EXISTENCE OF SOLUTIONS TO A PHASE-FIELD MODEL OF DYNAMIC
FRACTURE WITH A CRACK-DEPENDENT DISSIPATION
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ABSTRACT. We propose a phase—field model of dynamic fracture based on the Ambrosio—Tortorelli’s ap-
proximation, which takes into account dissipative effects due to the speed of the crack tips. By adapting the
time discretization scheme contained in [15], we show the existence of a dynamic crack evolution satisfying
an energy—dissipation balance, according to Griffith’s criterion. Finally, we analyze the dynamic phase—field
model of [5, 14] with no dissipative terms.
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1. INTRODUCTION

In this paper, we present a phase—field model of dynamic brittle fracture based on a suitable adaptation of
Griffith’s dynamic criterion [18], and different from the one proposed in [5, 14, 15]. Following these papers, we
rely on the Ambrosio—Tortorelli’s functional [3], which provides a good approximation of the corresponding
stationary problem.

In the quasi—static setting, namely when the external data vary slowly compared to the elastic wave speed
of the material, Griffith’s criterion [12] states that during the crack growth there is an exact balance between
the decrease in stored elastic energy and the energy used to increase the crack. This principle is turned into
a precise definition for sharp—interface models by Francfort and Marigo in [10], where, in the antiplane case,
the following energy functional is considered:

1/ Vul?da + HN(D). (1.1)
2 Jor

Here, Q C R? is an open bounded set, which represents the reference configuration of the elastic material,
the closed set I' C Q describes the crack, and u € H*(Q\ T) is the antiplane displacement. The first term
in (1.1) is the stored elastic energy, while the second one, called surface energy, models the energy used
to produce a crack. In this setting, for a given time-dependent Dirichlet datum ¢ — w(t), a quasi-static
evolution is a time-dependent pair ¢ — (u(t), ;) which satisfies the minimality condition

1 1
7/ V() 2dz + HO- (1) < f/ IV Pda + H (T (1.2)
2 O\Ty 2 Q\I'*

among all pairs (u*,T*), where I'* is a closed set with I'* D I'y, and u* € H'(Q2\ I'*) with v* = w(t) on
0N\ T'*. The minimum problem (1.2) is coupled with the irreversibility condition I'y C T'; for every s < ¢
(meaning the crack can only increase in time), and with the Griffith’s energy balance for every ¢

1 / |Vau(t)|*de + HIH(Ty) = 1 / |Vu(0)|2dz + HP (To) + work of external data.
2 I 2 Q\To

The study of (1.1) dates back to Mumford and Shah in [19] initially in the context of image segmentation;
we refer to [4] and the reference therein for applications to fracture. The challenges in the analysis of this
functional lead Ambrosio and Tortorelli to introduce in [3] a regularized version of (1.1): the set I" is replaced
by a function v € [0, 1] which takes a value close to 0 in a small neighborhood of T', and a value close to 1
far from it. More precisely, for every € > 0 they consider

1

1
Ex(u,v) = © /< )| VaPde, Ho@) =

\1—v|2dx+s/|V1}\2dx,
2 de Jo Q
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for u,v € HY(Q), with 0 < 1. < . A minimum point (u.,v.) of & + H. provides a good approximation
of a minimizer (u,I') of (1.1) as € — 07, in the sense that u. is close to u, v, is close to 0 near I', and
E-(ue,v:) + He(ve) approximates the energy (1.1). The minimality condition (1.2) is replaced by

Ee(ue(t), ve(t)) + He(ve(t)) < Ec(u”,v") + He(v) (1.3)

among all pairs (u*,v*) with v* < v.(t) and u* = w(t) on 0. Notice that the inequality v* < wv.(t)
reflects the inclusion I'* D I';. As before, the minimum problem (1.3) is complemented by the irreversibility
condition 0 < v.(t) < v.(s) < 1 for every s < t, and by the Griffith’s energy balance for every time; we refer
to [11] for the convergence of this evolution, as e — 07, toward a sharp-interface one.

In particular, a quasi-static phase—field evolution ¢ — (uc(t),ve(t)) satisfies:

(Q1) for every t € [0, 7] the function u. () solves div([(ve(t))?+n:]Vue(t)) = 0 in Q with suitable boundary
conditions;

(Q2) the map t — v.(t) is non increasing (ve(t) < v:(s) for 0 < s <t < T) and for every ¢ € [0,7] the
function 0 < v.(t) < 1 solves

Ec(ue(t),ve(t)) + He(ve(t)) < Ec(ue(t),v™) +Ho(v*) for every v* < v (t);
(Q3) for every t € [0,T] the pair (uc(t),v(t)) satisfies the Griffith’s energy balance
Ec(ue(t),ve(t)) + He(ve(t)) = E(ue(0),v:(0)) + He(v-(0)) + work of external data.

In the dynamic case, the first condition is replaced by the wave equation, while in the energy balance we
need to take into account the kinetic energy term. Developing these principles, in [5, 14] the authors propose
the following phase—field model of dynamic crack propagation:

(D1) we solves ii. — div([v? + n:]Vu:) = 0 in (0,T) x Q with suitable boundary and initial conditions;

(D3) the map t +— v.(t) is non increasing and for every ¢ € [0, T] the function 0 < v.(¢) < 1 solves

Ec(ue(t),ve(t)) + He(ve(t)) < Ec(ue(t),v*) + He(v*)  for every v* < ve(t);
(Ds) for every t € [0,T] the pair (u.(t),v(t)) satisfies the Griffith’s dynamic energy balance

% /Q i () 2z + €. (ue (1), vo (1)) + He (v (1))
_ % / i (0) 2z + . (ue (0), 0. (0)) + He (v (0)) + work of external data.
Q

A solution to this model can be approximated by mean of a time discretization with an alternate scheme:
to pass from the previous time to the next one, one first solves the wave equation for u keeping v fixed, and
then the minimum problem for v keeping u fixed. This method is used in [15] to prove the existence of a
pair (u,v) satisfying (D;1)—(Ds3) in the more general linear elastic case, that is when the displacement v is
vector—valued and |Vu|? is replaced by CEu - Eu, where C is the elastic tensor and Eu := 1(Vu + VuT)
is the symmetrized gradient. For technical reasons, a viscoelastic dissipative term is added to (D;), which
means they consider

iie — div([v? 4+ n.]C(FBu. + Bu.)) =0 in (0,T) x . (1.4)

So far there are no existence results for (D;)—(D3) unless we consider the formulation (1.4) in (D). The
disadvantage of the viscoelastic dissipative term appears when we consider the behavior of the solution as
¢ — 0%, a problem that is out of the scope of this paper. If we were able to prove the convergence of the
solution toward a dynamic sharp—interface evolution, then the energy—dissipation balance for the damped
wave equation in cracked domains [7, 24] would imply that the limit crack does not depend on time.

To avert this problem, we propose here a different model which avoids viscoelastic terms on the displace-
ment and consider dissipative effects due to the speed of the crack tips. More precisely, given a natural
number k € NU {0}, we consider a dynamic phase—field evolution ¢ — (u.(t),v:(t)) satisfying:

(D1) e solves i, — div([(vF)? +n.]JCEu.) = 0 in (0, T) x Q with suitable boundary and initial conditions;
(D2) the map t — v.(t) is non increasing and for a.e. ¢t € (0,T) the function v.(¢) < 1 solves the variational
inequality

Ee(ue(t),v*) — Ec(ue(t), ve(t)) + He(v™) — He(ve(t)) + (0e(t), 0" — ve(t)) gr(a) > 0 for every v* < v (t);
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(D3) for every t € [0,T] the pair (u.(t),v.(t)) satisfies the Griffith’s dynamic energy-dissipation balance

1

3 [ li=0) Pz + £c(ua(t) () + He(ve() + / 6 (5)] eyl .

1
= / i (0)|%de + E. (1 (0), v.(0)) + Mo (v.(0)) + work of external data,
Q

where in this case & (u,v) = 3 [,[(vT)? + n:]CEu - Eudz for u € H*(Q;R?) and v € H'(Q), with the
convention H°(Q) := L?(Q2) for k = 0. Notice that, in order to obtain the Griffith’s energy balance, we
need to consider the dissipative term fot 119e 1% (qyds. This one guarantees more regularity in time for the

phase-field function, more precisely that v. € H(0,T; H*()), and, as explained in Remark 2.2, is related
to a dissipation depending on the crack tips velocities.

In the quasi-static setting, a condition similar to (Dy) can be found in [20, 2], where it defines a unilateral
gradient flow evolution for the phase—field function v.. In sharp—interface models, this crack—dependent term
arises in the study of the so—called vanishing viscosity evolutions, which are linked to the analysis of local
minimizers of Griffith’s functional (1.1), see for example [22, 17]. We point out that a similar dissipation
also appears in [16] for a one-dimensional dynamic debonding model.

By adapting the time discretization scheme of [15], we show the existence of a dynamic phase—field evolu-
tion (ue,v.) which satisfies (D;)—(Ds), provided that k > d/2, where d is the dimension of the ambient space.
This condition is crucial to obtain the validity of the Griffith’s dynamic energy—dissipation balance (1.5),
since in our case the viscoelastic dissipation used in [15] is not present.

We conclude this paper by analyzing the dynamic phase—field model with no viscous terms (D1)—(Ds3)
in the linear elastic case. We show the existence of an evolution ¢ +— (uc(t),v-(t)) which satisfies (D;) and
(D), but only an energy inequality (see (5.7)), instead of (Ds3).

The paper is organized as follows: in Section 2 we describe our model and in Theorem 2.5 we state our
main existence result. Section 3 is devoted to the study of the time discretization scheme. We construct an
approximation of our evolution by solving, with an alternate minimization procedure, the problems (bl) and
(ﬁg) Next, we show that this discrete evolution satisfies the estimate (3.17), which allows us to pass to the
limit as the time step tends to zero. For every k € NU {0} we obtain the existence of a dynamic evolution
t > (uc(t),ve(t)) which satisfies (D;) and (Ds), and the energy-dissipation inequality (3.32). We complete
the proof of Theorem 2.5 in Section 4, where we prove that for & > d/2 our evolution is more regular in
time, and it satisfies the Griffith’s dynamic energy—dissipation balance (1.5). Finally, in Section 5 we study
the dynamic phase—field model without dissipative terms (D;)—(Ds3).

2. NOTATION AND FORMULATION OF THE MODEL

The space of m x d matrices with real entries is denoted by R™*%: in case m = d, the subspace of
symmetric matrices is denoted by Rg;n‘i. We denote by AT the transpose of A € R¥*? and by ASY™ its
symmetric part, namely A*¥™ := 1(A+ AT). Given two vectors aj,as € RY, their scalar product is denoted
by a1 - ag; the same notation is also used to denote the scalar product between two matrices in R™*¢.

The partial derivatives with respect to the variable z; are denoted by 9;. Given a function f: R? — R™,
we denote its Jacobian matrix by V f, whose components are (V f);; :=0;f;fori =1,...,mandj=1,...,d.
When f: RY — R, we use Af to denote its the Laplacian, which is defined as Af := Zle 02 f. We set
V2f := V(Vf) and A?f := A(Af), and inductively we define V¥f and A¥f for every k € NU {0}, with
the convention VOf = A®f := f. For a tensor field F: R* — R™*? by div F' we mean its divergence with
respect to lines, namely (div F); := 2?21 O0jF;j fori=1,...,m.

We adopt standard notation for Lebesgue and Sobolev spaces on open subsets € of R?. According to the
context, for every m € N we use (-, ) r2(q) to denote the scalar product in L?(Q; R™), and ||| .» (o) to denote
the norm in LP(Q;R™) for 1 < p < co. A similar convention is also used to denote the scalar products and
the norms in Sobolev spaces. The boundary values of a Sobolev function are always intended in the sense of
traces; the (d — 1)-dimensional Hausdorff measure is denoted by #?~!. Given a bounded open set Q with
Lipschitz boundary, we denote by v the outer unit normal vector to 92, which is defined H% '-a.e. on the
boundary.
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The norm of a generic Banach space X is denoted by || - || x; when X is an Hilbert space, we use (-,)x
to denote its scalar product. We denote by X’ the dual of X, and by (-,-)xs the duality product between
X’ and X. Given two Banach spaces X; and X5, the space of linear and continuous maps from X; to X»
is denoted by Z(X1; X2); given A € Z(X1;Xs) and u € X1, we write Au € X5 to denote the image of u
under A.

Given an open interval (a,b) C R, L?(a,b; X) is the space of LP—functions from (a,b) to X; we use
WkP(a,b; X) and H*(a,b; X) (for p = 2) to denote the Sobolev space of functions from (a,b) to X with k
derivatives. Given u € WP (a,b; X), we denote by 4 € LP(a,b; X) its derivative in the sense distributions.
The set of continuous functions from [a,b] to X is denoted by C°([a,b]; X); we also use C([a,b]; X) to
denote the set of weakly continuous functions from [a, b] to X, namely the collection of maps u: [a,b] — X
such that ¢ — (2/,u(t))x is continuous from [a,b] to R for every 2’ € X’. When dealing with an element
u € H'(a,b; X) we always assume u to be the continuous representative of its class. In particular, it makes
sense to consider the pointwise value u(t) for every ¢ € [a, b].

Let T be a positive number and let © C R? be a bounded open set with Lipschitz boundary. We fix two
(possibly empty) Borel subsets dp, 2, dp,Q of 9, and we denote by Iy, 2, In, their complements. We
introduce the spaces

Hp (4R = {ue H' (4R :u=00n0p,Q}, Hp,(Q):={veH(Q):v=0o0ndp,0},

and we denote by _1(Q R?) the dual space of Hf, (Q;R?). The transpose of the natural embedding
b, (4 RY) — L*(9; ]Rd) induces the embedding of L2 (Q RY) into H, (Q R?), which is defined by

(9, 0) ;) = (9:0)12(2) for g € LAQRY) and ¢ € Hp, (%R).

