ON THE REGULARITY OF VERY WEAK SOLUTIONS FOR LINEAR
ELLIPTIC EQUATIONS IN DIVERGENCE FORM
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ABSTRACT. In this paper we consider a linear elliptic equation in divergence form

2%
Assuming the coefficients a;; in WL (Q) with a modulus of continuity satisfying a certain Dini-
type continuity condition, we prove that any very weak solution u € )54 (£2) of (0.1) is actually

loc
a weak solution in Wll’Q(Q)A
oc

1. INTRODUCTION

Let n > 2 and 2 C R™ be a bounded open set. In this paper we study regularity properties of
very weak solutions to the linear elliptic equation

(1.1) ZDj(aij(x)Diu) =0 inQ,

where the matrix-field 4 : Q — R"*" A(z) = (a;;(z)); ;, is elliptic and belongs to W™ (Q,R™>*")N
L>(Q,R™™"™), i.e.

(12) ) ASllp Hainwl,n(Q) < M
el m
and
(1.3) NP <D aij(@)6& < AEP VE=(&,....6) €ER™, ae in Q,
4,J

for some positive constants A, A, and M. Moreover, the matrix A is symmetric, that is a;; = aj;
a.e. in Q for all i,5 € {1,...,n}.

Finally we assume that the coefficients (a;;(x)):; are double-Dini continuous in §, ie. a;; €
C°(Q) and

Ag(r) = sup |laij(x) —ai(y)l, r>0,
L. T,y
%] |z—y|<r

satisfies

diam(§2) t 7
(1.4) / 1/ Aa(s) dsdt < oo.
0 0

t S

Date: January 1, 2004.
1991 Mathematics Subject Classification. Primary 35-02; Secondary 35B65.
Key words and phrases. Elliptic equations, very weak solutions.

1



2 DOMENICO ANGELO LA MANNA, CHIARA LEONE, AND ROBERTA SCHIATTARELLA

A common type of double-Dini continuous functions are, of course, w(r) = r%, 0 < a < 1, thus an
example of a matrix-field A satisfying (1.2) and (1.4) is A € WHP(Q,R™*"), with p > n. On the
other hand, condition (1.4) occurs not only for w(r) = r®, but more generally for w(r) = log” (1),
B < —2.

Given a measurable matrix A(z) = (a;j(x));,; satisfying (1.3), a function u € Wéf(Q) is called
a weak solution of (1.1) if

Z/aij (x)DjuDjodr =0, Ve e C(Q).
0.

The celebrated result by De Giorgi in [5] states that if w is a weak solution of (1.1) then w is
locally Hélder continuous.

Subsequently, J. Serrin produced in [13] a famous example, constructing an equation of the form
(1.1) which has a solution u € WP(Q), with 1 < p < 2, and u ¢ L2 (). Serrin conjectured that
if the coefficients a;; are locally Holder continuous, then any solution (in the sense of distributions)
u € WbH(9) of (1.1) must be a (usual) weak solution, i.e. u € W, ?(Q). Serrin’s conjecture was
established by R.A. Hager and J. Ross in [10], and then in full generality by H. Brezis in [2] (see
also [1] for a full proof) starting with u € W,! (), or even with u € BVioe(Q), i.e., u € LL (Q) and
its derivatives (in the sense of distributions) being Radon measures. Let us remark that in Brezis’s
result the coefficients a;;, satisfying (1.3), are Dini continuous functions in Q. The Dini continuity
of the coeflicients is optimal in some sense: for the unit ball By and continuous coefficients, T.
Jin, V. Maz’ya, and J.V. Schaftingen in [9] constructed a solution (in the sense of distributions)

u € WhH(By) \ W,oP(By) for every p > 1.

C
For A(z) = (a;;(x))i; satisfying (1.2) and (1.3), we will consider a very weak solutionu € L' (2)
of (1.1), namely

(1.5 S [ @ Dilay(@)Dye(a)) dz =0, Vo€ CF (),

with n/ = -2,
n—1

Remark 1.1. Tt is not difficult to prove that the test functions ¢ in (1.5) can be taken in W27 (Q) N
Whee(Q), with suppy € Q. Indeed, one can argue by density to show that given a function
© € W2n(Q) N WhH>(Q) with compact support, we may find a sequence ¢ € C°(£2) such that
ok — ¢ strongly in W2 and supy, ||¢k/|1.00 < o0 (so that Dy converges to Dy weakly™ in L)
and then taking the limit as k goes to infinite in the equation (1.5) for .

The main result of the paper is the following.

Theorem 1.2. Let u be a very weak solution of (1.1), with A(z) = (a;j(x)):,; satisfying (1.2), (1.3)
and (1.4), then u belongs to Wlf)’f(ﬂ) and thus it is a weak solution.

