SHORT TIME EXISTENCE OF THE CLASSICAL SOLUTION TO THE
FRACTIONAL MEAN CURVATURE FLOW

VESA JULIN AND DOMENICO ANGELO LA MANNA

ABSTRACT. We establish short-time existence of the smooth solution to the fractional mean
curvature flow when the initial set is bounded and C1!-regular. We provide the same result
also for the volume preserving fractional mean curvature flow.

1. INTRODUCTION

In this paper we study the motion of sets by their fractional mean curvature from the classical
point of view. In the problem we are given a bounded regular set Fy c R*™! and we let it evolve
to a family of smooth sets (E¢)se(o,r] according to the law where the normal velocity at a point
equals its fractional mean curvature. More precisely this can be written as

(1.1) V,=-Hs  on JE,

where V; denotes the normal velocity and H3, is the fractional mean curvature of E c R™*! with
s€(0,1), given by

One motivation to study (1.1) is that it can be interpreted as the gradient flow of the fractional
perimeter and is therefore the evolutionary counterpart to the problem of minimizing the fractional
perimeter. The stationary problem has received a lot of attention since the work [5], where the
authors study the regularity of sets which locally minimize the fractional perimeter. By [5] and [3]
we know that the local perimeter minimizers are smooth up to a small singular set which precise
dimension is not known (see [29] and [14] and the references therein). The global isoperimetric
problem in the Euclidian space is also well understood. It is proven in [18] that the ball is the
solution to the fractional isoperimetric problem, and we even have the sharp quantification of the
isoperimetric inequality [17, 19]. A related result is the generalization of the Alexandroff theorem
[4, 13], where the authors prove that the ball is the only smooth compact set with constant
fractional mean curvature. Note that one does not need to assume the set to be connected, which
is in contrast to the classical Alexandroff theorem.

Concerning the evolutionary problem, the first existence result is due to Imbert [24] who defines
the viscosity solution of (1.1) and proves that it exists for all times and is unique. This means that
the flow (1.1) has a well defined weak solution which is unique up to fattening. In [6] Caffarelli-
Souganidis construct weak solution by using threshold dynamics, and in [9] Chambolle-Morini-
Ponsiglione use the gradient flow structure to construct weak solution by using the minimizing
movement scheme (see also [8]).

The issue with the weak solution is, as observed in [11] (see also [7]), that the flow may develop
singularities even in the planar case. Cinti-Sinestrari-Valdinoci [12] avoid singularities by studying
the volume preserving fractional mean curvature flow

(1.3) Vi=-(Hj, - Hy)  on OE,

for convex initial sets, where H B, = fa g, Hp, dH". By [10], the fractional mean curvature flow

with a forcing term preserves convexity and thus one expects Huisken’s result [22] to hold also in

the fractional case, i.e., the flow (1.3) remains convex, does not develop singularities and converges

to the sphere. This is indeed the main result in [12] under an additional regularity assumption.

We remark that also (1.1) preserves the convexity and therefore one may expect a result similar
1
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o [21] to hold also for (1.1), but to the best of our knowledge no result in this direction exists.
Finally we refer to [28] for interesting analysis of the smooth solution of (1.1).

Here we are interested in the classical solution of (1.1) which means that the sets (E;); are
smooth and diffeomorphic to Ey. As we mentioned we may expect the classical solution to exist
only for a short time interval (0,7") as the flow will vanish in finite time or it may develop
singularities before that. We prove the short time existence of the classical solution under the
assumption that the initial set is C''-regular, or C***%_close to a C1''-regular set. The same
result holds also for the volume preserving flow (1.3) and we choose to state the result for both
cases simultaneously.

Main Theorem. Let Ey c R™! be a bounded set such that OEq is a CY-regular hypersurface
and let ov € (0,1). There exists T € (0,1) such that the fractional mean curvature flow (1.1), and
the volume preserving flow (1.3), has a unique classical solution (Ei)e(o,r) starting from Eo. The
flow becomes instantaneously smooth, i.e., each surface OE; with t € (0,T] is C*-hypersurface.
Moreover, there is € > 0 with the property that if the C1*5**_distance between Ey and E is less
than €, then the flow (1.1) (and the flow (1.3)) starting from E also ezists for the time interval
(0,77.

We give a more quantitative statement of the main theorem in the last section in Theorem 5.1
and in Theorem 5.3. We expect the smooth solution of (1.1) to agree with the viscosity solution
on the time interval (0,7] but we do not prove this.

The proof of the main theorem is based on Schauder estimates on parabolic equations. As in [23]
we first parametrize the flow (1.1) by using the ’height’ function over a smooth reference surface
Y, which is close to the initial surface. This leads us to solve the nonlinear nonlocal parabolic
equation

(1.4) 8tu:A$u+Q(x,u,Vu)—H§ on X x (0,17,

where A"z denotes the fractional Laplacian on ¥ and @ is nonlinear. Following the idea in [16] we
prove that the nonlinear term @ in (1.4) remains small for a short time interval and the equation
can thus be seen as a small perturbation of the fractional heat equation. We then use Schauder
estimates and a standard fixed point argument to obtain the existence of a solution which is C'**5*e-
regular in space and obtain the smoothness by differentiating the equation. The right hand side
of (1.4) is essentially the parametrization of the fractional mean curvature. Similarly as in [3]
and [14], the main difficulty in our analysis is due to the complicated structure of the nonlinear
term @, which makes it challenging to estimate its C**“-norm in a quantitative way. In order
to differentiate the equation (1.4) multiple times we need effective notation and basic tools from
differential geometry. We also point out that the C'*'-regularity of the intial set causes additional
difficulties, because some of the constants in (1.4) depend on the C“-norm of the curvature of
3., which we cannot bound uniformly if we want 3 to be close to dEy. Finally another technical
issue, although a minor one, is that there is no comprehensive Schauder theory for the fractional
heat equation on compact hypersurfaces in the literature, and therefore we have to prove the
appropriate estimates ourselves (see Theorem 2.2).

The paper is organized as follows. After a short preliminary section (Section 2) we derive the
equation (1.4) in Section 3 by using the parametrization by the height function (Proposition 3.2).
In Section 4 we study the spatial regularity properties of the operator on the right-hand-side of
(1.4) and give the proof of the main theorem in Section 5. The Appendix contains the Schauder
estimates for the fractional heat equation with a forcing term on compact hypersurfaces, which
might be of independent interest.

2. PRELIMINARIES

Throughout the paper we assume that 3 c R™*! is a smooth compact hypersurface, i.e., there
is a smooth bounded set G ¢ R"*! such that OG = X. We choose G as our reference set and define
the classical solution of (1.1) (and (1.3)) as in the case of the classical mean curvature flow [26],
i.e., we say that (E;)ec0,r7 is a classical solution of (1.1) starting from Ej if there exists a map
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U e O(R™"™ %[0, T];R"™)nC>(R™! x (0, T];R™*!) such that ¥(-,t) is a C'**-diffeomorphism for
t € [0,T] and smooth diffeomorphism for ¢ € (0,7], with E; = U(G,t) for ¢t € (0,T], Ey = ¥(G,0)
and E; satisfies (1.1) (or (1.3) in the volume preserving case).

2.1. Geometric preliminaries. We recall some basic analysis related to Riemannian manifolds.
For an introduction to the topic we refer to [25], from where we also adopt our notation.

Since ¥ is embedded in R™™! it has a natural metric g induced by the Euclidian metric. Then
(X, g) is a Riemannian manifold and we denote the inner product on each tangent space X,Y € T, %
by (X,Y). We extend the inner product in a natural way for tensors. We denote by T(X) the
smooth vector fields on ¥ and recall that for X € T(X) and u € C*(X) the notation Xu means the
derivative of u in direction of X. We emphasize that we assume every vector field to be smooth.

We denote the Riemannian connection on ¥ by V and recall that for a function v € C* (%) the
covariant derivative Vu is a 1-tensor field defined for X € T(X) as

Vu(X) = Vxu=Xu,
i.e., the derivative of u in the direction of X. The covariant derivative of a smooth k-tensor field
F e T%(X), denoted by VF, is a (k + 1)-tensor field and is defined for Y1,...,Y;, X € T(X) as
VF(Y1,.... Y, X)=(VxF)(Y1,...,Y%),
where

k
(VXF)(HV'WYIC):XF(Yla"'aYk)_ZF(Y1a~"7va;~"7Yk)'
i=1

Here VxY is the covariant derivative of Y in the direction of X (see [25]) and since V is the
Riemannian connection it holds VxY = Vy X + [X,Y] for every X,Y € T(X).

We denote the kth order covariant derivative of a smooth function u € C*(X) by V*u, which
is a k-tensor field defined recursively as VFu = V(V*1u). Let Xi,..., X € T(X) be vector fields
on Y. Then Vku(Xl, ..., Xk) denotes the covariant derivative applied to X, ..., Xy and we often
use the notation

VXk"'leu = Vku(Xl, e 7)(]g).

We use the fact that ¥ is embedded in R™*! and define the sup-norm and the a-Hoélder norm,

for a€(0,1), of a function u € C(X) in a standard way,

[ullcos) = sup [u(z)]
TeX

and
[u(y) - u(z)|
Ul ca(sy = sup ————= + |ufcoryy.
sy = sup D2+ fulcogsy
TEY

Moreover, we set |[u]cx (s = Yo |V'u]co¢sy for all k € N. We define further the a-Hélder norm
of a k-tensor field F e T%(X) by

1Fca sy = sup{[F(X1, ..., Xi)|ca(z) : Xi € T(B) with [ Xi|crsy <1, i=1...,k}.

It is straightforward to check that this agrees with the more standard definition via partition of
unity. Using this we define the C**“- norm of function u, with k € N and a € [0,1), as

k
lullgrsa(s) = zz(:] |V ] ey

We use the notation u € C¥**(X) for a function u with bounded C***(¥)-norm when « € (0,1)
and u € C*1(X) when o = 1. We assume that ¥ = 9G is uniformly C1+'-regular surface and define
its C%!'-norm as the smallest number R such that G satisfies the interior and the exterior ball
condition with radius 1/R. Note that this norm also bounds |v|c1(sy. If a constant depends on
the Ct'!-norm of ¥ we choose not to mention it and call such a constant uniform.

We recall the following interpolation inequality. The proof is essentially the same as [20, Lemma
6.32] (see also [2]).
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Lemma 2.1. Assume X is a compact C11-hypersurface and let s € (0,1) and o€ (0,1~ s). For
every § € (0,1) there is Cs > 0 such that for u e C1*5+**(X) it holds

Huucua(z) < 6”UHCI+s+a(2) +Cs Hu||00(2)

Observe that V2u is symmetric, i.e., VZu(X,Y) = V2u(Y,X) for every vector fields X and
Y, while V¥u for k& > 3 is not. From the definition we see that for Xi,..., X € T(X) with
HXiHCk*'Q(Z) < 1, 4= 17 . .,k it holds

(2.1) VRu(X1, oo, Xy ooy Xy, Vi) = V(X Xy, Xy, Ya) + 07

Here the notation &'« stands for a function which satisfies

(2.2) 10"u) e sy < Cun ] i sy

for any 7 € (0,2). Note also that in general Vy Vxu # Vy (Vxu) for X, Y € T(X) since Vy (Vxu) =

Y(Xu)=YXu and VyVxu=YXu- (VyX)u. On the other hand if X;,..., X} are vector fields
with ”X, Hck+2(2) < 1, 1= 1, .. .7]€, then it holds

(2.3) Vi,V u= X Xqu+ 08,

where 9%1u denotes a function which satisfies (2.2). It is then straightforward to check that for
any v € (0,2) it holds
sup{HX;Cu-XluHCW(E) : X, € T(Z) s ”Xz Hcmz(z) <l,2=1,..., k‘}

2.4 1
(24) > - lullornsy - Celll vy

where C} depends on k.
~ We may use the fact that ¥ is embedded in R™! to extend any function F € C1(Z;R™) to
F e CYHR"1;R™) such that ' = F on ¥. We define the tangential differential of F' by

D, F(z) = DF(z)(I - v(z) ® v(z)),

where v denotes the unit outer normal of ¥ = 9G (outer with respect to G). We denote vy if we
want to be emphasize that the normal is related to ¥ and denote by vg(z) the normal of a generic
set E. It is clear that D, F(x) does not depend on the chosen extension. With a slight abuse of
notation we denote the tangential gradient of u € C*(X) at x also by D,u(x), even if it is a vector
in R"*L,

We may use the embedding to associate the tangent space T, X with the linear subspace {p €
R™!:p-v(z) =0} by the relation

v(u) = Dyu(z)-p for all uweC*(%),
where v € T, Y, i.e., a derivation at z, and p € R™*! with p-v(2) = 0. The components of the vector
p are then given by p; = v(x;). Indeed, by ’tangent space’ we usually mean the geometric tangent
space, i.e., a linear subspace of R""1, but for clarity we use ’ for the standard inner product of
two vectors in R"*! while ’(-,-)’ denotes the inner product on the tangent space. Similarly we may
associate a smooth vector field X € T(X) with the vector valued function X € C°° (2, R™*!) which
satisfies X (z)-v(x) =0 for all x € X and
Vxu=Dyu-X for all ue C*(X).

