METRIC PROPERTIES OF HOMOGENEOUS AND SPATIALLY INHOMOGENEOUS
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ABSTRACT. In this paper we investigate the construction and the properties of spatially inhomogeneous
divergences, functionals arising from optimal Entropy-Transport problems that are computed in terms of
an entropy function F' and a cost function. Starting from the power-like entropy F'(s) = (s* — p(s — 1) —
1)/(p(p — 1)) and a suitable cost depending on a metric d on a space X, our main result ensures that for
every p > 1 the related inhomogeneous divergence induces a distance on the space of finite measures over
X. We also study in detail the pure entropic setting, that can be recovered as a particular case when the
transport is forbidden. In this situation, corresponding to the classical theory of F-divergences, we show
that the construction naturally produces a symmetric divergence and we highlight the important role played
by the class of Matusita’s divergences.

1. INTRODUCTION

Let F' : [0,400) — [0,400) be a superlinear, convex function such that F'(1) = 0. A central role in the
paper is played by the F-divergences, i.e. functionals Dp : M(X) x M(X) — [0, +0o0] of the form

S F(@)du ity <p,
D = K 1
r(llv) {+oo otherwise. (1)

Here M(X) denotes the set of finite, nonnegative, Borel measures over a metric space (X,d) (say complete
and separable).

A classical example of F-divergence is given by the possible choice F' = Uj(s) := sln(s) — s + 1, corre-
sponding to the celebrated Kullback-Leibler divergence (also called relative entropy) |[KL51|, a functional
introduced by Kullback and Leibler in 1951 intimately related to the famous Shannon’s entropy (see [Sha4§,
[Lin91]). We notice that the presence of the linear part in the function Uj is natural in dealing with measures
with possibly different total mass (see Remark [1)).

Since their introduction by Csiszar [Csi63|, and independently Ali and Silvey [AS66|, F-divergences
have become a fundamental tool in information theory and statistics. They can be interpreted as a sort
of "distance function" on the set of finite measures, even if they do not generally fulfill the symmetric
property and the triangle inequality. We refer to Liese and Vajda [LV06], [Vaj89| and references therein for
a systematic presentation of these functionals, where also their applicability in statistical test is discussed.

Recently, F-divergences have been considered by Liero, Mielke, Savaré [LMS18| as penalizing functionals
in the formulation of optimal Entropy-Transport problems, a generalization of optimal transport problems
obtained by relaxing the marginal constraints. In contrast with the classical transport setting, the theory
that has been developed allows the description of phenomena where the conservation of mass may not hold
(see also |[LMS16|, [Chi+18|), and for this reason in the literature it is also referred to as "unbalanced
optimal transport".

N. De Ponti is with the Department of Mathematics, University of Pavia, Pavia 27100, Italy (e-mail:
nicolo.deponti01@universitadipavia.it).
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The construction of Entropy-Transport problems works as follow: starting from a cost function ¢ :
X x X — [0, +00], we define the Transport functional as

To)i= [ clonaa)dy(one), 7€ MIX X X), @)
XxX
and the Entropy-Transport functional as

ET (Yl|u1, p2) = Dr(mllp) + Dr(yellp2) + T (), (3)

where ~y; := (Tri)w are the marginals of the measure « obtained as the push-forward through the projection
maps 7' (21, 72) = x;, i = 1,2. The Entropy-Transport problem between the measures y; and po is the
minimization problem

ET = inf . 4
(MI?M2) ‘yE./\/%?XXX)gT(’YHMLMQ) ( )

The aim of the paper is to investigate the metric properties of the function ET' : M(X)xM(X) — [0, +0o0]
with respect to different possible choices of the function F' and the cost ¢. As a result of our study, we
will not only produce new Entropy-Transport distances on the space of finite measures, but also give new
insights on the properties of the F-divergences.

The starting point of our analysis is the marginal perspective cost

0 0
H(xy,r;xe,t) := ég%F(;)T + F(;)t + Oc(x1,x2) = ET(r04,, t0s,), (5)

a function corresponding to the solution of the Entropy-Transport problem between two Dirac masses
p1 = 10z, pi2 = tdy,. From the general theory developed in [LMS18, Section 5 and 7] (see also |[Chi+18,
Theorem 3.7]), it follows that ET is a (power) of a distance on M(X) if the function H is a (power) of a
distance on the cone space over X. The latter is the space €(X) =Y /~, where Y = X X [0, 4+00) and

(xl,r)f\/(x27t) p— r:tZOOFT:t,xlsz_

When the starting entropy F'(s) has a strict minimum at s = 1, and the cost ¢ is a symmetric function
such that c¢(z1,22) = 0 if and only if x; = x2, we show that the induced marginal perspective cost H is
symmetric, nonnegative and H(x1,7;x9,t) = 0 if and only if (z1,7) ~ (z2,t).

The question regarding the validity of the triangle inequality is much more challenging: first of all, in
the presence of a non-trivial cost function ¢, an explicit computation of the induced marginal perspective
cost is often unavailable. In addition, the triangle inequality is known to be difficult to prove, even in the
easier pure entropic case that has been previously considered in the literature (see below). In the present
paper, we address this question for an important class of Entropy-Transport problems, the ones generated
by the choices ¢(x1,x2) = f(d(x1,22)) for a suitable function f : [0, +00) — [0, 4+00], and F' = U,, where
the latter corresponds to the class of power-like entropies defined by

1
p(p—1)
In this situation, the induced marginal perspective cost H takes the form

Ui(s) :==sln(s) —s+1, Upy(s) = (sP=p(s—1)—1) if p>1.

p

H = Hy(ar, vy t) = [mu ) = My (1) (1 ‘a —p>‘w>

p>1,
2 +

—_

H = Hy(wy,riaa, 1) = 2|90 (r, ) = Mo(r, e 1w2)/2]

where the expressions are written in the terms of the power means

P+ tP
(1) = (—

>;, p#£0, Mo (r,t) := Vrt.
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In Theorem [5] and Theorem [, which are our main results, we prove that the square root of the induced
marginal perspective cost H, is a distance on €(X) for every p > 1, where c is given by one of the two
following cost functions:

p—1

(1) ¢ = cp(z1,22) == I% 1 — (cos(d(z1,z2) AT/2)) 7 |,
(2) c(x1,z2) = d(x1, x2).
The same result is obtained also for the cost c¢(x1,z2) = d?(x1,22) and 1 < p < 3.
Thus, we provide an entire class of Entropy-Transport distances on the space M(X), besides the Gaussian
Hellinger-Kantorovich distance and the related Hellinger-Kantorovich distance studied in [LMS18|, that

correspond to the case p = 1, ¢(x1,72) = d?(x1,22) and p = 1,

—log (cos?(d(z1,x2))  if d(z1,22) < 7/2,
400 otherwise,

c = cx (1, 22) = {

respectively. Notice here that the choice of the "exotic" cost ¢, defined above is motivated by its counterpart
cik; in particular, it holds

lim ¢p (21, x2) = e (21, T2).
p—1

The class of distances we studied includes, for p = 2, a transport variant of the Vincze-Le Cam distance
[Vin81|, [Cam86|.

In contrast with the case p = 1, where Liero, Mielke and Savaré were able to take advantage of the
expression of the induced marginal perspective cost, closely connected with the "natural" metric dg¢ of the
cone space (see, e.g., [BBIO1] Section 3.6])

dg ((z1,7), (v2,1)) := 1% + > — 2rt cos(d(x1, 22) A ),

the proof of Theorem [5] is based on a careful case by case inspection, where we adapt different results
already present in the literature (|Ost96], [ES03], [Koul4]) as well as employ new techniques in order to
compare the function H, with the "model case" p = 1. Once that is done, the proof of Theorem @] follows
by some explicit computations, taking advantage of a well-known technical lemma (Lemma .

If I = U, we also prove that for every cost function c it holds

H,<H; <pH, p>1 (6)

The explicit bounds @ allow us to prove that all the Entropy-Transport distances previously considered
are complete and separable metrics on the space M(X) inducing the weak topology.

The rest of the paper is devoted to the study of the problem and the property of the function in
the pure entropic case, which correspond to the choice

0 if Tr1 = X9,
) = 7
(w1, 22) {—i—oo otherwise. (7)

In this situation, the structure of the problem does not allow the spatial movement of the mass and we

obtain q q
1 Apg
ET M1,y U2 _/ HF TN d)\a (8)
( ) e ( dX " dA )

where A € M(X) is any dominating measure of py, pg, i.e. p; and ug are absolutely continuous with respect
to A. Here Hp is defined by

= (G ()

and we notice the close connection with the marginal perspective cost .
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We refer to this setting as "pure entropic" since the expression is an equivalent formulation of the
divergence induced by the function f(s) := Hp(s, 1) (see Lemmaf3)). In particular, the minimizing procedure
@ corresponds to the construction

D = inf D D
Flpallp2) ot F(Yll11) + Dr(v]|p2)

at the level of divergences, and it can be seen as a simple variational way to generate a new symmetric
divergence starting from a given convex function F'.

The metric properties of F-divergences, and in particular the validity of the triangle inequality, have been
investigated by many authors like Csiszar, Endres, Kafka, Osterreicher, Schindelin, Vincze ([Csi67], [ES03],
[KOVI1], [Ost96], [OV03]), to cite only a few. However, to the author’s knowledge, the construction of the
function Hr defined in @ has never been considered in the literature and we will show that it exhibits
interesting structural properties.

In contrast with the spatial inhomogeneous case, the explicit expression of the function Hp is easier to
obtain and gives rise to well-known statistical functionals, which include the Hellinger distance [Hel09], the
Jensen-Shannon divergence [Lin91] and more generally a class of Arimoto-type divergences that has been
studied by Osterreicher and Vajda [Ost96], [OVO03] (see Example ). One can also obtain other important
functionals, including the symmetric Kullback-Leibler divergence [KL51] (see Example [5)) and the class of
Matusita’s divergence (see Example [3)).