Let C: Q — Z(R2X4:RI%d) be a fourth-order tensor field satisfying the following natural assumptions

sym? Tsym
in linear elasticity:

0o dxd . ppdxd
C e L@ LR RED)), (2.1)
(C(x)&1) - & =& - (C(x)&y) for a.e. x € Q and for every &1,& € }R‘Siyxfb, (2.2)
C(x)E-&€ > Xolé]* for ae. 2 € Q and for every & € R‘;;,i, (2.3)

for a constant Ao > 0. Thanks to second Korn’s inequality (see, e.g., [21]) there exists a constant Cx > 0,
depending on €2, such that

ul| 0y < Cx (|ullrz2i9) + [|Eullr2))  for every u € H'(Q;R?),

where Fu is the symmetrized gradient of u, namely Eu := %(Vu + VuT). By combining Korn’s inequality
with (2.3), we obtain that C satisfies the following ellipticity condition of integral type:

(CEu, Eu)r2(q) > co||u||?{1(9) - c1||u||%2(9) for every u € H*(Q;R%), (2.4)

for two positive constants ¢y and c;.
We fix £ > 0 and we consider a map b: R — [0, +00) satisfying

b € C'(R) is convex and non decreasing, (2.5)

b(s) > n for every s € R and some n > 0. (2.6)
We define the elastic energy &: H'(Q;R?) x HY(Q) — [0,00], the surface energy H: H*(Q) — [0,00), and
the kinetic energy K: L?(€;R%) — [0, 00) in the following way:

/b Fu(z) - Bu(z)dz,

1—
45/| v(x |dx+€/|VU )|?dz,

K(w) := lw(z)*dx

2&2
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for u € HY(Q;RY), v € HY(Q), and w € L*(Q;RY). For every k € NU {0} we also define the dissipative
energy Gr: H*(Q) — [0,00) as

k
Gr(o) :Z;ai/ﬂvlg(x) dx

for o € H*(Q), where a;, i = 0, ..., k, are non negative numbers with g, ax > 0 (recall that H°(Q) := L2(Q)
for k = 0). By [1, Corollary 4.16], the functional G;, induces a norm on H¥(2) which is equivalent to the
standard one. In particular, there exist two constants Sy, 31 > 0 such that

Bollol2niay < Gn(0) < Billolgqy for every o« € H* ().
Finally, we define the total energy F: H'(Q;R%) x L2(;RY) x HY(Q) — [0, 00] as
F(u,w,v) := K(w) + E(u,v) + H(v) for u € H(Q;RY), w € L*(Q;R?), and v € H'(Q).

Throughout the paper we always assume that C satisfies (2.1)—(2.3), b satisfies (2.5) and (2.6), and that
€ is a fixed positive number. Given

wy € H*(0,T; L2(Q;RY)) n HY(0,T; HY(Q;RY)),  wy € HY(Q) N H*(Q) with wy <1 0n dp,Q, (2.7

feL*(0,T; L (RY), ge HY0,T; Hp! (4 RY)), (2.8)
u® —wi(0) € Hp, (4 RY), w' € LA (RY), " —wy € Hp, (Q) N HF(Q) with v° < 11in Q, (2.9)
we search a pair (u,v) which solves the elastodynamics system
i(t) — div[b(v(t))CEu(t)] = f(t) +¢g(t) inQ, te][0,T], (2.10)
with boundary conditions formally written as
u(t) =wi(t) ondp,Q, te€][0,T], (2.11)
v(t) =ws ondp,Q, tel0,T], (2.12)
(b(v(t))CEu(t))y =0 on dn,Q, te]0,T], (2.13)
and initial conditions
u(0) =u’,  w(0)=u', v(0)=12" inQ. (2.14)

In addition, we require the irreversibility condition:
v(t)<wv(s) mQ for0<s<t<T, (2.15)

and for a.e. t € (0,T) the following crack stability condition:

k
E(u(t),v™) = E(u(t),v(t)) + H(v™) — H(v(t)) + Zai(vii)(t), Viv* = Vo(t)) 2 >0 (2.16)
i=0
among all v* —wy € Hp, (Q) N H*(Q) with v* < v(t). Notice that the space H'(€2) N H*(Q) coincides with
either H'(Q) (when k = 0) or H*(Q2) (for £ > 1). Finally, for every t € [0,T] we ask the Griffith’s dynamic
energy—dissipation balance:

F(ult), u(t), v(t)) +/O Gr(0(s))ds = F(u®, ut, %) + Wit (u, 050, 8), (2.17)

where Whot(u, v;t1,t2) is the total work on (u,v) over the time interval [t1,%2] C [0, T], defined as

Wiaan (1, 0; 11, 1) = / "), tls) — t1(5)) 22 + (b(u(5))CEu(s), Etn (s)) 2] ds

t1

- / [C0s), 1)) 2y + 5060, 0(s) w1 (5)) 2| s+ (), (1) 2y

1

+{g(t2), ult2) = wit2)) gy ) — (alta), wi(ta))r2i) = (9(t), ults) — wilta)) ;1 o)-
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Remark 2.1. A simple prototype for the function b is given by
b(s) = (max{s,0})* +7n for s € R.

In this case, the elastic energy becomes
1
E(u,v) = B / [(max{v(z),0})? + n]C(z) Eu(x) - Eu(z)dx (2.18)
Q

for u € H'(Q;R?) and v € H' (), which corresponds to the dynamic phase-field model (D;)—(Ds) considered
in the introduction. Usually, in the phase—field setting, the elastic energy is defined as

1 2
3 [ [(0@)? +0C@) Pute) - Bufa)ds

for u € HY(Q;R?) and v € H(Q), with v satisfying 0 < v < 1. In our case, due to the presence of the
dissipative term introduced in (D3) and (D3), we need to consider phase—field functions v which may assume
negative values. Therefore, we have to slightly modify the elastic energy functional by considering (2.18).

Remark 2.2. We give an idea of the meaning of the term G (0) in the phase—field setting, by comparing it
with a dissipation, in the sharp-interface case, which depends on the velocity of the crack tips. We consider
just an example in the particular case d = 2 and k = 0 of a rectilinear crack I'; := {(0,0) : 0 < s(¢)} moving
along the xq—axis, with s € C*([0,77), s(0) = 0, and 5(t) > 0 for every t € [0,T]. In view of the analysis
done in [3], the sequence v.(t) which best approximate I'; takes the following form:

ve(t,z) =0 <dlSt(x’Ft)

€
Here, ¥: R — [0,1] is a C! function satisfying ¥(s) = 0 for |s| < §, with 0 < § < 1, and ¥(s) = 1 for |s| > 1.
The function v, € C1([0,T] x R?) is constantly 0 in a ed—neighborhood of I';, and takes the value 1 outside
a e—neighborhood of T';. Moreover, its time derivative satisfies
z — (s(),0)
€

> for (t,z) € [0,T] x R2.

Ve (t,x) = 7?8&) ( > for (t,z) € [0,T] x R?,

where ®(y) := ¥(dist(y,p)) for y € R?. In particular for every ¢ € [0, T] we deduce

5(t)? Tz — (s 2
o0y =25 [ Jone (“=EO) s —s02 [ oiaPay = Casto®

Therefore, this term can be used to detect the dissipative effects due to the velocity of the moving crack.
With similar computations, if there are m crack-tips, with different velocities $;(t), ¢ = 1,...,m, then the
term ||ve (t)H%z(Q) corresponds to a dissipation of the form Y .-, C;52(t), with C; positive constants.

To precise the notion of solution to the problem (2.10)—(2.17), we consider a pair of functions (u,v)
satisfying the following regularity assumptions:

we CO[0,T]; H (% RY) N CH([0,T]; L* (4 RY) N H?(0, T Hy ! (5 RY)), (2.19)
u(t) —wi(t) € Hp, (R for every ¢ € [0, 7], (2.20)
v e CU0,T); HY(Q)) N HY (0, T; H*(Q)), (2.21)
v(t) —wy € Hp, (Q) and v(t) < 1 in Q for every t € [0,T7]. (2.22)

Definition 2.3. Let wq, we, f, and g be as in (2.7) and (2.8). We say that (u,v) is a weak solution to the
elastodynamics system (2.10) with boundary conditions (2.11)—(2.13), if (u, v) satisfies (2.19)—(2.22), and for
a.e. t € (0,T) we have

<ﬁ(t)71/)>H511(Q) + (b(v(t))CEu(t), EY)r2(0) = (f(1),¥)L2(0) + <9(t)71/)>H511(Q) (2.23)
for every ¢ € Hj, (;RY).
Remark 2.4. Since v(t) <1 for every ¢ € [0,T] and b satisfies (2.5) and (2.6), the function b(v(t)) belongs
to L>(€2) for every t € [0,T]. Hence, the equation (2.23) makes sense for every ¢ € H}, (€;R%). Moreover,

if (u,v) satisfies (2.19)—(2.22), then the function (t1,t2) — Wiot(u, v;t1,t2) is well defined and continuous,
thanks to the previous assumptions on C, b, wq, f, and g.
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We state now our main result, whose proof will be given at the end of Section 4.

Theorem 2.5. Letk > d/2 and let wi, wa, f, g, u®, ut, and v° be as in (2.7)—(2.9). Then there exists a weak
solution (u,v) to the problem (2.10)—(2.13) with initial conditions (2.14) satisfying the irreversibility condi-
tion (2.15), the crack stability condition (2.16), and the Griffith’s dynamic energy—dissipation balance (2.17).

Remark 2.6. According to Griffith’s dynamic criterion (see [18]), we expect the sum of kinetic and elastic
energy to be dissipated during the evolution, while it is balanced when we take into account the surface
energy associated to the phase—field function v. This happens in our case if we also consider fg Gi(0)ds. The
presence of this term takes into account the rate at which the function v is decreasing and it is a consequence
of the crack stability condition (2.16).

We need k > d/2 in order to obtain the energy equality (2.17). Indeed, in this case the embedding
H*(Q) — C°(Q) is continuous and compact (see, e.g., [I, Theorem 6.2]), which implies that 0(t) € C°(Q)
for a.e. t € (0,7). This regularity is crucial, since we obtain (2.17) throughout another energy balance
(see (4.20)), which is well defined only when v(t) € L ().

Remark 2.7. In Theorem 2.5 we consider only the case of zero Neumann boundary data. Anyway, the
previous result can be easily adapted to Neumann boundary conditions of the form

(b(v(t))CEu(t))y = F(t) ondn,Q, te[0,T], (2.24)

provided that F' € H'(0,T; L?(dn,Q;R?)). In this case a weak solution to the problem (2.10) with Dirichlet
boundary conditions (2.11) and (2.12), and Neumann boundary condition (2.24) is a pair (u,v) satisfy-
ing (2.19)—(2.22) and for a.e. t € (0,T) the equation

<u(t)7¢>H511(Q) + (b(v(t))(CEu(t), E¢)L2(sz) = (f(t)71/})L2(Q) + <§(t)7¢>H5i(Q)
for every ¢ € H}, (92;R?), where the term g(t) € H511 (;R?) is defined for t € [0,T] as
<!~J(t)a1/’>H511(Q) = (g(t)aWHBi(Q) Jr/a 0 F(t,z) - ¢(z)dH (v) for ¢ € HE (GRY).

Since g € H(0, T HBll (€2;R?)), we can apply Theorem 2.5 with § instead of g, and we derive the existence
of a weak solution (u,v) to (2.10)—(2.12) with Neumann boundary condition (2.24).

In the next lemma we show that for k& > d/2 the Griffith’s dynamic energy—dissipation balance can be
rephrased in the following identity:

0uE(u(t),v(t))[0(t)] + OH(v(t))[0(t)] + Gr(v(t)) =0 for a.e. t € (0,7, (2.25)
where the derivatives 9, and OH take the form
€ (u,v)[x] = %Ab(v(z))x(m)@(m)Eu(m) - Bu(z)dz for u € H'(Q;R?) and v,y € H(Q) N L>®(Q),

_ 1
2
Lemma 2.8. Let k > d/2 and let wy, wa, f, g, u°, ut, and v° be as in (2.7)~(2.9). Assume that (u,v)

is a weak solution to the problem (2.10)—(2.13) with initial conditions (2.14). Then the Griffith’s dynamic
energy—dissipation balance (2.17) is equivalent to the identity (2.25).

OH (v)[x] /Q(v(a:) — Dx(z)dz + QS/QVU(:E) -Vx(z)dz for v, x € H'(Q).

Proof. We follow the same techniques of [8, Lemma 2.6]. Let us fix 0 < h < T and let us define the function

Pp(t) = “(thi_“(t) - wl(Hh})L —wuilt) e 0,7 — h).

We use ¢y, (t) as test function in (2.23) first at time ¢, and then at time t+h. By summing the two expressions
and integrating in a fixed time interval [t1,t2] C [0,T — h], we obtain the identity
ta

/f 2<ij(t + h) + il(t), ’(/Jh(t)>H511(Q)dt + /t (b(v(t + h))(CEu(t + h) + b(v(t))(CEu(t), E'(/Jh(t))L2(Q)dt

- / 4 B) + £, (0)) eyt + /

t1 t1

(9(t+h) +g(t), 7//h(t)>Hgi(Q)dt' (2.26)
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We study these four terms separately. By performing an integration by parts, the first one becomes
ta
/ G+ ) ) U 0 5y

= */ 2(@1(1t + )+ a(t), Y (t)) Lo dt + (alts + h) + alts), Yn(te)) L2y — ((ty +h) +u(ty), Yu(t1)) 2 (o)

1t1 to+h 1 t1+h 1 to
=i | OBt [ IO eyt [ R i) i+ ) = i (0) e
+ (W(t2 + h) + 0(t2), Yn(t2)) L) — (@t + h) +@(t1), Ya(t1))L2()-
Since u,w; € C1([0,T]; L?(£;R%)), by sending h — 07 we deduce
1 ta+h 1 ti+h

i, [h/tz [a(t)]|72 ()t + h/t1 ||ﬂ(t)|%2(n)dt] = —[la(t2)l|72(q) + la(t1) 1720, (2.27)

Jim, [(a(ta + ) + i(tz), Yn(t2)) L2) — (@t +h) + @(tr), ¥n(t)) L2())

= 2||7l(t2)||%2(9) —2(u(t2), w1 (t2)) L2 () — 2||11(t1)|\%2(9) +2(0(t1), w1 (1)) L2(0)-

Notice that the sequence 3 [t (- +h) — ] converges strongly to wy in L?(t1,t2; L2(€;R?)) as h — 0T, since
Wy belongs to H(0, T LQ(Q;Rd)). Therefore, there exist a sequence h,, — 07 as m — oo, and a function
k € L?(t1,t5) such that for a.e. t € (t1,t2)

(2.28)

i(ﬁ(t + hip) + A(t), w1 (E 4 i) — @1(8)) L2(0) — 2(a(t), 01(t)) 2 as m — oo,

< 2[Jd| poo 0,752 (2)) k(L) for every m € N.

