BMO-TYPE SEMINORMS FROM ESCHER-TYPE TESSELLATIONS
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ABSTRACT. The paper is about a representation formula introduced by Fusco, Moscariello,
and Sbordone in [12]. The formula permits to characterize the gradient norm of a Sobolev
function, defined on the whole space R", as the limit of non-local energies (BMO-type
seminorms) defined on tessellations of R™ generated by cubic cells. We extend the main result
in [12] in two different regards: we analyze the case of a generic open subset Q@ C R™ and
consider tessellations of §2 inspired by the creative mind of the graphic artist M.C. Escher.
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1. INTRODUCTION

In a lecture given at the Université Paris VI in 2001, entitled Sobolev spaces revisited, Pro-
fessor Haim Brezis communicated that while working on the limiting behavior of the norms of
fractional Sobolev spaces [2], a new characterization of the classical Sobolev spaces WP (Q)
came out: if f € LP(Q2), 1 < p < oo, and 2 is a smooth bounded domain in R™, then, with the
understanding that HVfH]zp(Q) = tooif f ¢ WLHP(Q),

. |f(x) = Fy)P _ P
Jim [ [T (@ = ) dody = Kyl 91 e )
Here, K, ,, is a positive constant depending only on p and n, and (p,,)men denotes a sequence
of radial mollifiers whose masses tend to concentrate around the origin.

Over the years, the results in [2] induced several researchers to look for variants of (1) that
could lead to analogous characterizations of other Sobolev-type spaces. Here, we mention
[5,15-17] as general references, [19] for magnetic Sobolev spaces, and [7,10] for the validity of (1)
in the variable Sobolev space setting where the second author obtained a weak (rougher) form
of (1). The interest in this kind of representation formulas is twofold: on the one hand, they
explain p-Dirichlet energies as short-range limits of non-local energies; on the other hand [4,
Remark 6], since they do not involve the concept of weak derivative, they suggest a definition
of Sobolev spaces in the more general setting of metric measure spaces (see, e.g., [13] and the
bibliography therein).

Several years later, in [3] the authors introduced the function space By(£2), defined through
a generalization of the classical BMO seminorm. When p > 1, the space By(2) includes
VMO(Q) +BMO(Q) + W'/PP(Q) and provides a common ground for certain regularity results
that can now be unified under the statement: any integer-valued function belonging to By (§2) is
necessarily a constant function. Some of the ideas contained in [3] have been later on extended
in [1] to give a new characterization of sets of finite perimeter.
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Recently, in [12], in line with the ideas in [3], the authors introduced a new BMO-type
seminorm. Given a function f € L () and any e > 0, they define

loc

kO[] = sup Z €"p][
! G-e6.®R") greg.  Ja-

where G.(R"™) denotes the set of all families of disjoint open cubes Q. C R™ of side-length £ and
arbitrary orientation, and show that, as in [2], it is possible to give a representation formula
for the gradient norm of a Sobolev function that makes no use of distributional derivatives.
Precisely, if 1 < p < oo and liminf. 0 K[ f] < oo, then [V f| € LP(R") and

tim 15f] = Cpll V1 o) ®)

where C), ,, is a positive constant depending only on p and n. Finally, in [8], a similar derivative-
free representation formula is obtained for the total variation of SBV functions.

P
dz, (2)

f@—éf@@

1.1. Contributions of present work. In this paper, moving beyond [12], we give at the
same time a new proof and an extension of the representation formula (3). In particular, we
extend the main result in [12] to the case of a generic open set Q@ C R". We show that if
liminf. o k5 [f, Q] < oo then f € VVI})’({D(Q) and we provide an estimate which controls, for
every open set U strictly contained in 2, the blow-up of the norm ||V f ”i?(U) in terms of the
distance of U from 99. For Q = R", we recover the main result in [12].

In extending the results, we provide a concise proof which emphasizes the role played by
each assumption. In particular, our proof highlights how tessellations by open cubes play
no special role in the analysis. Indeed, our result applies to a broader class of tessellations:
from pentagonal and hexagonal tilings to space-filling polyhedrons and creative tessellations
inspired by the artistic genius of M.C. Escher (Figure 1).

1.2. Outline. The paper is organized as follows. In Section 2 we fix the notation, state the
main result (Theorem 1), and prove some preliminary lemmas; the proof of the main result is
then given in Sections 3 and 5. In Section 4, we present again the proof given in Section 3 but
in a very compact form that highlights the main idea behind our argument; its correctness, a
fortiori, is justified by the results of Section 3.

2. STATEMENT OF THE MAIN RESULT

The intuitive idea of a tessellation of R” is that of a collection of objects, called tiles or cells,
that cover the whole space without gaps or overlaps. To formalize the idea, we need to set up
the notation and terminology.

