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ABSTRACT. We are concerned with the mean field equation with singular data
on bounded domains. Under suitable non-degeneracy conditions we prove lo-
cal uniqueness and non-degeneracy of bubbling solutions blowing up at singular
points. The proof is based on sharp estimates for bubbling solutions of singular
mean field equations and suitably defined Pohozaev-type identities.
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1. INTRODUCTION

We are concerned with a sequence of solutions of the following mean field equa-
tion with singular data

—Auy, = ﬂ in Q)
n — pn fQ he“" 7 (Ppn)

1, =0 on d(,
where Q) C R? is a smooth bounded domain, & = h, exp(—47 Zfil a;G(x,p:)), pi

are distinct points in O, a; € (0,00) \ N, ki, € C®(Q)), and G is the Green function
satisfying

—AG(x,p) = Op in Q,
G(x,p)=0 on 0Q).

The mean field equation (P,,) (and its counterpart on compact surfaces) have
been widely discussed in the last decades because of their several applications in
Mathematics and Physics, such as Electroweak and Chern-Simons self-dual vor-
tices [47, 49, 53], conformal metrics on surfaces with [50] or without conical singu-
larities [35], statistical mechanics of two-dimensional turbulence [20] and of self-
gravitating systems [52] and cosmic strings [45], and the theory of hyperelliptic
curves [22] and of the Painlevé equations [24]. There are by now many results
concerning existence [1, 3, 4, 5, 15, 21, 26, 28, 30, 31, 32, 36, 42], multiplicity [5, 29],
uniqueness [6, 7, 10, 11, 12, 13, 14, 23, 33, 34, 40, 41, 48] and blow up analysis
[2,9,16,18,17,19, 25,27,37, 38, 39, 51, 54].

2010 Mathematics Subject classification: 35B32, 35]25, 35]61, 35]99, 82D15.

D. Bartolucci is partially supported by FIRB project ”Analysis and Beyond”, by PRIN project 2012,
ERC PE1_11, " Variational and perturbative aspects in nonlinear differential problems”, and by the Consoli-
date the Foundations project 2015 (sponsored by Univ. of Rome “Tor Vergata”), ERC PE1_11, ”Nonlinear
Differential Problems and their Applications”. Y. Lee is partially supported by the National Research Foun-
dation of Korea (NRF) grant funded by the Korea government (MSIT) (No. NRF-2018R1C1B6003403).
W. Yang is partially supported by NSFC No.11801550.

1



2 D. BARTOLUCCI, A. JEVNIKAR, Y. LEE, AND W. YANG

Our goal is to show that bubbling solutions of (P,,) blowing up at singular
points p; are unique and non-degenerate for n large enough.

Definition 1.1. Let uy, be a sequence of solutions of (Pp,). We say that uy is a regular
m-bubbling solution blowing up at the points q; ¢ {p1,--- ,pn},j=1,---,m,if,

hetr
[ hetndx o Z bay

weakly in the sense of measures in ().
We say that uy is a singular m-bubbling solution blowing up at the points p; €

{pll"'/pN}rjzll"'/mrmSNif/
he'n

m
87 Y (14,
Jo hetndx ]; 177F

weakly in the sense of measures in Q).

To state the main result and to compare it with the existing literature we in-
troduce some notation. Let R(x,y) = 5 log |x — y| + G(x,y) be the regular part
of G(x y). For what concerns regular bubbling solutions, for q = (41, ,qm) €
Qx - x 0, welet G; (x) = 87R(x, q;) + 877211;]3 " G(x,q;) and

feg() = Y[ Tog (o (e
e

For (x1, -+ ,xm) € Q x - - - Q, we also define the m-vortex Hamiltonian,
m 1, ,m
Hum(x1, %2, ,xm) = ) [log(h(x))) +4nR(xj, xj)] +4m Y G(x,xj). (1.1)
=1 I#]

Then, by assuming suitable non-degeneracy conditions the authors in [8, 9] proved
that regular m-bubbling solutions are unique and non-degenerate (see also [10] for
an analogous result for the Gelfand equation).
Theorem A ([8, 9]). Let u,(ll) and u,(qz) be two regular m-bubbling solutions of (P,,), with

p,(}) = pn = p,(f), blowing up at the points q; & {p1,---,pn}, j = 1,---,m, where

q= (91, ,qm) is a critical point of H,. Assume that,

(1) det(D*Hu(q)) # 0,

() greg(CI) # 0.
Then there exists ng > 1 such that uﬁll) = uﬁf) forall n > ngy. Moreover, the linearized
problem at a m-bubbling solution u,

hettn Joy et dx '

A . - 0
¢+ on Jq hetndx <¢ J hetn dx 0 nf),

¢=0 on 0Q),

(1.2)

admits only the trivial solution ¢ = 0 for any n > ny.
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The above condition (2) can be relaxed by assuming freg(q) = 0 and D(q) # 0,
where D(q) is a geometric quantity. Our aim is to extend the latter result to sin-
gular bubbling solutions. Even though the argument works out for more general
situations we focus here on singular 1-bubbling solution blowing up at p; for some
i € {1,---,N}, see also Remark 1.3. More precisely, we assume without loss of
generality that a; # «; for i # j and we study the case p, — 87t(1 + ;) for some
fixedi € {1,---,N} and

[tnl|po() — +o0 asn — oco.

We define
1
272 1+ «; e
U(pi) = <( = J) Alogh.(pi), (1.3)
(1+ a;)sin (1fai> thy (pi)

where h(x) = hy(x)|x — p;|*i

Hamiltonian to be
Hp,(x) = 87(1 + ;) (R(x, pi) — R(pi, pi))+ (logh1(x) —log h1(p;)).  (1.4)

Our main results are the following.

. Moreover, we define the "desingularized” 1-vortex

Theorem 1.1. Let u,(ql) and u£,2) be two singular 1-bubbling solutions of (Pp,), with

p,S” =py = p,(qz), blowing up at the point p; for somei € {1,--- ,N}, a; € (0,00) \ N.

Assume that,
(1) p; is a critical point of Hp,,
() L(pi) #0.

Then there exists ng > 1 such that u,(}) = u,(f> forall n > ny.

Theorem 1.2. Let uy, be a singular 1-bubbling solution of (P, ), blowing up at the point
pi for some i € {1,---,N}, a; € (0,00) \ N. Assume that the conditions (1)-(2) of
Theorem 1.1 hold true. Then there exists ng > 1 such that, for any n > ng, (1.2) admits
only the trivial solution ¢ = 0.

Observe that we do not need the non-degeneracy of the Hamiltonian as in con-
dition (1) of Theorem A. This is essentially due to the difference of the linearized
problem, see (1.8) and the discussion later on. On the other hand, we do need to
assume p; to be a critical point of #,. For the regular blow up this is always the
case since it is well-known [44] that for a regular m-bubbling solution blowing up
at the points q;  {p1,- -, pn}, then q = (41, -, qm) has to be a critical point of
Hmn.

