence, G, — T weakly in cart'/? to some current T € cartl/p(X x V).

Therefore the class cart'/P(X x ) contains the weak limits in cart’/? of sequences of graphs of smooth
maps with equibounded & /,-energies. Moreover, the following lower semicontinuity property holds.

Proposition 5.14 Let n = p —1 and {up} C CY(X,Y) be a smooth sequence with supy |ukli/, < oo
and such that Gy, — T weakly in Z, 1, 1 to some current T € & jp-graph(X x Y). Then T belongs to
cartl/p(X xY) and

E1/p(T) < liminf &/ (Gu,) -

Finally, the following closure theorem holds.

Theorem 5.15 Let n =p — 1. The class cartl/"(X x V) is closed under the sequential weak convergence
in cart!/P.

DENSITY RESULTS. In the sequel of this paper we shall prove the following weak density result.
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Theorem 5.16 Assume that X and Y satisfy (Hy), (Hs), and (H3). Let n > p > 2 integers. Then for
every T € cart!/P (X x )) there exists a sequence of smooth maps {ux} C C®(X,Y) such that G,, — T
weakly in cart'/? as k — oo and

limsupgl/p(uk) < (ZC(Pay) - 1) '51/P<T) )

k—oo
where ¢(p,Y) > 1 is an absolute constant, only depending on p and Y.

In the model case ) = SP~!, the optimal constant c(p,SP~!) is equal to one for every p > 2, by Propo-
sition 7.1 below. Moreover, if p = 2, the optimal constant ¢(2,)) is always equal to one, see Remark 7.4
below. As a consequence, by the lower semicontinuity of the & /,-energy, we immediately obtain the follow-
ing strong density result, that reduces to Theorem 3.5, if ) = SP~1, and to the density result from [13], if
p=2 and X = B".

Theorem 5.17 Under the hypotheses of Theorem 5.16, if p = 2 or if ¥ = SP~1, then for every T €
cart'/? (X x ))) there exists a sequence of smooth maps {uy} C C°(X,Y) such that G, — T weakly in
cart’? as k — co and

klggo Eryp(ur) = E1yp(T).

CLOSURE-COMPACTNESS. Taking into account the closure theorem 5.15 and the approximation theorem
5.16, we obtain in any dimension n > p the following closure property.

Theorem 5.18 In any dimension n > p, the class cart'/?(X x V) is closed under the sequential weak
convergence in cart'/?,

PRrOOF: Let T be the weak Z, ,_;-limit of a sequence {T},} C cart'/? (X x ) with sup; &, (k) < 0.
By Theorem 5.16 and a diagonal argument, we may and do assume that each T} is equal to G, for some
smooth map wuy, € W/¥#(X,Y). As in the proof of [13, Thm. 2.12], writing T as in (5.9), and on account
of Remark 5.11, we reduce to show that the Ls(7T)’s are flat chains. This property is obtained arguing in a
way similar to the proof of [13, Thm. 2.15]. We omit any further detail. O

As a consequence of the closure property, we finally obtain the following lower semicontinuity and com-
pactness properties in any dimension n > p — 1.

Proposition 5.19 Let {T}} C cart!/?(X x Y) be such that T, — T weakly in cart'/? to some current
T € & jp-graph(X x V). Then T € cartl/p(X xY) and

gl/p (T) < hkm inf gl/p (Tk) . (5.12)
Proposition 5.20 Let {T,} C cart'/?(X x ) be such that supy E1/p(Ty) < oo. Possibly passing to a
subsequence, we have that T, — T weakly in cart'/? to some current T € cart'/?(X x )).

The previous properties clearly reduce to Proposition 3.4 in the model case ) = SP~1.

6 The relaxed W'/P-energy

In this section we discuss the relaxed & /,-energy (1.6) of mappings in W/r(x,Y) for general target
manifolds. We shall assume that X and ) satisfy the hypotheses (H), (Hz), and (H3). We first consider
the case p =p > 2 integer.

THE CASE p INTEGER. Following the notation from Sec. 5, for any u € W/ (X, ) we let
TP =T € cart!’P(X x V) | ur = u} (6.1)

denote the subclass of Cartesian currents 7' for which the corresponding function uz € W/?P(X,)) in (5.3)
agrees with u. On account of (5.10) and Remark 5.11, we actually have

TP = {Gu + ZL X Tyt Ly € Rups1(X), (OLy)L int(X) = (—1)P L Py(u) Vs}. (6.2)

s=1

Moreover, we observe:
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Proposition 6.1 For every u € WY?P(X,)) we have
Eipp(u) < oo = TP £0.

PROOF: Assume that gl/p(u) < o0, and let {urp} € WYP(X,Y)NC* be such that u, — u strongly in
LP(Xx, RN), with supy &/ (ug) < oo. By Proposition 5.20, possibly passing to a subsequence, the currents
G, € cart'/P(X x Y) weakly converge in cart'/? to some T € cart'/?(X x )). Since the weak convergence
as currents yields the LP-convergence of uy, to the W'/P-function ur corresponding to T, see (5.3), we have

up = u, whence T € T,/". Conversely, let T € T, /P and let {ur} be the approximating sequence given
by Theorem 5.16. Since uj — ur =u in LP(X,RY), we obtain that &, (u) < co. O

We now show that the relaxed energy is always finite.
Theorem 6.2 For every u € WP (X)) the relaxed energy gl/p (u) < oo.

PrROOF: Let u € W'/#(X,Y) and let {uy} C R59,(X,Y) be strongly converging to u in WP see
Theorem 1.4. Possibly passing to a subsequence, we can assume that

Erpplur) <2&p(u) and || EXt(Uk)HEp(cnﬂ) <2| Ext(u)”Ep(C"H) Vk.

Therefore, by Theorem 4.9 for every k and every s = 1,...,5 we can find an i.m. rectifiable current
LY € Ry—p11(X) such that (OL¥)L int(X) = Ps(ug) and the mass

M(LE) < 2C (&4/,(w) + | Ext(@)}, cosr)) -
According to (6.2), the current

Ty = Guk + (_l)pil Z LE X is
s=1

belongs to cart!/? (X x ), and actually T} € ﬂlk/p, with energy
Eyp(Ti) = Expp(ur) + > M- M(LE),
s=1

where the numbers Ms are given by (5.1), so that by the previous estimates

E1/p(Tk) < 2 (1 +cy 1\7) (E1yp () + | Ext(u) 12, gnisy) < 00
s=1

By applying Theorem 5.16 to Tk, for each k we find a sequence {uf}, C C*°(X,Y) such that Gy = T,

as h — oo weakly in cart’/? and

limsup & (uf) < (2¢(p, V) — 1) - E1p(Th) -

h—o00

Since u’fL — uy as h — oo strongly in LP(X,RY), by a diagonal argument we find a sequence {v;} C

C>(X,Y) that converges to u in LP and satisfies
st;pgl/p(vk) <2(2¢(p,Y) — 1) (1 + CZMS) (E1yp(u) + ] EXt(u)”ip(an)) < 00.
s=1
This yields the assertion. |

Remark 6.3 As a consequence of Proposition 6.1 and Theorem 6.2, for every u € W'/ (X, Y) and every
s=1,...,8 we infer that P(u) is an integral flat chain, i.e., m; in¢x)(Ps(u)) < 0o, compare Definition 3.1.
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We finally obtain the following upper bound for the relaxed energy:

Proposition 6.4 For every u € W'/?(X,Y) we have
Exyp(u) < (2c(p,¥) = 1) - (gl/p(u) +> M, 'mi,int(X)(Ps<u))) ;
s=1

where the numbers M, are given by (5.1), and c(p,Y) by Theorem 5.16.

PROOF: Let Ly € Ry_py1(X) be such that (OLy)L int(X) = Ps(u) and M(Ls) = m; inex) (Ps(u)) < oo
for every s =1,...,5, see Remark 6.3. We apply Theorem 5.16 to the Cartesian current T € ﬂl/p given by

T=Gy+ (1)) Lo x 7,
s=1

and find {u;} C C*°(X,Y) such that u, — u strongly in LP(X,RY), with

Hinsupé/p(uk) < (2C(va) - 1) Eyp(T),
whereas by (5.11)

El/p (T) = gl/p (U) + Z Ms * TN int(Xx) (]Ps(u)) :

s=1

This proves the assertion. O

By lower semicontinuity, as in the proof of Proposition 3.7 we infer that for every u € WP (X, )

é:1/p(u) > &1 yp(u) + Z M, - M int(x) (Ps(u)) - (6.3)

s=1
Therefore, in the case p = 2, since ¢(2,)) = 1, we obtain the explicit formula:

Corollary 6.5 For every u € WY2(X,)) we have

51/2(u) = &y/2(u) + Z Ms "My int(x) (Ps(u)) -

s=1

Remark 6.6 We conjecture that the equality sign holds true in (6.3) for every integer p > 2. Of course,
this would be obtained if we could show that the constant ¢(p,)) > 1 in Theorem 5.16 is equal to one, see
Remark 7.4 below.

