STABILITY AND INSTABILITY ISSUES OF THE WEINSTOCK
INEQUALITY

DORIN BUCUR AND MICKAEL NAHON

ABSTRACT. Given two planar, conformal, smooth open sets ) and w, we prove the
existence of a sequence of smooth sets 2, which geometrically converges to 2 and such
that the (perimeter normalized) Steklov eigenvalues of €2, converge to the ones of w.
As a consequence, we answer a question raised by Girouard and Polterovich on the
stability of the Weinstock inequality and prove that the inequality is genuinely unstable.
However, under some a priori knowledge of the geometry related to the oscillations of
the boundaries, stability may occur.

1. INTRODUCTION

Let  C R? be a bounded, open, simply connected set with a smooth boundary. We
consider the Steklov eigenvalue problem on €2

—Au=0 in §,
g—z =ou on Of.
For k =0,1,2,... we denote by o;(€2) the k-th eigenvalue defined by
[ |Vul?dz
o () = inf su 97,
k( ) Ueld () uGU\IzO} f u2do
oN
where Uy, () is the family of subspaces of dimension k + 1 of H'(2). Then
0= Uo(Q) < 0'1(9) <...—= +o0.

Below, we denote by dpy the Hausdorff distance between two sets. The first result of
the paper is the following.

Theorem 1.1. Let Q,w C R? be two smooth, conformal open sets. Then there exists a
sequence of smooth open sets (¢)e>o with uniformly bounded perimeter such that

d (09, 00) — 0 and VkeN, li_r}(l)\aﬂelak(Qg) = |Ow|og(w).

In other words, for every n € N, in any tubular neighbourhood of €2, one can find a
smooth set Q. which has almost the same first (normalized) n eigenvalues as w.

This result answers in the negative a question raised by Girouard and Polterovich in
[9] (see also [8, Open problem 5.21]) concerning the stability of the Weinstock inequality.
Weinstock proved in [I3] that the disk maximizes the product between the perimeter and
the first Steklov eigenvalue in the class of simply connected planar sets. For the disk, the
value of this product equals 27. The open problem of Girouard and Polterovich reads:
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“Let Q2 be a planar simply connected domain such that the difference 2w — |0Q]o1(Q2) is
small. Show that Q@ must be close to a disk (in the sense of Fraenkel asymmetry or some
other measure of proximity).”

Theorem gives a negative answer to the question and, even more, it states that the
maximal value 27w can be asymptotically achieved in the geometric neighourhood of any
smooth simply connected set.

However, in the recent years, several spectral isoperimetric inequalities have been proved
to be stable, in the vein of the quantitative isoperimetric inequality proved by Fusco, Maggi
and Pratelli in 2008 [6]. Stability, involving the Fraenkel asymmetry, holds for the Faber-
Krahn, the Saint-Venant or the Sezgi-Weinberger inequalites, but also many others. For
the Steklov problem, it was proved by Brasco, De Phillipis and Ruffini in 2012 [3] that the
Brock version of the Weinstock inequality is stable. This inequality involves the volume
of the set instead of the volume of the boundary as a constraint. Precisely, it is proved in
[3] that in RY, for every open, bounded and smooth set, it holds

. 1
|BI¥o1(B) ~ Q] 5o1() 2 Cn A% (),

where B is a ball and A is the Fraenkel asymmetry.

Coming back in R? to the original Weinstock inequality, if one restricts to the class of
convex sets, Weinstock himself implicitly found a stable version of the inequality. Precisely,
he proved that if © C R? is a bounded, convex set containing the origin, then

QO _
n/ l2|2do — Q)09 > |a|/ (h — h)?do,
o0 2 Js

where h is the support function of the convex set, and h is its average. This inequality,
readily gives a quantitative form of the inequality, in the class of convex sets

By
. — > — .
(1.1) o — |0Qo1 () > [NEETE | (n=Rdo

In a recent paper [7] (still in the class of convex sets) the right hand side is replaced by
C A3 (©2). We point out that, very surprisingly, inequality is published only in the
preprint version [14] and does not figure in the final version the paper [13].

In RY, for N > 3, under a boundary volume constraint, a similar version to the We-
instock inequality is proved to hold in the class of convex sets (see [4]) and it is proved,
by Fraser and Schoen, not to hold in the class of contractible domains (see [5]). Under
convexity hypotheses (see [4]) one has

2 2
faQ || cia > w;{ﬁ7
09|~

which by standard use of test functions leads to the N-dimensional version of the Wein-
stock inequality (above wy is the volume of the unit ball in RY, and the right hand side
corresponds to the ball). A quantitative version in terms of the Fraenkel asymmetry has
been established in [7].

Theorem in this paper asserts that there is no general stability of the Weinstock
inequality in the class of simply connected sets in R?. We analyse this issue and give a
stability result provided some rigidity is a priori known on the boundary. The convexity
assumption in [7] is such a rigidity. Our result involves some control of the norm of the
conformal mapping but allows oscillations of the boundary. Precisely, for all K > 0,

2

(1.2)
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a €]0, 1], we denote A(K, «v) the set of smooth simply connected sets 2 with perimeter 27
such that there exists a conformal mapping g : D — € with:

11og (19]) llco.aom) < K.
Theorem 1.2. There exists a constant C = C(K,a) > 0 such that for any Q € A(K,a):

o1(D) — 01(Q) > C(@(Q,D))Q(Hal).

