THE POISSON EQUATION
ON RIEMANNIAN MANIFOLDS WITH
WEIGHTED POINCARE INEQUALITY AT INFINITY

GIOVANNI CATINO, DARIO D. MONTICELLI, AND FABIO PUNZO

ABSTRACT. We prove an existence result for the Poisson equation on non-
compact Riemannian manifolds satisfying weighted Poincaré inequalities
outside compact sets. Our result applies to a large class of manifolds in-
cluding, for instance, all non-parabolic manifolds with minimal positive
Green’s function vanishing at infinity. On the source function we assume a
sharp pointwise decay depending on the weight appearing in the Poincaré
inequality and on the behavior of the Ricci curvature at infinity. We do not
require any curvature or spectral assumptions on the manifold. In compar-
ison with previous works, we can deal with a more general setting on the

curvature bounds and without any spectral assumption.

1. INTRODUCTION

The existence of solutions to the Poisson equation
—Au=f

on a complete Riemannian manifold (M, g), for a given function f on M, is a
classical problem which has been the object of deep interest in the literature.
Malgrange [12] obtained solvability of the Poisson equation for any smooth
function f with compact support, as a consequence of the existence of a Green’s
function for —A on every complete Riemannian manifold. Under integrability
assumptions on f, existence of solutions have been established by Strichartz
[18] and Ni-Shi-Tam [17, Theorem 3.2] (see also [16, Lemma 2.3]). Moreover,
in the same paper, the authors proved an existence result for the Poisson
problem on manifolds with non-negative Ricci curvature under a sharp integral
assumption involving suitable averages of f. This condition in particular is

satisfied if
C
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for some C' > 0 and a > 2, where r(z) := dist(z, p) is the distance function of
any x € M from a fixed reference point p € M. In fact, they proved a more
general result where the decay rate of f is just assumed to be of order 1 + €.
Note that this result is sharp on the flat space R".

From now on let us consider solutions u of the Poisson equation —Au = f
which can be represented as

ulx) = /M Gl ) f(y) dy.

where G(z,y) is a Green’s function of —A on M (see Section 2 for further
details). Muntenau-Sesum [13] addressed the case of manifolds with positive
spectrum, i.e. A\;(M) > 0, and Ricci curvature bounded from below, obtaining

existence of solutions under the pointwise decay assumption

C

for some C' > 0 and a > 1. Note that this result is sharp on H". Their
proof relies on very precise integral estimates on the minimal positive Green’s
function, which are inspired by the work of Li-Wang [11]. Note that in [13, 14]
the authors also study the behavior of the solution at infinity.

In [5] the authors generalized the existence result in [13], obtaining existence
of solutions on manifolds with positive essential spectrum, i.e. A{(M) > 0,
for source functions f satisfying

Or(m +1) — Or(m)
sup [ f] < oo,
Z At ( M\Bm 1(P)) M\Bp_1(0)
for any R > 0, where 0g(m) is a function related to a lower bound on the
Ricci curvature, locally on geodesic balls with center p and radius 2R + m. In
particular, the authors showed in [5, Corollary 1.3] existence of solutions on

Cartan-Hadamard manifolds with strictly negative Ricci curvature, whenever
C

» ) 1 72
—C(1+r(@)" <Ric < —Z(1+7(2))",  [f(2)] < (1+7(2)

for some C' > 0 and 71,7, > 0 with a > 1+ 3 — 7.

Observe that the results in [13] and [5] cannot be used whenever the Ricci
curvature tends to zero at infinity fast enough (see [20]) since, in this case,
one has A\ (M) = 0 (and so A\;(M) = 0). In particular the case of R™ is not
covered. On the other hand, the result in [17] does not apply on manifolds
with negative curvature. The purpose of our paper is to obtain a general
result which includes, as special cases, both manifolds with strictly negative
curvature and manifolds with Ricci curvature vanishing at infinity. Moreover,
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our result is sharp on spherically symmetric manifolds, and in particular on
R™ and H".
Note that the condition A;(M) > 0 is equivalent to the validity of the

Poincaré inequality

Al(M)/ u2dV§/ V|2 dV
M M

for any u € C2°(M). On the other hand, one has positive essential spectrum
if and only if, for some compact subset K C M, one has A\ (M \ K) > 0 and

Al(M\K)/ udeS/ Vul? dV
M M

for any u € C*(M \ K). Generalizing the previous inequalities, one says
that (M, g) satisfies a weighted Poincaré inequality with a non-negative weight

function p if

(1) /pdeVS/ |Vo|? dV
M M

for every v € C®(M). If for any R > Ry > 0 there exists a non-negative
function pg defined on M such that (1) holds for every v € C°(M \ Bg(p))
and for p = pg, we say that (M, g) satisfies a weighted Poincaré inequality at
infinity. In addition, inspired by [11], we say that (M, g) satisfies the property
(Pge), if a weighted Poincaré inequality at infinity holds for the family of
weights pr and the conformal pg-metric defined by

Yor = PRY

is complete for every R > Ry. The validity of a weighted Poincaré inequality
on some classes of manifolds has been investigated in the literature. It is

well known that on R™ inequality (1) holds with p(z) = (";2)2 rz%x)’ It is also
called Hardy inequality. More in general, it holds on every Cartan-Hadamard

manifold with p(z) = TZ—((’;), for some C' > 0 (see [4] and [2] for some refinement

of this result).