2.1. The concept of tessellation. We denote by E(n) the Euclidean group of R", i.e., the
group of all distance-preserving maps of R” onto R, and by O(n) := {R € R"»" : RR" =TI}
the orthogonal group of R", i.e., the subgroup of F(n) that leaves the origin 0 € R™ fixed.
We recall that for every h € E(n) there exists a unique (21, Rp) € R™ x O(n) such that
h(z) = zp, + Rpx for every x € R™. Given a set 2, we denote by o(€2) the family of all subsets
of Q. For Lebesgue measurable sets A C R", we denote by |A| the Lebesgue measure of A and
by (f)a the average of f on A. We give the following definition.

Definition 1. Let £ > 0. An e-tessellation of R™ is a set T-(R™) C p(R™), whose elements are
called cells, satisfying the following properties (cf. Figure 1):
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FI1GURE 1. Pentagonal and hexagonal tessellations of the plane. On the right,
a tessellation inspired by the lithograph Reptiles of M.C. Escher. Note that, in
general, the choice of a reference cell is not unique. The leftmost tessellation
is not rigid. Instead, the rightmost one is rigid because one can take the union
three reptiles as a reference cell.

i. (non-overlapping condition) The set T. (R™) is a countable family of disjoint open sub-
sets of R™.
ii. (no-gaps condition) The family Tz (R™) covers the space in a measure-theoretic sense:

IR" \U{T: : T: € T- (R")}| = 0.

i1i. (homothetic condition) There exists an open reference cell Q C R™, i.e., an open set
such that

/@ydy =0, diam(Q) = 1, (4)

so that for every T, € Tz (R™), Tz = h(eQ) for some h € E(n).

We say that the e-tessellation T-(R™) is rigid whenever all the cells in To(R™) have the same
orientation, i.e., for every T. € T. (R"™), T. = z £ Q) for some z € R".

Clearly, diam(T;) = € for every T. € Tz (R™) and, therefore, we will refer to € as the resolu-
tion of the tessellation.

REMARK 2.1. The condition (4) imposed on the reference cell means that the origin of R is
the geometric center (centroid) of Q. Such a condition is not essential, but it is convenient:
indeed, in this way, if one denotes by T.(z) the generic cell of the form z+ R(Q.) with R € O(n)
and Q. := £Q, then z is the geometric center of T.(z) and

/ (y— 2)dy = 0. (5)
T:(z)

The definition of e-tessellation, as given in Definition 1, is intuitive and sounds familiar.
Indeed, it is based on the natural way one thinks about space tessellations whose reference
cell is a cube, or, in the plane, tessellations whose reference cell is, for example, an equilateral
triangle. The notion is common in recreational mathematics where it is well-known that the
multitude of possible plane tessellations is limited only by one’s own imagination (see, e.g., [6,
p.40]). The concept of tessellation is also well known in art, and in particular in the production
of M.C. Escher, whose artworks have been the primary source of inspiration for our refined
notion of tessellation as introduced below (see, e.g., [18, p.14 II1.19, p. 17 II1.24a, p. 21 I111.35,
p. 26 II1.48, p. 30 II1.52]).
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However, the definition of e-tessellation is unsuited to tile a generic open subset 2 C R".
Indeed, when 99 # (), the presence of the boundary may create obstructions to the fulfillment
of the no-gaps condition by cells with the same diameter. The question can be overcome in
two different ways: either one allows for countable unions of cells with different diameters (as
in the Smaller and smaller artwork by M.C. Escher) or, as we shall do, one considers families
of non-overlapping cells, sharing the same shape and whose resolution shrinks to zero. This
leads to the following generalization.

Definition 2. Let Q C R™ be an open set. A family (Qc(2))cer, I = (0,1), with Q.(Q2) C p(Q?)
foranye € I, is called aregular tessellation family for €, if the following properties are satisfied:

i. (non-overlapping condition) For any ¢ € I the set Q¢ (f2), is a countable family of
pairwise disjoint open subsets of 2, called cells.
ii. (no-gaps condition)
lim inf x ou(0) = Xo- (6)
Here, for A C Q, xa denotes the characteristic function of A, QZ(Q) C Q denotes the
union of all the disjoint open sets of the family Q-(?), and the liminf has to be intended
a.e. in €. R
i1i. (uniform homothetic condition) There exists a reference open cell Q C €, i.e., an open
set such that
/ ydy=0,  diam(Q) =1,
Q
so that for everye € I, Q. € Q-(R2), one has Q. = h(e@) for some h € E(n).

We say that the reqular tessellation family (Q:(Q))cer is rigid whenever all the cells have the
same orientation, i.e., for everye € I, Q. € Q-(Q), one has Q. = z £+ (¢Q) for some z € R".

Clearly, diam(Q.) = € for every Q. € Q. (Q) and, therefore, we will refer to Q. (Q) as
the element of the family at resolution €, and to Q as an open reference cell for the reqular
tessellation family.

REMARK 2.2. In giving our definition of regular tessellation family, we implicitly assumed 2

sufficiently large so that h(Q) C 2 for some h € E(n). This assumption has been made only
for the sake of clarity; indeed, one can always replace I with a smaller interval.