Where dp (2, w) = inf,cp2 dy (2, w + 2). We shall prove that this result is sharp in the
sense that no weaker a priori estimate is enough to obtain stability; in particular, a bound
on |[log (|¢'|) llco(amy is not sufficient. However, there is no indication that the exponent
2(1 4+ a™1) is sharp.

The paper is organized as follows: in the second section, we prove Theorem [I.1} The
key of the proof is an approximation result of a weighted Steklov problem by a sequence
of Steklov problems without weights but with oscillating boundaries. In the third section,
we study the stability of the Steklov eigenvalue on the disk in terms of perturbation of
the constant weight on the boundary. The geometric interpretation of this result gives us
Theorem [I.2] The last section is devoted to the study of the sharpness of this result with
some exphclt computations.

2. THE STEKLOV PROBLEM AND SOME STABILITY PROPERTIES

Throughout the paper we identify R? with C by (z1,22) — 2z = 21 + ix5. For any open
Lipschitz domain Q of R? and any non-negative function © € L®(92),0 # 0 we define
the (generalized) Steklov eigenvalues with the weight © on the boundary by:

/]Vu| dx
0, (2,0) = inf

Ueld () ueU\{O} /@qua

where Uy (£2) stands for the family of subspaces of dimension k+1 in H'(£2). The spectrum
is well defined, as a direct consequence of the continuous embedding H'(Q)) — H %(GQ)

and of the compact embedding H %(8(2) — L2(09).
In particular, on a connected bounded Lipschitz domain €2, we have:

/ \Vu|*dx
01(Q,0) = inf

ufeg; 0 /@u2d0

The instability result lies on two observations:
e Assume () and w are two domains with weights Oq, O, on the boundary, we say
that (2,0q) and (w, ©,,) are conformally equivalent if there is a conformal map
g : Q — w such that |¢'|©, o g = Oq. Under this condition, one has o;(2,0q) =
Ok (wa @w)
e By an homogeneization process, a domain ) with a weight ® > 1 can be ap-
proached by domains (€2¢) such that o () = 01 (2, ©). Roughly speaking, the

3
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sets (€2) are locally build as graphs of functions fe on 92, with small L® norm,

and such that /1 + |f/|> = ©.

This second part is the most technical one. We start by introducing a notion of conver-
gence of domain that is strong enough for our purpose.

Definition 2.1. We say a sequence of (bounded) domains (£2¢) converges to a bounded
domain Q in uniformly if:
o R2\ Q. = R2\ Q in the Hausdor(f sense
e

o (Q)es0 verify a uniform cone condition, meaning that there exists a €]0,m/2[ and
0 > 0 such that for any € > 0 and any x € 0S, there exists (x ¢ a unitary vector
such that for all y € Q. N B(x,€):

{Z S B(y7 6) with <Z — Y CJJ,€> > COS(5)|Z - y|} - 976
In particular (see for instance [10]), this convergence implies that:

lim sup |092| < +o0.

e—0

There exists a constant M > 0 such that all v in H'(Q) or H(£)) can be extended to a
function of H!(R?) with

@l g1 r2y < Mull ey or 51 ()

In addition, there exist a finite number of squares (C;);=1,. x centered in p; € R? with
radius r;, that cover 9 and all 9€), and such that for any ¢ there exist an orthonormal
basis (e;, f;) such that
C; = {pi +te; + sfi, t,s € [-ri,7i]},

00N C; = {p; +te; + gi(t) fi, t € [—ri,mil}s

895 N Cz - {pz + tei + gi,e(t)fia te [_riyri]}v
where the (g;) and (g;,) are uniformly Lipschitz functions. Moreover, the Hausdorff con-
vergence of (€2¢) gives:

sup |lgi — giellLe — 0.
ISZSK e—0
The following proposition extends a result from [2].

Proposition 2.2. Let Q be a bounded Lipschitz domain and let () be a sequence of
domains that converges to Q0 uniformly, with a function © € L%°(0Q) and a sequence

O € L>®(09,) such that:
lim sup [|Ocl| Lo (90,) < 0.
e—0

We suppose that:
OH g0, = OM|yq

weakly-+ in the sense of measures. Let (uc). be a sequence of functions in H'(R?) con-
verging weakly to u. Then

/@Eufda—> Ou’do.
e—0
o0N

9
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Proof. We fix a i € {1,...,K}, and we let v(t,s) = u(p; + te; + sf;) and v.(t,s) =
uc(p; + te; + sfi). We also take (v;); a partition of unity associated to the covering (C;),

and
J(t) = ¢ilt, gi(t))\/1 + g; (1) PO (L, 9:(1)),
Jo(t) = wilt, i (1) /1 + |9 (POt g1 ().
Denoting I = [—7;,7;], we only need to show that

/ve(t,gi7e(t))2J€(t)dt — [ w(t, gi(t)%J(t)dt.
I e—0 Jr

We split the difference in three and use the bound |J|, |J.| < M for a certain M > 0 that
only depends on the Lipschitz constant of the (g; ), on [|©]| Lo (90) and on sup, ||O¢|| - (a0.):

/ (et g1, ()2 Te(2) - v(t,gxt))%(t))dt} <M /1 [0t ()2 — et gi (1))t

I

M /I et gi(1)? — vt gs())2dt

T / o(t, gi(t)2(J(t) — T (1)),

e First term: We first show that ve(t, gi(t)) — ve(t, gi(1)) " 0 in L2. Write
€E—

et gic(£)) — et i ()] < / Buv(t, 5)|ds

[gi,e(t)’gi (t)]
1/2

< Jgse(t) — gs(t)]? / Ve, s)Pds
Gi,e(t),9:(1)]

This gives:
/I et gi. (1)) — velt, gs(8)) 2t < [lgi — g
Now, we write:
2 2 2
elts 91 (1)) = velt, (1) =[ve(t, 91 (1)) = velt, (1)

+ 2U6(t, gi(t)) [Ue(t, gi,e(t)) - UE(ta gi(t)) .