A LOCAL FORMULA. We may also obtain a local version of the density theorem 5.16, i.e., with X
replaced by any open set 2 C X. As a consequence, we readily infer the following local estimates, compare
Proposition 3.9:

Proposition 6.7 For every u € W'Y/?(X,Y) and every open set Q C X we have

Eup(, Q) < (260 Y) = 1) - (E1/p (0. ) + 30 My - mia(Bolw) L 9)) < oo

s=1

In particular, for p =2 we have

51/2(% Q) = &E1/2(u, Q) + Z M, - mi o (Pa(u) L Q).

s=1
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THE CASE p NON-INTEGER. If 1 < p < 2, by (1.8) we have (1.9) in any dimension n. For p > 2
non-integer, as in Proposition 3.10 we obtain:

Proposition 6.8 Let n > p = [p], with p > 2 non-integer. Then for every u € WYP(X,Y) we have

E1/p(u) :{ Epplu) P(ug 8,

N

400 if P(u
where P(u) = (0Gy)+ € Dp—p(X;Hp—1(V;R)), see (4.5).

Proor: We follow the proof of Proposition 3.10, to which we refer for further details. If P(u) = 0,
then u € cart'/? (X,)), and the assertion follows from Theorem 4.7. Conversely, if gl/p(u) < o0, and
{up} € C*(X,Y) satisfies supy, & /p(up) < 0o and up — u strongly in LP(X,RY), by Proposition 5.20,
possibly passing to a subsequence the currents G, € cart!/? (X x)) weakly converge in cart'/? to some
current T € cart!/? (X x Y). Write T as in (5.9), where Ls(T) € Rp_p+1(X) satisfies (5.10) and, of

course, ur = u, hence T € TP By (4.5), condition P(u) = 0 holds true if we show by contradiction that
Ls(T) =0 for every s. To this purpose, assume X = B™, and let £ be a compact subset of the union of the
set of points of Ls(7) which have non-zero density, £ with positive H" P*l-measure. For x € L, we use
the notation from Proposition 3.10, and obtain again (3.8), whereas the (p — 1)-dimensional currents G,
have to converge "near” the point x to the graph Gy, plus a vertical part of the type 0, x C, for some
non-trivial integral flat (p — 1)-cycle C' € Z,_1()). On account of the isoperimetric property (5.5), and by
lower semicontinuity, Proposition 5.19, this is in contradiction with (3.8), for r > 0 sufficiently small, hence
Ls(T) =0 for every s, as required. O

7 Weak approximation of spherical cycles

In this section we show how to approximate spherical (p — 1)-cycles of Y. We shall first focus on the model
case Y = SP~! and fix some notation. To this purpose, we choose n = p — 1 and denote

BP = {(x,t) e R xR | |z]2+t2 <1}, Bt:={(z,t)e B |t>0},
OB :={(x,t) € OB® | t > 0}, J:=0B*\9TB=DB""x{0}.

Proposition 7.1 Let P € S~ ! and q € Z. For every € > 0 there exists a smooth W% -map U, : Bt — B’
satisfying the following properties:
i) the restriction f. := U, is a smooth map f.:J — Sk
ii) the restriction U.jp+p 1is constantly equal to P;
i) Up[B*]=q[B°] and fuy[J] = a[S*;
iv) Dy (U2, BY) < |q| - |B?| + <.

PrROOF: We divide the proof in three steps.

STEP 1: A CONFORMAL MAP INTO THE DISC. Consider the complex map

1 -1z

h(z) := 7 ze€C\{-i}.

It is readily checked that h is a biholomorphic map between the half-space H := {2z € C | Im z > 0} and
the unit disc E:={z € C : |z| < 1}, and that h(z) — —i as |z] — +oo. Setting z = p+it for p € R and
t > 0, we have h(z) = f(p,t) +ig(p,t) where

1—(p* +1%)

A A(p,t) == p* + (t + 1),

flp,t) == A D) 9(p;t) =
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Therefore, the following Cauchy-Riemann equations are satisfied:

R - ()]
Lo==9= R @+ =) Ja=90="K "5

In particular, the mapping ®(p,t) := (f,g)(p,t) is conformal, i.e.,
4 . .
(Di®(p,t), Dj®(p,1))r2 = 0y W7 1<i<j<2.
We also observe that the trace on t =0 of & satisfies

2 1 — p?
®(p,0) = (=~ P

T+ 2 W)’ [®(p,0)] =1 VYpeR.

In the half-space
RE = {(z,t) e R*" ' xR |t >0}

we now define the map U : R}, — BP by

- 2 1— (o> +t?)
Ul 1) = (W T2 et 1)2>
or, equivalently, .
UGest) = (£(1el,0) 7 902]0))

Using that

(.ol ) + (falps1)* = (f('j; t))Q - A(p4 t)?’

it turns out that U is a conformal map, as
4

<D2U($7t>, DJU(.'L',t)>]RP = (57,] W s

I<i<j<p.
This yields that the p-dimensional Jacobian J,(DU) is equal to p~P/2|DU|P. As a consequence, since U
is a.e. one to one and onto, by the area formula we infer that

1

Dp([]7 RE_) = W

/ |DU(a:,t)\‘°dmdt=/ J,(DU) dx dt = |B*|.
]Ri RP

5
Moreover, U(x,t) converges to the south pole Ps := (Ogp-1,—1) as |(z,t)] — +00.
We finally observe that the trace on ¢t =0 of U satisfies
2 1—|z|?
x’
T+ 2277 14|22

U(x,0) = ( ). WE@l=1 VeeRr

hence it agrees with the inverse = : RP~1 — SP~1 of the stereographic projection map o of the unit sphere
SP=1 onto RP~! from the south pole Ps. We recall, see [10, Vol. I, Sec. 4.1.1], that the map (—1)P~to~1
is an orientation preserving conformal diffeomorphism, provided that SP~! is equipped with the natural
orientation induced from the outward unit normal; in particular, U;;l[[Rpfl]] = (=1)P[SP1].

STEP 2: A MODIFICATION OF THE CONFORMAL MAP INTO THE DISC. Following [10, Vol. II, Sec. 4.1.1],
write
ot z) = (|x sin 6(|z|), —cos@(|$)> ) reRFL
X
where 0(p), for p > 0, is the angular distance, i.e. the geodesic distance of 0—1(332—1) from the south pole
Ps. For € > 0 we set

0(p) if p<R.
O:(p):=<¢ €(2R. —p)/R. if R.<p<2R.
0 if p>2R.,
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where R. :=07!(¢), and we define . : RP~! — SP~1 by

Pe(x) = ({; sin 0. (|z]), —(30595(|x)> ) reRFL

The function @, is Lipschitz-continuous, with @.(z) = o~ !(z) for |z| < R. and @.(x) = Ps for |z| > 2R.,
and the image current satisfies

Pes[RP ] = Gey[ BSg 1= (-DP[S* ']

Moreover, for our purposes we recall that if R, < |z| < 2R. we have |Dg.(z)| < ¢(p)e/R..

We notice that 9

NEG)

i.e., U maps the set of points of Rﬂ_ that are distant d to the south pole Ps into the set of points of BP
that are distant 2/d to Pg, for every d > 1. We then denote

U(z,t) — Ps| =

Q, = {(&,1) € B, | A(lzl,) <1+ 9%}, p>0,

and define V.(z,t) := U(xz,t) on Qp_ whereas V.(z,t) = Ps on RE \ Qa5 . In order to extend in a smooth
way V. to the whole of R, we observe that for R. < |z| < 2R. we have

< (x) — Ps| = b(|2]) := /2(1 — cos O (|a])) -
We thus define V. on Qap_ \ Qgr. by

2 (x,t+1))'

(=) /A(|z], )

Vele,t) = U (Ps +

We now check that for (z,t) € Qap, \ Qg

[DVz(z,1)] < c(p) (7.1)

where ¢(p) > 0 is an absolute constant, possibly depending on p. In fact, changing coordinates by translation
of the origin to the south pole Pg, we write
(z,T)

U(z,t) = 27\(3:,T)\2

+Ps, T=t+1,

and for 1+ R2 < |(x,T)|?> < 1+ 4R? we have

(z,T)
|(, T)]

Since [6%(p)| < ¢|0.(p)| = ce/R., whereas |6-(p)| < c+/0-(p) < ce'/? and R. > 1, this yields (7.1).
By conformality, and since U : BT — BP is a.e. one to one, we have

Ve(,t) = b=(|=])

+ Ps .

1
W/ﬂ \DVE\"dxdt:/ |JpU|dzdt = HP(U(QR,)) < |BP|,

€

whereas by using (7.1)

1
pp/2

p/2
| DV dedt < clp) 92| T < )
Qar. \Qr, R

€
This yields that V.(x,t) = Ps on 0Qap. and

D, (Ve,Qp,) < |BP| +c(p) /2.
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STEP 3: THE APPROXIMATING MAP. We now observe that we can suitably re-parameterize the function
(=1)P~' V. on the half disc BS, N {(z,t) | ¢ > 0} by means of a bilipschitz map Wp, with Lipschitz
constants Lip(\IfRE),Lip(\IIE:) < 1+ o(g). Using that in dimension p the p-energy is invariant under
homothetic dilatations (%,7) = A(z,t), A > 0, we readily obtain the map U. : B* — B’ satisfying the
required properties i)-iv), in the case ¢ = 1 and P = (—1)?"1Ps. For a general P € SP~1, it suffices
to compose U. on the right with a rotation of SP~! that maps the pole (—1)?"!Pg into P. Finally, for
a general g € Z, we consider |q| copies of the function sgn(q) U., where U. is the function obtained in
the case ¢ = 1, each copy ”re-parameterized” in a suitable subdomain D; of BT, obtained by means of
a dilatation A (z,t), with 0 < A < 1, plus a translation in the z-variables, so that the D;’s are pairwise
disjoint and all contained in B™, and set U. = P elsewhere on BT. ]

APPROXIMATING SPHERICAL (p — 1)-CYCLES. We would like to have a similar result to Proposi-
tion 7.1 for integral flat spherical (p — 1)-cycles in Y. To this purpose, we first give the following

Remark 7.2 We set

yE = UE(y)y

where U.(A) := {y € RY | dist(y, A) < €} is the e-neighborhood of A C RY. Since ) is smooth, there exists
€o > 0 such that for 0 < € < g the nearest point projection II. of ). onto ) is a well defined Lipschitz
map with Lipschitz constant Lip(Il;) < (1 +ce) — 11 ase — 07.