NOTATION 2.1. For any ¢ > 0 we set Q. := £Q. We denote by Q-(z) a generic open cell
of the form z + R(Qs), for some R € O(n). In particular, denote by Q. a cell of the type
Q-(0) = R(Q.) with R € O(n). Finally, we say that two cells Q.(2'), Q:(z") have the same
orientation if Qz(2") = (2" — 2') + Q:(2) or Q:(2") = (2" — 2') — Q-(7).

REMARK 2.3. Note that, due to the non-overlapping condition, the no-gaps condition (6) can
be equivalently stated as

1ifg;ig;f< > anu)) = X0
Q:(2)€Q:(2)

Regular tessellation families do exist: indeed, any open set 2 C R™ admits a regular tessel-
lation family having the open unit cube as a reference cell [12, (2.13)]. We note that the key
property of the cube which allows for the existence of regular tessellation families for any open
subset of R™, is that it is a reference cell for some e-tessellation of R™. This can be formalized
as follows:


https://www.mcescher.com/gallery/recognition-success/smaller-and-smaller/
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Proposition 1. Let ¢g > 0. Any eg-tessellation Tz, (R™) of R induces a regular tessellation
family (Qz(2))eer for every open subset Q@ C R™. If Tz (R™) is rigid, so is (Qz(2))eer-

Proof. Let g9 > 0, and let Q be a reference cell for an eg-tessellation 7z, (R") of R". Note that,
for any € > 0, the set @ is also a reference cell for a e-tessellation of R™. In fact, the family

Te(R") == {W(Qso)}QsoeTgO([Rn) )
with W : z € R" — (¢/g9)z € R", is a e-tessellation of R”. Next, we set
Q= {z e Q: dist(z,00) > e}.

Clearly, we have lim. g xo. = xq in 2. Also, the family (Q. (2))..; with Q. (Q2) given by the
elements of 7; (R™) having nonempty intersection with (2, satisfies the relation

X0. S Xou@) S xao  in.

Hence, (Q:())cers is a regular tessellation family for 2. Finally, by construction, it is clear
that if 7;,(R"™) is rigid, so is (Q:(2))eer- O

REMARK 2.4. Proposition 1 shows that the rigidity of a tessellation is a hereditary property:
if a tessellation has cells with the same orientation, also the induced regular tessellation family
will consist of cells sharing the same orientation. As an example, in the Pessimist-Optimist
(No. 63) artwork by M.C. Escher, the union of one optimist and one pessimist (not necessarily
adjacent, but thought scaled so that its diameter is 1) can be considered as a reference cell for
a tessellation of R™. Note that there are both optimists looking at the right, and optimists
looking at the left: they correspond to cells that, although reflected, have (by definition) the
same orientation. A similar conclusion holds, for instance, for the 1946 India ink, colored
pencil, watercolor Horseman (No.67).

The following simple observation motivates our notion of a regular tessellation family.

Lemma 1. If (Q: (2)).c; is a reqular tessellation family for 2, then, for any measurable func-
tion f : Q = R,

e—0

im [ |f()lde = / f(@)[de.
oY (Q) Q

In particular, f € L' (Q) if and only if

e—0

liminf/ |f(z)|dz < oo.
Q4 ()
Proof. Assume that the no-gaps condition (6) holds. By Fatou’s lemma

e—0

liminf/ \f(:c)]dx;/limianQU(Q)(w)|f(:U)|daj:/ | (2)]dz.
QS(Q) Q e—0 € 0

On the other hand, since QY(Q2) C Q, we have

/Q £ (@)ldz > limnf /Q PRECLE

This completes the proof. ]


https://www.mcescher.com/gallery/back-in-holland/no-63-pessimist-optimist/
https://www.mcescher.com/gallery/back-in-holland/no-67-horseman/
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2.2. Statement of the main result. Let 2 C R” be an open set, and let Q C R™ be an open
reference cell for a rigid tessellation of R™. For any € > 0 we denote by &, (Q) = 62(Q) = {G.}
the set of all families G, consisting of (necessarily countable) pairwise disjoint open cells of the
type h(Q.) for some h € E(n). Given a function f € LY. (Q), p > 1, we are interested in the
limiting behavior, as ¢ — 0, of the following family of seminorms:

L9 = s Y 8"‘1”][5(2) fa) - ][E(z)f(y)dy

gEEGg(Q) Qe (Z)ega

’ dz. (7)

We stress that even if in literature the expression K;[ f, €] is often referred to as a seminorm,
in fact it is not, because it is not homogeneous of degree 1. It would turn into a seminorm if
the outer integral would be raised to the power 1/p. However, the study of such expression is
not of interest for this paper.

REMARK 2.5. Let Q1,Qy C R™ be nonempty open sets. If Q; C Qs then 69 () C 6? (Q2).
Therefore, as an immediate consequence of the definition of x;, [f, ], we get that

’i;zg)[.ﬂQl] < H;[fa Q2] (8)
Moreover, it is clear that if (Q:(€21)):cs is a regular tessellation family (see Definition 2) for

Oy having Q as a reference cell, then Q. (Q) € 6%(y) for every € € I.