Regarding the power-like entropies Uy, we prove that the induced function Hy, is the square of a distance
on R, for every p > 1. This completes a study started by Osterreicher and Vajda (see |[Ost96], [OV03]),
who considered the class of functions corresponding to the case p < 1 (see Example |4 and Proposition .

Our analysis does not limit to superlinear function F. This is particularly important because, by directly
studying the minimizing procedure @, we show that the only distances between F-divergences are provided
by the family of the total variation divergences related to the function F(s) = c|s — 1|, ¢ € (0, +00). Some
general results are proved also for the more difficult case of the divergences F' that induce a distance on
M(X) of the form

(v, 1) = Dp(y]lp)*  for a power a € (0,1).

Here, we will emphasize the central role of the class of Matusita’s divergences F(s) = |s* — 1|% [Mat64].

The paper is organized as follows.

In section [2] we introduce the necessary preliminaries, including some concepts of measure theory and
convex analysis. We also recall the definition of the power means and their main properties.

Section [3] is devoted to the study of the pure entropic case. We define the F-divergence and provide
an equivalent definition based on a perspective formulation (Lemma , that is crucial in order to show
the connection of the metric properties of the divergences with the related properties of the perspective
function (Proposition [2). We also provide a list of examples of admissible entropy functions F and we
compute the induced marginal perspective function Hr. We then discuss when some of these functions
induce a distance. Finally, we study the convergence properties of the iteration of the minimizing procedure
@ and we will highlight the important role played by the class of Matusita’s divergences.

In section [d] we introduce the notion of marginal perspective cost and we discuss its main properties.

Section [p|contains a brief introduction to the theory of optimal Entropy-Transport problems. We motivate
the "homogeneous formulation" of these problems via the marginal perspective cost H, which is convenient
for studying Entropy-Transport distances (Proposition @

In the last section we focus on the marginal perspective cost H,, induced by the power-like entropy Uj,.
We prove our main results (Theorem [5| and Theorem @, which ensure that, if p > 1 and ¢ is a suitable
cost function, the function H), is the square of a distance on the corresponding cone space. This allows us
to produce new Entropy-Transport metrics on the space M(X), that are also complete and separable (see
Corollary |1)) thanks to the bound obtained in Proposition
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2. PRELIMINARY

2.1. Measure theory. Let (X,d) be a Polish space, i.e. a separable, completely metrizable, topological
space. We denote by B(X) the o-algebra of the Borel sets and by M(X) the set of finite, nonnegative,
Borel measures on X.

We endow M (X) with the weak topology, inducing the following notion of convergence:

o = = /X Fpn /X fdu for any f € Cy(X), (10)

where Cy(X) denotes the set of continuous and bounded functions f: X — R.
Suppose p € M(X), let Y be another Polish space and let T': X — Y be a Borel map. We define the
push-forward measure Ty € M(Y') by
Tyu(B) = w(T~H(B)) for every B € B(Y). (11)

We say that a measure v € M(X) is absolutely continuous with respect to a measure p € M(X), and
we write v < pu, if v(A) = 0 for any set A € B(X) such that u(A) = 0. In this situation, it is well known
that v admits a Radon-Nykodym derivative with respect to pu, i.e. there exists a measurable function
f:X —[0,400] such that

~v(B) = /de,u for every B € B(X).

The function f is denoted by 3—7
o

The measure 7 is singular with respect to u~ € M(X) if there exists a Borel subset A C X such that
p(A) = (X \ A) = 0. More generally, the following version of the Lebesgue’s decomposition Theorem
holds (see |[LMS18| Lemma 2.3|).

Lemma 1. For every v, € M(X) with v(X) 4+ w(X) > 0, there exist Borel functions o,p: X — [0, +00)
and a Borel partition (A, Ay, A,) of X that satisfy the following:

A={zeX:0(x)>0}={recX:px) >0}, c-p=1inA,
v=ou+v, o€ LL(X,p), vH(X\A4,)=pu(4) =0, (12)
p=py+pt, peLL(X,y), p(X\AL)=u(A,)=0.

2.2. Admissible entropy functions. A function F : [0, +00) — [0, +0o0] belongs to the class T'o(R4) of
the admissible entropy functions if F' is convex, lower semicontinuous and F(1) = 0. The domain of the
function F' is the set

D(F):={s € [0,+00): F(s) < +o0}. (13)
Let F € Io(R,), the recession function rec(F) and the recession constant F._ are defined by
. F(+ar) ;o
rec(F)(r) := agrfoo — E :=rec(F)(1). (14)

We define the right derivative Fj at 0, and the asymptotic affine coefficient affF, as

—00 if F(0) =400
F) = ’ 15
{lims 10 w otherwise, (15)
+00 if F/, = +o0,
aff Fiop := < ;o i (16)
lims o0 (Flos — F(s)) otherwise

Note that the definitions are well posed thanks to the convexity of F.
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The Legendre conjugate function F* : R :— (—o0, +00] is defined by
Fw(¢)5==sgg{8¢'—-FTS)}‘ (17)

F* is the conjugate of the convex function F : R — [0, +00] obtained by extending F' to 400 for negative
arguments. It is convex and lower semicontinuous. Concerning the behavior of F*, we have the following
Lemma (see [LMS18|, Section 2.3]):

Lemma 2. The function F* is an increasing homeomorphism between (Fy, F..) and (—F(0), aff F) with
F*(0) =0.

The reverse entropy function R : [0, +00) — [0, +00] is defined by

1 .
R(s) = 4TI 100 (18)
F if s =0.

In particular, R is convex, lower semicontinuous and the map F' +— R is an involution of I'g(R;). We also
have

R(1)=0, R(0)=F, R. =F(0), R)=-affFy, affRy =—F) (19)
We denote by I'j(Ry) the set of the functions F' € I'g(Ry) such that F' is equals to its reverse entropy
R.
The Legendre conjugates of F' and R are related by
Y <—F¢) <= ¢ < —R' (). (20)
Finally, the perspective function induced by F' € T'o(R ) is the function F : [0, 4-00)x [0, +00) — [0, +0oc],
given by
. F(2)t if ¢
Py = FGE)E >0, (21)
rec(F)(r) ift=0.

F' is jointly convex, lower semicontinuous, positively 1-homogeneous in the sense that F(Ar, \t) = AF/(r,t)
for every A > 0, and F'(1,1) = 0. An easy consequence of the definition is the fact that F(r,t) = R(¢,r).
In particular, if F' € T'{j(R) then F' is a symmetric function, i.e.

A A

F(r,t) = F(t,r) for every r,t € [0, +00).

2.3. Power means. In this section we study the power means (also called generalized means), a family of
functions that includes the well-known arithmetic, geometric and harmonic means. The property of these
functions will be useful later on.

In what follows r, ¢ will denote two nonnegative real numbers and p a real parameter, which we suppose
for the present not to be 0. The p-power mean between r and ¢ is given by

Py 4PN L
() = (T ), (22)
except when p < 0 and r or ¢ is zero. In this case 9, is equal to zero:
My(r,t) =0 (p<0, r=0o0rt=0). (23)

In the case p = 0 we put
mo(r, t) = \/?Tt (24)

so that lim,_,o M, (r, t) = Mo (r, ).
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It is easy to see that 9,(r,r) = r for every p € R and every r > 0. The function 9, is positively
1-homogeneous and symmetric. Moreover, it is not difficult to prove that My (r,s) < My(r,t) for every p,
rand s < t.

Iy is the well-known arithmetic mean, 9y is the geometric mean and 9M_; is called harmonic mean.

The main result (see [Bul03| for a proof) regarding the power means is the following:

Proposition 1. If p1 < ps then
fInpl (T7 t) S 932272 (’f’, t)
with the case of equality given by r =1, or po <0 and r At = 0.

In particular,

rAt=lim 9M,(r,t) <Mp(r,t) < lim My(r,t) =7V, (25)
p——00

p——+oo

for every p € R, r,t € [0, +00).

3. PURE ENTROPIC CASE

3.1. F-divergence and marginal perspective function. Let X be a Polish space and F' € T'y(R4). The
F-divergence (also called Csiszar’s divergence) is the functional Dp : M(X) x M(X) — [0, +oc] defined
by

Drolli) = [ P+ Py (), 3= outt (26)
where v = ou + v+ is the Lebesgue’s decomposition of the measure v with respect to p that follows from
Lemma . In particular, if F' is superlinear, i.e. F! = +o00, the F-divergence is always equal to 400
unless « is absolutely continuous with respect to u. We notice that the presence of the additional term
F! ~Y(X) in the definition is crucial for the lower semicontinuity property of these functionals (see

|[LMS18| Corollary 2.9]).
Recalling the definition of F' (2I)), we define the perspective divergence Dp : M(X) x M(X) — [0, +o0]

as

dvy dp
D = P(5 5N 2

rolb = [ F(F 5 (27)

where A € M(X) is any dominating measure of v and pu, i.e. v < A, p < A. It is easy to see that such a

measure \ always exists (take A = y+pu) and Dy does not depend on )\ since Fis positively 1-homogeneous.

Lemma 3. For every v, u € M(X) we have

Dr(Y|ln) = Dr(yllp)-

Proof. Let v = op + v+ be the Lebesgue’s decomposition and define A := 4+ v-. We observe that A
dominates p and . Since y is singular with respect to 4+, there exist A, B Borel subsets such that

AUB=X, AnB=0, A =0, ~B)=0.
Put v := pA, p:= 7. The densities p, 7 satisfies

{1 ifz €A, {o ifz €A,

PO= 0w taen, "7\ izeB (28)

Thus,

D6l = [ Fpnar= [ Pp.nar+ [ Foni= [ Penis [ Fooo

= [ Foan+ [ Piar= [ Plojdu+ Py () = DrGollw. - 29
B A X
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Some comments regarding what we have done so far are in order.