By adapting the proof of [13, Prop. 4.6], we readily obtain:

Proposition 7.3 Let C € Z,_1(Y) be an integral flat (p—1)-cycle of spherical type and let R € Ry(RY) be
the i.m. rectifiable current of least mass in RN such that OR = C. Let P € ) be a given point. Then there
exists a sequence of Lipschitz functions f. : BT — RN such that f.o+p =P, fo(J) C Voe, fex[BT] =R
and f.x[J] — C weakly in Dy(RY) and Dyp_1(Vs,), respectively, and

lim A(f., BY) = M(R),

where A(f., BT) is the p-dimensional mapping area of f., i.e., A(fz, B") =[5, |Jpf-].

Remark 7.4 Now, for p = 2, by Morrey’s e-conformality theorem [25, Thm. 2.1], in [13] we defined a
suitable orientation preserving diffeomorphism W, : BT — BT such that, if f. := f. o ¥,, then

Dy(f, BY) < (1+¢) A(fe, BY) = (1 +2) A(f., BY).
This yields that for p =2 we find f. as in Proposition 7.3 such that

lim Dy(fe, BT) = M(R).

However, we do not have an analogous of Morrey’s e-conformality theorem for p > 3. This yields that
we are not able to find a strong approximation theorem for integral flat (p — 1)-cycles of spherical type in
the case p > 3. For this reason, we now obtain a weak estimate, arguing in a different way.

Proposition 7.5 Let p > 3 integer. Let q € H;{hl(y,U);Z) and let Ry € Ry(RY) be the i.m. rectifiable

current of least mass in RN such that OR, € Z,_1(Y) belongs to q. Also, let P €Y be a given point. Then
there exists a Lipschitz function fy: BT — RN such that fyo+p = P, fo(J) C Y, fex[J] € q, and

DP(fQ7 B+) S C(pvy) M(Rq) ’
where ¢(p,Y) > 1 is an absolute real constant, only depending on p and ).

PRrooOF: We divide the proof into three steps.
STEP 1: For (x,t) € RP~! x R, denote

Q:={(z,t) € B* | 1/2 < |(z,t)| < 1,t > 0},
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so that Q C BT, and let
T = {(x,t) €0Q |t >0}, 2’0 =00\ 0TQ.
We now define a suitable Lipschitz map F: Q — B such that
F(0°0) C ', Fina,[0°0] =[], F,[0]=[B"].

Such a function is generated by the mapping (y1,y2) — (21, 22) given by

2 .
(z1,22) = - ¢ - (sin(27(1 — p)),cos(2m(1 — p))) ,
where in polar coordinates we have set

(11,92) = p(sing,cos6), 0<g<m/2, 1/2<p<l.

More precisely, we define F(x,t) for (x,t) € Q by

F(a,t) = 2 (e, 1) (sin(2n(1 - plar 1) [ vcos(2n(1 = p(z. 1))

where

o(z,t) := arctan('gtc—‘) , o pla,t) == |(x,t)].

StEP 2: For s = 1,...,3, since 7, € H;’lhl(y,(Z);Z), there exists a Lipschitz map fs € Lip(SP~1,)) such

that fox[SP~'] € [3s). Let @, € Lip(B",RY) be such that D opr = fs and
Dy (&) < inf{Dy(®) | @ € Lip(B*,RY), ®popr = fo} + 1.
The Lipschitz function ¥, : Q — RY given by W (x,t) := (®, 0 F)(z,t) satisfies:
U (0°Q) C Y, Wooagld"Q] € (i), YyoxlQ] = ap[B] € Rp(RY).
For 0 < A <1 and for any X C R”? we set
AX = {\(z,¢t) | (z,t) € X}
and define ‘I’is :AQ — RY by
\Ifis(x,t) = U (A Nk, 20, Tpo1, 1)),
so that we have
VEO'Q) Y. WE g, [0°0] € £, WE o, [0] = 20,4 B ] € Ry(RY).
Moreover, it is readily checked that for every 0 < A <1
D, (¥ ,,AQ) = Dy(¥,,0) < .
Finally, denoting by
0V :={(x,t) €0TQ : |z| =1}, 0Q:={(x,t) €0TQ: |z| =1/2}
the "exterior” and "interior” part of the boundary 9%, respectively, and accordingly
0N = N0, INQ = )N0'Q,
for every 0 < A <1 we have

U3 (0°AQ) = P¢ o= fo(Ope—1,+1), Uy (9°AQ) = P! = fo(Ogo—1,—1).
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The target manifold ) being connected, we also let I'p o denote a geodesic arc between any two points
P and @ in Y, and let L(I'pg) be the length of I'pg. If Tpg : [0,L(ypg)] — YV also denotes the
arc-length parameterization of I'p g, with initial point P and final point @, setting ¥p g : Q— Y by

Upo(a,t) =Tra(2L(re) (1 -|(x1)),
and defining Wy po : AQ — Y by
Urpa(@t) = Upo(\ ! (5:1)),
for every 0 < A <1 we have @A7P7Q|ae)\g =P, ‘FI\})HP,Q‘ai)\Q =(Q, and
D, (V1 pq, A Q) =Dp(¥pg,2) < Cp) L(Tre)”,
where C(p) > 0 is an absolute constant, whereas
Uy pou[AQ] =0€Dy(RY), Ty pooorax[d°AQ] =0€Dy_1().

Finally, we let Q; := 27%Q, for k € N, and observe that the family {Q}, is pairwise disjoint and
satisfies UpQi = B

STEP 3: Now, for any ¢ € HSph (V,0;Z), we have

q= Z ng [;}75]
s=1

for some integers n? € Z. Without loss of generality, we may and do assume that n # 0 if and only if
s=1,...,sg, for some sq € {1,...,5}.

We ﬁrst define f7 = \Ilppe on QO =Q. For k=2j—1, where j =1,...,|n|, we then set f? = \Il;'E -
Q, where the orientation + is chosen according to the sign of n{. If |n‘1’| > 2, we also let f? = \112_;6,13117};15
on Q, for k=2h and h=1,...,|nf| - 1.

Setting A; := Uilgll Qi1 and 94, = Uiﬁ;{‘ 0%Qy,_1, this way we have defined f¢ on A; so that

FRl°Ar] €ni ], Dp(f?, A1) < [nf|Dp(¥1,Q) + c(p) [L(Tp.p)? + (Inf] = 1) LT p; pe)*]

on

where ¢(p) > 1 is an absolute constant.

We then proceed as above, by iteration on s = 2,...,s,. For k = K, := 2218:_11 Inf|, we define
fT=Vyr pi_ pe On Qk. Then, for k = K, +2j — 1, where j = 1,...,|nl|, we set f4 = ‘I/;E,k7s on Qy,
where the orientation + is chosen according to the sign of n{. If [n| > 2, we also let f = Wy« pi p. on
Qp, for k=K, +2h and h=1,...,|n?| — 1.

q| — q
Setting A, := Uilz'fl Qpix.—1 and %A, = Ui'j;' Q. .1, we have defined f¢ on A, so that

FAIPA T € ni[3s], Dy(f7, As) < [nd| Dy(Ws, Q) +c(p) [L(Tpi_, pe)® + (Inf] = 1) LT pz pe)*] -

Setting f¢ = P; on BT\ U, A,, we infer that f¢ : BT — RY is a Lipschitz function satisfying
oo+ =P, f4(J) C Y, fox[J] € q, and

D, (f,, B <Z|nq|Dp<nIvs,ﬂ (0) Y LT pi | pe)P + (Ind] = 1) LT pi pe)?]
s=1 s=1

where we have set P := P. Recalling (5.1), we now set

D,(7,,Q L(Tpi pe)
Cl(pay) = Ssup p(’v )a C?(pay) = Ssup == 5
1<s<% s 1<s<% My



L(Tp: pe)? L(Tppe)?
c3(p,Y) := sup sup —————, c4(p,)):= sup sup g

1<s<5 l#s M, 1<s<5 P€Y M
All the constant ¢; (pg}) are finite and only depend on p and )Y, by the smoothness and compactness

of Y. Since M(R,) = >_0_, |n4| My, we obtain the assertion by setting c¢(p,Y) := c(p) - Z?Zl ¢(p,y). O

8 The density theorem

The rest of the paper is dedicated to give the proof of the density theorem 5.16. We first give a proof in the
case of low dimension n := dim(X) = p — 1. We then consider the easier case of dimension n = p. Finally,
in higher dimension n > p + 1, we show how the proof is reduced to the validity of Theorem 8.4 below, that
will be proved in the Appendix.

DENSITY IN DIMENSION n = p — 1. In this case, it suffices that ) satisfies (H;). In particular, no
topological conditions on Y as in (Hz) is required.