Remark 1.3. Tt is worth noting that, under hypotheses (1.2) and (1.3), one can consider a very
weak solution u € Lﬁ)lc(Q) to (1.1), but when dealing with the regularity properties of u some
extra conditions on the coefficients a;; must be considered. The counterexample constructed in [9]
provides in fact continuous coefficients a;; which belong also to W™ (By), showing that one can
not expect a very weak solution u € L} () to be a weak solution in W,>?(€2) under just conditions
(1.2) and (1.3). For the sake of completeness, we will propose the example given in [9] in the

Appendix B, underlining that the constructed coefficients belong also to W1 (By).
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On the other hand, in Section 4 we propose an alternative to double Dini continuous coefficients
which again bypasses the counterexample. In particular, under hypotheses (1.2) and (1.3) we

consider a very weak solution in L{ (), with ¢ > n/.

Remark 1.4. In [14] W. Zhang and J. Bao deal with the case of very weak solutions u € Li _(Q)
of (1.5), interpreting the coefficients as Lipschitz functions, due to the assumption made on the

solutions. Thus our result represents a natural extension from their research.

2. NOTATION AND PRELIMINARY RESULTS

We collect here the main definitions and notation and some useful results that will be needed in
the sequel.

2.1. Notation. In the following, we denote by B, (z) = {y € R" : |y — 2| < r} the ball of radius r
centered at z.
We indicate by {e1,---e,} the canonical basis of R". Given h € R\ {0}, for a measurable

function ¥ : R™ — R and for £ = 1,--- ,n, we introduce the notation
Y(x + heg) —1p(z)
Afﬂ/} = N

for the incremental quotient in the ¢-th direction. We recall that for every pair of functions ¢, v,
we have

(2.1) AL(p¥) = At + p(a + hee) Ajp.
The following result pertaining to difference quotients of functions in Sobolev spaces is well

known t(see [8, Proposition 4.8] for example).

Theorem 2.1. Let p > 1; if » € WIP(Q), then ALy € LP(Y) for any ¥ € Q satisfying h <

. /
M, and we have

ALY Loy < II1Det || Lo (e)-
If ¢ € LP(Q) and there exists L > 0 such that, for every h < dist(Y,09Q), £ =1,--- ,n, we have
ALY ooy < L,
then 1 € WP (), || Dt 1oy < L and Ajsp — Detp in LP(Q) as h — 0.

Finally, given p > 1, we denote by p’ = % the conjugate exponent of p.

2.2. Dini continuous functions. We say that a continuous function f on {2 is Dini continuous if
the modulus of continuity fq : [0, diam(Q)] — RT defined by

far) = sup |f() — 1)
252,

satisfies _ ~
/dzam(SZ) fQ(t) =
0 t

We also denote by CP(€2) the space of Dini continuous functions; it turns out to be a Banach
space equipped with the following norm:

diam(Q) f t
wmwwzwm+ﬂ fa(?)

t

dt,
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where || - ||oo is the usual uniform norm.
Let us remark that by the uniform continuity, any function in CP(Q) may be extended up to
the boundary of Q2 with the same modulus of continuity. Moreover,

P (Q) € CP (),

for any 0 < o < 1, where C%%(Q) denotes the space of Hélder continuous functions.
The space CP(Q) will denote the set of functions in CP(Q) with compact support in Q.

Lemma 2.2. The space C>°(R2) is dense in CP(Q).

Proof. Let f € CP(Q) that we extend to zero on R™ \ Q and set f.(z) = (p- * f)(x), where p. is a
standard mollifier. Then, if ¢ is sufficiently small, f. € C°(Q); we will prove that

(2.2) f-—f inCPQ).

It is easily seen that f. uniformly converges to f in €2, thus in order to prove (2.2) we will just
show that

dt — 0,

/ o @) (F=F)a(t)
0 t

as € tends to 0. Observe that

(f = fe)a(r) = sup {|fe(z) = f(2) = fe(y) + F(W)} < fa(r) + (fo)a(r)
BRAES

and

(fo)alr) = sup {|fe(z) = fe(v)]}

x,yEeN
lz—y|<r

T Jien {‘/Mz) (fla=2) = fly—2))dz
|z—y|<r

< /pa(z)fa(r)dzzfﬂ(m

|

which together yield
(fe = falr) < 2fa(r).
On the other hand, since (f. — f)q — 0 pointwise, the dominated convergence theorem implies

/diam(ﬂ) (fs — f)Q(t)
0

— 0,
t

which concludes the proof of (2.2). O

Remark 2.3. The previous result ensures that CP(Q) is a separable space, noting that C!((2)
is separable with respect to the usual norm [|f([1,00 = 320 <1 [[Daflloc, ClQ) € CP(Q) and

fa(r) < 7||Df||e, for every f € CHQ).