Remark 1. We have defined the F-divergence only for functions F in the class To(Ry). In principle,
one could work with conver and lower semicontinuous functions F : [0,4+00) — R such that F(1) = 0.
In this case, an easy application of Jensen'’s inequality ensures that Dp is nonnegative between probability
measures, i.e. measures € M(X) such that n(X) = 1. However, if there exists a point q € [0,00] such
that F(q) < 0, then Dp is not nonnegative between measures with different total mass. To see this, let us
consider v 1= 16, and p = to, such that v/t = q. It is apparent that Dp(~||p) = F(r,t)t = F(q)t < 0.

Let us finally mention that, given a convexr and lower semicontinuous function F : [0,4+00) — R such
that F(1) = 0, the function F(s) := F(s) — c(s — 1), where ¢ is a subderivative of the function F at s = 1
(which ezists since F is convex), is in the class To(R4) and we have

Dp(Vllp) = Dr(v[[p) — e(u(X) = (X))
In particular Dy, and Dp coincide between measures with the same total mass.

Remark 2. Starting from a function F € T'o(Ry), we have seen that we can construct the perspective
function F' thanks to , the F-divergence prescribed in and the perspective divergence defined by
(27). Moreover, Lemma @ tell us that the F-divergence and the induced perspective divergence coincide.
If we start instead with a lower semicontinuous, jointly conver and positively 1-homogeneous function H :
[0, +00) X [0,4+00) — [0,00] such that H(1,1) =0, we can define the H-divergence H : M(X) x M(X) —
[0, +00] by the formula

H ) = /X () (30)

where X is any dominating measure of v and p; H also induces a function f € To(Ry) simply by taking
f(s) := H(s,1). Thus, in studying Csiszdr divergences, we have two different but equivalent points of view
and, depending on the circumstances, we may choose to work with functions of 1 or 2 variables.

It is an easy consequence of the perspective formulation that the F-divergence is a symmetric functional
if and only if F is symmetric. However, the symmetry of F' is not always satisfied (take for instance
F(s) =sln(s) —s+1).

In order to replace F' with a new "symmetric entropy", a natural procedure is the following: define the
marginal perspective function Hp : [0, +00) x [0, 4+00) — [0, +00] as the lower semicontinuous envelope of
the function

- T t
H := inf — =) )é. 1
plrt)i= iut (R(5) + ()0 (5
An equivalent definition of Hp can be given in term of the induced perspective functions ForR by:
Hp(r,t) = inf F(,7) + F(0,t) = inf R(r,0) + R(t,0) (32)
0>0 0>0

The infimum in the definition of Hp is a minimum and it occurs in the interval [r,¢] (without loss of
generality we are assuming r < t): to see this, it is enough to notice that the function 6 — F(0,7) + F(6,t)
is lower semicontinuous and it is decreasing in [0,7] and increasing in [t,+00). We will see in section
] in a more general context, that the function Hp is lower semicontinuous, jointly convex, positively 1-
homogeneous and symmetric. Moreover, if the function F(s) has a strict minimum at s = 1, Hp(r,t) =0
if and only if r = t.
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3.2. Examples. We consider now different examples of admissible entropy functions and we compute the
expressions of the corresponding marginal perspective functions, at least in the case r At > 0. In this
regard, it is useful to recall that the function Hp coincides with the marginal perspective function Hr in
the interior of its domain (see below Lemma [12)).

Example 1. (Indicator functions) The indicator function of the closed interval with endpoints a and b,
0<a<1<b< 400, is defined by

] if s€la,b],
T (®) = {4—00 if s¢la,b]. (33)

When F' = Ij,3) one obtains
: b
0 Zf% S % S a’

34
400 otherwise, (34)

Hl[a’b] (7”, t) = {

where%z+oo ifa=0and § =0 if b = +o0.
Example 2. (x® divergences) Given a parameter a > 1, the x® divergence is induced by the function
X(s) = [s — 1% (35)

x! = |s — 1] is the famous total variation entropy.
The entropy function F = x gives rise to the marginal perspective function
|r — t|*
Hyo(r,t) = ————. 36
X ( ) (T—Ft)a_l ( )
We can recognize the expression of the so-called Puri-Vincze divergence.

Example 3. (Matusita divergences) For 0 < a < 1 the Matusita’s divergence is given by the function
Mgy(s) = |s* — 1]5 Clearly x* = M;.
When F = M, it is easy to see that

Hag, (rt) = 21 a|r® — 19)a. (37)

It is interesting to note that except for the constant factor 21_%, the Matusita function M, remains invariant

after the minimizing procedure . We will come back to this point in section .

Example 4. (Power-like entropies) Let p be any real number. We call power-like entropy of order p the
function Uy, : [0,4+00) — [0, 4+00] characterized by

Uy € C(0,400), Up(1) = Uy(1) = 0, U (s) = 8%, Up(0) := Him Uy (). (38)

The function U, can be computed explicitly and one gets:

UP(S) p(pl_l) (S —p(S - 1) - 1) Zf p # Oa 17
Ui(s) =sln(s) —s+1, (39)
Up(s) =s—1—In(s),

with U,(0) = 1/p for p > 0 and Uy(0) = +oo for p < 0. This family of functions, also called Dichotomy
Class, was introduced by Liese and Vajda [LV87],[Vaj89].
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Given I = Uy, we obtain the following expression:

1

Hy,(r,) = L|r+ ¢ = 2051 (17 1 819) 75 | p 20,1,
Hy, (r,t) =r+t—2vrt, (40)
Hyy(r,t) =rlnr +tlnt — (r+t)ln (%t)

We can recognize some well-known statistical functionals: for example in the logarithmic entropy case
p =1 it appears the Hellinger distance

Hy, (r,t) = (vr = V1)*. (41)
We have already noticed that the same function is obtained starting from the entropy U% (s) =2(v/s—1)?2 =
2M;:.

2
For p =0 we have the Jensen-Shannon divergence, a squared distance between measures derived from the
Kullback-Leibler divergence (|ES03]).
The quadratic entropy Us(s) = %(3 —1)? gives rise to the triangular discrimination

r— 2
Hu, (r ) = %HXQ (rt) = ;((H?) (42)

Example 5. (Power-logarithmic entropies) Given a real number p > 1, we call power-logarithmic entropy
of order p the function V, : [0, +00) — [0, +00| defined as

Vp(s) :=s” —pln(s) — 1, s>0, (43)
and Vp,(0) = 4o00. It is easy to see that Vj, € C*°(0,400) and V,(0) = lim, o Vp(s).
Starting from the power-logarithmic entropy of order p one gets:
rt(rp_l + tp_l)
T+t

As expected, Hy, = Hy, since Vi = Uy. When p = 2, one obtains the symmetric Kullback-Leibler divergence
[KL51):

Hy,(r,t) = (r+1t)In [ } — p(rn(t) + tIn(r)). (44)

Hy(r,t) = (r =) (7). (45)
Example 6. (Double power entropies) Given two parameters p,q such thatp > 1, 0 < ¢ <1 and p # q,

orp <0, q>1, the double power entropy of order p,q is given by
Wpq(s) :=qs? —ps?+p—gq, s>0. (46)

Wh.q is a strictly convez function, Wy, 4 € C*°(0,400), and it is extendex in 0 by continuity so that W), 4(0) =
p — q when p, q are positive, Wy, 4(0) = +00 when p < 0.
A direct computation shows that:

1

(1! + tq—ﬂ 7

T —(g=p)(r+1). (47)

Hy,,(r,t) = (q - p)?“t[
For exzample, when p =3/2,q =1/2 one gets

Hy, (r,t) =7+t — (rt)1(v/7 + V). (48)

31
2°2
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FiGure 1. x® divergences

a=1/2

FiGURE 2. Matusita divergences

FiGURE 3. Power-like entropies

11
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FIGURE 4.

FIGURE 5. Double-power entropies

3.3. Divergences and triangle inequality. As we have previously seen, starting from a function F €
I'o(R4) such that F(s) = 0 if and only if s = 1, the marginal perspective function Hp is nonnegative,
symmetric and Hp(r,t) = 0 if and only if » = ¢t. We begin in this section the discussion regarding the last
property that Hp has to fulfill in order to be a metric on [0, 4+00): the triangle inequality.

When we write "d is a metric (or a distance) on X" we mean that d : X x X — [0, +00) is a symmetric
function, d(x,y) = 0 if and only if x = y and d satisfies the triangle inequality, i.e. d(x, z) < d(z,y)+d(y, 2)
for every z,y,z € X.

Since we will prove that the total variation is the only divergence that is also a metric, it is natural to
discuss when the power H is a distance on [0, +00), for a € (0, 1].

The study of the metric properties of the function Hr in order to produce metric divergences is justified
by the following Proposition.

Proposition 2. Let F' € T'o(Ry.). The functional D, is a distance on M(X) if and only if F s a distance
on [0,4+00), a € (0,1].
Proof. We recall that, thanks to Lemma , Dr(p1||p2) = De(p|pe)-

Let us suppose that D% is a distance. Then F® is a distance since D%(rd,|[td,) = Fo(r,t) for every
r,t € [0,+00), where d, denotes the Dirac measure at x € X.
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For the converse implication, let F® be a distance on the nonnegative real numbers. It is apparent that
the (power) of the F-divergence is nonnegative, symmetric and D% (ui||pe) = 0 if g = po. Moreover,
since F'* is a distance, it follows that F'(s) = 0 if and only if s = 1, that also implies F., > 0. Thus, if
D% (p1]|p2) = 0 we easily see using the definition of F-divergence that p1 = po. Let py, po, u3 € M(X)
and consider A := p1 + po + p3 so that we can write y; = 7\, ¢ = 1,2,3. Then

D% (pl|ps) = (/XF<T177'3)d)\>a < (/X(Fa(ﬁﬂ'g)+Fa(7'2,7'3))1/ad)\)a

< ([ P an)" ([ (o)) = D) + D ). (49

where we have used the triangle inequality for F and the Minkowski inequality. U
We recall this simple Lemma:

Lemma 4. Let (X, d) be a metric space and f : [0, +00) — [0, +00) be a concave function such that f(r) =0
if and only if r = 0. Then (X, f(d)) is a metric space inducing the same topology.