In order to state our main results, we need to introduce a (increasing)
function w(s) related to the value of the Ricci curvature on the annulus
B%S(p) \ B%S(p) (see (4) for the precise definition). In this paper we prove
the following result.

Theorem 1.1. Let (M, g) be a complete non-compact Riemannian manifold
satisfying the property (P°) w.r.t. the family of weights pr, R > Ry, and let
f be a locally Holder continuous function on M. If

i (W(m+ 1) — w(m) + 1) sip M < oo

m M\ B, (p) Pm
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then the Poisson equation
—Au=f inM
admits a classical solution u.
Assume that A\{*(M) > 0 and
Ric > —C(l + r(m))7
for some v > 0. Then it is direct to see that
wim +1) — w(m) ~ o(eR(m 1) 9R<m>) ~ Cm}3

for every R > 0 and the property (P;°) w.r.t. the family of weights pg,
R > Ry, holds for every R with pr(x) = A\ (M \ Bg(p)). Thus

_ Ifl . Or(m+1) = Op(m)
(w(m +1) —w(m) + 1> M\ng(p) Pm ¢ A (M \ By(p)) M\ng(p) ’h

therefore our existence result is in accordance with those in [13] and [5].

We recall that by [11, Corollary 1.4, Lemma 1.5] the validity of a weighted
Poincaré inequality (1) on M implies the non-parabolicity of the manifold; on
the contrary, if (M, g) is non-parabolic, then a weighted Poincaré inequality
holds on M, with weight
Sy VG

4G?(p, x)
where G is the minimal positive Green’s function on (M, g). Exploiting this
result, using similar techniques as in Theorem 1.1, we obtain the following

refined result on complete non-compact non-parabolic manifolds.

Theorem 1.2. Let (M, g) be a complete non-compact non-parabolic Riemann-
ian manifold with minimal positive Green’s function G. Let p(x) = %

and let f be a locally Holder continuous function on M. If

i (w(m +1) — w(m)) sup il < 00,

M\ B (p) P

m

then the Poisson equation
—Au=f inM
admits a classical solution u.
Remark 1.3. We explicitly observe that in Theorem 1.2 the completeness of
the conformal metric g, = pg is not required. As it was observed in [11], the

completeness of g, would hold if G(p,z) — 0 as r(z) — oo, a condition that
we do not need to assume here.
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It is well-known that R™ is a non-parabolic manifold if n > 3, with minimal

positive Green’s function G(z,y) = % for some positive constant c,.

|z—

Moreover the weighted Poincaré — Hardy’s inequality holds on R™ with
VG(0,2)]? (n—2)% 1
oy = VGO _ (n =2 1
4G2(0, x) 4 |z
In this case, using the definition (4) of the function w(s), it is easy to see that

cdm+1%ﬂdm%w0bg(b+%>ﬁw€.

m

Hence we can apply Theorem 1.2, with

(w(m—i— 1) —w(m)) sup il ~Cm sup |f]
M\Bm(p) Pm M\Bm(p)
and the convergence of the series follows, whenever |f(z)| < C/(1+r(x))* for
some « > 2. This condition is optimal, as it can be easily verified by explicit
computations.
In general, concerning Cartan-Hadamard manifolds, by using Theorem 1.1
we improve [5, Corollary 1.3] allowing the Ricci curvature to approach zero at

infinity.

Corollary 1.4. Let (M,qg) be a Cartan-Hadamard manifold and let f be a
locally Holder continuous, bounded function on M. If

¢
(1+7r(x)"

for some C > 1, 7,79 € R, 71 > v, 11 > 0 and « satisfying

A\

—C(1+ ()" < Ric < _é(1 +r(@)”, |f()] <

L4+ %5 =7 if 2 > —2
3+ % if 2 < —2

a >

then the Poisson equation
—Au=f inM
admits a classical solution u.

Remark 1.5. In the special case vy, = vo = v > 0 the condition on « in the
previous corollary becomes

1-3 if v > —2

2 if v < —2.

In particular in (M, g) is the standard hyperbolic space H", then v = 0. Thus

we need that o > 1 and this condition is sharp as observed above. We will
consider also the case v < 0 in the Subsection 6.2 on model manifolds.
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The paper is organized as follows: in Section 2 we collect some prelimi-
nary results and we define precisely the function w; in Section 3 we prove a
refined local gradient estimates for positive harmonic functions; in Section 4
we prove key estimates on the positive minimal Green’s function G(z,y) of a
non-parabolic manifold, by means of the property (P5°) w.r.t. the family of
weights pg, R > Ry; in Section 5 we prove Theorem 1.1; finally in Section 6
we prove Corollary 1.4 and show the optimality of the assumption in Theorem

1.2 for rotationally symmetric manifolds.

Finally we note that some results concerning the Poisson equation on some
manifolds satisfying a weighted Poincaré inequality have been very recently
obtained in [15]. However their assumptions and results apparently are com-

pletely different to ours.