Lemma 2.4. Let f, f., and g belonging to CP(Q) such that f. converges to f in CP; then gf.
converges to gf in CP.
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Proof. As before, it is enough to prove the convergence of the seminorm since the uniform conver-
gence is immediate. Then, writing the definition of the modulus of continuity, we have

lo(fe = Plalr) = sup {lg(z)(fe(@) = £(2)) = 9(y)(f(v) = FW))I}

lz—yl<r
< sup Alg(@)]|(fe(2) = f(2)) = (fe(w) = fF(W)I}
(2.3) 2 er
+ sup {lg(z) —gW)IIf(y) — f-W)I}
lo—y|<r
< gl (f = fo)a(r) + ga(r)IIf — felloo-
Hence,
diam(€2) [g(fa — f)]Q(t) diam/(€2) (f — fa)Q(t)
R N R
diam () gg(t)
=l [ 2
which goes to zero as € tends to zero. ]

2.3. C'-Dini regularity of solutions to divergence form elliptic equations with Dini-
continuous coefficients. For the proof of our result, we will need the following extension of the
Schauder regularity theory for elliptic equations in divergence form with Dini continuous coefficients
(see [11, Theorem 1.1] and [6, Theorem 1.3]). For the LP-regularity theory we refer to [7], where
the general case of VMO coefficients is treated (see also [12, Theorem 5.5.3 (a)] or [3, Theorem 2.2.
Chapter 10] for the case of continuous coefficients).

Theorem 2.5. For Q C R", let a;; satisfy (1.3) and (1.4); we consider f = (f1, fa,..., fn) with
f; €CX(Q) forall j € {1,...,n}. Assume that u € H'(Q) is a weak solution of the equation

2] J

Then u € CHP(Y), for any bounded open set ', Q' € Q.

Moreover, let Q@ a C™' bounded open subset of R™, let a;; satisfy (1.2) and (1.3), and let f; €
LP(Q), for every j € {1,...,n}, with 1 < p < oo, then there exists a unique solution u € Wol’p(Q)
to the problem

Z/ a;jDiuDjpdx = Z/ fiDjpdx  Vye V[/Ol’p/(Q)7

2,7 J
and
(2.5) lullwr@y < C D I fillLe @)

J

holds, where C' depends on n, X\, A,p, 02, || Allw1.nqrrxn).
Remark 2.6. The first conclusion of Theorem 2.5 comes with an estimate of the Dini modulus of
continuity of Du involving the Dini modulus of continuity of a;; and f;. Actually, in [11, Theorem

1.1] and in [6, Theorem 1.3] only the continuity of Du is proved and these results are obtained with
a weaker assumption on the coefficients a;;. Assuming (1.4) for the coefficients we are able to prove
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also the Dini continuity of the gradient of the solution. In Appendix A we will resume in broad
terms the proof of [11, Theorem 1.1], developing it in order to get the needed Dini continuity result.

2.4. C?%-regularity of solutions to non divergence form elliptic equations with Dini-
continuous coefficients. Let us first recall the W?2:P-solvability of the Dirichlet problem for non
divergence elliptic equations with discontinuous coefficients (see [4, Theorem 4.2 and Theorem 4.4]).

Theorem 2.7. The Dirichlet problem

Zaij(a:)Diju =f a.e. in
,J

u=20 on 02

where Q is a CY' smooth and bounded subset of R™, f € LP(Q) with 1 < p < 0o, and a;; satisfies
(1.2) and (1.3), admits a unique solution u € WP (Q) N W, *(Q) and

(2.7) ullw2r ) < C (lullze@) + 1 fllLr@) »
where the constant C' depends on n,p, X, A, 0Q, || Allw1.n (o rnxn).

(2.6)

The next result specifies estimate (2.7); its proof is quite standard but we prefer to write it for
the sake of completeness.

Proposition 2.8. Suppose u is a solution of the elliptic Dirichlet problem (2.6) with a;j;, f,p and
Q as above. Then

(2.8) lullwzr@) < CllfllLe(0)-
Proof. Let
L= {L = aijDyj, sup [|aij|lwrn o) < 2M, MEPP <) ag(2)&g; < A|§|2};
ij 4J i,j
having in mind Theorem 2.7, if we prove that for any operator L € £ and for any f € L?(Q), the
solution u of

Lu=f a.e. in
{ u=20 on 0,
satisfies
l[ullLr ) < ClIf[lze ()
we are done. Suppose it is not the case, then this is equivalent to say that for every N € N, there
exists an operator Ly = Zi,j af\;Dij € L and a function fy € LP(Q)) such that the corresponding
solution uy to the Dirichlet problem

Lyun = fn a.e. in
uy =0 on 012,

satisfies
(2.9) llunllre@) > NI fNllLe@)-

Let us define vy = un/|lun||zr(@) and gy = fn/|lun|zr(q), so that vy solves (2.6) with Ly
and gy. By the W?2P estimate (2.7),

1
lowlhwasian < C (lonlley + lawlzn) < € (1457 ).



where C' does not depend on N and hence,
(2.10) llon]lw2r @) < C.