Proof. f(d(z1,22)) > 0 and f(d(z1,22)) = 0 if and only if d(z1,x2) = 0 which implies 1 = zo. It is clear
that

(21, 22) = f(d(21, 22))
is a symmetric function. Since f is concave and f(r) > 0, f is also increasing and subadditive, thus

f(d($1,$3)) < f(d($1,$2) —|—d($2,$3)) < f(d(CL‘l,l‘Q)) + f(d(l‘g,l’g))

The function f is continuous because it is concave and finite valued, so that f(d) is topological equivalent

to d. O
An easy consequence of the previous Lemma is that if Hf is a metric, then H% is a metric for every
b e (0,al.
The convexity of the function Hr implies that

Hp(r,t) > Hp(s,t) and Hp(r,s) < Hp(r,t) for every 0 <r < s <t. (50)
Using the symmetry, the 1-homogeneity of the function Hp and the property , it follows that H
satisfies the triangle inequality if and only if

HE(u,1) < HE(u,0) + Ho(v,1) = vaﬂg(%, 1) + HS(v,1), for every 0 < u < v < 1. (51)

A last useful remark is that
h?()l Hp(u,1) < 400 (52)

is a necessary condition for the existence of a power a such that Hf is a metric.

Regarding the examples previously seen, it was proved by Kafka, Osterreicher and Vincze [KOV91| that
Hf is a metric when a = 1/a.

About the Matusita’s divergences, it is apparent that Hj, is a distance.

When p > 1, lim, o Hy, (u, 1) = 400 so that, except for the case p = 1, the power-logarithmic entropy is
not a metric for every power a.

We now turn the attention to the function H) := Hy,. It has the following expression

H,(r,t) = % My (r, t) — My _p(r, t)}, if p 0,
Ho(r,t) =rlnr+tlnt — (r+1t)In (%Ft),

that is also valid when rt = 0 with the convention 01n(0) = 0.
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As we have already notice, H), is the square of a metric on [0, +00) for p = 0,p = %,p = 1. We investigate
now the same question for every real number p. This problem was already considered by Osterreicher and
Vajda in the case p < 1 [Ost96], [OV03]. Following the same approach we prove:

Proposition 3. The induced marginal perspective function H,, is the square of a metric on the nonnegative
real numbers for any p € (—oo, %] U [1,400). \/H) does not satisfy the triangle inequality if p € (%, 1).

The proof of the previous Proposition is based on the following Lemma. It is the first example in the
paper of a fact that will be recurrent: the central role of the class of Matusita’s divergences in the study of
the metric properties of the marginal perspective function.

Lemma 5. Let a € (0,1] and F € T'{(Ry). If
1
(1—u")a
h(u) :=
is decreasing in [0, 1), then a satisfies the triangle inequality.
Proof. Due to the monotonicity of the square root function, one has that
1—u

h®(u) =
is decreasing in [0, 1), so that h%(u) > h%(v) and h*(u) > h*(%) if 0 <u < v < 1. It follows that
1—u“_1—va+va—ua 1—0° va(l—(%)a)_ﬁa
he(u) — he(u) — he(u) ~ he(v) he(y)

Fo(u,1) = (u,v) + Fo(v,1),  (54)

which is sufficient to prove the triangle inequality since Fis convex, symmnietric and positively 1-homogeneous.
O

Proof of Proposition[3 Using now Lemma [5] it remains to show that the function

— /u)?
= 007

is decreasing in (0, 1), where we put fp(u) := Hp(u, 1). The derivative of the function h), is the following:

B () = —2 (1 - 1) e ba(w), (55)

p\Vu f3(u)
where we set
Gp() = 27 (w2 1) = 275 (ul P 4 1) T (B P 4 1), (56)
Note that ¢,(1) = 0 and 9, (u) := /ugj,(u) satisfies:
1 1 1-
dplw) = ;2 TP ) R (R - V). 67)
The function v, is such that ¢,(1) = 0 and
Uhlu) = 2 Tk — p) P+ DT (1 = V(1 - ). (58

Now let us suppose p > 1: we have to prove that ¢, is positive in (0,1). This is implied by ¢,(u) < 0
in (0,1) which is true because 1;,(u) is positive in (0, 1). Similar considerations can be applied to the case

p<0andp€(0,%).
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For p € (3,1) one gets 9/,(u) < 0in (0,1) so ¢, is positive in (0,1). This implies that ¢, is negative and
so hy, is increasing in (0,1). As a consequence, an analysis of the proof of Lemma [5shows that the triangle
inequality is reversed for these values of p. O

Remark 3. When p € (3,1), Osterreicher and Vajda (fOV03]) proved that H;_p is a metric.

3.4. Marginal perspective function and convergence properties. In subsection we have shown
that the construction of the marginal perspective function naturally produces a symmetric divergence. In
this subsection we show that this is not the only feature of the minimization procedure : iterating this
process we will highlight the important role played by the class of Matusita’s divergences.

We have already seen how to produce a map Ti : I'o(Ry) — I'G(Ry): let ' € I'g(Ry), we define
T\ (F)(s) := Hp(1, s), where Hp is the lower semicontinuous envelope of the function Hp defined by (31)).
We also denote by Tp, : Tg(Ry) — I'§(Ry) the map To(F) == 2%_1T1(F), where a € (0,1].

It is clear that the two trivial entropies

0 ifs=1,

. (59)
+00 otherwise,

F(s)=0 and F(s) =1y = {

are fixed points of the map T, for any a € (0,1]. Another important property that follows immediately
from the definition is that

F1 > F2 — Ta(Fl) > Ta(Fg). (60)
Due to the difference between the case a = 1 and the case 0 < a < 1, we have divided the analysis of the
behaviour of the map T,. Nevertheless, the strategy behind the proofs is in common: we show that, under
suitable conditions, the sequence {Tén) (F)} is monotone and the limit is a fixed point of the map T,. We
then prove that T,(F) = F implies F(s) = ¢|s® — 1]5, where ¢ € [0, +00] (in the case ¢ = +00 we mean
that ¢[s* — 1= = I(3)(s)).
We start with a simple Lemma that provides a crucial monotonicity property.

Lemma 6. Let F € T{(Ry) and a € (0,1], if F satisfies the triangle inequality then T,(F) > F.

Proof. For any s,t € Ry the convexity of the function z — ra yields

1
a

25*1}%(1,3) n 2%*1F(s,t) _ %(2}5“(175)) + %(2?“(5,15)) > (FG(LS) +Fa(37t))

1 1
a a

> F(1,t) = F(t).
The result follows by taking the infimum of the left hand side with respect to s. ([l
Lemma 7. Given a function F € I'j(Ry), the sequence {Tl(n)(F)} is decreasing. If we put

F>(s) := lim Tl(n)(F)(s) for any s € [0, +00)

n— o0
and we denote by F™ the lower semicontinuous envelope of F>°, then F™ is a fized point of the map T}.
Proof. It F' = I1) the Lemma trivially holds, so let us suppose that F # I;jy. Since the map 6
F(1,0) + F (0, s) is equals to F(1,s) when 0 = 1 or 6 = ¢, it follows that Ty (F)(s) < F(s) for any s. Thus,
the sequence Tl(n)(F)(s) is decreasing and it has a limit F°°(s) that is clearly convex, nonnegative and

satisfies F>°(1) = 0. The domain of F' must contain an interval of the form [1/b,b] for some b > 1. By the
convexity of the function F, there exists a constant ¢ € (0,400) such that

PG {cys—u if s € [1/b,1],
+00 otherwise.
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In particular ™ (F)(s) < Tl(n)(G)(s) for any s. An easy computation shows that D(G™) = (0, +00) (see
below, Lemma, which implies (0, +00) C D(F).

Let F> be the lower semicontinuous envelope of the function F>. It is immediate that F>° e IH(Ry).
We have to show that F'*° is a fixed point of T7: with the same reasoning as above, one gets T} (F>°) < F'°;
in order to prove the reverse inequality we notice that for any 1 < s <t and any n € N it holds

1)) +1 () (1) 2 TV,

The result follows by taking the limit with respect to n, doing the lower semicontinuous envelope and then
minimizing with respect to s. O

Theorem 1. Let F € T{(Ry) be a fized point of Th. Then F(s) = c|s — 1| for a certain ¢ € [0, +00].
In particular, an induced marginal perspective function Hp is a metric on Ry if and only if Hp = cM;,
c € (0,+00).

Proof. Tt is clear that the function cMj is a fixed point of 77 for any ¢ € [0, +00]. We show now that they

are the only fixed points: since 6 — F'(1,60) + F(6,s) is a convex function that has the same value when
0 =1and 0 =s, T1(F) = F implies that

F(0) + 9F(§
If ' # Iy, we can also assume that F is finite valued. To see this, let us assume by contradiction that

s > 1 is such that F(s) = 400 and F(y/s) < +o00. Equation fails with the choice 0 = /s.
Take now s > 2 and 6 = 2, we have

) = F(s) for every 1 < 6 <. (61)

F(2) + 2F<§) = F(s).
If we choose instead s > 2 and 6 = s/2 we obtain

F(%) +2F(2) = F(s)

By taking the difference of the two obtained equations, one gets F(%) = F(2) (% — 1) for any s > 2 and we
can conclude that F(s) = c|s — 1], ¢ € [0, +00], since F' € T{(Ry).

To conclude the proof, let us suppose that Hp is a metric. We put f(s) := Hp(s,1) so that f € I'§(R4).
Lemma [6] implies that 73 (F) > F'; Lemma [7] provides the converse inequality. In particular f is a fixed
point of 71, and the only fixed points that induces a metric on R are the functions of the form cM; with
c € (0,400). O

In order to deal with the case 0 < a < 1 we need some preliminary results and some additional assump-
tions. We start by proving that every metric of the form F?, a € (0, 1], is a complete metric.