SKETCH OF THE PROOF: Recall from Sec. 5 that if n =p —1 any current T € cart’/?(X x ) has the form

T=Gup+ Y 6, xCi on Z7P (X xY),

i=1

where 0, is the Dirac mass in z, x; € X, and the C; € Z,_1()) are integral flat (p — 1)-cycles of spherical
type and with non trivial homology. Moreover, we choose the representative C; in such a way that if
R; € Rp(RY) minimizes the mass among all the i.m. rectifiable currents R € R,(RY) such that Z = OR
is in the homology class of Cj, then C; = OR;. The & p-energy of T is then defined as the p-energy of its

extension 7', compare Definition 5.4, i.e.,

~ 1 to
E17p(T) :=Dy(T) = W/ |Dur[’ dH® + > M(R;),
cr

i=1

where T = Ext(T) := (—1)P Gy, + Zlf’_l 8, % Ry, with Up := Ext(ur) € W (CP,RV).

Adapting an argument by Schoen—ﬁhlenbeck [29], as in [2, Sec. 2.1] we can find a sequence of smooth
maps Uy, : CP — RY such that Uy — Ext(u) strongly in W1P(CP, RY) and for which there exists a positive
number ¢y > 0 such that Ug(X x [0,%]) C Ve, for every k. In particular the traces uy := T(Uy) belong to
WYP(X,Y.,) and ug — u in WYP(X, RY).

Since we use a local argument, without loss of generality we assume that X = BP~! and CP := B"~! x
[0,1]. Arguing exactly as in [13, Thm. 4.1] for the case p = 2, it suffices to apply Proposition 7.5 in order to
approximate each vertical part J,, x C; by paying an amount of energy estimated by ¢(p,Y) M(R;), where
c(p,Y) > 0 is the absolute constant in Proposition 7.5. O

Remark 8.1 In the case p = 2, by Proposition 7.3 and Remark 7.4 we have ¢(2,)) = 1, whence we obtain
the strong approximation with energy, Theorem 5.17. Finally, in the model case J = SP~!, we have

T=Gup+ Y 0, x [P

i=1
Using Proposition 7.1, we obtain the strong density of smooth maps as in Theorem 3.5 (for n =p — 1).

DENSITY IN DIMENSION 1 = p. In this case, for every u € W/P(X,)) we first obtain that P(u) is
an integral flat chain.

Proposition 8.2 Let n = p. Let u € WYP(X,Y) and {uy} be a sequence in RY9,(X,Y) that strongly

converges in WP to u, see Theorem 1.4. Then we have:

29



(i) M(Ds(ug) —Ds(uw)) — 0 as k — oo for each s=1,...,3, see (4.4);

(ii) there emists L € Rl(X;H;p_hl(y)), with M(L) < oo, such that P(u) = (OL)L int(X); in particular

P(u) is an integral flat chain;

i) 2 enotes an t.m. rectifiable current in R4 of least mass such that
iii) if Lf“wu d fiabl R1(X) of h th
(OLy, .,) - int(X) = Ps(u) — Ps(ug) , s=1,...,5, (8.1)

then M(L: ) — 0 as k — oo;

Uk, U
(iv) if 0X =0, or u= ¢ on OX for some smooth W'/P-map ¢ : X — Y, then for each s =1,...,5 there
exist points a;,b; € X such that

[e.9]

Ps(u) = Z(éai —0,), Zdistx(ai,bi) < 00,
i=1

i=1
where disty s the geodesic distance in X.

PROOF: The proof of property (i) is similar to the one in [13, Prop. 1.4], and holds true even in higher
dimension n > p+ 1. As to the rest of the proof, similarly to [10, Vol. II, Sec. 4.2.5], we observe that P,(ug)
is an i.m. rectifiable current in R,,_p(X’). Theorem 4.9 yields m; jn¢(x)(Ps(ur)) < co. By Federer’s theorem
[6], for n =p we then infer that

M ine(x) (Ps (Uk)) = My ine(x) (Ps (u)) Vs=1,...,8, (8.2)

see Definition 3.1. Therefore, (i) and (4.6) give m; in¢(x)(Ps(ux) — Ps(u)) — 0, and the claims follow. O

In the case n = p, we thus have a simple proof of Theorems 5.16, 5.17, and 3.5.

SKETCH OF THE PROOF: Let {uy} in RY7 (X,)) be strongly converging to ur in W1/? see Theorem 1.4.

S
Uk ,uT

On account of Proposition 8.2, let L be given by (8.1), and set

Ty o= Guy + 3 _LjxFs,  Lj = (=1L}, ., +Ls(T).
s=1

By (5.10) we have
OL; = (-1 ' Py(ur),

which is a finite sum of Dirac masses. Moreover, see (4.3), we have

Py (ur) X s on ZFLPlxxy),

M

0G,, = (1)

s=1

whence Ty belongs to cart!/P(X x ), see Remark 5.11. Since M(L; — L4(T)) = M(L;, ,,.) — 0, we infer
that T, — T and & /p(Tx) — E1/,(T). Since the mass of the boundary of L;j is finite for every s and
k, we then may proceed in four steps along the lines of the proof of [13, Thm. 6.1]. Roughly speaking, in
Step 1 we reduce to the case of a current T such that up has a finite number of point singularities. In
Step 2, we reduce to the case of T such that the Ls(T")’s are (curvilinear) polyhedral 1-chains. In Step 3, we
reduce to the case of T" as in (5.3) such that each L, is the union of a finite number of oriented curvilinear
segments S which only intersect at boundary points, the supports of the L,’s are pairwise disjoint, and
ur € RY /p (X,)) is locally Lipschitz on X'\ |J 4 SPtOLg. In Step 4 we use a dipole-type construction based
on Proposition 7.5 to approximate the vertical parts L4 xCy, and reduce to a current T' = G, for some
Cartesian map u € cart/? (X,)). By using Theorem 4.7 and Remark 5.12, and by a diagonal argument, we
prove Theorem 5.16. Finally, in the case p =2, or Y = SP~!, the dipole-type construction is based on the
argument of Proposition 7.3 and Remark 7.4, or Proposition 7.1, respectively, yielding to the strong density
of graphs of smooth maps, Theorems 5.17 and 3.5. O
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Remark 8.3 It is in the last step, when applying Theorem 4.7 to remove the homologically trivial point
singularities, that we make use of the additional hypothesis (Hs). We recall that such hypothesis cannot be
removed, even in the case X = B", compare Remark 4.8.

We also observe that in the case p = 2, since Theorem 4.9 yields m; jne(x)(Ps(ur)) < oo, Hardt-Pitts’
theorem [22] gives (8.2) and hence the statements (ii) and (iii) in Proposition 8.2, for any n > 2. Therefore, a
similar proof holds in any dimension n > 2, compare [13, Sec. 7]. However, even in the simple case X = B™,
if p>3,and n > p—+1, the proof of Theorem 5.16 cannot be obtained by a simple adaptation of the above
argument. In this case, in fact, we do not know whether (8.2) holds true, compare [24, 31], or even if

My int(X) (IPS (uk)) <c- My int(X) (PS (uk))
for some absolute constant ¢ > 0, not depending on wuy, a weaker condition that would give the assertion of

Proposition 8.2, and hence a simple proof of the density theorem.

DENSITY IN DIMENSION 1 > p + 1. In order to give a general proof of Theorem 5.16, we first recall
that any 7' € cart!/? (X x ))) satisfies (5.3), where u = uz € W/2(X,)) and the L,’s are i.m. rectifiable
currents in R, _p+1(X) with multiplicity one such that, writing L, = 7(£4, 1, 74), the (n — p + 1)-rectifiable
sets L, := set(L;) are pairwise disjoint. Moreover, the & p-energy of T is given by (5.7), where R,
minimizes the mass among all currents in R, (RN) such that OR, is in the homology class ¢q. We denote by
pr the finite Radon measure on X given for every Borel set B C X by

pr(B) = Z M(R;) - M(Lq L B), (8.3)
q€HIP (V,0;2)
and we set
Eyp(T, B) := &1 (ur, B) + pr(B), (8.4)
where &)/, (ur, B) is defined as in (1.5), so that &/, (T, X) = &;/,(T, X x ).
We finally denote by F(T') the flat norm
F(T) :=sup{T(w) |w € Z"" 1 (X xY), Flw) <1},
where for w € ZMP7HX x )
F(w) := max{ sup |lw(z)||, sup ||dw(z)||} .
zEX XY zEX XY
As |T(w)| < F(T)F(w), we infer that T, — T weakly in Z,, ,_1(X x Y) provided that F(T} —T) — 0.

Similarly to [16], the proof of Theorem 5.16 is based on the following density theorem, the proof of which
is postponed to the Appendix.

Theorem 8.4 Let ¢ € (0,1/2) and k € NT. For every T € cart'/? (X xY) we can find a current
T € cart!/? (X x V) such that

E1yp(T) < E17p(T) +* + (c(p, V) — 11) pr(X),
F(T-T)<<*  and  pp(X) < 5 -pr(X),

where ¢(p,Y) > 1 is the absolute constant given by Proposition 7.5. Moreover, ¢(2,Y) =1 for every Y and
c(p,SP~Y) =1 for every p > 2.