Remark 1.3. The argument yielding Theorems 1.1 and 1.2 works out for more general
situations and can be carried out to prove local uniqueness of singular m-bubbling and
even for mixed scenarios of singular m-bubbling and regular m’-bubbling solutions. The
decision to focus on singular 1-bubbling is twofold: on one side the latter case is very
subtle since in general the singular blow up point does not need be a critical point of the
Hamiltonian H,, and furthermore we are not assuming any non-degeneracy of Hyp,, and
on the other side we want to highlight the differences with respect to the regular case. We
postpone the general situation to a future paper. The case « € (—1,0) will be treated in a
separate paper since we first need to derive suitable sharp estimates for bubbling solutions,
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which are still missing in this case. Finally, the case & € IN is by now out of reach due to
the presence of non-simple (and non-radial) blow up [18, 37].

To prove Theorem 1.1 we argue by contradiction and we analyze the asymptotic
behavior of the (normalized) difference of two distinct solutions for (P,,),
1 _ @)

Gp=—on “ (1.5)

) — ()

Near the blow up point p;, and after a suitable scaling, ¢, converges to an entire
solution of the linearized problem of the Liouville equation

Av+ |x|*e? =0 in R (1.6)

Solutions of (1.6) with finite mass are completely classified [46] and for a; € (0,00) \
IN take the form,

Lo B+ ;)%
08 (1 + €y|z|2(1+zx,-))2’

v(z) = vu(z) = neR. (1.7)
The freedom in the choice of u is due to the invariance of equation (1.6) under
dilations. The linearized operator L relative to vy is defined by,

8(1+a;)? |z o
It follows from [27, Corollary 2.2] that the L*-bounded kernel of L has one eigen-
function Yy, where,

L :=A¢p +

- 1— |Z|2(1+lxl') B avy

Y| = = — .
O(Z) 1+ |z|2(1+"‘i) a]/l u=0

The main part of the proof of Theorem 1.1 is to show that, after scaling and for large
1, ¢n is orthogonal to Y. This is done by a delicate analysis of a suitably defined
Pohozaev-type identity first introduced in [43] and then exploited in [8, 10].

The proof of Theorem 1.2 follows the same strategy by analyzing the asymptotic
behavior of

b — J hetn py dx
n Jq et dx

_ Jo hetny dx
Pn Jo hetn dx

[1]

n ’

for a non-trivial solution ¢, of (1.2), which plays the role of (1.5).

L=(Q)

The paper is organized as follows. In section 2 we introduce some preliminary
results, in section 3 we estimate the L*-norm of the difference of two solutions to
(Pp,) and in section 4 we then deduce the first estimates of §,;, the normalized dif-
ference of two solutions, away from the blow up point. In section 5 we introduce
a Pohozaev-type identity to get refined estimates on ¢, and prove Theorem 1.1.
Finally, in section 6 we give the sketch of the proof of Theorem 1.2.
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2. PRELIMINARY ESTIMATES ABOUT THE BLOW UP PHENOMENON AT THE
SINGULAR POINT

In this section we collect some preliminary results which will be used in the
sequel. Let us assume thati = 1 andset p = p1, 0 # o = a3 € (0,+00) \ IN. We
define

iy = uy — log (/Q he””dx) , Ap = mgx iy, (7721(14-&) = e M, (2.1)

and

pnl (p)

Un(x) = A = 210g (14 e |x = pI2), = gm0

where
Fu(x) = by exp(—47Ga(x)) Ci(x) = 3 miGlx, p) + R(x, ),
=2

and R(x,y) = G(x,y) + 5= log|x — y| is the regular part of the Green function.
Therefore, we have

h(x) = Iy (x)|x = p*,

and in any small enough ball centered at p it holds that 7; > 0. It has been shown
in [2] (for « € (0,400) \ IN) and [17] (for « € (—1,0)) that

[iin(x) — Un(x)| <C, Vx € Be(p). (2.2)

Actually the proofs in [18, 2] show that this estimate holds locally near p, but then
the global estimate follows by looking at the Definition 1 and the Green represen-
tation formula.

More recently, it has been proved in [27] that if & € (0, +o0) \ IN, then

on—8m(l+a) = E(p)e_l% + O(e_)‘”%) asn — +oo, (2.3)
and

pn1—8m(l+a) = Z(p)e’l% + O(e’A”%) asn — +oo, (2.4)
where

1
. 272 T+a)\™
On1 = /BWO) he'™,  L(p) = (0 F a)sin (1) (51/11(;?;> Alogh.(p),
and
2, ifa>1,

eg=2-21—-a)" =
20, ifae(0,1).
Next, we set
Ry = pnaR(x, p),
let ry > 0 be a small positive number and set

Up =ty — (Rn,l (x) - Rn,l(p))/ xe B(Pl TO)/ (25)
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and as in [54], we denote ¢, as the solution of

Alpn = 0, in B(P,47’0),

L ﬁ f|x7p|:470 vnds on dB(p,4ro).

By the Mean value Therorem, we have 1(0) = 0. It has been proved in [54] that

Up — Upy — Pu(X) = 0nthy <x;p) +¢Trzllpn,2 <x;np) + O(O’%) in B(p,4ry), (2.6)

where
Pua(y) = Al +“¢x)an/1 1 _'_,)/n]‘/;|2(1+1x)’ y=(y.y) € R, (2.7)
and
Pu2(y) = —anlog(2+|y|) +an0 +O(lyI™®), vy = (y1,92) € R?\ B(0,Ro),
for suitable Ry > 1. Here 4, is a uniformly bounded sequence, @
1
T 8(1+a)?\ "™
" T w)sin (75 ( e ) Hlogh(p)
and, composing with suitable rotations, we can assume that
(ay,1,0) = Vlog (El (x)eRm(xH%(x)) leep - (2.9)
Moreover, it has been shown in [27, Lemma 3.2] that
Yu(x) = O(03) ,x € B(p, 4rp). (2.10)
Since ¢ is harmonic, then we also have
[Vipn(2)| = O(ez) ,x € B(p,30). (211)
We also have, see [27, Lemma 3.1],
tn(x) = puG(x,p) = O(02),  x € O\ B(p, o). @.12)

Also, we will need the fllowing improved estimate obtained by matching (2.6) and
(2.12).