’hlm(u(t + hap) A+ 0(t), W1 (t 4 hap) — 1)) £2()

By the dominated convergence theorem we derive
ta

1
h—0t th t1

since the limit does not depend on the subsequence {h, }men. For the term involving f, we observe that
f(-+h) — fand ¢y, — @ — iy in L2(t1,te; L2(;RY)) as h — 0. Hence, we have

lim [ (F(t+B) 4 F(8), dn(t)) paaydt = 2 / ). () — b1 (1)) gy (2.30)

h—0t t1

By using the identity

[ ot )+ 900 9n 0 3

ta+h tth
= %/t (g(t),u(t) —wy (t)>HBi(Q)dt — %/t (g(t), u(t) —wn (t)>H511(Q)dt
_ % /t ’ (g(t+h) = g(t), ult + h) + u(t) — wi(t +h) = wi(t)) 1 oy,

and proceeding as before, we also deduce

ta

T [ a4+ 900,00 (0) (231)
= 2(g(t2), u(t2) — wl(t2)>H511(Q) = 2(g(t1),ultr) — wl(tl»HEll(Q) - Q/t 2<g(t)7u(t) - wl(t»HBi(Q)dt'

It remains to study the last term, that can be rephrased in the following way

/ " (b(u(t + h))CEu(t + h) + bu())CEu(t), Edn (1)) (e dt

t1
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tat+h fath
— llz/tQ (b(v(t))CEu(t), Eu(t)) r2(o)dt — ilz/t1 (b(v(t))CEu(t), Eu(t))L2(o)dt
_ % /t 2([1,(1;@ + h)) — b(v(t))|CEu(t), Bu(t + h)) 12 (q)dt
1

to

% / (b(v(t + h))CEu(t 4 h) + b(v(t))CEu(t), Ewi (t + h) — BEwy(t))2(q)dt.
ty

Since H*(Q2) — C°(Q), we deduce that v belongs to the space C°([0,T];C°(Q)). This property, together

with b € CY(R) and u € C°([0, T]; H(£; R?)), implies

1 1

ta+h tith
- /t (b(v()CEu(t), Bu(t)) p2(e)dt — - /t 1 (b(v(t))CEu(t), Eu(t)) L2 (o)dt (2.32)

= (b(’l)(tz))(CEU(tg)7 Eu(tz))L2(Q) — (b(v(tl))(CEu(tl), Eu(tl))L2(Q).

Moreover, the sequence #[v(- + h) — v] converges strongly to © in L2(t,t2; C°(Q2)) as h — 0T. Therefore,

there exist a subsequence h,, — 07 as m — oo and a function x € L?(t1,t2) such that for a.e. t € (t1,t2)
V(t =+ huy) — v(t)
P
v(t + hy) — v(t)
himn

1m
h—0t

—o(t) in C°(Q) asm — oo,

< k(t) for every m € N.

Lo (Q)

Thanks to (2.5), we can apply Lagrange’s theorem to derive for a.e. t € (t1,t2)

L(b(v(t + hi)) = b(v(t))CEu(t), Bu(t 4 b)) 2) — (b(v(t))o(t)CEu(t), Eu(t))r2) asm — oo,

< 6(1)||C||L°<>(Q)||EU||%w(o,T;L2(Q))’<(t)a

'hqu)w(w o)) — b()CEU(), Bult + b)) o)

since u € C°([0, T]; H'(;R?)) and v(t) < 1 for every t € [0,T]. The dominated convergence theorem yields

m X /t (bt 1)) —b(o(E)CEu(t), Bult+h)) ey dt = / " (bo() (1) CEu(t), Bult)) 2(ydt, (2.33)

1
h—0+ h t1

being the limit independent on the sequence {hu, }men. Finally, notice that & [Ew; (- + h) — Ew;] converges
strongly to Fiy in L?(ty,to; L2(;R9*?)) as h — 0F. By arguing as in (2.29), this fact gives

m L /tQ(b(v(t + h))CEu(t + h) + b(v(t))CEu(t), Bwi (t + h) — Bw;(t)) 2(q)dt

hi>0+ h Je
o (2.34)
= Q/t (b(v(t))CEu(t), B (t)) 12 dt.
We combine together (2.26)—(2.34) to derive
Klilta)) + E(ulta).v(t2)) = 5 [ ()HOCEUD. Fult) ooyt

= K(u(t1)) + E(uty), v(t1)) + Wiot (u, v t1,t2)

for every tq,ty € [0,T) with ¢; < to. Since all terms in the previous equality are continuous with respect to
t2, we deduce that a weak solution to (2.10)—(2.13) with initial conditions (2.14) satisfies the energy balance

Klilta)) + E(ulta).v(t2)) = 5 [ (E)HOCEUD. Fult) ooyt -

= K(u(t1)) + E(uty), v(t1)) + Wiot (u, v t1,t2)

for every tq,ty € [0,T] with ¢; < to.



10 MAICOL CAPONI

Let us assume now (2.25). Since v € H(0,T; H*()), the function t — ((t) := H(v(t)) is absolutely
continuous on [0, T'], with ((t) = OH(v(¢))[0(¢)] for a.e. t € (0,T"). By integrating (2.25) over [t1,%2] C [0, T1,
we obtain

1 to . ) to

_ 5/ (b(v(t))0(t)CEu(t), Eu(t))r2(q)dt = H(v(t2)) — H(v(t1)) +/ G (v(t))dt. (2.36)
t1 ty

The above identity, together with (2.35), implies the Griffith’s dynamic energy—dissipation balance (2.17).

On the other hand, if (2.17) is satisfied, by comparing it with (2.35) we deduce (2.36) for every interval

[t1,t2] € [0,T], from which (2.25) follows. O

Remark 2.9. When k& > g,

following variational inequality

the crack stability condition (2.16) is equivalent for a.e. t € (0,7) to the

k
€ (u(t), v(t)) [x] + OH(v() [X] + D i (V'o(t), V'X) 2(0) = 0 (2.37)
=0

among all y € Hp, (Q)NH"(Q2) with x < 0. Indeed, for every s € (0,1] we can take v(t) 4 sx as test function
n (2.16). After some computations and by dividing by s, we deduce

E(u(t),v(t) + sx) — 5(“@)»”“» x] + Zal (Vio(t

S

). VX r2(0)
(2.38)

1
+5 | B +s|Vx||izm)] > 0.
Let us fix z € Q. By Lagrange’s theorem there exists z;(¢, z) € [v(t, x) + sx(z),v(¢, z)] such that

b(v(t, z) + sx(x)) — b(v(x)) = b(zs(t, 2))x(2),

since b € C1(R). In particular, we have

i 2D ) M) g

blu(t, z) + sx(x)) — b(v(x)) ‘

t,x))x(x),

. < (1))
because b € CO(R) is non negative, non decreasing, and z(t,z) < v(t,z) < 1. Then, the dominated
convergence theorem yields

lim 20000 + 50 = EQult) b)) _ L / b(o(0)XCEu(t) - Bu(t)dz = 9, (u(t), v(t))[x]-
Q

s—0+ s 2
By sending s — 07 in (2.38) we hence deduce (2.37). On the other hand, it is easy to check that (2.37)
implies (2.16), by exploiting the convexity of v* — E(u(t),v*) + H(v*) and taking x := v* — v(t) for every
v* —wy € Hp, () N H*(Q) with v* < v(t).
The inequality (2.37) for a.e. ¢ € (0,T) gives that the distribution

L) = 1) + 2:A0(t Zal o) € D'(Q)

—%b(v(t))(CEu(t) Bult) - o

is positive on Q. Therefore it coincides with a positive Radon measure p(t) on €, by Riesz’s representation
theorem. In particular, since H*(Q2) < C°(Q), for a.e. ¢ € (0, T) we deduce

(C(t), x) (mx()y = € (u(t),v(t))[x] + OH(v(t))[x] + Zaz (V'9(t), V'X) r2(0) = / xdpu(t)

for every function y € H*(Q) with compact support in . We combine this fact with the identity (2.25) to
derive for our model an analogous of the classical activation rule in Griffith’s criterion: for a.e. t € (0,7)
the positive measure u(t) must vanish on the set of points x € Q where 0(t, ) > 0. Indeed, let us consider a
sequence {Pm, tm C C°(Q) such that 0 < ¥, < 1 < 1in Q for every m € N, and Ym(z) — 1 for every
z € Qasm — oo. The function ¥(t) is admissible in (2.37) for a.e. ¢ € (0,T), since #[v(t+h)—v(t)] € Hp (Q)
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converges strongly to ©(t) in H*(Q) as h — 0%, and ¢ + v(t) is non decreasing in [0, 7T]. Therefore, thanks
0 (2.25) and (2.37), for a.e. t € (0,T) we get

0= (C(#),0()) (e )y = (C(E), D)) () + (C(E), D) (1 = ¥m)) (e ()
> (C(t), () Ym) (rrx )y 0(t)pmdu(t) > 0,

g\

because ©(t)1, € H*(Q) has compact support. Hence, for a.e. t € (0,T) we have

0= Jin_ [ omdn(t) = [ 5000

m— 00 Q

by the monotone convergence theorem, which implies our activation condition.

3. THE TIME DISCRETIZATION SCHEME

In this section we show some general results that are true for every & € N U {0}. In particular, we
prove that the problem (2.10)—(2.14) admits always a solution (u,v) less regular in time which satisfies the
irreversibility condition (2.15) and the crack stability condition (2.16). Throughout this section, we always
assume that wy, wa, f, g, u®, u', and 09 satisfy (2.7)—(2.9).

We start by introducing the following notion of solution, which requires less regularity on the time variable.

Definition 3.1. The pair (u,v) is a generalized solution to (2.10)—(2.13) if
w € L0, T H' (4 RY) nWh>(0,T; L* (0 RY) N H?(0, T3 Hp (4 RY)),
u(t) —wi(t) € Hp (R for every t € [0, 7],
ve L0, T; HY(Q)) N HY(0,T; H*(Q)),
v(t) —ws € Hp, (Q) and v(t) < 11in Q for every ¢t € [0,T7,
and for a.e. t € (0,T) the equation (2.23) holds.
Remark 3.2. We recall that, given two reflexive Banach spaces X and Y, with continuous embedding
X <Y, we have
Co([0,T);Y) N L®(0,T; X) = Coy ([0, T]; X),
see, for instance [9, Chapitre XVIII, §5, Lemme 6]. In particular, if u € C2 ([0, T]; X), then
lu(®)llx < Jullz~rex) for every ¢ € [0,7).
By applying this result to a generalized solution (u,v) to (2.10)-(2.13), we get that u € C2 ([0, T]; H (; R4)),
€ CO([0,T); L2(Q;RY)), and v € CO([0,T); HY(Q)). Therefore, the initial conditions (2.14) makes sense,

w w

since the functions u(t), u(t), and v(t) are uniquely defined for every t € [0,7] as elements of H'(2;R%),
L2(;RY), and H'(Q), respectively.

To show the existence of a generalized solution to (2.10)—(2.13), we approximate our problem by mean
of a time discretization with an alternate scheme, as done in [15]. We divide the time interval [0,7] by
introducing n equispaced nodes, and in each of them we first solve the elastodynamics system (2.4) with v
fixed, and then the crack stability condition (2.16) with w fixed. Finally, we consider some interpolants of
the discrete solutions and, thanks to an a priori estimate, we pass to the limit as n — oo.

We fix n € N, and we set

T
Tn = g u?L =’ u;l =’ — mut, ’U?l =",
_ ) . ) _ , 1 i _
gl =g(m), wl:=wi(jm,) forj=0,...,n, fl:= —/ f(s)ds forj=1,....n
(G=1)7n
For j =1,...,n we consider the following two minimum problems:

(i) u), —wj € H}, (€ R?) is the minimizer of
o 2 T g ) — ()i — (oo —
272 n no Lz Un no W) L2(Q) — \9n, n/Hp! Q)

among every u* —w), € Hp, (Q;R%);
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(i1) v}, —wy € HE () N H*(Q) with v}, < vj~! is the minimizer of

1 .
* o, g—1
27’7lgk(v U’I’L )

v E(ul, v*) + H(v*) +

among every v* —wy € Hp, () N H*(Q) with v* < v]™".
Since C and b satisfy (2.1)—(2.3), (2.5) and (2.6) the two discrete problems are well defined. In particular,
for every j = 1,...,n there exists a unique pair (u,v}) € H(Q;RY) x (H1(2) N H*()) solution to (i)
and (i7).
Let us define

, g — it S Sud — suit , J il
éu%::M for j =0,...,n, 62u£1::u7 6@%::M forj=1,...,n.
Tn Tn Tn
For j = 1,...,n the minimality of u/ implies
(621‘%’ ¢)L2(Q) =+ (b(l}gLil)CEU%, Eq/))LQ(Q) = (f'gu ¢)L2(Q) + <g£u ¢>Hgi Q) (35)

for every ¢ € H}, (;R?), which is the discrete counterpart of (2.23). Moreover, we can characterize the
function vJ in the following way.