Lemma 8. Let F' € T'§(Ry) and let us suppose that D := F is a metric for a number a € (0,1]. Then
there exists ¢ > 0 such that )
F(s) > c|s* —1]a

and F* is a complete metric.

Proof. For any 0 < u < v < 1 we rewrite the distance between u and 1 as

g(u) g(u)
D(u,1) = D(v,1) + =25 D(u,v) (62)
g(v) 9(3)
Fa
where g(u) := . (ui Since the triangle inequality holds, at least one of the numbers Z&f; and ;’((Z)) is less
— U v

or equal than 1. Choosing u := v?, it follows g(v?) < g(v) for any v < 1. By contradiction let us suppose it
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does not exists a positive constant ¢ such that F(s) > ¢|s* — 1|é, so that there exists a sequence v, € (0,1)
such that g(v,) — 0. Then, we can find a v € (0,1) such that D(0,1) = g(0) > ¢(7). On the other hand,
the sequence w,, defined by wy := 9, wy, := w2_,; converges to 0, and by continuity of the function g it
follows g(wy) — ¢(0). Since g(0) > g(wp) and n +— g(wy,) is decreasing, we get a contradiction.
Now it is easy to show that the metric D is complete: since Fois a metric, F s symmetric and
D(0,1) = F%(0) := ¢2 < +00. From the convexity of the function F' it follows F%(s) < ca|s — 1]|* so that
aaM? <D <coM{.

The result follows using the fact that M and M7 are two complete metrics inducing the same convergence.
0

Let (X,d) be a metric space and put I = [0,1]. A curve v: I — X is a constant speed geodesic if
d(y(t),y(t") = d(y(0),v(1))|t — | for every ¢,¢' € I. (63)

A metric space (X, d) is a geodesic space if for every pair of points x,y € X there exists a constant speed
geodesic between x and y. A well-known fact is that a complete metric space is a geodesic space if and only
if for every pair of points x,y € X there exists z € X such that d(z, 2) = d(z,y) = 3d(,y). The point z is
called mid-point between x and y.

We now ready to prove the analogous of Theorem [I]in the case 0 < a < 1, under an additional assumption.

Theorem 2. Let F € T§(Ry) and let us suppose that F® is a distance and T,(F) = F, where a € (0,1).
Then F(s) = c|s* — 1\% for a constant ¢ € (0,+00).
Proof. We can assume that F' is finite valued since F® is a metric. The fixed point property T,(F) = F
implies that for every s > 1 it exists 6, 1 < 6 < s, such that

2a1F(1,0) + 22 F(0,s) = (1, s), (64)
Since F'® is a metric and the function f(x) = z® is concave we can deduce
20 F(1,0)]* + [2a F(6, )]°

2

Equation implies the equality in the inequality (65]), which implies F(l, 0) = F(H, s).

Singe F' is symmetric, positively 1-homogogeneous and F'* is a complete metric, Lemma [§| implies that
(R4, F'*) is a one dimensional geodesic space, so it must be isometric to (R, |-|) (for a reference see [BBIO1],
chapter 2). In particular there exists ¢ : R,y — R, increasing and continuous such that we can write
Fa(r,t) = |¢(t) — ¢(r)|. Using again the 1-homogeneity of the function F, it follows F%(r,t) = r®F(1, 1)
for r > 0, so that

F(1,s) < F%(1,0) + F(8,s) =

< (2%*%(1,9) +2%*1F(9,3))a. (65)

o)~ (1) = (6(1) — 4(1)), t>r. (66)
Evaluating equation for t = 2r we get
¢(2r) = o(r) =r*(6(2) — (1)), =1, (67)
whereas the choice r = 2 yields
o)~ 6(2) =2 (8(5) — 6(1), t>2. (68)
Now consider the previous equation with ¢ = 2r, it follows
$(2r) = o(r) = ¢(2) +2%((r) — 0(1)) — ¢(r), r=1. (69)

Using now the identities and , it follows
r(p(2) = ¢(1)) = ¢(2) + 2(p(r) — ¢(1)) — ¢(r) for any r > 1,
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and we can compute ¢(r) as

¢ 2) — Qb 1 a
o) = 220 e 1y 1 00,
ary — a2 .
so that F(r) = (r* — 1) ST for every r > 1, which prove the theorem. O

Remark 4. We do not know if the assumption that F® s a metric can be removed in order to obtain the
1 A~
same characterization as in Theorem . The difficulty is that the value of the function 0 — 2a~1F(1,0) +
25_113'(9, s) at @ =1 and 0 = s is strictly greater that F(l, s), if a < 1.
In order to obtain that also in the case 0 < a < 1 the limit function is a fixed point of the map Ty, we

need the following Lemma. It is an easy consequence of general results in the theory of I'-convergence (see
e.g. [Mas93|), but we give a direct proof in our simplified setting.

Lemma 9. Let X be a compact space and let f, : X — [0,400] be a sequence of lower semicontinuous
functions such that fn(z) < foni1(z) for every n € N and every x € X. Then

o i () —
A SR ) = i S ),

where we put foo(x) := limy, 00 fr ().

Proof. The functions f,, and fo are lower semicontinuous over a compact set so that they have a minimum.
Since fn(x) < foo(x) for every x € X it is clear that

lim mi < mj .
Jim min fr () < min foo(x)

Let us suppose now a < mingeyx foo(x), so that for every x € X a < foo(x). Since lim, fr(z) = fool(x),
there exists n = n(x) such that a < f,(x). It follows that the family {a < f,}nen is an open cover of X.
Let n1,...,n; be a finite collection of indexes such that

Xc{a< fipU..U{a< fo,}.

Let N := max{n,...,n;}, so that X C {a < fn} since f, are increasing. This implies that a < f,(x) for
every x € X so that a < lim,, o mingex fn(x). Since a is an arbitrary number less than mingex foo(2),
the Lemma, follows. 0

We can now state the Theorem about the convergence of the iterations of the map 7.

Theorem 3. Let a € (0,1). Given a function F € T§(Ry), if F® is a metric then the sequence {Tén)(F)}
converges pointwise to a fized point of the map T,. In particular, if the limit function F*° is such that

(F>)% is a metric, then F>(s) = ¢|s* — 1]% where ¢ € (0, +00).
Proof. Lemma, @ implies that 7,(F) > F. By the monotonicity property the sequence Tén) (F) is

increasing so it converges pointwise to a function F'°°. It is clear that F'*° € I'§(Ry) (recall that the
monotone increasing limit of a sequence of lower semicontinuous functions is lower semicontinuous). Since
F is a metric, F is finite finite valued, as well as TCE”) (F). We want to show that F'*° is a fixed point of
T,

T,(F®)(s) = sc™ (2%—1 inf (F>(0) + 0F°°(§))) = sc™ (2%—1 lim_inf (T0(F)(6) + 9T5n>(F)(§)))

= sc (nli_{r;o T;"“)(F)(s)) = F>(s)

where we have denoted by sc¢™(f

Lemma applied to fn(0) == T,
2]

Theorem

the lower semicontinuous envelope of the function f and we have used

n)(F)(G) + HTCEH)(F)(g) and X := [1,s]. The conclusion follows from
([

—~—

s)
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Remark 5. It is not difficult to show that F>° can be equal to Ifyy. Take for instance F(s) = |s — 1| and
consider the sequence Tén)(F) with a € (0,1).

In the final part of this section we want to study the connection between the behaviour of the function
Fin a neighborhood of 1 and the limit function F*°. we start with two lemmas:

Lemma 10. Let a € (0,1], b> 1, ¢ € (0,+00) and F € T§(Ry) be the function defined by

1
F(S) — 6’5 _1|“ 56[1/?76]7
+o00 otherwise.

Then - )
lim T (F)(s) = c[s* — 1]z s € (0,400).

n—oo ¢
Proof. 1t is sufficient to consider the case s > 1; it holds
To(F)(s) =251 inf F(0) + eﬁ(f). (70)
0€[1,s] 0
When b? < s it is clear that T,(F)(s) = +o0o. Moreover, we notice that in the case
S

My(1,s) <b, and ——— <b 71
a( 73) — 9 an ma(178) — Y ( )
the expression is minimized by 6 = 9M,(1,s), so that T,(F)(s) = c|s® — 1]% for such an s. Using
now the bound given by Proposition |1} we deduce that the inequalities are certainly satisfied when

1 < s < 2b—1. The theorem is now an easy consequence of the fact that the sequence by := b, b,,11 := 2b,—1
is strictly increasing and it diverges to +o0. O

Lemma 11. Leta € (0,1], b > 1, ¢ € (0,+00) and F € T{(Ry) be the function defined by F(s) := c\sa—lﬁ
when s € [1/b,b] and extended linearly outside the interval in such a way that the left derivative of F al b
is the slope of the linear extension in [b,+00). Then li_>m T (F)(s) = ¢|s® — 1\%

n oo

Proof. The lemma follows if we prove that

F*(t) < F%(s) + sE(é) (72)

for every 1 < s < t. Indeed implies that H* is a distance, so that, by Theorem Tén) (F) must
converge to a function F'*° that is a fixed point of Tj,. Since T (E)(s) =¢|s* — 1|é for every n and every
s € [,b], it holds F>°(s) = ¢|s® — 1\% for every s € [£,b] and this implies that F>°(s) = ¢|s® — 1|1% for
every s. Indeed, let us suppose by contradiction there exists sg > 1 such that F*°(sg) # ¢|(s9)* — 1|« and
consider the constant k # ¢ such that F*°(sg) = k|(sg)* — 1]% Since F**° and k|(sp)* — 1|% are fixed points
of T,, and they coincide in sg, it must exists another number s1, 1 < s1 < sg, where they coincide. Iterating
1

the argument it is easy to show that F'°° and k|(sg)® — 1|« have to coincide on a sequence of numbers that
converges to 1 but this is absurd since F*°(s) = ¢|s* — 1\% for every s € [3,b] and the functions c|s® — 1|%
and k|s® — 1\% coincide only at s = 1.