2. PRELIMINARIES

Let (M, g) be a complete non-compact n-dimensional Riemannian manifold.
For any x € M and R > 0, we denote by Bg(z) the geodesic ball of radius R
with centre z and let Vol(Bg(z)) be its volume. We denote by Ric the Ricci
curvature of g. For any x € M, let u(z) be the smallest eigenvalue of Ric at
x. Thus, for any V € T, M with |V| = 1, Ric(V,V)(x) > pu(z) and we have
pu(x) > —w(r(z)) for some w € C([0,00)), w > 0. Hence, for any x € M, we
have

. @)
(2) Ric(V,V)(z) > —(n — 1) (@)

for some ¢ € C*((0,00))NC*(]0, 00)) with ¢(0) = 0 and ¢'(0) = 1. Note that
w0, ¢, ¢" are positive in (0, 00). We set
"
e £00)

yeB,,.(z>+R\BT(‘,L.),R SO(T(y>>

for r(z) > R > 1,

/Enr(z) coth ( /KR(x)R/2> it Kp(z)>0

I

=[N
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Note that Qgr(z) = Qgr(r(x)). For any z € M, let v be the minimal geodesic
connecting p to z. We define the function

r(2)
@ o) =wlr(@) = [ \/Qucen () ds

for a given a > 0. Note that ¢t — w(t) is increasing and so invertible.
Under (2), we know that

(5) Vol(Bx(p)) < C / SN E) de.

Moreover, let Cut(p) be the cut locus of p € M.

It is known that every complete Riemannian manifold admits a Green’s
function (see [12]), i.e. a smooth function defined in (M x M) \ {(z,y) €
M x M : x =y} such that G(z,y) = G(y,z) and A,G(z,y) = —0,(y). We
say that (M, g) is non-parabolic if there exists a minimal positive Green’s
function G(z,y) on (M, g), and parabolic otherwise.

We say that (M, g) satisfies a weighted Poincaré inequality with a non-

negative weight function p if

(6) /pUZdVS/ |Vo|?dV
M M

for every v € C®*(M). If for any R > Ry > 0 there exists a non-negative
function pgr such that (1) holds for every v € C°(M \ Bg(p)) and for p =
pr, we say that (M, g) satisfies a weighted Poincaré inequality at infinity. In
addition, inspired by [11], we say that (M, g) satisfies the property (73;]‘;) if a
weighted Poincaré inequality at infinity holds for the family of weights pg and
the conformal pr-metric defined by

9o ‘= PRY
is complete. With this metric we consider the p-distance function
rolie,) = inf 1,(7)

where the infimum of the lengths is taken over all curves joining x and y, with
respect to the metric g,. For a fixed point p € M, we denote by

ry(x) =1,(p, x).
Note that |[Vr,(z)|* = p(z). Finally, we denote by

Bh(p) ={z € M :r,(z) < R}.
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Let A\;(M) be the bottom of the L?-spectrum of —A. Tt is known that
M (M) € [0,400) and it is given by the variational formula

, [y Vo2 dV
(M) = f oMl
1(M) veCE (M) [y v2adv

If \y(M) > 0, then (M, g) is non-parabolic (see [7, Proposition 10.1]). When-
ever (M,g) is non-parabolic, let Gg(z,y) be the Green’s function of —A
in Bgr(z) satisfying zero Dirichlet boundary conditions on dBg(z), for some
z € M. We have that R — Gr(z,y) is increasing and, for any z,y € M,

locally uniformly in (M x M)\ {(z,y) € M x M : x = y}. We define \;(2),
with 2 an open subset of M, to be the first eigenvalue of —A in  with zero
Dirichlet boundary conditions. It is well known that A\;(€2) is decreasing with

respect to the inclusion of subsets. In particular R +— A (Bg(z)) is decreasing
and A\;(Br(z)) = A\ (M) as R — oc.

For any x € M, for any s > 0 and for any 0 < a < b < +00, we define

Li(s)={yeM : G(z,y) = s},
L.(a,b) :={ye M : a<G(x,y) <b}.

3. LOCAL GRADIENT ESTIMATE FOR HARMONIC FUNCTIONS

In this section we improve [5, Lemma 3.1]. We set

S ©"(r(y))
kl2) = sup " 00)

for z € M and R > O;

ir(z) =

VEr coth <\/kR(z)R/2> if kr(z) >0
—0.

% if /CR(Z)

Lemma 3.1. Let R > 0 and 2 € M. Letu € C*(Bg(2)) be a positive harmonic
function in Bgr(z). Then

\ws)\sc\/max{kaz),"i?,%}u(@ for any € € Bapa(2)

for some positive constant C' > 0.
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Proof. Following the classical argument of Yau, let v :=logu. Then
Av = —|Vv|%.

Let n(€) = n(d(&)), with d(§) := dist(&, z), a smooth cutoff function such that
n(§) =1 on Bgys(z), with support in Br(z), 0 <n <1 and

Ui "l _ 8
Egnl/QSO and 1 Sﬁ

Let w = n?|Vv|?. Then
1 1 1
§Aw = 57,2A|W|2 + 5|vv|2An2 + (V|Vv|?, Vn?).