And we just use the fact that since (u.) is bounded in H'(R?), then it is bounded
in L?(99), so (ve(t,gi(t)) is bounded in L?. We get for a certain constant C' > 0:

/Ih)e(lt,gi,e(lt))2 = ve(t, 9i(1))?|dt < C||Vuel 2 (I Vuel r2 + luellz2)llgi.e — gill L=

— 0.
e—0

2
1 [ Vel 722y —2 0-

e Second term: u, converges weakly to u in H'(R?), and so it converges weakly to
u in H%(aﬁ) Since H%(Q) < L?(0Q) is compact, this means that u. converges
in the L2(0€) sense to u. This implies that v.(t, g;(t)) converges to v(t,g;(t)) in
L?, which gives that the second term goes to 0.

5
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e Third term: We use here the hypothesis that @EHiBQE - @Htaﬂ weakly-* in the

sense of measures. This gives that for any continuous function ¢ € C°(I), we have:

/1 o(t)(Je(t) — J(t))dt — 0.

e—0

v(t,g;(t))? € LY(I), so we can approximate it with a continuous function ¢ in the
L! sense. Then:

\/vQ(Je — J)dt — /go(JE — J)dt| < 2M/ [v? — |dt.
I I I

Which gives the result.

We are now in position to prove the following homogeneization result.

Proposition 2.3. Let 2 be a bounded Lipschitz domain and let (€¢) be a sequence of
domains that converges to Q0 uniformly, with a function © € L%°(0) and a sequence
©c € L>°(09) such that:

lim sup [|Ocl| Lo (90,) < 0.
e—0
We suppose that:
1 1
@eHl_aQe — @%Lag
weak-* in the measure sense. Then for all k > 1

7k(0%, 00) — 7x(92,0).

Proof. We prove the result in two steps:

Lower semicontinuity. For all € > 0, let U, € Uy(€2) be a subspace that attains oy (€2¢),
and let (up.¢)p=0,...x be an adapted basis of it (that is, a basis that is orthonormal relative
to the quadratic form [y, ©cu” and orthogonal relative to [, [Vul?).

Since |0€2| converges, and |0€|ox(£2) is bounded according to (Hersch-Payne-Schiffer
inequality [11]), we know that the (uy) are bounded in H'(R?). Up to an extraction we
suppose they converge weakly to some (u,)p—o.. x € H*(R?), in particular we have the
following semi-continuity inequality; for all (ao,...,ax) with Zp aZ =1:

2 s 2 ..
/|vzp:apup| dx < hgglf/\vzp:apuw\ dz < lim inf o7, (Qe, Oc).
Q Q

Moreover, according to the previous theorem, for all p, p’, we have:

Opp = /@fupyeup’,edg 0 /@Upup/da.
09 o0

This shows in particular that (u,) is orthonormal for this scalar product. Thus Span(uo, ..., up)

is in Uk ($2) and:

0(Q,0) < sup / |VZapup|2d:1: < liminf oy (€, ©¢).
Epa%zl A » e—0

6
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Upper semicontinuity. Let V € U,(2) be a subspace that attains o (2, ©), and let
(vo,...,vp) be an adapted basis of it. When we extend it, (vo,...,vx) is a linearly inde-
pendant family of Hl(Qe) for small enough e. For all €, let ac = (ap,e)p=0,..k € S* be

chosen such that
/|Vw| dx /|VZap€vp| dx
sup

wesrs /@w / 0 S tpanf i

We can suppose each a, . converge to a certain a,. Using the previous theorem, we know

that:
2 2
/@E|Zap7€vp\ do v /@\Zapvp] do.
o) P l9) b

And the fact that Q. — Q gives:
e—0

/|VZap,evp|2daz3/\V2apvp2dx.
Qe P Q p

Using the two previous limits:

/|V2apvp| dx
lim sup o (e, ©¢)

0 /@|Zapvp| do

< 0;(9,0).

O

Lemma 2.4. Let Q,w be two C** domains of C and g : Q — w a conformal map. Let
O € L>®(0w) be a positive function. Then

o (w,0) =01 (2,670) ,
where g*O© = |¢'|© o g.
Proof. Since  and w are both C1'®, using the Kellogg-Warschawski theorem (see Theorem

3.6 of [12]) we know that g and its inverse are C1** up to the boundary. For any function
u € H' (), we let v = uog~!. Then a change of variable gives:

/|Vv|2da::/]Vu|2dx
w Q
/@Uzda— /(g 0)u’do.

oN
Moreover, if U is in U (£2), then the subspace V = {uog~!,u € U} is in Uy(w) and the
Rayleigh quotient are the same on both space: we have a bijection between U (2) and

Ui (w) that preserves the Rayleigh quotient, which proves the result. O
7
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Lemma 2.5. Let Q be a Lipschitz domain, © € L*(09Q,|1,+oc[). Then there ezists a
sequence of domains ¢ that converges uniformly to Q and such that:

1 1
Hipa, — Ot pq
weakly-x in the sense of measures.