It remains to show that holds. We use Lemma : we have to prove that the function
5% — 1]

F(s)
is increasing in (1,4o00): this is obvious in the interval (1,b]; consider now two numbers r,¢ such that
b < r < t. We define s — [.(s) to be the affine function that coincide with F at b and such that

S
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lo(r) =c|r* — 1]%), and we notice that the convexity of the function s — c|s® — 1]% implies that the slope
of [, is greater or equal than the positive slope of the function F in (b, +00). Using again the convexity of

the function c|s® — 1|% and the trivial fact that the quotient

l(s)
T E(s)

is increasing in (b, +00), we conclude because

| A I (O N B

>t = ,
E() ZE() S E@) . E0) )
O
Theorem 4. Let F € I'j(Ry) be a function such that
F
lim — L) g (74)
s—1 C|Sa _ 1|g
Then )
lim T(F)(s) =¢|s®—1]a s e (0,400). (75)

n—-+0o

Proof. For every € > 0 there exists a b > 1 such that
(1—e)cls® — 1] < F(s) < (1+e)cls® —1[«, s € [1/b,0],
so that

(1—eF <F<(1+4¢)F,
where F, F are defined in Lemma [10]| and . Take now an arbitrary s € (0,+00), from the monotonicity
property it follows
(1= T (E) < TE(F) < (1+ 9TV (F),

so that by Lemma [10| and Lemma [11] one gets
(1—€e)efs® — 1] < hnrgiong;")(F)(s) < limsup T (F)(s) < (1 + €)c|s® — 1|a.

n—oo

Since € is arbitrary, there exists the limit of Ta(n)(F)(s) and it is equal to c|s® — 1\%

4. MARGINAL PERSPECTIVE COST

4.1. Marginal perspective function. In this section we introduce the marginal perspective cost. We
modify the definition of the marginal perspective function that we have seen in section [3|in order to take into
account the presence of a "spatial" cost function. The construction is motivated by the study of optimal
Entropy-Transport problem (see [LMS18, section 5| and the section [5| of the present paper).
First of all, given a number ¢ € [0, +00) and an admissible entropy function F', we define the function
H. :[0,400) x [0,+00) — [0, +00] as the lower semicontinuous envelope of the function
i1 = inf (R(2 2 0
rra) = inf (R(%) + R() +c)o, (76)
where R is the reverse entropy function of F. We notice that the function Hy coincides with the marginal
perspective function Hp introduced in section . The function H, can be also computed as

- 0 0
H.(r1,79) = ggf)p(E)rl + F<T—2>r2 +0c, ifriAre>0, (77)
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or in terms of the perspective function as

He(r1,72) :gggﬁ(a, r1) + F(0,73) + fc (78)
= inf R(r1,0) + R(rq,0) + fe. (79)

If ¢ = +00 we set
H(r1,m2) = F(0)r1 + F(0)rs. (80)

The following lemma, proved in [LMS18| (lemma 5.3), gives a dual characterization of H.,:

Lemma 12. For every c € [0,400| the function H. can be represented as

H(r1,m2) = sup{ri1¢1 + ratha : ¢ € D(R®), R*(¢1) + R*(32) < c}. (81)

In particular H. is lower semicontinuous, convezr and positively 1-homogeneous with respect to (ri,72),
increasing and concave with respect to c. Moreover, H. coincides with H. in the interior of its domain.

4.2. Induced marginal perspective cost. Let X be a Polish space and ¢ = ¢(x1,x2) be a cost function
¢: X x X —[0,400]. The induced marginal perspective cost is the function

H: X x[0,400) x X x [0,400) = [0, 4+00]
defined as
H($1,T;$2,t> = Hc(xl,xg)(r> t)' (82)
For our purposes, a particularly important case is when the cost ¢ is induced by the metric d on X (see

Section @ In this setting, we are interested in determining when the function H is the power of a distance
on the corresponding cone space. The latter is the space €(X) =Y /~, where Y = X x [0, +00) and

(x1,7) ~ (22,t) <= r1=ro=00rr=1t, o1 =29. (83)

It is important to highlight that the space €(X) can be endowed with a "natural" metric d¢ (see [BBIO1),
Prop. 3.6.13|):

d%((wl,r), (z2,1)) = r2 + 1% — 2rt cos(d(xy, x2) A 7). (84)

Proposition 4. Let F(s) be an admissible entropy function with a strict minimum at s = 1 and let
c: X XX — [0,00] be a symmetric function such that c(x1,x2) = 0 if and only if x1 = x2. Then the induced
marginal perspective cost H is nonnegative, symmetric in the sense that H(xy,r;xe,t) = H(xz2,t;x1,7) for
every x1,x9 € X, r,t € Ry, and H(x1,r;22,t) = 0 if and only if (x1,7) ~ (x2,1t).

Proof. 1t is clear that H > 0. When r = ¢t = 0 it follows from the dual representation (81 that
H(xy,r;x0,t) = 0. If (z1,7) ~ (22,t) and r = ¢t > 0 then c¢(z1,22) = 0 and the fact that the mar-
ginal perspective cost is null follows from the possible choice # = r in the expression (76). Since c is
symmetric it is also apparent that

H(xy,r;20,t) = H(22,t; 221, 7).

It remains to prove that H = 0 implies (z1,7) ~ (x2,t). Lemma [2[ and equation tell us that R*
is an increasing homeomorphism between (—aff Fi, F(0)) and (—F.,, —Fp) with R*(0) = 0. Since F(s)
is a convex function with a strict minimum at s = 1, it holds aff F.,x > 0, F(0) > 0, F., > 0,F} < 0.
In particular, there exists a positive number k > 0 such that the function R* is finite, continuous and
strictly increasing in (—k, k). Hence, it follows again from the representation that H(x1,7;29,t) =0
and c(x1,22) > 0 implies r = ¢ = 0. Moreover, when c¢(x1,22) = 0 we must have r = ¢: suppose by
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contradiction that 0 = r < t (the other case is similar), in the equation we find —k <y <0<y <k
such that R*(11)+R*(¢2) < 0, contradicting the fact H = 0. Finally, when H(x1,7;x9,t) = 0, ¢(x1,22) =0
and r,t are positive we can prove that r = ¢ using the fact that Hy = 0 implies 7 = ¢ because, using now
the expression , we know that for every natural n there exists 6,, such that

o< p(®)rsp(B)ec L

In particular, for n large enough, 6, € [Ki, K3] for some constants 0 < K7 < 1 < K>3, and by extracting a

:gzlsothatr:t. O

3D

subsequence 6, it follows that 6,, — 6. The lower semicontinuity of F forces

5. ENTROPY-TRANSPORT PROBLEM

Let X be a Polish space and ¢ : X x X — [0,400] be a lower semicontinuous cost function. We define
the Transport functional as

T: M(X x X)—[0,+], T(v):= /X Xc(:cl,xg)dfy. (85)

The classical Transport problem between the measures u; € M(X), uo € M(X) is then defined as
T(p, p2) := inf T(v), (86)
~YEM

where the infimum runs over the set

M= {y € M(X x X): (x')s(7) = m, (7*)4(7) = pa}. (87)

Here 7* denote the standard projection from X x X to X, i = 1,2. The condition on the marginals forces
the measures p1 and ps to have equal mass, otherwise M = ().

Optimal Entropy-Transport problems arise naturally when one tries to relax the request on the marginals
. Let F' € T'o(R4) be a given entropy function, we define the Entropy-Transport functional as

ET (I, p2) := Dr(nllm) + Dr(vallp2) + T(v), 7= (7")s, (88)

and the Entropy-Transport problem between the measures 1, 1o as the minimization problem
ET' (1, = inf ET , . 89
(11, p2) 'ye/\/}?XxX) (YI[p1s p2) (89)

We notice that the presence of the F-divergences in the cost functional £7 allows to minimize with respect
to any measure v € M(X x X) without imposing any condition on the marginals, but it penalizes the
measures that do not satisfy the constraint (at least when F' have a strict minimum at 1).

Let us recall that we can associate to the entropy function F' and the cost ¢ the marginal perspective
cost H, whose construction was introduced in section [4f We define the integral functional associated to the
marginal perspective cost as

2
H(pr, polly) = . XH(afl»ﬂl(ﬁfl);x%m(@))d’Y+ZF(U)Mil(X), (90)
x i=1

where p; = pivi + ,ul-L is the Lebesgue’s decomposition of the measure p; with respect to the marginal
vi := (7*)yy. Another equivalent formulation of the Entropy-Transport problem can be given in terms of
the H-integral functional as it is proved in the next result (J[LMS18, Theorem 5.5|).

Proposition 5. For every puy € M(X), u2 € M(X), it holds

ET —  inf . 91
(1, p12) veﬁ?XxX)H(MhWH’Y) (91)
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It is interesting to notice that the class of Entropy-Transport problems is a generalization of the concept
of F-divergence. In fact, one can recover the usual pure entropic problem with the choices
0 if £1 = x9,

(92)

F eTly(Ry), Flo=+00 and c(x1,22) = .
400 otherwise,

that produce (see [LMS18, example E.5|)

dur dus
ET (11 u2=/HF din dpzy gy 93
<H)X<d)\d)\) (93)

where A € M(X) is any dominating measure of u1, o and Hp is the marginal perspective function defined
in . Thus, the entropy-transport cost EI' in this case simply corresponds to the H-divergence between
p1 and po defined in associated to the function Hp.

In analogy with the above discussion on the pure entropic case, the advantage of the H-formulation
is that it is more suitable for the study of the metric properties of Entropy-Transport problems.

Proposition 6. Let X be a Polish space and let a € (0,1]. Then ET® is a distance on M(X) if the function
H?® is a distance on the cone €(X).