Thus vy is a precompact sequence: up to a non relabeled subsequence, we can suppose vy — u*
weakly in W2P(Q), for some u* € W2P(€2), moreover u* € W22(Q) N Wy P (Q). Similarly, we can

also say that, for every i, = 1,--- ,n, af\jf — aj; weakly in wtn(Q) and afg — aj; strongly in

L1(Q) V1 < g < co. Thus, the operator L* = Z” a;; D;j belongs to £ and for ¢ € Lp () we have

/ (Lyoy — L*'u*) o dx
Q

" 9%v 8%v 0%u*
(ai\]{— ”)6 3N w‘dz—&—‘/ ”tp( N )d:c

<
- Z { /Q O0x;0r;  Ox;0x;

|

zy*l
N 52’01\/ 0*u*
<CZ|| )Pl e Q)+Z{‘/aij@(8max~a$‘8$'>d$}.
7,j=1 1,j=1 Q ¢ J ‘ !

Therefore, Lyvyn converges weakly in LP () to L*u*. On the other hand, using (2.9), we have

lonllr@) < —
INIILr(Q) N

Passing to the limit in the equation satisfied by vy, we discover that the limit u* € W2P(Q) N
Wol’p(Q) satisfies L*u* = 0 a.e. in 2. By the uniqueness properties of the solutions to (2.6), it
follows that u* = 0. Thus vy converges to zero and the argument becomes contradictory since
lowllze o) = 1. U

In [6, Theorem 1.5] it is shown that solutions to elliptic equations in non divergence form with
zero Dirichlet boundary conditions are C? up to the boundary when the leading coefficients are
Dini continuous functions.

Theorem 2.9. Assume that Q is a C*' smooth and bounded open subset of R™, f € CP(Q) and a;;
satisfies (1.2), (1.3), and (1.4). Let u € W2(Q2) N Wy*(Q) be a solution of the Dirichlet problem

Za” z)Djju=f a.e inQ

u-O on 0€),

(2.11)

then u € C%(Q).

Remark 2.10. The assumption in [6] about the coefficients is weaker then (1.4), since they assume
that the modulus of continuity

Aofr) =3 sup ][ a5 (4) — (a15) 5, eyl dy
i, 2eQY By (2)NQ

with (aij)BT(a;)ﬂQ :][ a;;, satisfies

B, (z)NQ
A
/ alr )d < 00.
0 T
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3. PROOF OF THE MAIN THEOREM

We use a duality argument in conjunction with the regularity properties for elliptic equations in
divergence and in non divergence form, stated in Theorems 2.5 and 2.9.

Proof. Let Q' € Q be an open set and choose a C?1 open set y with Q' € Qo € Q; let d(Y,0Q0) =
d > 0. Let hg =d/4, and 0 < |h| < ho.
For the sake of clarity, we divide the proof into two steps.

Step 1. For { = 1,--- ,n, we claim that Aflu is bounded in the dual space of Dini continuous
functions with compact support (CP(€))".

Given a Dini continuous function w € CP ('), according to Theorem 2.9 combined with Theorem
2.7, the solution v € W24(Qy), Yq > 1, to the Dirichlet problem

Zaij(x)Dijv =w a.e in Qg
@]

v=20 on 0€),

(3.1)

enjoys the C?-regularity up to the boundary of €.

We consider a partition of unity: let 1, -+ ,z; € @ and 71, -+ ,n; € C°(R™) be such that
J J
Qcc U Bys(xr), 0<m <1, Vk=1,---,J, and an =1in @,
k=1 k=1
and

supp 7y is compact and suppnr C Bg/s(xk).

We fix one of these balls and the related function 7y; we omit to indicate the center z; and the
index k for ny for simplicity.
In view of Remark 1.1, we can insert ¢ = nA® v in (1.5), getting

0= Z/uDi(aiij(nAe_hv) dzx
.
= Z/uDiaiij (UAZ_hU) dx + Z / uaijDij (nAe_hU) dx
i,j ,J
= Z/uDiaiijnAe_hv dxr + Z/’U;T}Di&iij (Az_h’U) dx
i, 1,7

+ Z / nuai;Dij (AL v) de + Z/uaiijnD,;(AZ_hv) dx
1,5 ,J

+Z/ua1-ijDj(Ae_hv) derZ/uaijDijnAZ_hvdx.
657 g



We can rearrange the previous equation in order to have

Z/r]uaijDij(Az_hv) dx = — Z/uDiaiijnAZ_hv dx
0,J 4]
— Z/unDiaiij(AZ_hv) dx
i,
,J
With a simple change of variables, we get
Z/nuaijDij(Az_hv) dx:Z/ nuai; A", (Dijv) de
i,j i YR"
= Z Af (nuai;)Dijvuda

R’Vl
= Z/AflunamDmvd:ﬂ
2%}
+ Z/ u(x + heg) Ab (nai;)Dijv da,
where we also used (2.1). Thus, we finally have
Z/nAf;u a;;Dijude = —Z/uDiaiijnA{hv dx
2 i,J
- Z/unD aijD; (AL ) dx

— Z/uaiijnDi(Ae,hv) dx
]

(3:2) —Z/uau DinD;(AL,v) dx

—Z/ua” DinA" v dax
—Z/u(:c—!—heg)AfL(naij)Dijvdx
1,7

=T+ To+ T+ Ty + Ts + L.