Lemma 2.1. It holds,
A —log (/Q he”") +2log vn +81(1+ a)R(p, p) = O(0w). (2.13)

Proof. Putting ¢, = log ([ he") and picking any |x — p| = 2r¢ in (2.6) and (2.12),
we conclude that

PnG(x,p) = cn = (Ry1(x) = Rya(p)) — Un(x) = O(0n).
Clearly we have

Un(x) = =Xy —4(1 +a)log|x — p| —2log(yn) + O((T,%(H'“)),
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and we find that

_ 2% log |x — p| + puR(x, p) — cn — puaR(x, p) + pu1R(p, p)

+ Ay +4(1+a)log|x — p| +21log(yn) = O(ow),
and then the desired conclusion easily follows from (2.3) and (2.4). O
Finally, similar arguments used in the estimate (2.12), yield

V(iy —puG(x,p)) = O(ow), x€Q\B(p,n). (2.14)

3. ESTIMATE OF THE L*-NORM
The proof of Theorem 1.1 is obtained by contradiction and we assume that two
(i)

distinct solutions u,,’, i = 1,2, exist for (P,,), whence in particular with the same
pn, which satisfy
pn — 8m(l+a) as n— +oo,

where & = 1. We also assume without loss of generality that
p1=0¢ Q.

Then we define
ﬁ,(f) = u,(f)(x) —log (/Q he”’(1i)> , A,(f) = max ﬁ,(f),

(i)

and in particular v;,’ defined as in (2.5). Also we set

i i (i) ) nht
U,S)(x) = /\,(1) —2log(1 + ypet |x — p|2(1+"‘)), i=1,2, v, = 78?1 41—(5))2

There is no loss of generality in assuming that
AN <A,
To simplify the notation, we set
aﬁuﬂ) = ef)"gl).
Then we have
€ (i)

Lemma3.1. (i) [AY) — AP = O(X2 e atth) = O(e w1t ) = O(02).

(i) ) — a2 oo,y < 1N = 24371+ 0 a)

(i) (13 — 27 [ (2\800,0)) < O(0n).
Proof. (i) In view of (2.3), we find that

Al T4eg 4 (1) AR 1+eg 5 (2)
Lp)e T +0 (e‘ T M ) =/{(p)e T+ +O (e—uf)‘n ) ,

which immediately implies, since £(p) # 0,

€ (1) € (2)
AV AP — o(e M) e meM

as claimed.
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(ii) By using )\5,1) < )\512), it is not difficult to see that

(1) N
P - Ut = - ) (2P ) o - Ay
1+ e)‘n Yn ‘x _ p|2(l+1x)

<A A+ oA Ay,

uniformly in B(0,r) for any r > 0. Also, in view of (2.10), and since the 1/)£,i)'s are
harmonic, we find that

P () =91 (1) = 0(ah), IV (x) = 9 ()] = O(e3),
uniformly in B(0,3r), we use this gradient estimate to evaluate the difference,
an2 = anal = [V (37 (0) = i (0))] = O(e3),
which implies that

2(1+
2029 1,2 Bl + 0P~ AD)

nl

2
[912() — 9 ()] <
=0(3) + o 1),
uniformly in B(0, rp). Also it is easy to see that

= O(/\,(f)a%).

2 1
R

Therefore, in view of (2.6) and Lemma 3.1, we finally conclude that,

) (x) = 37 ()|l (o)) < 1A — AV [+ 0(AY 02),
which is (ii).

(iii) Next we obtain the estimate in Q \ B(0, rg), by using the Green's represen-
tation formula,

GOx) [ puh
+60.) B(Orro)p
o [ Gl e )y,

O\B(0,rp)

In view of (2.2) and since p;, is the same for the two solutions, then we have

|
N2
=
/N
x
=
=
Py
<
=
|
x
=t
= —
—~
<
=
N————
[
<
|
o
—
N\
>
=
N—
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Then, by using (2.2) once more, for x € QO B(0,rg) we have,
iy (x) — @) (x)
_(2) _(1)

= 0y G(y,x) — G(0,x))h un(y)_un(y)>d
i [, 0 (G0 3) = GLOx) () (60— 10 ) gy
+G(0,x)(p) — p3) +O(e ™)

= G(y,x) — G(0,x))h i
[, 0, (G2 =GO (e

|y’2a+1e)\ff)
:/ on| ¥ = dy + O(e )
B(0,ro) iZ12 (14 et |y|2+22)2
= O(UH)/

uniformly in x € Q \ B(0, rp). Therefore we conclude that
7 (
i

) (x) — 2 (x) || (0 B(0y)) < O0n),
as claimed. O

4. ESTIMATE OF THE DIFFERENCE AWAY FROM THE BLOW UP POINT

bt 1 _ -2
_ ﬁn — iy

on =" : 4.1)
” Un Uy H L*(Q)

Clearly ¢, satisfies
Ay + pnh(x)cn(x)8n(x) =0  inQ,

4.2)
é’n = _dn on aQ,
for some constant d,, satisfying |d,| < 1 and
= L=
cn(x) = ——0r.
2D _ 0
To simplify the notations, we set
A=A and o242 = oM,
Then by defining
én(z) = Culonz),  |z] <doy'ro,
we prove the following
Lemma 4.1. There exists a constant by € R, such that &,(z) — bolo(z) in C)_(R?),

where pir

RN T 2
go(z)—W, z € R7,
mthy (0)

where v = =~
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Proof. By Lemma 3.1, we see that
ﬁ(l) X ~ ~
en(x) = e O (14 O(|m)) — 7 =)

= e @1+ oA = A |+ ),
and then by (2.6), (2.10) and (2.11)

Con(1+0(AT —AP [ +0) 1
%
(P2 T aeP)

e_/\ncn(o'nz) = 2 ln C%OC(RZ),

7thy (0)
I+a

where v =
We define

0, :{ze]RZ\a,,zeQ}.

n

By using (4.2), we have

A&, + pnhy (002) |z P20 22 in Q,

én (Z) - _dn on ann,

0

9 (IR?), where & is a solution

and since \ifn| < 1, then we conclude that &, — £in C
of

:, 8v(1 + a)?|z|*

(1 +,),|Z|2(1+IX))2

It follows from [27, Corollary 2.2] that &(z) = bo&y(z), for some constant by, as
claimed. 0

E=0inR?> and |&(z)] <1inR>

Next, we have
Lemma 4.2. For any ro small enough we have
Cn(x) =—=bo+o(1), xeQ\B(0,r),
where by is defined by Lemma 4.1.
Proof. It follows from (2.2) that
ea(x) 0 in Ch (@) {0)).
Since [|Cn|1~() < 1, then (4.2) implies that
Cn =G0 in Coc(@\{0}),
where
A% =0inQ\ {0} and [l < 1.
As a consequence, &g is smooth in O \ {0} and in particular
AZry=0 in Q.
Therefore (o = —b in Q) for some constant b and

& — —b in CL_(Q\{0}). (4.3)
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. B _ 17’)/7,6)‘”‘95‘24&“

In particular —¢,(x) = d, — b for x € 0Q). Let ¢, = Traen (P72
d € (0,r9). Then, by using (2.6), (2.10) and (2.11), we find that

agn 0Py,
/E)B(Od (4) o 6” ) / (‘Pn Cn — CnlApy)dx

(1) 72

= ol (x)|x[2 | = 2 20 U,
/B(O/d){ PnGnPuhy (x)]x] (ﬁm—a@)) +8(1 + &) yuudpu|x|*e }dx
= o Pné‘n%{ 1) (14 0! — AP 1) + T (0 )|X|2“eu"}dx

:/B(O,d) O & |x|* etn {_El(x)eO(m1)(1+O(|g§l —ﬁ,(f)l))+ﬁl(0)}dx.