Our main result is stated in the next Theorem 1. Note that, in particular, when €} := R”
and @ is the open unit cube, we recover [12, Theorem 2.2] in the case p > 1 (see next Remark
2.6 for details).

Theorem 1. For f € LY (), the following assertions hold:
i. If Vf e LP(Q) then

lim w5 (1.0 = /Q Vf (@) da (9)

with v := max / o-zPdz.
oesn=1 J§
i1. (limit inferior condition) If
hm 1nf/<c [f, Q] <

then f € VVI})’f (Q). Moreover, for every open set U compactly contained in Q2 (i.e.,
0 #£ U C Q) and for every T > 0, the following estimate holds

li 5[, U] = 5 |V 12y < 7 linn inf 5 [, ) + 72 Sy 0)

G O
d (U, 090)
where 11 = (1 + 7)1 and 75 := 7 /7P~ L.

REMARK 2.6. Let p > 1. When Q = R" one has 99 = () and d (U, 9Q) "7 = 0 for any open set
U compactly contained in R™. Therefore, if f € Lj , (R™) and liminf. o &} [f,R"] < oo, from

(10) one gets that [V f| € LP(R™). In particular, if lim inf. o #5[f, R"] < coand f € Wéf([R")
then, by i., we get that |V f| € LP(R™) and

lim w517 R) =5 [ V(@) da, (1)
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On the other hand, if lim inf. o &}, [f, R"] = oo, then [V f| ¢ LP(R"): in fact, on the contrary,
by i. we would get a contradiction. As a conclusion, (11) holds in any case.

REMARK 2.7. Note that v depends only on n, p, and the shape of Q: it does not depend on
the orientation of Q, i.e.,

v = max / o-z|Pdz VR € O(n). (12)
oes"JR(Q)

Indeed, for R € O(n) let OR(0) € argmaXgegn-1 fR(Q)

7—/A\UA-x]pdx—/ A ]JA-RTxpdac—/ |R(oy) - 2 da
o ¢ rR@ ¢ ) R

< max/ |J-:c\pdx:/ |04 ~x\pdw:/]RTU 5 - xfPdr <.
cesn—1 R(Q) R(Q) R(Q) Q R(Q)

o - z|P dz. We have

The proof of Theorem 1 is the object of the next section. One of the main ingredients is the
following simple observation:
Lemma 2. Leta,b € R. For every T > 0 and every p > 1 the following inequalities hold:

1
_ ] |b‘p +

1 _ 14 7\P71
Tl < ekl < @enp o+ (S8) e a3)

Setting 71 := (1 +7)P~ 1, 73 := P71 and 79 := 71 /73, (13) can be written
1 1
— — b+ —laf’ < |a+bP < milalf + 72|b? (14)
73 T1
with 11, T2, 73 depending on p and 7. Note that 7y — 1 for T — 0T,
Proof. The assertion follows from the convexity of the function ¢ € R — [¢|P. Indeed, we can

write
P

1 T 147
- 1
a+ b7 = |+ (FE)

1 p-l
< @+ (S5)
T

After that, we have |a|P = |(a +b) — b]P < (1 +7)P"ta +bP + ((1 + 7)/7)P~1|b|P from which
also the left-hand side of (13) follows. O

We close this section with the following instrumental

Lemma 3. Let M be a compact Lipschitz hypersurface of R*, G C R™ a set with finite mea-
sure, and g : G C R™ — M a measurable map. For anyn > 0 there exists a finite family
(1, ..+, Tigy)) of pairwise disjoint open subsets in M, with k(n) depending on n, such that

diam(T'j) <n Vj € Ny :={1,...,k(n)} SN
and

{z € G:g(x) e Mo} =0, Mqo:=M\Ujen,,, T

REMARK 2.8. The Lemma can be generalized to the setting of measurable functions defined
on a measure space. The reader may compare its proof with the argument in the proof of
Proposition 3.6 in [11].
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M:=S§!

1

€1 RQ

FIGURE 2. A schematic representation of the geometric idea behind the proof
of Lemma 3.

Proof. We prove the result for compact Lipschitz hypersurface of R?, but the argument readily
generalizes to higher dimensions.

We consider an orthogonal basis (e1, e2) of R with |e;| = 1/v/2. We denote by E; the subset
of R? consisting of the union of all lines perpendicular to e; and passing through the points of
the form me; for some m € Z. The family {(te1 + E1) N M};¢(o,1) forms a partition of M. We
then consider, for any ¢ € [0, 1) the set

Ci(t) ={x € G:g(x) € (tey + E1) N M}.

We note that the set of t € [0,1) such that |C1(t)] > 0 can be at most countable because
|G| < 4+00. Therefore, there exists ¢; € [0,1) such that |C1(¢1)| = 0. Repeating the argument
for the subset Es of R? consisting of the union of all lines perpendicular to ey and passing
through points of the form mes for some m € Z, we get, for the set

Co(t) :={x € G:g(x) € (tea + E2) N M},

the existence of a t3 € [0, 1) such that |Ca(t2)| = 0.