Now, we estimate the six terms Z,,.
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The use of Hélder’s inequality gives

|Il| S Z/ \uDiaiijnAZ_hﬂ dxr
i,j 7 Bays

< 1Dl | oo @r ) | Al wrn @ rmxmy Ul s (00 AL 401 oo (B4 )
< O||Dvl[ Lo mm) < Cllwllze e,

combined with Sobolev’s embedding and Proposition 2.8 in the last inequality. Analogously

\Za| < [|Allwrn@rmxml|ull s () 1D*0] oo (0 Rmxm) -

The terms Z3 and Z; can be treated in the same way. Using Holder’s inequality, Theorem 2.1 and
Proposition 2.8, we have

1 Zs], [Za] < Allull o ) 1Pl oo ey [[0]lw2m (00) < Cllw]|Ln @)
Again, for Zs we have

| Zs| < Allu|

L"/(QO) ||D2n||Loo(]Rn7]Rn><n) HD’UHL"(QO,R") S CHwHL"(Q/)-

We finally estimate Zg. From (2.1), we get

T = — Z / u(zx + hey) nAfLa,-jDijv dx
%,

_ Z / u(x + heg)ai;(x + heg) Abn Dijv de.
4,J
The second term can be estimated as Z3 and Zy, thus:

T <) |u(w + heg) A, ai; Dijo| dz + Cllwl| Lr )
i

(3.3) Bass

SC”Alem,(Q’Ran)||’LL| L"/(QO)||D2U||L°°(QO,R"X") + C”TU' Ln(Q/).

Here we have used once more Theorem 2.9.
Finally, combining the estimates found for Z,,, m € {1,...6}, from (3.2) we get

Z/ nAflu aijDijv dx S O,
i,j Bays

where C' depends on A, A, [ D1l oo mn ey, [|1D?0]| oo (e mrxny), |

L",(QO)7

Al w1n(orexnys |w] ooy and [[D?0]| oo (g mrxny, as well as on the modulus of continuity of the
coefficients a;; and of the datum w. Summing over k = 1,---,J, since v is the weak solution to
the Dirichlet problem (3.1), we finally have

/ nwAfLu dx| < C,
and we get

/ wAfLu dx| < C,

( ’
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for every w € CP(€Y'). By the uniform boundedness principle this means that {Afu}y, is a family
of equibounded elements in the dual space of Dini continuous functions (C2(Q))’. Since (CP(Q))’
is separable, we have that, up to a subsequence,

Aju = pf € (C2(Q))',
Step 2. We prove that u € Wl’p/(Q)7 with p > n.

loc
Using the previous Step we can easily deduce from (1.5) that
(34) > (a5 Djip) =0 Vip € CZ (),

,J
where the duality pairing is between (CP(€2'))" and CP(Q).
For je{l,--- ,n}, let f=(f1, -, fn) with f; € C°(€') be such that

ZH.fjHLP(Q') <1,
J

with p > n. Introducing as before a regular set Qo between ' and Q we can possibly assume that
Qis a CY! set. Let v € Wy?(Q) be the weak solution of the problem

(35) Z/aijDiUngO dx = Z/ngofj dx Yo € CEO(Q)
] J

By Theorem 2.5 we have that v € W, ?(Q) and

[ollwre@) < CllfllLe @ vy

Note that, since p > n, this means also that the function v is Holder continuous.

We take Br/o C Br C € a pair of concentric balls centered at zo € €' and we consider
&(z) = &(|x — xo|) a smooth function such that £(t) =1 for ¢ € [0, R/2] and £(t) =0 for ¢ > R .

We would like to use ¢ = &v as test function in (3.4). We first observe that, by Theorem
2.5, the function &v belongs to C1P (). Moreover, proving Lemma 2.2, we actually proved that
a mollification of a Dini continuous function with compact support strongly converges in CP to
the function itself. Thus, combining this fact with Lemma 2.4, we have that a;;D;(£v). strongly
converges in CP to a;;D;j(€v), where (£v):(z) = (pe *€v)(x), pe being a standard mollifier. This in
turn implies that the use of ¢ = &v as test function in (3.4) is admissible:

(3.6) D whaDjwé) +> (i avDi€) = 0.
4] 4,J
Let us come back now to the equation satisfied by v. Let u. be a mollification of the solution w,
that is ue = pe * u, with p. a standard radial mollifier. We use u. in (3.5):

Z/aiijjuEDivda:—&—Z/aijD]quDivdx
0, 4,
— Z/gfjpjus dx+2/ugpjgfj dz.