Lemma 3.3. Forj =1,...,n the function v} —ws € Hp, (Q)NH*(Q) with v} < vi~" is the unique solution
to the variational inequality
k
E(ul v*) = E(ul,v)) + OH(v))[v* —vl] + Z a;(V*ov), Vo™ = V') )r20) > 0 (3.6)
i=0

among all v* —wy € Hp, (Q) N H*(Q) with v* < vi~'. In particular, we have v}, <1 in Q and

S(u{w v%) — 5(@1,1;;;1)

+ OH (V1) [6vI] + Gr(0v2) < 0. (3.7)

Tn
Finally, if k =0, wy >0 on dp,Q, v° >0 in Q, and b(s) = (max{s,0})? +n for s € R, then vi >0 in Q
for every 5 =1,...,n.
Proof. Let v}, be the solution to (ii) and let v* — wy € H}, () N H*(Q) be such that v* < vj~!. For every
s € (0,1] the function v}, + s(v* —vj) is a competitor for (ii). Hence, by exploiting the minimality of v} and
dividing by s, we deduce the following inequality
k

E(ul vl *_ ) = E(ud vl , . o
(o, 05 F 50 SU")) (o) | i) o — i) + 3 ai(Vi00d, Tiv* — Vvl oy
=0 (3.8)

1., . ) 1 .

+s Zg”’l} —’Uﬁlniz(ﬂ)“rEHV’U —vvé‘liz(g)"‘ﬁgk(v —’Ué):| > 0.

Notice that

Slud v * i )) — E(ud v , o
(1, v+ 507 = v3)) (1, V) < E(ud,v*) — E(ul,vl) for every s € (0,1], (3.9)

S

since the difference quotients are non decreasing in s € (0, 1], being b is convex. By combining (3.8) with (3.9)
and passing to the limit as s — 07, we derive (3.6). On the other hand, it is easy to see that every solution
to (3.6) satisfies (ii), thanks to the convexity of H and G. Finally, for every j = 1,...,n we have v} <% <1
in 2, and the inequality (3.7) is obtained by taking v* = vJ~! in (3.6) and dividing by 7,.

Let us assume that k = 0, wa > 0 on dp,2, v* > 0 in Q, and b(s) = (max{s,0})? + n for s € R. The
function (vl)* := max{v},0} € H*(Q) is a competitor for (i) and satisfies

n

1 1
E(up, (0a) ) + H((0) ") + 5—Go((va) " = 0°) < E(un, v3) + H(vy) + 5—Go(v, = v°),
being E(ul, (v1)T) = E(ul,vl), H((v))T) < H(v}), and |(v})T =% < vl — 0% in ©, which is a consequence

n’-n
of v° > 0. Hence, the function (v})T solves (ii). This implies v} = (v1)™ > 0 in €, since the minimum point
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is unique (the L?-norm is strictly convex). We now proceed by induction: if vJ=! > 0 in ), we can argue as
before to get
Elud (v IV IV i1 < £l v j
(U’nv (vn) ) + H((vn) ) + ?go((’l}n) — Uy ) —= (una Un) + H(vn) +
n

1 . _
5—Go(v), —vl71),
which gives vJ = (vJ)* := max{v},0} > 0in Q for every j =1...,n.

27,

]
As done in [15], we combine the equation (3.5) with the inequality (3.7) to derive a discrete energy
inequality for the family {(u/,v?)

n
Jj=1-
Lemma 3.4. The family {(u},,v},)}1_,, solution to problems (i) and (ii), satisfies for every j =1,...,n the
discrete enerqgy inequality

F(ud, 6ul vl

J J
=1 =1

J

< F(u®,ut, %) + ZTn [(fL, 0ul, — 6wh) 12 (q) + (b(vh 1) CEUL, Eow!,)r2(0)]

=1 (3.10)

j . . .

- Z Tn |:(6u£z_17 62w£z)L2(Q) - <5g£z7 uiz_l - w;L_1>HBI(Q):| + (6uim 5w]’l’L)L2(Q)

I=1

+ (gl uh = R g o) — (@l 1(0) L2y — (9(0), v = wi(0)) 1),

where dwl := 1(0), Swi = %[wﬁb—w%_l], §2wi = %[511}%—510{;1], 5gl -

and the dissipations DJ are defined as

Ligh—gp Y forj=1,...,m,
;= L1622 J=1 J j L5 |2 J 12 .
Dy, = Gl10%up |22 () + 5 (0(vn™ )CESup, Boup)r2 (@) + Zll0vnllz2 () +elVovnlzaq) fori=1,....n.

Proof. By using ¢ = 7,[6uj, — dw}] € H}, (€;R?) as test function in (3.5), for every j = 1,...,n we deduce
the following identity

T (8%u,, 6ul) 2 () + Tn (b(v) ") CEW,, Edul) 120

(3.11)
=T, [( %, (Suﬁl — (5’11}%)L2(Q) + (gfl, §u£L — 5w%>H511(Q) + (52u£, 5'[1}%)[/2(9) + (b(vf;_l)(CEu% E(SU/;L)LZ(Q) .

Thanks to the identity |a|? — a - b= 1|a|? — 1[b]? + 3|a — b|* for a,b € RY, we can write the first term as

(0%, 0ul,) 12 () = 100,172 () — (Fuf, ", 0ul) 12 () = K(0ud,) — K(6ud ) + %\|52%|@2(9)~
Similarly, we have

(3.12)
2
T (b(v] M) CEW,, BSul) 1200y = E(ul,, v]) — E(ul " vl™") + %L(b(vffl)(CE(Su;L7 Edul)r2(0)
(3.13)
1 . . . .
+ 5([19(“31_1) = b(v},)|CEu),, Eu,)r2(0)
We use (3.7) to estimate from below the last term in the previous inequality in the following way
5 (D7) = b(W))ICEW,, Buj,) 120
> ;——Z(v% -1, 51}%)3(9) + 2€Tn(V’U£L, V(s’l)%)[g(g) + Tngk(évﬁ) (3.14)
2
. . . T . .
= H(v}) — HW, ) + 1 Gr(0v]) + ﬁl\&)izlliz(m +ern | Vvl 122 (q)-
By combining (3.11)—(3.14), for every j = 1,...,n we obtain
F(ud, 6ul vl

n»-n

)= Pl Gl )+ Geled) + 72D

<7, [( 7,

Sul, — dw}) 12y + (9], oui, — 5w%>H511(Q) + (6%uf,, 0w) r2(q) + (b(v] " CEU),, ESw}) 120 | -
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Finally, we sum over [ = 1,...,j for every j € {1,...,n}, and we use the identities

J
ZTn<gﬁl,5u; - 5w,ln>HBi(Q) = (g, up, — w%>H;i(Q) —{9(0),u" — wl(o»HBll(Q)
=1

; (3.15)
A - -
- Z;Tn<5gn’ U, 't Wy, 1>H51(Q)7
J _ _ J
Z 52ul §w L2(Q) = (5u%’,5w%)L2(Q) - (Ul, w1 LQ(Q Z lil,ézwil)[ﬁ(g), (316)
to deduce the discrete energy inequality (3.10). O
The first consequence of (3.10) is the following a priori estimate.
Lemma 3.5. There exists a constant C' > 0, independent of n, such that
R L PR P PR CA P S SEAL AR D L
j= i=
Proof. Thanks to (2.4) and (2.6) we can estimate from below the left—hand side of (3.10) as
. o J J 1 . 7760 ney
F(uh,0ul,00) + ) maGr(Svy) + ) 1Dy > s10uhlZae) + S luhllar @) — 5 Iuhllza (3.18)
for every j =1,...,n. Let us now bound from above the right-hand side of (3.18). We define
L= max [0y, Moo= max [[u]]|m o),
and we use (2.7)—(2.9) to derive for every j = 1,...,n the following estimates:
J
ZTn( b Oul, — 0w, ) 12y < C1 Ly, + Ca, (3.19)
=1
((S’LL‘zN (511}%)[12(9) (u w1 L2 Q) Z Tn 7 ,ln)Lz(Q) S Can + 027 (320)

Dy

(g3, u, — ng>H511(Q) —(9(0),u’ — w1(0)>H511(Q) - ZTMégL,uil_l - wﬁl_1>H’1(Q) <CiM, + G, (3.21)

for two positive constants C; and Cy independent of n. Moreover, since C € L% (); £ (R*4; R4*)) b is
non decreasing, and vJ~1 < 1, we get

ZJ: vl HCEY,, Edwl) 120y < b(1)||C| pee () VT Btin || L2 (0,7; 12 (0)) Mn (3.22)
for every j =1,. _,n By combining (3.10) with (3.18)—(3.22) and the following estimate
[, ]l 20y < zn:TnH(SUZHLz(Q) + [u® L2y S TLy + [[u°|| 20y for every j=1,...,n,
1=1
we obtain the existence of two positive constants Cy and Cbo, independent of n, such that

(L, + Mn)2 < é’l(Ln + M,) + Cy for every n € N.

This implies that L, and M, are uniformly bounded in n. In particular, there exists a constant C' > 0,
independent of n, such that

J J
K(6ul)) + E(ul,v2) + H(vd) + ZTngk(évfl) + ZTTQLD% <C foreveryj=1,...,n
=1 1=1
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Finally, for j =1,...,n we have

min{ L bl = Wy SHED C oYl ey < Do ruond) < €.
j=1

=1

which gives the remaining estimates. O

Remark 3.6. By combining together (3.5) and (3.17) we also obtain

ZlfnnaQ W s gy mmax (03 s < ©
J

for a positive constant C' independent of n. Indeed, by (3.5), for every j = 1,...,n we have
\\52%”1{51(9) = sup  [(8%ud,, ) 20 < B)|IC poo (o 1B, [l 20y + 1 £l 2 (0) + ‘|g%||H51(Q)
! $EHp, (URY) !
||1/J||H1<Q)S1

Hence, thanks to (2.8) and (3.17), there exists a constant C' > 0, independent of n, such that
ZTn”aQU%HEB;(Q) <C(l+ ||f||L2(0,T;L2(Q)) + ”gHLDO(O,T;HBI(Q)))'

Finally, also |[v] || i (q) is uniformly bounded with respect to j and n, since

n 1/2

02 | ) < VT (ZTnna@;ﬁ{k(m) + |00 ey for every j=1,...,n.
=1

We now use the family {(u},,v},)}%_, to construct a generalized solution to the problem (2.10)~(2.16). We

denote by wu,,: [0,T] — H(; Rd) the piecewise affine interpolant of {u? }?_,, which is defined as

Jj=b
Up (t) ==l + (t — j7,)0ul, for t € [(j — 1)Tn, j7] and 5 =1,...,n.
Moreover, let us define the backward interpolant ,: [0,7] — H!(;R?) and the forward interpolant
u,: [0,T] — HY(;R?) in the following way:
Un(0) = ul, T,(t):=ul forte ((j— 1)1, jm)and j=1,...,n,

u,(T) =ul, w,(t):=u"' forte€[(j—1)m,jm)and j=1,...,n

Similarly, we define the piecewise affine interpolant v,: [0,7] — H'(Q) of {v}}}_,, as well as the back-
ward interpolant @,,: [0,7] — H'(Q), and the forward interpolant v, [O T) — HY(Q). Finally, we con-
sider the piecewise affine interpolant w/,: [0,7] — L?(Q;R?) of {éun 7_1, together with the backward
interpolant ), : [0,7] — L2(Q R%) and the forward interpolant u/,: [0,7] — L?(£;R%). Notice that
u, € HY(0,T; L*(Q;RY)), ul, € HY(0,T; Hp, (Q R%)), and v,, € H'(0,T; H*(Q)), with 1w, (t) = @, (t) = dul,
! (t) = 82ul, and 0, (t) = dv for t € ((j — 1)Tn,]Tn) and j=1,...,n
Lemma 3.7. There exist a subsequence of n, not relabeled, and two functions

w € L®(0,T; H' (% RY)) N Wh>(0,T; L*(Q; RY) N H?(0,T; Hp ! (9 RY)),

v e L>(0,T; H'(Q) N H'(0,T; H*(R)),

such that the following convergences hold as n — co:

u, —u in H*(0,T; L*(Q;RY)), w, =4 in H'(0,T; Hp! (Q;RY)),
u, —u in C°([0,T]; L*(Q;RY)), w, =4 in C°([0,T]; Hp! (4 RY)),
Tp,u, —u in L2(0,T; H' (Q;RY)), w,,ul, = in L*(0,T; L2(Q 4),
v, = v in HY0,T; H*(Q)), vp — v in CO([0, T]; L*(2)),
v, — v in L*(0,T; HY(Q)), Tpyv, — v in L*(0,T; H(Q)).



16 MAICOL CAPONI

Proof. Thanks to the estimate (3.17), the sequence {uy, }nen C L=(0,T; HY(Q;RY))nWho°(0, T; L3(Q; RY))
is uniformly bounded. Hence, by Aubin-Lions’s lemma (see [23, Corollary 4]), there exist a subsequence of
n, not relabeled, and a function

u € L°(0,T; H (4 RY)) n W (0, T; L2 (Q; RY)),
such that
u, —u in H'(0,T; L?(QRY), wu, —u in C°[0,T]; L*(RY) asn — oco.
Moreover, the sequence {@y, }nen C L(0,T; H(2;R?)) is uniformly bounded, and satisfies
lun (t) = Wn ()| 22(0) < TalltinllLo=0,7;L2(0)) < CTn for every t € [0,T] and n € N, (3.23)

where C is a positive constant independent of n and t. Therefore, there exists a further subsequence, not
relabeled, such that

Tp —u in L2(0,T; HY (4 RY), @, —u in L=(0,T; L*(Q;RY)) as n — oo.
Similarly, we have
u, —~u in L*(0,T; H' (G RY), w, »u in L=(0,T; L*(RY))  as n — oo.

Let us now consider the sequence {uj,}nen C L(0,T; L*(Q;R)) N H'(0,T; HB}(Q;Rd)). Since it is
uniformly bounded with respect to n, we can apply again Aubin—Lions’s lemma to deduce the existence of
z € L®(0,T; L*(; RY)) n HY (0, T; Hp (O RY))

such that, up to a further (not relabeled) subsequence
u, =z in Hl(O,T; HB}(Q;Rd)), u, =z in C’O([O,T};Hgll(Q;Rd)) as n — oo.