Therefore, by a vector field X we usually mean a vector valued function which values are on the
(geometric) tangent space, X - v = 0, with the convention that Xu denotes the derivative of u
in direction of X. Tt is also clear that the tangential gradient of u € C*(X) is equivalent to its
covariant derivative and for every « € (0,1) it holds

1
6”/“”0“&(2) < HDTUHCQ(Z) + Hu”C’O(E) < CHUHCHO‘(E)~
We denote the divergence of a vector field X € T(X) by div X and the divergence theorem states

/ div X dH" = 0.
bX
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For clarity we denote the divergence of a vector valued function F' e C*°(R""1 R"*1) in R"*! by
divgn+1 F. We may extend the definition of divergence to vector valued functions X € C°° (%, R"*)
by div X := Trace(D,X). Then the divergence theorem generalizes to

/ div X dH" :/ Hs X -vdH™,
b b
where Hy, denotes the mean curvature of 3, which is the sum of the principal curvatures.
2.2. Fractional Laplacian. We define the fractional Laplacian on X as
u(y) ~u(z) .,

1
2 ’Z,L(x) =2 EW Hy

A

This should be understood in principal valued sense, but from now on we assume this without
further mention. It is not difficult to see, and it actually follows from Proposition 4.9, that if
we C™(X) then A*F u is a smooth function on X. It is well known [14, 17] that by linearizing the
fractional mean curvature at X one obtains the following Jacobi operator

s+1

(2.5) L{u](z) = A u(z) + E(x) u(z),

where
20y [ ) —v(@)P
c;(z) = s |y — x|t
We note that since ¥ is a smooth surface, c¢2(-) defines a smooth function on Y. Again this is
not difficult to see and it follows from our analysis in Section 4. Moreover, since we assume X is
uniformly C'!-regular, the a-Hélder norm of ¢Z, for small «, is uniformly bounded (see Lemma
4.3).
As we mentioned in the introduction, the proof of the main theorem is based on regularity
estimates for nonlinear nonlocal parabolic equation. To this aim we need standard Schauder
estimates for the fractional heat equation with a forcing term

(2.6) { O = A5+ flz,t) +g(x) on ¥ x (0,7]

dH.

u(z,0) = up(x) for x €.
We prove the following Schauder estimate. We give the proof in the Appendix.

Theorem 2.2. Assume that f: X x[0,T] > R and ug,g: X — R are smooth and fixr a € (0,1-s).
Then (2.6) has a unique smooth solution and it holds

sup HU(, t)“clJrera(E) < C(l + T)(HUO ||Cl+s+a(2) + sup Hf(,t)| cx(x) + T”g||cl+s+a(2))
0<t<T 0<t<T

and
sup [lu(-, )] coesy < Juolcosy +T( sup | £, 8) |eocsy + lglcosy)
0<t<T 0<t<T

The second statement is in fact a simple consequence of the maximum principle.

3. PARAMETRIZATION OF THE FLOW (1.1)

In this section we follow [23] (see also [26]) and parametrize the equation (1.1) by using the
height function over a smooth reference surface. Note first that since dEj is a compact Cbl-
hypersurface we find for any € > 0 a smooth compact hypersurface ¥ such that we may write 0F
as a graph over X,

OFEy = {x + ho(x)v(x):zxeX}

with |[ho[co(sy <€ and |[hofc2(s) < C. Indeed, we may first fix a smooth surface ¥y such that
OFq = {z +h(z)vs, () 1 z € X},

where h e C1(Zg) (note that HiLHC“TJ(EU) is not necessarily small). By standard mollification
argument we find he € C* (%) with

|he = hlcogsyy <& and  [heczesy) < C.
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Thus we may define ¥ = {x + h(x)vs, () : z € 3o }.

From now on we assume that « is a positive number such that « < (1 —5)/2. We note that
because OEy is only C*'-regular we have |vs|c1(sy < C but [vs|cresea(s) < Ce™**. This means
that we have to be careful in our analysis whenever we have terms which depend on the norm
|lvs: || ¢1+s+a sy, because we cannot bound it uniformly if we want ¥ to be close to dFy. Note that

Ihollcesy < lhollGotsy lholl&r sy <€
and therefore even if |[vs | c1+s+a(xy is large it still holds

(31 Ihollca(sy Vs | oresra(sy < Ce' 7572

for aw < (1 - )/2. Therefore for any ¢ > 0 we may choose ¢ small such that

(3.2) lholcrtsva(sy + [hollca sy lvsllorestasy < 0.

In particular, this implies ||hg vs || c1vs+a sy < C96.

Our goal is to write the family of sets (E})¢e(0,7], Which is a solution of (1.1), as a graph over the
reference surface 3. To be more precise, we look for a function h e C(X x [0,T])nC*=(X % (0,T1])
such that the family of sets F; given by

OE; ={x+h(z,t)v(z):xeX} and h(z,0)=ho(z)

is a solution of (1.1). In this section we provide the calculations which show that this leads to the
equation

(3.3) O¢h = L[h] + P(x,h,Vh) - Hs,(z),

where H3, is the fractional mean curvature of the reference surface ¥ and L[-] is the linear operator
defined in (2.5). The precise formula for the remainder term P is given in Proposition 3.2. Our
goal in the next section is then to show that for 6 > 0 small the function = — P(z,u, Vu) satisfies

HP(, u, VU) HC“(Z) < 05|‘u|‘cl+s+a(2),

when [u[ c1+s+a(x) < 8. This means that we may treat (3.3) as a small perturbation of the fractional
heat equation, i.e., (2.6) with f =0 and g = 0.

In order to calculate (3.3) we define the class of sets hs(Z) such that E € h5(X) if its boundary
can be written as

(3.4) OF ={x+ hg(z)v(z):z e X} and |hg|cissras)y < 9.

In particular, if E € h5(X) then its boundary is a compact C**$*“ hypersurface.
We begin with a standard calculation.

Lemma 3.1. Let E c R™! be a smooth bounded set, let &, be a family of diffeomorphisms such
that ®g(x) = x, denote the velocity field by X (x) = % 0@ (2) and suppose X € Cltste(%). Then
it holds

d

-—| H o =2
Gl to () (@@ =2 |

(X(y) - X(x)) -ve(y)
|y _ x|n+1+s

dH.

n+s+1

Proof. Let us denote E, = ®,(E) and k.(z) = (|z]* +&)~" 2 . It is enough to show that

d n
drlo [ @@ = [ )X - X (@) v

Indeed, by repeating the same calculations for the second term in (1.2) and letting ¢ - 0 yields
the result. We split the above term as

d d d
— ke(®,(x) —y)dy = — ke(z —y)dy+— ke(®-(x)-y)dy.
oo [ R -ny= T [ kaendie ] [ k@@ -nay

=J =11




NONLOCAL MEAN CURVATURE FLOW 7

Let us denote the Jacobian of ®; by Jg_gn+1. Since %L_:OJ(I)T’]R'@JA = divge+1 X, we may write
the first term by change of variables as

I = %L:o /E ke(®7(y) — ) Jo, mrei (y) dy
) /E (ke (y = ) (divnn X)(y) + Dyk(y - 2) - X (y)) dy
- /Ediva(kE(y—a:)X(y))dy

_ / ke(y-2) (X(y) -ve(y)) dH,.
OF

By symmetry it holds Dyk.(x —y) = —Dyk.(x —y). Therefore we have for the second term
1= [ (Duke(a-y)-X(@) dy
E
= —/ divgns (ke(y — ) X (2)) dy
E

- _/GE ke(y—z) (X () -ve(y)) dH,.
O

We may use Lemma 3.1 to write the fractional mean curvature Hj, over the reference surface .
Let E € hs(X) with OF = {x+ h(z)v(x): z € ¥}. We define the sets Ey as OEy = {z+t'h(x)v(x) :
x € X}, with ¢’ € [0,1], and family of diffeomorphisms @y, : 3 — JEy as

Sy (z) =+t h(x)v(x).
Then for x € ¥ we have
1
5 d e ’ s
(35) (o h@)(@) == | oG, o) (@en () A - H3().

We denote the tangential Jacobian of ®u, by Jg,, (see [1] for details) and define ®,(z) :=
(I)(t,”)h((bt‘,lh(x)). Note that ®, : dEy — OFEy,, is a diffeomorphism and

d _ _
%L:O(I)T(:E) = h(®;), (2))v (P15, () for z € OFy.
We apply Lemma 3.1 and change of variables to deduce
d s
~ e, ) (Pen(2)
1 _ _ - - n
= 2/8E o (h( @ () (@ (1)) = M( @73, (2)) (33, (2))) - v, (y) dHy

1
2|y @
(h(y) - h(2)) . .
5 [®un () = @pn (y) |1+ ) v (Ben() o, ) 4y
(v(y) —v(x)) -ve, (Prn(y))
"2 (/E |45 () = Pyrp (y)|H1+e
We may write the normal vg,, (see [26, Section 1.5]) as

1

(h(y)v(y) - h(@)v()) - ve, (Pun(y))Je,., (y) dH,y

=2

‘]‘i’t'h (y) dHZ) h(I)

(3.6) ve (@en(y)) = 5 ((1+Qu(y,t'h, t'VR))(y) + Q2(y, t'h, t'Vh)),

t'h
where @); are smooth functions which depend on the second fundamental form of ¥ and @;(y,0,0) =
0, for i =1,2 for all y € ¥. Moreover, ()2 takes values on the tangent space, i.e., Q2(y,-,-)-v(y) = 0.
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We may thus write

(h(y) ~h() e .
2 [ e e (v(0) -, (B0 () o, (1))

(h(y) - h(x))
s [Pyn(z) = @ (y)|nt1+s

s+1

=2A"2 h(zx)

=2

(1+Q:1(y,t'h,t'Vh)) dH,

1 +Q1(y>t,hat,vh) 1 n
2 00 -1 (g s ) 4

We write 2(v(y) - v(z)) - v(y) = |v(y) - v(z)[* and obtain by (3.6)
(v(y) —v(2)) ve, (Pvn(y))

? Jo,, (y) dH;
5 | Pup(x) = Pyp (y)|nri+s @, l(y) Yy
[P
) |y — x|n+1+s Y
o 1+ Qi(y,t'h,t'Vh) 1 ) n
Cs T - M
/2 | (y) ( )‘ ( |(I)trh(l') - (I)t,h(y)|n+1+s |y _ x|n+1+s y

+2 / (v(y) - v(2))  Qa(y,t'h,t'Vh)
s [Pun(z) - Bya(y)[+e
To shorten the notation we denote the kernel K, : ¥ x ¥ — [0, 00] generated by u € C1+5+%(¥%0)
as

1
(3.7) Ku(y,z) = ly -z +u(y)v(y) - u(z)v(z) s

Recall that Q1 (y,0,0) = 0. We may thus write
1+Qi(y, t'h,t'Vh) 1
By (2) — By ()1 [y — a|rits

We may finally write the fractional mean curvature of E € h5(X) by recalling the linear operator
L[-]in (2.5), by (3.5) and by the previous calculations

(3.8) —-Hp(x+ h(z)v(x)) = L[h](z) - Hy,(x) + R1p(x) + Rop(x) h(z).