J J

Now we claim that this implies, when we pass to the limit as € — 0, that

B1) SaneDn) + Y [auDigubjvde =Y eh) + Y [ubses;da,
4,7 J

2% J
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Note that the most delicate terms are the two involving the gradient of u.. For a Dini continuous
function w (the domain of w is not specified since the function will be multiplied by a function with
compact support) we will show that

. . j B _
;gr})flblg%) Ay (ue —u)wdr =0,

or, in other terms, recalling that p/ is the limit in the weak* topology of CP(Q') of the incremental
quotient of u

3 . — {7
Ehm0 Djucw&dr = (i, wé).
We have:

lim lim [ AJu.wé€ de
e—=0h—0
= lim lim /f(az)w(w) /ps(x - Z)u(z + heé) —u(z) dzdz

e—0h—0
=t iy [MEERDZD [ eyt deds
~tin iy [MEERIZD [ o ayeayue) dea:
—tim tim [ SEFD ) ), () gz = it [ Afu (). dz
= lim (17, (we)e) = {1, w¢),

where in the last equality we used again that a mollified function of a Dini continuous function with
compact support strongly converges in CP to the function itself. Thus we obtain (3.7).
From it, exploiting the symmetry of a;; and using (3.6) we get

D &8y == waiDigv) + Z/aijszUDjU dx — Z/uDj'ffj dx
9,7 J

(3.8) j ij
=1 + I + Is.

We now estimate the three terms I,,, m = 1,2,3. We have
|11] < Z 1 lep @)y laiuDigllco @)
4,J
By the definition of the norm in the space of Dini continuous functions we have

diam(Q") W—f)gf(r)
r

laijvDigllor @y < Mol @) IPi€llz=(5r) +/0 ir.

By simple computation we have

(aijoDi§)ar (1) < [Jv]|poo () (@i Dib)ar (r) + llai; Dikl| Lo Do (1),
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and, using the properties of the solution v (recall that p > n), the right hand side can be estimated
as

(aijvDi€)ar (r) < Claij Di&)ar (1) fllze e mn)
+ Cr' ¥ [|ai; Diél| Lo o) 1P| Lo 1)

To summarize, we have
1] < Ol fllze @ rny-

The estimate of Is and I3 simply comes by Holder’s inequality and again by the properties of the
solution v:

< Cllull o (@) DSl Loe (B mmy Allv][wn (o)

|15 < Z
%]

/ aijD,qujv dx

< COllfllzrr gy,
and

< ||U||Ln’(sz/)||Df||Lw(BR,Rn)||fHLn(Q',Rn)-

L)<
J

At the end, the estimates proved for Iy, I> and I3 lead to

Z<ijffj> < Ol fllzer mrys

J

/uDjffjdx

as well

Z<Mj€’fj> < Clfllor e mry-
J

Since f is an arbitrary smooth function in L?(Q)',R™), we conclude

Z Hﬂjfnu’(w <,
J

which means, using a finite covering argument, that p’ is a function in L{’O/C(Q) and then u €
W,.hP (), since, for every ¢ € C2°(Q) and for h small enough, we have

loc
/Aiugpd:ﬂ:/uAj_hgodx;

passing to the limit as h — 0, we derive
(1, @) :/wﬂ da = */uDjsodx-

Since u € W,-P(Q), Brezis’s result implies that u is a weak solution of the equation (1.5), i.e.

our statement. O
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4. SOBOLEV COEFFICIENTS
As pointed out in the Introduction, very weak solutions in Lﬁ)/C(Q) associated to coefficients in
WLn(Q) are not weak solutions, since of the counterexample found in [9]. The quoted references
on this problem have suggested us to consider Sobolev coefficients with a modulus of continuity
satisfying the double Dini condition.
On the other hand, another way to get around the counterexample is to deal with very weak

solutions in L{ (), with ¢ > n’. The result is the following.

loc

Theorem 4.1. Let u € LL (), ¢ > n/, be a very weak solution of (1.1), with A(z) = (a;j(x));;

loc

satisfying (1.2) and (1.3), then u belongs to Wﬁ)f(Q) and thus it is a weak solution.

Proof. The proof rests on a duality and a bootstrap argument.

1’ qn/, ’
Step 1. We claim that u € V[/10C<q—n ) Q).

We proceed as in the Step 1 of the proof of Theorem 1.2 to arrive to (3.2). Now we estimate the
six terms Z,,. We use Holder’s inequality and Proposition 2.8 to get

|Z1| < (| Dnll Lo mmy

AHlen(Q,Rnxn)||U||Lq(ﬂo)||DU||L gn?

a—n" (Qo,R™)
<Cllwll g,
La—n (Q0)
1 Zo| < | Allwrn@nxmy [l Lagao) [ D?0]] - _an <Cllwl g
7
La=n" (Qo,R7x™) La=n" (Qo)

|Zs], |Z4] < A||UHLG(QO)HDUHLaQ(Rn,Rn)||DQU||Lq’(QO,Ran) < Cllwll e o
< Cllw|l g ;

La—n' Q)

1Zs] < Alull za(@o) [D* 1]l Low 2 oy | D Lo 0 ) < Cllwll o

<Cllwll g,
La=n’ (Q)

and finally, as for (3.3),

Zo| < Cllwll g+ Cllwllpe gy < Clwll gnr .
La—n" (Q) La=n"(Q)

So, arguing as in the Step 1 of Theorem 1.2, we deduce

/ wA§ udx

1(
which in turn implies, thanks also to Theorem 2.1, that u € VVIOC<‘17" ) (). Let us note that thanks
to this, the equation satisfied by u may be rewritten as

(4.1) Z/aij(x)DiuD]«p dx =0,

4,3

<Cllwll g
La—n" ()

where the test functions ¢ can be taken in whatw (©) with compact support. On the other hand,
the summability of the solution u is not improved by its belonging to this Sobolev space, since

!’ / 7 !’
(qq_"n,) = qn,q_T;+n, and the Sobolev conjugate of # is q.