Therefore, the grid (t1eq + E1) U (t2e2 + E») determines a tessellation 7, = {7}} in R2
consisting of open cells of diameter less than 7. The finite family {T;,,"\.M : T;, € T,;, T,,N.M #
0} induces the desired decomposition of M. O

3. PROOF OF THEOREM 1.I

We split the proof of Theorem 1 in four steps. In what follows, to shorten notation, we
denote by (f)qg.(z) the average of f on the cell Qc(2).

Step 1 (density argument). We show that it is sufficient to prove (9) for every f € C2 (R").
Indeed, assume that (9) holds for any function in C? (R™), and consider f € L () such that
Vf e LP(Q). We denote by (,,)men an exhaustion of 2 by compact and smooth domains
(see, e.g., [20, Lemma 1]). By our assumption on f, we have f € W'? (Q,,). Therefore, for

each m € N there exists a sequence of functions f,gm) € C?(R") such that

R NP S— (m) 1
Jim fi7 = i WP Q) Vg, IIJZP(QM)<% vm € N, (15)
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with g,gm) = f,gm) — f. For any fixed m € N, by Lemma 2 and Poincaré inequality, we have
N; 11,9 > [fkm) (m)7 Q]

1 1 m) (m)
> — sup — / f - ([P dz
a5 o 1
1 1
—— sup — > / 9" (@) = (9" Vg0 de
73 G-€6c(Qm) € Q (2)€G.
1

WV

1 ’m m
ol 5 T - e

1 G-€6. ( Z)eg
cp m
_p / Vo™ ()P da,
73 JQ

where 71, 73 are the constants of Lemma 2 and cp the Poincaré constant related to Q Because
of (9), taking the limit inferior of both sides as ¢ — 0, we get,

o (
imint 5170 > L [ 9" @rdr - L1967
Next, by first taking the limit for & — oo and then the limit for 7 — 0%, we infer that
hmlélf/i [f, Q] > / |V f(z)]P dz .
Qm

Eventually, taking the limit for m — oo we conclude that:

im inf x° > P de.
limipt 5 (1.9 > [ V4P do (16)
It remains to prove that
lim sup #j, [ / |V f(z)]? da. (17)
e—=0

Now, let 0 < & < 1. For every G. € &, (2) and every m € N, we set
G = {Q:(2) € Ge = Qe(2) € U}

Obviously ggm) € 6. (Qy). Also, with no loss of generality, we can assume that €, = Q,, N
{|z| < m} for every m € N. In this way, since 0 < € < 1, we have

p
UL = s | ][ f(x) f fw)dy| de
G-€6.(Q) Qu(2)egt™ Qe(2) <(2)
p
LD SR N O AL R
Q-(2)€6:\6™ (=) (=)

< w Ul ter [ Vi@,
Q\Qm—l
where for the last estimate we used Poincaré’s inequality. Summarizing, we obtained that

55 11,9 < K5 Lf, Q] + /Q o Vi@, (18)
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Again, using Lemma 2, Poincaré’s inequality, and arguing as before we obtain
mplf ] = KL = g™l

1 m) (m)
< m osup — ) / e (@) = {fy Do Pdx
G:€6:(m) & ¢, (Deg. / Q=) ()

(15)

1 m m CpT:
noswp o S [ @) - g e+
G-c0:(m) < . (5cg. 7 @)

By (9), taking the limit superior of both sides of (18) as ¢ — 0, we get
limsup &, [f, Q] < 7‘17/ |Vf,gm)(:v)|pdx P2 CP/ |V f(z)Pde
=0 Qn k O\ 1
and again, by first taking the limit for kK — oo and then the limit for 7 — 0T, we infer that

lirnsup/{]f7 [f,Q] < ’y/ﬂ |Vf(:n)|p d:L’—i—CP/Q |V f(z)[Pdz.

e—0

m—1

Finally, the inequality (17) follows by taking the limit for m — oo and using that V f € L? ().
This concludes the proof of Step 1.

Step 2 (sharp upper and lower bounds). In what follows, to shorten notation, it will be
convenient to define

MFQ) =P f P Qi) (19)
Q<(2)
with F(z,Q:(2)) := f(z) — (f)q.(z)- Note that, our BMO-type seminorm (7) reads as
.9 = MEIF, Q:(2)) 20
kp Lf, 0] o Qs(;)ege plf, Qe(2)] (20)

We shall need the following key observation, where the constants 7, 7o, and 73, are the ones of
Lemma 2.