Therefore, by the scaling x = 0z, we see that,

9Gn _ » Opn
/E)B(Od (4) R au)d

and let us fix

: O(1)(oulz| + |85 — 27| + o)

_ 20

= /B(O,d/an) PnGn(2)Pn(z) 2| (1 + 7a|2272)2 dz.
In view of Lemma 3.1 we obtain

a& o 3¢n 2¢q
Lo (9022 =228 ) o = 06 + 02, @)
Let ¢, = 02n ¢n(r,0)d0, where r = |x|. Then, for any fixed R > 0, (4.4) yields
O(a, + 020
(@) ()onr) ~ Ealr)h(r) = 2Dy ¢ (Ray ),

Also for any R > 0 large enough, and for any r € (Roy, 9], we also obtain that
2+2u

2420
oui) =140 (% ), b0 =0 (%),

and so we conclude that

O(o +02€0 02+21x
zn(r) = % +0 (rg o ) , Vr € (Roy, 1. (4.5)
Integrating (4.5) we obtain that
7u(r) = Zu(Roy) +0(1) + O(R~®+29)) vy € (Roy, 1) (4.6)

In view of Lemma 4.1, we also have
Cn(Roy) = —27bg + or (1) + 0,(1),
where limg_, 1 o 0r(1) = 0 and limy, ;1 0, (1) = 0. Then by (4.6) we have
Cn(r) = =27mby + or(1) + 0,(1)(1 + O(R)), Vr € (Roy,rol. 4.7)
In view of (4.3), we see that
Tn = =27t + 04(1) in Cioc (2 {0}),
which implies that b = by. Hence, we finish the proof. O

Next, we need a refined estimate about ¢, which will be needed in next section.



12 D. BARTOLUCCI, A. JEVNIKAR, Y. LEE, AND W. YANG

Lemma 4.3.
En(x) = —du+ AyG(0,x) +0(0) in C'(Q\B(0,2ry)), (4.8)
where
Au= [ fix) and fi(x) = puca(x)h(x)Eu(x).

Moreover, there is a constant C > 0, which does not depend on R > 0, such that

Lp(0,2ry) (%)
& (%) +dy — AnG(0,x)| < Co ( B |’T) + 102 (*) |, x € Q\ B(0,Ray).
(4.9)
Proof. By the Green representation formula we find that,
&(x) = —dut [ Gy )5 ()dy
o (4.10)

= —du+ AsG(0,) + [ (G(y,%) = G(0,x)f; )iy,

while, by Lemma 3.1, we also find that

PR

e (X)En(x) = — ez, (01 +0AP — AP 4 ). (@11

[ T
Thus, for x € QO \ B(0,2rp), we see from (2.2), (2.6) that

[, (60~ CONfiwdy = [ (Glyx) = GOx))i (ydy +0e™)

| ) |y|> 2 et
= o @6 o) £ y+001) ()

= o rOw) ly=0.9) fi )y +O(e7)

(4.12)
By using (2.2), (2.6) and Lemma 3.1, after scaling we see that for x € )\ B(0, 2ry),
it holds

a G , -0, * d

./B(o,ro)< yG (Y, %) ly=0,y) fu (v)dy

= 0’2"’20&/ <ayG(y,X) |y:0,Z> pnﬁl(gnz)’Z|2ael:1n+f2n’l(z)ff{n’l(o)én(Z)dz
B(0,ro/ o)

+ O((T%Jr2€0 +02)

-0 / (3yG(y, %) ly=0,2) pult1 (0)]2[**Eu(2)
" JB(0r0/an) (1+ n|z[2H20)2

Therefore, in view of Lemma 4.1, for x € Q \ B(0,2rg) we find that,

/B(O,ro) (9 Gy, %) ly=0.y) fi (y)dy

dz + O(0p 7% + 02).

2 202
= zy|z|**Co(2)
= 9y, G(1/, X) |y=0 pnht Ob/ Sl SO
On 2 v G, %) y=0 pnh1(0)bo B(O70/on) (1+ Yn|2|2T28)2

z|z[**So(2)
=0y Zayh x) ly= 0 0nh1(0)bo /Zmdz+o(%).

dz+o0(0n) (4.13)
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From (4.10)-(4.13), we see that the estimate (4.8) holds in C°(Q\ B(0,79)). The
proof of the fact that (4.8) holds in C!(Q \ B(0,7)) is similar and we skip it here
to avoid repetitions.

From (4.11), (2.6) and suitable scaling, we see that there exists C > 0, which is
independent of R > 0 such that for x € B(0,2rg) \ B(0,0,R), it holds that

|Gn(x) +dn — AnG(0,x)| < I/B( )(G(yfx) = G(0,2)) fyi (y)dy| + O(e™*)

0,37’0
|x| e/\n|y|1+2a

1
<= 1 “(y)dy| + O / dy) +O(eM
T2 /B<o,3ro> °8 Ix—ylf” W)dy| + ( B(03rg) (14 etn|y|2+22)2 y) o™

|log x| —log |x — guz|| |2[** >
<0(1 / dz | + O(oy
<0l )< B(0,3r0/on) (1+ |z[2+20)2 : ()

" _ _ 20
<o) (| logx_loglx ozl 2.

3/l < |z <2|x/ o] (14 |z[>+2#)2

+om</ Owﬁ“lﬂ)+ow)
B(0,3ro/ow) |X|(1+ |z|212%)2 n

<0(1) <|‘;”|> +0(1)(log |2[2[ 72 |12 1=jx/ /e, ) + Olom) < C <|U;|> :

(4.14)
By (4.10), (4.11) and (2.6), we also see that for x € Q) \ B(0, 2rp), it holds that

e)\n |y‘1+2a
(0,r9) (14 eMny|2+2a

|&n(x) +d, — AyG(x,0)| =0 (/B )zdy> +0(e™M) = O(oy).

(4.15)
By (4.14) and (4.15) we obtain (4.9), which concludes the proof of Lemma 4.3. [

5. ESTIMATES VIA POHOZAEV IDENTITIES

From now on, for a given function f(y, x), we shall use d and D to denote the
partial derivatives with respect to y and x respectively. With a small abuse of
notation, for a function f(x) we will use both V and D to denote its gradient.