The remainder terms R;, and Ry, are defined for a generic function u e Cltste(x) with
Hu“c’1+5+a<z) <4 as

dH.

- [ (1 Qulw T K (w)e

(39)  Riu(a)=2 /0 /O /E (u(y)—u(x))d%((l+Ql(y,fu,fw))Kgu(y,x))d’H;;d&dt’

and
1 ot d

Rata) = [ [ [ ) = @)P (1 Qa6 690) Kea . ) it st
(3.10) 0 01 ¥
w2 [ [ 00 - v(@) - Qay. V) Koy ) gt

0 Jx
where the kernel K, is defined in (3.7), and Q1, Q2 are smooth functions which satisfy Q1 (y,0,0) =
Q2(y,0,0) =0 for all ye .

In order to write the flow (1.1) as an equation we recall from [26] that the normal velocity of
the flow (E}): given by E; = ®,(F), where ®;(x) =2 + h(z,t)v(x) on X, is

Vi = (vE,(®:(2)) - v(z))0h.
By choosing in t' =1 in (3.6) we have

v (84(2)) - w(x) = é(l +Qu(y. h,VR))
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and the Jacobian can be written as Jg, = 1+ Q3(y, h, Vh). Here Q1 and Q3 are smooth functions
with Q1(z,0,0) = Q3(x,0,0) =0 for all z € ¥. Thus when F; € h5(X) for small enough § we may

write

(3.11) Vi = (vg, (®4(2)) - v(2))0:h = Oih
! 1+Q(y,h(,t),Vh(,t))

where @ is a smooth function with Q(x,0,0) =0 for all z € ¥. We may finally write the equation
for h by combing (3.8) and (3.11). We state this in the following proposition.

Proposition 3.2. Assume that the flow (Et)ie(o0,r], with E; € h5(X) for t € (0,T], is a classical
solution of (1.1) starting from Ey with OEy = {x+ho(x)v(x) : x € B} and assume § is small. Then
the function h € C(X x [0,T]) nC* (X x (0,T]) with OF; = {z + h(x,t)v(z) : x € ¥} is a solution
of the equation

(3.12)

Ouh = (1+ Q. h, Vh))(LIR] - HE(2) + Ringy(@) + Rony(@) h(at)) o £ x(0,7]

with h(z,0) = hg. Here L is the linear operator defined in (2.5) and H$, is the fractional mean

curvature of the reference surface ¥. The remainder terms Ry p(.) and Ry (.4 are defined in

(3.9) and (3.10) respectively and Q is a smooth function with Q(z,0,0) =0 for all z € X.
Conversely, if h e C(X x[0,T])nC>(X x (0,T]) is a solution of (3.12) with

h(x,0)=ho and sup |h(-t)|cresras) <9,
0<t<T

then OF; = {x + h(x,t)v(x) : © € X} defines a family of sets which is a solution of (1.1) starting
from Ej.

4. REGULARITY ESTIMATES FOR THE NONLOCAL OPERATORS

In this section we study the spatial regularity issues related to the equation (3.12) and, in
particular, the remainder terms R;, and R, defined in (3.9) and (3.10). As we mentioned in
the previous section, our goal is to prove that if |u|c1+s+a is small then Ry, and R, are small
in the C*-sense, which then implies that we may regard the equation (3.12) as a linear equation
with a small perturbation. We study also the higher order regularity of Ry, and Ry, in order to
prove that the solution of (3.12) becomes instantaneously smooth. The complicated structure of
Ry, and Ry, makes this section challenging.

Throughout this section K denotes a generic kernel, if not otherwise mentioned, while K, is
the kernel defined in (3.7). Next we define the class of kernels which we will use throughout the
section.

Definition 4.1. Let k>0 and K : X x ¥ > Ru {zoo}. We say that K € S, if the following three
conditions hold:

(i) K is continuous at every y,z € ¥, x # y, and it holds

|K (y,2)| <

|y _ x|n+1+s :

(ii) The function x — K (y,x) is differentiable at every z,y € 3, © # y, and

K
VK (y, )| < [y — a2
(iii) The function
v@) = [ =) Ko dre

is Holder continuous with [¢[ce(x) < k.

Remark 4.2. Throughout the paper we assume that Y is a compact hypersurface, but Definition
4.1 can be extended to the case ¥ = R"™. For instance the autonomous kernel |y — 2|~ 1~* in R"
trivially satisfies the conditions (i)-(iii) for k =n + 1+ s.
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The first two conditions in Definition 4.1 state that the kernel K behaves similarly as the
model case |y — 2|71, while the third condition is somewhat more involved. Indeed, it is not
trivial to prove the condition (iii) for K, defined in (3.7), since ¥ is not flat and thus there is no
cancellation due to symmetry as in the case ¥ = R™. (We will prove this in Lemma 4.5.) However,
it is important first to notice that there are cases when we do not need the condition (iii) to prove
Holder continuity estimates. This is stated in the following useful auxiliary lemma.

Lemma 4.3. Assume that K : ¥ x¥ - Ru{+oo} satisfies the conditions (i) and (i) in Definition
4.1 with constant k > 0. Moreover, assume that F € C(X x X) satisfies the following:
(1) For all x,y € ¥ it holds

|1+s+a

|F(y, )| < koly - =
(2) For all x,y,z € X with |y — x| > 2|z — x| it holds

|F'(y,2) = F(y,2)| < kolz — 2| |y - a.
Then the function
0(a) = [ Pln)K o) i
is Holder continuous and ||[{)|ca sy < Crok.

Proof. By the condition (i) in Definition 4.1 and by the assumption (1) we immediately obtain
[¥|co(sy < Chok, because the function y = F(y,z)K(y,) is integrable over ¥ for every z. To
show the Holder continuity we may assume that 0 € ¥ and we need to show [¢(2)-1(0)| < Crorl|z|*
for z € ¥ close to 0. We divide the set ¥ into X_ = X n {Jy| < 2|z|} and 2, = X n{|y| > 2|z|}. For all
y € X_ it holds by the condition (i) in Definition 4.1 and by the assumption (1) that

1

_y - 2|

32|
/ |F'(y, 2)||K (y, )| dHyy < Hofi/ dH, < Cmoﬁ/ Pt dp < Crgrl2|*.
) by 0

Similarly it holds
[ GO 0t < ol
Y

On the other hand it follows from the condition (ii) in Definition 4.1 that for all y € X, i.e.,
ly| > 2|z|, it holds
|Z| st+a
|y|n+2+s

2|
|y|n+1+25+a :

<Ck

|K(y,2) - K(y,0)|<Ck

This together with the condition (i) and with the assumptions (1) and (2) yield

/Z IF(y,2)K (5, 2) ~ F(y,0) K (y,0)| dH?

< / IF(y.2) - F(3,0)||K (4, 2)] + |F (4, 0)|K (3.2) - K (y,0)| dH”

; 1
< Clﬂ}o/‘@|2|é+a/ Hm dHZ
=Y

(o]
< C’/so/<;|z|s*°‘/ p " dp < Crikal2|®.
2|z]

These imply [¢(z) — 9 (0)| < Crika|z|*. O

We proceed by stating first the crucial regularity estimates we need repeatedly in the paper,
and then prove that K, € S, (see Definition 4.1) for bounded k.

Lemma 4.4. Let K € S, (see Definition 4.1) and assume vy € C*5Y(X), vy € C***(X) and
vz € C*(X). Then the function

b(x) = / (v(y) — 01 (2) oo (y)va () K (g, ) AR
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is Holder continuous and

H"/}HC“(E) < Cklvy Hcl+s+a(2) |vz| Cs+a () lvs ||0a(2)~

Proof. We write 1 as

() = vs(x) / (01(y) - 02 (1)) (03(y) - 02(2)) K () dHT + (s () / (01(9) - 1 (2)) K (y,2) dH

=1 () =po(x)

Note that Hd)”ca(z) < ”Ug”ca(z) le ||Co<(2) + H’Ug”ca(g) ”’UQ”Ca(E) ”wg ||CO<(Z). Therefore it is enough
to estimate 1)1 |ce () and [Y2] ca(sy. We define

Fi(y,x) = (v1(y) - vi(2))(v2(y) - v2(2)).

It is straightforward to check that F satisfies the assumptions of Lemma 4.3 with o < C' |vy | o1 (s) [v2[ s ()
Therefore Lemma 4.3 yields |11 ]ca(s) < Ck |v1]c1(myllva] cste (). We need thus to show that

(4.1) [2loe < Crlvr]greera(sy.-

To this aim we write 15 as

Un(z) = / (02(9) - v1(2) ~ Drvr (2) - (y - ) K (3, 2) dH +Dyn (x) - / (y - 2) K (y,z) dH.

=1p3(x)
It follows immediately from the condition (iii) in Definition 4.1 that the second term on the right-

hand-side is Hélder-continuous with C*-norm bounded by Ck|v1 | c1+a(s). We need thus to prove
the Holder-continuity of 3. We notice that for every x,y € ¥ it holds

[01(y) = v1(2) = Droa(a) - (y = )] < Jor | ereeraly - 2

Therefore the function

(4.2) Fy(y,2) :=v1(y) —vi(2) - Drvi(z) - (y - @)
satisfies the assumption (1) of Lemma 4.3 with g < |[v1]c1+s+a(x). Moreover for every x,y,z €
with |y — x| > 2|z - 2| it holds
[F2(y,2) = Fa(y,2)| = |(v1(y) = v1(2) = Dror(2) - (y = 2)) = (01(y) 01 (2) = Droa(2) - (y - 7))
=|(v1(2) =v1(2) = Droa(2) - (2 = 2)) + (Drva(2) = Droa(2)) - (y - )|

|1+s+a

< lvr|grestalz — 2 + o1 crestalz = 2|y — 2

< 2”1}1 Hcl+s+a|z - x|s+a|y _ l‘|
Therefore F; satisfies the assumption (2) of Lemma 4.3 with g < 2[v1]c1+sva(x), and we conclude
by Lemma 4.3 that
[3]ce < Crlvi|crestas)y-
]

Let us now prove that the kernel K, defined in (3.7) belongs to the class S, (see Definition 4.1)
for bounded #, when the norm |[u vs | c1+s+a(xy is small. Recall that this is a reasonable assumption
by (3.2). We denote

D, (x):=x+u(x)r(x)
and write K, defined in (3.7) as
1
|Po(y) — oy () [re1+s”

K. (y, x) =
We study also the linearization of K, which means that for a given w € C1***%(3) we consider

(4.3) (Pu(y) - @ul@)) - (w¥)r(y) - wz)v(z)).

n+l+s
|(I)u(y) - q)u(x)|n+3+s

d
Kuyiew y =
Tz |£:O +ew (Y, T)
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Lemma 4.5. Assume that u € C'*5**(X) is such that |uf cressa(sy + |uvs|civsra(sy < 6 and
w e C1*5*(X). Then the following hold.

(a) When 6 is small enough the kernel K, defined in (3.7) belongs to the class Su,, with
k1 <C.