Lemma 4. Let f € C2? (R™). For any Q-(z) the following estimates hold:

Mp[f.Q(2)] < 7ivp(2Q) (/ \Vf(x)\”dx)
Qe(2)
+72(1+ 1194 (2, Q)) O™ )] (21)
M;[f,Q(2)] = 71 %y5(2Q) </ IVf () de)
Qe(z
—73 (L4 11 (2, Q))[O(E"P)), (22)
with Q := Q1(0) = e Y(—2 + Q(2)) and
712, Q) = { IRig el @ ivie 2o, (23)
0 otherwise.
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Proof. Since f € C?(R"), the Hessian of f is bounded on R". We denote by ch(f) the max-
imum modulus of the Hessian of f on R”. We then have, by classical Taylor expansion, that
for every x,z € R"

f(z) = f(2) = Vf(2) - (& = 2) + O(lz — 2[?), (24)
and
IVf(z) = V()| <Oz - 2]) (25)
where, to be precise, O(|z — z|) < cg(p)lr — 2|.
Next, let Q-(z) be an open cell centered at z € 2, and note that by (5)

| ) -2y o
Q= (2)
Therefore, for every x € Q<(z2),

F(r,Q:(2) = [f(z)— f(2)] —]é ( )[f(y) — f(2)]dy
(24)

2 Giz) - (x—2) + Ole — 2P) +][ Oy — =2)dy
Qs(z)
= Vf(2) (z—2)+ 0.

Here, to be precise, the O(g?) notation means that

sup |F(x,Qe(2) — VI (2) - (x — 2)] < &y p™.
2€Q<:(2)

Applying Lemma 2, we get
|F(2,Q:(2))I" < mi|Vf(z)- (&= 2)|" + |0, (26)
|F(a,Q(2)" = 771 Vf(2) - (x = )] =751 O(E™)]. (27)

Now, define the open set A(f) := {z € R" : |[Vf(x)| # 0} C suppgr~ f and observe that if
z ¢ A(f) then (26) and (27) imply 77'371|(’)(5”+p)| < M;[f, Q:(2)] < 1|O(E™P)| and, a
fortiori, (21) and (22). Therefore, we can focus on the case z € A(f). We have

P ]ég(z) IVI(z) - (& —2)["de = 6"/Q IVf(z) - zlPdz =" (2, Q) [V (2)IP,  (28)

with @ := e '(—2z + Q-(2)) and v¢(z,Q) given by (23). Again by Lemma 2 and Taylor
expansion (25), we infer that for any z € A(f)

VI < f A IVI@P + 72 V(@) — V)P da
Qe (2)
< f V@) dz + m|OE), (29)
QE(Z)

and, similarly,

viEP > L f Vf (@) dx — 0. (30)
1 Qe(z) T3
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Overall, combining the estimates (26), (28), and (29), we conclude that for any z € A(f)

(26)
Mp[f,Qe(2)] < 7‘1571_’)]€2 o IVf(2) (z — 2)[P dz + 72|O("TP)|

28
B (2, Q) V() + | O(H)]
(29)

< ' Q) <7'1][ o )\Vf(x)\p dx+72!0(€p)\> +72|0("T)

= 7z ( !Vf ()P dz + erO(E”“)\) + 12| O(e™TP)|
= e ( V@) dx) T (1 + 1942, Q)| 07,
This proves (21). Likewise, from (27) and 3()) we get the lower bound (22). O

Step 3 (upper bound). By Step 1, we may consider f compactly supported and, taking
into account that cells outside the support of f do not contribute to the supremum in g, [f, €2],
without loss of generality, we may restrict ourselves to the case of f with compact support inan
open set § of finite measure. By definition, we have v¢(z, Q) < for every z € R". Moreover,
for every G. € &, (£2) we have

Q> > 1Q(2)] = #6:|Qle", (31)
Qe(z)egs
and therefore
(21)
> Mle) < b 3 /( V(@) da

Qs (Z)ege

+ Y w4+ n)|0E"?)
QE(Z)EQE

< 12y /Q V(@) dz + ma(1 + r17y)#G.|O(+)]

<y [ VA@P e+ mo) 19110
Hence, for every € > 0 sufficiently small, we have
ry [f, Q) < 7127/9 Vf ()P dz + (1 + 1y) 2] Q1 O(P)].

By taking first the lim sup._,, of both sides and then the limit for 7 — 0, we end up with the
relation

lim sup s, [ / IVf(z)P da.

e—0

Step 4 (lower bound). It remains to show that

hm 1nf/<; / IV f(2)|P dz.

To this end, we consider, as before, the open set A(f) := {x € R" : |V f(z)| # 0} C suppgn~ f,
and we fix n > 0. We make use of Lemma 3, according to which there exists a finite family
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(1, ..+, Typy)) of pairwise disjoint open subsets of S"=1, with k(n) depending on 7, such that
diam(T';) < 7 for every j € Ny, and

{a € A(f) : VI(2)/IVf(z)] € Mo} =0, Mo :=8""\Ujeny,, Tj-
For the sets
Q= {r € AN NQ: TF@/IVI@I €T} J €Ny,
we claim that
Lemma 5. For every j € Ny, there exist R; € O(n) such that
Y2 (zQ9) 2y =0 =y, VzeQy, (32)

where QU) = Qg )( 0) := R;(Q) and |O(n)|/n is uniformly bounded with respect to j € Ny
and z € §);.