Step 2. We prove that u € W,5(Q).
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As in the Step 2 of the proof of Theorem 1.2, for j € {1,--- ,n} let f = (f1, -+, fn) with
fj € C(§) be such that
Z ||fj||LQ’(Q’) <Ll
J

For every p > 1, let v € W, ?(Q) be the weak solution of the problem
(4.2) Z/aijDiijcp dx = Z/ngofj dx Yo € Wol’p'(Q).
1,7 J

By Theorem 2.5 we have in particular that
||U‘|W1,q’(gz/) < CHfHLq’(Q/,]Rn)-

As before, we take Br o, C Br C §' a pair of concentric balls centered at 2o € 2" and we consider
&(z) = &(Jx — xo|) a smooth function such that £(t) =1 for t € [0, R/2] and {(t) =0 fort > R . We
can choose ¢ = v in (4.1) and ¢ = uf as test function in (4.2), so that

Z/aijDiuDjvfdx + Z/aijDiuDjfv dr = 07
i,J ,J
and

Z/aijDiijufdx+Z/aijDﬂ)Djfudx
i, i,
- Z/fjpjugderZ/ijjgudx.

J J

Subtracting the two equations and using the symmetry of a;; we get
Z/ijjugda: =— Z/ijjgu dz + Z/aijDiijfu dx
J J 4,J
- Z/aijDiungv de =1y + I, + I3.
()

We estimate the three terms I,,,. We have
1| < llullpagon |1 DEN Lo (B rm) | fll Lo (r ey < CllF Lo 0 g
[Ia| < A D]l (Br.z")

U‘HL‘I(Q/)”DUHLQ'(Q',R") < C”fHLq'(Q',R")?
and finally

13| < Alfull L) [oll o < Clvllwrae o,

w o \a=n") () La=n" (@)
qn’
qg—n'"’

where the last inequality derives from the fact that the Sobolev conjugate of ¢’ is
we have obtained

To sum up

‘Z/fijjde‘ < CHfHLq’(Q',Rn)v
J

as well
I€Dul| pa(ar rny < C,
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and, using a finite covering argument, this implies that v € VVlicq (©2). Let us observe that this

Sobolev regularity improves the summability of u. In particular, u € Lf;C(Q), where ¢* is the
Sobolev conjugate of q.

Step 3. We claim that if ¢ > n then u is a weak solution.

By the previous step, we deduce that if ¢ > n then the solution w is in LS (€2). At this point, it
is not difficult to prove, arguing as in Step 1, that u € VVIEC"(Q)

Step 4. We prove that u € L2 ().

We just observed that if ¢ > n we are done. Let us consider now ¢ < n. The solution u is in
W.19(Q) and by the Sobolev’s embedding u € LI (), where ¢* =

loc loc if ¢ < n and any number

_an_
n—q
greater then 1 if ¢ = n. Arguing exactly as in the Step 2 we derive that u € wiha (©), which in

loc

turn implies that u is in L{2 () if ¢* > n. We already noticed in Step 3 that this gives the desired
result. Let us observe that if ¢ = n, ¢* is any number greater then 1 and so this can be chosen
greater then n, while if ¢ < n, ¢* > n is equivalent to ¢ > 5. We can iterate this procedure. Given
q >n' = "5 after (at most) n — 1 times we deduce that v is locally bounded.

By Step 3 the locally boundedness of the solution gives the desired result.

]

APPENDIX A. THE C'-DINI REGULARITY OF SOLUTIONS TO DIVERGENCE FORM ELLIPTIC
EQUATIONS WITH DINI-CONTINUOUS COEFFICIENTS

As announced in Remark 2.6, we will specify the modulus of continuity of the gradient of solutions
to (2.4) in the proof of [11, Theorem 1.1]. We will consider only the main points of the proof
reminding for the rest to [11]. The set € is supposed to be the ball B; centered at 0 and ' = Bj.
The improvement regards Proposition 1.1 in [11]: for the sake of completeness we will sketch the
proof, modifying the original when needed.