Then, from classical Bochner-Weitzenboch formula and Newton inequality, one
has

1

§A]Vv|2 = |V?v|? + Ric(Vv, Vv) + (Vv, VAv)

/"

z<m¥—m—n%ﬂM%wWWﬁvw

1
n
1 4 " 2 2

= E|Vv| —(n— 1)?‘V"U| —(V|Vu|*, V).

Moreover, by Laplacian comparison, since Ric > —(n — 1)kg(z) in Bg(z), we

have
1
§An2 =y Ap+m" + (1)?

> (n—1)ig(2)ny’ +nn" + (')

> —% ((n —1)in(z) + %) 7

pointwise in Bg(z) \ ({2} U Cut(z)) and weakly on Bg(z). Thus,

1 1 w? " 2\ w
—Aw > W (n— 1)%10 -5 ((n — 1)ig(2) + }—%) 0
n'[? 2
—4 72 w~+ —(Vw, Vn) — (Vw, Vu) + 5<V0,Vn>w
1 w? " 2\ w
A R PN 1) il R
== 0Zw- g (0- Dint) + ) -
64w 8 w?
+ —(Vw,Vn) — (Vw, Vv) — By RipP
1 w? " 18+ 8n\ w
i P R 1) il
o~ (=00 = L (0= viae) + L) 2
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Let ¢ be a maximum point of w in Bg(z). Since w = 0 on dBg(z), we have
q € Bgr(z). First assume ¢ ¢ Cut(z). At ¢, we obtain

i

0> %w _(n— 1)% _ %((n— Din(z) +

18 —1;871)} w

So
¢ (r(q)) N 8n(n —1). | 64n2‘

w(g) < 2n(n — 1) B

Thus, for any £ € Br/s(2),

(Vu(é)|? < 2n(n — 1)90//(7“(61)) n 8n(n —1) . M4n_—|—64n2

#(r(a)) R 7
< 2n(n — 1)kg(2) + 8n(7;g_ l)iR(z) + %
We get
|VU(§)| = |VV max z M i
O~ ) < 0 {1t 242, 1)

for some positive constant C' > 0. By standard Calabi trick (see [3, 6]), the
same estimate can be obtained when ¢ € Cut(z). This concludes the proof of

the lemma.

O
As a corollary we have the following

Corollary 3.2. Let (M,g) be non-parabolic. If r(z) > R > 0, then

IVG(p,2)| < CV/Qr(z) G(p, 2),

for some positive constant C' > 0.

4. GREEN’S FUNCTION ESTIMATES

4.1. Pointwise estimate.

Lemma 4.1. Let (M, g) be non-parabolic and let a > 0 and y € M \ B,(p).
Then

A7lexp (—Bw(y)) < G(p,y) < Aexp (Bw(y)),

where A = max{maXaBa(p) G(p,-), (mingp, ) G(p,-))fl} and B > 0 is a

positive constant depending on C' from Corollary 3.2.
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Proof. Let y € M \ B,(p) with a > 0 and consider the minimal geodesic 7
joining p to y and let yo € 0B,(p) be a point of intersection of v with 0B, (p).
Since G/(p,-) is harmonic in B,(.)/(z), for every z € v with r(z) > a, by

We have

r(y)
G(p.y) = G(p,yo) + / (VG (p, (), 4(5)) ds

Corollary 3.2 we get

(y)
<G +C [ Qe ()G (s) ds.

By Gronwall inequality,

7(y)
G(p,y) < G(p,yo) exp (C/ \/QW(T(W(S))) d5> < Aexp (Bw(y)),

with A := max {maxaBa(p) G(p,-), (mingg, () G(p,~))_1} and B = C. Simi-
larly,

G(p,y) > A exp (—Buw(y)).

Remark 4.2. One has
G(p,y) > A exp (—Bw(a))

for any y € B,(p). This follows from Lemma /j.1 with y € 0B,(p) and the
mazximum principle, since y — G(p,y) is (weakly) superharmonic in B,(p). In
particular

L, (0, A exp (—Bw(a))) C M \ B,(p).
Remark 4.3. We also note that
L, (Aexp (Bw(a)),00) C Ba(p).

In fact, let y € M \ B,(p) and take j > r(y). Since Gj(p,y) < G(p,y) and
G(p,-) =0 on 0B;(p), by Lemma 4.1, we have

Gj(p,y) < Aexp (Bw(a)) on 9(Bj(p)\ Bu(p));

note that the right hand side is independent of y. Since y — G;(z,y) is
harmonic in B;(p) \ Ba(p), by mazimum principle,

Gj(p,y) < Aexp (Bw(a)) in B;(p)\ Ba(p).
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Sending j — oo, by (7), we obtain
G(p,y) < Aexp (Bw(a)) in M\ Ba(p),

and the claim follows.
4.2. Auxiliary estimates.

Lemma 4.4. Let (M, g) be non-parabolic. For any s > 0, there holds

/ VG, )] dAW) = 1
ﬁp(s)

where dA(y) is the (n — 1)-dimensional Hausdorff measure on L,(s). As a
consequence, by the co-area formula, for any 0 < a < b, there holds

VG 2 b
/ VEwOF 4 g (_) .
Lp(a,b) G(pa y) a
For the proof see [13]. Moreover, we get the following weighted integrability
property for the Green’s function.