Proof. We start with the case where Q is C? and © € C}(9f2). We will construct the
sequence (£2¢) as a graph on 0%, by adding oscillations on the boundary of © whose
amplitude is chosen such that the perimeter of §2 is locally multiplied by ©. This is the
reason why we need O to be larger than 1.

Let us define the basic oscillation d : R — R by:

Jwe 28,2k + 1] =z -2k
lre2k+1,2k+2] 2k +1—2x.

Consider c: Q12 89‘2 — 0f) a unit-length parametrization of 02, we define:
)= R
Nz edoct (%)
Notice it is only well defined when € = @ for a certain k € N*,

Finally, let A : 92 — R% be a smooth function that will be made more precise later.
We define our oscillations (f¢) by:

£ 002 — Ry
= Mz)de(z)

fe verifies || fell Lo (a0) = O (€) and f] = £A(2) + fe(x)N (x) = £X(z) + O (¢).
We consider the domain ). defined with its boundary as
00 = {z + fe(x)v(x), © € 0N}.

This means that . is defined for any small enough € as the union of €2 and of the segments
[z, 2 +v(z) fe(x)] for z € OS). It has a smooth by part boundary, and because it is defined
as the graph of a Lipschitz function (where the Lipschitz constant does not depend on ¢)
on the smooth set 952, the sequence (€2.) verifies a uniform cone condition.

We now show that Him{ - GHtaﬂ in weakly-* in the sense of measures for a certain
choice of A. Let ¢ be any continuous function, then

(Hlan.) (0) = [ plardo

00
/(96+1/ <\/1+)\2+O )a
o

— (V1+ XH]p0) (0

where the O(e) term contains not only the derivative of A, but also the curvature of .
By choosing A = /02 — 1, we get the result.
8
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Assume now that 2 is Lipschitz and © € L% (092). We proceed by regularization to use
the previous result: there exists a sequence of C2 domains (£2)¢>¢ that converges uniformly
to Q, with a sequence ©, € C1(99,, |1, +oo[) that is uniformly bounded in L> and such
that:

TSN 1
OH s, — OH|oq-
For each €, we apply the previous result to get a sequence €2, —6 Q. with:
n—
1 N 1
Hiaq.., 720 OcH|a0,-

Using the fact that the space of Radon measures endowed with the weak-* convergence is
metrizable, by a diagonal extraction we can find a n(e) > 0 for each € such that:

1 1
Hloq,, ., — Ml
0

Theorem 2.6. Let 0, w be two CY* domains and g : Q — w be a conformal map between
the two. Then there exists a sequence 2. such that 2 —0> Q uniformly and:
e—

0l () — [wlor (@)
for any k. Moreover, (|0Q¢|)es0 is uniformly bounded.
Proof. Let O(z) = Alg'(z)| for z € 9 and A > 0 large enough to have © > 1 everywhere

(this is possible because ¢’ does not vanish). Let () be a sequence that converges uniformly
to Q such that o () v 0,(2,0).
e—

Now, we know:
Uk(Qv @) = O-k(w’A) = A_lak(w)'
And:
|0Q2e| — /@da = AlOw|.
e—0
o0

This shows the result. OJ

As a corollary of this result, we obtain the negative answer to the question of the
stability of Weinstock’s inequality:

Theorem 2.7. Let Q be a simply connected domain of R? with CY* boundary. There
exists a sequence of simply connected domains (2¢). that converges to Q0 uniformly such
that:
|0Q|o1 (2e) — 2701 (D).
e—0

3. A STABILITY RESULT UNDER A PRIORI BOUNDS

In this section, we show that the stability of Weinstock’s inequality can still be obtained
provided some a priori information on the conformal map ¢ : D — €2 is known. The family
of convex sets, where stability occurs e.g. [7], can be described in terms of conformal

mappings by the constraint
9"(2)
Re 1+ 2= > 0.
9'(2)
9
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Our a priori condition will only include smooth enough sets but will allow for non-convex
and non-starlike domains.

The strategy, based on the relationship between the Steklov problem on 2 and the
weighted Steklov problem on D with weight © = |¢| on dD is as follows:

e We begin by the study of the stability of © — o1(D, ©). From the information that
</ @d0> 01(D, ©) is close to |0D|o1 (D) we obtain that O is close to a constant
oD

in the H 2 (OD) norm. This assertion holds provided that © is normalized to have
its center of mass in 0, which amounts to replacing g with go ¢ where ¢ is a certain
conformal automorphism of the disk.

e Using the a priori information on g, we improve the norm and get that © is close
to a constant in L*°(9D).

e We transfer this result to sets €2 by showing that the Hausdorff asymmetry of 2
is small when |¢/| is close to a constant in L (D).

In view of Theorem [2.7] the a priori information on the conformal mapping is crucial.
As previously mentionned, we first begin by the study of the Steklov problem of the
disk with weight ©. For all © € L*°(dD,R?) it will be practical to introduce the deficit:

1

def(0) = ————~ — 1.
H0) = @6y
If f € L?(0D), we denote by f\(n) =+ 027r f(ef)e~"tdt its Fourier coefficients, and we

define the H® semi-norm by:

11 ooy = Y 10l ().
nez*

Provided we restrict ourselves to functions that verify f(0) = 0, this becomes a norm.
Using this definition, it can be checked with Fourier series decomposition that for all

feH %(8ID>), the harmonic extension H f of f is well-defined and:
[ wnsis =22
D

HZ (D)

Proposition 3.1. Let © € L>*(0D,Ry) be such that @(O) =1 and @(il) = 0. Assume
morever that def(©) < 1. Then, for some constant C' > 0 independent of ©

1€ =1, 4 ) < CV/deE(6).