Proposition A.1. For By C R", n > 1, let a;j, defined on Ba, satisfy (1.3) and (1.4) and let
f=(f1,f2,---, fn) with f; € C°(By) for all j € {1,...,n}. Assume that u € H*(By) is a weak
solution of (2.4), then there exist a € R and b € R™ such that

(A.1) ]{9 lu(z) = (a+b-x)[de <ré(r)[[lullL2(sy) + [ fllersn),  Vre(0,1),

where §(r), depending on n, A\, A, and on the modulus of continuity of a;; and f, is a monotonically
increasing positive function defined on (0,1) satisfying

1
/ @dr<+oo.
0

r
Remark A.2. As shown in [11, Proposition 1.2], §(r) will be the modulus of continuity of Du.

Proof. The proof is carried out for f = 0. We use the same notation of [11], denoting by ¢ the

modulus of continuity such that
%
(£ 1a-a00)" <o,

T



where A = (a;;);,;. Observe that in our case, assuming (1.4), ¢(r) has the following form

(]{B 14~ A(O)P)é < (][B T mc;4<|ac|>2czac>é

1 o\
<C<,.n/0 Ap,(p)*p" 1dp) = (r),

which is double-Dini continuous since ¢(r) < Ag, (r), and satisfies

<
e p(s) < pep(r),

with 4 > 1. As in [11], by induction, one will find, for k > 0, wy € H'(Bj/45+1) such that

(AQ) ZDj (aij (O)Dzwk) =0 in B3/4k+1,
_kodn g Tk
(A3) HwkHL2 (Bygk41) = <C4 90(4 )7 ”l)wk||L°°(J’3’1/4k+1JR")C(()O(4 )7
(A4) HD2wk||L°<>(B1/4k+1,R"X") < 04’%0(47]6)’
b (k1) (n+2)
(A5) ||u — Z wj||L2(Bl/4k+1) <4~ 2 @(4_(/€+1))’
j=0
and
(A6) ||wkHL°°(Bl/4k+1) < 047]6(10(4716)7

17

see [11, (14), (15), (16), (17), and (18) of Proposition 1.1]. Here and in the sequel C' will denote a

universal constant.
For x € By 4x+1, using (A.3), (A.4), (A.6) and Taylor expansion,

Z w;(0) — Z Dw;(0) -z
=0
k

(Jw; (0)] + [Dw; (0)]2]) + > ID*w; | oo (B, s Roxm)
+1 =0

Mw

<.
Il
o

<
(A7) s .
<C Y (@pA ) e )a]) + C Hp(d)|af

j=k+1 j=0

4~k 1
<C4~k+D) / #(r) dr + C|x|2/ ‘ #(r) dr.
0 r Ll

r

x|2

Il
e

“
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We then derive from (A.5) and the above, using Holder’s inequality, that

/ lu(x) — ij ZDw] x| dx
Byyaks1 j=0
k oo
< ||ij<x>fzwj ZDw] 2 LB, )

j=0 =0
(A8)
+ H’LL—ZIUJ ”L (Byak+1)

4=k 1/4k+1 1
< C4m (DD / 20 gy 1 / p / —*”f;" ) drdp
0

0 r 4

2

=+ 04_(k+1)(”+1)<p(1/4k+1).
Proposition A.1 follows from the above with a = ij , b= Z Dw;(0) - z, and

M:/Or £ 4 nH/ "“/ 2) s dp+ (),

the symbol ~ standing for = up to a constant. It remains to prove that §(r) is a Dini modulus of
continuity. Thanks to assumption (1.4), it occurs if we show the Dini continuity of the second term
in the previous sum. It yields

1
n+1 (P(S)
,rn—i-l/ / deP < 7“/ 2 s
2

so that, integrating by parts,
1 T
dr = r/ s0(;5)ds +/<p(2)dr.
t 8 o /4
2 0

ds = 0, and thus the thesis follows by the Dini continuity of

It is easy to see that hmrﬂorf ip(s)

®.

O

APPENDIX B. THE COUNTEREXAMPLE

To construct the example, one first considers, for r € (0,1) and for 8 > 1, the function
_ —Bn BB+1)
a(r) = — 5 ,
(n—1)log (%) = (n—1)log” (%)
for some 79 > 1. One takes then A(z) = (a;;(x));,; defined by

T; X5
aij(x) = 6i; + a(|z|) (51-]- - |x|zj> ;

with ro large enough so that a > —%, A being then uniformly elliptic.
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Let us check now that A € W"(By,R"*"). Simple computation gives

(9(12'3' 1
g < _
| < G + e
for every i,j,£ =1,--- ,n (the symbol < stand for < up to a constant). On the other hand
1 1
o ()] = ———— + ,
|| log (I%O\) || log (m)

which in turn implies

66Lij < 1 1 + 1 ’

92e 1™ fe|log (m) 2l 10g (%) Jz/log® (—0,) 2] log (1)

if 7 is big enough. Thus, the belonging of A to W1 (B, R"*") is provided by the estimate

1 ! 1
z < —~dr~ | —— s dr < 400
B, By |z|™ log" (ﬁ) o rlog" (%)

With such an A, in [9] the authors construct a solution of (1.1) (in the sense of distributions)
u € WhH(By) \ WL (By) for every p > 1. In particular, let us observe that such a solution belongs
to L (By).

8aij

81’@
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