In fact, by Theorem 8.4, for every £ > 0 we find a current 7. € cart!/? (X x Y) such that & /,(T.) <
E1yp(T) +2e +2 (c(p, V) — 1) pr(X), whereas pr, (X) =0 and F(T. —T) < 2e. Using a diagonal argument
on ¢, we then find a sequence {T},} C cart'/? (X x ) that weakly converges to T in cart!/? with

lim sup £,p(Tk) < E1/p(T) + 2 (e(p, ¥) = 1) pr () < (2¢(p, V) = 1) €1/p(T)
and such that pr, (X) = 0. Therefore, Ty agrees with the current G, for some uy € W/P(X,)), see
(4.1), where uj belongs to cart!/? (X,Y). By Theorem 4.7, and by means of a diagonal argument, we

obtain Theorem 5.16. Finally, since ¢(2,)) = 1 for every J and c(p,SP~!) = 1 for every p, by lower
semicontinuity we obtain Theorems 5.17 and 3.5. O
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A Appendix

The appendix is dedicated to the proof of Theorem 8.4.

A.1 The density theorem, Part 1
First, by the definition (8.3) we have uz = 07 H" PT1L L, where Lr is the (n — p + 1)-rectifiable set

Lr:= U set(Ly) , H P Lr) < 0. (A1)

qEHIPM (V,052)

Moreover, the density fr is the positive H" P+l Lr-summable function 07 : L7 — [Cy,+00), where
Cy > 0 is given by (5.5), defined by

Or(z) := M(Ry) it zeset(Ly). (A.2)

On account of Definition 5.4 and Remark 5.6, for every open set  C X we shall denote by F(T,)
the class of currents T € Dy, 15 ((Q2 x 1) x RY) such that (=1)""19T =T on Z"P~1((Q x {0}) x V) and
T = Gy on D"FLP((2x]0,1]) x RY) for some ”smooth” map U € W (Qx]0,1],RY). In this case, we
shall write

T=Ty € F(T,Q), Dy(T,Q):=D,(T,(QxI)xRY). (A.3)

SLICING PROPERTIES. Let T € cart'/? (X x )), and write T = G, + S, see (5.3). Similarly to the
case of normal currents, for every point zy € X and for a.e. radius r € (0,r), where ro = ro(z) > 0 is
sufficiently small, in dependence of x, the sliced current

<T7 dm07r> = <GUT7 dzo7r> + <ST7 d:v077n> )

where dy, (x,y) = 8., (2) := distx (20, 2), is a well-defined Cartesian current in cart'/?(9B,.(xq) x V), where
B,.(xg) denotes the geodesic ball of radius r centered at xo, and 9B, (zg) its boundary. More precisely, we
have

<GuT7 dw07r>(w) = (_1)n_1<aGUT7JEmT>(w)7 w e Dn_l’p_l(aBT(xU) X y) )

where Ur = Ext(ur) and on (7,t,y) = 0z (), so that the restriction Upjsp, (zo)x1 of Ur to 0B, (xo) x I
is a Sobolev function in W*(9B,(zo) x I,RY). Also, by (5.3),

(ST, dzy,7) = Z (Lq» 0z, ) % Cq on  Z"YPTHOB.(z9) x V).

qEHP (V,0:Z)

As a consequence, we infer that for every Borel set B C X' the & y-energy of (T',dy,,7) on B x Y is
bounded by

E1/p((T,dg, ), B x Y) < Dy(Urjop,woyxr-B)+ >, M(Rg) - M((Lg, sy, 7) L B), (A.4)
qEHPM (V,0:2)

where )
Dy (Ur|9B, (z0)x1, B) := T/Q/ DU o8B, (o)< 1|" dH™
p (0B, (z0)NB)x I

the derivative D, being computed w.r.t. an orthonormal frame 7 tangential to 0B, () x I. We also let
51/p(<T7 Ay, T>) = 51/p(<T, dyys 7">a 8BT(CUO) X y) .

Remark A.1 On account of Remark 7.2, for y € Y and 0 < £ < ¢y we denote by
—N
By(y.e):==B (y,)NY
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the intersection of Y with the closed N-ball of radius € centered at y, so that we have HE(EN(y,a)) =
By(y,e). Moreover, we let W, ) : RY — By(y,¢) be the retraction map given by Uiyey(2) =T 0y oy,
where

2 if ze€ EN(y, €)

iy (2) = 7Y if zeRNV\B (y,¢)

_ (A.5)
|z =yl

so that W, .) is a Lipschitz continuous function with Lip ¥, .y = LipIl. — 17 as ¢ — 0*.

As in [8, Sec. 4], Theorem 8.4 is based on the following local arguments, the proof of which is postponed
to the next section. First, Proposition A.2, we show how to “deform” a current T', satisfying suitable energy
estimates on the boundary of a ball, into a current satisfying a bound on the oscillation, see (A.8). Secondly,
Propositions A.3 and A.4, we use a local approximation argument. In the sequel we shall denote by ¢ > 0
an absolute constant, possibly varying from line to line.

PROJECTING THE IMAGE OF A CURRENT. For n > p+1,and p > 2, we set
B} = B"(0,p), = (T,z) e R"PTL x RPTL D, :=B""*Y0,p). (A.6)

Proposition A.2 Let 0 < R < § < 1 and T € cart'/?(BY x V) be such that 0 < 07(0gn) < o0, see
(A.2), and let Up := Ext(ur). There exists a positive constant og € (0,1), only depending on n, p, on the
isoperimetric constant Cy in (5.5), and on O1(0grn), for which the following holds true. Assume that

&1/p((T do, R), (0B} \ (DR x {0gs-11})) x Y) < co 7(0zn)R™ 7,
E1/p((T,do, R)) < cOp(Opn) R P,
(

|Ur(z) — yo|P dH™ < co R™
dB7x[0,R)]

R)
R) (A7)

for some yo € Y and for some o > 0 smaller than o¢. Let e, := ¢y o"/(") where ¢; = ¢1(n,p) > 0 is
an absolute constant, and let m € Nt be the integer part of o= 2*P) where a(n,p) :=1/(4p(n — 1)) > 0.
Then we can find a Cartesian current T € cart'/P((BE \ B.) x V), where r:= R(1 —1/m), and a current
T=Ty e F(T, B\ B)), see (A.3), such that the following facts hold:

(a) (T,do,R) = (T,do,R) and (T,do,r) = (Yrr > Uy e.))(T,do, R), where ¢p,(z) == rz/R and
Uiyo.e0)(2) =TI, 0&(y, c.), see (A.D), so that spt(T,do,r) C OB} X By(yo,€0);

(b) the smooth function U € W' ((B} \ B, )x]0,1],RN) corresponding to Ty satisfies
U((Bi\BY) x [0.R/m]) € B" (w0.50): (A.8)
(¢) T has small energy on B\ B, i.e.,
E1/p(T, Bi\ BY) < Dy(T, (By \ BY) x I) < co®™P R+ (A.9)

(d) finally, the flat norm
F((T - Gyy)L (B \ BY) x V) < co®w) grrt, (A.10)
where Gy, is the graph current of the constant map yo.

APPROXIMATION ON A BALL. Using the notation from (A.6), let

B :={(z,t) e B? |z € R"~* ¢ > 0}, Bt = B;.

Moreover, let y(Z) := (7 — |Z|gn-»+1) denote the (signed) distance of € R*“P*! from the boundary of the
(n—p+1)-disk D,, and for 6 > 0 small let

Ps(,t) = (T,05(y(@) T, 96 (y(@)) 1), TED,, (T,t)€ BT, @s(y):=min{y,d}, (A.11)
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so that Q5 := ¢s(D, x BT) is a small neighborhood of the interior of the disk D, x {Oge} in B} x I.
Finally, let

Qs := ¢s(Dr x B 5) = {(7,%,1) | T € Dy, (@,t) € By ), p < 0s(y(@))/2} (A.12)

where in the sequel p := |(Z,t)|gs, and
Qurs) = Qs \ (D x {Orr }), R? :=R" x {0}.

Proposition A.3 Let T € cart!/?(B" x ), so that (5.3) holds, with X = B?. Let T = Ty € F(T,B"),
see (A.3), where the smooth map U € WLP(B"x]0,1],RY) satisfies

U(B? x [0,60]) € B" (yo,20)

for some fized 6y > 0 and yo € Y, where e, = c1 0P for ¢ > 0 small. Moreover, assume that

D, x {Ogp-1} C set(LLy) for some q € H;’ihl(y,(D;Z), and let R, € Ry(RY) be such that OR, € Z,-1())

belongs to q. Then, for 6 >0 small enough, we can find a current T € cart?((B™\ (s NR™)) x V) and
a current T =Ty € F(T,B!\ (s NRY)), see (A.3), satisfying the following properties:

i) OT = (T L (B x I) x RN) — [095] x 8, — [0D, x {Ogs } | X Ry;
ii) Dp(T, (B2 x I)\ Q5) x RN) < Dy (T, (B2 x I)\ Q5) x RN) + car™PH 4 ¢ pp(Qqp 5 NRE);
i) F(T = T)L (B™\ (25 NR™)) x ) < corn—PHL,

THE DIPOLE CONSTRUCTION. We shall also make use of the following dipole argument, the proof of
which is omitted, being very similar to the one given e.g. in [13], on account of Proposition 7.5.