We define

@n(y) = pn(R(y,0) — R(0,0)), (5.1)

and
oy =1ty —enly), i=1,2. (5.2)

Recall the definition of ¢,; which satisfies (4.2). Our aim is to show that the projec-
tion of ¢, on the radial part kernel is zero, i.e., by = 0. We shall accomplish it by
exploiting the following Pohozaev identity to derive a more accurate estimate on

Cn-
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Lemma 5.1. ([43]) For any fixed r € (0, ry), it holds

1 (1) (2) _ / 1), @
3 Json r <Dvn + Du, ,D§n> do s r <1/,D(vn + o, )> (v, D¢y) do
_ rpnh(X) (eUy(ql)‘HPn _ 60512)""?0”)5[0'
2800 [of! — 02|+ (c)
) pub () (& +0r — gt o) ( (D(logh ))
- 2+2a+ (D(loghy(x) + @n(x)),x ) ) dx.
500 oy =0l
(5.3)
Proof. See [8] for a proof of this identity. g
Let
®(y,0) = —8m(1+ «a)log|y| +87(1+a)(R(y,0) — R(0,0)) 54)
+1log(h1(y)) —log(h1(0)). '
Recall the definition of A, given in Lemma 4.3. Then we have
Lemma 5.2.
2\35, ,—Ay
LHS. of (5.3) = — 4(1 4+ a) A, — BLE#))boe / |y[22e®0)
20,11 (0) Q\B(0,r)
+0(07) + O(ou| An]) + O(r—c3).
Proof. Let
Gn(x) = pnG(x,0), (5.5)
so that
_ Y
V(Ga() — o)) =~ 56)
In view of (2.14), we have
Vol (x) = V(i) — Gu(x)) + V(Ga(x) — gu(x)
= V(Gu(x) — @u(x)) +O(0u), x€Q\B(0,rp),
for any fixed small rg > 0. As a consequence, for fixed r > r(, we find that
LH.S. of (5.3) = /aB(O’r) {D(Ga = 9a), DE)dr =2 [ (1, D(Gu — gu)) (v, Dlu) o
+ O(0n||D&n | L= (38(0,r)))
= o, 2 {Dnsv) 4+ 0@l Dl om0
= Jsion 4(1+a) (D&n,v) do + O(0n||Dénll 1= (aB(0,r)) )
(5.7)
where we used (2.3). Therefore, as a consequence of Lemma 4.3, we conclude that
LHS. of (5.3) = 4(1 + a) /a o (D v} 40 +0(cn] A Yo(d).  (58)
B(0,r

In this particular case, we have A, = 0.
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To estimate the right hand side of (5.8), we need a refined estimate about ¢, on
dB(0, 7). So, by the Green representation formula with x € 9B(0,r), we find that

&) = —du+ [ Gu,x)f(n)dy

2 1 2
= —dn+ AnG(0,x) +h¥15’n,hayhc(%x) ly=0 +§h;1 Co k95,5, G, X) ly=0
+ [ B0 fi ),
(5.9)
where
A:/*d,B:/ *d,C:/ “(y),
n an (y)dy, By 5(0r) Ynfa W)y,  Conk 50 Ynyifn (y)
and

¥u(y,x) = Gy, %) = G(0,x) = (3G (¥, %) ly=0.¥) Lap(0,) (¥)
2 {B6) y=0 1.9 a0, 9):
At this point, let us fix 6 € (0, %). By Lemma 3.1 and Lemma 4.2, we find that,
Fi () = paFunly e @uty) + O(8) = 22 (e
= palunly ™ (~bo +0(1),
for any y € 9Q \ B(0,0). By (2.4), (2.12), (2.13) and (5.10), we conclude that

(5.10)

— (1)
Fi(y) = pnhl|y‘2aepnlrlc(y,0)—?\n—210g('yn)—87r(1+a)R(0,0)(_bo +o(1))
e~

_ 2\2
B pnh1(0)

ly|?*e®W0) (—by 4+ 0(1)) for y e Q)\B(0,0),

(5.11)
where

®(y,0) = —4(1+a)log ly| +87(1+a)(R(y,0) — R(0,0)) +1log(h1(0)) —log(h1(0)).
On the other hand, by (2.6), we have for y € B(0,60),

" ﬁ(l) 5 B 2D(e)Ln
i) = puhe™ @+ 080 = 1P 1)) = O (s ) - 612

Next, by (5.10), for y € B(0,0) and x € 9B(0,r), we get

o () g o (I8P
Y.(y,x) =0 P and V,¥(y,x)=0 ) (5.13)
Let us define
- 2 1 2 X
Gn(x) = AuG(0,x) + ) By, G(y,x) |y—o + Y Cunkdy,, Gy, %) |y=o,
h=1 hk=1

(5.14)
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so that, by (5.11)-(5.13), we conclude that for x € 9B(0, r), it holds

Gn) Hdn = Cal) = [y )iy + [y 0) S )y

(8(1 +a)?)%e M 20 ,®(y,0)
— —b = ¥, (y, x)|y |2 e® @04
* Jons0n)  priny(0) n (Y, x)|y[*e y

> |y[ee A
© PR WEEre n
+ (/B(O,g) |x|3 (1 —I—e/\nMHZ“)Z y) +o(e™")

_ (8(1-+a)2)2e
__bo/o\g 8 puhi(0)

oy, x) |y[**e®0dy

( ) ~M)in C1(9B(0,7)),
(5.15)
where
afl’, if 2a > 1,
My, = { oplog(o, ), if2a=1,
o2+20g 2 o < 1.
Let us set
(8(1 4 a)?)2e M 20 ,®(y,0
“(x :—b/ 4 ¥, (1, )|y 2500 g 5.16
G =ty [ T ey 66
and then subsititute (5.15) into (5.8), to derive that
LHS. of(5.3):/aB(O A1) (1, DG+ 83)(x)) dr+ O(0| Aul) + O(24) 4 0(07).
v
(5.17)

To estimate the right hand side of (5.17), we notice that for any pair of (smooth
enough) functions u and v, it holds

Au(Vov-x)+ Av(Vu - x)

5.18
=div(Vu(Vo-x)+ Vo(Vu-x) —Vu-Vo(x)). (>-18)
In view of (5.14), we also see that, for any 8§ € (0,r),
(eun — ol )
AGu(x) = Ay = / Frdy - —0forx € B(0,7)\ B(0,8),
o ||u — iy || o ()
(5.19)

and moreover, by using (5.5) and (5.1), we have

A(Gp— ¢n)(x) =0 for x e B(0,r)\ B(0,0). (5.20)
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By using (5.18)-(5.20) and (5.6), we conclude that
0=/ AG(V(Gy — @n) - x) + A(Gn — ) (VGy - x)] d
B(0,1)\B(0) [ n(V(Gn — @n) - x) (Gn — ¢n)(VGy x)] X