(b) When ¢ is small enough the kernel d%|£ Ongw belongs to the class Sy, with

Ko < CHU} 12> ||Cl+s+cx(2).
Proof. Claim (a): We denote ®,(z) := 2 + u(x)v(x) and recall that

1

Kl ®) = G oy aump

It follows from the assumption |uvs|citsva(sy < d that
1
(4.4) Sl —al <1@u(y) - Pul2)] < 2ly - al,

when ¢ is small. Therefore it is clear that K, satisfies the conditions (i) and (ii) in Definition 4.1
of Sy, with k; <C.

The condition (iii) in Definition 4.1 is technically more involved to verify. We note that in
principle we should regularize the kernel K, for the forthcoming calculations as in the proof of
Lemma 3.1, but we ignore this since it can be done with obvious changes. Recall that we need to
show that the function

(4.5) () = / (y - 2) Ko (y. ) dH?

is Holder continuous. The idea is to use integration parts in order to write ¥ as a nonsingular
integral. To be more precise, we prove the following equality

=y (x)

@6) (14 QD) [ (v DKy ) a5 = [ Fo (0.0) Ky, 2)aH5,
b b
where Q is a smooth function with Q(z,0) =0 for all z € 32, and

Fo () == 20, () -0, (@) + (5 -2) (@) v(2)

—(D: 2y (y) - qu)u(x))T(‘I)u(y) -, (z))
- qu)u(x)T((bu(y) - (I)u(:)?) - D‘rq)u(‘r)(y - LL'))

Recall that we already know that K, satisfies the conditions (i) and (ii) in Definition 4.1. The
idea is then to show that Fg, defined in (4.7) satisfies the assumptions of Lemma 4.3, which then
implies that the RHS of (4.6) defines a Holder continuous function.

In order to show (4.6) we shorten the notation by ®(z) = ®,(z) and notice that the tangential
gradient of y — |®(y) — ®(z)[7""17% is

(4.7)

D, (y)" (2(y) - 2(2))
@ (y) = D(a)[r+1+
D ®(2)" (2(y) - 2(x))
|@(y) = D()["*1+
(D-®(y) - D, ®(2))"(P(y) - 2(2))
[@(y) = D(a)[m*+ '

Dr(y)|®(y) = ()1 = ~(n~1+5)

=—(n-1+5s)

-(n-1+5s)

By the divergence theorem it holds

-n+l-s n _ Hz(y) V(y) n
Jprwte - e - | e




NONLOCAL MEAN CURVATURE FLOW 13

Therefore the two previous equalities yield

w [@(y) - ©(z)[n+its (n- 1+8) s [@(y) — P(z)[n-t+s

_ / (D-2(y) - D, ®(2))"(2(y) - P(x))
> [®(y) - @(z)[r+!+e

(4.8)

dH.

We write the term on the left-hand-side as

P(y) - P(x)
s [2(y) - D(a)["1*e

i, :(D.r(I)(x)TD.,JI)(m))/E 12(y) _yq:(i)|n+1+s dH,

» [©(y) - (z)[+1+e
The equality (4.6) then follows from (4.8), (4.9) and from the fact that
D, ®(z)T D, ®(x) = I -v(z) ®@v(z) +Q(z, D (urs)),

where Q(z,0) =0 for all z € ¥. }
When ||uvs|cr < §, with 6 small enough, the matrix I+ Q(x, D,(uvs)) is invertible. Therefore
in order to show that

D, ®(x)"
(4.9)

b(x) = / (y - ) Koy, ) dH

is Holder continuous it is enough to show that the RHS in (4.6) is Holder continuous. As we
mentioned, we will do this by showing that Fgp, defined in (4.7) satisfies the assumptions of
Lemma 4.3 with k¢ < C.

First, by using (4.4) and |uvs|cissta(sy <0 it is straightforward to check that

_
(n-1+s)
satisfies the assumptions of Lemma 4.3 with kg < C'. Moreover we have that
[0 (y) = @u(@) = D@y (2)(y — 2)| < Cly — a7
Therefore, arguing as with (4.2) we deduce that
F2(yax) = _DT(I)U(f)T(q)u(y) - (I)u(x) - qu)u(x)(y - 55))

also satisfies the assumptions of Lemma 4.3 with g < C.
We need yet to treat the term

Fl (y,m) == HE(:U) V(y)|¢)u(y) - (I)u(m)|2 - (DT(I)u(y) - qu)u(x))T((I)u(y) - (I)u(m))

F3(y,2) = ((y - 2) -v(2)) v(2).

Since ¥ is uniformly C'!-regular hypersurface, there is a constant C' such that |(y - z) - v(z)| <
Cly~-|? for every x,y € ¥. Therefore I satisfies the assumption (1) of Lemma 4.3. The assumption
(2) is straightforward to verify but we do this for the reader’s convenience. We have

[F5(y, 2) = Fa(y. )| = |[(v(2) @ v(2))(y — 2) = (v(@) ® v(2)) (y ~ z)|
<|w(z) @v(z) ~v(z) ®v(2))(y - 2)| + |(v(2) ® v(2))((y - 2) = (y - 2))|
<|(w(z) @ v(z) —v(z) @ v(z))|ly - 2| + [v(z) - (z - 2)|
<Clz-zlly - 2| + C|z - z|*.
Note that |y — x| > 2|z — 2| implies |y — z| < 2|y — z|. Therefore Fj satisfies the assumption (2) of
Lemma 4.3 and the RHS of (4.6) is Holder continuous. This proves the claim (a).
Claim (b):
We denote 0, K, = d%|§=OKu+5w for short. Note that from (4.3) and (4.4) it follows

Clwvs|cis)
ly — z[rri+s

|0w Ku(y, )| <



14 VESA JULIN AND DOMENICO ANGELO LA MANNA
for every z,y € X, # y. Therefore 0, K, satisfies the condition (i) in Definition 4.1 with x <
Clwvs|ci(sy. It is straightforward to check that 9, K, satisfies also the condition (ii) in Definition

4.1 with x < OHw”Cq(E)
We need thus to verify the last condition, i.e., we show that

(4.10) @)= [ (-0,
)
satisfies Hiﬂ\ca(g) < Clwvs|grestasy. To this aim we recall that by (4.6) for small £ it holds

(4'11) (I+Q($,DT(UVE+£’LUVE)))/E(y—x)Ku.'{w(y,Q?)d'HZ=/EFq>“+£w(y,$)Ku+§w(y,-'17)d%;,

where Fg .., is defined in (4.7).
Let us denote the RHS of (4.11) by

pe(x) = /E Fa.o. (5.7) Kuveu (3, 2)dH?.

By differentiating we have

0 0 n n
5§|5=0¢5($):/E5£|g=oF¢u+5w(y,x)Ku(yvx)dﬂy’+/2F¢u(y,r)3wKu(y,x)dHy-

=g =pg,2

Recall that 0, K, satisfies the conditions (i) and (ii) in Definition 4.1 with & < Cl|lwvs|c1(x) and
we already proved that Fg, satisfies the assumptions (1) and (2) of Lemma 4.3 with kg < C.
Lemma 4.3 then implies that

lee2lca(s) < Cluvs|ois)-

To treat ¢¢ 1 we recall that we already proved that K, € S, for k < C. We simplify the
expression (4.7) by writing it as

P 0, o)~ Dt (=21 1))

- DT(I)u+§w (y)T((I)u+§w (y) - (pu+§w(x)) + DT(I)u+§w(x)TDT(I>u+§w(z)(y - IE)
We denote ®! (x) = %|§:Oq>u+5w(1‘) = w(x)v(z), differentiate the above equality and obtain

m@u(y) =~ Du(2)) (2, (y) — ()

- D, (1) (Pu(y) - Pul2)) = Dr®u(y)" (27, (y) -, (2))
+(D;®),(2)" D, @, () + D; @, (2)" D, @), (2))(y - ).

F<I>u+§w (yﬂ 1’) ==

9]
3*€|5ZOF<1>Q+§“, (y,x) =~

Since | @}, [ c1+sra(sy, [Dr Py || cora sy < Cllw vs | cresta(sy we may use Lemma 4.4 to deduce

” P | Cltsto () < CHU] vy ||Cl+s+a(2) .

The Holder continuity of , defined in (4.10), then follows from (4.11) and from the fact that
d ~
Hdig é:OQ(%DT(U vs +E&wvs))|ces) < [wrs|orees).
Hence we have
[¥lce(s) < Clwrs|cisie(s).
This proves the claim (b). d
Remark 4.6. It is clear that the results of Lemma 4.4 and Lemma 4.5 hold also in the case

3 = R" if we assume that the functions vy, vs,v3,u and w are in the corresponding Hoélder spaces
globally, i.e., v; € C1****(R"™) for i = 1,2,3 and lulcresra(mny < 0.
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We may use the previous results to prove that when |u]gi+s+o is small then the remainder terms
Ry, and Ry, defined in (3.9) and (3.10) are small. This is stated more precisely in the following
proposition. Recall that we may ignore the dependence on C'-norm of vs, but we do however
need to keep track on the dependence on higher norm of vy, for later purpose.

Proposition 4.7. Assume u € C'****(X) is such that |u]civsra(sy + |uvs|cresa(s) < 6, and let
Ry, and Ry, be the functions defined in (3.9) and in (3.10) respectively. Then for § >0 small
enough it holds

”Rl,uHCa(E) <C$6 HU‘|Cl+S+a(Z) and (=) < C(SHI/Z ||Cl+s+a(2).

Proof. Estimate for R; ,: Recall that

Ryu(x) =2 / / / (u(y) ~ () ((1+Q1(y €u,E9u)) Kew (3, 7)) dHDdEdr.

For later purpose we prove a slightly more general claim. Assume that v is as in the assumption,
v e C*%(%)) and define

d n
(4.12) p(x) = /E(U(y) - v(ﬂ?))dfg((l + Q1 (y, fu, EVu)) Keu (y, x)) dHy.
We claim that it holds
(4.13) lellca(s) < Cd v]ressa
for all £ € [0,1]. The estimate for Ry, then follows from (4.13) by choosing v = u
In order to prove (4.13) we write (4. 12) as
o(a) = [ 00) = 0(0)) (101 0,V0)) Ko ()

[0 ~0()) (1 Q.60 670 (G K () -

When ¢ is small Lemma 4.5 yields K¢, € S, with k1 < C and IgKfu € Sy, With ky < Cluvs|cirsra(sy <
C¢ for all £ € [0,1]. We note that the functions @; and Q2 in (3.6) depend on the second fun-
damental form of ¥ such that Q;(z,u, Vu)|cs(n) < C([u|cis(sy + [uvs|cis(sy) for B e (0,1).
Therefore it holds

(4.14) 11+ Q1(y,&u,EVu) | gora(sy < C
and we also have
(4.15) H Ql(y Eu, EVU) | oo sy < O(|ulcresta sy + luvs | ciesva(sy) < CO

for all £€[0,1]. Hence7 the estimate (4.13) follows from Lemma 4.4.
Estimate for R,,: Recall that

! v Qd n /
Rou(a) = / / / () = @) (14 Q0 60, E900) Ko () b

1
" 2/ / (V(y) - V(I)) : Qz(ya t,uv tlvu) Kt’u (ya 17) dHZdt,
0o Jx
We use [v(y) - v(z)]? = -2v(x) - (v(y) - v(z)) and write the first term as

() = / v(y) - u(x>|2d%(<1 +Qu(y. £, £Vu)) e (y, 7)) dH?
- 2(x)- / ((y) - u(x»%((l +Qu (. €u,6V0)) Ko (y, 7)) dH?