Proof. Let R; € O(n) be arbitrary. By Remark 2.7 we have, setting g(z) := V f(2)/ |V f(2)],

_ )y — ) D _ D
Y=z QY) = / opn -2l — lg(z) P da
Ry U@

= /Q|R;FJRJ‘(Q) R |R;—g(z) -zlP de.
Note that, by definition, v — v7(z, QU)) > 0. Also, again by Remark 2.7,

RTURQ Eargmax/ lo - z|P dx,
oesn—1

hence (see, e.g., [14, (2.15.1)])
0 <~ —'Yf(Z7Q( ) <p- [Rjog —9(2)] - Hl’ll’;p(@)- (33)
Note that, g(z) € I'; because of z € ;. Therefore, if we choose R; € O(n) such that Rjo €
I';, we get
7= 77(2, Q) < eqp) diam(Ty) < cq(p)n. cg(p) = pllall], g
and therefore the lemma follows. O

Now for each j € Ny, fix a regular tessellation family (ng )(Qj))se 1, where each QU )(Qj)
consists of cells whose orientation coincides with the one of Rj(Q), ie.,

V() e QV(Q)) = QY()=z2+¢cRi(Q) or QY(2)=z-¢R;(Q),

where R; € O(n) is given by Lemma 5. Note that, the existence of such regular tessellation
families is guaranteed by Proposition 1 (see also Remark 2.4). Since

U 99 @) es.(9), (34)
JENKk ()

denoting by Q ])U(Q ;) C 2 the union of all the disjoint open sets of the family Qs (2;), and
setting QU) := Q J)( 0) =c1(—2+ QY (2)), we have

G- s S Mree DY Y MreYeL 69

Ge€6:(Q) 9, (2)eg. =1 QY (2)eQl (2)
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Therefore, by Lemma 4 and 5 we infer that

(22) Kk ) A
sl 2y Y [ 11(2,Q9) (/Q (J.)(Z)Ivf(rv)lpdx>

=1 QW ()€Y (9;) ©

=73 (L Q(j)))!(’)(&”*p)ll

k(n)
= > |- A+ QU0 #QY) ()
j=1
+ X Y ( / " |Vf<:v>|pd:v>
ng)(z)eggj)(g]_) Qe (Z)
GO |
> —73 (L + 1y (2, QU)) | O(eP)] |92
j=1
2y (2, Q) T / o )P dz
Q(J) Z)GQ(J)

52)
(322 —73 N1+ 7 NIOEP) Q] + 71 (Z/mu Vf(z )|pd$) (36)

On the other hand, by Lemma 1, and the hypotheses on the regular tessellation families, we
get that

liminf/ \Vf( )P dx > / IV f(2)|P de,
Q(J)U(

e—0

from which there holds

. . p
hggl(l)an/ |Vf )P dx

WV

k(n) )
IVf(@)Pd
;/Q o) da

= [ Vi@l = [ Vi@Pd (3D
A(F)NQ Q

Hence, taking first the liminf._,o of both sides of (36), and then the limit for 7 — 0, we end
up with the relation

hmlnf/i [f, Q] > ’y,]/|Vf |pda; 2y - /\Vf )P da .

Finally, taking the limit for n — 0, we conclude the proof.

4. A SHORT PROOF OF THEOREM 1.77

Keeping in mind the notation introduced, as a byproduct of the argument of the previous
section, we can assert that the following equalities hold. Intuitively, the equalities hold because
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the functions of which limits are computed coincide or because in any step one gets rid of
infinitesimal terms, which do not contribute to the final result.

hmlnfﬁ [f,Q] = liminf sup Z 5"7’][ |f(z) = (fo.z)[Pdx
=0 g.ee. ) Q. (2)eg. Qe(2)

= liminf sup En_p][ IVf(z)- (x—=z)Pdx
=Y Geese(9) g, %: Q=(2)

= liminf sup ey (Z,Efl(—z‘f‘Q () V()P

= liminf sup v (2 e'Q (0))/ IV f(2)] dx
e—0 QEGG (Q)Q gjeg : QS(Z)

k(n)

_ (7) p
miptimpry, X @) [ VP

n—0 e—0
j= IQ(J)(Z)GQ(J)( Q))

k(n)
= liminf |y¢(2,Q hmlnfz Z / z)" dz
7—0 =0 T 109 (2)e0) (@ SE
k(n)
B R . p
= 7 h%n_)lgfj;hmmf/gmu( |V f(x)|F dz

e—0
k(n)
_ G P
= ’yh%n_%le/Qv\Vf(x)\ dz
7j=1 J

= o [ 1Vf@)Pds.

In principle, the previous relations represent a short proof of Theorem 1.7 that highlights the
main steps behind our argument. Its correctness, a fortiori, is justified by the results of Section
3.

5. PROOF OF THEOREM 1.7¢

We subdivide the proof in two steps. In what follows we write U & (2 to denote an open
subset U strictly contained in §2, that is, such that U is compact and contained in €.