Furthermore, we have

i (8) = @ (Ol 1510y = Il () = T Ol 51 0) < VAallinll 20,050 @) < OV (3.24)
for every ¢t € [0,T] and n € N, with C > 0 independent of n and ¢. This fact implies that z = 4, and

w, =4 in L*(0,T;L*(4RY), w, »4 in L*(0,T;Hp (2 RY))  asn — oco.
In a similar way, we get

w, =4 in L*(0,T;L*(RY), w, =4 in L*(0,T; Hp (4 RY)  as n — oo.

Finally, the thesis for the sequences {v,, }nen, {Un }nen, and {v,, }nen is obtained as before, by using (3.17)
and the compactness of the embedding H'(Q) < L?(9). O
Remark 3.8. As pointed out in Remark 3.2, we have u € C ([0, T]; H1(;R%)), w € C2 ([0, T); L2(; R?)),
and v € CO ([0, T]; H*(Q)). By using the estimate (3.17), we get

1 ()| 1 2y + g, (8) || 2@y < € for every t € [0,T] and n € N
for a constant C' > 0 independent of n and ¢. Hence, for every t € [0, 7] we derive

u,(t) = u(t) in HY(QGRY), o (t) = a(t) in L*(4R?Y)  as n — oo,

n

thanks to the previous convergences. In particular, for every ¢ € [0, 7] we can use (3.23) and (3.24) to obtain

Tp(t) = u(t) in HY(RY), @, (t) —a(t) in L2(Q;RY) asn — oo,

w,(t) = u(t) in HY(QRY), o (t) —a(t) in L2(Q;RY) asn — occ.

n

With a similar argument, for every ¢ € [0, 7] we have
vp(t) = v(t), Tu(t) —=o(t), v,(t) —v(t) in H(Q) asn — oo.
We are now in position to pass to the limit in the discrete problem (3.5).

Lemma 3.9. The pair (u,v) of Lemma 3.7 is a generalized solution to the problem (2.10)—(2.13). Moreover,
(u,v) satisfies the initial conditions (2.14) and the irreversibility condition (2.15). Finally, if k =0, we >0
on 9p,Q, v° >0 in Q, and b(s) = (max{s,0})2 +n for s € R, then v(t) >0 in Q for every t € [0,T).
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Proof. The pair (u,v) given by Lemma 3.7 satisfies (3.1), (3.3), and the initial conditions (2.14), since
u® = u,(0) = u(0) in HY(Q;R?), u! = v/, (0) — @(0) in L2(;RY), and v° = v,(0) — v(0) in H(Q)
as n — oo. If we consider the piecewise affine interpolant w, of {w%}?zl, for every ¢t € [0,T] we have
un(t) — wn(t) € Hp (R?) for every n € N and w,(t) — wi(t) in H'(Q;R?) as n — oo. Therefore,
the function u satisfies (3.2). Similarly, v, (t) — w2 € H}_(Q) and v,(t) < vu(s) < 1 in Q for every
0<s5<t<Tandn €N, which give (3.4) and (2.15). Finally, if k = 0, wy > 0 on dp,, v° > 0 in Q, and
b(s) = (max{s,0})% +n for s € R, then for every ¢ € [0,T] we deduce v, (t) > 0 in Q by Lemma 3.3, which
implies v(t) > 0 in .

It remains to prove the validity of the equation (2.23) for a.e. ¢t € (0,T). For every j =1,...,n we know
that (u/,, vl) satisfies (3.5). In particular, by integrating it in [t;, ] C [0, T] and using the previous notation,
we derive

to t2
AU U TR O AR P
1

t1

' t (3.25)
= [0 vt [ G0y

t1
for every ¢ € Hp, (€ R%), where f, and g, are the backward interpolants of {fJ 7 and {g? 7_1, respec-
tively. We now pass to the limit as n — oo in (3.25). For the first term we have
tz t2
. ./ _ .

nlgr;o . (1 (1), w>HB;(Q)dt = /751 (i(t), 7/)>H511(Q)dta
since !/, — i in L?(0,T; HBll (;R%)) as n — oo. Moreover, it is easy to check that f,, converges strongly to
fin L2(0,T; L*(;R%)), and §,, converges strongly to g in L?(0,T; HB}(Q;Rd)) as n — 00, which implies

lim [ / (Fa(8), ) 2yt + / <gn<t>,w>HD;(mdt] = / (F(), ) 2oyt + / (9(8), ) 0,1

n— o0 t1 t1 t1

It remains to analyze the second term of (3.25). By the previous remark and using the compactness of the
embedding H(Q) — L2(), we get that v, (t) — v(t) in L*(Q) as n — oo for every t € [0,7]. Thanks to
the estimate

b(v,, (t, 2))C(x) EY(x)| < b(1)||Cl| Lo ()| E(x)| for every t € [0,T] and a.e. x €

and the dominated convergence theorem, we conclude that b(v,,)CEvy — b(v)CE% in L2(0,T; L?(£2; R4*4)).
Hence, we obtain
to to
Jim [ (b(w,, (8))CEun (), E) L2yt = / (b(v(t))CEu(t), Ep) r2(q)dt,
t1 ty
since Eu, — Eu in L?(0,T; L2(Q; R¥*4)). Therefore, the pair (u,v) solves

to

000 e+ [ OOOICEU0, Bt = [ 700t + [ o080

t1 ty t1 t1

for every ¢ € H}, (€;R?) and [t1,t5] C [0,T]. Let us choose a countable dense set 2 C Hp, (€;R?). By
Lebesgue’s differentiation theorem, we obtain that the pair (u,v) solves (2.23) for a.e. t € (0,T) and for
every ¥ € 2. Finally, we use the density of Z in H 151 (;R) to conclude that the equation (2.23) is satisfied
for every ¢ € Hf, (;RY). O

In the next lemma we exploit the inequality (3.6) to prove (2.16).
Lemma 3.10. The pair (u,v) of Lemma 3.7 satisfies for a.e. t € (0,T) the crack stability condition (2.16).

Proof. For every j = 1,...,n the pair (u/,v)) satisfies the inequality (3.6), that can be rephrased in

k
E (W (£),0") = E(Wn (1), Tn(t) + OH@n (1)) [v* = Tn ()] + Y _ 0i(V'on(t), V" = VT, (1)) 12() 20 (3.26)
=0
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for a.e. t € (0,T) and for every v* —wy € Hp, () N H*(Q) with v* < v, (t). Given x € Hp, (Q) N H*()
with x < 0, the function x + 7, (t) is admissible for (3.26). After an integration in [t1,¢5] C [0, T], we deduce
the following inequality

/ £ @ (1), x + Ta(t)) — (@ (£), T (1) ]

ty

ta to (3.27)
+ t OH (T, (1) [x dt+Zal/ Vit (1), VIX) p2(oydt > 0.
1 i=0
Let us send n — co. We have
nh_}rI;CZaZ /t2 Vi, (t), ViX) 2 ()dt = Zal/ ), VX) r2(e)dt, (3.28)
since 0, — © in L2(0,T; H*(2)). Moreover v,, — v in L?(0,T; H*(9)), which implies
nlgr;o :2 OH (U, (1)) [x]dt = :2 OH(v(t))[x]dt. (3.29)
The function ¢(z,y,&) = %[b(y) — b(x(z) + y)]C(z)&sv™ - £v™ (z,9,€) € Q x R x R¥X4 satisfies the

assumptions of Ioffe-Olech’s theorem (see, e.g., [6, Theorem 3.4]). Thus, for every ¢ € [0,T] we derive
E(u(®).v(6)) ~ E(u(®). x+ o(0) = [ o, v(t.2), But, )iz
Q

< liminf / (2, Tn(t, 2), B (t, 7))dz
Q

n—oo

= Hminf[€(@n (£), X + Tn () = E(@n(t), Tn(t))],

since Uy, (t) — v(t) in L3(Q) and Eu,(t) — Fu(t) in L?(;R¥*4) for every t € [0,7T]. By Fatou’s lemma, we
conclude
ta

/ CElt), v(t)) — E(u(t), x + v(t))]dt < / i inf[€ (T (£), B (1)) — & (T (£), x + T (£))]dlE

5 | lmin
< limnt / @ (). 70(8)) — E@a(t), x + Ta())]d,
which gives
/ P e u(t), X+ 0(1)) — Eult), oDt > timsup [ (1) x4 (1) — E@ (), B (3.30)
By corflbining (3.27)~(3.30) we obtain the following ine;uality

to

/ 2‘[c‘,’(u(t),)( +o(t)) — E(u(t),v(t))]dt + OH(v(t))[x]dt +/ Zal VU(t), VIX) p2(a)dt > 0.

t1 t1 t1 =0

We choose now a countable dense set 2 C {x € Hp, () N H*(Q) : x < 0}. Thanks to Lebesgue’s
differentiation theorem for a.e. ¢t € (0,T) we derive

k
E(u(t), x +v(t)) — E(u(t),v(t)) + OH(v(t))[x] + Z a;(V'0(t),ViX)r2() >0 for every y € 2. (3.31)
i=0

Finally, we use a density argument and the dominated convergence theorem to deduce that (3.31) is satisfied
for every x € Hp, () N H*(Q2) with x < 0. In particular, for a.c. ¢ € (0,T) we get

k
E(u(t),v*) — E(u(t),v(t)) + OH(v(t))[v* —v(t)] + Z a; (V*o(t), Vo — V'o(t)) 12() > 0,
i=0

for every v* —wy € H,_(Q)NH*(Q) with v* < v(t), by taking x := v* —v(t). This implies the crack stability
condition (2.16), since the map v* — H(v*) is convex. O
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We conclude this section by showing that the pair (u,v) of Lemma 3.7 satisfies an energy—dissipation
inequality. Notice that the total work Wit (u, v;t1,t2) is well defined also for a generalized solution. Indeed,
we have u € CO ([0, T]; H'(;R9)) and @ € C2 ([0, T]; H'(2;RY)), which gives that u(t) — w;(t) and 7(t) are
uniquely defined for every ¢ € [0, 7] as elements of H}, (€;R?) and L?(Q;R?), respectively. Moreover, by
combining the weak continuity of u and 4, with the strong continuity of g, wq, and w1, it is easy to see that
the function (t1,t2) — Whot(t1, t2, u,v) is continuous.

Lemma 3.11. The pair (u,v) of Lemma 3.7 satisfies for every t € [0, T] the energy—dissipation inequality
t
F(u(t),u(t),v(t)) —|—/ Gr(0(s))ds < F(u®, ut, %) + Wier (u, v;0,1). (3.32)
0

Proof. Let g, wy,, and w), be the piecewise affine interpolants of {g,}/_,, {w}}7_,, and {0w}}7_,, respec-
jiln

tively, and let w,,, w,, and w,,, w!, be the backward and the forward interpolants of {w, 7y and {6w), }7_y,

respectively.

For ¢t = 0 the inequality (3.32) trivially holds thanks to our initial conditions (2.14). We fix ¢ € (0,7] and
for every n € N we consider the unique j € {1,...,n} such that t € ((j — 1)7,j7n]- As done before, we use
the previous interpolants and (3.10) to write

Fln (1), . (1), (1)) + /O " Gl (s))ds
< FuO,ut, %) + / n(fn(s),ﬂ'n(s)—Eﬁl(s))Lz(Q)dsqL /0 "(b(gn(s))CEun(s),Em;(s))L2(Q)ds

0 (3.33)

+ 0. 0) = T )2 ) = (9001 = 01Oy = [ G 9):100(5) = 1050 2y

D,
tn
+ (U, (8), W, (1)) L2(0) — (u', wi(0)) L2(q) —/ (1, (5), Wi (5)) 2(02)ds,
0

where we have set t,, := j7,,, and we have neglected the terms D}, which are non negative. It easy to see
that the following convergences hold as n — oco:

fo— f in L*0,T; L*(Q;RY)), gn — g in L*(0,T; Hp! (4 RY)),

w, —w; in L?(0,T; H'(;RY)), wl, —y in L2(0,T; HY(;RY)),

W, — iy in HY(0,T; L2 (Q;RY)).

By using also the ones of Lemma 3.7 and observing that ¢, — t as n — oo, we deduce

B [ (T, () — () 2y s = / (f(s),it(s) — 1 (5)) L2y ds, (3.34)
0 0

Jim [ ), 109) = ,9)) 2 s = / (G(5),u(s) — w1 (5)) 1 015 (3.35)

Tim [l (5),08(5)) 2y ds = / (it(s), 11 (5)) 12y . (3.36)
0 0

Moreover, the strong continuity of g, wi, and w; in HBll(Q;]Rd), HY(Q;RY), and L%(Q;R?), respectively,
and the convergences of Remark 3.8, imply

i (5,(6),u(t) = Tult)) 41 ) = (9(8), ul) = 01(6) 11 (3.37)
i (3, (1), 9, (1)) ey = (6(0) 0 (0) 2 e, (3.38)

It is easy to check that b(v,, ) CEwW,, — b(v)CE; in L%(0,T; L?(Q;R4*?)), thanks to the dominated conver-
gence theorem. By combining it with B, — Eu in L2(0,T; L?(£; R¥*%)), we conclude

in

lim (b(yn(s))CEﬂn(s),E@;(s))Lz(Q)ds:/O (b(v(s))CEu(s), B (s))r2(q)ds. (3.39)

n— oo 0
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If we now consider the left—hand side of (3.33), we get
K(a(t)) <liminf K(,(t), H(v(t)) < liminf H (o, (t)), (3.40)
n— oo n— oo

since @, (t) — u(t) in L?(Q,R?) and 7,,(t) — v(t) in H(Q). Furthermore, we have ©,, — © in L2(0,T; H*(Q))
and t < t,, which gives

t”L
/ Gr(0(s))ds < hmmf/ Gr(0n(s))ds < lim inf G (0 (s))ds. (3.41)

n—oo n— oo 0

Finally, let us consider the function ¢(z,y,£) = b(y)C(z)E¥™ - £V (z,y,€) € @ x R x R As in
the previous lemma, the function ¢ satisfies the assumption of Ioffe-Olech’s theorem, while T, (t) — v(t) in
L2(Q), and Eu,(t) — Fu(t) in L*(Q;RY*4). Thus, we obtain

E(u(t), v(t)) = /Q bz, v(t, 2), Bu(t, z))ds

(3.42)
< lirginf o(x, U, (t, ), By, (t,x))dz = lini}infc‘f(ﬂn(t),in(t)).
By combining (3.33) with (3.34)—(3.42) we deduce the inequality (3.32) for every t € (0, T]. O

Remark 3.12. Thanks to Lemmas 3.9-3.11 for every k € NU {0} we deduce the existence of a phase—field
evolution (u,v) which is a generalized solution to the elastodynamic system (2.10) with boundary and initial
conditions (2.11)—(2.14) and satisfies the irreversibility condition (2.15), the minimality condition (2.16),
and the energy—dissipation inequality (3.32). Moreover, for k = 0, we > 0 on 9p,f, v > 0 in Q, and
b(s) = (max{s,0})?> + n for s € R, we can construct (u,v) in such a way that v(t) > 0 in Q for every

€ [0,T]. Unfortunately, when k > 1 the argument used in Lemma 3.3 to prove the non negativity of the
vJ fails, therefore we do not have v(t) > 0 in Q for every t € [0, T).