Lemma 4.5. Assume that (M, g) satisfies the property (PS°) w.r.t. the family

of weights pr, R > Ry. Fix m > Ry. Then, for any Ry > 0 such that
B.(p) C BR'(p), one has

/ pm(y) |G (p, y)* dy < 0.
M\BSE (p)

Remark 4.6. Note that By, (p) C By (p) for every Ry large enough.

Proof. In order to simplify the notation, let p = p,,. Fix R; > 0 such that
B (p) C Bj, (p) and let ¢ be defined as

0 on B}’f-h (p)
¢w) = ¢ 2D on B (p) \ By, (p)
1 on M\BgRl(p).

Let R > 2R, and G%(p,y) be the Green’s function of —A in B%(p) satisfying
zero Dirichlet boundary conditions on dB%(p). Following the proof in [11],
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since G% is harmonic in Bf(p), one has
[ Neonrav= [ [vep@rtave [ [vGhEsdy
By (p) B (p) By (p)

L2 / (Yo, VG GGE dV
B(p)

1
- / VP (Gh)? dV + / AR
B (p) 2 JBem)

Lo / (Yo, VG GGE, dV
B (p)

- / Vo (Gh)? v
B%(p)

where the last equality follows by integration by parts and the fact that
G%(p,y) vanishes on 0B%(p). Hence, the weighted Poincaré inequality yields

1
| os@reaws [ Ve <, p (G aV
M\B%, (p) B%(p) 1 J Byp (p)\B%, (p)

Letting R — oo, by Fatou’s lemma and uniform convergence of G% — G on

compact subsets, we get
2 1 2
pGrdV < — pG2dV
MBSy, (p) Ry JBg, 0\B, ()

and the thesis follows. O

We expect a decay estimate similar to the one in [11, Theorem 2.1]. However

we leave out this refinement since it is not necessary in our arguments.

4.3. Integral estimates on level sets. We begin by noting that, using Re-
mark 4.3 and the fact that G(p,-) € Li,.(M) one has the following integral

loc

estimate on large level sets.

Proposition 4.7. Let (M, g) be non-parabolic. Choose A, B as in Lemma /. 1.
Then

/ G(p,y) dy < oco.
Lp(Aexp(Bw(a)),00)

For intermediate levels sets, we get the following key inequality.

Proposition 4.8. Assume that (M, g) satisfies the property (P°) w.r.t. the
family of weights pr, R > Ry. Then, there exists a positive constant C such
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that, for any function f and any 0 < 6 < 1, ¢ > 0 satisfying L, (%,25) C
M\ B,,(p) for some m > Ry, one has

<C(—logd+1) sup |f—|
Lp(8e,e) Pm

G(p,y) fy) dy

LP (6875)

Proof. We follow the general argument in [11] and [13]; however some relevant
differences are in order, due to the use of the property (P:°). Let ¢ := x
with

( 1022 log (QGéf’y)) on £, (%, 0e)
1 on L, (d¢,¢)
X)) =19, 0
1os2 108 (G(p,y)) on L, (g, 2¢)
L0 elsewhere
and for any fixed R > 0
1 on By (p)
U(y) =qR+1- Tpm(y) on Bgﬁ-l( )\ Bz (p)
0 on M\ B, (p) -

By the weighted Poincaré inequality at infinity we get

< / G, y) |f ()] dy
Lp(8e,e)NBY™ (p)

< ap M [ ) G0 0) dy

L, (8e,e)NBY™ (p) Pm

< sup |f|/‘v \/T¢ )2

Ly (8e,e)NBY™ (p

/ G(p,y) fly)dy
Lp(8e,e)NBY™ (p)

dy .

We estimate

/M ‘V (\/ G(p, y)¢(y))

2 1 IVG(p,y)? / 2
d g—/ B dy+2 [ Gp,y)|Ve|*d
v e Clpry y y (P, y)IVoI" dy

=C(—logd+1)+ 2/ G(p,y)|Vo|* dy

)
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where we used Lemma 4.4 in the last equality. On the other hand
| cowiveray<2 [ GwyIvaPe 2 [ GVl
M M M

VG (p,y)?
< 2(log 2 2/ PRI gy
(log2) L0 G(D,Y)

+2 / pm(y) G(p,y)x* dy
Bﬁﬂ(P)\Bﬁ(p)

4
< C(—logd+1) + 5—/ pm(y) G*(p,y) dy .
19 BPm

m \BE™ (p)

Now we let R — oo and use Lemma 4.5. The thesis now follows. O

In the special case when M is non-parabolic with positive minimal Green’s

_ |VG(pa)|?

function G and with weight p(z) = GG We have the following refinement

of Proposition 4.8.