Step 1. First, let us suppose that f € LE (), i.e., suppg f is a compact subset of 2. We denote
by U an open subset of €2 such that suppg f C U € 2. For any ¢ > 0 we consider f; := f * p,
with p,(y) := 07 "p(y/o), p standard mollifier supported on the unit ball B; C R™. We choose
o < dist (suppq, f,0U) so that suppg, fo C U.
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By Jensen’s inequality and Fubini’s theorem, we have
| otw) [f(z —ow)-f - aw)dy] du
B QE(Z)
P
< [ otw)|fa-ow)- f oy
By (2)

dw
— / (W) f (& — o) = (). (s—ow) P
By

p

| fo(z) — (fU>QE(z) P =

and therefore
TooUa) < [ pw)f 15@) = (Do owPdudu,
B Qe (z—0ow)

where we set

T (fs) = ]é o) — (fid. o P

e(z

Now, for any w € By and any G. € &.(U), we have that the family of disjoint cells
QZ* () :={Q2" 1= Qec(z — ow)}q.(»)eq.
belongs to &, (2) whenever o < d (U, 092). Therefore, taking
o < min {d (suppgq, f,0U),d (U,00Q)}
we get suppq fo C U and Q7% () € &, () if G € &.(U). Thus, for any w € B; we have
S Taot) < [ o > | S —

Q-(2)€0- Q-(2)€G. ¥ @2~ U“ﬂ

- /Bl p(w) > 7227“’ |f(x) = (f)gow [Pdzdw

QIYeQI*(Q)

< sup Z 5. (2) (38)
Ge€6e (Q)Q (Z)egs

Overall, from (38) we get

Kplfo, U] = sup " PLo () fo)
’ oo 0 *
(38
< "7 sup S Ig.o(f)
G.€6:(Q) Q- (2)€G.
= kK, [f,9]. (39)

Step 2. Next, we consider a cutoff function ns € C° (Q2), 0 < ns < 1in Q, such that n; = 1
in Qs := {x € Q: dist (x,00) > &} and sup,cq |Vns(z)] < cqd~!. We denote by Us an open
subset of 2 such that suppg ns C Us € 2. Overall we have

Q5 C suppgns € Us € Q.
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Assume f € L} (©2). We have

P
dx

an(s_<fn5>Qs(Z)||iP(QE(z)) = /(z)

a /s(z>

Therefore, adding and subtracting 75(y) and then using triangular inequality we get

(s x) — ]é S

P
dz.  (40)

f @)~ )y

p
| fns — <f775>625(z)H22p(Q5(z)) < Tl/s(z) 77§(90) ][E(Z)[f(@ — f(y)ldy| dz
S P — ns(y)|Pdyd
o /Q . P Is) — m) Py
< 7llf- <f>Qs(Z)H§,P(QE(z))
T2
+=— x5 (@, y)dyd =
o |  OPGEywe @

with xs(z,y) := [ns(x)—ns(y)|. We choose e < e := min {dist (suppq 75, OUs) , dist (Us, IQ) }.
In this way, since suppq 75 C Us, we have

Xs(z,y) =0 ifz,y € Q(2) and Qc(2) N Q\Us # 0, (42)
and
xs(z,y) <cqd Mo —y| <cad e ifz,y € Q.(2) and Q.(z) C Us. (43)

We now focus on the right-hand side of (41). From the previous considerations, it follows that

PP (42) PP
sup > /g(z)lf(y)l X5 (z,y) sup /g(z)lf(y)l X5(z,y)

gSEGE(Q) QE(Z)EQ gaees(Ué) Qe(Z)Eg
(43) Y|entp
<G oy [ e
Ge€6:(Us) . (2)eg. ¥ Q= ()
Qs
< AU (44)

Combining the previous estimates, we get

Kpl(fns)o,Us] < Ky (15,9

1
= sup > = (f10)o.o e,

gse@s(ﬂ) Qs(z)ega
< S L el
x 71 sup — - e (z P
gSGGE(Q) QE(Z)GQE 2 ¢ ( ) LP(QS( ))
1
s sup s | 1P g)dyds
gEEGE(Q)Q Eg ‘Q‘gn p Qg(z)

< Tk [f, Q47 QIIfIILp (Us)* (45)
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Summarizing, if f € Li _(Q) then &5[(fns)s,Us] < Tik5 [f, Q] + ngp HfHLp(U Hence, by
Theorem 1.7, we get

7||V[(f77)a]H]£p(U5) < TlhmmfH [fv ]"‘7-2 QHfHLp(U(s

If lim inf. 0 &, [f, €] < oo, then by the convergence (f1), — fn Weakly in WHP (Q) we get

Iy < 3 IV By < 2 limind 5 .90+ 72 28,0

This proves that if lim inf. o &5, [f, Q2] < oo then f € VVlo’é7 () and for every U € Q2 we have

lim w5, U] = 7 |V 12y < ol inf 5 (£, 9] + 72 A1,

Q
dist (U, 092)
This concludes the proof.
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