Gy (Gn — ¢n) ;o= =
= V(G — @n) - x) + 22— P (GG, x) — VG - V(G — @) (x,v) | d
Lo 00 ( V(G = @) %) + SV, - x) (Gn— gu) (x v>> o
o G
7T Ja(B(0)\B(0,8)) OV
and thus, B B
aGn aGTl
do = do. 521
/BB(O,r) v (x)do /ma(o,g) ov (x)do (6:21)

At this point, let us denote by 0g(1) any quantity which converges to 0 as § — 07,
and then observe that,

4(1+a) /E)B(O/Q) (v, AnDxG(0, %)) do = —4(1 + &) Ay + 09 (1). (5.22)

120y
Since, D;Dy, log |x| = W, then we find that,

Sin|x|* — 2x;xy
5 | / Jinl 2l = 252 ) 4o = 0.
/83 (v, Dx0y, (log |y — x1) |y=0) aB(0,9) 2 1 x| < <[

(5.23)
We observe that, if h = k then D;log |x| =

2x;  4xydip Sxixi

2 _
D;Djy, log |x| = _W B |x[6

and thus,

02 1 2 4x?
D1 o Vd :/ L ) go—0. (5.24
/as(o,ﬁ) <V 2 BTy —a y 0> 7= Jasos) (Iacl3 |x|5> 7 524

If h # k, then
2(xp0k; + Xi0pi) | 8xpexixy,
|x|* x| 7

D;Djylog|x| = —
which implies that

4xhxk thxk

0? 1
,Dx 1 = d _/ B do=0.
/aB(o,Q) <v v 08 ly — x| ly 0> 7 3B( oe( |x[° |x[> 1z (5.25)

By (5.21)-(5.25), we conclude that
401 +oc)/ (v, DyG (%)) do = —4(1 + ) A, + 0p(1). (5.26)
dB(0,r) -

Next we estimate the other terms in (5.17), that is 4(1 + «) faB(O,r) (v, Dy (x)) do,
where (}, is defined in (5.16). Clearly we have

Ds¥u(y, %) = D (G(y,%) = G(0,%) = (3yG(1,%) ly=0,) 150 (¥))

- %Dx (; <8§G(y,X) ly=0 (y),y> L) (y)> :
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Ify € Q\ B(0,0) and x € 9B(0,0) with 6§ < (9)?, then we find that
|IDxG(x,y)| < £ for some constant C > 0, (5.27)

Ve

which implies
,DxG(y,x)) dx = 0g(1).
Lisiop, - D<G (w0 dx = on(1)
Thus (5.23)-(5.25) and (5.27) imply that

4(1 Dy¥n(y,x))d
(142) [ (0Dl 2))

— 4(1+a) /88(0/9) (v, DxG(0, x)) dx

—4(1+zx)/

5.28
Jopio (Ve Dx (G (3) Ly ) ooy () ) 628)
—2(1+a) / (v, D2 (BG (W, %) ly=0 1,¥ ) Tb(0,) (¥) ) dx + 00(1)
9B(0,0) y 0
=4(1+a)+o0p(1) for y€Q\B(0,0), and x € 9B(0,0).
We observe that

—Ax¥u(y,x) =06, for x e B(0,r)\B(0,0)

and let us choose u(x) = ¥,(y,x) and v(x) = Gu(x) — @u(x) in (5.18). Then we
consider the following two cases:

(i) Ify € 9B(0,7) \ B(0,0), then from (5.18) and (5.28), we obtain that
4(1 ,Dx¥u(y,x))d
(1+a) [ 0 DEnly, ) dx

— 4(1+a) /BB(O,G) (v, Dy ¥ (y, x)) dx — 4(1 + &) = 0g(1).
(i) Ify € Q\ B(0,r), then we see from (5.18) and (5.28) that

4(1+a) /agm,r) (v, D¥uly, x)) dx = 4(1+a) /aB<o,e> )

=4(1+a) +o09(1).
and by (5.16), and (5.29)-(5.30), we finally conclude that

4(1+q) /a o VDL 0)

(8(1+a)?)3bge M ¢ ( ) 20, ®(1,0)
- A , DY ¥9) dxd
20,01 (0) /Q\B(OE) /ag(o,,) (v, Dx¥n) | ly[*e xdy  (5.31)

__(8a+ azz)3b0e*A" / |y|2*e®W0dy 4 o (e ).
20,11 (0) O\B(0,r)

Obviously from (5.17), (5.26) and (5.31) we get the conclusion of Lemma 5.2 O

(5.29)

To estimate the right hand side of (5.3) of Lemma 5.1, we recall, see for example
(5.10), that

)

fa(x) = puh(x)e" (8n +0(1)).
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Recall also the definitions of ®(x,0) and H, = Hg in (5.4) and (1.4), respectively

and the definition of ¢(p) after (2.4). A crucial point in our proof is the following
estimate.

Lemma 5.3. (1)
4 —An 4 —An
/ rfrdo = — 128(1:1— ) borre™ " 32(1 —|—7zx) borte Alogh, (0)
9B(0,r) Onhy(0)r2+2e prhp (0)r2e
-A
o — o(e ™
+O(r! 72 + ;(,2+2a)’
(ii)
41 ,—Ay —Mn
fu(x)dx = 64(1 +§) boe / |x|2%e®(0) dx + 0(272),
B(01) pnh1(0) O\B(0,7) rtan
(i)

Sy i (DloBTL+ gu), ) d
= —2bol(p)y + 0(0w)[VHo(0)] + O (1,1 (1))
+0(07 + Aa02) (IVHo(0)]0 + 03 ) +O(o7 ™)

+ (0R ) + 0| +0(z) ) (IVHa(O) e +2) .

where O(my1(«)) is defined after (5.36) and O(1) is used to denote any quantity uni-
formly bounded with respect to v, R and n.