Proposition 4.9. Assume that (M, g) is non-parabolic with positive minimal

Green’s function G and with weight p(x) = %. Then there exists a

positive constant C' such that for any function f and any 0 < <1, >0 one
has

< C(—logé) sup m
Ly(de,e) P

/ G(py) fy)dy
Ly(0¢,e)

Proof. We have

/ G(py) fy)dy
Lp(de,e)

f
< sup il G(p,y) ply) dy
Lp(0e,e) Y Ly(de,e)

_ L U </ IVG(p,y)|? dy>
4ry6ee) P \Jey0ee) G0:Y)
1
4

11
Ly(6e,e) P

where we have used Lemma 4.4 in the last equality. 0

5. PROOF OF THEOREM 1.1

In order to prove Theorem 1.1, we will show that

u(z)] = \ [ G dy] < ofa),

with v € C°(M). We divide the proof in two parts, we first consider the case
when (M, g) is non-parabolic and then the case when it is parabolic.
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Proof of Theorem 1.1. Case 1: (M, g) non-parabolic.
By assumption, (M, g) satisfies (P.°) w.r.t. the family of weights pr, R >

Ry. Let x € M and choose R = R(x) > Ry large enough so that © € Bg(p).
One has

o] <

/BR@) Foy) 1G] dy’ * ‘/M\BR@) Ga,y) f(y) dy

< Ci(a) + /M o G Wl dy

since G(x,-) € Li,.(M). Hence, by Harnack’s inequality, we have

‘/ (z,y) f dy‘ < Cy(x )+02(x)/M G(p,y) [f(y)] dy

\Br(p)

< Ci(z) + Cola) /M Glp ) 1 f ()| dy.,

where Cy(x) can be chosen as the constant in the Harnack’s inequality for the
ball B,(z)4+1(p). For any a > 0, we estimate

/ G(p,y) |f ()| dy = / Glp9) 1 £ ()| dy
M L,(0, Aexp(Bw(a)))

T / G(py) £ ()] dy.
Lp(Aexp(Bw(a)),00)

By Proposition 4.7, Remark 4.3 we get

(9) / Gp,y) 1)) dy < / G(p,y) |f ()| dy + Cs(a)
M £(0,A exp(Bw(a)))

for some positive constant C3(a). To estimate the first integral, we observe
that, for any my = mg(z) > a one has

Gl y) |f(9)] dy = / G, y) |/ ()] dy

/EP(O,Aexp(Bw(a))) Lp(0, (24)~ ! exp(—Bw(mg)))

(10) G(z,y)[f(y)|dy.

°J
Lp((24)~! exp(—Bw(mo)), Aexp(Bw(a)))

We need the following lemma.

Lemma 5.1. Choose A, B as in Lemma /J.1. For any m > mgy > a one has

(11) L, (0, A" exp(—Bw(m))) C M \ By (p).
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Proof. Since my > a, by Remark 4.2 imply
(12) £, (0, A" exp(—Bw(my))) C £, (0,A " exp (—Bw(a))) C M\ Bu(p).
If
2 € £, (0, A" exp(—Buw(m))) € M\ Bu(p),
then by Lemma 4.1
A7 exp(—Bw(m)) > G(p,z) > A~ exp(—Bw(z)) .
Thus,

w(z) > w(m)

and, by monotonicity of w, we obtain r(z) > m. O
In particular, we get
£, (0,(24) "  exp(—Bw(mg))) € L, (0, A~ exp(—Buw(mo))) € M\ By (p)-
Thus,
L, ((24)~" exp(—Bw(my)), Aexp (Bw(a))) C Bum,(p)
Then, since G(z,-) € Li,.(M), we get

(13) Gz, y) [f ()l dy < Cala, mo).

/Ep((2A)—1exp(—Bw(mU)),Aexp(Bw(a)))
Now, for any m > my, let
(14) e := (2A4) ! exp(—Bw(m)), d := exp(Bw(m) — Bw(m + 1)).
By Lemma 5.1,

L,(0,2¢) C M\ By (p).
Hence we can apply Proposition 4.8 obtaining

(15)

/ Gl.y) |f(v)] dy
Lp(0,(24) 7t exp(—=Bw(mo)))

=2 L Gla,y) [£(y)] dy

p((2A)~1 exp(—Bw(m+1)),(24)~! exp(—Bw(m)))

m>mg
<C Z (w(m+1) —w(m) +1) sup LA
m>mo Lp((24)~1 exp(—Bw(m+1)),(24)~1 exp(— Bw(m))) Pm
<C Z (w(im+1) —w(m) +1) sup LA
m>mo L,(0,A=1 exp(—Bw(m))) Pm
SC’Z(w(m+1)—w(m)+1) sup m<oo,
M\ Bm(p) Pm
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where in the last inequality we used Lemma 5.1. The proof of Theorem 1.1 is
complete in this case.

Case 2: (M, g) parabolic.

Let G(x,y) be a Green’s function on M (which is positive inside a certain
ball, and negative outside). Fix any R > 0 and let p = pg,. Note that, arguing

as in the proof of (8), it is sufficient to estimate

[ cwlswia= [ cwplswlas [ o

B (p)

< / G, IIf ()l dy + C,
M\B%(p)

since G(p,-) € LL (M) and f is locally bounded. We have that
N
M\ BE(P) = U E;

=1

where each E; is an end with respect to Bi(p). Note that every end Ej is
parabolic. In fact, if at least one end F; is non-parabolic, then (M, g) is non-
parabolic (see [9] for a nice overview), but we are in the case that (M,g) is
parabolic. Since every FEj; is parabolic, every FE; has finite weighted volume

(see [10]), i.e.
/ pdy < oo.
E;

Now choose R large enough so that we can apply Lemma 4.5 obtaining

/ G )| f ) dy
M\B%(p)

) 3 o 2 3
< ( /M o p(Y)|G(p, )| dy) ( /M o p(y) ( p(y>) dy)

<C sup m pdy < oo.