Proof. Let u(z) = z be the first (complex) eigenfunctions associated to © = 1. Let ¢ be
a normalized and real-valued H %(8]1)) function. Let also ¢ € C be a number that will be

fixed later. Suppose also that &5(0) = 0; we will see that we lose no generality with this.
Then, from the definition of def(©):
2

(1+ def(©)) / IV (u+ CH)[2de > / Olu+ Col2do — ’/ O(u+ Co)do
D oD oD
This can be rewritten as:

(1 + def(©)) <27r—|—27r§|2+2Re (C/aDuqde)) >

_ 2
227r+/ © (2Re(Cu¢) + |¢[*¢?) do — |¢|? (/ @qbda) .
oD 10 oD



Stability and instability issues of the Weinstock inequality D. Bucur and M. Nahon

Thus:

2Re (g/m(@ — 1)u¢da) <

< 2def(©)Re <g /8 ) u¢>da> + 27 def(©) + |¢[? (27r(1 + def(©)) + ( /B : @¢da>2> .

Using def(0©) < 1, this can be simplified to:

Re <|g| /{m(@ - 1)u¢da> < def(©)Re <|g| /BD u¢d0>+7rd?g@)+|g| (47r + </8D @¢)2 do—> .

Moreover:

Opdo = O — 1)pdo < 27||© — 1
| eodr= [ (©-1odr <2mlo 1], .

/(m updo

Thus, after normalization by 27:

¢ def(©) (] 2
Re (m ]ém)( — 1)uq§d0> < def(©) + 72‘“ + 5 (2 +© - IHH%(D)> .

We optimize in ( and get

]iD(@ — lugpdo| < def(©) + \/def(@) (2 +||© — 1||2 (D)>
Since def(©) < |/def(O):

][m(@ ~ ugdo| < <1 + \2) \/def(@) (2 +lle— 1”2—%@))'

Since ¢ is free (but normalized in H'/2(9D)), we get

”(@ — 1)UHH 1/2(9D) = (1 + \2) \/def(@) <2 + ||@ — 1”2 - (D)>

By direct computation, using ©(1) = (:)(—1) =0:

1(© =Dl -3 gy < V2u(®© = 1)]

and
= |2m¢(1)| < 2.

| -3 (oD)’

so that
1© = 1| g-1/2(9m)

¢2+u@1n2_1
H™2(D)

which gives the conclusion.

< (14 V2)4/def(0),

O

In order to get the improved estimate on [|© — 1|[ 1 (gp), we assume some knowledge
on the smoothness of ©.
11
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~

Proposition 3.2. Let © € C%“(dD,R) for o €]0,1] be such that ©(0) = 1, (1) = 0,
and def(©) < 1. Then:

1
18 = 1z (o) < Calll®llcon@m)I© = 1177y

Proof. Let ¢ be a positive function, smooth with support in [—1, +1]. Let ¢¢(e®) = ¢(t/e).
One can check that:

”¢€HH? D) - Oe—>0(1)'
Indeed, denoting F the Fourier transform in R, we have
2 " 2
194 o) —%Inlwe(n)l %dm!lﬂb(m %/Iﬁlﬂb §)|7d¢ < oo.

Suppose now that © reaches its maximum 1 4 m in e’©. We choose € small enough to

have (6 — 1)¢(e!0F)) > Lma(e!™)) : with the regularity on ©, we can just take

€= (ﬁ)a . Then:

, 1 A
/ (© — Do (et Ndo > Zm [ ¢e(e!F))do = em'+e
oD 2 Jom

—1

For a certain constant ¢ that only depends on ¢. This gives m < C||© — 1“;,&, o) We
2
can do the same for the minimum of © — 1 by taking —¢,. instead, getting the result.

0

Definition 3.3. For all K > 0, « €]0, 1], we denote A(K, &) be the set of simply connected
sets Q) with perimeter 2w such that there exists a conformal map g : D — Q with:

11og (19]) llco.aom) < K.

Remark 3.4. In particular, these domains are C'®, so this class excludes domains with
angles (e.g. polygonal sets).

Our main result of stability is the following:

Theorem 3.5. Let K > 0, a €]0,1]. Then there exists a constant M = M(K,«a) > 0
such that for any Q € A(K,«a):

S 2(14a~1)
o1(D) —o1(€) = M (d (2, D)) .
Where dp is the Hausdorff distance to a disk a radius 1.

We previously showed that [|© — 1|z gp) = [/|lg'] = 1l|zc(ap) is small when o1(f2) is
close to 01(D). The link between this estimate and the Hausdorff asymmetry of € is given
by the following lemma:

Lemma 3.6. Let g be a conformal map that sends D to €2, then:
di (D) < 3|lg'| = U o~ (om)-

Remark 3.7. The main argument of the proof will be the use of Bloch’s theorem that we
remind here: let f be any holomorphic function defined on a disk D, ,. Then the image of
[ contains a disk of radius L|f'(z)|r where L > 0 is a universal constant called the Landau
constant. The best known result is L > 1, proven in [I].