Proof. The proof follows from the results obtained by Liero, Mielke and Savaré in [LMS18|, Sections 5 and
7], where also much more is proved for the Hellinger-Kantarovich distance (see below for the definition).
For a direct proof of this fact, see also |[Chi+-18, Theorem 3.7]. ([l

6. TRIANGLE INEQUALITY IN THE ENTROPY-TRANSPORT CASE

In this section we take advantage of Proposition [6] in order to produce new distances in the space of
measures coming from Entropy-Transport problems. We consider a Polish space X with a metric d and
the class of power-like entropies F' = U,, p € R. Finally, the cost function ¢ : X x X — [0, +oo] will be
a suitable function of the given metric d to be specified later, i.e. ¢(x1,x2) := f(d(z1,z2)) for a certain
f:[0,400) — [0, 400].

With these choices, we denote by H), the induced marginal perspective cost. If p # 0,1 it holds:

Hp(l'l,’l“;l‘g,t) = 12) [93?1(7’, t) — Sﬁl,p(r, t) <1 + (1 — p)W) P_l] . (94:)
+

When p =1 or p = 0 one gets:

Hy (1,752, 1) = 2|90 (1, £) = Mo (r, e~ 22)/2), (95)
Hy(zq,r;20,t) =rlnr +tint — (r +¢)In <2+Z(—;f7@)>, (96)

with standard meaning when ¢ = +o0.

For a general cost function ¢, if p < 1, we notice that Hy(x1,0;z2,t) depends on z since M, (0,¢) > 0.
In particular, Hy, is not well defined on the cone €(X).

When p > 1 the situation is more interesting.

Theorem 5. Let d be a metric on a Polish space X and let h : [0,4+00) — [0,1] be a decreasing function
such that h(0) = 1. Let us suppose that

Hi(z1,7;22,1) 1= My (1, 1) — Mo(r,t)h (d(21, 22)) (97)
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is the square of a distance on the cone €(X). Then

Hy(x1,m;20,t) := My (r,t) — M_p(r, t)h (d(21, 22)) (98)
is the square of a distance on the cone €(X) for every p > 1.
Proof. Recalling the properties of the power means we have seen in subsection it is apparent that }_Ip
is nonnegative, symmetric and Hy(x1,r;z2,t) = 0 if and only if (z1,7) ~ (z2,1).

We have to prove that for every p > 1, for every metric d on X and for every r, s,t € [0,400), x1, 22,23 €
X it holds:

\/flp(xl, rias,t) < \/Efp(a:l,r; x2,S) + \/Flp(mg, s;x3,1). (99)
Since the function

d s /O (1) — Dy (1, 1) (d) (100)
is increasing in [0, +00) we can assume
d(z1,z3) = d(x1, x2) + d(z2, x3).
Without loss of generality, we can also assume r <t and we have to deal with three cases:
o { <5,
o r<s<t, (101)

o s<r.
Step 1. Case t < s

Lemma 13. For any fized r,t,x1, T2, x3, the function

s+ \/f]p(:pl, T %2, S) + \/I:Ip(:pg, s;x3,t) (102)

is increasing in [t, +00) .

Proof. The result follows if we prove that for any fixed 1, xo the function

fp(u) = Hp(xh 17 X2, U)

is increasing in [1, +o00). This is easy to prove since

1 w™P/1+ulP\& 1 w™P/1+ulP\&
M) = = — — (A ) > - ()" 1
fw) = 5 = 5 () Tk e) = 5 - - (75 >0, (103)
where the last inequality holds because it is equivalent to the following
M—p(1l,u) < u.
O

Thus, it is sufficient to prove the triangle inequality when s < ¢.
Step 2. Case r <s <t
We start with a useful lemma:

Lemma 14. Let A, B, C three nonnegative numbers. Then

VO <VA+VB (104)
if and only if for every o, f € (0,1) such that a + = 1 we have

A B
< Z

C< +g (105)
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Proof. Let us suppose ({104)). Then
A B\2 A B
C< (a\ﬁ+ﬁf) <S4+
o B a p
where we have used the Jensen inequality for the convex function f(x) = 22. In order to show that
(105) = (104) we notice that if A = 0 or B = 0 the result is clearly true, otherwise we choose «, 3 such
that @ = %. Thus
A B\2 A B
(VA+VEY = (YA gVBY AL B
o B a p
([l

In order to simplify the notation, from now on we put d(z1,z3) = di3, d(x1,22) = di12, d(x2,23) = das.
Then, we can use Lemma[l4]and the triangle inequality in the case p = 1 in order to derive a new inequality.
Given «, 8 € (0,1) such that a + 8 = 1, one gets:

Hy(x1,r;23,t) = Hy (21,7, 03,1) + [Smo(r, t) — My _p(r, t)] h(di3) <

Hl(‘rl?r;I?)S) -Hl(x27s;x3)t)
4
o B
Hy (1,759, 5) {imo(r, §) = Map(r, Sﬂ h(di2) H,(z2, s;x3,t) {imo(s,t) — My—p(s,t) | h(da3)

a a s B
+ [0 ) — My ()| () <

+ [smo(r, £) — 9y (r, t)} h(dis) <

Hp(.Tl,T;.’EQ,S) Hp(aj278;x37t)
+ ;
el B
where the last inequality in (106 is valid if and only if (using again Lemma [14)):

(106)

\/ Mo, ) = My (r,8) | () < \/ [Mo(r, 5) = My (1, 5) | () + \/ Mo, 6) = M1y (s, )| h(das).
(107)
We notice that h(diz) < h(di2) A h(das) since h is decreasing. Thus, it is enough to prove (107) in the
case di3 = dij2 = dag = 0. Now, we adapt the strategy used in the proof of [ES03, Lemma 2| we put
u:= %€ (0,1), Bu := L ¢ (1,400), so that 3 is a real number greater than 1. Thus, % < u < 1 and,

s

denoted by F'(s) the function

F(s) = \/ [zmo(r, s) — My (r, s)} n \/ [zmo(s, £) — My (s, t)} , (108)

it follows

15 F(s) = gy(u) + gp(Bu). (109)

where
Dﬁo(u, 1) — ﬁml_p(u, 1)
gp(u) =
\/MQ(U, 1) - iml_p(u, 1)

(110)

Lemma 15. The function
u > gp(u) + gp(Bu)
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18 increasing in (%, 1) with only one zero inside the interval, so that F is minimized when s =1 or s =1
and the inequality (107) holds.

Proof. Since g, is continuous in (0, 1) and (1, +00), it is enough to show that g, is increasing in (0, 1) and

(1,400), and
lim gp(u) =v/2(p—1), lim gp(u) = —v/2(p—1).

u—1-

The limits are easy to compute expanding the function near v = 1. When u € (0,1) U (1, +00) it follows:

2p 1 2p—1
1\, —p(ul=P+1\1-r —pt+2 (ul=P41) 1-p
(0= Hur () T () T 4

3
2

N[

gp(u) = (111)

2[Mo(u, 1) — My_p(u,1)]

The proof is complete if we show that
- 2p - 2p—1

(p— %)ufp<$> = pu*IH“% (ﬁ) = + 1 >0

for any p > 1 and any positive u. We put v = %, so that we have to prove

1. /20—1\15% 0 —1\say 1
(p—§)< v? ) —p( v2 ) +§>0

1

for any p > 1 and v € (%, +00). Finally we put w = (2’7’;1) = (0,1) and we prove that

1 1 1
zp(w) == (p — i)wp —pwPT2 + 57 0,

for any p > 1 and w € (0,1). To prove the last inequality, we notice that z,(1) = 0 and z, is a decreasing

function because
1 3

zp(w) =p(p = 5)uw’ "2 (Vw - 1) <0.

O

Step 3. Case s <r
The strategy is to use again Lemma [I4] and the triangle inequality for the case p = 1, but we have to
derive a different inequality with respect to the previous step.

Lemma 16. We denote with 6, : [0,400) x [0, 4+00) — [0, 400) the function

— ml_l’(r7 t)

Op(r,t) :== Mo(rt)
Then 6,(s,t) < 0,(r,t).

Proof. 1t is sufficient to prove that 6,(u, 1) is increasing in (0, 1). This is easy to prove, indeed
d ul=P 1
O

Let a, 8 be any two numbers in (0,1) such that a + 5 = 1. Let us suppose, at first, 0,(s, ) < (7, 1).
Then
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Ep(xlyr;x37t> = El(xhr; .’L'3,t)0p(7’, t) + S)j/tl(ra t)(l - ep(r7t)) S

Mlenriass)y oy TS g oy @2z Dy o D g 0y
« a 6 B
Hy(x1,75 22, 5) n Hp(m’;;x?”t), (112)
«

where the first inequality of (I12)) follows by the triangle inequalities satisfied by v/ H; and by /9y (where
the latter is straightforward to prove), while the second inequality follows because

Op(s,7) < Op(r,t), Op(s,t) <Op(r,t) and H; <M.