Proof. (i) We first observe that (5.11) implies that

[ rfitdo= [ (8(1+ )% (— by + o(1))|x el
oy " ~ JaB(or) 0l (0)|x|3+4a

do.  (5.32)

Clearly we have

1
Ho(x) = (DHo(0), %) + 5 <D§H0 lv—o x,x> +0O(|xP). (5.33)
By (5.32) and (5.33), we obtain,
“(x)d
RS

S(Leapfe ( . o)
= — bo(1+ (DH,, ~(D?*H,q |1—o x, 0 )4
on0) pun (@) AP %) + 5 (D¥Ho Lo %,x)) + O(Ix) +0(1) ) dor
N T e
9B(0,r) pnﬁl (0) ‘x|3+2a
. 7128(1 +1X)4b07-[e_A” B 32(1 +0€)4b07'[e_/\n
Puhy (0)r2+20 pnhy(0)r2e
which proves (i).
(ii) We notice that A, = [ f; = 0, and thus

'/B(O,r) fr(x)dx = — /Q\B(O,r) Fi(x)dx. (5.34)

O(e—)\n)
r2+2a

do +O(r' =24~ +

o(e=)
r2+2a

Alog(h(0)) + O(rl= 2%~ ¢
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By (5.11) we see that
4 An An
_/ f;lkdx: 64(1+f‘) boe” ‘ ‘20( d)xO)d + (2+2 )
Q\B(0,r) JO\B(0,r) prnh1(0) * (5.35)
64(1 + a)4b0e*)‘” 20 ,D(x,0) O<67AH) .
_ “ / |x[2e® 0 gy 4 20
pnh1(0) O\B(0,r) retan
which proves (ii).
(iii) By (2.3) and (2.6), we see that
iy (x) = Uy(x) +87(1 +a)(R(x,0) — R(0,0)) +n,(x), x¢€ B(0,r),
where
(%) = Outpn,1 (05 %) + 0atpu (07 x) + O(0),
see (2.7), (2.8) and (2.10). Thus, we set
wn(r) = ) = 12|50,
and use Lemma 3.1 and (2.4), we deduce that
/ fn D(log hy (x )+(Pn),x>dx
_ pub (0)[x 22t tmx) wn( ) 22
- /(Or) (14 ynetn|x|2+20)2 (& G+ Olwn(n) (DHo(x), ) dx

7+ O0(wi(r))

pnﬁl (0) |x|2aeAn+Ho(x)+r],,(x) W, (1’)
B /B(Or) (1 + ypetn|x|2+22)2 Cn

x <D7—[0(0) + D*H(0)x + O(|x|2),x> dx

11(0)|z|% s Wy s
= s T s (8= 8+ (DH0) i) -+ OlclaP) + O

X <D7—[0( ) + D*Ho(0) - 0z + O((T,21|z|2),(7nz> dz =: Ky .

(5.36)
Set
o ifa>1 aﬁifzx>1
() = § 1og(r, et ifa =}, mya(a) = | loglroy Dok ifa=1
;,172“0721(1%) ifa €(0,%) r?=2g, (1+“) ifa €(0,1)
o) if a > 3
mys(a) =< log(ro, )05 ifa =3

/320 n(1+a) ifa € (0, %)
Using (5.36) together with (2.5), (2.7) and Lemma 3.1, we conclude that

K | puli1 (0)[2[2*
nr B(0ro; 1) (1+,Yn|z|2(1+a))2

< (6= @02+ s (2)+ < DHo(0),2 >) +O(6312) + O + M) + C3fna()

x (DHo(0) + D*Ho(0) - 0z + O(02 |2[2), 032 )z
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pulis (0)]2[2 (&= 52 (64)? + 0 (Y1 (2)+ < DHo(0),z >))
N /B(O,mﬂ) (14 vn |Z|2(1+”‘))2
x < DHo(0) + 04 D*Ho(0) - 2,z > opdz + O(my 1 () 4 my0(a) 4 my,3(1))
(

+ (IVH0(0)|w + 07) O((02 + Aa0?)?)

= L1 + Lz + O(ma1(w) + (|VHo(0)]ow + 03 ) O(03),

where

Pl (0)|z[** (8n — 9E7) <

—_ 2 .
L1 = /)B(O,m;l) 1+ pn2F5)? D?H(0) 4+ 0, D" H(0) z,z> ondz,

and

I, = / nh1(0)|z[** (n,1(2) + (DH0(0),2))
n, B(0,ro7 1) (1 + Yn |Z|2+2"‘)2

(DH,(0),z) o2dz.

In view of (2.9), (2.10), (2.11) and (2.4), we have
(DH0(0),2) = 9y, Ho(0)z1 + O(07) (21 + 22) = an121 + O(07) (21 + 22),

and then, putting a; = 9y, Ho and A(z) = p,h1(0)|z|**, we conclude that

72171,2 — /B( A(Z)(lpn,l(z) +a1z1 + O(O%)(Zl + ZZ)) (01121 + O(U’%)(Z] + Zz))dz

00 ) (1 yu|z[>20)2

A(z) ( 2(1+a)ayzy ) )
- - +a1z1 +O(07;)(z1 +z
/B(O,nr;l) (1+ yy|z|?H22)2 w(1 + 9 |z[2+2) 11 (03)(z1 + 22)

x (a1z1 + O(02) (21 + 22))dz
2(1+ a)A(z)a3z2 A(z)a3z?
- d +/ L dz 4+ O(0?
sty ST P oy T i + O

— a?m? 1 — a2 24+« 1+ 2«
= ol (O — T L T (0) T (S (2
2(14a)2y, "™ T+a 2uypte

+0(03*) +O(07)
=0(03%) + O(o3),

sin

where we used the properties of I'(x), and thus

I» = O(02 ). (5.37)
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On the other hand, in view of Lemma 4.1, for any fixed R > 1 large, we have

_ Wy 72
/B(O . (1(?(5:‘42525;2) <D7—lo(0) + 0, D*H0(0) ~z,z> 0y dz

bolo(z) + 0(1) + O(02° + A0
) (bodo(2) + 00 + An07))
/(OR (bo i+7 Py (D*Ho(0) -2,2) dz
(@) [VHo(0)| + 0@ + A407) (I Ho(0)|ow + 07 )
_ 2 A(z) (bodo(2)

n

) (1+ ya|z|2H20)2 <D27'l0(0) -z,z> dz + 0(0y)|VHo(0)]

B(O,R) (1
+0(03 + Aa03) (1VHo(0) o + 02
. 20 %
= 87(1+ a)hy(0)byo? /B(O,R) (1|j|7|§|()2(fz)a)2 <D27-[0(O) .z,z> dz
+0(0)|VH0(0)| + O(02% + A02) (|V’H0(O)|an +a,3) .