The function inside the integral is of type (4.12) with v = v and therefore (4.13) implies |91 | ca(x) <
C(SHI/E Hcl+s+a(2).
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Let us fix ¢/ € [0,1]. We need yet to prove that the function
a(e) = [ () = V() Qalont'ust V) Koy 2) 1
satisfies [[¢2[ o sy < C6. To this aim we recall that we may estimate
1Q2(,t'u, t'Vu) | cors (s < C(|u] cressacsy + [uvs | cressa(s)) < C4.
Since Ky, € Sk, with k1 < C, Lemma 4.4 implies [tz ce(sy < Cd|vs|cirsra(s). O

We need similar estimate as Proposition 4.7 for the linearization of the remainder terms R,
and Ry ..

Proposition 4.8. Assume u,w € C'"**(X) and |u]cressa(s) + [uvs|cresasy < 0. Let Ry yrew
and Ro yi¢w be functions defined in (3.9) and in (3.10) respectively and define

d
0w Ri,u() = Rigepu(z)  and  9,Re,(z) = %| ' Rouru(@).

o
d?] n=0 n=0

Then for § small it holds
10wR ullco(s) < Co|w|crrsra(s) + Cslw|cocs)

and
HawR2’u|

Here C is a uniform constant while Cs; depends on ||vs | civsra(sy-

co(x) < CHVZ Hcl+s+a(2) H’LU||01+5+Q(E) + CZ H’LUH00(E).

Proof. This time we prove the claim only for d,, R ,, since the argument for 9,,Rs ,, is similar. We
differentiate Ri y1nuw, defined in (3.9), and obtain

8le,u(iC) = Rl,qunw(x)

&
dnln=0

1 t’ d n !
(4.16) ‘2/0 /0 /E(w(y)—w(x))dz((l+Ql(y,iu,ﬁw))f{gu(y,x))dq.tydgdt

+ 2/(; /E(U(y) _U(-'L'))%L]:OQl (y’t,(u+77w),t'V(U+nw))Kyu(y,x) dHZdt,

+ 2/01 /E(u(y) —u(z))(1+Q1(y,t'u,t'Vu)) (d%L?:O

Note that the first term is of type (4.12) with v = w and therefore (4.13) implies that it is Holder
continuous and its C*-norm is bounded by Cd|w|ci+s+a(s). Concerning the two last terms in

(4.16), note first that Lemma 4.5 (b) yields %|n:0Kt/u+t/nw € Sy, with ko < Clwvs|crestacsy. By

Kt’u+t’7]w(y7 fL')) dHZdt’

the interpolation inequality in Lemma 2.1 we may estimate
|lwrs|cirsra(s) € Clwlerssaisy + Cslw]eo(s)-
Moreover, we have by (4.14)
1+ Q1(y,t'u, t'Vu)| cara(sy < C

and as in (4.15) we have

d
I d777‘n=0Q1(y’ t'(u+nw), t'V(u+nw))|cerasy < C(|lw|crrsa sy + |wrs|crrsas))
< O|‘w”cl+s+a(2) +Cx, HwHCO(E).

Thus we deduce by Lemma 4.4 that the two last terms in (4.16) are Holder continuous with
C*-norms bounded by Cé||w|ci+s+a(sy + Cs |w|co(sy. Hence, we have

Hale,u

|ce(n) € COllw]crvsra(sy + Cslw]cocs).
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At the end of the section we study how to control the higher order norms of R; , and Ra,
in order to differentiate the equation (3.12) with respect to x. Moreover, even if the fractional
Laplacian is linear it is not obvious how to bound its higher order covariant derivatives. Before
that we remark on how we write the derivative of the function

() = / Gy z) AN

with respect to a vector field X € T(X). First it holds

Vxd(z) = /E V(o) Gy ) M,

where Vx ()G (y,r) denotes the derivative of G(y,-) with respect to X. On the other hand it
holds

divy (G(y, )X (y)) = Vx () Gy, z) + G(y, z) div(X) (y).
Therefore we have by the divergence theorem that

(417)  Vxd(e) = / (Vo + V(o)) Gy, ) dH + / Gy, ) div(X)(y) dHT,

where
(vX(y) + vX(w) )G(y7 93) = VX(y)G(Zh I‘) + VX(Z)G(ZJ, I)
The following proposition gives us a formula to commute differentiation and the fractional

Laplacian. In the following, and in the rest of the paper, C} denotes a constant which depends on
k and on ¥ in an unspecified way while C' denotes a uniform constant.

Proposition 4.9. Let Xi,..., Xy € T(X) be vector fields such that | Xi|crvz(sy <1 fori=1,...,k
and assume u € C=(X). Then

vxkn-vxl(A%u) = A%(VX;C"'VX{U) + OFF sy,

‘ak+s

where 0%*5u denotes a function which satisfies | u|ca(sy < Crlul gresa(sy. Moreover, it holds

1+s

HA 2 u”Cma(g) < CkHUHCk+1+s+a(E)

for every k e N.

Proof. Let us denote K(y,z) = |y — 2|17 and let X1,..., X} € T(X) be as in the assumption.
We define 01 K (y, ) = Vx, () K(y,2) + Vx,(2) K (y, ) and 0; K (y, ), for 2 < j <k, recursively as

ajK(va) = vXj(y)aj—lK(yax) + VXj(w)aj—lK(ya ).

We begin by claiming that 0, K (y,x) satisfies the conditions (i)-(iii) in Definition 4.1 with & <
Ck, i.e., OxK(y,x) € S¢,. Note that the constant does not depend on the chosen vector fields
X1,..., X}, once they satisfy | X;[cre2(xy < 1.

It is straightforward to check that 0y K (y, ) satisfies the conditions (i) and (ii) in the Definition
4.1 with k < C, for some Cj. We need thus to prove the condition (iii). We prove this by induction
and fix X € T(X) such that | X|cs(s) < 1. We need first to show that the function

(4.18) (@) = [ -0k ()

is a-Holder continuous.
The formula (4.6) in the case u = 0 reads as

(4.19) /E(y—gc)K(y,;zc)d")'{Z:/2F(ymc)K(y,QL‘)d?—l;7

where

Hx(y) v(y)

Fly,2) =~ (n-1+s)

ly—2*+ ((y—2) - v(y)) v(y)-
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We differentiate (4.19) with respect to X (z) and obtain by (4.17)

/ (y - 2)01 K (y, ) dH? = / F(y,2)0K (y,z) dH" + / Fy(y,2) K (y, ) dH".
> > >

=iy =1
where
Fi(y,2) = (Vx(y) + Vx @) (F(y,2) = (y —2)) + div X (y) (F(y,2) - (y - 2)).
First, recall that in the proof of Lemma 4.5 we already verified that F' satisfies the assumptions
of Lemma 4.3. Since 0, K (y,z) satisfies the conditions (i) and (ii) in Definition 4.1 with x < Cy,
Lemma 4.3 yields |¢1]ca(sy < C1. Second, we may write F as

Ny
Fi(y,r) = Z:I(Ul,i(y) = v1,i(2))v2,:(y)vs,i(2),

where v;; are such that |v;;[c2(s) < C1. Moreover, by Lemma 4.5 it holds K(y,z) € S, with
x < C and we may thus use Lemma 4.4 to conclude that [¢1]ce(sy < C1. Hence

|| ca(sy < Ch

and therefore 0 K (y,x) € S with k < Cy.

We argue by induction and assume that dx_1 K(y,x) € S with k < Ck_1. Note that this holds
for any vector fields X, ..., Xp_1 with | X;|cre(sy < 1. Let us fix Xi,..., X} as in the assumption.
We differentiate (4.19) with respect to Xi,..., X) and obtain by (4.17)

k-1 p _
/ (y - 2)0uK (y,2) M = / Fy)0K (5, 0) dH0+ S [ Fuly,2)0,K (y,) dHD
> > i=0 J X

=y =Pk

Here Fi can be written as
- Ny
Fi(y,x) = 3 (v1,i(y) —v1,i(x))v2,i(y)vs,i(2),
j=1

where v;; are such that [v;;[c2(s) < Cr. Again we recall that F' satisfies the assumptions of
Lemma 4.3 and 0y K (y, x) satisfies the conditions (i) and (ii) in Definition 4.1 for k£ < C. Lemma
4.3 then yields Hl[}k lce(sy € Ck. To prove the Hélder continuity of ¢, we recall that by induction
assumption 0;K(y,x) € S with k < Cy_1 for every j < k- 1. We may thus use Lemma 4.4 to
deduce |@|ca(s) < Cr. Therefore we conclude that

@) = [ =00k .0

is Holder continuous with [y |ce(s) < Cr and thus 0pK(y,z) satisfies the condition (iii) in
Definition 4.1 with k < C}. } ~ }

We prove the claim by first choosing Xi,...,X;, with 1 <1 <k, such that |Xi|crez(sy <
1 for 1 <4 < I. Recall that the function X;---Xju is defined recursively as Xju = ViU and
Xjn X, Xiu= ng+1(Xj~~~X1u) for j > 1. We apply (4.17) [ times for X3,...,X; and obtain

R KA () = 2 / (X Kruly) - X Kru() K (y.2) dH?
>

-1
+ 2/ (u(y) —w(@))OK (y,x) dHy + > [ (07 uly) - 0™ 7 u(x))v;(y)0; K (y, x) dHy,
by j=0J%

where 9'"177u denotes a function which satisfies H@l_l_ju”cusm(z) < Cret|lul gi-issra sy and vj are
such that ||v;|c2(sy < C;. By using Lemma 4.4 and 0; K (y,z) € S, with x < C; we deduce

(4.20) XX (A w) = A (X Xqu) + 075,
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where 9"**u denotes a function which satisfies |0"**u]ca (s < Ciluf cisssa(xy. Hence, we deduce
by (2.4), Lemma 4.4 and (4.20) that

1ts lts
HA 2 u‘|cl+a(2) < Cl(”uucl+1+s+a(2) + HA 2 U‘|Cl—1+a(2))

for every I < k. Note that Lemma 4.4 implies HA%uHCa(Z) < Cluf¢r+sra(sy. Therefore by
iterating the above inequality for [ = 1,... k we obtain

1+s

(421) ”A 2 UHC}cﬂl(E) < Ck-”u“ck+l+s+a(2).

This implies the second statement.
Let X1,..., X\ be as in the assumption. We deduce from (4.20) that

1+s 1+s

X X1 (A2 w) = A2 (Xpe-Xqu) + 0F 5,

where 0%**u denotes a function which satisfies |0"**u[ca(x) < Cy |lu]grestacsy- By (2.3) we have

1+s

Vx,Vx, (A%u) = A%(VXJC"'V)QU) + 6k_1(A 2 ’LL) + 8k+su7

where %1 (A"2"u) denotes a function which satisfies
[o¥1 (A
The estimate (4.21) applied to (k —1) yields

1+ 1+s

)| o(z) < CrlAE u] croren sy,

1+s

105 (A2 W) ca(sy < Crllulorrera(sy
and the claim follows. O
Similar result holds for the remainder terms R; and Rs .

Lemma 4.10. Assume u € C*(X) with |u]civsra(sy + |uvs|cissra(sy <6 and let Ry, and Ry,
be the functions defined in (3.9) and in (3.10) respectively. Let X1,..., Xy € T(X) be vector fields
with | X;|cresy <1 fori=1,...,k . There is a constant Cy,, which depends on k and ¥, such
that for 6 >0 small enough it holds

[V x,Vx, Riul oo (s € CO|Vx, Vi, ul grvsve () + C(1+ [ Errorasy)
and

VXV x, Rou

|Ca(g) < CHV‘|CI+S+&(2) |‘VXk"'vX1uHCl+S+a(E) + Ck(l + HU/HIE'IH-S-#O&(Z))-

In particular, it holds

IRy ulloren sy + [ Raullorea gy < Cr(1+ [ Erstvoracsy)

for every k e N.