M\Bg,(p) P JM\By(p)

This concludes the proof of Theorem 1.1.
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Proof of Theorem 1.2. We start as in the proof of Theorem 1.1 using (8), (9),
(10) and (13). Then, similar to (15), using Proposition 4.9, we obtain

| Gl.9) |f(y)] dy
L(0,(2A) 1 exp(—Bw(my)))

-y Gla,y) ()| dy

p((24)~1 exp(—Bw(m+1)),(24)~! exp(—Bw(m)))

m>mg
<CZ w(m+1) —w(m)) sup m<oo,
m>mo M\Bm (p) p
Then
‘ / (x,y)f(y)dy| < oo
and the proof of Theorem 1.2 is complete. 0

6. CARTAN-HADAMARD AND MODEL MANIFOLDS

We consider Cartan-Hadamard manifolds, i.e. complete, non-compact, sim-
ply connected Riemannian manifolds with non-positive sectional curvatures
everywhere. Observe that on Cartan-Hadamard manifolds the cut locus of
any point p is empty. Hence, for any x € M \ {p} one can define its polar
coordinates with pole at p, namely r(z) = dist(z,p) and 6 € S"~*. We have

meas (9B, (p)) = /S 1 A(r,0)do'do* ... do"

for a specific positive function A which is related to the metric tensor [7, Sect.
3]. Moreover, it is direct to see that the Laplace-Beltrami operator in polar
coordinates has the form

2
A = %—i—m(r 9)%+A9,
where m(r, ) := %(log A) and Ay is the Laplace-Beltrami operator on 0B,.(p).
We have
m(r,0) = Ar(z).

Let

A= {f € C>((0,00)) NC*[0,00)) : f'(0)=1, f(0) =0, f>01in (0,00)}.

We say that (M, g) is a rotationally symmetric manifold or a model manifold

if the Riemannian metric is given by

g = dr’ +(r)*do”,
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where df? is the standard metric on S*~! and ¢ € A. In this case,

0? oo 1
A= — -1 — 4+ — Agn-1.
8r2+(n )908T+g02 .

Note that ¢(r) = r corresponds to M = R", while ¢(r) = sinhr corresponds
to M = H", namely the n-dimensional hyperbolic space. The Ricci curvature
in the radial direction is given by

- )
Ric(Vr,Vr)(z) = —(n —1) (D)

6.1. Cartan-Hadamard manifolds. Concerning the validity of the property
(Pge) w.r.t. the family of weights pgr, R > Ry on a Cartan-Hadamard manifold
we have the following result.

Lemma 6.1. Let (M, g) be a Cartan-Hadamard manifold with
Ric(Vr, Vr)(z) < =C(1 +r(z))’

for some v € R, C > 0 and any x € M \ {p}. Then (M,g) satisfies the
property (Po°) with

C'r(z)" if v > —2

C'r(z)? if v < —2

for all R > 0 large enough and some C" > 0.

Remark 6.2. As it will be clear from the proof, we have a weighted Poincaré
inequality on M if v < 0 and a the weighted Poincaré inequality for functions
with compact support in M \ By(p) if v > 0.

Proof. We can find ¢ € A given by
exp (B r1+%) if v > —2
(16) o(r) =q7r° if 4 = —2
r it vy < -2

for r large enough, B > 0 small, 6 = §(C) > 1 such that Ric(Vr, Vr)(z) <

—fpﬂ(g((;;))). By the Laplacian comparison in a strong form, which is valid only

on Cartan-Hadamard manifolds (see [19, Theorem 2.15]), one has

Cr(x)?  ify>-2

Ar(z) >
Cr(z)~! ity < —2.
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Suppose v < 0 and let a := max{y,—2} < 0. For any v € C°(M), since
|Vr|? =1, we have

c /M r(y)® u(y)? dy
< /M u(y)?r(y)** Ar(y) dy
= —2/M<Vu, Vr}u(y)r(y)o‘/2 dy+%/ u(y)Zr(y)“/Q’IIVT(y)F dy

<9 / ()| V()| (v)™? dy

<—/ dy+—/ (Vu(y)]*dy.
/r(y) Py <~ /IVU )2 dy
M

and the weighted Poincaré inequality on M follows in this case.

Thus

Suppose now v > 0. By a Barta-type argument (see e.g. [8, Theorem
11.17)),
M(M\ Br(p) = [CR** in M\ Bg(p).

Thus, the Poincaré inequality reads

(17) CR /M u(y)? dy < /M Vuly)P dy

for any u with compact support in M \ Bgr(p). Now let R > 1 and, for every
k € N, define the cutoff functions

r(z) —k+1, r(z)€lk—1k)
op(r) =<Ck+1—r(x), r(z)ekk+1)
0 otherwise.