Proposition A.4 Let q, Ry, and c(p,)) be as in Proposition 7.5, and let yo € Y be a given point. For
every o > 0, there exists a function V, € WP (Qs, RN), with § > 0 sufficiently small, smooth on Qs \ R?
and with trace v, := T(V,) € WP ((Qs NR?), V), such that

D, (V,, Q) < cor™ P 4 ¢(p, V) - H*P+H1(D,) - M(R,) (A.13)

and
OGy, = [090s] x 8y, + [0D, x {Ors }] x R, . (A.14)

Of course, by Proposition 7.3 and Remark 7.4 we have ¢(2,)) = 2. Moreover, in the case Y = SP~1,
using this time Proposition 7.1, we obtain the following

Proposition A.5 Let Y = SP~! and Yo € SP=1 be a given point. For every integer q € Z and every
o > 0, there exists a function V, € WLP(Qs,RP), with § > 0 sufficiently small, smooth on Qs \ R? and
with trace v, == T(V,) € WP ((Qs NR?),SP~1), such that

D, (V,,Qs) < cor™ P 4 1 PH(D,) - |q| - | BY|

and
dGy, = [090s] x 8y, + q[0D, x {0pe}] x [ B"].

We shall finally make use of the following

Lemma A.6 For every U € WY (C"tL RN) and for H™-a.e. point x € X we have

lim |DU(2)|P dH" T = / |DU (2,t)|P dt < oo
p=0% JBn(z p)xT I
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We are now ready to give the
PRrROOF OF THEOREM 8.4: We divide the proof in four steps.

STEP 1: Applying arguments as for instance in the proof of Federer [5, 4.2.19], by [5, 3.2.29] there exists a
countable family G of (n — p + 1)-dimensional C''-submanifolds M, of X such that ur-almost all of X
is covered by G. Let o € (0,1) to be fixed. By the Vitali-Besicovitch theorem, and by the properties of
the class cart!/?(X x ))), we can find a countable disjoint family of closed geodesic balls B; := B(p;,7;),
contained in X and centered at points p; in Lp, and numbers ¢; € (0,0), satisfying the properties listed
below. In the sequel we shall denote by ¢ > 0 an absolute constant, possibly varying from line to line, which
is independent of o, of the o;’s, and of the radii r; of the balls B;.

i) It holds ur(X\U,; B;) =0.
ii) For every j there is a manifold M; of G such that the center p; of B; belongs to M;.

iii) Since H"P*(Lr) < 0o and Or : L7 — [Cy,+00) is H* PT L Lr-summable, see (5.5), then

er”*pﬂ < cH" P (Ly) < 00, ZHT(pj) " P <cpr(X) < . (A.15)
Jj=1 j=1

iv) Setting o; := min{c,o(p,)}, where o(p;) is the positive constant given by Proposition A.2 in corre-
spondence of 6r(p;), we can find a number ¢t =t¢; € (1/2,1) such that

pr(B(pj; 1) \ (B(pj, tjrj) N M;)) < 0 pr(B(pj;r5)) - V-
v) According to (A.1), we have M; C set(L,,) for some g; € H;p_hl ).

vi) All the p;’s are Lebesgue points of Up := Ext(ur) with Lebesgue values Ur(p;) = ur(p;) = 2; € Y,
and by a slicing argument

/ \Ur(z) — zj[PdH" < cojr;". (A.16)
9B(p;,t;r;)x[0,t;7;]

vii) Using a blow-up argument at p; in the z-variables, we may and do assume that the current S; :=
[B;] x 6., +[M;] x ¢; has small flat distance from 7" on B; x Y, i.e.,

F((SJ — T) LBj X y) < COj rjn7p+1 . (Al?)

viii) By a slicing argument, we may and will assume that for some R € (tr;,2tr;) the current (T',d,,,tr;)
belongs to cart'/? and satisfies

C
gl/p(<T7 dpjutrj>7aB(pj7trj) \Mj) < 7 gl/p(TvB(pjuR) \Mj) .
J

Also, by the construction, and by using iv) and Lemma A.6, we may assume that both

pr(B(pj, p) \ (B(pj,tjp) N My)) < 0 - ur(B(pj, p)) (A.18)

and
pr(B(pj, p)) < cOr(p;) p" P, Dy(Ur,B(pj,p) x I) écp"/ |DUr(pj, )P dt < oo (A.19)
I

hold true for any 0 < p < 2r;. Therefore, taking r; small so that 7“?71 J; 1DUr(pj, t)|P dt < o; 07(p;),
we readily obtain that

E1p((Tydy,, tjrs), 0B(pj, tir;) \ M;) < cojOr(pj)r;" " . (A.20)
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ix) Using a similar slicing argument and (A.19), we may and do assume that

E1)p((T,dy, trs)) < cOp(py)r" . (A.21)

x) Since Or(p;) is the (n — p + 1)-dimensional density of ur at p;, and p; € set(Ly, ), we also may and
do assume that
0 (Bj) = M(Ryy) w1 75" < 0y 1577, (A.22)

where wy,_piq = |B"7PTL.

xi) There exists a suitable bilipschitz homeomorphism 1, from X onto itself, with Lipt¢, < 2 and
Lipy, ! < 2, such that 1, maps bijectively B; onto B;, with VYoloB; = Idjgp,, for all j, and v, is
equal to the identity outside the union of the balls B;.

xii) We have o (B(p;,t;r;) 0 M;) = B(pj, p;) N (p; + Tan(M;,p;)) and ¢, (9B(p;,t;r;)) = 0B(p;, ps)
for every j, where p; € (r;/2,r;) and Tan(M;,p;) is the tangent (n —p + 1)-space to M; at p;.

STEP 2: If T := Ext(T) € D12 ("1 x RY), setting for any j

T¢ = (o< Idpepn)pT L (int(B;) x I x RN),
T¢ = ()" 'T7L(int(B;) xY)  on Z™Pl(int(B;) x V),

J

T7 belongs to cart/? (int(B;) x)), and fj” = Gyy on int(B;)x]0, xRN, where U7 := (Urot; ") int(B,)x1
belongs to W1¥(int(B;) x I,RY), whereas pire = ou(pr L int(B;)). Moreover, by (A.20), (A.21), and
(A.16) we infer that 777 and U satisfy the hypotheses (A.7) of Proposition A.2, where yo = 2; € Y is the
Lebesgue value of Ur at pj, with p; =0, § =r; and R = pj, i.e.,
Bj=B;, Blpj,p;) =By,
B(pj, p5) N (pj + Tan(M;, p;)) = Dr X {Ope-1} .

Denote A(p;) := B(pj;,pj)\B(p;j,d;), where 6; := p;j(1—1/m;), and m; is the integer part of o{Qa(n’p).
Proposition A.2 yields a Cartesian current Tj € cart!/?(A(p;) x V), and T € F(T};, A(p;)), see (A.3), such
that by (A.9) and (A.10), and since o; < o for every j, we have

D, (T}, A(p;) x I) < cog®mPlp? =t (A.23)

F((Tj — G2,) L (A(pj) x V)) < co®p) pynmrptl (A.24)
whereas the support spt(T},d,;,d;) C 0B(p;,0;) X By(zj,€5). Moreover,
Ty = (~1)"'0T; on Z™P7M((A(py) x {0}) x V),

where 7~’j = Gy, on D"TP((A(p;)x]0,1]) x RY) for some "smooth” map U; € W*(A(p;)x]0,1],RYN)
with image
—N
Uj(A(p;) x [0,h;]) € B (2),64) 5 (A.25)
compare (A.8), for a positive h; €]0,1][.

S5
Using Remark A.1, we now define ¢;(z) :=p; + p—J (x —p;j) and
J

Ty o= (1 2 V(e ) (T7 L Bpj, p5) X V),
so that we have Tj € cart'/?(B(p;,d;),Y) with sptT; C B(p;,d;) x By(zj,&,), and by Proposition A.2
A(T; —Tj) L (dB(pj,d;) x ¥) = 0. (A.26)
Write Tj =Gy, + 55, so that v; € W/?(B(p;,8;), By(zj,€5)), and let V; € WP ((B(p;,d;) x I),RN) be

the function that minimizes the p-energy among all the smooth maps satisfying the following properties:
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(a) (~1)"710Gy, =T; on Z™P~1((B(p;, ;) x {0}) x V);
(b) 9(Gv, — Gu,) L ((9B(p;,8;)x]0,1]) x RY) = 0;

() Vi(B(ps, ;) x [0,1;]) C B (25, e0)-

These condition are not in contradiction, on account of (A.25). Moreover, comparing the p-energy of V;
with the one of a suitable reparametrization of Uj, see (A.23), and observing that Ty, € F (’f’j,B(pj, 3;)),
according to the notation (A.3), it is readily checked that

Dy (Tv;, B(pj, ;) x I) < cc(o)a® ™ P r;"=PF1 - c(0) €y (T, B(pj, pj) X V) (A.27)
where ¢(0) — 17 as o — 0T, whereas by (A.17), the definition of 1, 1;, and the triangular inequality
F((T; — T)LB(p;,6;) x ¥) < cor PH. (A.28)

STEP 3: By (A.25) we infer that Tj and V; satisfy the hypotheses of Proposition A.3, with B(p;,d;)
instead of B}, yo = #;, and ¢ = ¢;, that yields a current f;’ € D"TLP(((B(pj, 6;) x 1) \ﬁf;) x RY), where
Q) is defined similarly to (A.12), but in correspondence of B(pj, ;).

Moreover, by applying Proposition A.4, with B(p;,d;) instead of B} and gy = g¢;, we find a suitable
function V7 € Wh? (Qg,RN). Setting then

S =T7 +Gvs, 87 :=(-1)""'08] L (B(p;,0;) x V),

(A.14) and i) in Proposition A.3 yield that 5’;’ € cart'/?(B(p;,d;) x V) and also, using (A.26),

d(S7 —T;)L (8B(p;,d;) x ¥) =0, (A.29)

J

whereas ?;-7 € .7’-'(5’;-’7 B(pj,0;)), see (A.3). Moreover, by (A.13) we have

D, (V7,9) < cod" P 4 e(p, ) - H*PTH(Dy,) - M(R,,) .