Proof. Since the proof is similar to the proof of Proposition 4.9 we only sketch it. In addition
we only prove the claim for R;, as the estimate for Ry, follows from a similar argument. Let
u e C®(X) be as in the assumption and let K, (y,z) be as defined in (3.7). As in the proof of
the previous proposition we define 9;K,(y,z), for 1 < j <k, by 01Ky (y,7) = Vx, () Ku(y, ) +
Vx,(2)Ku(y,z) and for j > 2 recursively as

ajKu(:%x) = VXj(y)ajflKvu(yu:I") + VXj(x)ajflKu(yax)‘
We claim that 0K, (y,x) satisfies the conditions (i)-(iii) in Definition 4.1 with
(4.22) K < CHX]C"'XIUHCI+S+Q(E) + Ck(l + Hu”lé«m.em(z))

for some Cj, and C, where the latter is independent of k. Moreover, the constants in (4.22) do not
depend on the chosen vector fields Xi,..., X;. The argument for (4.22) is similar to the one in
the beginning of Proposition 4.9 and thus we omit it.
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To prove the claim we recall the definition of R; ,, in (3.9). As in Proposition 4.9 we first choose
X1,...,X;, with 1 <1 < k, such that |X; lctz(sy <1 for 1 < < 1. We apply (4.17) [ times for
X1,...,X; and obtain

(4 23)
X1R1 u($

_2/ / / ‘Xlu(y)_Xl"'Xlu(‘T))dig((l+Ql(y’fuvgvu))[(gu(y,:c))d?—[’y‘dfdt’
+2/0 /Z(U(y) —u(@)) (X X1 Q1 (y, t'u, t'Vu)) Ky (y, ) dHp
+2/ /(u(y) —u(@))((1+ Qu(y, t'u,t' Vu) 0 Kpu(y, ) - 0K (y, x)) dHydt’

+ / /(31 (y) - 0'u(x)) &’ Q1 (y, t'u, t' V) v; (y) (8 K (Y, ) — O K(y,x))d’H"dt

7, m<l 1
i+j+m=l

=1+ +tpz+f

where ¢’w denotes a function which satisfies |07w[c1sssa(sy < Clw|gisisra(sy and v; are such
that ||v;[c2(sy < Cr. Here @1 denotes the fuction on the first row in (4.23), @2 the function on the
second row etc. The function ¢, is of type (4.12), with v = X;---X;u and therefore (4.13) implies

le1llca(s) < O X Xnu| gressa sy
On the other hand Lemma 4.4, the assumption |u]ci+s+a(xy <6, (2.1) and (2.3) imply

lzllce(sy < Clul gressacsy | X X1 Q1 (2, t'u, t'Vu)|
< C(;HXI...Xl’LLH01+s+a(E) + Cl(]. + Hu“chSJra(E)).

Cs+a(2)

Since 0, Ky, (y,x) belongs to the class Sy,, with ; given by (4.22), we conclude by Lemma 4.4
that

||S03HCO((E) < C(5\|X;---X1u||c1+s+a(z) + Cl(]. + H'LLHICHHQ(E)).

Similarly we deduce that | f|ce(s)y < Ci(1 + HUHZCHSH“(Z))' Combining the previous inequalities
with (4.23) yields

(424) HXI"'XlRl,uHCO‘(E) < C(S‘|X["'X1u|‘cl+s+a(2) + Cl(l + Hu||lcl+s+a(2))
We deduce by (2.4) and (4.24) that

)

for every I < k. Recall that by Proposition 4.7 we have | Ry ,u|ce(s) < C|ulcrssra(sy. Therefore
by using the above inequality k times for [ =1,... k we obtain

l
HR])UHCZ+O<(Z) < Cl(l + HUHCZ+1+S+Q(Z) + |

(4.25) |

This proves the second claim.
Let X1,..., X\ be as in the assumption. We deduce from (4.24) that

| X

=) < C(S”Xk"'Xlu”C“S*'O‘(Z) + Ck(l + ‘|U‘|gk+s+a(2)).
Then (2.3) implies
1V x5,V x, Raull oo sy € OOV, Y x, ul gresva(my + Cr(1+ [t Errova sy + [R1 ] crm1va(s))-

The claim follows from (4.25) with (k- 1).
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5. PROOF OF THE MAIN THEOREM

We will first prove the main theorem for the flow (1.1) and explain at the end of the section
how the proof can be applied to deal with the volume preserving case (1.3). By Proposition 3.2
we need to prove that the equation (3.12) has a unique solution h € C(X x [0,T])nC* (X x(0,T])
with h(x,0) = ho(z) for x € X.

Suppose that ¢ is small such that the results in Section 4 hold. Recall that by the discussion
at the beginning of Section 3 we may choose ¥ in such a way that we have

(51) Hho”c%z) < 5/2, ”ho ||Cl+s+cx(2) < (20)_1(5 and HVE ||Cl+s+a(2) < CE_S_a,
where ¢ € (0,6) and C will be chosen later. Here is the statement of the main theorem for (1.1).

Theorem 5.1 (Main Theorem). Let 0 < a < (1-5)/2. Assume ¥ c R™™ is a smooth compact
hypersurface and hg : ¥ — R is such that (5.1) holds. For ¢ and e small enough, there is T € (0,1),
depending on 0 and e, such that the equation (3.12) has a unique classical solution h € C(3 x
[0,T]) nC*(X x (0,T]) with initial value h(x,0) = ho(x) for all x € X. Moreover, it holds

sup. [, 8)]rvera s < 8
0<t<T
and for every k € N there is a constant Ay such that
sup (tk!Hh('»t)Hck(E)) < Ag.
0<t<T

Note that Theorem 5.1 implies that the solution of (3.12) exists as long as its C'****-norm

stays small. This means that the fractional mean curvature flow has a smooth solution as long as
it stays C'***%_close to the initial set. We also remark that the exponent k! in the final statement
is not optimal and we expect the optimal exponent to be linear in k. However, the most important
consequence of the last inequality is that it quantifies the smoothness of h(-,t) for every t € (0,7T].

Proof. Step 1: (Set-up and basic estimates.)
Let us write the equation (3.12) as

(5.2) O¢h = L[h] + P(x,h,Vh) - Hs,(z),
where the remainder term is defined for a generic function u € C*(X) as
(5.3) P(z,u,Vu) = Q(z,u, Vu)(L[u] - H3, (x)) +(1+Q(z,u, Vu))(Rl)u(a?) + Ro () u).
Recall that @ is a smooth function with Q(x,0,0) =0 for all z € ¥, and R, ,, and Ry, are defined
in (3.9) and (3.10) respectively.
Let us first fix a small § > 0 for which the results in Section 4 hold. Let us assume that
|ufcrsraqsy <6 and  fufcocs) <e
and prove that this implies
(5.4) |P(z,u, V) | ca(xy < C6% + Cse,

when ¢ is small enough. Here Cs depends on §.
First, we have by the assumption (5.1) that [vs|civsra(sy < Ce™
and (3.1) applied to u imply

=%, Therefore |ufcocs) < €
(5:5) Jul g mylvs |crrssasy < Ce 872 < §

when ¢ is small. In particular, these imply |uvs|civsta(sy < C0. It follows from Proposition 4.7
that
HRl,u”C“(E) <Cd HUHCHS*(’(E) and ”RQ,uHC"(E) < C(5HI/H01+S+Q(Z).
The latter inequality and (5.5) yield
HRQM UHC’O‘(E) < Cé°.
Similarly it follows from Lemma 4.4 that |L[u]|ce(sy < Cd. Moreover, we may estimate as with
(4.14) that

(5.6) 1Q(z,u, Vu)|casy < C(|ulcriacs) + [uvs|crrasy)-
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By the interpolation inequality in Lemma 2.1 we estimate

Huuclﬂy(z) + HU/VE Hcl+a(2) < 6(“u”cl+s+a(2) + Hul/z ||Cl+s+a(2)) + 05 ||UHCO(E)7 .

Hence, we have (5.4) by (5.5) and by the fact that |Hg|ce(s) is uniformly bounded for a < 152,

We will also “linearize’ the equation (5.3). To this aim we prove that if v1,vy € C1*5¥%(X) are
such that |[v;|ci+sva(s) <6 and |vif co(sy <€, for i = 1,2, then it holds

(5.7) |P(z,v2, Vve) = P(x,v1, Vo1 )| ce(s) € Cdfvg -

2 - U1 HCO(E)a
when ¢ is small enough. Here Cx 5 depends on ¢ and on |vs | c1vsta(s)y.
Indeed, we denote w = vo — v and write

P(xz,v9,Vuy) — P(x,v1,Vvy) = / — P(z,v1 +&w, V(v1 +Ew)) dE.

Denote further v¢ = v; + {w and recall that (5.5) holds also for ve. In particular, it holds
|ve vs: | r+s+a(sy < C6. By recalling the definition of P in (5.3) we obtain by differentiating

C%P(:v, vy + &w, V(v1 + Ew))

= (%Q(%vfa Vve) ) (Llve] = Hs (@) + Ry () + Ra o (2) ve)

+ Q(ave, Voe) L{w] + (1+ Q(a, vg,wg))( Ry,

It follows from Proposition 4.7 that

d§R2 ve Vg t+ Ro Vg )

HRLU£ ch(g) < 0(52 and HRQ,UE ||Ca(2) < C(SHVHC1+5+Q(E)
for all £ € (0,1). Moreover, we have by Proposition 4.8 that

R1 Ve HC"‘(E) < C6Hw”c1+s+o¢(2) +Cyx, HwHCO(Z)

dg
and

H d§R2 velow(my < Clvslcrieramwlerare(s) + Cslwlcos).
Note that the latter mequality and (5.5) yield

R2 we Ve[ ca () < Co|w]|rssra(sy + Cslw] co(sy.

dg§
Lemma 4.4 implies
| L{w]]|ca(s) < Clw|crrsras)
and
| L{ve ]l oo sy < Cllve|orrsra(sy < C6.
Finally we have by (5.5) and (5.6) that
|1Q(z,ve, Voe) [ ca(sy < Cllvelcrea(s) + |vevs|ora(s)) < C6

and since @ is smooth we have

d
Hd?Q(xaU&avvé)Hca(z) < CEHwHC“a(E)-
By combining the previous estimates we obtain
|P(z,v2, Vvg) = P(x,v1, Vi) ca(s)
tod
< Hd—fP(a:,vl +&w, Vuy +£V1U)HCO4(Z) dg
0
< C’5||w|\cl+s+a(2) + CEH’LUHCHQ(E) +Cs; HwHCO(E).

The inequality (5.7) then follows from the interpolation inequality in Lemma 2.1.

Step 2: (FEuistence and Uniqueness of the strong solution.)
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We define X as the space of function u € C'(X x [0,7]) such that ue X if

caz) <C

sup [u(-,t)|cresra(sy <6, sup [ult)|cos) <&, sup |Gpu(t)]
o<t<T o<t<T o<t<T

and h(z,0) = ho(x) for all x € . We choose ¢ > 0 so small that the results in Section 4 hold and
e > 0 even smaller if necessary and assume that hg satisfies (5.1). Finally C is a large constant
which we choose later.

We define a map £: X — X such that for a given h € X the value L[h] := u is the solution of
the following linear equation with a forcing term

{ A — A5 w = 2(2)h(-,t) + Pz, h(-t), VA(- 1)) - H(z)

(5:8) u(z,0) = ho.

Recall that by definition (2.5) L[u] = A2 u + ¢2(2)u. Therefore a fixed point of £: X - X is a
strong solution of (5.2). By a strong solution we mean that h : ¥x[0,T] — R is Lipschitz continuous
in time, C1***®_regular in space and satisfies the equation (5.2) for almost every ¢ € (0,7'].