Note that |Vy,| < 1 and for all z € M \ Bi(p), >, vr = 1 and = € supp ¢y,
at most for two integers k. If suppu C M \ Bi(p), we have

/M r(y) u(y)® dy = /M r(y) (zk:sok(y)U(y)>2 dy
<2y [ eutwut? dy
<31y / or(y)?u(y)? dy
<CZ/ IV (or(w)u(w)) [ dy.
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where in the last passage we used (17) with R = k — 1. Thus
/ r(y) uly)’dy < CY (/ u(y)*|Ver(y))? dy +/ wk(y)2|VU(y)!2dy)
M . M M

scﬂﬂ@Y@+0lﬁvww%w

sc/vawP@,
M

where in the last passage we used (17) with R = 1. Hence the weighted
Poincaré inequality holds for functions with support in M \ B;(p).

Finally, the completeness of the metric g,, := pr ¢ follows. In fact, for any
curve 7(s) parametrized by arclength with 0 < s < T, the length of n with
respect tp g,, is given by

/\/des—H)o as T — 0.
U

Let us write some estimates which will be useful both in the proof of Corollary
1.4 and in the last Subsection 6.2. Choose ¢ € A as in (16) with v =
obtaining

Plr(x) _ JCr@@m? ify > =2

o(r(z)) Cr(z)™ if < -2

and
P(r(x)) _ ) Cr(@) +Cr(@)m?tify > =2
p(r(z)) 0 if v < —2
for r(x) > R > 1. A simple computation shows that, for R = r(z)/4, one has
Cr(z)n/? if g > =2

Kg(z) = ,
0 ity < -2,

Ir(x) C'r(z)"/2~ coth (C'r(z)1/+1) if 91 > —2
R 2 ity < —2

and




THE POISSON EQUATION ON MANIFOLDS 23

Thus
CT71/2+1 if Y1 Z —2
w(r) =
C'logr ity < -2,
and, as m — 00,
Cmn/2  ify > -2
(18) wim+1) — wim) ~ =

Cm™! it p < —2.
On the other hand, using Lemma 6.1 with v = 75, we get the estimate

1 Cm™ if yp > =2
sup — < .
M\Bp(p) Pm C'm? if Yo < —2

Proof of Corollary 1./. For 1 > 45 and v, > 0, we get

= CY 00 mm/2m=ef gy > =2
Z (w(m +1) —w(m) + 1) sup L < 2o 2=

— M\Bm(p) Pm cy m2t/2-a if 75 < —2.
and the thesis immediately follows. U

6.2. Optimality on rotationally symmetric manifolds. We show that
the assumptions in Theorem 1.2 are sharp on model manifolds. Let (M, g) be
a rotationally symmetric manifold with ¢ € A defined as in (16) for any r > 1.
One has

/G(x,y)f(y)dy<oo forany 1€ M <= /G(p,y)f(y)dy<oo.
M M

Hence a solution of —Awu = f in M exists if and only if

- [ ( | #dt) 1) p(r)tdr < oo.

Case 1: v > —2. With our choice of ¢, by the change of variable s = t'*2 it
is easily seen that, for any r > 0 sufficiently large

> 1 _x ¥
Hence
- / rTexp (~(n— 1)) ﬁ@(p (0= 1)r+3) dr < Ju(p)|

< C/loo 773 exp (—(n - 1)7’1+%) ﬁ exp ((n - 1)r1+%> dr

Therefore,

1~ ~
5/1 oy A < Julp) < C/1 -
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This yields that

lu(p)] < oo if and only if a>1-21

2

On the other hand, a direct computation, using (19), shows that

_ VG o)P

plx) = 1C2(p.2) ~ Cr(z)7.

Furthermore, from (18), the assumption of Theorem 1.2 is satisfied if and only
if

~
>1——
o 5
and the optimality follows in this case.
Case 2: v = —2. We have,
< 1
(20) / —————dt = O
Ok
Thus
l /OO T—(S(n—l)-{-l 1 _ T&(n—l) dr < |U(p)| < C/OO r—§(n—1)+l 1 _ 7,,(S(n—l) dr
C 1 (]_ ‘I— T) 1 (1 + T)
Therefore,
1 [ 1 <1
5/1 e dr < |u(p)| < 0/1 e dr,
and

lu(p)| < oo if and only if « > 2.

On the other hand, a direct computation, using (20), shows that

_ VG, o)

p(ﬂ?) - 4G2(p, LE) ~ Cr(x)*Q .

Furthermore, from (18), the assumption of Theorem 1.2 is satisfied if and only
if
a > 2,

and the optimality follows in this case.

Case 3: v < —2. We have,

o 1
21 / ———dt =Cr* ",
2y O



THE POISSON EQUATION ON MANIFOLDS 25

Thus
1 o0 9_ 1 -1 /OO 2 1 —1
— re N ——— " dr < |u < re "t —— " N dr
0/1 (1+7) [4(2)] 1 (1+7)
Therefore,
1 /> 1 <1
5/1 o dr < |u(p)| < C’/1 e dr,
and

lu(p)| < oo if and only if « > 2.

On the other hand, a direct computation, using (21), shows that
VG(p,x)|?
o) = I¥G0.2)
AG*(p, x)
Furthermore, from (18), the assumption of Theorem 1.2 is satisfied if and only
if

~ Cr(z)™2.

a > 2,

and the optimality follows in this last case.
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