12
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Proof. We write € = |||g| — 1|[ o (gp). Using the maximum principle, we know that for all
z € D:

l-—e<|f|<1+e
For all z € D, the disk D, ;_|,| is in D, and so, according to Bloch’s theorem, the image of

¢’ constains a disk of radius L|g”(2)|(1 — |z|) where L is the Landau constant. Since the
image of ¢’ contains no disk with radius larger than ¢, we deduce that for all z € D:

" €
19" ()| < E

Now, this implies in particular that for all z € I:

1
9(2) — ¢'(0)2] < /0 (1= 1|2 (t2)|dt
1

I
< [ 0= 0l g St

<

o

In particular;
Dy _(142-1)e € 9(D) CDyyaqz-1)e

Since L > %, we get the result. O
We can now prove the main result.

Proof. (of Theorem The set Q belongs to A(K, «), so there exists a conformal rep-
resentation g of Q for which |[log (|g']) [[co.. < K. We let © = |¢'||gp. The perimeter

constraint gives @(0) = 1 and we suppose for now that @(:I:l) =0.

The hypothesis Q € A(K, a) tells us that © is bounded by a constant depending only
on K in C%*. By applying Proposition we know that there exists a constant M =
M(K) > 0 such that:

1
Ilg'l = 1 zoe (o) < Mot (D) — o ()[20+7D

According to the previous lemma, we get:

1
dH(Q7]D)) < 3M|01(D) — 01 (Q)|2(1+gﬁl) .

Here we supposed that g was normalized in the sense that @(il) = 0. Let us show that

we can always normalize g without changing || log(|g'l)l|lce(sm) too much: the idea is that
z4+¢
14+Cz
is a conformal automorphism of the disk. It could happen that the C%% norm of g o gbggl

there exists a unique (; € D such that g o ¢Egl is well-normalized, where ¢¢(2) :=

explodes when |(4| gets too close to 1. The following lemma shows that it is not the case:

Lemma 3.8. Let g be a conformal map, then there exists r = r (||log (|¢'|) | Leo(m)) in
0, 1] such that |C4| < 7.
13
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Proof. We let © = \g"aD|, and K = ||log (|¢|) || eo(p)- This means that e % < © < €.
We are interested in the quantity:

F(¢) = /8JD) (g0 d_¢) (2)]2do

_ 1—¢?
= /8]]) O(d—¢(2)) = EZPZdU.

To estimate |(4|, we use the following topological criteria: if (F'(¢), ) > 0 for all ( € OD,,
then |(4] < r. Let r > 0, we estimate:

1 . . <z eit0>
F 1to 1to — it N\
1_742< (Te )76 > 8D@(¢—re O(Z)>’1—T’Z‘2
2 cos(t)

= [ Oy (¢'0F1))

0 |1 — reit|2

[ e
" Jigne L —reit]? t>m/2 |1 —rett]?

j<n/2 |1 —ret| 2

do

— 400 (uniformly in tp).
r—1

This proves that for a certain r €0, 1] that only depends on K, we have |(4| < 7. O

4. FURTHER REMARKS

The study of the stability of © — o1(D, ©) is independent of the fact that © = |¢’| for a
certain conformal map g. One could wonder if there is an equivalence between the study
of the Steklov problem on domains €2 and the study of the weighted Steklov operator on
the disk. We show here that it is the case provided we allow domains that may overlap,
meaning they are immerged in the plane and are seen as images of holomorphic functions
with non-vanishing derivative that are not necessarily globally injective. We also show
that in our stability result, the domains cannot overlap when the first Steklov eigenvalue
is close to that of the disk.

Proposition 4.1. Let © € C°(OD,R%), then there exists an holomorphic function with
non-vanishing derivative g : D — C such that |g|’8D| = ©. Moreover, it is unique up to an

affine isometry.

Proof. Let u be the harmonic extension of log(©) on D. Let v be a harmonic conjugate
of u (it can be unique if we fix v(0) = 0). Then take g as an integral of et (it exists
because D is simply connected). Then |¢’| = e, which is equal to © on JID.

For the uniqueness, consider f and g two such functions, then log(|f’|) and log(|¢’|)
are two harmonic functions that coincide on 9D, so they are the same. Then Im(log(f’))
and Im(log(¢’)) (which are defined up to a constant in 277Z) are conjugated to the same
harmonic functions, so they differ by a constant. ]

Here is a criterium to get a domain that does not overlap, meaning that the function g
defined above is injective:
14
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Proposition 4.2. Let © € C°(OD,R%). If |© — 1 1o (om) < L, then © defines a domain
that does not overlap.

Remark 4.3. In particular, for all a €)0,1], K > 0, there exists 6 > 0 such that if
g : D — C is a holomorphic function with non-vanishing derivative that verifies:

° fa]D) lg'|do = 2,

o [[log (|g']) lco.em) < K,

o 01(D,]glypl) > 1 4.
Then g is injective and defines a domains that does not overlap. Indeed, Proposition
shows that |||g'| — 1||p~p) < C(K, )20+ which is less than L when & is small
enough.

Proof. Write ||© — 1|[1(9p) = €, g a conformal map such that |g|’8D| = ©. We want to
show that g is univalent. We use Theorem 1.11 of [12]; it is enough to show that for all

z € D:

g9"(z)
9'(2)
Since ||¢'| — 1] < ¢, it means that ¢’(D) contains no disk with larger radius than €, and so,
using Bloch’s theorem:

(1= 1) |2

L(1 = [2])lg"(2) < e

Thus we can verify the univalence criteria:

/!
9"(z) 2 € 2¢
1—|z]?) |z <(l-—|z < .
U g = U T =g = ta—9
This is less than 1 when e < 24_% Since it has been show that L > %, the above is true as
soon as € < % O

Sharpness of the stability result. One could wonder if an a priori bound on || log (|g'|) || .o (9m)
is enough to obtain stability. We prove below that this is not the case.