Let us first show that £ : X — X is well defined, i.e., u defined by (5.8) belongs to X. By a
standard approximation argument we may assume that hg and h € X are smooth. By Theorem
2.2 the solution u is smooth and it holds

sup [u(t) oy < |holoosy +T sup (CIAG,t) ooy + [P, h(-1), VA1) ooy + | HS | oocs))-
0<t<T 0<t<T
Since we assume supgg;.z | (-, )| c1+s+e(sy < 8 and supggep [A(:, 1) [ co(ny < € we have by (5.4) that

(5.9) |P(z, h(-,t), VA(-, )| ca(sy < C6% + Cse
for every t € (0,T]. Therefore since |hollco(s) < /2 we find

sup [u(-t)|coqs) < = +T(Ce+C6* + Coe+ C) <
0<t<T 2

when T is small. Hence we have the second condition in the definition of X.
In order to prove the first condition we recall that it holds

[nC )l ea sy < IRCIE (1RGO oy < C™°
for every t € (0,77]. We use again Theorem 2.2, (5.9) and |ho[c1+:+a(x) < 55 and find

(5.10)
sup [u(-,t)|cresea(s)
0<t<T

< Clhollcrssensy + € sup (1) |en(s) + [P, h(- ). Th(- ) |on(sy + TIHS [envenn(s))
<t<

5
<o+ Ce'™™ + 0§ + Cse + C| HE | grrove sy T

where C' is a uniform constant and Cs depends on §. By choosing first 4, then ¢ and finally T
small we find

sup [u(-,t)|cresra(sy <0
0<t<T

and the first condition follows.
Finally the bound supy.r |9:u(-,t)|ca(s) < C follows from the equation (5.8) and from (5.4)
as
sup HL[U] + P(xv h(7 t),Vh(, t)) HCO‘(E)
0<t<T
< sup C(HU(, t)HCl+S+Ot(E) + Hh(',t)”cl+5+a(2)) < Co+ 05?3.
0<t<T

Hence we conclude that £: X — X is well defined.
Let us next show that £: X — X is a contraction with respect to the following norm

Julx = sup (Ju(t)[creseasy + Aoful,t)|coesy)
0<t<T
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where Ay is a large constant which will be chosen later. Let us fix hi, ho € X and denote uy = L[h1]
and ug = L{hg]. The function v = us —u; is a solution of the equation

(5.11) 0w — AT v =c2(x)(hy - h1) + P(x, ha, Vhy) - P(x, hi, Vhy)

with v(z,0) =0 for all z € X.
We denote w = hy — hy and use (5.7) for vy (x) = h1(x,t) and ve(z) = ha(z,t) to conclude that

H‘P(x’ hQ('vt)a Vh?('vt))_P(xa hl('vt)a vhl('at))”C'ﬂ(E)
< C(SH'[U(, t)“cl+s+a(2) + CE,5||w('»t)||CO(E)~
Therefore the equation (5.11) and Theorem 2.2 yield

sup [v(:,t)|cosy < CT sup (JHW('J)HCHM(E) +Css |w(»,t)\|00(2)).
0<t<T 0<t<T

and

sup Hv('7t)Hcl+s+a(E) < C sup (6‘|w(‘,t)‘|cl+s+a(2) + Hw(-,t)”ca(z) + 0275‘|w(~,t)‘|00(2))
0<t<T 0<t<T

<C sup (5‘|1U(',t)‘|cl+s+a(2) + 0275 |w(', t)“co(z)) ,
0<t<T

where the last inequality follows from the interpolation inequality in Lemma 2.1. We choose
Ao > 5‘102,5 and T < Aj' and have by the two above inequalities
sup ([[v(,t)[cresa(sy + Aov(,t) |cos))
0<t<T
<C6 sup ([w(-,t)|cresracsy + Aofw (-, t) |ca(s)y)-
0<t<T

In other words
1
luz —ui]x = |v|x < Cd|w|x < §Hh2 - hi|x

when ¢ is small. Hence, £ : X - X is a contraction and by a standard fixed point argument we
conclude that the equation (3.12) has a unique strong solution in X.

Step 3: (Higher order regularity.)
We prove the last statement of the theorem. In fact, we prove slightly stronger estimate, i.e.,
for every k € N there is A such that

(5.12) (R (1) | orrsracsy) < A

sup
o<t<T
In particular, this implies that h(-,t) is smooth for ¢ > 0. One may then use the equation (3.12)
to deduce that h e C* (X x (0,7T1]).

Since T < 1 we know by Step 2 that (5.12) holds for k£ = 0. We argue by induction and assume
that (5.12) holds for k € N and prove that it holds also for k+1 with some large constant Ag,1 > Ag.
To this aim we fix vector fields Xy,..., Xy € T(2) with | X;[cre2(sy < 1,4 =1,...,k, and define
the function space Yj+1 ¢ X such that u € Yj4q if u € X (defined in the beginning of Step 2) and
(5.13) sup (t"[|u(,t)|oresramy) <Ax and  sup (EFD |V, Vxut) | creeras)) € Mg,

0<t<T 0<t<T
where Ay is the constant given by the induction assumption and Aj.1 is a constant which we will
fix later. We note first that Y. is non-empty since at least the solution of the heat equation

Ou=Au X x(0,T] with  u(x,0) = ho(z) on z € X,

belongs to Yj+1 when Aj.q is chosen large enough.

Let £: X — X be the map defined by (5.8). The goal is to show that for h € Yy, it holds
u=L(h) € Vg1, ie., L(Yjs1) € Yip1. Therefore since the solution constructed in Step 2 is unique
in X we deduce that the solution belongs also to Yi11. In other words the solution of (3.12)
satisfies

sup (t(k+1)! IV x, -V x, h(, )] cresa sy ) < Aprt.
0<t<T
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Therefore it follows from T' < 1 and from the fact that (5.12) holds for k that

1 -
Cf sup (t(k+1)! Hh(, t)”ck+1+s+a(2)) < Ak+1 + CkAk7
k 0<t<T

which proves (5.12). We need thus to prove that u satisfies the second inequality in (5.13).
Let u be the solution of (5.8) where hy and h are smooth function such that h € Yj,1, ie., h
satisfies (5.13). We denote

up = Vx,Vx,u and hi = Vx,Vx,h.
We claim that uy is a solution of the equation
(5.14) Oyug - A5 uy = Po(x,t)  on $x (0,71,
where the function P, satisfies
(5.15)  [Pr(t)|co(sy < OOl t) | crease(sy + Cros(1+ [us )| orrera(sy + [ E) [Ervora sy )

for all ¢ € (0,7]. Here Cy s is a constant which depends on k,d and ¥, while C' is a uniform
constant.

Indeed, we first note that since h is smooth then the equation (5.8) and Theorem 2.2 imply
that u is smooth. We may thus differentiate (5.8) and obtain by Proposition 4.9 that

(5.16) Byup - A Fuy = V-V, (E(@)h + Pz, h, Vh) - Hy(2)) + 8 u(z, 1),

where 9%u(z,t) denotes a function which satisfies | 9" u(x,t)|ca(s) < Crlu(:,t) |crrsta(s) for every
t € (0,T]. Recall that the function P is defined in (5.3). We use Leibniz rule and Proposition 4.9
to deduce

Vx,Vx, P(x,h,Vh) =(VX,€~~VX1Q(x, h, Vh))(L[h] + Ry p(z) + Rop(x) b - H;;(J:))
(5.17) +(1+Q(z,h, VA)) (Vx,Vx, Rip + Vx, - Vx, (Rapn b))
+Q(x,h, VR)L[hg] + fr(z,1),
where f; is a function which satisfies

k-1
1 £ ) ey <Cr D2 1Q(@, by V) | gisa(sy | L[] + Rup + Rap b — H | greiva(x)
j=1

+ Cr(1+ [h] grrara(sy)-
We have 4
QG by T orvasy < Ci(L+ (AL v sy
and Proposition 4.9 yields
|L[R]|giva sy € Cjhlgirirerais)-
Moreover by Lemma 4.10 we have

| B

cive(my + [Rup e (my € C (14 [Pl sra s )-
Therefore it holds
(5.18) 1 G0 ey < Cr(l+ [RCS ) [ Envasy)

for all t € (0,7T].
We use (2.1) to conclude that

195,V x, Q2 h(- 1), VA, 1) [ oo () € Cr(1+ [k 1) | orva sy + [P0 ) [ Enrora ()
for all t € (0,T]. By the interpolation inequality in Lemma 2.1 and by Young’s inequality we have
1V x,Vx, Q@ b, 1), VR( 1)) | o (s < Sllhk (1) [ crvssa sy + Cra (T4 [ ) [Errovasy)-

Recall that by (5.5) the assumption h € X implies [vs|cissra(s)|A(-, 1) | co(sy < 6 for every t € (0,T)
when ¢ is small. Then Lemma 4.10 yields

IV, Vx, Ri ey leam) + 1Vxe = Vx, (Ro pepyh (55 10) ooz
< C8|hk () [ rrerasy + Cr(1+ [A( 1) [Ereorasy)-
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Finally, by (5.6) and by Lemma 4.4 we have

1Qx, h(-;), VA(-, 1)) L[hi (-, )l ca(my < C(JAC ) lorra sy + [AC D vsorew)y) A ) [restas)
< C(SHhk(-,t)chsm(g).

The equation (5.14) and the estimate (5.15) then follows from the previous inequalities, from (5.16)
(5.17) and (5.18) and from

|L[A] + Ry n(2) + Ron(2) h = Hyy () | co(s) < C

Let us then prove that u € Yj,1. We define v(x,t) = t D'y (2,t). Since uy, is a solution of
(5.14) then v is a solution of

v - AT v =tFD P (2 t) + (k+ D)EFD Ty (2, 8) on X x (0,77,
with v(z,0) = 0. Theorem 2.2 and (5.15) imply (recall that 7' < 1)

sup [[v(-,t)[crvare sy

0<t<T
<C sup (LF Y Pe(t) | acsy + (b + DI Jur (1) [oa(sy)
O<t<T
< sup (COtHE D hg (-, 1) | oresva sy + Cra (1 + 5 [, ) | croesa sy + EE DA ) [Eopvarasry)-
<t<

Recall that we assume supgyp t* |u(-, )] crrera(zy € Ak and supgop 7 |R(, 1) [ orrsrasy < Ag. In
particular, the latter implies

k
sup t(k+1)! Hh(, t) H]ék+s+(x ) < sup (tk! Hh(, t) ||Ck+s+a(2)) < Ag
o<t<T o<t<T

Therefore we have

sup ”’U(', t)“cl+s+a(2) <Cd sup t(k+1)! Hhk('7t)Hcl+s+a(E) + Ckﬁ(]. +Ag + AZ)
0<t<T 0<t<T

Since we assume that the second inequality in (5.13) holds for hy = Vx,--Vx,h, the above in-
equality yields

supT HvXk"'vX1u('at)HC“S*"‘(E) < C(S[\]ﬁ_l + Ck75(1 + A + Aﬁ)
O<t<

Let us first choose ¢ such that Cd < i and then Ag,q = 4C, s(1+ Ay + Af) This gives us

1-~
sup HVXk"'Vxlu(',t)“c1+s+a(2) < iA]ﬁ.l.