J

Therefore, since 6; € (r;/2,7;), by (A.22) we get
D, (V7. 0f) < cor" P 4 e(p. V) - pr(By). (A.30)

Finally, using (A.18) to estimate the last term in the right-hand side of ii) in Proposition A.3, by (A.27) and
(A.30) we obtain

gl/P(gng(pJa )Xy) < ()5l/p(T B(p], ) V) . (A.31)
T ce() g pne p+1+( (p,Y) — 14 co) pr(B(pj,r5)), '

whereas by (A.17), (A.28), and the cited propositions we have

F((S7 —T)L B(p;,8;) x Y) < cory P, (A.32)

STEP 4: We now define _ . o
S? =S +T; + T7 L (B(p;. ) \ B(pj, p;)) x RN

and S := (—1)"‘18§37 L ((B(pj,rj) x {0}) x V), so that by (A.29), and by the construction, S¢ belongs
to cart!/P(int(B;) x ). By (A.23), (A.27), and (A.31) we obtain that
(

gl/p(S Bjxy) < C( ) 1/p T (pJ7 )Xy) (A33)
+ ccelo)o (’P)T" p+1+((p,y)fl+ca)uT(Bj). '
Moreover, by (A.10), (A.24), and (A.32), we deduce that for ¢, § small enough
F((S7 —T7)LB;j x V) < co®mp)pnptl, (A.34)
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Setting now
T\ = (¢ b My ) 57 L int(By) x I x RN, T = (4" paldgn ) 4S9 L int(B;) x ),

by (A.33) we infer that for every j

E1p(T}7 int(Bj) x V) < c(0) 51/,,<T B(p;, ;) x ¥) (A.35)
+ (elp,Y) = 1+ co) pr(By) + cc(a) g p) pymptl
whereas by (A.34)
F((T\”) —T)L B; x ¥) < cog®b) pnovtl, (A.36)

We finally define 77 € D,, y_1(X x Y) by
o0 e}
77:=3 T+ T (x\ | Jint(B

j=1 j=1

We have T7 € cart!/?(X x )); by (A.15) and (A.35), for ¢ > 0 small, so that ¢(o) is near to 1, we obtain
E1/p(T7) < Ep(T) + (c(p, V) = 1+ o) pr(X) + co® P H* P (Ly),
so that if o = o(e, k, L1, ur) > 0 is small, we have
Evyp(T7) < &1yp(T) + e + (c(p, V) = 1) pr(X).

Moreover, by (A.18), taking o small, the above construction yields that

pre (X) < CZNT (pj, 1) \ (B(pj, trj) N M) + pr(X \ Lr)
< caw<x><§w<x>.

Finally, by (A.36) and (A.15) we have

F(T°-T) < ZF TYL B; x Y)

o0

< Co_a(np Z n— p+1<€

if o =0(e,k, Ly, ur,n,p) >0 is small. Theorem 8.4 follows by taking T =T° for ¢ >0 small. O

A.2 The density theorem, Part 11

In this section we conclude the proof of Theorem 8.4, by proving the local arguments stated in the previous
section.

PROOF OF PROPOSITION A.2: We use an argument reminiscent of the one used in [18, Step 3| and [8,
Prop. 4.6]. For a given cubeulation of the boundary 0B, we shall denote by E’f{ the family of k-faces of

the skeleton, and by i’j% the subset of k-faces that do not intersect Dz x {0}. Moreover, we let T := Ext(T),
so that the slices satisfy

(—1)""YT,do,R) = (T, do, R) ~ on Z""LP7L(9B% x ),
and denote the restriction of the slices to the k-skeleton of the grid by
TE :=(T,dy, RYLEE x Y,  Tk:=(T,do,R)L (Zh x I) x RN
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Finally, for simplicity we will denote

D (T £) i= Dy (Th, (S x 1) x BY)
Dy (T§, Xk) = Dy(Tj, (Sf x 1) x RY).

To our purposes, we want that TI’;_Q agrees with the graph of a continuous W'/P-map with image
contained in the geodesic ball By (y,&,), and the image of E';%_Q x [0, R/q] by the extension map Ur of ur
is contained in the ball B (y,€0)-

We thus choose a suitable cubeulation of 0B} made of small (n — 1)-dimensional “cubes” of side R/m,
i.e., each one bilipschitz homeomorphic to the (n — 1)-cube [—R/m, R/m]"~1 by linear maps f; such that
[Dfilloo < K, |Df; o < K, where K > 0 is an absolute constant. Since Dg x {0} has dimension
n —p+ 1, we may and do assume that E’;{Z N(Dgr x {0}) =0, ie., E?{Q = Z';{Q, and that the following
estimates hold for every k=p—2,...,n—1:

n—1-—k

/ Ur — yol? dH" ™ < ¢ <T];L> / |Ur — yol? dH"; (A.37)

=k % [0,R] OB, x[0,R]

_ m n—1—k
D,k <e () EunllTn ) (A.39)

n—1—k
~ ~ m J—

Dy (T, %) <c¢ (R) E1yp((T,do, R), 0B \ (Dr X {Ope-1})). (A.39)

By the first inequality in (A.7) we infer that (A.39) yields
D, (T, %5) < co0p(Ogn) RFPH =1k, (A.40)

In particular, for k =p — 1, if
o3 mn P < 1/07(0gn), (A.41)

condition that satisfied for ¢ > 0 small by the choice of m, we infer that
D, (Th 1,501 < co?/?.
Due to (5.5), taking o > 0 small, it turns out that T};—l has no vertical part in i?{l x Y, hence agrees
with the graph of a W1/P-map from Z'}{l with values into ). We now prove the following
Claim: The image of E‘;{2 x [0, R/m] by Ur = Ext(ur) is contained in the ball EN(yo,{—:ﬂ).
PROOF OF THE CLAIM: Since 2'5{2 = i’;{{ the inequalities (A.40) and (A.41) yield that

DU, epo_ [P dHPL < co2/3 0 A42
/,3;2“' Upysgss P 000 < 0?0 (A.42)

Let @ be any (p — 2)-cube of side R/m in 21;2. By applying the Sobolev embedding theorem to the
WLP_function Upjsp=2x; o0 the (p — 1)-dimensional "cube” @ x [0, R/m], and by a scaling argument, we
obtain that

U - U p
sup Ur(21) = Ur(z2) _ c/ DUypygo 2, PRI
21,22€Qx[0,R/m)] |21 — 22| Qx[0,R/m)] R

By (A.42), the diameter of @ x [0, R/m] being smaller than ¢ (R/m), this yields that the oscillation of Ur
on each (p — 1)-cube @ x [0, R/m] is bounded by ¢ ¢%/%", and hence by ,/2, for ¢ > 0 small.
Moreover, by (A.37) and the third inequality in (A.7), we have

m n—p+1
/ |Ur — yol* dHP™" < co R" () —co RP L yn—p+1
Sk x[0,R/m] R
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For every (p — 2)-cube Q in $%7% as above, since HP~*(Q x [0, R/m]) > ¢(R/m)P~!, we obtain
][ |Ur —yo|P dHP ™! < com™.
Qx[0,R/m]

Since n—1 > p > 2, we infer that (cam”)l/p < &4/2 for o > 0 small, thus we find a point z € Q x [0, R/m]
such that |Ur(z) — yo| < €5/2. The claim follows. O

Using arguments reminiscent of [18], we now construct the current T satisfying the above properties.
More precisely, we first define @, : 9B — 9Bp* by &, (2) := (1—=m ')z and mg, : BE \ Bl — 0B%
by m(ry(z):= Rx/|x|. Setting for k=p—1,...,n—1

M?R,r) = Tr(_Rl,r) (2116%_1) ) MICI%,T) = M?R,T) U El}% U, (lec%) )

it turns out that ./\/(’“R » s the k-skeleton of a family of n-dimensional ”cubes” {C;}o |, where iy = cm™ 1,
each one bilipschitz homeomorphic to the n-cube [—R/m, R/m]™ by linear maps f; such that |Df;]|ls < K,
IDf; oo < K, where K >0 is an absolute constant. We also let /\/'(7}% = U2, Ci = By \ B

We first define a p-current SP on (j\f(plg i) x I) x RN by setting

o Tt _ ., om (zg’;llx I) x RN
Hy([0,1] x T ") on (Mg, xI) xRN,

where H :[0,1] x 9B% x I x RN — (B2 \ B") x R is the affine homotopy map

H\z,t,y) = ()\rx + (1= Nat, y> .

||

Moreover, if F is any (p — 1)-face of ®,,(2% '), we define S* on (F x I) x RN as the graph of the
WhP-map vp: F x I — RN

%tUT(@;l(xm) + (1 — T;t) Eoren) o Ur (@} (2), ) if 0<t<

R
vp(z,t) == n m
— 1.
m

Ur(®;,}(z),t) if <t

Recall that Tvﬁfl agrees with the p-current carried by the graph of the W1 ¥*-map UTlEp_1X1, and the
R

restriction UT\Z‘;;Zx[O, R/m) 18 a continuous function with image contained in B (yo,&,), by the claim.
Therefore, for every x € OF we have

vp(z,t) = Up (@' (2),t)  Vte(0,1],
whereas for t = 0 we have
vp(2,0) = Uiy oy our (9,1 (z)) € By(yo,e0) Vo€ F, YE€d,(3%").