4. PROOF OF THE MAIN RESULT

In this section we show that for k > d/2 the generalized solution (u,v) of Lemma 3.7 is a weak solution
and satisfies the identity (2.25). To this aim we need several lemmas: we start by proving that, given a
function v € H(0,T;C°(Q)) satisfying (2.15), there exists a unique solution u to the equation (2.23). As a
consequence, we deduce the energy—dissipation balance (4.20) for every t € [0, T], which guarantees that the
function u is more regular in time, namely u € C°([0, T]; H*(Q; R4)) N C1([0, T]; L?(€2; R?)). Finally, we use
the crack stability condition (2.16) and the energy—dissipation inequality (3.32) to obtain (2.17) from (4.20).

Lemma 4.1. Let wy, f, g, u°, and u' be as in (2.7)~(2.9). Let o € H'(0,T;C°(Q)) be a function satisfy-
ing (2.15). Then there exists a unique function z which satisfies (3.1), (3.2), the initial conditions 2(0) = u®
and %(0) = u', and which solves for a.e. t € (0,T) the following equation:

(0. ) 0y + (HEOICE2(0) ) ey = (10 6) 1) + (000 ) 2 (1)
for every ¢ € Hf, (;RY).

Proof. To prove the existence of a solution z to (4.1), we proceed as before. We fix n € N and we define

T )
Tpi=—, 20:=u" zti=ul -7t ol :=0(jr,) forj=0,...,n

n

For j =1,...,n we consider the unique solution 2} —wJ € H%)l (;RY) to
(622%72/])112(9) + (b(U%_l)(CEZ%, Ew)Lz(Q) = (f'erw)Lz(Q) + <g£17’(/}>H5i(Q) (42)

for every o € Hp, (;R?), where 0z) := L[z — 27! for j = 0,...,n, and 0%2) := L[6z] — 62} !] for
j=1,...,n. By using ¢ = 7,,[0z7 — dwl] as test function in (4.2) and proceeding as in Lemma 3.4, we get
that the function z7 satisfies for j =1,...,n

0551 + €064, o4)) ~ [E05") + £G4 o) = (Bl ~ ot ICB, Bl
< 7ol f3,02) — 0wl 12y + Talgl, 02] — 5wf;b>H51(Q) + 70 (0227, 6w r2(q) + T (b(v] N CEZL, ESwl) 2(q).

n?



EXISTENCE OF SOLUTIONS TO A PHASE-FIELD MODEL OF DYNAMIC FRACTURE 21

In particular, we can sum over I = 1,...,j for every j € {1,...,n} and use the identities (3.15) and (3.16)
to derive the discrete energy inequality

1 J
K(622) + E(2,00) — 52 S OCEZL, E2L) 12 (o)

~
[

< K(u') +Ew®, 0(0)) + ZTn( L 0zh —owh) 2oy + ZTn ol CEzL, Esw!) 120

(4.3)
i j 0 T |

+ (g}, 2] — w%>HBi(Q) —(g(0),u” — w1(0)>H511(Q) - ;Tn<6gnazn —w, >H511(Q)

+ (62),, 6w),) 2(q) — (u', w1 (0))2(q) — ZTn 0wl 2 q)-

Since o) < ¢! and b is non decreasing, the last term in the left—hand side is non negative. Hence, by
arguing as in Lemma 3.5 and in Remark 3.6, we can find a constant C' > 0, independent of n, such that

s I3zl + k] + 0 rulb2hlE, i < .
o 2

Z,, and z) be the piecewise affine, the backward, and the forward interpolants of

respectively. As in Lemma 3.7, the previous estimate implies the existence of a
0

/ = —=/
Let zpn, 2, Zn, va

{z? }” ; and {627 }" [y
subsequence of n, not relabeled, and function z satisfying (3.1), (3.2) and the initial conditions z(0) = u
and #(0) = u, such that the following convergences hold as n — oc:

z

2z, — 2z in HY(0,T; L*(Q;RY)), 2z, =% in H'(0,T; Hp (@ RY)),
2, — z in C°([0, T); L*(; RY)), z, = % in C°[0,T; Hp! (9 RY)),
Zny 2, — 2z in L*(0,T; H(Q;R?)), Z .2 — % in L*(0,T; L*(Q;RY)).

We now define the backward interpolant @, and the forward interpolant o, of {o7}"
the equation (4.2) in the time interval [¢1,t3] C [0, 7], we obtain

7—1. By integrating

| 0@+ [ tea®CPE 0 POt = [ Gl et + [ G065 0

ty

for every ¢ € H}, (€;R%). Thanks to the previous convergences and the fact that o € H*(0,T;C°(Q)), we
can pass to the limit as n — oo as done in Lemma 3.9, and we deduce

to to to to

/t <é(t)7w>HBi(Q)dt +/t (b(o(t))CE=(t), Ep) L2 ()dt = /t (f(1),¥)r2(eydt —l—/t <9(t)71/1>H51(Q)dt
1 1 1 1

for every ¢ € H}Dl (;RY). By Lebesgue’s differentiation theorem and a density argument we can conclude

that the function z solves (4.1) for a.e. t € (0,T) and for every ¢ € H}, (;R).

To show the uniqueness result, we adapt a standard technique due to Ladyzenskaya (see [13]). Let z
and zz be two solutions to (4.1) satisfying (3.1), (3.2), and the initial conditions u® and u!. The function
z =: 21 — 23 belongs to the space L>°(0,T; Hp, (€;R%))NWh>(0,T; L*(€;RY)) N H?(0, T; H H;RY)), and
for a.e. t € (0,T) solves

(2(t), zD)HBi(Q) + (b(a(t))CE2(t), EY)r2() =0 for every ¢ € Hbl (4 RY),
with initial conditions z(0) = 2(0) = 0. We fix s € (0,T], and we consider the function

=[P z(rdr ifteo,s],
P(t) = {0 ift e [s,T].
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Clearly, we have ¢ € C°([0,T]; Hp, (€;R?)) and ¢(s) = 0. Moreover

R E1(9! if t €0,s),
Plt) = {0 itte (s,T],

which implies ¢ € L>(0,T; Hp, (Q;R?)). We use ¢(t) as test function in (4.1) and we integrate in [0, s] to
deduce

/0 REORCC ——r— / (B(o(1)CB2(t), B (t)) 120yt = 0. (4.4)

0
By integration by parts, the first term becomes

S S 1 2
/0 (1), 9(0) 51 )t = = / (0),2(1)) 2ot = — 5 12(5) 30

since ¢(s) = 2(0) = 2(0) = 0. Moreover, the function ¢ > (b(co(t))CE@(t), E@(t))r2(q) is absolutely
continuous on [0, 7], because ¢ € H'(0,T; Hp, (% R?)) and o € H'(0,T;C°(Q)). Hence, we can integrate
by parts the second terms of (4.4) to obtain

/0 (o (1) CE(=(1)), Bo(t)) 12t

1

= || Ge®HOTEA). Bt myt - 50(00)ICE0). Epl0) 1210

since p(s) = 0. These two identities imply that z and ¢ satisfy
12() 1220y + (b((0))CE(0), Ep(0))r2(0) = —/0 (b(o ()6 (1)CE@(t), Ep(t)) L2 (@) dt.
In particular, we get
S
12() 1220y + 1ol B@(0)[Z2(q) < b(HU”LOO(O,T;CO(ﬁ)))H(CHLO"(Q)/O 16| oo () [ B ()22 ()t

since b is non decreasing. Let us define ¢(t) := fot z(r)dr for t € [0, s]. Since p(t) = ((t) — {(s) for t € [0, s],
we deduce that || E@(0)||L2(0) = [[EC(s)||L2(q) and

/0IId(t)HLoo(m||E<P(t)||%2(g>dtSQHEC(S)H%Q(Q)/O IId(t)IILw(Q)dtJFQ/0 166 o= 2 1 EC ()72t

< 25|61l 20,70 1 EC(9) 12 () + 2/OSHd(t)HLOO(Q)||E<(t)||%2(ﬂ)dt'
Hence, we have
12() 32y + [1%0 = 260101 0, ri00@n) IC (@) 19 2 07,00 V3 IEC(3) 20
< 2b(/lor[| e (0,70 @I Cll Lo (2) /OS|d(t)||Lw(Q)|EC@)H%Z(Q)dt'

Let us set

to =

2
”)\0
16(”[ ||LGO(O,T;CO(Q))|| ||L (Q)” . ||L2((),T;CO(Q))

By the previous estimate, for every s € [0, tg] we derive

N Ao ; o

12(s)1 220y + 7\\EC(S)||2L2(Q) < 2b(||0||Loc(o,T;co@)))||(C||Loo(Q)/0 16-(E) | oo () | EC ()17 2y -
Thanks to Gronwall’s lemma (see, e.g., [9, Chapitre XVIII, §5, Lemme 1]), this inequality implies that
z(s) = E((s) = 0 for every s € [0,t0]. Since tg depends only on C, b, and o, we can repeat this procedure

starting from ¢y and, with a finite number of steps, we obtain that z = 0 on the whole interval [0, T'. |
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Corollary 4.2. Let wi, f, g, u®, u', and o be as in Lemma 4.1. Then the unique solution z to (4.1)
associated to these data satisfies for every t € [0,T] the following energy—dissipation inequality

1

K(:(0) + E(:(0), (1) — 5 / (b(0(5))5(5)CE=(s), Ex(s)) 120y ds

< K@) + €W, 0(0) + Wiot(2,0;0,t).

(4.5)

Proof. For t = 0 the inequality (4.5) is trivially true, thanks to the initial conditions of z. We fix ¢t € (0, T
and we write the inequality (4.3) as

K(Z,(1)) + E(n (1), 7 (D) — / ((6@n(5)) = b (5)|CEZn(5), Bz (s)) 12(cds

27,

< K(u') + E(u’,0(0)) + /0 [(Fals). Zls) - W, (5))z2(0) + (0(g,(5))CEZn(s), EW,(5))12(0)]ds

(4.6)
tn
+ (Gn (1), Zn(t) — wn(t»Ha(Q) —(9(0),u° — w1(0)>H5:(Q) - /0 (Gn(s),2,(s) — wn(S»HBi(Q)dS
tn
+ (2, (1), W, (1)) L2(0) — (u', w1(0)) 12 —/ (2n(8), 1 (5)) L2 () ds,
0
where t, := j7,, and j is the unique element in {1,...,n} for which ¢t € ((j — 1)7,j7n]. To pass to the

limit as n — oo in (4.6), we follow the same procedure adopted in Lemma 3.11. Notice that Z,(t) — 2(t)
in H*(Q;R?) and Z/,(t) — 2(t) in L?(;R9), by arguing as in Remark 3.8, while 7,(t) — o(t) in C°(Q).
Hence, we derive
K(2(t)) <liminf K(Z,,(t)), E(2(t),0(t)) < liminf £(Z,(t),7,(t)). (4.7)
n—oo n—oo
Similarly, we combine the convergences given by the previous lemma, with ¢, (s) — o(s) in C°(2) for every
s €[0,T) and t, — t as n — 0o, to deduce

Jim [ (7,060,206~ W iaerds = [ ((5),3(5) = (5] g, (4.8)
0 0

nh_>ngo 0n(b(gn(s))(CEEn(s),Ew;(s))Lz(Q)]ds:/O (b(o(s))CEz(s), Ew(s))r2o)ds, (4.9)

Tim [ (2 (s), 1, (5)) e eydls = / (2(s), i1 (5)) 12y ds, (4.10)
0 0

Jm [ (9. 2005) = (Dropds = [ (006).205) = () g2 opds (111)

i (2, (), 7, (0) 22y = (2(0). 1 (8) 3o, (4.12)

T (9,5, Za () = Tut)) 451 (0 = (900),2(0) = 01(0) 131 (4.13)

Finally, for a.e. s € (0,7) we have

7uls) ()

Tn

1 S+Tn
< [ 10) = 6o 0 asns oo, (4.14)
Leo(@) T Js—m,
since ¢ € L?(0,T;C%Q)). Let us fix s € (0,T) for which (4.14) holds. By Lagrange’s theorem for every
x € § there exists a point r,(s,x) € [G,(s,x),a,,(s,z)] such that
b(En(S5 ‘T)) — b(gn(sv‘r)) 1 ))En(S,I) — Q,”(S,SC)

=b(r,(s,x
Tn Tn

Notice that r,,(s,z) = o(s,x) as n — oo for every = € Q. Hence, for a.e. s € (0,T) we get

. UTa(5.2)) = bz (5.2))

n—oo Tn

= b(o(s,z))é(s,x) for every z € Q.
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Furthermore, thanks to (4.14) there is a constant Cs > 0, which may depend on s, but it is independent of
n, such that for every x € Q

b(@n (s, z)) = bla, (s, 2))

Tn

Tn(s) = g, (5)

< b([l0]| oo (070 @) ) Cs-

< b(HUHLm(o,T;CO(ﬁ)))
L>=(Q)

Therefore, for a.e. s € (0,7) we can apply the dominated convergence theorem to deduce
b(@n(s)) — b :
@n() ZH@(S) , jo(sp)o(s) in L2(Q) as s oo
Tn

The function ¢(z,y,&) := |y|C(x)E¥™ - £¥™, (z,y,€) € Q x R x R4, satisfies the assumptions of Toffe—
Olech’s theorem, while EZ,(s) — Ez(s) in L?(Q; R¥*?) for every s € [0,T]. Then, we have

L. . ; .
—5(b(0(5)o(s)CE2(s), E2(s))r2(0) = /be(l“, b(o(s))o(s, ), Ez(s, x))dx

(b (x’ b(En(Sw%')) — b(gn(&l‘))
Q

Tn

< liminf
n—oo

, EZ,(s, x)) dz

= lim inf {1([17(0”(5)) —b(a,,(s))|]CEZ,(s), Ezn(s))g(g)}

n—o00 27,
for a.e. s € (0,T), being b(a,(s)) < b(g,,(s)) in Q. In particular, thanks to Fatou’s lemma we get

_ %/O (b(o(s))5(s)CE2(s), E2(s)) £2(q)ds

< / lim inf [1([b(an(s)) - b(cr”(s))]CEzn(s),Ezn(s))Lz(Q)] ds (4.15)
0

n— 00 Tn

< lim inf [—1/0 n([b(ﬁn(s)) - b(an(s))](CEzn(s),Ezn(s))Lz(Q)ds] ,

n— 00 Tn

since t < t,,. By combining (4.6)—(4.13) with (4.15) we deduce the inequality (4.5) for every ¢t € (0,7]. O
The other inequality, at least for a.e. t € (0,7T), is a consequence of the equation (4.1).