0<t<T

Therefore u satisfies the second inequality in (5.13) and we conclude that u € Yj1.
O

We conclude this section by showing how to modify the previous proof to obtain a result
analogous to Theorem 5.1 for the volume preserving fractional mean curvature flow (1.3). We use
the same parametrization as in Section 3 to describe the motion of Ej € hs(X) given by (1.3). If
E € h5(X) with OF = {z + h(x)v(z) : x € X} then by (3.8) and by change of variables we have

_ 8EH§(x)dH2:(/EJ¢(x)dH;)1 (/E (L[h]—H§+R17h(x)+R2,h(m)h)Jq>(x)dH;‘),

where Jg denotes the tangential Jacobian of ®(z) = z + h(x)v(z). As we mentioned in Section 3
the tangential Jacobian can be written as Jo(z) = 1+ Qs(z, h, Vh), where Q3 is a smooth function
such that Qs(z,0,0) = 0 for all z € . Recall that L[h] is defined in (2.5) and notice that for
h e C1*$** (%) it holds

/ A h(z) dH? = 0.

b3

Let us then define the number

(5.19) R Js ( - c(z)u(x) + Hi(z) = Ryu(x) - Rgu(ac)u(x))(l +Qs(x,u, Vu)) dH?
' (i Js 1+ Qs(z,u, Vu) dH} '
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That is Rs,, = Hj,.
We obtain immediately the following result which is analogous to Proposition 3.2.
Proposition 5.2. Assume that Ey € bs(X) for 6 small. There exists a flow (Ey)eo,r] with

E; € h5(X), for allt € (0,T], starting from Ey which is a classical solution of (1.3) if and only if
there exists a classical solution h e C(X x [0,T])nC>=(X x (0,T]) of

dyh = L[h] + P(z,h,Vh) - H(x) on ¥ x (0,T]
(5:20) { h(z,0) = ho(x) for xe E?

with supg o |h(-t)|cresva(sy < 0. Here P is defined for a generic function u e C* (%) as
P(x,u,Vu) = P(x,u, Vu) + (1 + Q(x,u, Vu)) R34,

where P(z,u,Vu) is given by (5.3), Rs,, is defined in (5.19) and Q is a smooth function such that

Q(x,0,0) =0 for all x € X.

Arguing as with (5.4) we deduce that if u is such that |[u|ci+sra(sy <0 and |uco(sy < € with e
small enough it holds
|Rsullco(s)y = |Raul < C8 + Cse + |H|.
Similarly, we argue as with (5.7) and obtain for vy, vy with [v;|cissa(ny <0 and |vi|ca(sy <€,
i=1,2, that
| R3,0, = R3,u, o () € C6lva = v1 ]| crvsrasy + Cx sva = 1] co(sy.
Therefore we obtain by (5.4) that

(5.21) | P(2,u, Vu)|ca(s) < C5° + Cs|lul cocsy + [H3)|
and by (5.7) that
(522) Hp(l', Vo, VUQ) - P(x, U1, V’Ul) HC‘I(E) < C(5H’UQ -1 Hcl+s+a(z) + 02’5”1)2 - V1 HC’O(Z)'

We may thus use the argument in Step 2 in the proof of Theorem 5.1 to obtain the unique strong
solution of (5.20). The smoothness of the strong solution follows immediately from Step 3 since
R3 j(.+) does not depend on x. We have thus the following result.

Theorem 5.3. Let 0 < a1l - 5)/2. Assume ¥ c R™! is a smooth compact hypersurface and
ho : X - R is such that (5.1) holds. For § and £ small enough, there is T € (0,1), depending on §
and €, such that (5.20) has a unique classical solution h e C(X x [0,T]) nC=(X x (0,T]) with

sup Hh('at)HC“'“'”‘(E) < 0.
0<t<T

Moreover, for every k € N there is a constant Ay such that
|
sup (¢ [A(1) | or sy ) < A
0<t<T

Thereom 5.3 together with Proposition 5.2 proves the main theorem for the volume preserving
flow (1.3).

APPENDIX A

Here we give the proof of Theorem 2.2. We first recall the result in the case ¥ = R"™ and then
use a perturbation argument to prove it for a compact and smooth hypersurface. The following
result can be found in [27].

Theorem A.l. Assume that f:R" x [0,T] - R is smooth and |f(z,t)| < C(1+|z|)™" 1% for all
(x,t) e X x [0,T]. Assume that u with suppu(-,t) c By for all t € [0,T] is the solution of
du=ATu+ f(z,t) in R"x(0,T]
u(z,0) = 0.
Then it holds

sup [u(-,t)|cresra@ny < C sup ||f(- 1)l ce@mn)-
0<t<T 0<t<T
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Proof of Theorem 2.2. The existence and uniqueness of the weak solution follows from Galerkin
method and the smoothness follows by differentiating the equation with respect to time. Since the
argument is standard we omit it and simply refer to [15].
Let us first prove the second inequality. It is clear that we may assume g = 0. We write u = v+w

where

dv=A%v on Xx(0,T] d dw=ATw+ f(z,t) on x(0,T]

an
v(z,0) = ug(x) w(z,0) =0.

By maximum principle it holds |v(z, )| < |ug(x)| for all (z,t) € ¥ x (0,T]. Let us then prove

w(x,t)<T  sup |f(z,1)] for all (x,t) € X x (0,T].
zeX,te(0,T]
To this aim define @(x,t) = t* tw(x,t) for £ > 0. Then @ is continuous on ¥ x [0,T], w(z,0) = 0
and assume it attains its maximum at (&,7) € ¥ x (0,7']. By maximum principle it holds
0 < Oyi(&,t) =t 0pw(2, 1) — (1 - &)t 2w (i, t)

and

1+s

202, 1) = 5 A B w (s, D).

0>A

Then the equation for w implies

= (2, 8)]
Therefore, because (&,7) is the maximum point, it holds for all (z,t) € ¥ x (0,7]

1>
sup |f(z, ).
— € zex,te(0,T]

thw(x,t) <t rw (i, t) <

The estimate follows by letting € — 0. By repeating the argument for —w we obtain the second
inequality in Theorem 2.2.

Let us prove the first inequality in Theorem 2.2. We may assume that g = ug = 0, since the
general case follows by considering the function v(z,t) = u(z,t) —tg(z) — up(x).

Let us fix 2o € ¥ and without loss of generality we may assume that xg = 0 and v(0) = e,41.
Since ¥ is smooth and uniformly C'l-regular we may write it locally as a graph of a smooth
function, i.e., there exists a smooth function ¢ : B, c R™ — R such that

xn Cr = {($/,$n+1) € RnJrl Tp+l = ¢($/)},
where C). denotes the cylinder
Cr={x= (2", 2p1) e R 1 |2/| <7, |2psa| < 7).

Note that the assumption xg =0 and v(0) = e,,41 implies ¢(0) =0, D¢(0) =0 and

(A1) [@llcrsesa s,y < Cris—e
Let ¢ : R* - R be a smooth cut-off function such that {(p) =1 for p € [0,7/2] and ((p) = 0 for
pr.

Let us denote ¥, = ¥ n C,. The above notation in mind we may write the equation in (2.6) for
T € X, as

u(y,t) - u(z,1)

(1) =2 [ cllpa Dl B2
(A2) 2 [ a- cwmuxmn»“%7)gﬁi“dﬁz+ﬂaw

—2/ a|D“@J)1“x“dH;+Gaaw+fu¢x

‘n+1+s

where
u(y,t) —u(z,t)

aﬂ%wzg/kl Do) =0 i
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Since the function 1 - ((|yn+1])C(ly']) vanishes on ¥ n C, /o the above intergal is non-singular on
¥ nC, 4 and we have

(A.3) sup [[¢(4|z")G1(z,1)[lca(s,) < C sup [lut)lca(s)-
o<t<T 0<t<T

We may write every x € 3, as « = (2',¢(2")), where 2’ € B, c R™. We denote, by slight abuse
of notations, u((z',¢(z")),t) = u(2’,t) and similarly G1(2',t), f(2',t) and g(z") for every point
x = (2',¢(z")) on X,. By change of variables we have

/ ¢y \”(y’“ N S0 uy,t) ~u(@', 1) T+ Doy )P dy.
@] B, (" —y' 2+ (o(y") - ol

We define Q(z) :==+1/1+|2z]2 -1 and
1
(o' g/ + ((y) - p(a'))2) %

Note that @ is a smooth function with Q(0) =0 and K4(y', z") agrees with (3.7) when we choose
Y =R"x {0} *R™ and u = ¢. Note also that by (A.1) ¢ satisfies

(A4) HQZ)HC“'S*Q(B,,) <0

when r is small enough. Using this notation we may write
U ,t u(x,t n , ’
[ e gDy = [y (a0 - ue 0)(1+ QDA ) Kol ')

Let us define w(x ,t) = C(4]a')u(z’,t) and extend ¢ to R™ such that (A.4) holds in R™. Then
we have by (A.2) and by the above calculations

dw (' t) =2 /B CAl' DSy (uly's 1) —u(z’, 1)) (1 + Q(De(y') ) Ko (y', ") dy’
+C(A2") (G (2, t) + f(2,1))

Ky(y',2') =

(A.5)
=2 [ CER DD () = (e’ ) (1+ QDA ) Kol ') dif
+ (42N (G1 (@', 1) + f(2',1)).
We write
C(4lz"N¢y') (uly' ) - u(a’, 1))
(A.6) = (w(¥',t) —w(=', 1)<y - (@' = C(4l2"))¢ (v Duly's t)

= (w(ylvt) - w(xlvt)) - (1 - C(|y'|)(w(y',t) - w(xlvt))
= (') = <@l D)<y Duly', 1)
We recall that Q(0) = 0 and write

(A1) (1+ QDO NEN )~ i = | (1 QDI ) Kooy ') e

By combining (A.5), (A.6) and (A.7) we obtain

(AS) { Opw (' t) = A%lw(ac',t) + F(2't) - Ga(z,t) — Gs(a,t) + C(4|2") (G (2, 1) + f(a',1))
' w(z’,0) =0,

where

F(a',t) =2 1 (w(y', 1) (1) = (1+ QEDH())) Kea (v a")) dy d.
o Jr dg

Ga(w.t) =2 [ (1=C( D) (0s'.0) = (e’ :)(1+ QDA ) Koo/ a”)
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and
G3(z,t) = 2/Rn (Cly') = c(@lz"N)¢y Duly’, 1) (1 + Q(D(y)) ) Ko (y', ") dy'.

We need to estimate the C*-norms of F, G5 and G'3. Note first that trivially [w(:,t)]cv@ny <
Cylu(-t)|cv (s for all y € (0,1). Since (1-¢(Jy’|)) vanishes for |y'| < r/2 and w(y’,t) vanishes for
|y'| > r/4 we have, similarly as with (A.3), that

(A.9) sup ||G2('7t)||0a(1Rn) <C sup ||U('7f)||0a(z)-
0<t<T 0<t<T

Next we recall that by Remark 4.6 and by (A.4), Lemma 4.4 and Lemma 4.5 hold also for ¥ = R"
and K4. Hence, we conclude by Lemma 4.4 that

(A.10) sup [|Gs (-, t)[lca(mn) < C sup |lu(-,?)]
0<t<T o<t<T

Csta(s)-

Similarly we observe that the term F' is of type (4.12) with v = w(-,t) and u = ¢. Therefore (4.13)
and (A.4) yield

(A11) IF G Dlloe ey < CollioCe Dllereese gary

for every ¢ € (0,T].
We conclude by (A.3), (A.8), (A.9), (A.10), (A.11) and by Theorem A.1 that

sup [w(:,t)|cirsra(mny < C sup |Jw(-,t)||cresramny + C sup (||f(,1)|lca(sy +[Ju(-1)]
0<t<T O<t<T 0<t<T

Cs+(x(2)).
When 6 is small we have

sup [|w(,t)]crrsra(mny < C sup ([fC0)llce sy + w5 t)llosras))-

0<t<T O<t<T

Note that [u(:,t)[cr+s+a(mne, ) € Clw(t)|crvsramny for every t € (0,T]. Therefore since ¥ is
compact we obtain by standard covering argument

(A.12) sup [u(-,t)|[|cresracsy < C sup (|If G, )|y + |lul- )]
O<t<T O<t<T

Csra(x))-

By the interpolation inequality in Lemma 2.1 and by the second inequality in Theorem 2.2 (recall
that ug = g =0) we have for all ¢ € (0,7T]

[[u(, D)

Csta(x) < 5“u(-,t)‘|cl+s+a(z) + C(;Hu(~,t)||00(g)
< 6‘|u(',t)‘|cl+s+a(2) + 05T sup ||f(,t)||00(2)
0<t<T

The claim then follows from (A.12) by choosing ¢ small. O
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