It remains to investigate the case 6,(s,r) > 0,(r, t). Let us suppose

VIR, 1) (1= B, ) < /D (s,7) (1 = By(s5,7)) + /D (5,0) (1 — B, (). (113)
Then

Hy(z1,7;23,t) = Hy(21,7;73,)0,(r, t) + M3 (7, t)( 0p(r,t)) <

Hl(x1’£;$278)9p(7“, 0+ EITHS, T) (1 B Qp(s,r)) n Hl(xz’;;x&t)Gp(T, P+ mléS,t) (1 —0,(r, t)) <
ﬁl(zl’;x% 5) Op(s,T) + mlS’T) (1 — Hp(s,r)) + —Hl (352,;; z3,1) Op(r,t) + 93?1(65,15) (1 — 0p(r,t)) <
Hp(xl,r;xg,s) 7p(m2,s;x3,t)
" + 5 , (114)

where in the first inequality we use (113]), in the second we use the hypothesis 6,(s, ) > 6,(r,t), in the

third we reason as in the second step of the inequality (112)) in order to replace 6,(r,t) with 0,(s,t).
Finally, the proof is complete if we prove the inequality (113)). Since the case r = s is trivial, we put
=2 <1,v:=1%>1, so that we can rewrite the inequality (L13)) in the following equivalent way

2 Mo(u, 1) = My (u,1) _ Vo(VuFo+vito)’

1+ < . 115
) e, 1) = (s 1) = (L, 0) = 11, 0) (1)
Now we use the estimate
Vutv+VIto)’ >1+40,
so that it is sufficient to prove that for any w € (0,1) and any v € (1, 400)
1) —9oM_ 1 1+4

mo(u, 1) — ml_p(u, 1) - Dﬁo(l,v) - Sﬁl_p(l,v)

It is easy to see that the last inequality is true at least if p > % For example, one can bound the left hand
side with

S)ﬁo(u 1) — im,l(u 1)
I(u):=(1 2 d d
(U) ( +\/a) i)ﬁO(ual) —S)ﬁ_%(u,l ’
and the right hand side with
Vo1 + )
r(u) = NG

Then, standard computations show that:
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sup l(u) < inf r(u).
u€(0,1) u€(1,+00)

Ifl<p< % one needs precise bounds that we have found in [Koul4|. The supremum of the left hand
side of (116]) is p%l. For the right hand side of (116]) one has:

V(1 + 4v) My (1) (1 + 4v) S Vou(l + 4ov) >4 My (1,v) — Mo(1,v)
i)ﬁo(v, 1) — 9ﬁ1,p(v, 1) gﬁpfl(l, ’U) — mo(l, 1)) B gﬁpfl(l, ’U) — mo(l, ’U) B imp,l(l, 7)) — gﬁo(l, E})’ )
117
and again using the results in [Koul4] it is proved that the sharp lower bound for the last expression is ﬁ.
O

In [LMS18], the authors discussed the case p = 1 and ¢(x1, 22) = d?(x1, 22), which produces the Gaussian
Hellinger-Kantorovich distance generated by the marginal perspective cost

H(xy,r;xe,t) =1+t — 2Vrt exp (—d2($1,1‘2)/2), (118)

and the case p =1 and

—log (cos®(d(z1,22)))  if d(zq,22) < 3,
400 otherwise,

ek (w1, 22) = {

which produces the Hellinger-Kantorovich distance generated by the marginal perspective cost
H(z1,7;@0,1) =7+t — 2¢/rt cos(d(x1, x2) A 7/2). (119)

It can be easily proved that and are the square of a distance in €(X) since the expressions
are strictly related to the metric d¢ defined in (84) (see [LMS18, Section 7]).

In the next Proposition we discuss some possible choices for the cost function ¢ and we produce new
classes of metrics in the cone space €(X) (thus, also in M(X) thanks to Proposition [6]).

Theorem 6. Let (X,d) be a Polish space, F' = U, and consider one of the two following cost functions:
p—1
(1) cp(x1,22) = z% [1 — (cos(d(z1,z2) AT/2)) P
(2) c(x1,2z2) = d(x1, x2).
Then, the induced marginal perspective cost is the square of a distance on €(X) for every p > 1.
Moreover, if
(3) c(x1,w2) = d?(x1,22)
the induced marginal perspective cost is the square of a distance on €(X) for every 1 < p < 3.
In particular, for every possible choice of entropy and cost functions mentioned in the theorem the induced
Entropy- Transport cost EI' is the square of a distance on M(X).

Proof. 1) With the choice F' = U, and ¢, defined above, we obtain

H(xy,7r;20,t) = [E)ﬁl(r, t) — My_p(r,t) cos(d(zq, x2) A 77/2))] .

2

p

The assertion follows from Theorem [5| applied with h(d) := cos(d A 7/2) and the fact that
VO (7, t) — Mo (r, t) cos(d A 7/2)

is a metric on €(X).



METRIC PROPERTIES OF HOMOGENEOUS AND SPATIALLY INHOMOGENEOUS F-DIVERGENCES 29

2) In this situation we obtain

p

2 d o
H(zy, 22, t) = — [‘ml(h t) — Mi_p(r, 1) <1 +(1 _p)(xl’f”?)> v }
P 5 .
Again we want to apply Theorem [5| with

h(d) == (1+ (1-p=2

+
It is clear that h(0) = 1 and h is nonnegative and decreasing since 1 —p < 0 and p/(p — 1) > 0. It remains

to show that

d(21, z2) ) =
2 +
is the square of a metric on €(X). We already know, as a consequence of Lemma that the map

My (r,t) — Mo(r,t) (1 +(1-p) (120)

d— <1+(1—p);l>pp1

+

is convex and decreasing with values in [0, 1]. Since x — arccos(z) is a concave function in [0, 1], it follows

that .
<1 +(1- p)g)?]

is concave and [,(d) = 0 if and only if d = 0. Now we conclude by taking advantage of Lemima , since
(119)) is the square of a metric on €(X) for every metric d on X and

lp(d) := arccos

p

My (r,t) — Mo(r, t) cos(ly(d(@1, 22)) A 7/2) = My (r,t) — Mo(r, ) <1 +(1— m‘W) "
+

3) We reason as in the proof of point 2). Now, we have to show that the function

[p(d) = arccos [(1 —(p— 1)622){1}

is concave and fy(d) = 0 if and only if d = 0. The second statement is obvious, for the first one we cannot
reason as before so we proceed with explicit computations. We notice that it is enough to prove that the

function is concave when d € (0, A /]%). Let us compute the second derivative: we put

ald) = (141 -5 ) 7.
so that
fp(d) = arccos(g,(d)),
g (d) = —pdgy(d) :
g (1 +(1- p)—Q)

Thus
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fy(d) = - 3 -

(1= @)D + gp(@gy@? (DT ~1)gp(d) (1~ 5p(d)?) + P gp(a)’
(1 gp(?)’ (1-gp@?)! (140 -p2)’

2 ) 2 (121)
poo(d) [0+ )% ~ 1+ gp(dP (0 - D)% +1)]
= — 3 2
(1-g@?)* (1+ 1 -n%)
and f, is concave if and only if
d? 2N\ 2 d?
- )= = >
p+105 -1+ (1+0-nF) (p-DF +1) 20 (122)
for every p € (1,3 and d € (0, /-2 ).
o
Weput z:=1—-(p—1)5 €(0,1) and follows if we prove that
1 2p
hy(z) = %(1—2«) 14 2T2-2) >0 (123)
p —

for every z € (0,1) and every p € (1, 3]. We have

2p_ p+1
(B3p—1)zr—1T —dpzr—T +p+1

M) = - Y ,
p+1 _2
/) 2p(3p — 1)zr—1 —dp(p + 1)zp—1
hp(z) == 2 ’
(p—1)

and it is straightforward to deduce that in the interval (0, 1), for every p € (1, 3], the function h,, is convex,
so that hj, is increasing and thus nonpositive since h,(1) = 0. This implies that h, is decreasing but

hp(1) = 0 so inequality (123) is satisfied.

The last assertion follows directly from Proposition [6] (I
We conclude by proving explicit bounds of H,, in terms of Hy for any p > 1.

Proposition 7. Let H, and H; be the functions defined in and . Then for anyp > 1, x1,19 € X
and r,t € [0, +00) it holds

Hy(x1,m520,t) < Hy(21,7522,t) < pHp(21,75 22, 1). (124)

Proof. In order to prove the left inequality, we have to show that for any p > 1, ¢ € [0,+0o0] and r,t €
[0, +00) it holds

p

My (r,t) — My_y(r, 1) (1 +(1- p)c)j_j < PO (1, £) — pM (1, t)e . (125)

It is sufficient to study the case ¢ = 0. Indeed the function

p

fle) :==My_p(r,t) (1 +(1- p)c) :71 — pMo(r,t)e ° (126)

is increasing in [0, +oc]. This is clear when ¢ > Iﬁ, when ¢ € [0, ]ﬁ] we compute the derivative of the
function so that

f'(c) = pMo(r,t)e™¢ — pIMy_,(r, 1) (1 +(1- p)c) pet
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and this is nonnegative since My > My, (r, t) and
1

e~ > (1 (1 p)c) T (127)
Since p — 1 > 0, the last inequality easily follows from the well known e* > 1 4+ x, x € R. So, we have to
prove that

My (r,t) — My _p(r,t) < pIy(r,t) — pMo(r, ),
which can be rewritten (when r # ¢, otherwise it is obvious) as
1— » < iUtl—p(ra t) - mO(Ta t)
ml (7’, t) - mo (Ta t)
and the result follows again by the bounds proved in [Koul4].
The right inequality in (124) is easier to obtain since it is equivalent to

p

1

0 < Mo(r, t)e = — My_,(r, 1) (1 +(1- p)c) o

p

and one can conclude using that Mo (r,t) > My_p,(r,t) and e™¢ > (1 +(1- p)c)ﬁ, which follows from
+
the inequality (127)) proved above and the monotonicity of the function 2 when z € [0,1] and p > 1. O

Corollary 1. Every Entropy-Transport metric considered in Theorem|[]is a complete and separable distance
on M(X) inducing the weak topology.

Proof. In [LMS18, Theorem 7.25] it is proved that, for every metric d on X, the Gaussian Hellinger-
Kantorovich distance is a complete and separable metric on the space M(X) inducing the weak topology.
If c(x1,22) = d?(x1,22), the induced marginal perspective cost is metrically equivalent to the marginal
perspective cost thanks to Proposition [7| and thus the result follows. If c¢(x1,x2) = d(z1,22), we
observe that if (X,d) is a metric space then also (X,+/d) is a metric space inducing the same topology
thanks to Lemma {4} so we can conclude using the previous point. The same argument can be applied also
to the case

2 p—1
cp(x1,22) = ] [1 — (cos(d(z1,z2) AT/2)) P }
p —
since the function )
p—1
d)=——11- dNT/2)) P
@)= 2 |1 (eostnm/2) 7|

is convex, strictly increasing (it is sufficient to notice that the cosine function is concave strictly decreasing
in [0,7/2] and (p—1)/p € (0,1)) and ¢(0) = 0, so that its inverse function is concave, strictly increasing
and g~1(0) = 0. U
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