Proposition 4.4. Let Q be the image of a smooth conformal map g € C*(D) such that
max |¢'| < émin|g’|.
oD ™ oD
Then there exists a sequence of domains Q, = g,(D) with g, € C*(D) such that
|0, |0%(2) — |OD|ok(D), for all k >0,
n—oo

Q, — Q uniformly,
n—oo

sup || log |gy,[lcomy < oo
neN

Proof. Consider f an holomorphic function defined on D that never takes the value 0 and
such that |f| < |¢| on 9D. Consider:
n+1

9u(2) = 9(2) + — (2)

We show that, at least for n large enough, this defines a sequence of domains that converges
uniformly to €; we need to check the uniform cone condition. Since € is C!, there exists a
15
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finite number of squares that cover 0%, called (C;) and oriented by the orthonormal basis
(e;, fi) such that:

Cl = {p’L +tez + sf’ia taS € [_ri)ri]}v
o0 N Cz = {pi + te; + hl(t)fz, t e [—n,m]}.

Where ||hl[c1(gp) < 6 for a certain & that can be chosen arbitrarily small. We also write
c(t) = g(e') and c,(t) = gn(e), as well as I; = ¢~ 1(C;). Then, for all ¢t € I; we have

<C,a f1>

(c,e;)

For a large enough n, there exists n > 0 such that |(¢, — ¢)'| < (1 — n)|c|, because of

< 4.

the condition that |f| < |¢'| (any 7 smaller than inf W works for n large enough). In
particular, |c},| < (1 +n)|c| and:

[{ch-eid] = (e en] = |e = ]
> [{d,ei)| = (1 =n)lc|
> (e = (L =mlc e = (1 =n){c, fi)]
= (n— (1 =n)d) [(¢,e)] .
We choose § < ﬁ; with this:
(chs fi)| _ 21 =) /
@ e < max |c|.

And so, there exists a sequence of (2(%772) max |/ |)—Lipschitz functions (h; ) such that
for all i

O, N C; = {pi +te; + hin(t)fi, t € [—ri,ri]}
Which proves that the sequence (€2,,) verifies a uniform cone condition.

Lemma 4.5. Under these circumstances:

1 1 ,
Hisq, e GHLaQ weakly-* in the sense of measures,
where © = P (’ g_ll ), with:
2m
P(a) := V14 a2 + 2acos(t)dt.
0

Moreover, P is a strictly increasing function with P(0) =1 and P(1) = =

Proof. We already know that g, converges uniformly to g, and so it is easier to prove the
lemma on the pullback of these measures through g and g,, on dD. Let ¢ € C°(OD, R), we
16
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search for the limit of [, ¢|g;|do. We compute:
| dlaido = [ olg'+ 2+ 00 /mldo
oD oD
= [ ol + 2" fldo + O(1/m)
oD

“Js

"f, do + O(1/n)

g
— olg | P < 2 > do.
Where we used the fact that for any continuous and 27-periodic function v, 1) (n-) converges
weakly-* to f 1. O

This means that, in order to have |09Q,|01(€,) — 27, we need to chose f such that

</ @da) 01(2,0) = </ g*@d0> o1(D, g*®) is equal to 27, which is the case of equal-
o0N oD

ity in Weinstock’s inequality. In other words, we need a constant A > 0 such that g*© = A,
which is equivalent to:

A

9 9]

This is only possible when IgA’I takes value in |1, %[, and so there exists such a constant A

if and only if maxgp |¢'| < %minm |¢’|. Fix such a A. Then the previous relation can be

written: A
|ﬂ=WP*<VO-

This incites us to define f as f = €T, where v = Hlog <\g |P~t (‘ ‘>) and v is an

harmonic conjugate of u. With this definition, since 0 < P~ < 1, we get that 0 < |f| < |¢/|
on 9D, and with the maximum principle we get 0 < |f| < |¢'| on D. With f defined as
such, we obtain that for all k£ > 0:

10|01 (Q) — (/{m G)da) (2, 0) = </8DAdo> (D, A) = |D|oy(D).

n—oo

O

Remark 4.6. A consequence of this instability result is the following: there is no inequality
of the form:

I < TR /
Tuo().) < ¢ (1151~ 11y p 91~ 112 ).
where A €]0,1], €(t) ﬁ 0, and g is any conformal map. Indeed, such an inequality would
_>
lead to a stability result with a priori bound in L, which was shown to fail.
Lower bound on the exponent. We now compute the spectrum on the special case

where © — 1 is a sine function: this help us prove that the optimal exponent of stability
is no less than 2, whereas the exponent we obtain in our result is 2(1 +a™1).