Finally we have

|22%&o(z) ~ AHy(0) / 1—ylz2™ oo
/(OR) (1 + 7|z]2+2x)2 < H0(0) Z’Z> dz = 2 B(O,R) ( 3|Z| dz
2
7T

1+ [z[2T2)
_ _AHO( ) —i—O(R’Z"‘)
2 (1+a) ’ﬁi sin 7
T _
—- T Mog(1,(0)) + O(R"2)
2(1+4 a)2hy(0)y T sin 75

On the other side, in view of (4.9), we also see that if R < |z| < /0y, then it holds

~

$n(z) = —dn + O(An)| Al +O(

2] ), (5.38)
and thus

1

én(Z)ZZd%+O()\% | |2)

| | ) An| +O(
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As a consequence, by Lemma 3.1, we find that

pult (0)]2* (6n — 2 &7

)
/B(O r/o)\BOR) (14 7n|z[>T2%)2 <DHO(O) +0uD*Ho(0) Z’Z> ondz

wn(r) pnh1(0)z]* 2
=(—gq, -2 —— (D D :
( dy > n) /B(o,r/a,,)\B(o,R) (1+’yn\z|2+20‘)2< Ho(0) + 0, D" H(0) z,z> opdz
nh1(0)]2[** (O(An)| An| + O(Z

|zl

)
DH,(0 D?*H,(0) - z, d
+Awmmwm T (DHo(0) + 0 D*Ho(0) - 2,2) etz

E 0)|z 20+2
= —bpAlogh.(0) ./B(O o\ BOR) maﬁdz + O(02 (020 + Ay02))

+(OQAMMAA+<D(;)>(WWmWHw4cﬁ)

= O(R )2+ (O(R )+ 0(1,)| 4] +0 3 ) ) (I7Ho(0)ler +3)
+O0(05 20 4 Ayoy)

Collecting the above estimates we conclude that

/B(O,r) S <D(108E1 + ¢n),x> dx

~2b0l(p)o? +0(0)| VHo(0)] + O(my1 () + 007 + A403) (1VHo(0) o + 07 )

+0(G™ )+ (O(R ) + Ol As| +0() ) (ITHo(0)ln + 03 .

Recall that p = 0. Using the assumptions ¢(p) # 0 and VH((0) = 0 we can
now prove that by = 0.

Lemma 5.4. by = 0.

Proof. By (5.3) and Lemmas 5.2-5.3, we have for any r € (0,1) and R > 1,

(8(1 4 «)?)3bge= / 20 ,®(y,0 2 o
—4(14+w)A;,; — = & y')d—i— 05) +O(0y| Ay | + L
( ) ! 2pnh1 (0) O\B(0,r) |y| ‘ Y 0( n) ( n| n| 1’3)

_128(1 +a)*borre™ 32(1 + a)*bgrre M

oulty (0)r2+2+ ooy L1080 +00TT)
128(1 + &) bpe " 20 ,®(y,0 o(e=M) 2
- pnﬁl (0) /Q\B(O,r) |y| et )dy + 22 + Zboé(p)o’n

+0(04) [V Ho(0)] + Oy (w)) + O + Ay?) (IVHo(0) 0w + 07 )

+0(G™ )+ (O(R ) + Ol As| +0() ) (ITHa(0)lon + 03 .
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Recall A,, = 0. Since VH((0) = 0 by assumption, after some manipulations, for
r € (0,79) and any R > 1, we find that

bol(p)o2 = 0(02) + Oy (a)) + O(R™2 + R0 + O(07 > + Ao

3 —A
0; o(e~"n)
ro ()2

which implies
by = 0.
provided ¢(p) # 0. Hence we finish the proof. O

Proof of Theorem 1.1. Let x;, be a maximum point of §;;, then we have,

[Gn(20)| = 1. (5.39)
By Lemma 4.2 and Lemma 5.4 we have that x;; — p. By Lemma 5.4, it holds that
o

n

nl_i)r}rlooez(lﬂ) Sy = 400, wheres, = |x; —p|. (5.40)

Setting &, (x) = &(snx + p), then we have ¢, satisfies
0 = A& + pns2h(sux + p)en(snx + p)&n
_ (1) _
pnl1 (p)|x[*s5 2 eM (1 + O(snlx|) +0(1))Cn

= A& + _
(1+ BB s, 2
On the other hand, by (5.39), we also have
_ x* — N
& (F) | = fentan =1 (541
n

In view of (5.40) and |&,| < 1 we see that ¢, — &p on any compact subset of
R?\ {0}, where & satisfies A& = 0in R?\ {0}. Since |&| < 1, we have A& =

0 in R?, which implies &y is a constant. At this point, since @ = land in

view of (5.41), we find §y = 1 or {y = —1. From which we have |&,(x)| > 1
AD

when s, < |x —p| < %sn, which contradicts to (4.6)-(4.8) since ¢ 20+ < s, and

limy, 400 5, = 0 and by = 0. This fact concludes the proof of Theorem 1.1. O

6. THE PROOF OF THEOREM 1.2

In this section we give the proof of the non-degeneracy result stated in The-
orem 1.2. Since the argument is similar to the one yielding local uniqueness of
bubbling solutions we will be sketchy to avoid repetitions, referring to [9] for full
details.

Suppose by contradiction the linearized problem (1.2) admits a non-trivial solu-
tion ¢, where u;, is a singular 1-bubbling solution of (P,,) blowing up at the point
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piforsomei € {1,---,N}. We suppose with no loss of generality that p; =0 € Q),
set w; = a and

_ _ 2(1 _
iy = uy — log </ he””dx> LA, = max iy, an( ) _ An,
@)

Define
b — J hetn py dx
n Jo e dx

_ Joy hevn gy dx
Pn Jo et dx

[1]

n 7

‘ L=(Q)
which plays the role of the difference of two bubbling solutions, see (4.1) in the
proof of Theorem 1.1. Then, Z;, satisfies

AE, + prh(x)cn(x)Ey(x) =0 inQ),
6.1)

[1]

n = —dy on d(),

for some constant d,, satisfying |d,| < 1and ¢, (x) = e (%),
Step 1. We start by considering the asymptotic behavior of &, near the blow up
point p;. After a suitable scaling, &, converges in CPO C(]Rz) to a solution & of the

linearized problem
; 8y(14a)?|z|*

AE+ f=0inR* and |&(z)| <1inR?,
o HOIE
where ¢ = %, see for example Lemma 4.1. It follows from [27, Corollary 2.2]
that there exists a constant by € R such that

1 _’Y‘Z|2+2a

: 0 2
W m CIOC (R ) (62)

En(onz) = by

Step 2. We next consider the global behavior of X, away from the blow up point
pi. It follows from (2.2) that

cn(x) =0 in CL(Q\{0}).
Using then ||Z, || ~(q) < 1and (6.1) it is not difficult to see that
Ex— & inChL.(Q\{0}), A% =0 inQ.
Therefore o = —b in Q) for some constant b and
Exn— —b in CL.(Q\{0}). (6.3)
Finally, by an O.D.E. argument as in Lemma 4.2 one can show b = by.

Step 3. We then study the asymptotic in the Pohozaev-type identity given by
Lemma 5.1 (with suitable minor modifications, see for example [9]). Using the
assumption VH,, (p;) = 0 it is possible to prove that

bol(p;) = o(1) for nlarge,
see section 5. Since by assumption £(p;) # 0 we deduce by = 0.
Step 4. The contradiction is then obtained by a blow up argument using b = by = 0

jointly with (6.2) and (6.3) exactly as in the proof of Theorem 1.1, see the end of
section 5. The proof of Theorem 1.2 is completed.
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