Lemma 4.3. Let wy, f, g, u®, u', and o be as in Lemma 4.1. Then the unique solution z to (4.1) associated
to these data satisfies for a.e. t € (0,T)

1

K(E0) + EG0.0(0) = 5 [ (o(s)o(6)CE(s). Bx(s)) o

> K(u') + £, 0 (0)) + Wior(2, 030, 1).

(4.16)

Proof. 1t is enough to proceed as done in Lemma 2.8, by using Lebesgue’s differentiation theorem and
exploiting the regularity properties z € C2([0,T]; H'(©;R)) and 2z € C9([0,T]; L*(Q2;R?)). This ensures
that z satisfies ,
. [ .
K(2(t2)) + E(2(t2), 0(t2)) — 5/ (b(o(s))a(s)CEz(s), Ez(s))r2(o)ds
ty

= K(2(t1)) + E(2(t1), 0(t1)) + Wiot (2, 05 11, 12)
for a.e. t1,ty € (0,T) with ¢ < t3. Since the right—hand side is lower semicontinuous with respect to ¢,
while the left-hand side is continuous, sending t; — 0% we deduce (4.16). ]

By combining the two previous results we obtain that the solution z to (4.1) satisfies an energy—dissipation
balance for a.e. t € (0,T). Actually, this is true for every time, as shown in the following lemma.

Lemma 4.4. Let wy, f, g, u®, u', and o be as in Lemma 4.1. Then the unique solution z to (4.1) associated
to these data satisfies for every t € [0,T)] the energy—dissipation balance

K(z(t)) + E(2(t), 0 (1)) — %/0 (b(a(5))5(5)CE=(s), E2(s)) 2 () ds

=K(u") + EW®,0(0)) + Wit (2,050, t).



EXISTENCE OF SOLUTIONS TO A PHASE-FIELD MODEL OF DYNAMIC FRACTURE 25

In particular, the function t — K(2(t)) + E(2(t), 0 (t)) is continuous from [0,T] to R and

z € CO[0,T); H' (;RY)) N CH([0, T]; L* (€ RY)). (4.17)
Proof. We may assume that o, wy, f, and g are defined on [0, 27 and satisfy the hypotheses of Lemma 4.1
with T replaced by 2T. As for w; and o, it is enough to set wq(t) := 2wy (T) — w1 (2T —t) and o(t) := o(T)

for t € (T,2T], respectively. By Lemma 4.1, the solution z on [0, 7] can be extended to a solution on [0, 27
still denoted by z. Thanks to Corollary 4.2 and Lemma 4.3, the function z satisfies

() + EC:(0),0(0) — / (b(0/(5))6(5)CE2(5), Ex(s)) 20y ds
= K(u') + E@®,0(0)) + Wiot(z,0;0,t)

for a.e. t € (0,27, and the inequality (4.5) for every t € [0,27]. By contradiction assume the existence of
a point to € [0,T] such that

K (3(to)) + E(2(to), o (to)) — % /0 (b0 ()5 (s)CE(s), Ex(s)) 2y ds
< Kuh) + E@°, 0(0)) + Wiot (2,00, t0).

Since z € C,([0, T); H(Q; R?)) and 2 € C([0, T); L*(Q;R?)), we have that z(to) —w(to) € Hp, (2;R?) and
#(tg) € L*(Q;R?). Then we can consider the solution 2q to (4.1) in [tg, 27 with these initial conditions. The
function defined by z in [0,to] and 2z in [to, 277 is still a solution to (4.1) in [0,27] and so, by uniqueness,
we have z = zp in [tg, 27T]. Furthermore, in view of (4.5) we deduce

() + (1), 0() — / (b(0(5))5(5)CE=(s), Ex(s)) 120y ds

to

< K(z(to)) + E(2(t0), 0 (to)) + Wiot(z, 03 to, t)
for every t € [to, 2T). By combining the last two inequalities, we get

K(2(1)) + (1), (1)) — 5 / (b(0(5))5(s)CE=(s), B2(s)) 2 ds

(4.18)

1 / (b0 ()6 (5)CE2(s), B2(s)) 2 ds
0

2
< Ku') + E@®,0(0) + Wiot(2,0;0,t0) + Wit (2, 05 t0, t)

= K(ub) + Eu°,0(0)) + Wini (2,030, 1)
for every t € [tg, 2T], which contradicts (4.18). Therefore, the equality (4.18) holds for every ¢ € [0, T], which
implies the continuity of the map ¢ — KC(2(¢t)) + £(2(t), o(¢t)) from [0,T] to R.

Let us now prove (4.17). We fix ¢y € [0,T] and we consider a sequence of points {¢,, }men converging to
to as m — oco. Since z € C([0,T]; HY(Q;RY)) and 2 € C2 ([0, T]; L?(£;R?)), we have

K(2(tg)) < hmmflC( (tm)), E(2(t0),0(to)) < ligriiglofg(z(tm),a(to)).

< K(Z(to)) + g(Z(to),O’(to)) + Wtot(Z,O'; to,t) —

Moreover, o € C°([0,T]; C°(Q)) and b € C*(R), which implies as m — oo
€(2(tm), o(to)) = E(z(tm), o (tm))]

1.
< ib(HUHLw(O,T;CO(ﬁ)))”(CHLOO(Q)”EZ”QLOO(O,T;L?(Q))HU(tO) — 0 (tm)|l L) — 0.

In particular, we deduce
E(=(t), o(t0)) < limink &(=(t,,), ().
The above inequalities and the continuity of ¢ — K(2(t)) + E(2(t), o(t)) gives
K(2(to)) + E(2(to), o (to)) < liminf K(Z(t,)) + Uminf E(z(tm), 0 (tm))
< lim_[K(2(0)) + E((tn). o) = K(3(t0)) + E(2(t0). o(to)).



26 MAICOL CAPONI

which implies the continuity of ¢ — K(2(¢)) and ¢ — E(2(t), o (t)) in ¢y € [0,T]. In particular, we derive that
the functions ¢ — ||2(t)| z2(q) and t = [|2(t)|| g1 (o) are continuous from [0, 7] to R. By combining this fact
with the weak continuity of Z and z, we get (4.17). ]

We are now in a position to prove Theorem 2.5.

Proof of Theorem 2.5. By Lemmas 3.9 and 3.10, there exists a generalized solution (u,v) to (2.10)—(2.13)
satisfying the initial conditions (2.14), the irreversibility condition (2.15), and the unilateral crack stability
condition (2.16). Clearly, the function v satisfies (2.21), since k& > 1. Moreover, the function v = o is
admissible in Lemmas 4.1 and 4.4, since H*(Q2) < C°(Q). Therefore, by uniqueness we have that u = z
satisfies (4.17), which gives that (u,v) is a weak solution to (2.10)—(2.13).

It remains to prove that (u,v) satisfies the Griffith’s dynamic energy—dissipation balance (2.17). As
observed in Remark 2.9, for k& > d/2 the crack stability condition (2.16) is equivalent to the variational
inequality (2.37) and the function o(t) € H*(Q) is admissible in (2.37) for a.e. t € (0,T). Therefore, we have

BuE (u(t), v(t))[o(t)] + OH (1) [0(1)] + Gu(0(t)) > 0 for ae. t € (0,T).

By integrating the above inequality in [0, t] for every ¢y € [0,T], we get
to to

D€ (u(t), v(t))[o(t)]dt + H(v(te)) — H(v°) + Gr(0(¢))dt > 0. (4.19)
Thanks to Lemma 4.40, for every to € [0, 7] the pair (u,v) satisfies theoenergyfdissipation balance
Klitn) + Eutioholio)) ~ 3 [ G)OCED, Butt)onct 420)
= K(u*) + Eu®,v%) + Wiot (u, v 0, o).
Hence, by combining (4.19) and (4.20), we deduce
F(ulto), u(to), v(to)) + /to Gr(0(t))dt > F(u®,u',0°) + Wier (u, v; 0, to)
for every to € [0,7]. This inequality, togetl(l)er with (3.32), implies (2.17) and concludes the proof. |

5. THE CASE WITHOUT DISSIPATIVE TERMS

We conclude the paper by analyzing the dynamic phase—field model of crack propagation without dissi-
pative terms. Given wy, wa, f, g, u%, u!, and v° satisfying (2.7)—(2.9) and
0" € argmin{€(u’, v*) + H(v*) : v* —wy € HE_(Q), v* <20° in Q}, (5.1)

we search a pair (u,v) which solves the elastodynamics system (2.10) with boundary and initial condi-
tions (2.11)—(2.14), the irreversibility condition (2.15), and for every ¢ € [0,T] the following crack stability
condition
E(u(t),v(t)) + H(w(t)) < E(u(t),v™) + H(v") (5.2)

among all v* —wy € H}, (Q) with v* < u(t).
Remark 5.1. In the dynamic phase field model (D;)-(Ds) we require the crack stability condition (2.16)
for a.e. t € (0,T) since it appears v, which is defined only a.e. in (0,7). In the case without dissipative
terms we can instead construct a dynamic phase—field evolution which is defined pointwise everywhere in
[0,T] and satisfies (2.16) for every t € [0,T]. Notice that we need the compatibility conditions (5.1) for the
initial data (u®,v?), if we want that (5.2) is satisfied for ¢t = 0. Given u° € H'(€;R?), an admissible v° can
be constructed by minimizing v* — £(u’,v*) + H(v*) among all v* —wy € H}, (Q) with v* <1 in Q.

In this section we consider the following notion of solution, which is a slightly modification of Definition 3.1.

Definition 5.2. Let wi, wsy, f, and g be as in (2.7) and (2.8). The pair (u,v) is a generalized solution
to (2.10)-(2.13) if

u e L=(0,T; H (Q;RY) N Wh(0, T; L*(Q;RY) N H?(0,T; Hp ! (% RY)),
u(t) —wy(t) € H},l(Q;Rd) for every t € [0,T], (5.4)
v: [0,T] — HY(R) with v € L>(0,T; H'(Q)),
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v(t) —wy € Hp, (Q) and v(t) < 1 in Q for every ¢ € [0, 77, (5.6)
and for a.e. t € (0,T) we have (2.23).

Remark 5.3. By exploiting (5.3), we deduce that u € C2([0, T]; H' (92;R?)), while i € C2,([0,T7]; L*(; R?)).
Therefore, it makes sense to evaluate u and % at time 0. On the other hand, the function v is defined pointwise
for every ¢ € [0,T], and in the initial condition (2.14) we consider its precise value at 0.

The main result of this section is the following theorem.

Theorem 5.4. Assume that wi, wa, f, g, u®, u', and v° satisfy (2.7)~(2.9) and (5.1). Then there exists a
generalized solution (u,v) to problem (2.10)—(2.13) satisfying the initial condition (2.14), the irreversibility
condition (2.15), and the crack stability condition (5.2). Moreover, the pair (u,v) satisfies for everyt € [0, T
the following energy—dissipation inequality

Flu(t),at),v(t)) < Fu®,u',0%) + Wiet (u, 50, t). (5.7)
Finally, if we >0 on 9p,Q, v° > 0 in Q, and b(s) = (max{s,0})? +n for s € R, then we can take v(t) >0
in Q for every t € [0,T).

Remark 5.5. By choosing b(s) = (max{s,0})2+n for s € R we deduce the existence of a dynamic phase—field
evolution (u,v) satisfying (D) and (D3), since we can take v(t) > 0 in © and

/ [(max{v(z), 0})? + 7]C(x) Bu(x) - Bu(z)dz < / [(0(2))? + 7]C(x) Bu(z) - Bu(z)dz
Q Q

for every u € H*(Q; R?) and v € H'(Q). Without adding a dissipative term to the model, we are not able to
show the dynamic energy—dissipation balance (D3). However, we can always select a solution (u,v) which
satisfies (5.7) for every t € [0, 7.

To prove Theorem 5.4 we perform a time discretization, as done in the previous sections. From now on we
assume that wi, wa, f, g, u’, ul, and v° satisfy (2.7)—(2.9) and (5.1). We fix n € Nand for every j = 1,...,n
we define inductively:

(i) ul —wj € Hp (;R?) is the minimizer of
.1 . L
u* 5 2 ||u —2ul” 1 UJ 2HL2 + E(u*, fUJ 1) (fm )LQ(Q (9], u fwﬂl>H5;(Q)

among every u* —w), € Hp, (Q;R?);
(i) v} —wy € HE (Q) with v < vJ~! is the minimizer of
v* s E(ud,v*) + H(v")

among every v* —wy € Hp, (Q) with v* <wj~'.