Lemma 4.7. Let o €]0,1[, N > 4, and © (") = 1+ acos(Nt). Then we have the

estimate:
2 2

o

— <

oy < 4ef0) < s
17
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where C' is a constant that does not depend on N or «.
Proof. We begin with the second inequality. Let u € C*°(9D) be a finite sum of trigono-

metric functions, we call ¢, its Fourier serie (it has finite support), and (©,,) the fourier
serie of ©. Then the harmonic extension of u is given by

zt) _ § :Cnr|n|emt

neL

We can compute explicitly

/|V7—[u| dx =2m Z Inc|,

nezL*
/@quU =27 Z ckcl@l ks
kleZ
/@uda QWchGk
nez

We are only interested in test functions such that [ ©u = 0: we will suppose from now
oD

cop = — Z cnOk.

nez*

on that

def(O) verifies, for all sequence (cp)nez that verify the above condition on ¢, that:

(1+def(©)) > [nca| > > k@O

nezL* k,leZ

The value ¢ appears in the right-hand side, and we may replace it with — 3" .. cnOp.
We get that for all sequence (¢p)nez+:

1 +d€f Z ]ncn] > Z CcLCO_ — ‘ Z Cn®7n|2‘

nez* k,leZ* nez*

From this we want information on (©,); if we find a number ¢ such that for all finitely
supported sequence (ck)r.0, we have:

Y @Ok < (146) Y |nc,

klez* nez*

then def(©) < §.
18
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1forn=20
Here ©,, = { a/2 for n = +N.

0 elsewhere
We write, for a parameter € > 0 that we will choose later:

> a@Or k=Y leal +% > kel

k€L nez* kl€Z*, |k—1|=N
2 «
<Y e’ +a > leveal + 5 >
nezr k,E€Z*, [k—|=N, |k|<N/2 kl€Z*, [k—l|=N, |k|,Jl|>N/2
€ 1
< Z lenl? + Z §]ck|2+?€|cl]2
nezr kE€Z*, [k—|=N, |k|<N/2
o 1, 5 1 5
+3 > Slekl” + Sl

kl€Z*, |k—1|=N, |k|,|I|>N/2

< Z (1 + ae) |en|* + Z (1+a+g) |cn]?

2¢
neZ*, |n|<N/2 nez*, |n|>N/2
«
< Y taglel+ Y (2+ Z) e 2.
neZ*, |n|<N/2 neZ*, |n|>N/2

We choose € such that (2 + %) = Ntl. we take € = ~2~. Thus:

2 N-3"°
a2
Z kO < Z <1 + N—3) \cn|2 + Z |ncZL|
klez* neZ*, |n|<N/2 n€Z*, |n|>N/2
< (1 o 2
< < +N—3> Z |nc; .
nez*

This gives the second inequality.

For N > 4, we get def(©) < 1, and so we can apply the result to ©. This gives:

O(N)| < Cy/Ndef(0),

for a certain constant C' > 0, and so:

% < C/Ndef(0).

which is equivalent to the first inequality, up to replacing C' with 2C.

Proposition 4.8. Let € > 0, o > 0, there exists a sequence of domains €, such that
|08, | = 27 for all n,

sup || log |gp|[lce < oo,
neN

o1(D) — 01(2y)

sup D

"0 (@ (00, D)
19
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Remark 4.9. Here a can be arbitrarily large, which means we can ask for a much stronger
a priori bound and the optimal exponent is still bigger than 2.

Proof. Consider the sequence ,, = g, (D) defined by the weight ©,,(¢ ) = 1+ ay, cos(nt),
for a sequence aj,, that will go to 0. Since ||©,, — 1|z~ (gp) is less than = for n big enough,
we know that this defines a domain that does not overlap. The above estimate gives us

that:
2 2
n

a a
< C—.
n

def(©,) <

For a constant C' > 0. Let h,, be defined by h, = log(|g,|): it is the unique harmonic
function verifying h,, = log(0,,) on the boundary. We develop it as:

hn(e) =log (1 + an cos(n )

= Z ak cos(nt)®

k>1
_1)k—1 U“/ZJ
:Z ok Z oF < ) (2cos(n(2k — p)t) 1 psr /2 + 1pi/2)
k>1

In particular, since h,, is harmonic, its expression in the disk is:
‘ (—1)]671 ok E 2%
hn(re’) = Z ok < ) (25 P) cos(n(2k — p)t)Lyzrso + Lpi)2)

k>1

We can verify the a priori hypothesis on h,, = log (|g/,|); there is a constant C,, > 0 such
that:

[log (|9n|)]coa(aﬂ)>) = Ca Z (nk)* ay,
k>1

which is bounded as soon as n%a,, is bounded: this will be verified later. h,, is the real
part of the holomorphic function:

)kfl Lk/2]
log(gy,(2)) = ibn + Z ay Z ok < ) k_plp;ék/z + 1p=ks2) | 5

for a certain branch of the logarlthm and bn € R. In particular, for a certain constant
C >0: )
lgn(2) — by, — an2"| < Z Eaﬁ < Cd?.
E>2

This means that ¢, (2) = €'°8n(2)) = ¢in (1 4 @, 2" 4 k,(2)) where k, is an holomorphic
function that verifies |k, (2)| < Ca2 for a certain constant C.

We lose no generality in supposing that b, = 0 for all n. Suppose now that n is odd,
dp (2, D) can be estimated from below by:

1 2
— / — An n
m() = [y =14% w0 (%),

1 2
n(—1) = / :_1_% n .
n(-1)= [ diar=-1- %1 0(%)

20
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Thus, for a certain constant ¢ > 0:

di(Qn, D) > 2.
n

Using this and the upper bound def(©,,) < C%, we obtain:
0'1(]])) — O'l(Qn)
S 2—e
(@ (20, ))

which is bounded for a, = n~ < . For a small enough €, (n®a,) is bounded, so the a priori
condition holds, which proves the result. ]
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