As a consequence, for every (p — 1)-face F of J\/&fi), the restriction S%. of SP to (F x I) x RY agrees
with the graph of a W' P-map, with no interior boundary, so that if F; and F, intersect in a common
(p — 2)-face L, we have

ShL(LxT)xRY =88 L (LxI)xRY.

Most importantly, we have
SpE(SP L (Vb % [0, R/m]) x RY) € (N by % [0, R/m]) x B (yo.e5). (A.43)
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Moreover, the energy estimate

D, (S?, (N ! x[)xRN)<c<Dp(Tp Ly 1)+R

b D, (T5 2,5 2)) (A.44)

holds. In fact, Lip&(y, ., ) < 1, see (A.5), so that by the Poincaré inequality
< > |UT((I);L1($),15) 7€(y0780) o UT(‘I);Ll(I),t)PJ dHP~!
Fx[0 R/m]

= () / [Ur = &(yo ey © Un|P dHP "
R Jog(pyxio,r/m)

<ec |DUr — D(&(yp ey © Ur)|P dHP!
@1 (F)x[0,R/m)

<c

S (F)xI

that clearly yields (A.44). Finally, since ®,,(X% ') contains ¢cm” ' such (p — 1)-faces F, for ¢ > 0 small
we have the LP-estimate

n— R r
2 o= vl o, rympy < €80" M (m) ' (4.4
Fed, (25 1)
Arguing by iteration on the dimension k = p, ..., n, we now define a (k + 1)-current S**! on (N(’“R %

I) x RN, Using (A.43) for the case k = p, at the previous step we have defined S* on (./\/(kR :) x I) x RV
in such a way that

spE(S* L (W) x [0, R/m]) x RY)) € (ML % [0, R/m)) x B (yo,e4) (A.46)

If Q is any k-face of J\/(’“RT), we distinguish three cases.

CASE 1: If @ is contained in E’fz we set
SEHLL(Qx I) x RN) :=TEL ((Q x I) x RN).

CasE 2: If Q is contained in ®,,(X%) we first define the k-current 7% on Q x Y by
FL(Q % Y) = (R 24 (g 0)# (THL(Q x V) -

CASE 3: If Q is contained in M’(“R s We first define the k-current 7% on @Q x ) by means of a ”radial”
extension of the boundary datum. More precisely, we set

FL(Q x D) 1= Hy([0,1] x (S* L ((0Q x {0}) x V), (A.47)
where H(\,z,y) = (Azg + (1 — Nx,y) and z¢ is the barycenter of Q.

Remark A.7 The current 7% given by the radial extension (A.47) may have a non-zero boundary of the
type 0z, X Sq, as we test with (k — 1)-forms in Zk=Lp=1 TIn the case k = p, Sp is the integral flat
(p—1)-cycle in Y given by urx[ F]— Yy, ., )ours[ F], where F is the (p —1)-face of @ that intersects
the boundary 0B}%. However, by the construction we infer that Sg is the boundary of a current Rg in
RP(RN ) with mass lower than an absolute constant times the p-energy of the extension Ugp gy, which is
small with o. Therefore, by (5.5) we infer that for o > 0 small the (p — 1)-cycle Sg is homologically trivial
in Y, whence

OTP L (int(Q) x Y) =0  on ZP 1P 1(int(Q) x V).

On the other hand, in the case k > p + 1 no extra-boundary is produced in the radial extension (A.47), as
currents of the type J, x S, where S € Z;_1()), are always zero when tested on forms in Z¥-1P—1,
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In the Cases 2 and 3, we then define S**! on (Q x I) x RV as the current Gy, carried by the graph
of the WhP-map vg : Q@ x I — RY that minimizes the p-energy among all maps v in W1P(Q x I,RY)
satisfying the following conditions as to the boundary and the image:

i) 0G, L ((0Q x I) x RN) =S¥ L ((0Q x I) x RN);
i) 0G, L (Q x {0}) x RN = T*;
i) v(Q x [0, R/m]) C B (yo,c0).

Notice that conditions i) and iii) are not in contradiction, due to (A.46). Moreover, in the Case 3 the
following energy estimate is readily checked:

D, (S* (Q x ) xRY) < C % D, (S*,(0Q x IT) x RN, (A.48)

whereas in the Cases 1 and 2 we have

D, ("1, (Q x I) x RN) < CD, (T L (Q x I) x RN)). (A.49)

Once we have iterated the previous construction for k = p,...,n, we set for every n-cube C; € (”R "

TL((C;x ) xRYN) = 8" ((C; x I) x RY).

By (A.48) and (A.49) we obtain a bound of the p-energy of T on ((BR\ B") x I) x RY in terms of

n

1 R n—=k n—p+1
= D, (Tk, =k = D, (SP, (NP7 x I) x RN
ck _1<m> p( R> R)+C(m> p( ’('/\[(R,T')X )X )’

I
o

whence, on account of (A.44), in terms of
n—1 R n—k "
e > (2) Duhsh
k=p—2

and hence, using (A.38), by ¢ (R/m) E1/p((T',do, R)) and definitively, by the second inequality in (A.7), and
taking ¢ small so that ¢®(™P) < 1/07(0gn), in terms of the right-hand side of (A.9).
As to the flat distance, we observe that

F((T - Gy)L (BR\B,) x ¥) < ¢ (Dp(T. (Bp\ B) x I) x RN) + || Uz — YollL1(Br\Br)x[0,R/m])) >

where Uz is the W!P-function corresponding to T, i.e., such that T = Gy in ((Bg\ B})x]0,1]) x RN,
Since R/m < 1, we have

107 = 9ol s By x(0,7/mpy S 10T = 90l (B B2y 10, /) -

Moreover, by the construction, arguing as above it is readily checked that

n—1 n—k
R
, p p
HUT_yOHLF((Bﬁ\Bﬁ)X[O,R/m]) = Z <m> ”UT—yO”Ln(zgx[o,R/m])

k=p—2 L
R\"PF
* <m) o lvr =50l pupo,mjmy -
Fed,, (551
Therefore, by (A.37) and (A.45)
”UT — yOHEF((B}'é\B;‘)X[O,R/m]) <c / |UT(J;) — y0|p dH™ + Ce’—jgp Rn+1 m—2 .
8B x[0,R]
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Finally, since coR™ + ce,? R""1m~2 < ce, R* P+ by (A.9) and the third inequality in (A.7) we obtain
(A.10). O

PROOF OF PROPOSITION A.3: For 0 < § < dg, let 15 : Q5 \ 55 — . 5) be the bijective map
Vs (F,7,t) = <5 (2 - gog(y(x))> (7, t)) .
P
Similarly to [17, Sec. 5.5], letting

Ty := ((5) 7 T ) (T L (int(Q(5)) x RY))

we see that T} agrees on int(Q(;\KN)g) x RN with the graph of the Wl P-map W := U o)y : (Q(g\ﬁ[;) — RN,
Moreover, setting Ty := (—1)""19T; on Z™#~1(((Qs \ Q) NR?) x V), we have Ty € cart!/?(((2s \ Qs) N
R?) x Y) and N
pr, (25 \ Qs) NRY) < pr (int(Qrs)) NRE)
We now define w : (5 \ Qs) — RY by
2p ) 2p
w(z,t) = ——== -1 -W(x,t)+ (2—~> Yo -
0= (5 @) "

Since the image of s\ (~25 by W is contained in EN(yo,%), and &, is small with o, we infer that the
energy D, (w, Qs \ Qs) is small if & and o are small. Moreover, the restriction of w to (Q5\ Qs) N R™
belongs to W/P((€2s \ Q5) NR™, V).

We then may and do define a current T € D" 1P (int(Q5 \ Q5) x RY) that agrees on (int(€2s \ Q) \
R?) x RN with the graph of the W1 P-map w and satisfies the energy estimate

D, (To, (int(Qs \ Q5) \R?) x RY) < cor™ P+ 4 c g (Qp) NRY),
taking ¢ small, and the boundary condition
Ty = O(T L Qs x RN) — [0Q5] % 6, — [OD, x {Ops } ] X R,

Notice that, setting Tp := (—1)"10Ty on Z™P~1(((Qs \ Q5) N R?) x V), the current T, belongs to
cart! /P (s \ Qs) NRZ) x V). We finally set

T:=TyL ((B? x I)\ int(Qs)) x RN + Ty L (int(Qs) \ Q5) x RV
Properties i)-iii) in Proposition A.3 readily follow, for ¢ > 0 small. |

PROOF OF LEMMA A.6: Similarly to e.g. [10, Vol. I, Sec. 3.1.1], but this time making use of the "maximal”
function

M(u)(z) := sup][ lu| dH™ T,
r>0 JBn(x,p)x1

we obtain that for every u € LF(R™ x I)
. 6"
(o € B | M)(@) > th < 7 [ [ juteg)ldyde.
/1

where Q; := {z € R" | [, |u(x,y)|dy > t/2}. This yields that M (u)(z) is finite H"-a.e.. Moreover, for
H™-a.e. x we have

‘/Iu(x,y) dy’ < M(u)z)  and hm/f][m,p) (e, 1) — u(z, 1) dzdy = 0.

p—0

This clearly yields the assertion, by choosing u := D;U7. O
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