As observed before, for every j = 1,...,n there exists a unique pair (v, vJ) € H(; R?) x H(£) solution
to problems (i) and (ii). Moreover, the function u/, solves (3.5), while the function v satisfies
E(ul ,v*) — E(ud ,vd) + OH(v2)[v* —vi] >0 (5.8)

among all v* — wy € H},Z(Q) with v* < vJ~! by arguing as in Lemma 3.3. In particular, if we > 0
on 9p,Q, v° > 0 in Q, and b(s) = (max{s,0})? + n for s € R, then for every j = 1,...,n we can use
(v2)T := max{v},0} € H'(Q) as a competitor in (i) to derive that v = (vJ)* >0 in Q.
Lemma 5.6. The family {(u/,v}) "_1, solution to problems (i) and (ii), satisfies for j = 1,...,n the
discrete enerqgy inequality
J J
F(ul, dul vl +ZT3D£¢ < F(u®,ut,v?) +Z7'n [( Tsul, — dw )LQ(Q) + (b(vl"HCEUL, Esw!,) 1 Q)]
1=1 =1

J
*ZTn[ n 8wk L) — (0gh, ul 1*w§fl>H511(Q) + (du,, 0w),) 12 (o)

+ <g¥“ ufl - w%>H5i(Q) - (Ulvwl (0))L2(Q) - <g(0)7u0 — w1 (0)>H5;(Q)~
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In particular, there exists a constant C > 0, independent of n, such that

. , . 9 o g i
2, (16l + il + ol ] + o mlP il + Erih <0 59)
j= j=
Proof. 1t is enough to proceed as in Lemmas 3.4 and 3.5, and Remark 3.6. ]

As done in Section 3, we use the family {(u,v%)}”_; and the estimate (5.9) to construct a generalized

ny “n/JSj=1
solution (u,v) to (2.10)-(2.13). Let wuy,, ul, Uy, U, u, and u, be, respectively, the piecewise affine, the

backward, and the forward interpolants of {uJ, 7—y and {6ud, =1 Moreover, we consider the backward and

the forward interpolants v,, and v,, of {v}, =1, respectively.

Before passing to the limit as n — oo, we recall the following Helly’s type result for vector—valued
functions.
Lemma 5.7. Let [a,b] C R and let ., [a,b] — L*(Q2), m € N, be a sequence of functions satisfying

Om(8) <om(t) inQ foreverya<s<t<bandmeN.
Assume there exists a constant C, independent of m, such that
lom ()l L2 < C  for every t € [a,b] and m € N.
Then there is a subsequence of m, not relabeled, and a function ¢: [a,b] — L*(Q) such that for everyt € [a, b]
Om(t) = @(t) in L*(Q) as m — oco.
Moreover, we have ||¢(t)||r2() < C for every t € [a,b] and
o(s) <) inQ foreverya<s<t<b. (5.10)

Proof. Let us consider a countable dense set 2 C {x € L?(Q) : x > 0} and let us fix x € 2. For every
m € N the map ¢ — [, om(t, 2)x(2)de is non decreasing and uniformly bounded in [a, b], since

| [ enttan(onts

By applying Helly’s theorem, we can find a subsequence of m, not relabeled, and a function a, : [a,b] — R
such that for every ¢ € [a, b]

< Cllxllz2q) for every t € [a,b]. (5.11)

/Q@m(t,x)x(x)dx — ay(t) asm — oco.

Moreover, thanks to a diagonal argument, the subsequence of m can be chosen independent of y € D.
We now fix x € L*(2) with x > 0 and ¢ € [a,b]. Given h > 0, there is x, € Z such that ||x — xallz2) < h
and, thanks to the previous convergence, we can find m € N such that for every m,l > m

/Q (punlts2) — 51, 2) xn(@)de

< h.

Therefore, the sequence [, o (t, z)x(x)dz, m € N, is Cauchy in R. Indeed, for every h > 0 there exists
m € N such that for every m,l > m

‘/Q@m(t,x)X(I)dI/Qcpl(t,x)x(x)dx

<200 =l + | [ (enlt.2) = alt. ) o)do
< (2C 4+ 1)h.
Hence, we can find an element a,(t) € R such that
/ om(t, z)x(z)de — ay(t) as m — oco.
Q

In particular, for every t € [a,b] and x € L?(2) we have

/ ©m(t, z)x(z)de = / Om(t,2)x T (z)de — / Om(t,2)X ™ (x)dx = ay+ (t) — ay- (1) =t ay(t) as m — oo,
Q Q Q
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where we have set xT := max{y,0} and x~ := max{—yx,0}. For every t € [a,b] fixed, let us consider the
functional ¢(¢): L?(2) — R defined by

C)(xX) = ax(t) for x € L*(Q).
We have that ((t) linear and continuous on L?(€). Indeed, by (5.11) we deduce
[CEO] < Clixllz2i)  for every x € L*(€).

Hence, Riesz’s representation theorem implies the existence of a function o(t) € L?(€2) such that
ay(t) = / o(t,z)x(x)dz for every x € L*().
Q

In particular, for every ¢ € [a,b] we have ¢,,(t) — ¢(t) in L2(Q) as m — oo and [|¢(t)||12(q) < C. Finally
observe that {x € L?(Q2) : x > 0} is a weakly closed subset of L?(£2). Therefore, we derive (5.10), since
@m(t) - (Pm(s) - W(t) - 90(3) in L2(Q) as m — oo and Wm(t) - (pm(s) € {X € Lz(Q) X2 O} for every
meNanda<s<t<bh O
Lemma 5.8. There exist a subsequence of n, not relabeled, and two functions

we L=(0,T; H (QRY) N Wh(0, T; L*(Q;RY) N H?(0,T; Hp ! (% RY)),

v: [0,T] = HY(Q) with v € L>=(0,T; H*(2)),

such that as n — 0o

u, —u in H'(0,T; L*(Q;RY)), u, = U in HI(O,T;Hgll(Q;Rd)),
u, —u in C°([0,7]; L* (% RY)), up, =@ in C°([0,T); Hp (O RY)),
Upyu, = in L2(0,T; HY (2 RY)), Upyu;, = in L2(0,T; L*(RY)),
Tp,v,, —v in L*(0,T; L*(Q)), Tp,v,, —v in L*(0,T; HY(Q)).

Moreover, for every t € [0,T] as n — oo we have
Tn(t) — v(t) in L*(R), T,(t) = v(t) in H(Q).

Proof. The existence of a limit point u and the related convergences can be obtained by arguing as in
Lemma 3.7. Let us now consider the sequence {U,, }nen. For every n € N the functions v,,: [0,T] — L?(Q)
are non increasing in [0, T, that is

Up(t) <U,(s) inQ forevery 0<s<t<T,
and, in view of Lemma 5.6, there exists C' > 0, independent of n, such that for every ¢ € [0,7] and n € N
100 ()] 7102y < C. (5.12)

Therefore, we can apply Lemma 5.7. Up to extract a subsequence (not relabeled), we obtain the existence
of a non increasing function v: [0, 7] — L?(£2) such that for every t € [0,T] as n — o

Tp(t) = v(t) in L*(Q).
Moreover, by (5.12) for every t € [0,7T] we derive that v(t) € H*(Q) and as n — oo
To(t) = v(t) in HY(Q), T,(t) = v(t) in L*(Q),

thanks to Rellich’s theorem. Notice that the function v: [0,7] — H'(Q) is strongly measurable. Indeed, it
is weak measurable, since it is non increasing, and with values in a separable Hilbert space. In particular,
we have v € L>(0,T; H'(R)), since |[v(t)|| g1 < C for every ¢ € [0,T]. By the dominated convergence
theorem, as n — oo we conclude

T, — v in L*(0,T;L*(Q)), v, —wv in L*(0,T; H (Q)).
Finally, as n — oo we have
v, — v in L*(0,T;L*(Q)), v, —v in L*0,T;H(Q)),

since v,,(t) = Ty (t — 7p,) for ae. t € (1,,T). O
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Remark 5.9. As pointed out in Remark 3.8, for every ¢ € [0, 7] we have as n — o0
Tp(t) = u(t) in HY(RY), @, (t) —a(t) in L3(Q;RY),

n

w,(t) = u(t) in H'(GRY), o (t) —a(t) in L2(Q;RY).

n

We are now in position to prove Theorem 5.4.

Proof of Theorem 5.4. Thanks to the previous lemma there exists a pair (u,v) satisfying (5.3)—(5.6), since
U (t) —wn (t) € Hp (Q;R?) and 7, (t) —w, € H}, () for every ¢ € [0,T] and n € N. Moreover, (u, v) satisfies
the irreversibility condition (2.15) and the initial conditions (2.14), thanks to (5.10) and u® = w,,(0) — u(0)
in H1(Q;RY), ul = u/,(0) — @(0) in L2(;R%), and v° = v,,(0) — v(0) in H*(Q) as n — oo.

For every n € N and j = 1,...,n the pair (u,v}) solves the equation (3.5). In particular, by integrating
it over the time interval [t1,t5] C [0, 7], for every ¢ € H}, (2;R?) we deduce

ta

00wyt + [ O O)CEu 0. Bt = [Tzt [ @000 50 o

t1 ty t1
Let us use the convergences of Lemma 5.8 to pass to the limit as n — co. We have
ta

ta
lim <u;L(t)?¢>HDi(SZ)dt_Z1 (@), V) 51 (dts

n—oo tl

t2 _ t2

lim (fn(),¥)L2()dt =/ (f(t),¥) L2 ()dt,
1tz ' ta

nh—>H;c " <gn(t)7'(/}>Hgi(Q)dt = /t1 <g(t)>7/}>H511(Q)dt7

since @/, — i and g,, — g in L?(0, T} HBll (;RY)), and f,, — f in L2(0,T; L2(;RY)) as n — oo. Moreover,
the dominated convergence theorem yields b(v,,)CEv — b(v)CE in L2(0,T; L?(£; R?*9)) as n — oo, being
|b(v,, (t, ))C(z) EY(x)] < b(1)||Cl|Le(qy|Ep(x)| for every t € [0,T] and a.e. z € €,
and v,, — v in L2(0,T; L?(Q2)). Therefore, we derive
12

lim (b(yn(f))CEﬂn(t),E¢)L2(Q)dt:/z(b(v(t))CEu(t)aE%D)L?(Q)dt,

n—oo Ji. t

because Et,, — Eu in L%(0,T; L?(2;R4*)) as n — oo. These facts imply that the pair (u,v) solves

0.0 20t + [ G@ICEU, Bt = [0 )i+ [ 60,8 510

t1 t1 t1 t1

ta

for every ¢ € Hp, (Q; R?) and [t;, 2] C [0, T]. By Lebesgue’s differentiation theorem and a density argument
we hence obtain (2.23) for a.e. t € (0,7).

For ¢ = 0 the crack stability condition (5.2) is trivially true, since (u, v) satisfies the initial conditions (2.14)
and the compatibility condition (5.1). We fix ¢ € (0,7 and, by the variational inequality (5.8), we derive

E(Wn(t),v™) — E(Tn(t),Tn(t)) + OH (T, (1)) [v" —Un(t)] >0 (5.13)

among all v* —wy € H}, (Q) with v* < T,(t — 7,). Given x € Hp, (), with x < 0 in €, the function
X + U, (t) is admissible for (5.13). Hence, we have

E(Un (), X +0n(t)) = E@n(t), Un(t)) + OH(A (1)) [x] = 0.
Let us send n — oco. Since v,,(t) — v(t) in H*(Q), we deduce
Tim OH(5(1)x] = IR
Moreover, Et,(t) — Eu(t) in L%(Q;R¥*%) and v,,(t) — v(t) in L?(Q) as n — oo, which implies
E(u(t), x +v(t)) — Eu(t), v(t)) 2 limsup [£(@n(t), X +Tn(t)) — E(@n(t), Tn(t))]
by Ioffe-Olech’s theorem, as in Lemma 3.10. If we combine these two results, for every t € (0,7] we get

E(u(t), x +v(t)) — E(u(t), v(t)) + IH(v(t))[x] = 0
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for every x € H}, (Q) with x < 0 in Q. This implies (5.2), since the map v* — H(v*) is convex.
It remains to prove the energy inequality (5.7) for every t € [0,T]. For t = 0 we have actually the equality,
thanks to the initial conditions (2.14). We fix now ¢ € (0,77, and we use the inequality (4.3) to write

T (Wn (t), 1, (), 0 (1))

< F(u,ul, o) + / (o), T (5) — T (5)) gy ds + / " (b(0, () CETn(5), BT, (5)) 120y ds
F{F0),T0(0) ~ T ()1 ) — (900), 00— w1(0)) 10y — / (00(5), 1 (5) — 1, (5)) 2yl

+ (@, (), W, (1)) L2 (@) — (u',w1(0) 22(0) — /O (1 (5), 1 () 2 s

for every n € N, where t,, is the same number defined in Lemma 3.11. By v,,(t) — v(¢) in H*(Q) as n — oo,
we deduce
H(v(t)) < liminf H(T,(t)).

n—oo

Similarly, thanks to Ioffe-Olech’s theorem, we derive

E(u(t), 0(1)) < Hminf E(Ta(0) 7a (1),

since v, (t) — v(t) in L%(Q) and Eu,(t) — Eu(t) in L?(Q; R?*9). Finally, we can argue as in Lemma 3.11 to
derive that the remaining terms converge to Wyot(u,v;0,t) as n — oo. By combining the previous results,
we deduce (5.7) for every t € (0,7].

Finally, when wy > 0 on 9p,Q, v° > 0 in , and b(s) = (max{s,0})% + 7 for s € R, we have v}, > 0 in Q
for every j =1,...,n. Therefore, we get T,,(t) > 0 in  for every ¢ € [0, 7], which implies v(¢) > 0in Q. O
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